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Ilmockasi KOHTAKTHAA 321244 JIJIS COCTABHOM 00J1aCTH ¢ CUMMETPUIHBIMHA
TpeIUHAMMU MEKIY MaTepHaJIaMu

Ara0exsH I1.B., ApyTionsin JLA.

PaccmatpuBaroTcs IUIOCKHE 3aladd TEOPUU YIPYTOCTH JUIL COCTABHOIO TEla, COCTOSILEr0 M3 JBYX JIYHOYEK C
Pa3sTUYHBIMH YHOPYTMMH XapaKTePUCTHKAMH M CYIIECTBYIOIIMMU MEXAYy HMMH KOHEYHBIMH TpeuMHamu. [Ipu momornn
uHTerpasioB Oypbe B OUNONAPHON cucTeMe KOOpAMHAT, uepe3 GyHKIuK beccens, mpumeHnss npeoOpa3oBaHHs XaHKEN,
MoJTyJaeM UHTerpanHele ypaBHeHus @Ppearonpma BTOporo poja. PaccMmaTrpuBaercs ps 4acTHBIX CIydaeB, KOTJa 3aJaduil
pelraTcs B 3aMKHYTOM BUJIE.

B nmannoit pabote ¢ moMomIp0 OMIONAPHBIX KOOPAMHAT U anmnaparta uarerpaia @ypre naHo perie-
HUE TUIOCKOM KOHTaKTHOM 3aa4M TEOPHH YIPYIOCTH ISl ABYX 001acTell ¢ yIpyruMH XapaKTepPUCTH-

KaMH ., V,, (m =1 2) (rme p,—Moxmymu caBura MarepuanoB, Vv, —koddunuents! Ilyaccona),
00pa30BaHHBIX NIEPECEUEHNEM AYT OKPYKHOCTEH C CHMMETPUYHOM TPEIIMHON MEX Iy MaTepraIaMH.
3aaua peraercs mpy MOMOIH (YHKIWH HAPSHKCHUN B OUITOJSIPHON CHCTEME KOOpIHMHAT O, f3,
KOTOpasi CBsI3aHa C ICKapTOBBIMH KOOpAMHATAMH X, Y COOTHOLICHUsMH [1]
gx=sha, gy =sinf, ga=cho+cosf 1)
a —TmapameTp OUIOIAPHBIX KOOPJAUHAT.
OyHKIMS HanpsHKEHUH (I)(oc, B) YIOBJIETBOPSIET OUrapMOHMYECKOMY YPaBHEHHIO, KOTOpOE B
OUTONSIPHON cUCTeME KoopaAnHAT uMeeT BuL [ 1]
4 4 4 2 2
{a4+2 ‘2 2+84—262+262+1}[g¢(0@,[3)}=0 )
oo oo “op°  Op oa B
HaHpH)KCHI/Iﬂ " IEPEMCUICHHNA BBIPAKAIOTCA YCPE3 (I)YHKHI/IIO HaHpﬂ)KeHI/Iﬁ COOTHOHICHUSIMU
2

ac, (o,p) = {(chaJrcosB)aa—Bz—shaiJrsin Ba%+choc}[g¢(oc,ﬁ)]
o

0

ac, (o,B)= {(chowcosB)aaT;—sha%+sin[38%—cos[3}[g¢(oc,[3)]

araﬁ(a,B):—(cha+cos[3)828ﬁ[g¢(oc,ﬁ)] )
_ 94 00(cB) O (cB)
U(G’B)_zu_(l i op
_ 94 00(cB)  O¥(ap)
Vo) (V) TEE T
rie ‘I’(OL,B) —OurapMoHnYecKas QYHKIHsI, CBI3aHHAS C (I)(OL,B) (hopmyoit

g‘P(a,B):(1—v)”{a%;—aa—[;—l}[gd)(a,ﬁ)]dadﬁ (4)

B GUIIONSIPHBIX KOOPAMHATAX OJMH W3 COCTABJIAIONINX MATEPUAJIOB, UMEIOIIUHA yIIPYrUe XapakTe-
pUCTHKH L, V,, 3aHEMaeT obmacts B, <P<P;, —o0< 0 <00, a Bropoil, ¢ yIpyruMH XapaKTepH-
cTHKaMu W, ,V,, - obmacts B, SP<P,, —o<a <o (pur.l).

I'paHuuHbIC YCIOBHS ISl HANPSDKCHUH PAaBHOCWIIBHBI CIEAYIOIIMM YCIOBHUSAM Ui (DYHKIIMA
Harnpspkenuit [1,2]

[ 9%, (afB)]B:Bm =0, (a), M

P =¥ (o) (m=12) (5)

B=Bm



dur.1

IIpennonaraercs, 4to @, ((x) u'W, ((x) (m =1 2) YJIOBJIETBOPSIIOT YCIIOBUSAM Pas3IOKMMOCTH B

unterpain Oypse.
Ha nuHum KOHTaKTa ¥ TPEeIMHBI UMEEM CJeIyIOIIre YCIOBUS

oLgdn(xB)]| _
e T L] L L AL

I:gd)l (n,B) :' [94)2 :I B=py o > ot V1(0L1B)‘ﬁ:ﬁo =V, (a’B)‘B% ot > ot

YuurteiBas CI/IMMeTpI/I}O OUrapMOHUYECKYI0 (YHKLIWIO HANpsDKEHHH YHOOHO MpPeIcTaBUThH
uHTerpaiom Oypre B TaKOM BHIE

gd)m(oc,B):\/%OjZ f,(t,p)costadt (m=1,2) (7)
- f.(t.B)=A, (t)cht(B, —B)cos(B—B,)+B, (t)cht(B—B,)cos(B, —B)+
+C,, (t)sht(B,, —B)sin(B—B, )+ D, (t)sht(B—PB, )sin(B, —B)

VYioBnerBopsis TpaHHUYHBIM ycaoBUsM (5) M YacTH KOHTaKkTHbIX ycioBuid (6), monydaem
CIIE/TYIOLIYIO CHCTEMY YpaBHEHHH [UIsl ONPeIe/ICHNs] HEM3BECTHBIX HHTEIPHPOBAHUS

A, (t)cosy, + B, (t)chty, =5, (t)
[tB,, (t)— D, (t) |shty, —[ A, (t)+tC_ (t)]siny, =P _(t)
[ B, (t)+tD, (t)]siny, +[C, (t)—tA, (t)]shty, =0
A, (t)chty, +B, (t)cosy, = X(t)

rae ¥y, =Py —Bo. @ Bemnummsr @ (t) u W

ynxmit @, (oc) ut, (OL)
Jon

(8)

(9)
( ) (m =1 2) SIBIISIIOTCSI TpeoOpazoBaHusaAMU Dypbe OT

5. (t)= |2 [0, (o) costados @m(t):ﬁfxym(a)costada (10)
7-CO

a X(t)—HOKa Heu3BecTHas (QYHKUUsS, KoTopas ompenensiercs moxke. Paspemas cucremy (9),

Heu3BecTHbIe A (t), B, (t), C, (t) uD, (t) BBIPA3UM 4Yepe3 HEU3BECTHYIO X(t)



(t)chty, -, (t)cosy, |

[cpm )chty,, — X (t)cosy, |

1

Cn (t): 25, (05, (0)

—6m()(2t6 )cosy,, + (t2+1)sh2tymsmym)+2\P (t)tSm(t)sinme (11)

[X(t)(ZtSm (t)chty,, + (t2 +1)shtym sin2y,, ) -

D, (t):W[ (2t8 )cosy,, + t +1)sh2tym sin ym)

0, (1)(2t5, (t)chty,, +(t° +1)shty, sin 2y, ) - 2%, (t)3,, (t)shtme
8, (t)=sh’ty, +sin’y,, A, (t)=sh’ty,—t*sin*y, (m=12)

HeusBectHast GyHKIMA X(t) OIPENEIACTCS U3 CHEAYIOIEH CUCTEMBI NAPHBIX HHTETPaIbHBIX

ypaBHEHHI, KOTOPasi MOTy4YaeTCsi U3 KOHTAKTHBIX ycioBuit (6)

[X(t)costadt =0 o] <arg
i (12)
[[M(t)X(t)+N(t)]sintadt =0 |a|> o,
0
e M (t)= sh2tyZlA+t(SI)n 2y, h(sth;/ZA+(tts;|n 2y,)
2
N(t)= NG 1(t) [ -, (t)(tchty, sin y, +shty, cosy, )+ P, (t)shty, siny, |-
1
- h(t) [ -2, (t)(tchty, sin y, +shty, cosy, )+ ¥, (t)shty,siny, | (13)
1
ho fall=vs)
1, (1=v,)

B uwactHOM ciydae, mpum &, =00 MOIYYUM X(t) =0, a nmpu o,=0 mnomydum
X(t)=—M(t)/N(t). O6a ciyuas 3ana4n pemarOTcs B 3aMKHYTOM BHIE.
Kak Bunno u3 (13), npu ¢, (a) = (a), Y, (a) =-¥, (a) u y, =—y, TOIy4aeM

h+1
M ()= 24, (1)
N(t)=

h+1
A(t)

B 3TOM wacTHOM Cily4ae pelieHHe IMOCTABJICHHON 3aJayd HE 3aBHCUT OT YIPYTHX XapaKTEPUCTHK
COCTaBJISIONIMX MaTEPUAIIOB. AHAJOTHYHBIC PE3yNbTaThl I JPYTHX oOyacTedl ObUIM TMONydYeHBI B
pabore [3]. Bo Bcex cimydasix mpeammoaraim, 9To pa3Mepsl 00IaCTH U BHEIITHHUE YCHIINS OJWHAKOBEL. B
9TOW paboTe MoKa3aHO, YTO pa3Mephl o0IacTei He 00s3aTEIBEHO JOIKHBI OBITh OJTUHAKOBBIMHU, TOJIHEKO

(sh2ty, +tsin2y,)
(14)

[, (t)(tchty, siny, +shty, cos , )+, (t)shty, sin, |

HEOOXOAMMO BhINOHEHHE yeinoBust [ + B, =2/3,.

VYuuTthiBasi HHTETpalibHbIC TpencTaBieHus GyHkumu beccens [3]



J- costada I smtada

IlapHble HHTErpabHBIE YpaBHEHUS (12) MOJKHO TIPEJICTaBUTh B BUJIE

(15)

T(t2+1)X(t)JO(Xt)dt=0 npu X <,
: (16)
_l.(t2+1)[M ()X (t)+N(t)]3,(xt)=0 mpu x> ot

[Ipumensst mpeoOpazoBaHue XeHKENs, MMOJlydaeM HHTerpaibHoe ypaBHeHne dpenromsma BTOpPOTo
pona

o0

M (t)X(t)+N(t)= ! ©* +1)| (M (t)-h-1)X(t)+ N (t) K (t.7)dz (17)
X(t)=(h#gtz+l)z(rz+1)u(z-)K(t,r)dr—H (t) (18)
u(r) =(M (r)—h—l)X(r)+ N (r)

K (8,7) = 5519, () 3o ()~ () 3y (7)] (19

aot(M (t)_h_l) T(rz +l)u(r)K(t,r)dr+hNA—((i))

H(t)= (h=)(E+M (1))

Ha nuanm xonTakTa HOPMAJIbHOC HAIIPSPKEHUEC UMCCT BUJL

acy" (o, B, ) = \Eﬂ—tz (cha.+cos, ) costa +tshoisinta.— cos B, costor X (t)dt (20)
0

BeisicHMM XapakTep HanpsyKEHUM B TOUKaXx OL.=0, M O =00. M3 (20) mocie HEKOTOPBIX

npeoOpa3oBaHui, MOTydaeM

V202 (cha +cosB, ) z
acs[3 o, B, T +1)u(t)J,(o,t)dT+H, () (21)
) ety o —a et b))
\/ng(oc):— (C?ﬁ:f)OSBO)]:(I +1)u(r)J0(0L Or)drI—Jl(ioztliosmdt—
a, (cho+cosB,) 7 (11 drwt (xd (ocOt)Jo(ocor)—tJo(ocot)Jl(ocor))X
(h+1) ! (1 () -([ (t?+1)(t*-1*) 22

xCOStocdt+( J( +l)u )K(t,r)dr+

+j[ (cha+cos, )costa. - tsha3|nta+cosﬁocostoc]H (t)dt

Ilpn oL = 0L, HA JIMHUM KOHTaKTa HOPMaJIbHBIE HATIPSKEHHS HMEIOT 0COOEHHOCTH nopsinka 1/2. B
IpEJCTaBICHHOM Buae (21) unen, coxepkammid OCOOEHHOCTH B TOYKE OL =0y, BBIICIEH, a
H(oc)—)O Ipu O = Ol
8



HH}I HUCCIICAOBAHUA IIOBCIACHUA HaHpH)KeHHI;'I B OKPECTHOCTH Kpasd IOBEPXHOCTH KOHTAKTa
HOPMAJIBHOC HAIIPSXKEHUEC IIPEACTaBUM B BU/IC

(a Bo) H 1+e +2e*cosP )+|t(1 )+2e‘a cosf ]Mdt (23)
0 0 0 A(At)
rue
A(t) =(sh2ty, +tsin2y,)(sh’ty, —t?sin®y, ) ~h(sh2ty, +tsin 2y, ) (sh’ty, —t*sin’y, )
atA, (1)A, (1) (24)

j(rz +1)u(17) K(t,t)dt—N(t)A,(1)A,(1)

T(0)= t?+1
0

Hurerpan (23) mo BEIECTBEHHOW OCH IOIOJHAETCS MHTErpajaoM o BepxHeil (mpu X <0 wmm
o <0) mwm mmwkaeir (mpu X>0 wmwm o >0) nmomyokpyxHocti paguyca R —> oo ¢ meHrpom B
Havarne koopauHat. [IpuMensis TeopeMy o BeIdeTax, mpeacTaBuM (23) B Buae OECKOHEYHOTO psjia

™ (o1, By ) = —iv2m [tf (1+e? +2e7 cosB, ) +it, (1—e** ) +2e cosBo]x

y T!(ti) eolniz) _j o i Bbiu [ti (1+ e +2e™“ cosp, ) +it, (1— e )>< (25)
~(t)

% _ H -a T(tK) a(l+ity )
[(1-m, +ig,)+2e COSBO]—A’(tK)e

rue t, =&, —IMy — KOpHH ypaBHEHHUSI A( ) (&« >0, >0).

OueBHIHO, XapaKTep HANpsSKEHHOTO COCTOSIHMA OKOJIO Kpas X =a (OL = OO) olpeeseTcs
BEJIMYMHON MHUMOM YacTH IepBOro npoctoro kopus t, =& —ir, ypaBHeHus A(t) =0.Ecm 1, >1,

HMECM HYJICBOC HAIIPSIZKEHHOC COCTOSAHHC. Ecmn T]l <1 umeem KOHOCHTPAHIO HaHpH)KeHHﬁ. B

cirydac T]l =1 HaIMpsAKECHUA Ha KPpako IMTOBEPXHOCTU KOHTAKTA KOHCYHBI.

YKkaxeM ycloBHe, U3 KOTOPOro MOKHO HaWTH 30HY KOHTakTa. J{Jis onpeaeneHus: yka3aHHON 30HBI
KOHTaKTa MCIIOJb3YETCsl YCIIOBHE PAaBEHCTBA HYIIO KO3((HUIMEHTOB MHTEHCHBHOCTH KOHTAKTHBIX
HaNpsDKEHUI Ha TpaHULaX TPELIMHBL:

o0

I(rz+l)u('c)30 (aet)dT=0 (26)

0
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M3rud 6ankm 6eckOHEeYHOH JVIMHBI HA TPaHMIE YIIPYTOil MOJIYIUIOCKOCTH

Arasaun K.JL,MapTupocsin A.B.

PaccmoTpena koHTakTHas 3a1a4a 00 n3rnbe 6ankyu OeCKOHEUHOH [UTHHBI Ha TPaHUIle YIPYToi morymiockocTd. [Ipn
YacTO BCTPEYAIOIIUXCA B MPAKTUIECKUX MPHIOKEHUAX BHEITHUX W3THOAIONINX Harpy3Kax, U3 OOIIEro pereHus 3a1adu
HOJIY4EHO €€ IPOCTOE IPEICTABICHUE, JIETKO MOAJAIOLIEECs pacueTaM.

1. Beegenue. 3agaun 00 m3rube TOHKOCTEHHBIX DJIEMEHTOB THMa OajOK M IUIMT Ha YNPYroMm
OCHOBaHHWH TIPEJCTABISIIOT COOOH OHY M3 aKTYalbHBIX, KaK B TEOPETHYECKOM, TaK M B HMPUKIATHOM
acreKTax, o0nacTell TEOPUM CMELIAHHBIX M KOHTAaKTHBIX 3a7jad TEOPUH YHPYToCTH. 311eCh, B PaMKax
KJIACCHYECKON Teoprun n3rnbda 0allok, pacCMaTpUBAETCs IUTOCKas KOHTAKTHAS 3a/a4a 00 u3rude Oanku
OCCKOHEYHOH [UIMHBI HAa TPaHMLE YNPYroro OCHOBAaHMSA B BHIE YHNPYrod mosrymiaockoctd. M3rub
OCYILECTBIISIETCS. YHOTPEOISIEMbIMHA B MPAKTUYECKUX MPUIOKEHUSIX BHEIIHUMH Harpy3kamu B BHIE
COCPEIOTOYEHHBIX CHUJI M MOMEHTOB, a TaKXe€ pAcOpeleICHHOM Harpy3ko. 3agaya B Takou
MIOCTAaHOBKE, KOTJa OCHOBaHHME MOJCIHPYETCS B BHIE YIPYroro TMOJYNPOCTPaHCTBA WK
MOJYIUIOCKOCTH, He HoBas. OHa, B 00IIeM, OTHOCUTCS K CEMEHCTBY KOHTAKTHBIX 3aflad O Irepenayde
Harpy3okK OT TOHKOCTCHHBIX 3JICMCHTOB K 0oJiee MacCUBHBIM TEJIAM C Pa3siIIMYHbIMHA KOH(I)I/IpraHI/IHMI/I
1 QU3HYECKUMHU MOACTSIMH 1e()OPMUPOBAHUS OCHOBAHHH.

PaccmarpuBaemast 31ech 3a1a4a, ¢ TOUKH 3pPEHHUs MOCTpOoeHHs (HOpMalbHOIO pelleHus, Hanbosee
IpocTasi, 10 CPAaBHEHUIO C POJICTBEHHBIMHU 3aJa4M Ul OXHOPOIHBIX M KyCOYHO-OAHOPOIHBIX Oanok
KOHEYHOH WM TONyOeCKOHEYHOU JUIHHBEL. M3 Takux paboT ormeTtmMm [1-7], KOoTOphie Ooilee TECHO
CBSI3aHBI C pacCMaTpUBaeMoi 31ech 3amadeil. [lomydeHHbIe B ATHX padoTax pemieHus ¥ UX UCCIEH0-
BaHHE CBS3aHO C MaTeMaTWYeCKUMH TpyaHocTsMH. [IpocToe u M3sIIHOE pelIeHre paccMaTpuBaeMoi
371ech 3a7]ayk, KOT/1a Jijisl OCHOBAaHUsI IPUHUMAETCsl u3BecTHas (usndeckas Mojaenbs Buukiepa, npea-
CTaBJISICTCS TP MOMOIIM U3BECTHBIX M3 Kypca CONMpOTHBIICHUS MaTepuaiioB ¢pyHkimii Kpsutosa [8].

Hcxons U3 3TuX COOOpaskeHUil, MbI B3SJINCh PACCMOTPETH 3TY 3ajady € LENbI0 MOJTydeHus Oosee
IPOCTOro MpejcTaBieHus (mogo0Ho pemieHo KppuioBa) ee pelieHus, KOTOPHIM MOIJIH OBl TOJIb30-
BaTbCS TAK)KE€ MAaruCTpbl M ACMHMPAHTBl CTPOUTEIBHBIX (PAKyJIBTETOB NPH BBINIOJIHEHHUH PACUETHO-
rpaduueckux padoT.

OTUM c11ocobOM MOXKHO IMOJyYUTh aHAJOTMYHOE MPEACTaBICHUE Ul PELIeHUs 3afad ¢ Oankamu
KOHEYHOH U 1oryOecKoHeuHOH 1uHbl. [loqoOHas mocTaHOBKA 3aJaudl U MPOCTOE MpPEACTaBICHUE e
PpCUICHUA MMO3BOJIMT MMOCTABUTHh U PEIINUTH HOBLIC, BAXKHBIC C HpaKTH‘IeCKOﬁ TOYKH 3pCHUS, 3a/]a4u.

2. TlocranoBka 3axa4yu u pemenne. [1ycTe Ha rpaHuIle YIPYrod MOJYIUIOCKOCTH, OTHECEHHOM K
nekaproBoii cucreme koopauuat OXy, pacmonoxeHa OeckoHedHass Oajka IPSIMOYTOJIBHOTO

TIOIEPEYHOr0 CEYeHUs C IMOCTOSHHOH M3ruOHOM skéctkocThio Dj. M3rub Gamku ocymiecTBiseTcs

3a/laHHONW BHEIIHEN Harpy3Kou q+(x) U HEW3BECTHOM peakuued yHpyroro OCHOBaHUS qf(X).

IIpenmomaraercs, YTO B KOHTAaKTHOM 30HE KacaTeJbHBIE HAIMPSDKEHUS OTCYTCTBYIOT U
KOHTAaKTUPOBAHHE TMPOUCXOAUT Oe3 OTphiBa OaJKH OT Kpas YIOpPyroro OCHOBaHus [/7], T.e.
MIPUHAMAETCS MOJIENTb IBYXCTOPOHEH CBSA3M MEXAY Oalkoil M KpaeM moxyrutockoctu. [pu aTux mpen-
MOJIOKEHUSIX, B paMKax KIlacCMYecKoil Teopun wusruba Oanok, TpeOyercss OnpelesuTh 3aKoH

pacipeacjacHd HOPpMaJbHbIX KOHTAKTHBIX ,Z[aBJ'IeHI/If/i q7 (X), BO3HHUKAIOIIHUX IIOJ 6am<0171, 1 OCHOB-

HBIE MEXaHWYECKHE MapaMeTphl, XapaKTepU3NPYIOIIe N3ruod Oaiku B 00IIeM.
[Mpuctymast K pemIeHUIo ITOCTaBICHHOW 3afadd, 3aMETHM, YTO, KaK OOBIYHO, OTNpeJesieHue
HanpsHKCHHO-Ie()OPMUPOBAHHOTO COCTOSIHHS PACCMOTPEHHOM KOHCTPYKLMH pEIIAeTCS METOAOM
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“CIIVUBaHUA”, paCCMATPUBas OTACITHHO HANPSDKEHHOE COCTOSHHE OAalTKW W TIOTYIUIOCKOCTH, UCTIONB3YSI
MIPH 3TOM COOTBETCTBYIOIINE YCIOBHS KOHTAKTA HA TPAHUIIC.
HuddepenmansHoe ypaBHEHHE H30THYTOW OCH OAlTKH 3aIAIIETCS B BUIE

dv, 1
dx30 =E[q+(x)—q‘(x)], —00 < X <0 (2.1)

rie Vo (X)=duy(x)/dx, Uy(X)- Beprukambhoe nepememenue (mporn6) Gamku, Dy =EyJ -

KECTKOCTh Oankh Ha m3ru6, E, — ee momyns ynpyroctd, J,=0)hS /12— moment wuuepuu

nomepeyHoro  cedenus ortHocurenbHo ocu Oz, B ciaywae  nmiMHApUYecKoro  u3ruba
3 2

D, =Eh;/ [lZ(l—vO )} (h, — Tonumua mnactuna, v, — ee koaddurment [Tyaccoua).

C apyroil CTOpPOHBI, AJii TPAHUYHBIX TOYEK MOIYIIOCKOCTH, C YYETOM PABEHCTBA HOPMAJIBHBIX
KOHTaKTHBIX HaNpsDKEHUH, Oy/1eM UMeTh:

e
v(x):d“(c’i‘;o):_l;g qs(j)xds,—oo<x<oo 2.2)

00

rae u(x,+0) - BEpPTUKAJIBHOE MEPEMEIIEHHE TPAHWYHBIX TOYEK IOIYILIOCKOCTH, E - ee Momyinsb

YIPYTrocTH, V - Koapdunuent [lyaccona.

Pemenne mocTaBieHHOW 3amauu OyAE€T TOYHBIM MPU MPHHATHIX TOMYIICHUSX, €CITH yCTaHOBJICH-
HBI 3aKOH PacIpelleNeHns KOHTAKTHBIX HaNpsOKEHUH (X) o0ecrnedrBaeT Kak BHIIOJHEHUE YCIIO-
BUs paBHOBecHs Oanku (2.1), TaK 1 KOHTAKTHOTO YCIIOBUS, BEIPA)KaeMOTI'0 PABEHCTBOM:

Uy (x)  du(x,+0)
OX OX
[oxacrasnss (2.1) u (2.2) B (2.3), mocne aeicTBUTENEHOTO TpeoOpasoBanus Dypwe, MpUAEM K

CIIeyOIIEMY YPaBHEHHIO:

2D, (1-v?) %
0 3 | =- —+ —+ + iox
1+ isf |g () =7 (0) . G (o) = [ 4 (x)edx (2.4)

—00

U (x)=-u(x,+0) = ,—00 < X <00 (2.3)

Otkyna, nocie oopaTHOro npeoOpa3oBaHus, HaliAEeM

q‘(x)zi T Lﬁ*(c)?““dc (2.5)
21 27 4o
L IIPH IJIOCKOH JehopMarun
2(1-v)D,’ p p :
A= , (2.6)
E(1+v)
—————, TP IJIOCKOM HamNpsHKEHHOM COCTOSIHUH
2 (1+ 2\/) D,

(2.5) maer pemienue 3agauu B Bue HHTErpanios Oypbe, NpH 3aJaHHBIX BHEIIHUX Harpy3Kax.

3. HccaenoBanme pemenuss (2.5). ns mpousBOJIbHO 3aJaHHOW BHEUIHEH wu3ruOaromei
Harpysku (X), YIOBJIETBOPSIONMIEH HEOOXOIUMBIM YCIOBHAM CYIIECTBOBAaHUS MHTErpaioB dypee,
BXOZSIIMUX B (2.5), MOXKHO TOJIyYUTh COOTBETCTBYIOIINE ACUMIITOTHYECKUE TPEACTABICHHS, XapaKTe-
pHU3yIOLIMe MOBEJICHWE KOHTAKTHBIX HAINPsDKEHWH M M3TMOHBIX mapaMeTpoB Oanku. He ocraHaBnu-
BasiCh Ha 3THUX OOLIMX BONPOCAaxX M Kejas MOJYyYUTh OoJiee MPOCTOE M JOCTYIHOE IMpelCTaBICHUE

pEUICHUs, TPEIIOI0KUM, YTO BHEIIHSAS Harpy3ka NpPEJCTaBIIACTCS, KaK OBLIO YKa3aHO BBINIE, B
CIICTYIOIIEM BHJIC:
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Np N Nq
q°(x)= ElPKS(x—xﬁp))Jr EleS'(X—XiM))JFEl[H (x-a,)-H(x=b,)]a,(x) (3.1)

n
k o o
rae 0, (X) = kZ_)O C, X" - TOJIMHOM KOHCYHOHU CTCIICHH, H (X) - cryneH4aTast QpyHKumMa XeBucaiaa, a

S(X) — u3BecTHas aenbTa-QyHKiusa Jupaka, onpeaenseMbie CleayonuM oopasom [2]

[0, x<0 1 dH (x)
H(X)_{l, (50" 8(x)_2—n:[0e da, T_S(X)' (3.2)

OG6o0mIeHHBIE QYHKIIUH S(X), 8'(X) u H (X) UMEIOT OIPEEIEHHbIE MEXaHUUECKHUE CMBICIIBL:
S(X) - ONHUCHIBAET COCPEIOTOYECHHBIE CHIIBL; 8'(X) - CcocpenoToYeHHble MoMeHTH, H (X) -

N
pacnpeneneHHylo Harpy3ky. CriemoBatensHO, ( (X) n3 (3.1) mpencraBnseTrcss B BHAE CYyMMEI

COCPCAOTOYCHHBIX CHJII Pk’ MPUIOKCHHBIX B TOYKax XIED); COCPCAOTOUYCHHBIX MOMCHTOB Mk’

NPUJIOKEHHBIX B TOUKaX X&m) ; pacrpesieleHHON Harpy3Ku MHTEHCHBHOCTH (, (X) MIPUIIOKEHHON Ha
unrepsane [a,b, ] (a, <by).
Brruucnum npeodpazosanue Oypbe 7 (G) u3 (3.1), mpuauMas mpu 3ToM g, (X) =(Q, =const, u
MOJICTABUM ITOJTy9eHHOE B (2.5), TOXydInM:
0 (X) = £ RAP (1) + £ MAD (x0) + 56,47 (x2) (33)
1 %2 et 1 % )2ge
A‘Ep)(x,k):z— ———do; Aﬁm)(X,K):—J‘ﬁdc (3.4) 1
%, 1+|o| 2n 7, 1+|o]
1 2 1 e _pioha

T2miiidef o

qu) (X’k) do (3.4);

xkp:x—xlﬁ"); X = X=X X, =X—Db; X, =Xx—2a, (3.5)

[omyuenHno#t dhopmymnoii (3.3) naercs peuieHne MOCTaBICHHOMN 3amaun. mes qf(X), MOJKHO 0e3

TpyZa ONpeieinTh OCTalbHble M3TMOHbIe MapaMeTphl Oanku. Pemenue (3.3), kak BumHO U3 (3.4); -
(3.4); mpencraBnsietcss cymMMmoit uHTerpaioB ®Dypbe, He MOAJAIOIIUXCS MPSIMOMY BBIYHUCICHHIO.
CrnenoBaresibHO, U1l TOJTYYEHHUS] OXHIAEMOTO0 IPOCTOrO DPELICHUS CIEAYeT KaKUM-TO 00pa3om
YIPOCTUTH UX. J{JIs1 3TOro paccMOTpUM HHTErpai

1 eioo(

e

da, x>0 (3.5)

rac (P(O(.) AHAJIMTUYCCKOEC TIPOAOJDKCHUC (1)YHKI_[I/II/I (P(G):|G| Ha KOMIUICKCHYIO IIJIOCKOCTb

0L =G +IT, pa3pe3aHHyro MO MOJOKUTEILHON MOIYOCH O’C(T > O) ,a L" xoHTyp mHTErpmpoBanus,

MMOKa3aHHBIA Ha puc. 1.
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Puc. 1

AHATUTHYECKUM TPOJOKEHHEM (QYHKITUH (p(c) = |G| B KOMIUIEKCHYIO TUIOCKOCTh Ol SIBJISIETCS

o, Rea>0

ofa)-{

Tornma, 1is NOAUHTErPANTBHON PYHKIIUN OYyAET UMETh:

-a, Rea<0

a—ocz)]fl, Rea >0

1 [ (e +2)(o—oy )(
1+[p(a)]? [(oc—l)(a—a3)((x—oc4)]_l, Rea <0

w

1 . 1
rae o, ZEiI—;OLM:—E -

BHyTpH KoHTypa uHTerpupoBanus L' mmerorcst aBa mooca nepBoro nopsiaka o, u o.,. Torja,

1o teopeme o Bbiuerax u 1o Jlemme JKopaaua, monyunm 3Hauenue uHTerpana us (3.5) mpu X >0.
Nwmest 3nauenue unrerpana (3.5) u npu X <0, B xoneunom wrore, mis Gpynkumii us (3.4); — (3.4)s,
MIOJIy4YUM

3 —ZT‘ka‘

(») _ A Bz, i I
Al (X’k)_Be [\Ecoszkp+5|n‘2kpﬂ n_([ 14 dt

z‘km‘

A{m)(x,k)z%z{—eﬁzkm[coska+3\/§sin|z } Igdr}sgn( )

13



AY (%)) =

2
_ g[e-%zkb cosZ,, e ! cosZka}— [e-zﬂzkb\_e-h‘zm‘]—T dr [H(a —x)-H(x=b,)]+

1
T 141°

O ey 8

0

20 ] 120 i 2z T
+ g[e Bzl ¢os 7, +e7 Vel cosZkb}—;![e il 4 g2l ‘]ﬁ—l [H(x-a,)-H(x-b)]

2, =M 125 20, =My 125 2, = WK, 12, 2 =X, [ 2

p
3akiaiouenne

KoHCTpykIst Ha ynpyroM OCHOBaHMM HaxXxOJWUTCS TMOJ JEHCTBHEM BHEIIHUX HAarpy3ok M
PEaKTHBHOTO OTIIOPa OCHOBaHHMsI. 3aKOH HU3MEHEHHsI PEAKTUBHOTO OTIOPA (KOHTAKTHBIX HAMPSKECHHMN)
U €ro OIpENENeHNE CYIIECTBEHHO 3aBUCHUT OT MPHHIATON MoOAenu OcHoBaHWs. llpm muHelHO-
ne(OpMUpPYEeMbIX OCHOBAaHUSX IOJYyYEHHbIE PEIICHHS MPEACTBISIIOTCS B JOBOJBHO CIOXXHOM BHIE.
31ech ynajioch pElIeHHE pacCMaTpUBAaEcMOW 3aladydl NMPEACTABUTh B BHJE CYMMBI JJIEMEHTAPHBIX
GyHKIMI ¥ OBICTPO CXOMASAIIMXCST MHTETPATBHBIX COCTABIAIONIMX. ODTHM IOAXOAOM TONTy4YeHHBIE
peleHus 3a1ad, ¢ MpUMEHeHNEM MoJieny Bunkiepa, 0ojiee KOHCTPYKTHBHBIC.
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OcecuMMeTpHYHAsi KOHTAKTHASA 3a/1a4a JUISI COCTABHOIO NPOCTPAHCTBA
¢ KPYroBoii 1MCKO00pa3HOH TPennHOH

AxonsiH B.H., AMupaxansn A.A.

B pabote mocTpoeHo TOYHOE pelIeHHe 3aJaud 00 0CECUMMETPUYHOM HANPSKEHHOM COCTOSIHUH COCTABHOTO YHPYTOro
MIPOCTPAHCTBA, COCTOSIIETO M3 IBYX PA3sHOPOIHBIX MONYMPOCTPAHCTB Ha IUIOCKOCTH CThIKA KOTOPBIX MMEETCS KPyroas
IUCKOOOpa3Has TPEIlHA Ha OJHOM Oepery KOTopoif 3a1aHbl HAaIPsKEHHUS, a Ha IPYyroi Oeper BIaBIMBASTCs TMIAAKUI MITaMII
(uraitba). BoiBeneHa ompenensronas cucTeMa ypaBHEHHMH 3a7a4u, KOTopas P MOMOIIY ONEpaTOpOB BPAILEHUS CBEICHA K
PCLICHHUI0 CHUCTEMBI CHHTYJISIPHBIX HHTETPalbHBIX YPaBHCHHUH U IOCTPOEHO e TouHoe pemieHHe. IlomydeHbl mpocTbie
(GOpMyIBI Kak AT ONpEAeNeHHs] KOHTAKTHBIX HANpPsDKEHHH MOJA IITaMIOM, TaK M IS Kod((HIHNEeHTOB MHTEHCHBHOCTH
pa3pylIaoImuX Hanps>KEHUH.

ITocTaHoBKa 32/1a4H U BbIBO/] ONIPeEIsAIOIIMX YPABHCHU

[lycte ympyroe cocTaBHOE TPOCTPAHCTBO, COCTOAIIee W3 JIBYX  Pa3HOPOTHBIX
HOJIYIPOCTPAHCTB ¢ Koddduunentamu Jlamd> A, 1, u A,, ft, , 3aHO0THSACT B LMIHMHAPUIECKOH CHCTEME

KOOpJMHAT COOTBETCTBEHHO BEPXHEE (Z 2> 0) 1 HWXKHEe (Z < 0) MIOJIyTIPOCTPAHCTBA, HA MIOCKOCTH
CTBIKA KOTOPBIX (Z = 0) HMeeTcsl MOHETOOOpa3Has Mexdas3Has TpeluHa ¢ paauycoM a , Ha HIDKHUH

Oeper KOTOPOH NpH MOMOILIM COCPEIOTOYECHHOW HArpy3KH BEITHYHHBI PO B/IaBJIMBACTCS TIAIKHA
mTaMI ¢ TUIOCKMM OCHOBAaHHEM, a Ha BEpPXHEM Oepery JCHCTBYIOT pacrlpeAciéHHbIC HaMpPsSKeHUs
MHTEHCHBHOCTH [J (r) C TOH K€ PaBHO/ICHCTBYIOIIEH.

CraBurcs 3agavda: OIpCACINTb KOHTAKTHBIC HalPsSXKCHUA, ILGI\/'ICTBYIOHH/IC KaK Ha CTBIKC
MOJYTIPOCTPAHCTB, TaK U Ha HW)KHEM Oepery TpelIuHbl, a Takke X Kod(pUImeHTs MHTEHCUBHOCTHU B
KOHIIEBBIX TOUKaX TPEIIUHEI.

[locTaBneHHy0 3agadyy MaTeMaTH4eCKd MOXHO c(OpMYIMpPOBaTh B BHIE CIEAYHOLICH
FPAaHUYHOM 3a7a4u:

u,(r,0)=u,(r,0); w/(r,0)=w,(r,0);

a<r<o 1.
o (1,0)= 0 (r.0); 0 (r0)=t(r,0) 4<% =
B (r,0)=-p,(r); «¥(r,0)=0;
7. (10) == (r); 7 (r,0) (O<r<a) (1b)
72 (r,0)=0; w,(r,0)=4;
31ech Wj(l’,Z) " uj(r,z) (] =l,2) — HOpPMAaJIbHbIE W pPaJHAIbHBIE KOMIIOHEHTBHI

MEPEMEIICHHI COOTBETCTBEHHO [UIsi BEPXHETr0 M HIDKHETO MOIYNMPOCTPAHCTB B IFIIUHAPUIECKOMN
CUCTEME KOOPHMHAT, YJOBJICTBOPSIONIME KaXKasi B CBOEH 00JIacTH OIpeleNeHus ypaBHeHMsIM Jlama,

GEJ) (I’, Z) " szj) (r, Z)— HOpPMAaJIbHbIE M KacaTelbHble KOMIIOHEHTHl HANpSKEHUH, a o —
HOpMaJIbHOE KECTKOE CMENICHUE IITaMIIa.

UToOb! TIOCTPOUTH pelleHue TpaHnyHOW 3amaun (1) ucmonb3yeM pa3pbIBHBIE PEUICHHS IS
COCTaBHOTO MPOCTPAHCTBA C MOHETOOOPA3HOM TPEIIMHOM, OTydeHHBIE B [2].

Hcronb3yst 3TH pemieHust W ymoBieTBopuB ycioBusm (1.b), mpuxomum K omnpenensronei
CHUCTEME YPaBHEHUN OTHOCUTEIIPHO CKaYKOB HOPMAJIBHBIX HANPSOKCHHUH, ACHCTBYIOMUX Ha Oeperax
TPEIIMHBI U KOMIIOHGHTOB JTUCIIOKAIMU CMEIICHUA TOYeK OeperoB TpeluHbL Jlanee mpu moMoIiu

oneparopoB BpaueHnit | u |, [1- 3] momyueHnas cucrema NMpUBOANTCS K CIEAYIOLICH CHCTEME H3

TPEX CUHTYJSPHBIX YPaBHEHH:
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. (x)+ 2w (x) - j'()dt AS:

X
b o.(t)dt t)dt
”zsw(x) 2,{ t(_z( ?ja“t(_) —_Af(x); (-a<x<a) @)
o (x)+ 22 '(x)__j (t)dt AC.
IPH YCIOBHSX
_T dx 0; Iw dx 0; IG* dx 0 (3)

—a

3mech, Kak 1 B [1]

f(x)=1[p,(r)]; C. :%m(o)+%u£(o)+;—iw’i(t)dt.

Jyig perieHus cucteMsbl (2) U3 MEPBOrO M IOCJICIHETO YpaBHEHHUM ompeaensercs G, (X) yepes

ynkmuo U, (X) Y TIOZICTABIISIS TIOTYYEHHOE BBIPYKEHUE U G, (X) B [IEPBOE U BO BTOPOE ypaBHEHUS (2),

JUIsL OIIpeNIeNICHUs MPUBEAEHHBIX KOMIIOHEHTOB JUCIIOKAMN CMELIEHHIN NOIYYUM CIEAYIOUIYI0 CUCTEMY
UHTETPAJIbHBIX YPAaBHEHUM:

a !
J‘ ; |
Jot=X
a ; ( (4)
u; (t)
B
—-a
rre o, #0,3,A u B — wusBectnole mocrosHHble. B ciywae, xorga 3, #0, BBogs ¢dyHKuMHM

Q; (X) =u, (X)+X jVV," (X) (j =1 2) , pellieHne CUCTEMbI ypaBHEHUH (4) MPUBOAMUTCS K PEHICHHUIO
JIBYX HE3aBUCUMBIX CHHTYJISIPHBIX UHTETPaIbHbIX YPABHECHUN:

0, (X)+ q’I 5 (X)ds_g.(x) (ra<x<a; j=12) (%)

A :(_1)j Vou /By :(_1)j A, :(_1)j+1mz(_l)j+lq; g; (x)= A5+ Bf (x).

IIPU YCIOBUSIX

[o,()dx=0 (j=12). ©)

—a

Pemenne cucremsl (5) npu ycinoBusx (6) 3amiceiBaetcs B cieayronieM Buje [1- 3]:
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(5=
@221 (0= 6 [ 2% = JBo (o)

1 2q
j+1 . ~ t 1
1-(-1)""iq | i1 2n o 1-¢? (a<y)
Gi=——S7— 7,=(-) s
1+(-1) "iq

R R e P L e (SRR T R

%+iarctg 2 (g>1)

21 1-q°

OTMeTuM, YTO BBUJY DHEPreTHUCCKUX COOOPaKCHWIl B TEX KOHICBBIX TOYKaX, TJE IOKa3aTellb
ocobennoctu Gosbiie 1/ 2, B34T0 OrpaHHUeHHOE PELIEHNE

AHalorn4HeIM 00pa30M MOCTPOCHO 3aMKHYTOE pelieHne ciucTeMsl (4) Takke B ciydae 3, =0.
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KonTakTHas 3a1a4a 1jisl KyCOYHO-0JHOPOIHOM MJIOCKOCTH ¢ Mexk(a3Hoil TpelnuHOM

Axonsn JI.B., Tamrosan JIJIL.

TTocTpoeno TouHOE perieHne 3aJad1 O II0CKO-1e(GOopMUPOBAHHOM COCTOSHHE KYCOUYHO-0JHOPOJHON MIOCKOCTH U3 ABYX
Pa3sHOPOAHBIX MOJYIUIOCKOCTEH, pacciabieHHONH KOHEYHOH Mex(a3HOH TpeluHON, Ha OAMH M3 OeperoB KOTOPOM
BIaBIUBAeTCs aOCOMIOTHO >KECTKMM TNIAJKUM INTaMII C IUIOCKUM ocHoBaHueM. IlomydeHsl mpocTele (opmynsl amis
OTIpENENICHNs] BaXHBIX (PU3MKO-MEXaHWYECKHX XapaKTEPHCTHK 3a7add KaKOBBIMH SBIISIOTCS KOHTAKTHBIE HANpPSKECHHS,
JEUCTBYIOIINE MO IITAMIIOM B KO3(h(UIIMEHTHI pa3pyIIaoNUX HAPsSHKEHHH B KOHIIEBBIX TOUKAX TPEIIUHEL.

IHocTanoBKka 3a7a4u U BHIBOJ ONPeNAeSIOIINX YPaBHeHHIT. PaccMoTpuM 110cK0-11ehopMuUpo-
BaHHOE COCTOSHHE KYyCOYHO-OJHOPOJHOW IUIOCKOCTH M3 JIBYX Pa3HOPOIHBIX ITONYIUIOCKOCTEH C

ko3¢ punmentamu Jlams My, 7&1 u lvlz,}bz COOTBETCTBEHHO, OTHECEHHOW K JEKapTOBOM cHCTEME
KoopauHaT Oxy, OCh abcuucc KOTOpOH HampaBlieHAa IO JIMHUM COEAMHEHUS Pa3sHOPOAHBIX
MOJIYIUIOCKOCTEN M COJEprKallel Ha 3TOH OCH, HA UHTEpBAJIC (—a, a) MexdasHyr TpemuHy. bynem

HoJjaraTh, YT0 KyCOUHO-OJHOPO/IHAS IIOCKOCTb Je(QOpMHUPYETCs MPU MOMOIIHU a0CONIIOTHO JKECTKOTO
TJIIKOTO IITaMIia, BAABIMBAEMOr0 B OJIUH M3 OEpPEroB TPEIIUHBI MOJ BIUSHUEM COCPEIOTOYECHHOMN

Harpy3Ku BEJIMYHHBI P , IPUIIOXKEHHO#T B 1ieHTpe mwrammna (Puc. 1).

A Y

[Ty X

Puc. 1

CraButcs 3a/1a4a. IOCTPOUTH TOYHOC PEIICHME 3a/1a4M B KBaJpaTypax.

[TocTaBneHHas 3a7a9a MaTeMaTHIECKU SYKBUBAIICHTHA CIICAYIONICH TPaHUIHOM 3a/1a4e:

& _ 2
a®(x,0) =6\ (x,0)
() X,0) = (2) X,0
Txy( ) Txy ( ) |X|>a (la)
u?(x,0) =u®(x,0)
v (x,0) =v?(x,0)
Ggll) (x,0)= ’E%) (x,0)0=0
T2(x,0)=0 X|<a (16)
v@(x,0) =8

rac O — KECTKoe CMCIICHUEC IITaMIIa.

Jns pemreHus: mocTaBieHHOW 3afadd OyaeM WCIOJIb30BATh Pa3phIBHBIC DEIICHHS ypaBHEHHIA
TEOPUU YIPYTOCTU JUISI KyCOYHO-OAHOPOIHOHN IIIOCKOCTH TMONy4YeHHbIe B MOHOTpaduu [1]. Coxpanus

o0o3HayeHusi, BBeACHHBIE B [l] WM yuuTbIBas, 4TO B paccMaTpHBaEMOM cnyqaeT(X)=0, IUIst
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HamnpspKEHUI Ha BepxXHEeM Oepery TPEeIMHbI 1 HOPMaJIFHBIX CMEIIEHUI Ha HIDKHEM Oeperax TpeIrHbI
TIOJTyYUM CIIEAYIOIHE BBIPAKEHUS:

(1) _b by ds FY6) .

o, (X,O)—AG(X)+AU(X) nA-Ls— ds;

(i) (8) 4 b ru'(s) 1o,

W (x,0)=- v(x) - j G5 jas_xds (j=12); @)

v;(x,O): — gV - J G(S) L I u'(s) ds,

SX ';rAS S—X

Jlanee, mpu MOMOIIM COOTHOIICHHH (2), YIOBICTBOPUM YCIOBUSIM Ha Oeperax TpeumHbl (1.0)
NpeBapUTENRHO PO epeHIInpOBaB NOCIEHEE U3 HUX. B uTore, Uit onpeaeneHus HEM3BECTHOTO
KOHTAKTHOTO JaBiieHus o(X) M GyHKUMi aucnokanuu cMemeHuid u’(x) U Vv/(X) HOIy4uMm

CJICAYIOILYIO OIPENEIISAIONIYI0 CHCTEMY CUHIYJIAPHBIX MHTETPAJIbHBIX YPABHEHUIM:

1,5 (x)+ Lu'(x) - nj‘s’(s))(d —0;

Lv/(X) + —j"(s)d j“(s)ds_o 3)

S—X

I,V'(x) + 2

9 j_c<3>ds+'_zj_“<3>ds:o.
T %S—X W’ S—X

Cucremy (3) HYXXHO paccMaTpuBaTh NPH YCIOBUAX PABHOBECHs INTaMIia U HENPEPHIBHOCTH
CMEIIIEHUI B KOHIIEBbIX TOYKAX TPEUIUHBI:

j. o(X)dx=P,; j. V'(x)dx =0; j' u'(x)dx =0 4)

Jst pemenus cucremst (3) npu ycnoBusx (4) MCKIIOYMM M3 MOCIEAHUX JIByX YPaBHEHHH CHCTEMBI

(dhyHKIIIO V’(X) . Torga, kak u B [1], momyanm

li Mcs(s)+Nu'(s)ds=0, )
n S—X

—a

rac
2 2
— 9@Ld, LI, = —9®9@A; N =L, —I, = 2((8(21)) _(8{1)) )A

U3 (5), ucione3yst nepBoe U nociieAHee cooTHoIeHus (4), Haiinem:
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MF,

— 6
ra? —x? ©

Teneps, u3 (6) BblpazuB QyHKIHIO U'(X) yepe3 pyHknuoo O (X) U TIOJCTaBIAsA MOIYyYEHHOE

Mo (x)+ Nu'(x) =

BBIp2)KCHHE B TEPBbIC J1Ba ypaBHEHHs (3), MPUIEM K CHCTEME U3 JIByX CHHTYJISPHBIX WHTETPAJIbHBIX
ypaBHEHUH 7151 ONPEEIEHUs] KOHTAKTHOTO JIABJICHUS U TUCIOKAlMU HOPMAJIbHBIX CMEICHUH:

LN —I,M G(X)—I—3 j‘- Vi(s)ds _ LMPR,
N nY S—X nN+/a? - x2

a

()

|lV’(X)— M|3|;N|2 J‘ G(S) ds =0

? S—X

Takxum 06pa3oM, pelIeHre TOCTaBICHHON 3a/Ia4H CBEJIOCH K PEIICHHI0 CUCTEMBI (/) TIPH YCIIOBUAX

(4).

Vuaursisast, ato Ml; — NI, = —9(21)8(22)|1A # 0, ¢ Hauana paccmorpum ciyuaii, koraa [N —I,M =0.

B sTom ciyuae cuctema (7) mpumeT BHI:

lj‘v'(s)ds_ A
n, S—X - Tt\faz—Xz

A= B <0 @®
NI 1)) 1))
V() BJG(S)d _o 3 2[(99) —(99”
W3 nepBoro ypaBHeHwus (8) Hailném
Abln( J
a+X
V(X)) =————= (-a<x<a). 9)
W= e
Orcrona
In(a x)
vV(X)=— A"I a+X) ax (—a<x<a). (10)

f 2 X2
Ioxacrasnss 3nauenue v'(Xx) u3 (9) Bo Bropoe ypaBHeHHE (8) i onpeneneHus o(X)IoIydyuM
CUHTYJIIPHOE MHTETPATIbHOE YpaBHEHHE MIEPBOTO POAA:

1fol) 4 Al (a+x)

nias_x BTEZ a.2_X2

Pemenne IMMOJIYYECHHOT'O YpaBHCHUSA, YAOBJIICTBOPAIOIICC YCJIOBUIO PaAaBHOBECH LITaMIla 3allMChIBACTCSA
CIIE/TyIOLIMM 00pa3oM:

_ 1 A 2 a=X 3 B
c(x)_nm{znzﬁln (a+xj+P° AOIZB}( a<x<a). (11)

OtMmetum, uto 1ipH BeiBoie hopmyisl (10) 66110 HCHONBE30BaHO cOOTHOMEHHUE [3]:
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Torma ropu3oHTaIbHAS COCTABIIAIONMIASA IOTHOCTH TUCIOKAIINU OMPEIEIUTCS POPMYITOH:

M 1 a—x
u'(x)=— A = In*| —= |-1}.
2zNpa’ —x* |7 a+x
Tenepb O6paTI/IMC$I K (ClIydyaro, Koraa MCEXaHUYCCKUC XaAPAKTCPUCTHUKU PASHOPOAHBIX

MOJTYTIOCKOCTEH TaKOBBI, UTO |0 N - |1M #0. B stom ciry4ae cuctemy (/) 3ammIieM B BHIE:

o -2 L% Jf 2
_aa ma“ —X (12)
v'(x)—9j®d3=0
T S—X
3nech
o NI, A= |, MP, _
LN —1.M LN -1.M

HecnoxxHo 3ameTrnth, uTo cuctema (12) mo cTpyKType TOYHOCTBIO COBIAJAET C CHUCTEMOIA,
nmojiyueHHOW B [1] A KyCOYHO-OJHOPOJTHOW IJIOCKOCTH C MEK(a3HBIM aOCOJIOTHO JKECTKUM
BKIJIFOUEHHUEM, OJIHA U3 JNIMHHBIX CTOPOH KOTOPOTO CIICIICHA, a Ipyrasi CTOpPOHA TIIaJIKO KOHTAKTUPYET
¢ MaTtpuliei. Pa3HuIia JiMiib B TOM, YTO BMECTO CKavKa KacaTeJbHBIX HANPSKCHHUN 3/1eCh (pUrypupyer

CKa4OK HOPMAaJIbHBIX cMelleHui. Mcxos 13 3Toro u BBeAs PyHKIIUU

@, () =c()+AV(X); =D alB; j=12), (13)

cucreMy ypaBHeHHH (12) Hamuimem B BHJE ABYX HE3aBHCHMBIX CHHIYJISIPHBIX MHTETPAIbHBIX
YpaBHEHUI

q; () A ,. :
J(X)+;Jja SJ—XdS:nW’ (—a<x<a, q; =(-1 JoB, j=l,2) (14)
[Ipu 3TOM,
Tcp,-(X)dXZPO (j=12) (15)

CHavana paccmoTpum ciy4ai, korna () (J =1,2)—)1e1710TBHTeHBHHe yucaa, T.e. Korma af3>0.

Torna pemenus ypasHenuii (13), ynosierBopstomue ycioBusM (15) MoxeM 3amucarth B Clieayronem
Buze [1]:

0,09 1 2 A gA0(-D) x)j. (a®—s*) "ds | Rosinm, (1) %) (16

+0; | ny/a2 —x? 752 L o((-1)" s)(s—x) 2n
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(Gj :1_?q" : ‘Gj‘:l; 0<y,

— arg i . —1_~ - — i _y\yn1
= <L v,=1-y,; o(X)=(a+x) " (a-x) .
1+1q; 2n

OmnpenearM KOHTAKTHOE MaBJACHHUE TMOJ IITAMIIOM P(X)z—az(x)za(x) U HOPMAIBHYIO

COCTABISIIOLIYIO JAMCIOKAIMK TOUeK Geperos Tpeumsl. s sroro pacemorpum (13) kak cucremy u
onpenemum o(X) u V'(X). danee, ucnonb3ys 3Ha4eHue uaTerpaia [3]

b a-1 ot
j(x_aj X _ =T cosma Y=2] 41|, (0<Rea<2 a<y<b)
b-x) x-y sinna b

OKOHYATEJILHO HAHIEM:

F (X) +o(= X)] V'(x) = Kui [(’)(X) - w(—X)];

Pl . A
[1+qtg7W1] I :§|:S|nm’1_ Cl }

n(1+q ) R, (1+q°)cosmy,

P gA
Ky = sinmy, — 2 :
2m0” P, (1+qg°)cosmy,

['opH30HTaIbHYIO COCTABIISAIONYIO AUCIOKAILIMY CMEIEHUI MOXKHO OnpeaenuTsb us (7).

Teneps oOpatumes k ciydaro, koraa off <0, T.e. kKoraa yncna {; (j =1, 2)— YUCTO MHUMEIE.

B srom ciyuae penienue ypasuenuii (14) sagaércs popmyioit (16), omHako, B 3TOM ciydae

1, ’ 1 1- .
vy =5+(-1)iB:; 0, = (D'igia=-ap; p,=_-In[G]; G, =ﬁ<0 (i=12).
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PACITPOCTPAHEHME ITOBEPXHOCTHBIX BOJIH B CUCTEME ITOJIVIIJIOCKOCTb-
CJIOU TP OTHOCUTEJIBHOM CKOJILXEHUH

beay6exksan M.B.

AMHUpKAHAH ALA., , l'esoprsn I'.3, lapounsu A.3.

Paccmotpena 3aaua pacpocTpaHeHHs OBEPXHOCTHBIX BOJH Tuna Pajes B cucTeMe MOJyIIOCKOCTh-CION 110 JMHHU UX COEJHHEHHs
NIPU YCIOBHU CKOJB3SILIEIO KOHTaKTa MEKAY HHMMH, KOTJa CIOH IBMXKETCA C IOCTOSHHOW CKOpOCTbIO. IlomydeHsl QuCHEpCHOHHOE
YPaBHEHHME 331a4H U YCJIOBHUs PACIPOCTPAHEHHUs MOBEPXHOCTHBIX BOJIH B 3aBHCHMOCTH OT (DM3UYECKHX M T€OMETPUUECKHMX XapAKTEPHCTHK
TMOJIYINIOCKOCTH M CJI0sl KOTJIa BHELIHsIS TIOBEPXHOCTh CBOOOIHA OT HAIPSKEHHUH.

Beeagenue. lccnenoBaHHIO NMOBEPXHOCTHBIX BOJNH THNa Panesd B COCTaBHON MOIYIIIOCKOCTH
MOCBALICHO MHOXeCTBO padoT. O030p MyOIMKanMii IO 3TON TeMaTHKe MO>KHO HaiTu B [2-8] B pabore
[3] uccnenoBano cyliecTBOBaHHE YIPYTHX BOJIH, JJOKAJIM30BAHHBIX Yy TPAHMIIBI pa3jiena ABYyX YIPYTHUX
Cpel, KOTOpble 3KCIIOHEHIMAIbHO 3aTyXalT IO Mepe yJaJleHHs OT TpaHullbl. 3IeCh PaccMOTpeHa
3ajaya IUIOCKOW JeopMalyu, MPH CONPUKOCHOBEHWH W B3aMMHOM CKOJNBXECHHUH JBYX MaTepHaloB
BJIOJIb TUIOCKOW TPaHUIIBI C TOCTOSSHHON CKOPOCTHIO.

1. MMocranoBka 3agaum. PaccmarpuBaeTcs 3ajada paclpOCTPaHEHHS TUIOCKOW TOBEPXHOCTHOM
BOJIHBI B CHCTEME MOJTYIIPOCTPAHCTBO—CIIOH (puc.1).

B i
ILL_L’Al VO ’/, y h
0l |
X
s A,
z
Puc. 1
JI1st KOMITOHE|HT YIPYTHX MEepEMEICHHIA HMeeM
u? =uP(x,z,t), uf’ =w(x,z,t),ul’ =0 (j=12) 1)

rae j =1 oTHOCHTCS K CIIOK0, @ | = 2 —K TOJIYIUIOCKOCTH, t—Bpems.
VYpaBHEHHS IBMKEHHS B IEPEMEIICHHUIX UMEIOT BU/ [1]
. . y
2.) g oy . owtd _ RTLL
x| ex oz ot?
. b au(i) 8W(j) aZW(i)
ci,awy +(c|2j —cfj)— + =—
oz \ oX oz ot

rae Gy, C;; —CKOPOCTH PACHPOCTPAHCHHsS MPOJONBHBIX M MONEPEYHBIX BOJIH B COOTBETCTBYIOLIMX

ciAuY +(cf —c

(2)

cpenax, A j» M —K0dpduimenTs! Jlame 1105 ¥ NOJIYNIPOCTPAHCTBA COOTBETCTBEHHO.

Ha muaun pasneiia MmaTepuaaoB Z = 0 3aaaHbl YCJIOBHA CKOJIB3AIICTO KOHTAKTa:

@ _ (2) _ @ _ (2 D _ \n[(2)
oy =0, 03’ =0, 037 =03, W~ =W (3)

a BHEIIHsA OBEPXHOCTh Z =—hN ¢BOGOAHA OT HANPSKEHHUH

@ _ 1 _
oy =0, 037 =0 (4)
ITocpencTBOM CKANSIPHBIX TOTEHIUAIOB IIPEICTABUM NepeMelleHus B Buae [1]
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ud = oD, +8\PJ W = oP; oY, (5)
ox oz 0z  oX
VYpaBuenus (2) cBoasrcst K
1 0°D, 1 0°Y,
AD =——1 Ay =——, 6
J CIZj atz WJ CtZJ atZ ( )
I[Tpu 3TOM [UIs UCTIONB3YEMBIX B TANIbHEHIIIEM HANPSDKCHUI TTOIYYAr0TCSI CIISAYIOLINE BBIPAKEHUS
. ROR o°D. o’y
(i) — i i j
s =4 ox’ +(lj ! zﬂj) oz Miaex
2 2 2
G(j)I/J- zaq)j_'_al//j_al//j (7)
R ' e '
Beeném obe3pa3mepuBaroniie 0003HaYCHHS
2
1=C%j=—ﬂj : «9=%=&&; c=2; y=Toe-t
G, A+24 C, th P k Co, Cio
& E-x°0
By =1 B=1- =

Vi :\/l_(é:_l)zenp Vi :\]l_(é_)()z 0,
Va :\]1_527721 Va2 :\ll_éz;

Torna pemenne ypaBaenuii (6) 1is cliosi B MOJBHKHOM CHCTEME KOOPMHAT CBSI3aHHOI CO CIIOEM,
OyIeT UMeTh BUI:

@, = (A sh(kv,,z)+ B, ch(kv,,z)) expik (X —&t)
¥, = (Ach(kv,z) + B, sh(kv,,z))expik (X — t)
Hepexoﬂﬂ K HOBBIM IICPEMCHHBIM I'IC

X=X-V,t; c=C+V,

(8)

CkansipHble OTEHIIUAIBI Oy TyT
@, = (A sh(kv,,z)+ B, ch(kv,,z)) expik(x —ct)
Y, =(Ach(kv,,z)+ B, sh(kv,,z))expik(x —ct)
OG6ure penreHus ypaBHeHuid (6) 1S MOTYIUIOCKOCTH, YAOBICTBOPSIONIME YCIOBHUSAM 3aTyXaHHs:

limd, =0, lim¥,=0 9)

umeroT Buj [1]

@, = A,e™=" expik(x—ct)
¥, =Be =" expik(x—ct)
0<é<1

Takxe Oynem HCMONb30BaTh O06O3HAUeHHE &, =V, / Co, 1=12 rme Vq; =12 ckopoctn

(10)

pacnpocTpaHeHus BOJIH Peres B MaTepuaiax moyiochl ¥ IMOJIYIIOCKOCTH COOTBETCTBEHHO.
2. Pemienue 3aga4u

IMoacrasnsst Beipaxenust (8) u (10) B rpanuunbie ycimoBusi (3) (4) moiydaem JHMCIEPCHOHHOE
ypaBHEHHE B BHJIC
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2 1 2 4 2.2
s 1 [ R 8 ) "
—-0(&- }()2 Vi (ﬁzz —V,.Vs, )(th (SVL2 )ﬂf —th (5V1,1)V1,1V1,2 ) =0

rne S=kh;
IIpu S <<1, T.e. Koraa JIMHA BOJHLI HAMHOTO OOJIbIIE TOJIMHEI CIIOS, IUCIIEPCUOHHOE YPABHEHHE C

2
TOYHOCTBIO JI0 S IMPUMET BU

-166°s (ég _Z)4 V1iV1,2 ((ﬁzz “V2iV22 ) + %52 (%t - 7()2 Vz,lsj(w - (1_771)J =0 (12)

Otkyna, Kpome TpuBHAIBHBIX KopHelt & =y, &= y 1/ 60, &= y 1/ 6n, nonyuatorcs,

wos,, (fRz —)() V1=176%; (2_§R2) +0(s?) (13)
(1227, ~8n,27, 63, + &3, ~40-1,))

QZ:§R2_S4

u

E=y+2 /1_7’71 +0O(s?) (14)

Pacuétel mokaspiBafoT uTo KO3(pduienT S B (13) Bceraa MONOKHUTENCH AJIsI BCEX BO3MOXKHBIX
3HaueHui kodpduuuentos Ilyaccona V;, ciemoBaTenbHO BCErJa paclpOCTPAHATCS BOJIHA CO

CKOPOCTBIO & , MEHBIIIEH CKOPOCTH BOJIH Periest B OMTYIIIOCKOCTH &y,

!1_
U3 (14) crenyer, uro npu —1< y £2 6’771 <1 mosBisieTcst BTopasi MOBEPXHOCTHAS BOJIHA.
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0st osf

—U.;_-

-1.0F

Puc 21 Puc 2e

Ha pucynkax 2a-2e npuBejieHsl rpadukd GpazoBoit ckopoctu & B 3aBUCMMOCTH OT BOJIHOBOTO YHCIIA
k B cmywae xorma =1, 6=3, v,=v,=03 a y npuHumMacT 3HaYCHHUS
(0, 0.1 0.2, 0.3, 0.4, 0.6)

[Ipn npuONIMKEHNH ) K CKOPOCTH paclpocTpaHeHMs BouH Penes B mMatepuane monocs (Vi ),

CKOpPOCTh HEKOTOPHIX MOJI TIOBEPXHOCTHBIX BOJIH NpUOJIMKaeTcs K Hylto Puc 2e.
Ilpu y =0 pesyabrars! coBnamaoT ¢ [9]. Ha puc. 26-2¢ npusenenst ¥ ot 0.1 g0 0.6 moayuaem

PHCYHKH 20-2€ KOTOpbIE MOKAa3bIBAIOT YTO B HAIIPABJICHUH ABHKCHUS MOJOCH IOBEPXHOCTHBIE BOJIHBI
MCYE3al0T a B 0OpPaTHOM HalpaBJICHUH HOSBISIOTCS.

ITpu S >>1 1.e. KOrja UIMHA BOJIHBI HAMHOTO MEHBIIIC TOJIIMHBI CJIOS Pa3ICIAIOTCS TPU CIIydas

1) 1=(E=2)20>0c y—J110<E< y+-110
OyneM uMeTh

th (SVM) ~th (Svly2 ) ~1 orkyna s (11) nomydaem

_([312 ~ Vi1V )(H\’z,l&z (Blz ~ Vi1V ) +0v, (& - X)2 (B; ~V21Va. )) =0 (15)

UYrto coBnagaeTr ¢ pe3ybTaToM IOJyYEHHBIM B [6].
IlepBBlii MHOKMTEL COBIIAJAET C ypaBHeHHEM Pernest s MaTepuiia MOJIOCH M MUMEET pELIeHHe

&:Xiam-
[IpupaBHEHHE K HYJIHO BTOPOTO MHOXHMTENS ypaBHeHHs (15) MmokasslBaeT YTO MOABISOTCS

IMOBEPXHOCTHBIC BOJIHBI B HEKOTOPBIX COUYCTAHUAX YIIPYTUX U KUHEMATUYCCKUX XaPAKTCPUCTUK CII0A U
MOJIyIPpOCTPAaHCTBA U CKOPOCTHU CJIOA.

1) npu

1-(§—x)*0<0; 1-(§~%)*6n, >0
QE(X—l/x/é,X—l/«/enl)U(X+1/\/6,X+l/«f9nl)
th(khy/I—20) =i tg(khyE0—1);  th(khyI—&6n,)~1

U3 (11) cnenyer
tan [S Eo-1 1] _ JEO-1v,, (ZMvaz,l +6vy, (BE —Vasvas ))
l~l(1+ B )V2,1 + Hézeml\/za +0 (—lvlé (1+ nl)vz,l + [312\’1,1 (B§ —V,1Vss ))

Takum 006pazom, kak u B [9], momygaeTcss 66CKOHEYHOE YUCIIO MOJI IIOBEPXHOCTHBIX BOJIH.
IIl) mpu

1-(E-%)?0<0; 1-(§—x)*6n, <0
ge(—l,x—ll\/ﬁ)u(wl/ enl,l)

He yaaéTcs MoTyYuTh aHAJIUTHYIECKYI0 (popMyiy mist pa3oBOil CKOPOCTH.
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3akawuenune: [Ipu y =0 pe3ynbTaTsl COBIAnaroT ¢ pe3yabrataMu B [9], pacyéThl MOKa3bIBAIOT YTO

C YBCIWYCHHUEM Y B HAOpPaBJICHUU IBWKEHUA IIOJOCHI ITOBEPXHOCTHBIE BOJHBI HCYEC3a0OT a B

06paTHOM HaIllpaBJICHUU IOABJIAIOTCA. B otauume ot pa6OTI>I [5] HE TOSBJIANOTCA NOBCPXHOCTHLIC

BOJIHBI PACIPOCTPAHSOLIAECs cO cKopocTsiMu Vy/ 2 u V,,.

=

JIUTEPATYPA

Hogamnxwuit B. Teopus ympyroctu. M.: Mup. 1975. 872 c.

BenyGexsn M.B. Bonusr Tuna Penest B cucteme TOHKHI cIOW-TIONyIIpacTpaHcTBO. MexaHnka, S8,
Ne2, 2005.Epesan, M3n. HAH Apmenun. C.9-15.

benybexsa M.B. I[loBepxHOocTHBIE BONHBI B ymnpyrux cpemax // B c6.: “IIpobmeMbl MexaHUKH
nedopmupyemoro TBepaoro tena.” Epesan: M3n. HAH Apmennu 1997. C. 79-96.

Apnasumsuiu  P.B. BnmsHue 3akperuieHus JIMIEBBIX IOBEPXHOCTEH Ha JaeMI(upoBaHUE
AHTHUCUMETPUYHBIX KPOMOYHBIX BOJIH BBICUIETO MOpsAAKa B mactuHax. X1 Beepoccuiickuil cbe3n
mo (QyHIaMEHTAIbHBIM TpoOJIeMaM TEOPETHUECKOW W TpHKIagHOoW MexaHuke. Kazanmp, 20-24
asrycra 2015r ¢ 198-200

3acnaBckuii FO.M., [lucnepcusi MOBEpPXHOCTHBIX BOJIH, OCTYIIMX BJOJIb IUIOCKOW TPaHMIIBI
BCTPEYHO CKOJB3SIINX IMOTYIPOCTPAHCTBA U ciosl // AKycT. )KypH. 1994. T. 40. Ne 6. C. 950 - 952.
Belubekyan M.V. Propagation of surface waves along a boundary between two halfspaces sliding
against each other. // Acustical Physics Vol. 45 Ne 3 1999 pp 370-372.

Davtyan A.A. The surface waves of the rayleigh on the system of layer and semi-space under the
relative sliding // Scientific proceedings XII international congress "Machines, technologies,
materials" 2015

Sarkisyan S. V. Tridimensional waves at the interface of two elastic media on contact without
friction// Proceedings of the Yerevan State University

Amupmkansa A.A., benybeksn M.B., T'eoprsm [.3, dap6unsa A.3. Pacmpoctpanenue
MOBEPXHOCTHBIX BOJH B CHUCTEME IIONYIJIOCKOCTH-CIIOW TPU YCIIOBHH CKOJB3SIIIEr0 KOHTAKTa
mexay aumu. . MI3B. HAH PA, Mexanuka, 2021, 1.74, Ne2, c. 18-32.

Caeznenust 00 aBTOpax

Amupmxkansan ApyTion ApmenoBud K.d.-M.H.,HayuHbI coTpynuuk . MHcTuTyTa Mexannku HAH
PA. Ten.:(37410) 27-62-23. E-mail: amirjanyan@gmail.com

I'eBopksin 'nyn 3aBenoBuy K.¢.-M.H., B.H.c. UHCTHTYTa Mexannku HAH PA
E-mail: gnungev2002@yahoo.com

Japounsn Aprasaszn 3aBeHoBuu K.¢.-Mm.H., c.H.c. UHCcTHTYTa Mexanuku HAH PA
E-mail: darbinyan_1954@mail.ru

27


mailto:amirjanyan@gmail.com
mailto:gnungev2002@yahoo.com
mailto:darbinyan_1954@mail.ru

Hcnoab3oBaHue THHEHHBIX YIPYTro-BA3KUX MojieJiel Iuisi onucanusi 3¢ (eKToB cTapeHust
MOJIMMEPHBIX H KOMIO3UIITNOHHBIX MATEPHAJIOB

ApyTionsiH A.P., EBroxknmenko B.A.

B pabore 6bUIHM HcceOBaHEI HA MON3YYECTh P KOMHATHOH TeMIepaType U MOCTOSHHOM pacTsATHBAIOIIeH crie 00pa3Ibl
Pa3IHYHBIX ITOJMMEPHBIX M KOMIIO3UIHOHHBIX MaTeprasoB (YIapolpodHOro IOJUCTHPOJA U IOJIMypeTana) 0e3 cTapeHus n
HOCNIE CTapeHUs 10 pa3IM4yHbIM IporpamMmam. JIsl ONMHCaHMs IOJyYEHHBIX SKCIEPHUMEHTAIbHBIX KPUBBIX I10JI3y4ECTH
UCTIONB3YIOTCS MOIM(UIMPOBAHHBIE BapHAHTHI JIHHEHHBIX YHIPYro-BSI3KHX MOJENEH, 3anucaHHble B IIKajie 3(QQeKTHBHOTO
BpeMeHH. Habmomaercst Xopolee COOTBETCTBUE TEOPETHUECKUX U SKCIIEPUMEHTANBHBIX KPUBBIX MOT3YUECTH.

1. BBenenne

B macrosmee Bpemst co3maéTcss Bce OOJBINE HOBBIX ITOJMMEPHBIX M KOMITO3HUITMOHHBIX MaTEepPHAIIOB,
KOTOPBIC BHEIPSIOTCS MPAKTHYECKU BO BCE CQepbl KHU3HU, HANpuMep, B MAIIMHOCTPOCHUH,
ABMALIMOHHOM M KOCMHUYECKOM HMHIYCTPHUH, B MUILEBOM IPOMBIINUICHHOCTH. I[IpenmmyiecTBa Takux
MaTepHUaOB [0 CPABHEHHUIO C METAJUTAMHA 3aKJTFOYAIOTCS B JIETKOCTH, TETFIOCTOUKOCTH, KOPPO3UOHHOM
CTOMKOCTM M CTOMKOCTH B arpecCUBHBIX Cpelax, HalpuMep, TaKWX Kak, IIeJ0oYd WU
KOH].[GHTpI/IpOBaHHI)IC KUCJIOTHI. HO HpI/I 3TOM HOJII/IMepHI)IC MaTCpI/IaJ'IBI MCHCC CTa6I/IHLHLI, yeMm
METaIIbl, TOATOMY MPOIECCHl CTapeHHs] W pa3pylieHHs B HHUX TPOTEKAIT 0oJiee WHTEHCHBHO.
Crapenne monuMmepoB [1-6] ucchemyercss mopsiika IMOMyBeKa, TOTAAa KaK ONTHMM3AIUS CBOWCTB
METaJUIOB U3yYaeTcCs YXKe Ha MPOTSHKEHUH JTOJITOTO BPEMEHH.

MexaHn4yecKue XapaKTePUCTUKH MOIMMEPOB HAMPSMYIO 3aBUCIT OT UX CTPYKTYpHI. Takxke OoInbIioe
BIUSHUE Ha MEXaHWYECKHWE CBOICTBA IONMMEPHBIX M KOMIIO3UTHBIX MAaTEpHAIOB OKAa3bIBAIOT
pazIuYHbIC BHEUTHUE BO3ICHCTBUS: TEMIIEpaTypa, JaBJICHHE, OKPYKaoIas cpena, JIUTEIbHOCTh U
YacTOTa HArpyXeHHWs W BHJl HAMpPSDKEHHOTO COCTOSHUSA. OCOOCHHOCTRIO 3THX XapaKTePUCTHK
MOJTUMEPOB SIBISIETCS WX YIOBIETBOPUTENbHAS MPOYHOCTh, HO Mallas KECTKOCTh IO CPaBHEHHIO C
MeTajIaMH.

B nanHOW paboTe TPOBENCHBI SKCIICPUMEHTAIBHBIC HCCIICAOBaHUS JePOPMAIIMOHHOTO U
KITMMATHYECKOTO CTAPEHHUsS TOJUYpPETaHa B OIBITaX Ha IMOJI3YYEeCTh W IKCHEPUMEHTHI Ha JUTUTEIHHOE
©CTEeCTBCHHOE CTapeHHE YAAPOIPOYHOr0 TOJUCTHUPOIA B OMBITaX Ha TOJM3ydecTh. s omucaHus
HOJIy‘-IeHHBIX 3KCHepI/IMeHTaIH)HI)IX pe3y.HBTaTOB B pa60Te paCCManI/IBaIOTCH MOI[I/I(i)I/IHI/IpOBaHHBIe
ypaBHeHus: Makcpemra u Doiixta, 3ammcaHHbie B Macimitade >((EeKTHBHOTO BPEMEHH, a TaKxke
MIPOBOJIUTCS CPaBHEHUE JTAHHBIX JIMHEHHBIX BA3KOYIPYTUX MOJIEIEH.

2. Moaudukanusa JUHEHHBIX BS3KOYNPYrHX MoJejdeid ¢ MCHOJIb30BaHNEM KOHUENINU
0000111€HHOT0 BpeMeHHU
Jns  mocTpoeHHsT OIpENeNsIOmero COOTHOLIEHHS PEOJIOTHYECKOW Cpelbl TpU  OJHOOCHBIX
JeGopMaIisIxX 4acTo UCHONB3YIOT POCTEHINE CTPYKTYPHBIE 3JI€MEHTHI, HATIISIHO TPEICTABIISIONINE
KadeCTBEHHOE ITOBEICHHE MaTepraia. DTH 3JIEMEHTHI 00J1aIal0T JINHEHHBIMU XapaKTEPUCTUKAMU, T.€.
B ONpENEeNAIONINe COOTHOIICHHWS HAnpshKeHUs W AedopMauud BXOIAT JMHEHHO. OCHOBHBIMHU
CTPYKTYPHBIMH 3JIEMEHTAMH SIBJISIFOTCS YIIPYTHHA AJIEMEHT ¢ ONPEISIISIONINM COOTHOIIIEHHEM B popme
3akoHa I'yka: 0 = E€ 1 BA3KUI 3JEMEHT C ONPEACIAIOUMM COOTHOIIEHHEM HBIOTOHOBCKOTO THIA:
& =0 /n,rne E —monyns FOHra, 7 — k03 GUIUEHT BSI3KOCTH.
OCHOBOH Takoro OMHCAHWS CBOWCTB MaTepuana SBISETCS HIes O JBYX pa3IMYHBIX CIocobax
COCIMHEHUs 3JIEMEHTOB — IOCJIEAOBATENIbHOE M TapajieabHoe. Takum 00pa3oM MOXHO 33/1aTh
HIMPOKUH CHEKTP CBOWCTB MaTepHaly WIM MaTeMaTHYECKH ONUCaTh HAOII0JaeMble B DKCIIEPUMEHTAX
3¢ PeKTHI.
Jlnst onmcanust mporeccoB Ae(OpMaIMOHHOTO CTapeHust OyIeM HCTIOb30BaTh mapaMetp o [6]:

da = fi(a, &, T, t)dt + f,(a, &, T, t)de. Q)
[lapameTp o paccmarpuBaercst Kak 3p(eKTuBHOE BpeMs, ¢ IOMOIIBI0 KOTOPOro BO3MOXKHO OINKCaHKE
3¢ ¢dexToB J1eOPMALMOHHOTO CTapeHHs, a Takke (U3NKO-XHMUYecKoro crapeHus. CoriacHo
cooTHomeHni0 (1) TpU  «MTHOBEHHBIX» HATPYXEHHSIX OTOT TMapaMeTp COOTBETCTBYET
«aeOopMaMOHHOMY» BPEMEHH &, & B COCTOSHUM PasTPy3KH M CTAOMIM3aLUU HapaMeTp ¢ ONHUCHIBAET
KUHETHKY XMMUYECKUX IIPOLIECCOB CTapeHHs M CBOAMTCA K oOblYHOMY BpemeHu t. Ilpu Taxoit
IIOCTAHOBKE MOXKHO BBECTH IIOHATHE «XMMHYECKOro» BpeMmeHu. CiienoBaTenabHO, IapaMeTp
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3G GEKTUBHOTO BpeMEHM B OOIIEM CIIydae OIMCHIBAET B3aWMOCBS3aHHBIC Je(POPMAIUOHHBIE U
(U3UKO-XMMUYECKUE TIPOIECCHl M YYHMTHIBACT WX pPa3BUTHE B MIKalaX «Ie(hOpMAIMOHHOTO» H
«XUMHYECKOT0» BpEMEH. JTO M OTIMYAET JAHHBIM HapaMeTp ¢ OT APYTruX U3BECTHBIX TEMIIEPaTyPHO-
BPEMEHHBIX MTapaMeTPOB, HCIIOIB3YEMBIX B MeXaHHKe TonumMepos [7-10].
PaccmoTrpum MomubuKannuio pPeoIOTHIECKON MOJIENH, MpeayoKeHHOH MakKCBeIoM, 3amiCaHHYI0
gepe3 3G HEeKTHBHOE BpEMS:

de ldo o

da " Eaa Ty @)
Haiee ypaBaenue (1) 11 00001IEHHOTO BpEMEHH OYJIeM pacCMaTPHUBATh B CICIYIOIIEM BUIC:

da = k(a, — a)t™dt, 3

rae K, o.,, M — IOCTOsTHHBIE, o — MapaMeTp, XapakTepusyroiuii crenens aectpykuu (o = N/Ng, Ng —
HaYaJIbHOE YHCJIO CTPYKTYPHBIX CBS3CH, HApUMEp, HaYallbHOEC YHCIIO MOJIEKYJSPHBIX cBszeid, N —
TEKyIIee YWCIIO Pa3pyILICHHBIX MOJIEKYIAPHBIX cBsizer). Takum oOpa3om, ypaBHeHue (3) MoOXer
OIMCHIBATH MPOIIECC XUMHUYECCKON NECTPYKIIUK MOTHMEPOB.

Pemenue ypaBuenus (3) npu HadaabHOM yciaoBuu t=0: a=ag umeeT BUA:

__k m+1
ad= Qg — (aoo — ao)e meit . (4)

g
Pemast ypaBuenue (2) mpu o=const, HauanbHbix ycnoBusix t=0: a=op, € = 1 TIOICTaBJiss €ro B
0

BbIpakeHHe (4), MOTyInM:
k
<= Eio[1 + @(1 - e‘mtm”)], )
rae T = n/E — Bpems penakcanuu.
Paccmorpum  MomudbummpoBanHoe ypaBHeHne wmojenun Doiixta, 3ammcaHHOe B MaciiTade
3¢ (HheKTUBHOTO BpEMEHU:
de
oc=Ee+n o’
da = k(a, — a)t™dt,
/e BCE MapaMeTphbl aHAIOTUYHBI TapaMeTpaM B ypaBHEHUsX (2)-(3).
Penrenune nepBoro muddepeHnnaibHOr0 YpaBHEHHSI CUCTEMBI (5) ¢ y4eToM HadallbHbIX ycioBwid t=0:

(6)

g
0=0p, € = -~ 3AIMIIETCA B BHJIC!
0

£ 1 _Ze0=&o
f=—(1-e" 7)) 7
g Eo( ( )
[HoncraBum ypasHernue (5) B (7) ¥ MOXy4IHM pernieHHe CUCTEMBI (6):
k_ m+1
1 _Zoo—ap —_—t
f=(1-e 7 ™! . (8)
g EO
3. JKcnepuUMeHTAJbHbIE HCCIIEOBAHUS CTAPEHUS 00Pa3I0B U3 MOJNYPEeTaHA B ONBITAX HA

MOJI3y4ecTh
st uccnenoBanus crapeHus oOpa3loB U3 MOJIMypeTaHa MCIOIb30BAIMCh 00pa3ibl, BIPe3aHHbIC U3
KPYIJIOr0 apMHpOBaHHOrO mosimyperaHoBoro pemHusi Continental Contitech ¢ nmamerpom 4 mwm.
OmpIThl HAa MOJN3Yy4YeCTh MPOBOJAMINCH Ha paspbiBHONH MmarmHe Shimadzu AGX-50 plus mpwu
MOCTOSIHHOW KOMHATHOH TeMIiepaType. JKCIEpUMEHTHI Ha IIUKIINYECKUE UCIIBITAHUS TPOBOJIVITICH Ha
HACTOJBHOW CEpBOTHIpABINYECKOi ycramocTHol mammue Si-Plan SH-B. Crapenne o0pasnoB u3
MOJIMypeTaHa MPOXOAWJIO TO CIEAYIOMmEeH NporpamMme: LUKIMYECKHE HCIBITAaHUA NpPU aMIUIUTY.e
nu3MeHeHus nepemerenus 41=4 mm u gacrore narpyxxenus 10 I'ip 10 koiaudecTBa MUKIOB N, paBHBIX
105 000; ecTecTBEHHOE CTapeHHE B TEUCHHE OJHOTO I'ojla B JaOOPATOPHBIX YCIOBUSX; MOBTOPEHHUE
LHUKIMYECKUX MCIBITAHUHN MPH TEX Xe MapaMeTpax HarpyXeHHs; eCTECTBEHHOE CTapeHHE B TCUCHHE
JIBYX JIET B J1a0OPAaTOPHBIX YCIOBUSX; UCIBITAHUS HA TOJ3Y4YeCTh NMPH MOCTOSHHOW Harpyske. Yacthb
00pa3oB MPONDIH JONOJIHUTENFHOE CTapeHHEe B TEYCHWH OJHOTO TOja, a 3aTeM Takke ObLTU
UCTBITaHBl Ha IMON3y4YecTh NMPH TeX K€ YCIOBHUIX. DKCIIEPUMEHTAIbHbBIE JAaHHBIE MOKAa3bIBAIOT, YTO
mocjae OAHOTO ToJa JAONOJHUTENBHOIO CTapeHusi oO0pas3ubl M3 MOJIMypeTaHa MPOAOIKAIOT
ynpouHAThCs. [ 00pa3noB mocie crapeHus HaOmMogaeTcs yBEIHMYCHHE BPEMEHH IOJI3YyYeCTH I
3aJaHHON Aedopmanyu B 3 pasza 1o CpaBHEHHIO ¢ 0Opa3naMu 0e3 cTapeHusl.

Ha puc. 1 nmoka3zansl kpuBbie TogaTIMBOCTU ( D = £/0, ) coriacHo peueHusM no moaean Makcsesia
(4) m momemn Doiixta (8) W OIKCIEpUMEHTANBHBIC MAaHHBIC IO TOJM3YYECTH IS OOpasIloB W3
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noymmyperana 6e3 crapeHus (kpupble 1), co crapeHreM (KpUBBIC 2) M TOTOJHUTCIBHBIM CTapeHHUEM
(xpuBsle 3) mpu Harpyskax 70 m 80 H. U3 puc. 1 BuaHO, 9TO MONyYEeHHBIE SKCIIEPUMEHTATHHBIE
KPUBBIC HEIUIOXO COMIACYIOTCSI C COOTBETCTBYIOIIUMH TEOPETHUECKUMHU KPUBBIMH IO TIOJ3YYECTH
nonmypeTana. [lpu pacuerax mpUHSATHI CIEAYIONTNE 3HAYCHMS KO (DUITUCHTOB:

[pu narpyske 70 H: monmens MakcBemna: ag = 0,a,, = 1,m = —0,4,k = 0,004 ¢, st 00pasioB
0e3 crapeaus T = 0,0107 ¢, Ey = 29 MIla; mns oOpasuo mocne crapenus T = 0,015¢,E, =
26 MIla; nmns oOpasnoB mocie pomnoiHutenabHoro crapenus 7 = 0,5c, Ey = 0,73 MIla; monens
doiixta: a9 =0,a, =1,m =—-0,4,k = 0,000023 ¢l s obpazmoB 0e3 cTapeHHsI T =
0,007 ¢, Ey = 0,3 MIla; mns obpasmoB mocie crapenus T = 0,02 ¢, Ey = 0,27 MIla; ans o6pasmos
nociie ponoiautenbHoro crapenus T = 0,005 ¢, E, = 0,24 MIla.

[Tpu narpyske 80 H: monmens Makcpemna: ¢y = 0,2, = 1,m = —0,4,k = 0,004 ¢t ms o0pasIoB
0e3 crapenus T = 0,0107 ¢, E, = 8,5 MIla; mist o6pasuor nocie crapenuss T = 0,015 ¢, E, = 8 Mlla;
JUisi 00pasnoB mocie jgonoiHUTenbHoro crapenus T = 0,5c, E, = 0,41 MIla; mozxens @otixra:
ay=0,a,=1,m=-04,k =0,000023 ¢, s obpasnoB 0e3 craperus T = 0,007 ¢, E, =
0,087 Mlla; mns ob6pasuoB mocie crapenus T = 0,02 c, E, = 0,065 MIla; ans o6pa3moB mocie
nmoroauTeNnbHOTO ctaperns T = 0,005 ¢, Ey = 0,138 Mlla.

PP PP e VL PLLL CETEr g

1 1 1 L A 1 1

0 2x10* 410" 6x10" 8x10 1x10° 0 110 210 3x10

t, MHH t, MHH
Puc. 1. Teopernueckue KpuBble MOJATIUBOCTH COTJIACHO YpaBHEHUSM (5), (8) M 3KCIIepUMEHTaJIbHBIE
TOYKH 111 00pa3IoB nmonuypetana mpu Harpys3ke 70 H (cieBa) m 80 H (cripaBa) 6e3 crapenus
(xpuBsle 1), co crapeHneM (KpHUBBIE 2) U JOMIOJHUTENBHBIM cTapeHueM (KpuBbie 3). CrulomHble
KpHUBBIE — peIlIeHHEe 10 MoAear MakcBesuia, MyHKTUPHBIE KPUBbIE — pelenue 1o mojenu doiixra.

4

4, HccnenoBanue mnpouecca cTapeHUsl YIApONPOYHBIX TMOJUCTHPOJOB B ONBITaX Ha
noj3y4ecTb

VY naponpounsle noiuctupoinsl (YIIC) mpencraBisiior coboil monuMep-moJIMMepHbIE MaTpUYHBIE
KOMITO3UTHI C TIOJMCTHPOIBHON MaTpUIleH, B KOTOPOM MPHCYTCTBYIOT Kay4yKoOOpa3Hble BKIFOUYCHUS
pasmepom 0,5-5 MkM 1 00beMHON KOHIIeHTpaluel B npeaenax 20-40%.

Hdns matepuana YIIC 03J1 Obuin mpoBeleHbl HMCHBITAaHUS Ha TOJN3YYECTh NPH IOCTOSHHBIX
pacTArUBAIOIIMX HampspkeHusx, coctaBmsitonmx 0,8 u 0,9 oT yclIOBHOro paspyllarouiero
HanpsokeHus. VcnpiTanus Ha monsydects B 1979r. mpoBommmck B Tedenue 30 gmeid. 3a Takoif
IPOMEXYTOK BpeMeHH Ipu HanpsbkeHuu 0,80, HM OAMH M3 00pasloB HE JOCTHI IIPEAEIBLHOIO
cocrosHusa. B xone momsydectn mnpu HanpskeHudn 0,90, o0pasupl M3 JaHHOTO MaTepuana
paspymanucs k ucxoxy 10-ro gaca. Ilocne copokaieTHEro €CTeCTBEHHOTO CTapeHHUs B TaOOPaTOPHBIX
YCIIOBUSIX 00pa3Isl BHOBB HCITBITHIBAINCH Ha MOI3YYECTh IIPU TeX )K€ MapaMeTpax HarpyKeHHs.
[locne MHOTOJIETHETO €CTECTBEHHOTO CTapeHMsl HAOJIOAaeTcs 3HAYMTEJbHOE yMEHBIICHHE BPEMEHU
1o paspymenus: npu HanpsoxeHuu 0,80, — t, = 402 mun, npu Hanpsoxerauu 0,90, — t, = 9,6 mun. Taxxke
IPaKTUYECKU BO BCEX CIydasX CHJIBHO yMEHbIIAETCsA 00beM MoNIyuyeHHOH nedopmanuu 1o 6,5 pas.

Ha puc. 2 u 3 mokaszaHbl KpuBbIE MOJATIMBOCTH COTJACHO pelieHusM monaenu Maxkcsemna (4) u
moaenu Poiixta (8) U SKCIEpUMEHTANBHBIE TaHHBIE TI0 MoN3ydecTd A oopas3noB mapku YIIC 03J1
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0e3 crapeHHS M CO CTapeHHeM NpH Harpyskax, cocrapmtomux 0,8 uw 0,9 or ycmoBHOTO

paspymaroiiero HanpspkeHus. [Ipu pacderax ObUTH MPUHSATHI CIEIYOIE 3HAYCHHs KO3()PHUIIUEHTOB:

e mpu HanpsokeHuu 0,80, = 26,64 Mlla: Mopens MakcBemna: ag = 0,2, = 1,m = —0,2,k =
0,00065 ¢!, nna o6pasios 6e3 crapenns T = 0,00625 ¢, E, = 150 MIla; ans 06pa3uos mocie
crapenuss T = 0,00085 c, E, = 50 MIla. Monens ®oiixta: a9 = 0,2, =1,m =—0,3,k =
0,000012 ¢, ans obpasnoB 0e3 crapenus T = 0,002 ¢, E, = 1,1 MIla; mis o0pa3mnos mocie
crapenust T = 0,0042 ¢, E, = 0,1 Mlla.

e mpu HanpsokeHuu 0,90, = 29,97 Mlla: Mopens MakcBemna: ag = 0,2, = 1,m = —0,5,k =
0,0057 ¢, mns obpasios 6e3 crapenns T = 0,00625 ¢, E, = 150 MIla; 11 06pa3ioB mocie
crapenuss T = 0,00085 c, E, = 50 MIla. Monens ®oiixta: a9 = 0,2, =1,m = —0,5,k =
0,000045 ¢, mus obpasnoB 0e3 craperus T = 0,002 ¢, Ey = 1,1 MIla; mist oOpa3uos mocie
crapenus T = 0,0042 ¢, E, = 0,1 MIla.
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Puc. 2. TeopeTndeckye KpuBbIe MOJATIMBOCTH COTIIACHO ypaBHEHHM (5), (8) 1 sKcriepruMeHTalIbHbIE
Touku Juis oopasnos YIIC 03J1 ¢ mocTostHHBIM pacTsaruBaromum HanpsbkeHueM 0,80, = 26,64 Mlla.
(a)— 6e3 crapenus, (0) — mocie crapenus B TeueHue 40 net. CIulOmHbIe KPUBBIE — PELICHHUE 10
Mozenn MakcBesuia, MyHKTHPHBIE KPUBBIE — pelieHne mo Moaenu doiixra.
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Puc. 3. TeopeTrueckre KpUBbIC MOJATIMBOCTH COTJIACHO ypaBHEHUsM (5), (8) M dKCIIepUMEHTAbHbIE
Touku Juis oopasnos YIIC 03J1 ¢ nocTosHHBIM pacTaruBaromum HanpsbkenueM 0,90, = 29,97 Mlla.
(a) — 6e3 crapenus, (0) — nocise crapenus B TeueHue 40 jger. CriouHble KPUBBIE — pEIICHHE 10
Mozenn MakcBeiuia, MyHKTUPHbIE KPUBBIE — pelIeHue o Moaean Ponxra.

Hcxons u3 MOdyyeHHBIX Pe3yJbTaTOB, MOXKHO ClIeJaTh BBIBOJ O TOM, YTO MCIIOIb30BAHUE JIMHEHHOU
mozmenn DoiixTa TO3BOISAET OMHCATh OKCIEPUMEHTAIbHBIE PE3yAbTaThl 1O  MOJI3YYECTH
YIapOIPIOYHBIX MOJIMCTUPOIIOB O60JIee TOYHO M0 CPAaBHEHUIO C TMHEHHOW MOJeIbI0 MakcBea.
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5. BoiBoabl

B nanmnoit paGoTe OBUIM TONYYeHBI ASKCIEPUMEHTANBHBIE MaHHBIE IO CTAPEHHUI0 OOpPa3loB W3
MOJINYPETaHa B ONBITAX HA MOJI3yYeCTh MPH YSPSAOBAHUM ITUKIMUSCKUX HArPYKCHUU U JIUTSIILHOTO
(1-2 roma) nehopmanmonnoro craperus. s 0Opas3ioB MOCIE CTaApCHUs HAOIIOMACTCS YBEIHUYCHHUE
BPEMEHH ITOJI3YYECTH /IS 3a7JaHHOH AedopMaiini B 3 pa3a 1o CpaBHEHHIO ¢ oOpa3mamu 0e3 cTapeHusl.
Taxxe rccineI0BaHO ATUTETHFHOE ECTECTBEHHOE cTapeHue B TeueHre 40 et 00pa3noB yaaponpodHOro
nosuctuposia YIIC 03J1 va mon3yuects. [locne crapeHus B UCMIBITAHUM HA MOJI3YYECTh HAOIIOIAETCS
yMeHbIIIEHHE BEINYMHBI JehopManny mouTy B 6,5 pa3 u BpeMeHH JI0 pa3pylIeHus: Oomnplne yem B 24
pasa, Mo CpaBHEHHIO C oOpasmamu Oe3 crtapeHus. s omucaHus SKCHEPUMEHTANBHBIX KpPHUBBIX
MOJI3y4eCTH OOpa3IoB M3 TMOJUYpPETaHa M IOJHMCTUPONA TOCIe CTapeHus u 0e3 CTapeHHs
UCTIONB3YIOTC MoauduiupoBaHHbie ypaBHeHuMss MakcBemia u DoiixTa, 3amvcaHHbIe B IIKaJe
s¢dexTnBHOTO BpeMeHH. [laHO CpaBHEHHE NOJMYYCHHBIX TEOPETHUECKHUX KPUBBIX IIOJIBYYECTH C
COOTBETCTBYIOIIUMHY JKCICPUMEHTAILHBIMU pe3yiibTaraMu. HalOomaeTcst Xopolnee COOTBETCTBHUE
TEOPETUYCCKUX M DKCIEPUMEHTAIBHBIX KPUBBIX MOJATIMBOCTU. VCmonbp30oBaHuEe JIMHEHHONW MOJENN
@DoiixTa TO3BOJSET OMHCATh OJKCIEPUMEHTAIbHBIE PE3yabTaThl OOJiee TOYHO IO CPaBHEHHIO C
JIuHEeHHON Moaenbo MakcBesa.
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TouHble u l'lpl/lﬁ.]'ll/l)l(eﬂllble pelieHus CUCTEMbI B3AUMOCBA3AHHBIX ypaBHelmﬁ TEOpHUH
MOJI3Yy4EeCTH H JUTATETBLHOM MNPOYHOCTH

ApyTionsH A.P., CautoBa P.P.

IMox neficTBHEM OTHOCHTENBHO HM3KHX HANpsHKEHHH M BBICOKMX TEMIIEPaTyp METaJUIMUeCKHe MaTepHalbl U CIUIaBBI
CTAHOBATCS XPYNKHMU M Pa3pyLIAlOTCs ¢ HEOONBIION BEIMYMHONW OCTaTOUHBIX Aedopmanuii. Ita mpobiieMa U3BECTHA Kak
mnpo6JeMa TEIUIOBOM XPYIKOCTH METalIoB. J{i1s pemienus: JaHHO# npobieMsl B pabote chopMyIMpOBaHbI B3aHMOCBSI3aHHBIC
KUHETHYECKHE YpaBHEHUs s Je(opMaIivy MoJ3ydecTd U MapaMeTpa HOBPEKICHHOCTH, yIUTHIBAIOIINE 3aKOH COXPAHEHUS
Macchl. B kadecTBe mapameTpa MOBPEXAEHHOCTH PacCMaTPHBAETCS OTHOCHUTENBHOE HM3MEHEHHE IUIOTHOCTH MaTepHana.
Pe3ynbTaThl MHOTOYHCIICHHBIX MCCIIEIOBAHMH 110 M3MEHEHHIO HMOPUCTOCTH U IUIOTHOCTH Pa3iIMYHBIX METAJUIOB M CIIABOB
BCJICICTBHE OOpa30BaHMs W PA3BUTHI MHUKPONOP M MHKPOTPEIIMH B YCIOBHSAX BBICOKOTEMIIEPAaTypHOH MOI3YydECTH
MI03BOJIIIOT PAcCMaTPHBATh IUIOTHOCTh B KadeCTBE HMHTETPAJbHONH Mephl HAKOIUICHHS CTPYKTYPHBIX MHKpOJe]eKToB.
[Mony4yens! aHaUTHYECKNE U YUCIEHHOE PEIICHHS] pacCMaTPHBAEMON CHCTEMBI KMHETHYECKHX ypaBHeHHUH. [lokazaHo, 4To
XapakTep KPUBBIX COIVIACHO PA3IMYHBIM pEIICHUSIM SBISETCS HACGHTUYHBIM M COTJIACYeTCsl C COOTBETCTBYIOLIMMH
9KCIIEpHUMEHTAIbHBIM KPUBBIMHU. [I0Ka3aHO, YTO YHMCIEHHOE pENIeHHE MONHOCTBIO COBMAAAET CO CIY4aeM YHUCTO XPYIKOTO
paspymenns u Manbix aedopmanuid. ChHopMynupoBaH KpUTEPHA AIUTEIFHON MPOYHOCTH. [laHO CpaBHEHHE TEOPETHIECCKUX
KPUBBIX IIOJ3YYECTH ¥ JUIMTEIBHOH IPOYHOCTH C SKCHEPUMEHTAJIbHBIMH pesyibTatamu s 2.25Cr-1Mo  cramm.
HaGiroaercst xopoliiee coriacie COOTBETCTBYIOLINX TEOPETHUECKUX M IKCIEPHUMEHTAIBHBIX KPUBBIX.

1. BBeaenue

Pemraercs 3agaya mon3y4uecTd v JITUTEIHHOM MPOYHOCTH METAJUIMYECKUX MaTepHajoB U cruiaBoB. [1oj
JIeHCTBHEM OTHOCUTEIHHO HU3KHUX HANPSHKEHWH M BBICOKMX TEMIIEpaTyp METaLUTHYEeCKHe MaTepHalTbl
CTaHOBSITCS XPYNKUMH W Pa3pylIalOTCs C HEOONBIION BETMYMHOW OCTATOYHBIX Aedopmarmii. Jrta
nmpo0JieMa U3BECTHA Kak Mpo0JieMa TEIUIOBOM XPYIMKOCTH MeTauIoB. JlaHHblid 3 dekT HabmogaeTcs B
AJIEMEHTaX MHOTHX Ba)KHBIX HHXKEHEPHBIX 00BEKTOB, TIOATOMY MPOOIIeMa XPYIKUX pa3pylIeHHH cTana
MIPEeIMETOM MHOTOYHUCIIEHHBIX TEOPETHIECKUX U HKCIIEPUMEHTAIBHBIX UCCIIETOBAHMM.

s penieHus 3Toi mpoOJieMbl B MeXaHWKe MarepuaioB B paborax JIL.M. Kawanosa [1], FO.H.
PaGotHOBa [2] OblTa BBeACHA KOHIENIHS CIDIONTHOCTH (ITOBPEXACHHOCTH). [[1sl onmucanus XpymnKou
00JacTH AKCIepUMEHTAIIFHOW KPUBOW JUIUTENBHON MPOYHOCTH ObLIA MPEIOKEeHa CUCTEMA MPOCTHIX
KMHETHYECKUX YPaBHEHHMU ISl TlapameTpa MOBPEKACHHOCTH W AedopManyy TON3Y4ecTH, a TaKkKe
ObUT c(hOPMYJIMPOBAH KPUTEPHIA JTUTEIBHON MPOYHOCTH.

B paborax P.A. ApytionsHna [3] npeanaraercss MOTUPHUIIMPOBAHHBIN BApUAHT CUCTEMBl KHHETHIECKHAX
ypaBHeHni KauanoBa-PaboTHOBa ¢ y4eToM 3aKOHA COXpaHEHHUS] MacChl U KOHKPETU3alHU IapaMeTpa
MOBPEKJICHHOCTH B BHJIE OTHOCUTEIHHOTO W3MEHEHUS MJIOTHOCTH MaTepHania.

B mwHayuyHOW nuTepaType WMEIOTCS MHOTOYHCIICHHBIE JKCIEPUMEHTAIFHBIC WCCISIOBAHUS 10
W3MEHEHUIO MMOPUCTOCTH U TUIOTHOCTH Pa3jIMYHBIX METAJUIOB W CIUIABOB BCJEJCTBHE O00pa30BaHUS U
pa3BUTHS MHKPOIIOP MW MHKPOTPELIMH B YCJIOBHSX BBICOKOTEMIICpATypHO# moi3yuectu [4-6].
PesynbTaThl 3THX HCCIIEOBaHUN TO3BOJISIOT pacCMaTpUBATh TUIOTHOCTh B KauyecTBE WHTErPaIbHON
Mepbl HAaKOIUIEHUS CTPYKTYPHBIX MHKPOAC(PEKTOB, a IapaMeTp TOBPEXISHHOCTH 3a7aeTcs Kak
OTHOUICHUE TEKYIEH BEIMIUHBI TUIOTHOCTH K HA4YaJIbHOM.

2. MoauduuupoBaHHbIi BAPUAHT CHCTeMbl KMHeTHYecKUX ypaBHeHuii Kauanosa-PadoTHoBa
PaccMoTpuM cucTeMy B3aMMOCBSA3aHHBIX KMHETHYECKHX ypaBHEHHH P.A. ApyTioHsHa Uil CKOPOCTH
[OJI3y4YeCTU U ITapaMeTpa MOBPEKIECHHOCTH:

de
_ BGm m—Bemc ’ 21
dt 4 (2.1)
dy _
— =—Achy"e™ , 2.2
dt oV (2.2)

rie ¥ =1-w=p/ p,— cunomHocTs, P, — HAYaNBHAA, O — TEKyIUas IJIOTHOCTH oOpasua, B, A,
m, n, «, [ — OCTOSHHBIC.

TouHOe aHAIMTHYECKOE pEIICHHE TPEIaraeMoil CUCTEMbl KHHETHYECKuX ypaBHenuit (2.1)-(2.2) B
Bune 3asucumocteit w(t) m g(t) He mpemocraBimsiercss BO3MOXHBIM. B CBsi3u ¢ 3THM, OBLIO

HOJIyYeHO TOYHOEe penrerne cucremsl (2.1)-(2.2) B Bune w(&):
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1
|1+ Aao”’m(l—n+a+m—,8)(1_e(n_m)g) Lntasm-p
B(n—m)

(2.3)

Taxoke OBUIM PacCMOTPEHBI pa3IMYHbBIC CIydaW MPHONMKEHHBIX pemeHuit cuctemsl (2.1)-(2.2). B
pabote [7] paccMOTpeH Ciydail 9MCTO XPYIKOTO pa3pylIeHHUs ¥ MajbIX aedopMalnii, Koraa MOKHO

IpUHATH cleAyomue npubmmokenus € ~1, €™ ~ 1. B sTom ciyuae pemenue cuctemsl (2.1)-(2.2)
Opyd HavyalbHBIX YCIOBUAX, t=0,
MOBPEKACHHOCTH UMEIOT BUJ:

=0, w=1 nna pedopmanuy HON3YyYEeCTH U IapaMerpa
_ 1
v =[1-(a—n+1)Acjt ot

m-n
Bo,

+1

(2.4)
T 1-[1-(a—n+1)Acpt]

(2.5)

Tomyueno Takxke pemenue cuctemsl (2.1)-(2.2) mpu €™ ~ 1, "™ ~1 B Bune 3aBucumoctu (& ):

1
—n+m+a-£+1
7 =[—§(—n+m+a—ﬂ+l)ag_m5+l}

(2.6)
BblI paccMOTpeH CIydail YMCTO XPYIKOTO paspylieHHs M MaiblX AedopMaluii, MpHOImKeHHOE
pemenue B Buge €™ ~1+m-g, ¥ ~1+n-¢&:

m2

1
— . . . 1-n+a+m-4
A-agm~(1—n+a+m—ﬁ)-{(m n)-In(z-m+1) & n}
m
= 1—
4 B

2.7)

Ha puc. 1 npeaACTaBJICHbI TCOPCTHYCCKHUEC KPUBBIC M3MCHCHHUA IIapaMeTpa CIUIONIHOCTHU COTJIaCHO

pemerusim (2.3), (2.6), (2.7) anst pasnuusbIX 3HaueHwWit mapamerpa « =2,4,6. Ilpu pacuerax
IPUHATHI CIIemyIOIHe 3HAYEHUS K03 HHUIMEHTOB: A=10" [MHa]_2 -[11]_1 \
B=5-10"[Mila]* [«]", 0=100MIla , n=2 , m=4 , f=1.

7

= —xpusaz 1
== —EpmEail
== —KpHEAd 3
P
\\ PN
oS
L . N i
03 AN by
-~
. N N
\ LY -
[} A
L3 “ ~
-
* L) P
“ . oW
* . Ly
' ' . N =2
0.6 ' [ \ A B
' . . .
P Y . .
4 ‘ “ A
' L ) .
i 1y .
- [ \ s,
o =06 ! [ )
i ' s
: * [} .
0.4 ' '
' .
h Y
[} [}
=4 : N
' |
H !
1 1 ' !
0.2
o 0.05 01

Puc. 1. Kpussie y(g) cornacuo perrerusm (2.3), (2.6) u (2.7) 1ist pa3nuyuHbIX 3HAYCHHA o KpuBas 1 —
(2.3), xpuBas 2 — (2.6), kpuBas 3 — (2.7).

CoBIIaJaroT.

U3 puc. 1 Buano, uto pemenne npu €™ ~1+m-g, " ~1+n-¢& (kpuBas 3) pacrnonaraercs Oixke
K TOYHOMY pemieHHI0 (KpuBas 1) M ¢ yBEIMUCHHEM IapameTpa o JaHHbIC PEIICHHs MPaKTUYCCKH
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Taxke OBUIO IIONYYEHO TOYHOE peEIleHHe CHCTEMBI KHHETHYeCKMX ypaBHenui (2.1)-(2.2) c¢
WCIIONIb30BaHNEM YHcIieHHBIX MeTo/1oB (Meton Pynre-Kyrre uetBeproro mopsaka). s atoro Obutn
HCIIOJIb30BaHbl BOBMOYKHOCTH MaTeMaTHyeckoro nakera Mathcad.

Ha puc. 2 mpeacraBieHbl TEOPETUUECKUE KPUBBIC M3MEHEHHUS IapaMeTpa CIUIONIHOCTH COIJIACHO

ypaBHeHHto (2.4) (kpuBast 1) ¥ corllacHO YHCIIEHHOMY perneHuto (kpuBast 2). [Ipu pacdyerax NpUHSTHI
1

crenyromue 3HadeHHs kodpduumentos: A=0.299.10%° [MHa]_2 -[q]_ , =2, o=100MIla,

o =8.634 . Kak BUIHO U3 pHcC. 2 JaHHBIC PEIICHUS COBIAIAOT.
174 . .

—  — EpHEad 1

- am —EpHEAT 1

095 b

0.9 T

0.83 — —
0 1x10° 2x10° L,

Puc. 2. Kpusbie y(t) cOracHo YUCICHHOMY PEIICHUIO CHCTEMBbI (KpUBast 2) U JUTS CIIy4dast XpyImKOro
paspylieHHs ¥ MajbiX aepopmaruii (kpusas 1).

INpunnmas ycnosue paspymenus t =t , =0, u3 (2.4) nomyunm kpuTepuii JIATEIBHONH IPOYHOCTH

B BHUJIE:

1
(a—n+1)Ao;

[Ipu o = 2N kpurepuii (2.8) coBnanaer ¢ kpurepuem Kauanosa-PaGortHosa [1, 2].

f (2.8)

3. CpaBHeHHe NMOJYYeHHBIX pPellleHHii ¢ IKCIIePUMEHTAJbHBIMHI Pe3yJbTaTaMU

Ha puc. 3, 4 npecraBieHbl TEOpETUIECKUE KPUBBIE TOI3YYECTH (COOTHOIIEHHE (2.5)) U JUINTeNbHON
npodHOCTH (cooTHomeHHe (2.8)) W IKCIepUMEHTalbHbIe pe3ynbrarel it 2.25Cr-1Mo cramu npu
500°C cormnacuo pabote [8].

£.%4 T T T

10 100 1x10° 1x10* 1x10° t,u

Puc. 3. Teoperndeckast kpuBast AeGOpMaIUy MOA3YUSCTH COTIACHO COOTHOIICHUIO (2.5) U
AKCIIEpUMEHTAIBHBIM TOUKaM [8].

35



[Ipu pacueTax MNPHHATHL CEAyIOMHE 3HAaueHns koddduuuentos: A=5.1-10" [MIYCZT2 -[q]fl,

B:5~1O_17[M17a]_4-[q]_2, c=98MIla, n=4, m=6, a=6, [=1. Habmonaercs

XOpoIliee COTJIacHe TEOPETUYECKHX W AKCIEPUMEHTATBHBIX KPHUBBIX TON3YyYECTH W JITMTEIHHOMN
MPOYHOCTH.

igo,, Mia

100F

—  — EpHEAT 1

== —EpHEadl

1 1 1 1
1 10 100 1x10° 1x10* fg f),c- »H

Puc. 4. KpuBas [IMTEIbHON IPOYHOCTH corytacHo kpurepuio (2.8) (kpusas 1), kputeputo Kauanosa-
PabGotHoBa (KpuBast 2) ¥ SKCIIEpUMEHTAILHBIM TOYKaM [8].

Ha puc. 5 mpu Tex ke 3Ha4eHUSX KOI(D(PHUIMEHTOB MPEJCTABICHB KPUBBIE CIUIOITHOCTH COTJIACHO
bopmyie (2.4).

74 : : : ;

0.6 b

Puc. 5. KpuBas crioniHocTH coriacHo (2.4) mpu Tex e 3Ha4eHUAX Ko OUITUEHTOB.

4. 3akao4yeHune

B ycioBHAX BBICOKOTEMIIEPATYPHOH TION3YyYECTH IPOMCXOJIUT JBOJIOIUS TOBPEXKIESHHOCTH
METAJJIMYECKUX MaTepuaioB. B maHHOW pa0oTe Ui €€ ONHCAHUS HCIOJIb3YeTCS KOHICIIIHS
noBpexaeHHoctu P.A. ApyTioHsHa. [TapaMeTp MOBpeXAeHHOCTH ONPEACIAETCS KaK OTHOCHUTEIBHOES
W3MEHEHHE IUIOTHOCTH MaTepuana, KOTopas SBIIETCS  HMHTETPaJbHOH  XapaKTEPUCTHUKOM
noBpexaeHHocTd. C ydeToM 3TOr0 MapaMerpa U 3aKOHAa COXPaHEHHS MacChl CHOPMYIHpPOBAHBI
B3aMOCBS3aHHBIC KHUHCTUYCCKHUEC ypaBHeHI/ISI JJIA )Ie(bOpMaHI/H/I HOHSy‘IeCTI/I nu HapaMeTpa
MOBpexIeHHOCTHU. [loydeHbl aHAIMTUYEeCKHE U YUCICHHOE PEIICHUsT pacCMaTPUBAEMBIX YPaBHEHUH.
Jns cnydast pemenuii B Buge (&) mNokasaHO, YTO XapakTep KPUBBIX COIJIACHO PAa3jIdYHBIM

peuIeHusIM  SIBIISICTCS UACHTUYHBIM, COIJIACYETCSI C COOTBETCTBYIOIIMMH HKCIICPUMEHTATbHBIM
KPUBBIMH M C POCTOM 3HAYEHHWS MapaMmeTrpa (f JaHHBIE PEIICHUS pacroiaraloTcst OIMXKe APYT K
Ipyry. IlokazaHo, 4TO YHMCICHHOE PEIICHHE IMOJHOCTHIO COBIAIACT CO CIYy4aeM YHUCTO XPYIKOIO
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paspymienus ¥ Mansix jgedopmanmii, korma €™ ~1+m-g, e¥ =1l+n-g. Chopmymuposan
KpUTEpPHH JJIMTENbHOW TPOYHOCTH. J[laHO CcpaBHEHHME TEOPETHYECKHX KPHUBBIX TOI3YYEeCTH U
JUINTENTbHOH TPOYHOCTH C  OKCIEPUMEHTAaNbHBIMU pesyiabratamu aiast  2.25Cr-1Mo  cramm.
HaGmomaeTcst xopolee coriaaciue COOTBETCTBYIOIIMX TEOPETHIECKUX M AKCIICPUMEHTAIBHBIX KPUBBIX.

JUTEPATYPA

1. KauanoB JI.M. O Bpemenu paspymierust B ycnoBusix nonsydectu. M3B. AH CCCP. Ota. TexH.
Hayk, Ne 8, 1958. C. 26-31.

2. PabotnoB FO.H. O MexaHu3Me AJMTENHHOTO pa3pylieHus. Bompockl mpoyHOCTH MaTepuaioB U
koHCcTpyKImii. M.: M3n-Bo AH CCCP, 1959. C. 5-7.

3. Arutyunyan R.A. The Problem of High-Temperature Creep and Long-Term Strength in the
Mechanics of Materials. Doklady Physics, vol. 62. N 8. 2017. P. 384-386.

4. HoBoxwuinoB B.B. O mractrueckoMm pa3peixiieHnd. IlpukiamHas maremMatnka M MexaHuka, No 4.
1965. C. 681-689.

5. Betekhtin V.I., Porosity of solids, Trans. St.- Petersburg Acad. Sci. strength problems, vol.1, 1997,
P. 201-210.

6. Jloxomenko A. M. [lomydects n mnurensHas MpodHOCTh MerammioB. M.: ®U3MATIINT, 2015.
506 c.

7. Arutyunyan A., Arutyunyan R., Saitova R. The Criterion of High-Temperature Creep of Metals
Based on Relative Changes of Density. WSEAS Transactions on Applied and Theoretical Mechanics,
14.2019. P. 140-144.

8. Hore S., Ghosh R.N. Computer simulation of the high temperature creep behavior of Cr-Mo steels.
Materials Science and Engineering, A 528, 2011. P. 6095-6102.

Caenenus 00 aBTopax:

ApyTioHsiH AuiekcaHap PoOeproBuu — K.p.-M.H.,, cTapminii Hay4Hbld CcOTpyOHMK, CaHKT-
[MetepOyprekuii TOCyIapCTBEHHBINA YHUBEPCUTET, MaTeMaTHKo-Mexanuueckuii paxynprer, +7 (812)
4284164,

E-mail a.arutyunyan@spbu.ru

CaurtoBa Permna PunaroBHa — acniupant, Cankt-IlerepOyprckuii rocy1apcTBEHHBIH YHUBEPCHUTET,
MaremaTHKO-MeXaHU4eCKHid (akynbTeT, +7 (812) 4284164,
E-mail rigastr@yandex.ru

37


mailto:a.arutyunyan@spbu.ru
mailto:rigastr@yandex.ru

Ilnockasi KOHTaAKTHAs 3aaa4a JJisl Heozu{opozu{oii JIYHOYKH
C CHMMETPUYIHBIMU TPCIIHHAMHA

ApyTtionsH JL.A., Ara6eksH I1.B.

PaccmarpuBaroTcs IUIOCKHME 3afadd TEOPUU YHOPYTOCTH JUIl COCTaBHOTO TeNla, COCTOSILEr0 M3 JBYX JIYHOUEK C
Pa3IUYHBIMH YIPYTUMHU XapaKTepHCTHKAaMU, 00pa30BaHHBIX MEPECEUCHUEM YT OKPYXKHOCTEH, C CHMMETPHYHON TPEIHHON
MEX[y MaTepHsMH, IIPeBpaliaomas 006JacTh B IBYXCBA3HYIO WIH OJHOCB3HYIO0 00nacTs. [Ipu nomomuu unterpanos dypre
u ¢ynkiuu beccens, mpuMeHss mnpeoOpa3zoBaHue XaHKeNs, ATA ONpPEAeNCHUs] HEU3BECTHBIX WHTETPUPOBAHMS, MOIydaeM
UHTETpallbHbIe ypaBHeHU Dpearoabma BTOPOro posa.

B nannoii pabore ¢ mOMOLIbIO OWIOJNISPHBIX KOOPIMHAT M ammapara uHTerpana dypbe AaHO
pelIeHNe TJIOCKOW KOHTAKTHOM 3aJadd TEOpUH YNPYIOCTH Ul JABYX oOjacTted, ¢ ynpyruMu

XapaKTepUCTUKaMu W, V (m =1 2) , rae (W, — MOIyJIH COBUTA MAaTepUaioB, V,  — KO3(PUINEHTHI
ITyaccona), 0Opa30BaHHBIX IMEPECEYECHHEM IyI OKPYKHOCTEH, C CHMMETPUYHON TPEUIMHONW MEXIY

MaTepHajIaMu, IpeBpalaroeii 0071acTe B JBYXCBSI3HYIO HIIM OJAHOCBA3HYIO 00J1aCTH.
3ajiaua pemraeTcsi py MOMOIIK GYHKIIHK HANPSHKEHUH B OUTIONSPHONM CHCTeMe KOOpAUHAT O, 3,

KOTOpas CBsI3aHa C ICKapTOBBIMH KOOpAMHATAMH X, Y COOTHOUICHUs MU [1]:
gx=sha, gy =sinf, ag =cho+cos (1)
rie a-—mapaMeTp OUMOISPHBIX KOOPIUHAT.

Kaxnmas u3 (yHKumid HanpsokeHHid O, (OL, ﬁ) (m =1 2) , B CBOEH 00JacTH OMpEIeIICHUS,
YIOBIIETBOPSIET OUrapMOHUYECKOMY YPaBHEHHUIO, KOTOPOE B OHIIONSPHOI CHCTEME KOOPMHAT UMEET
Bun [1,2]:

4 4 4 2 2
ai“ +2a£aBz +§B4 —zaiz +2—+1[ g4, (c.B)]=0 )

HaprI)KeHI/ISI n HepeMeH_IeHI/ISI BBIpa)KaIOTCH qepes (bYHKI_II/II/I HaHpH)KeHI/Iﬁ COOTHOILLICHUSIMU.
2
(m) 3 0 0 . 0
ac. ' (a,B)=|(cha+cosp)——sho— +sinp— +cha a,
o ( B) ( B)aBZ 80. BaB I:g(l)m( B):I

2

acy” (a,B) = (cha+cos[3)%—sha%+sin B(%—COSB [ 96, (a.B) ]

oy (o B) =~

o.B)] )

(1_ 2,) 8¢m (oc,B) 0¥, (auB)
2,,Lm i 20l op

Uy () =

Vo (0B) =

(1-2v,) 2ul@B)  OVu(@B) | g 5y
2;,Lm i op oo

rae WV, (OL, B) OurapMoHHYECKast (byHKum, CBsI3aHHAs ¢ (OL, B) bopmynoit

62
¥, (a.B)=(1-v,)[f W———l [ 96,, (o, B) Jdodp 4
B OuUIOMSIPHBIX KOOpAMHATAX OJMH M3 COCTABISIOIINX MATEPHAloB, HMEIOLIMN yIpyrue
XapaKTEePUCTUKU |[L,,V,, 3aHUMaeT o0JIaCTb (—Bl <B<-B, u B,<P=<P, a—o<a< oo), a

BTOPOH, C yIPYTUMH XapaKTEPUCTUKAMU LL,,V,, — 00JacTh (—BO <B<P, —o<a< oo) .

I'paHu4HBIC YCIOBUS JUISl HANPSDKCHUH PAaBHOCHWIBHBI CIEAYIOUIMM YCIOBUSM ULl (DYHKLUH
HanpspkeHui [1,2]
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o gty (ou.B)]

(06, (eB)],, =0(a). o ~¥(a) ©)
B=py
[Ipennonaraercs, 4ro (p((x) u ‘P(OL) YIOBJIETBOPSIIOT YCJIOBUSAM Pa3iOkKHUMOCTH B HHTErpai
dypse.
YcnoBus CUMMETPHUH
o[ g9, (o) ]

=0, v,(a,0)=0 6
op 5o (0) ©)

I. IlycTp TpemnMHa HaxXOOUTCS B TPOMEXKYTKE |OL| <0, (¢ur.l), Ha JMHUM KOHTAKTA HMMEEM

CIIEYTOINE YCIOBUS

@ur. 1 @ur. 2
olodn ()] _,
B B=Bo
¢ (. By) =0 o] < ot Y]
v, (o, By) =V, (o By) |at| > o,
A CHELACHEY) Jor] > ot

Y4uTHIBas CHMMETPHIO, OUrapMOHUYECKYIO (DYHKIHMIO HATIPSDKEHUH (), (OL, |3) (m =1, 2) yI00HO

[pEACTaBUTh UHTErpasioM Dyphe TaKOro BUaa

0, (0uB) = \/%j f, (o B)costadt (m=12) ©®)
- f,(t.B)=A(t)cht(B, —B)cos(B—B,)+B,(t)cht(B—B,)cos(B, —B)+

+C, (t)sht (B, —B)sin(B—B, )+ D, (t)sht(B—B,)sin(B, —B)

f,(t.B)= A, (t)cht(B, —p)cosp+B, (t)chtBcos(B, —B)+

+C, (t)sht (B, —B)sinp+ D, (t)shtpsin(B, —B)

)
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VaoBnerBopss TpaHu4HbIM yciaoBusM (5) M 4YacTH KOHTaKTHBIX YCIOBHMM (7) W YCIOBHSAM
cummeTpun (6), moNydaeM CIEAYIONIYI0O CHCTEMY YPaBHEHWM Ul ONpPEIENICHHS HEU3BECTHBIX
HUHTETPUPOBAHUS

A (t)cos(B, —B, )+ B, (t)cht(B, —B, ) =o(t)

(B ()~ Dy (t) Jsht (B, By ) [ A (t) +1C, (1) Jsin (B, —B,) =¥ (1)

[C,(t)—tA, (t) |shtB, +[ B, (t)+tD, (t)]sinB, =0

A, (t)shtp, — D, (t)sinB, =0 (10)
[B,(t)+tD, (t)]sin(B,—Bo ) +[ C, () —tA (t)]sht(B,—B,) =

[ A, (t)+1C, (t)]sinB, +[ D, (t)—tB,(t)]shtB, =0

At )cht(Bl—BO)JrB (t)cos(B, —B, )= A, (t)cosp, + B, (t)chtp, = X(t)

/i€ BEJINYHUHBI (p u ‘P(t) ABJsieTcsl MpeodpazoBanusMu Dypbe OT GyHKIHHA (p( ) nu¥ (oc)

\/7J.(p )costada, ‘i’(t)z\/:j‘{'(oc)costocdoc (11)
TEO

a X(t)—noxa Hen3BecTHas PYHKIIMS, KOTOpast OMpeesieTCsl MO3Ke.
Paspemast cucremy (10), HemsBectHbie A (t), B, (t), C, (t) u D, (t) (m =1 2) BBIPA3HM
4yepes HeM3BECTHYI0 X (t) .
A, (t) A (t)=X(t)chty, —p(t)cosy,
A, (1) B, (t)=5(t)chty, — X (t)cosy,
A, (t)C, (1) = [tchtyl + t2—+18hty1 sin ZYl}X(t) -
20, (1)

! sh2ty, sin yl}(ﬁ(t)#f’(t)sin v

tH
28, (1)

2
—[t cosy, +
(12)

A, (t)D,(t)= {tcowl +2l—sh2tylsin 'Yl:|X(t)+

241
()
2
J{tchtyl ZtA Jr(i)shtylsln 2y, } P (t)shty,
0
A
tB, (

9(t)-
, (1) B, (t)=2X(t)shty,

A2 (t)Az( )=2tX(t)Sinsz
C.(t)=-A,(t), D, (t)=1B,(t)
rie A, (t)=sh’y, +sin’y,, A, (t)=sh’ty, —t*sin®y,
Az( )—Sh2ty2+tSIn2y2, Y1 =B —=PBor ¥2=Po (13)

HewusBectHast ¢yHkims X (t) ONpPENENAETCS U3 CIACAYIOIIEH CUCTEMBI NApPHBIX HWHTErPajbHBIX
ypaBHEHHH, KOTOpast OIy4aeTcsi U3 KOHTAKTHBIX ycIoBHi (7)
JX(t)COStocdt:O |otf< g
’ (14)
[[M(t)X(t)+N(t)]Jsintadt =0 o>
0
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rac
A, (t)N (t) =—[tchty, siny, +shty, cosy, | (t)+ P (t)shty, siny,

A(t)=[sh2ty, +tsin2y,|A, (t)+4h [shzty2 +sin’ y2]A1 (1) (15)
A(t) h_“l(l_"z)

M (t :—, =
O 2 0am " )
B uactHoM cimywae mpu o, =0 u3 (14) momydaem X ) ( / M( ), ampu Oy =00

noJyyaem X( ) =0, 00e 3aaun pemarTcs B 3aMKHYTOM BHJIE.

YuutsiBas HHTerpanLHLIe npeo6pa30BaHHﬂ (])yHKuHH beccens [3]

J- costa J- SlntOL (16)

MO>KHO HapHbIE I/IHTeraJ'IBHBIe ypaBHenus (14) Hpe,I[CTaBI/ITL B BUJIE

T(t2+1)X(t)Jo(xt)dt=0
0 (17)

J(E+)[M(O)X(O)+N ()], (xt)=0  x>a,
0
[Tpumensist mpeoOpa3oBaHusi XaHKeINs, TOIyd4aeM HHTerpaibHble ypaBHeHus: Opearonsma BTOporo

pona

M (t)X(t)+

rne K(t,1)= m[t\ll (oet) Jg (0tg) =14 (ot ) ; (0t7) ] (19)

Il. [TycTh TpeniiHa HaXOAUTCS B IPOMEKYTKAX |Oc| >0l (¢ur.2).

oo

‘E +1[ -h- 1) (t )+N(r)]K(t,r)dt (18)

O

I'pannunbie yCIOBHSI B 3TOM ClIy4ae COBIMAaroT ¢ |, kpoMe KOHTaKTHBIX ycioBui. Ha nuaum
KOHTAKTa UMEEM CIIENYIOLIUE YCIOBUS:

Alobm@p)] g b, (0uBy) =0 o] > 0

B B=po (20)

Vl(a’Bo):VZ (0(,[30) |a|<ao ¢1(afBo):¢z (OL’BO) |0‘|<O°o

ITocme YAOBJICTBOPCHUA I'PAHUYHBIM M KOHTAKTHBIM YCJIOBUAM [JId ONPEACIICHUSA HEHU3BECTHOU

X (t) noJjry4acMm CJICAYHOIICC NHTCTIPAJIbHOC YPABHCHHUC (DpC,Z[FOJ'IBMa BTOpOro poJa:

X(t)= t“_:lj(r S[(M (1) -1) X (2) + N () K (t, ) de 1)
rie K(t,t):é[t\lo(aot)Jl(aor)—rJl(aot)Jo(aor)} (22)
X(t) =25 (¢ +1)u(x)K (t,7)d 23)
u(t)=(M(1)-1)X(t)+N(r) (24)

Ha nunnm xoHTakTa HOPMAJIbHOC HAIIPSPKCHUEC UMCCT BUJ
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ac|" (B, )= \/%(xoj.{[—tz (chou+cos P, ) costo + tshasinta — cos costoc} x
0

(25)

X

tzlJrlI(rz+1)u(r)K(t,r)dr}dt (m=12)

ITocite HEKOTOPBIX YIPOIIEHHH TSI ONPeIeNIEHUST HOPMAJIFHOTO HANIPSDKEHUS Ha JTMHAHA KOHTAKTa
MOJTy4aeM CIIeAyIOIIee BEIpaKeHHe, TJe BhIICIEHBI WICHBI, COAepKAIINe OCOOEHHOCTH:

ac" (,B,) = \F% (Ch“+C°SB°)T(rz +1)u(r)J; (apr)dr+H () (26)
T ai-a® %

rae

H (a)= \EOLOT(IZ +l)u (t)J, (aor)drz Yo (aottz)jiswdt _

0

—\EOLO (Cha +CO0S BO)I(rZ +1)u (’E) dtx
2t (1 (ot ) J,; (0t7)

dl

0
+\/Zoco.[(12 +1) (r)drf ! (tshasinta.—costa.cos B, ) K (t,7) dt
T 0 0

(@7)

—+

2
t°+1
Ilpu oL — O, Ha IMHUM KOHTAKTa HOPMaJIbHbIE HAMPSHKEHUS] UMEIOT OCOOEHHOCTh MOpsAKa ]/ 2.

VYKaxeM ycloBHe, U3 KOTOPOrO MOXKHO HAalTH 30HY KOHTakTa. [ ompeneneHus yka3aHHOW
30HBI KOHTaKTa WCIOJNB3YyeTCs YCIOBHE paBEHCTBA HYIIO KO3(Q(UIIMEHTOB HMHTEHCHBHOCTH
KOHTAKTHBIX HANPSHKEHUN HA KOHIAX TPELIHHBI:

o0

I(rz +1)u (1)J,(a,t)dT=0
0
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Yrpyro-cnuHoOBbI€ BOJIHbI B COCTABHON (heppOMArHUTHOM CTPYKTYpe

ATtosn JLA.

CBsi3b  MEXAy YIOPYrod CHCTEMOH W CHHHOBOH CHCTEMOH MAarHUTO-yNOPSAAOYEHHOH cpensl, B YacTHOCTH
(beppomMarseTrka, Mopo>kKAaeT B3aNMOCBSI3aHHbIE MATHUTOYIIPYTHe BOJNHBI. ECIH cKOpOCTH MapLuanbHBIX BOIH OJIM3KU APYT
K JIpyTy, TO MOXET BO3HHUKHYTH 3((EKT MIHTENHHOTO B3aUMOJCHCTBHS, YTO MHOTJA Ha3bIBAalOT TMOpHAM3aluel, a camy
BOJIHY TUOPHITHOH.

B mpemmaraemoii paGorte cTaBUTCS 3a4ada HAaXOXKAEHMS YIPYro-CHMHOBBIX BOJHOBBIX MOJNEH B paccMaTpuBaeMOi
COCTaBHOM KOHCTPYKIUH - (heppOMarHUTHOE TTOJIYIPOCTPAHCTBO ¥ MPUMBIKAIOIINH K HeMy ()eppOMarHUTHEIN CJIO0H, Korja u3
OECKOHEYHOCTH Ha MOBEPXHOCTH ITOJYIIPOCTPAHCTBA IIafacT MarHUTOYIpyras BoyHA. [Ipexnomaraercs, 9To KOHCTPYKIHUS
HAXOJUTCS B IOCTOSIHHOM BHEIIHEM MarHUTHOM II0JIE.

3amava pemraeTcs € HCHOJNB30BAHUEM YPAaBHEHHH, YUHTHIBAIOIIUX B3aMMOCBSA3b CIHMHOBBIX (MarHUTHBIX) M YHPYTHX
BO3MYILIEHUH C COOTBETCTBYIOUIMMM TPAaHWYHBIMH U KOHTaKTHBIMH ycioBusmu [1-7]. Mcrmons3oBaHbl YHpOIIEHHBIE
ypaBHeHHUs 0e3 yuéTa OOMEHHOIO B3aHMMOJCHCTBHUS, MAarHUTHOH aHU3OTPONMHU. Takoe NPHUONMKEHHE MPEICTABISETCS
MIPUEMIIEMBIM, B YACTHOCTH, AJIA Jkeyie30-uTTpueBoro rpanara (KHWI), mHpoko HCHONB3YIOIMErocs: Ha MPaKTHKE.

IMocTanoBka 3agavyu. PaccMoTpuM cocTaBHYIO (eppOMAarHUTHYIO KOHCTPYKIUIO, COCTOSIIYIO U3
(hepOMarHUTHOTO CJIOSI, IPUMBIKAIOLIETO K (JePPOMAarHUTHOMY NOJIYHNPOCTpaHCTBY. DeppoMarHuTHbIE
napamMeTpbl COCTaBISIOLUIMX KOHCTPYKLHHM, MPEANONaraloTcss OTAMYHBIME ApYyr oT apyra. Ilpu stom
BCSL KOHCTPYKIMS HAXOIUTCSA B MOCTOSHHOM BHENIHEM MarHUTHOM ToJjie. B BbIOpaHHOH nekapToBOi

cucreme koopaunar OXYZ deppoMarHuTHOE MOJTYIPOCTPAHCTBO 3amonnser odmacts Y >0, a croit
sanumaer obmacts —N<Y <0, nmpuuem mosepxHocTs cios Y =-—h 3akpemmena. Ocu jerkoro
HaMarHMYMBAaHUS COCTABIISIOIIMX MapauiesbHbI U HalpaBieHsl o ocu Z . B mepoit obmactu (Y > 0)

13 GeckoHeYHOCTH Mo Harnpasienuio ocu OX pacmpocTpaHsIOTCs 3aaHHble BO30Y KIAIOMIUE YIPYTO-
CIIMHOBBIE BOJIHBI:

(uloo’luloo’vloo) = (AJ, Au' A/)ei(PX*QY)e—iwt o

A, A, A - noctosmnbie, 44, (X,Y),V,,, (X, Y) - KOMIIOHEHTb! BEKTOpA HAMATHUYEHHOCTH, (@ - KPY-

rosas yactota, t - Bpems, U (X, Y,t) - kommonenTta ympyroro mepemenieHus, COOTBETCTBYIOMIAS

aHTUILIOCKOH fepopMaruy B Hanpasiaenun ock 0Z , P, (| -KOMIOHEHTHI BOJTHOBOI'O BEKTODA.

31ech, ¥ BOpPEIb, MHIACKC SIUHHUIIA OTHOCHUTCS K BEIMYMHAM, XapaKTEPHU3YIOIIMM IOJUIOKKY, a
WHEKC JBa - K cioto. O4ueBHHO, 4TO (1) MOIHKHO YOBIETBOPATH YPABHEHUSIM JABMKEHUS TUIOTHOCTH
MAarHUTHOIO MOMEHTA M YPAaBHEHHUSAM MEXaHMUYECKOTO JBMKEHHsSI CPEIbl, KOTOPBIE MPEICTABIISIIOTCS B
CJIEYIOLIEM BUJIE:

U=S°Au+ fu,(u, +v,)
p=oy (bv+ f“ouzy) (2
v=-0y (bp+ fpu,,)

rje O - IUIOTHOCTh Marepuana cpensl, D, f - mbesomarnuTHBIe KOI(QQUIMEHTBI, L, - MaccoBast

IJNIOTHOCTh HAMAaronM4y€HHOCTH HAaCBIIICHUA, a)M =}/p,uo, Y - TUPOMAarHuTHOC OTHOLICHUE, S -

CKOpPOCThH YIIPYTHUX BOJIH B CpPEJIE.
Ioncrasmsst (1) B (2), 1 cokparias Ha SKCIOHEHTY, MOTYYUM CHCTEMY ISl ONPEAEICHUS aMIUTUTY ]
BOJIHBI:

—0*A, =-8*(p* +0*) A, +pfuy(ipA, —igA))
—i0A, = o, (bA, - fugigA) ®)
i0A, = (bA, + FLgipA),

U3 ycrnoBus cymiecTBOBaHHsI HEHYJEBBIX DPELICHHI cucTeMBbl (3) cileqyeT XapaKTepHCTHUECKOe
ypaBHEHHE:

f25k°0 (e’ —k*S* (¥ —b°) =0 )
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e k? = p2+q2’£~2:£ |
a)M
H3 (3) HaxommM CBA3H MEXTY aMIVTHTYAaMH:
A=A A =OAT = e T T
Takum 06pa3oM, Nafaromas BOIHA IPEeCTABIAETCA B CIEAYIOMEM BUJE:
uloo (Xl y,t) = AJei(pX_qY)e—ia)t
Mo (X’ Y, t) = nAJei(pX—QY)e—ia)t (6)
Vloo (Xy y,t) = 5AJei(px’qY)e*ia)t
Terneps, nepeiiieM K HAXOKICHUIO OOIIET0 PElIeHHs CUCTEMBI (2), KOTOPOE UIIEM B BUIE:
u (X1 y,t) = u*(X’ y)e—|a)t

p (XY t) =" (x,y)e ™" ©)
v(X,y,t) =v'(x,y)e

[Toncrasus (7) B cuctemy (2), moryaum:

(®)

*

" = S?Au" +pf g (B + OV
ox oy
. * "ok au*
—iop =0, (bv + fu,—) (8)
oy

iov' =, (bu" + i, %().

Pemenust cuctemsl (8) JMOIDKHBI TIPEACTABIATh COOON YXOASAIIUE BOJHBI, T.€. JOKHBI COBHANATh C
pemienusmMu Uy, L4 ,V;,, TIOMHMO 53TOrO OHM JIOJDKHBI YJOBIETBOPATH T'PAHUYHBIM YCIIOBHSM,

KOTOpbIe MBI NIpuBeAeM Hike. Takum 0Opa3oM, penieHus: CucTeMsl (§) B MOMYIIPOCTPAHCTBE HIIEM B
BUJIE:

uy (x,y) =U, e +U, (x,y)
:u1* (x,y)= 77U1wei(pX7qy) +M,(X,y) 9)
Vl* (X, y) = 5U1ooei(pX7qY) + Nl(x! Y). Uloo = AJ

rae U, M, N, - HeusBectHsle GyHKIHH.

Ioxcrasum (9) B (8) u yurem, uro byuxumn (1,7, 5)U, '™ yrosrersopsior cucreme (8),
TIOJYYHM:
_wzul = SleU1+plBl(M1x + le)
-Q,M, =bN, +BU,, (10)

QN, =bM, +BU,,.

10
rne B, = fuy,, Q =——. Orcrona, uckmouns M, N, , st naxoxnenns U, momyaum ciiesyroree
10

M1
ypaBHEHHE:
2
AU, +7;U, =0, (11)
o
O R .
rae 2'122 el A,Q1=§212+b12.

Slzél —pP Blzbl
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Bremmumem Ttemeph rpaHWYHBIE W KOHTAKTHBIE YCIIOBHS, CUMATAs BEPXHIOI MOBEPXHOCTH CIIOS
3aKpETUICHHOM:

U e P D) 0, (6 ), = U, (W
U,y =0

{Gl(_iqulmei(pX—qy) + %) +B[ wlmei(pX—qy) +%(Qlulx_5luly)]} _ (12)

1 y=+0

oU, B’

+ fl_ (QU,, - b1U2y)] o

2

= [Gz

rne N -Tommuna cios, G12 -MOJYJIH CABUTA.

[TepBoe ycmoBue (12) - 3T0 paBeHCTBO NEpeMENIeHNI Ha TPaHHIIEe, BTOPOE — YCIIOBHE 3aKPETLICHUS
BEpXHEH OBEPXHOCTH CJIOS], TPETHE - 3TO YCIOBHE PABEHCTBA HAIIPSKEHUI.

Hanee, k ypaBaenuto (11) u rpannunbiM ycnosusM (12) npumennm npeodpaszoBanue Oypoe mo X,
MOJTyYUM:

_lyy + 7/1201 =0, (13)

Uy, 8(p+a)+U, (e Y], _o =10 (@ Y]

[U,(a,y)]_, =0 (14)
: ou. B, . - A

{Gl(_lqulw5(p+a)+ ay1)+ 81[5U1m5(p+a)+ Ql (_Iaglul_bluly)]} =

1

ou, BZ . - A=
:[Gz ayz _f; (IaQZUZ_bZUZy)]

2

y=-0

2 A R2

w B
3nech }/12 =a’ - ,312 = ,011331 L o -napamerp dypee.
S Q

Ananornunoe (13) ypaBHeHHE BEpPHO U B CIIOE:

U,,, +7U, =0, (15)
o’ B2 = /0262822
S22 - 22 o Q,

Pemenus ypasuennit (13) u (15), ¢ yueToM 3aTyXxaHusl BOJIH B [IOJUIOKKE, IPEICTABATCS B BUJE:

U,(ar,y)=Ce ™
Uz (0(, y) = Q1Ch72y + Q23h72y

rre C,,Q,,Q, - HemsBectHsie mocrosiHuble. [ToacTaBum npeacraBieHnst (16) B rpaHHYHbIC YCIOBHUS

rIe 722 S
(16)

(14), momyunm anre6pandecKyro CUCTEMY JJISl ONIPEIENEeHUS ITUX MTOCTOSHHBIX

U,d(p+a)+C =Q
Q,chy,h+Q,shy,h=0
B,

G,[-iqU,,.6(p+a)—7C 1+ B[oU,, 6(p+a)+ ) (-1aQ,C, + l31}/1(:1)] =

1

B2 . A
= Gz72Q2 _f)_z (IaQZQl + szzQz)

2
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OTKya HaXOquM:

C,=-U_do(p+a)+Rthy,h

Q, =Rthy,h
Qz =R
rac:

S R? i R2 S R2
R:U1w5(p+a)(l’1}/1+l’2) r = blABl -G, T, =qul—5Bl—|aBlgl r = b,B, ~G,,

Ty

7,0, —thy,h(ry, +r,) C Q f)l P f)z
) B2 . QB> QB %
:G1_blAl’ rszla( L —— 2)’ 71,2:a2_52 2
Ql Ql QZ 1,2+ﬂ1,2

(17)

Janee, mocie obparHoro npeodpasosanus Pypse, Haitnem nckomsie Gyrximn U, (X, Y),U, (X, y).

ITocae gero HCO6XOI[I/IMO BOCITIOJIB30BAaThCs COOTHOIICHUAMMU

M=-——U,-——U
O O

bB BO

y

B .
N=7(QU,-bU,)

(18)

YTOOBbI ONPEAEIUTh MAarHUTHBIE COCTABJIIOLINE YNPYTO-CIIMHOBBIX BOJHOBBIX MOJIEH B paccMaTpu-
BacMOM CTPYKType. 3aMeTuM, uTo cooTHouieHus (18) BepHbI it Bcell paccMaTpuBaeMol KOHCTPYK-
UM, T.€. KaK I HOIJIOKKH, TaK U JJIS CJIOS, TIOCKOJIBKY OHH CIEAYIOT U3 CUCTEMBI (2).
Takum 00pa3oM, MOXXHO YTBEpXAaTh, YTO OOIIas KapTHHA BOJHOBBIX TMOJEH B H3ydaeMou
KOHCTPYKIIUH YCTaHOBJIECHA.

N
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006 onTUMAIBLHOM YupaBJ€HUHN KOJIeOaHUSIMH CTPYHBI CO CMEIICHUAAMHA HA KOHIIAX C
3alaHHBIMHU COCTOAHUSAMH B IIPOMEKYTOYHbIC MOMEHTBI BPEMEHU

Bapcersn B. P.

PaccmarpuBaercst 3a71a4a ONTUMAIBHOTO TPAHUYHOTO YIIPABJICHUS KOJICOAHUSIMU CTPYHBI CO CMEIIEHHSIMH Ha KOHIAX C
3a1aHHBIMH HadaJbHBIMH U KOHEYHBIMH YCJIOBHMSMH, 3aJlaHHBIMH 3HA4YCHUSIMH (DYHKIIMH TPOrHda M CKOPOCTEH TOYEK B
pasHble IIPOMEXKYTOUYHbIE MOMEHTHl BPEMECHHM M C KpUTEpHEM KauecTBa, 3aJaHHBIM Ha BCEM IPOMEXKYTKE BPEMEHH.
Hcnone3yst MeTon paszieneHus MEPEeMEHHBIX U METOJbl TEOPUU ONTUMAIbHOTO YIPABJIEHHS C MHOIOTOYEYHBIMHU IIpOME-
KYTOUHBIMH YCIIOBHSAMH, AJI MPOU3BOJIBHBIOIO YUCIA MEPBBIX TAPMOHMK IPEUI0KEH KOHCTPYKTHBHBII MOJX0 MOCTPOSHUS
ONTHMAJIBHOTO TPAHUYHOTO YHpaBIECHHA KONEOAHUAMH CTPYHBI. B KadecTBe NpHIOKEHUS TNPEIIOKEHHOTO IOAX0Ja
MIOCTPOSHO TPaHUYHOE ONTHMATIbHOE YIPABICHUE C 33JaHHBIM 3HaUeHHEM (YHKIUM MPOruba U CKOPOCTEH TOUeK CTPYHBI B
pa3Hble TPOMEKYTOUHBIE MOMEHTHI BPEMEHH.

BBenenmne. 3agaun ynpaBieHHsI U ONTHMAIBHOTO YIIPaBIeHUS KOJIeOATEIbHBIMI MEXaHUUECKUMHU
CHUCTEMaMH MMEIOT 3HAYMTENIbHBIA TEOPETUUECKUII MHTEpPEC M BO3PACTAIOLICE MPAKTHYECKOE 3Hade-
Hue. HeoOXomuMocCTh ynpaBieHHUs U ONTHMAJIbHOTO YIPaBJICHHUs KOleOaTeNnbHBIMU IPOLIECCAMU KaK
pacnpeieieHHBIMH, TaK U TPaHUYHBIMU BO3ICHCTBHUSMH, SIBISICTCS aKTyaJIbHOW 3a/iadeid, PelleHHIO
KOTOPO#l yIeNsA0T BHUMaHue MHOTHe uccaemoBarenu [1-12]. Ha mpakTuke 9acTo BO3HHUKAIOT 331a4n
IPAaHUYHOTO YIIPABJICHUS U ONTUMAJIBHOIO YNPABICHHUS, B YACTHOCTH, KOIJa HY)KHO CT€HEpHpPOBATh
KoJieOaHus C 3apaHee 3alaHHbIMU  (OKEJTaeMbIMH) TIPOMEKYTOUYHBIMU MapaMerpamu (hopMoii nmporuoda,
CKOPOCTBIO TOYEK CTPYHBI U T.J.). MoIenupoBaHue W YIPaBICHUE TUHAMHYECKUX CHUCTEM, OTHCHIBA-
eMBIX KaK OOBIKHOBEHHBIMH IU((epeHINaNbHbIMU YPABHEHUSIMH, TaK U YPABHEHUSIMU C YaCTHBIMH
MIPOU3BOJHBIMH, C IIPOMEKYTOUHBIMH YCIOBHUSIMH SIBIISIIOTCSI aKTUBHO Pa3BUBAEMBbIM HAIIPAaBICHUEM B
COBpPEMEHHOH TeopuH ympasicHus. McciaenqoBaHuio Takux 3a7ad IMOCBSIIEHBI, B YaCTHOCTH, PabOThHI
[7-14].

Lenp nanHOM pabOTHI COCTOMT B pa3pabOTKe KOHCTPYKTUBHOIO MOAXOJa MOCTPOEHUS (QYyHKIMU
ONTUMAJILHOTO TPAaHUYHOTO YMpaBlieHUS KOJNeOaHUsIMU CTPYHBI CMEHIGHHEM Ha JBYX KOHIAX C
3aJJaHHBIMHA HaYaJIbHBIM, KOHEYHBIM YCJIIOBHSIMU M C 33JaHHBIMH 3HaUCHHSAMHU (QYHKIHMH mporuda u
CKOpOCTEH TOUYEK B pa3HbIe MPOMEKYTOUHbIE MOMEHTHI BPEMEHH U C KPUTEPHEM KauecTBa, 3a1aHHBIM
Ha BCeM MPOMEKYTKe BpeMeHu. [lanHast paboTta mpuMbIkaeT k pabotam [10-12].

1. MMocranoBka 3anauu. [lycth KonebaTenbHOE COCTOSIHHE (Mallble MOIEpEYHbIe KoieOaHus)
HATSHYTOU CTPYHbI, T.€. OTKJIOHEHHS OT COCTOSIHMS paBHOBecus, onuchiBaroTes Qpynkuueir Q (X, t),

0<x<Il,0<t<T, koropas noguunsiercs npu 0 < X<l u t >0 BonHOBOMY ypaBHEHMIO

Q _ ,0%Q
ot? ox? @
C HA4YaJIbHBIMHU yCHOBI/IﬂMI/I
0
Qx0=0(x). S =wi(x).  0=xsl @
t=0

M TPAaHUYHBIMU YCIIOBUSIMH
Q(0,1) = (1), Q) =v(®), 0<t<T, ©)

rae Gyaxiuu () u v(t) - rppannynbie ynpasneHus.

T, .
B ypasrenmn (1) a® = -2, rae T, - HaTsHKEHHWE CTPYHBI, O - INIOTHOCThH OJHOPOJHOM CTPYHBI.

ITycTh B HEKOTOPBIE NPOMEKYTOYHBIE MOMEHTEI BpeMEHU t, (k =1.., m) ,
O=t, <t <..<t <t =T
3aJ]aHbl POMEKYTOYHbBIE 3HAYCHUST QYHKIMH POTU0Oa U 3HAYEHUS CKOPOCTEH TOUEK CTPYHBI

Qxt)=a(x), o<x<l,  i=2a-1, a=1,...,g. @)

xR
at t=t;

3)160]3 NpearogaraeTcs, 4To M 4e€THOES YMUCIIO.

—p.(%), o<x<l,  j=2a, a=1,...,%. )

47



3HavueHnss QYHKIIUWA Tporuda (4) W 3HAYCHUS CKOPOCTEH TOYEK CTPyHHI (5) B 3amaHHBIC
MPOMEKYTOYHBIE MOMEHTBI BpDEMEHH MOXKHO 3a]1aBaTh B JTFO00M OUepeIHOCTH.

3a1ava rpaHUYHOTO ONTUMAIBHOTO YIPABICHUS KOJICOAHUAME CTPYHBI C 3aJaHHBIMH 3HAYCHUAMHU
GYHKIMH Tpornda U CKOpOCTEH TOYeK CTPYHBI B MPOMEKYTOYHBIE MOMEHTBHI BPEMEHH CTaBUTCS
creyromuM obpaszom: cpeau BosMoxkubIx (3) ynpasnenuit (t) u v(t), 0<t <T, tpebyercs Haiitu
ONTHMAJIbHBIC YIPABICHUS, TMEPEBOSIINE CHUCTEMY H3 3aJaHHOr0 HA4YaJbHOTO COCTOSHHUSA (2),
YIOBIETBOPSIS IPOMEKYTOUYHBIM YCI0BUAM (4)  (5), B KOHEUHOE COCTOSIHUE

0
QUUT) =0 (X) = §pu(X), L v (0=yuu(x). 0sxs] ©
Y MUHAMI3HPYOIHe (GyHKITHOHAI i
j (2@ +v(1))dt. )
0

[Ipeanonaraercs, 4To (QyHKIHS Q(X,t)eCz(QT), rie Z{(X,t)ZXE[O,l],tE[O,T]}. Bynmem
NpEAIoIaraTh, Yto GpyHKIHN
m
2 )
w,(X)eCYO,I], j=0,m+1, j=2a, a=1,...,g.

(X)) eC?[0,1], i=0,m+1, i=2a-1, a=1..,

HpeanonaraeTc;I TAaKXX€, YTO BCC (1)}7HK]_[I/II/I TAaKHUEC, YTO BBIIIOJHAIOTCA YCIOBHA COTJIaCOBAHMA.

w0)=9,(0),  W(0)=yo(0), v(0)=0,(1), V(0)=wy,(l), 8
1) =9(0), ﬂ(tj):l//j(o)v v(t) =a(), ‘)(tj)zl//j(l)l i=2a-1, j=2a, 0{=1,...,g, ©)
wWT)=¢:(0), W(T)=w:(0), v(T)=e¢: (1), V(T)=wy:(l). (10)

OTMeTI/IM, YTO TaK KaK B OTACJIbHBIC ITPOMEKYTOYHBIC MOMCHTBI BPCMCHU tk (k :1, veny m) 3ajaa-

HBl WM TOJBKO 3HaueHWs (yHKUWMU nporuda (4) Widm TONBKO 3HAYCHHS MPOM3BOAHOW (YHKIMU
nporu6a (5) CTPYHBI, TO HCIOJIb30BaTh TOAXOJ IOJTAITHOTO PENICHUS 3aJadd ONTUMAILHOTO
ynpaBieHuss He 1enecooOpaszHo. Ilostromy B pabore mnpemnaraercsi TakoW TIOAXOJ PELICHUS
paccMOTpPEeHHOH 3a/laud  ONTUMAIBHOTO YIpaBJIEHHs, B KOTOPOM YyYHTHIBaeTcs creruduka
IIPOMEKYTOUHBIX YCIOBUI.

2. O pemienuum 3aga4um. Perienne 3a1auu HEOMHOPOIHBIMHA TPAaHUYHBIMH YCIOBUSAMHU (3) CBO-
JINTCS K 3a/1aue yIPaBICHUS pacIpeIcICHHEIMU BO3ACHCTBUSIMU

@ =a’ 82\2 +F(x1), F(x,t) = ((t) — () = — (t) (11)
ot OX I
rne V(X,1) - HemsBecTHas (yHKUMSA, MOMIEKANIAsA ONPENETEHUIO, C OJHOPOAHBIMHE TPAHMYHBIMU
yenosusmu V (0,t) =V (1,1) =0.
B cuity HayaabHBIX, TPAHUYHBIX, IIPOMEKYTOUHBIX U KOHEUHBIX YCI0BHit (2)-(6), U ¢ ydeToM ycio-
Buit cormacoBanus (8)-(10), pynkums V (X,t) momKkHa yIOBIETBOPATE CIIEYIOIMM HAYaIbHbBIM, TIPO-

MCKYTOUYHBIM U KOHCYHBIM YCJIOBHUAM, COOTBECTCTBCHHO!

v<x,0>=<po(x)—(<po(l)—cpo(O»f—cpo(ox

S =v0= (WD = v 0D - (0). (12)
V) =0 (-@0-0O)F-a©  i-20-1 a=l..7.
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Y

= =00y O) T v (0) L =2a, @=L (13)

t=t;

V(x,T)=<pT(x)—(<pT(l)—wT(O))If—cpT(O),
oV

X

T = 00—y (D =y (0) 3~y (0). (14)
ot |t I

Hcnonb3yst MeTo/1 paszeneHus epeMeHHbIX Uil ypaBHeHus (11) u yuutsiBas nmpomesxytounbie (13)

u koneunsie (14) ycnosus, nomyuum, uto uckoMbie Gpynkuun yrpasienus (1) u v(t) 0<t<T

JJIs1 KaXXJ0ro k :1,2,... AOJDKHBI YOOBJIETBOPATHE HEKOTOPBIM HUHTCIPAJIbHBIM COOTHOLICHUAM H

JOCTaBIISATh MUHUMYM (DyHKIIMOHATY (7). B MOTyd4eHHBIX MHTETPATbHBIX COOTHOILICHUSX YUUTHIBACTCSI
cnennguKa NpOMEXXyTOUHBIX ycioBuid. Tak kak GpyHKiuoHan (7) siBiaseTcs KBagpaTOM HOPMBI JTHHEH -
HOT'O HOPMHPOBAHHOI'O MPOCTPAHCTBA, TO MOJYYCHHYIO 33/1ady ONpPENEICHN ONTHMAIBHOIO yIIpaBiIe-
HUS [[eIeco00pa3Ho paccMaTpuUBaTh Kak mpodiemy momeHnToB [13, 15]. Ha mpakTuke mmpoko mpume-
HSETCS MOJANBHBIA METO/A, Ha OCHOBE KOTOPOTO ISl MPOM3BOJNBHBIX YHCEN MEPBBIX TapMOHHUK
perraercs 3aAada MOCTPOCHUS ONITUMAJIBHOTO YIIPABIICHMSL.

B pabote Ha ocHOBe MeTOoma MpobieM MOMEHTOB AJIsl MPOM3BOJIBHBIX YHCEN MEPBBIX TaPMOHUK,
[IOCTPOCHO AHAJIMTHUYECKOE BBIPAKEHUE JUJISI MCKOMBIX TPAHMYHBIX ONTHUMAJBHBIX YIPABIISIOIIMX
BO3JICUCTBUM.

IIpennoxeHHBII KOHCTPYKTHBHBIM IMOAXOJ ITOCTPOECHUS TI'PaHUYHOTO YIPABICHHS MPOLECCOM
KOJIeOaHWH OJTHOPOAHOM CTPYHBI C 33/laHHBIMK 3HAUYEHUSAMHU (PYHKIMU Mporuba U CKOpOCTeH TOUeK B
pa3Hble IPOMEKYTOUHBIE MOMEHThHI BPEMEHH, C UCIOIb30BaHueM MeTona dypee, nomyckaeT pacmpo-
CTpaHEHUE Ha APYI'He HEOJHOMEpHBIC KoyiebaTenbHble cucTeMbl. IlodydeHHBIE pe3ysibTaTbl MOTYT
OBITh HCIOJB30BAaHBl IPU MPOEKTUPOBAHUU TPAHUYHOIO ONTHUMAJIBHOTO YHPABICHUS MPOLECCaMU
KoJieOaHu# B GU3NYECKUX M TEXHOJIOTHYECKUX CUCTEMAaX.
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Jlokain3oBaHHasi HEYCTOHYHUBOCTH OKPECTHOCTH YNPYro—3aKpenjieHHOi
CTOPOHBI MPSIMOYTOJILHO MJIACTHHKH

Beaybexsn B.M., Tepzsn C.A.

PaccmatpuBaercs 3aa4a yCTOMYMBOCTU MPSAMOYTOJIbHOM MIACTHHKH, PABHOMEPHO CXaTasi 0 JBYM IPOTHUBOIOJIOKHBIM
MIaPHUPHO—3aKPEIUIEHHBIM KpasM C OJHUM YHPYro—3aKpeIUIEHHBIM KpPaeM M YeTBEPThIM MO0 3aKpeIUICHHBIM, THOO
[IAPHUPHO 3aKPEIUICHHBIM. Y CTAHABINBAIOTCSI OTPAHUUYCHIMS HA KOI(DOHUIMEHTH (XapaKTepHCTHKH) YIPYroro 3aKperieHus,
IIPU KOTOPBIX BO3MOXKHA IOTEPsl YCTOWYMBOCTH, JIOKATN30BaHHASI B OKPECTHOCTH YIIPYTOTO Kpasl.

1. M3BecTHO, YTO paBHOMEPHO CKaTas MPSMOYrojbHAas IUIACTHHKA MOXET IMOTEPATh YCTOWYH-
BOCTb, JIOKAJTM30BaHHYIO B OKPECTHOCTH CBOOOIHOTO Kpast [1]. TIpu Apyrux KIaCCHYECKHX TPAaHUIHBIX
YCIIOBUSIX: CKOJIB3SIIIUN KOHTAaKT, MIAPHUPHBIE 3aKPEIUICHUS W, TeM Ooliee, 3aKpEeIUIeHHBIA Kpaid, He
JIOTTYCKAIOT JIOKAJU30BaHHYIO, B OKPECTHOCTH 3TOT0 Kpas, HEyCTOMYMBOCTb. B HacTosmiel crathe
MIpeaIoaraeTcsi, YTo OJfHa W3 CTOPOH MPSIMOYTOJBHOW IUTACTHHKH YIPYTO 3akperuieHa. Tpebyercs
OTIPEIETTUTh XapaKTePUCTUKH YIPYTOro 3aKPETUICHs, MPUBOIAIINE K YCTPAaHEHHUIO JIOKaTN30BAHHOMN
HEYCTOHYMBOCTH, B OTJINYHE OT CBOOOIHOTO Kpasl.

B npsiIMOYToJIbHO# EKapTOBOM CHCTEME KOOPIHHAT (X, Y, Z) yIpyrast mpsIMOYTOJIbHAS TLUIACTHH-
ka 3anumaer obnacth 0<xX<a, 0<y<b, —h<z<h. [nacrunka npeaBapUTEILHO PABHOMEPHO
cxara no croponam Y =0 u Yy =Db. VpaBHeHne ycTOWYMBOCTH M30TPONHON IUIACTUHKM 110 TEOPUH
Kupxroga nmeet Buj [1-3]

o’'w Eh®
DA’W + p— =0, =—— (1.2)
of 12(1-v?)
rje W(X, y)— bynkus nporuda, D — xectkocts miactuHKE Ha u3rub, E— momyms ympyrocty,

v — k03 dunment [Tyaccona marepualia IIaCTHHKH.
[pennonaraercs, uto croponsl mwiactuaku Y =0 u Y = b wapuupHo 3akperuieHs

w=0, 6°w/éy’=0 (1.2)

Ha cropore X=0, B™Mecro ycnoBuii cBoGOmHOTO Kpasi [2], paccmMarpuBaeTcsi [Ba BapuUaHTa
IPaHUYHBIX YCIIOBUH yrpyroro 3akperienust [4,5]

o*w  o*w
W+VW:0

o [ *w o*w (3)
D— —2+(2—V)—2 —'Y1W:0

OX\ OX oy

nu

2 2
D 8—VZV+\/6—V2V —y2@=0

OX oy OX
5T 2 (1.4)
L1 2-v) 22 =0
OX| OX oy

Ha derBeproii ctopoHe X =a, OyayT paccMaTpUBATHCS TPaHHUYHbBIC YCIOBHUS JIMOO >KECTKOTO
3aKperuIeH s, MO0 MAPHUPHOTO 3aKPETIICHUSI.

Pemenne ypaBaenus (1.1), yaoBIeTBOpsIOIIee TPAaHMYHBIM YCIOBUSAM IIAPHUPHOTO 3aKPETICHUS
(1.2), npexacrasisieTcs B BUzIe

W:i f,(x)sini,y, A, =nmn/b (1.5)
n=1

IMoncranoBka (1.5) B (1.1) mpHBOAWT K TMOCIEAOBATEIILHON CHUCTEME OOBIKHOBEHHBIX
nuddepeHInaTBHBIX YpaBHEHUH
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2__P (1.6)

£V _2a2f7 404 (1-m2) f, =0, n?=
n n-'n n( n) n T] DXﬁ

O6imee perrenne ypasHenust (1.6) npeicrasiseM B Buie
.7

f, = A sh pA,x+B, chpA x+C, shp,A x+D,chp, i X

rae
(1.8)

=y1+n, p,=41-7

Py
TpeboBanue, utoObl pemenue (1.5), ¢ yuerom (1.7), ymoBIETBOPSIIO TPaHUYHBIM YCIOBHUSIM
nepsoro Bapuanta (1.3), mocie HCKIIOYEHHs HPOU3BONBHBIX moctosHHbIX A, B, mpusomur k

HOBBIM BBIPQKEHUSAM JIS1 (PYHKIINN fn

. _ pz(p22_2+v)
f, _{sh P,A X H(T&\/)Sh plknx}cn +

+(chp2k X——2— p2 chplk x—JL |01 P, shplxnij
py—v P, Pi—2+V

1
AHanoruuHeIM 00pa3oM, B Cllydae BTOPOrO BapHaHTa TpaHUYHbIX ycioBuil (1.4), mis QyHKmi

(1.9)

f, momyuaercst
224V 2 _p2
f, =[Shp2XnXMShpﬂmnX+ Y22 P2 81 i chplknx]Cn +
pl(pl _2+V) Py —Vv P —2+vV (1.10)
(chpzk X— p2 chpl j
pr -
(2.1)

2. IlycTb Kpail IacTHHKH X = @ ’KECTKO 3aKperyieH

w=0, ow/ox=0 nmpn X=a

— M
[loncranoBka pemenus (1.5), ¢ yuderom (1.9) mis mepBoro BapwaHTa TPAaHUYHBIX YCIOBHIM
YIOPYroro 3aKperuieHus], NodydaeTcs CIEAyIoIas cucTeMa OJHOPOAHBIX alreOpanyecKux ypaBHEHHH

OTHOCHUTCIILHO HpOI/I3BOHBHBIX IIOCTOAHHBIX Cn, D
Z_2+4v _
she, — 'Dz(loj—)shc;1 C + [cha;2 PV N BT PP, shé;lj
p(pf —2+V) ;- p' pf-2+v 2
2+v 2y
pz [ChCZ pz_ChClen +[ pZShCZ - p1 pzz—ShC1 MC“CJ
p1 p, —v pl
rac HCHOHB?)yeTCH 0603HaquHe
(2.3)

Ci = pikna’ =12
YcnoBue paBeHCTBA HYJIO JETEPMHHAHTA CHUCTEMBI (2.2), TIocie HEKOTOPBIX ITpeoOpa3oBaHMt
MPUBOJIUT K YPABHEHUIO
0.p, (p7 = P2 )| P + P2 —2(1=v) |+ | pf (05 = v)(P7 =2+ )+ P} (p7 —v)(p; -2+ V) |x
XShC1ShC2 — PP [( p; _V)( p12 - 2+V)+( p12 _V)( p22 - 2+V)] ChC1ChC2 _y1( p12 _V)X

X( p12 - pzz)( plshC1ChC1 - pZShClChCZ) =0

B npenensuom ciaydae @ —>00 £, — 00 moiyGecKOHEYHO# IIACTHHBI I0IOCH! ypaBHeHue (2.4),

(2.4)

— P, npuBOAMTCA K BULLY

)(p2—2+v)+v,(p? - p2)(p:-v)=0 25)

Tocye pa3JieieHus Ha [

P (03 —v)(pf —2+v)—p, (P -V
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YpaBHeHI/Ie (2.5), mocite HEKOTOPBIX MTPeoOpPa30BaAHUH, IPUBOIUTCS K IPOCTOMY BHITY
K(n)=(p,—p,)| p7P5 +2(1-v) p,p, —v* +7, (P + p,) (P —v) =0 (2.6)
HW3BecTHO, 4TO KOpeHs ypaBHenus (2.6) =0 ( p, = pz) COOTBETCTBYET TPUBHAIHLHOMY pellie-
uuto [6,7]. IToaTomy HCKOMOE YpaBHEHHE, ONPEICIIAIONISe TapaMeTp KPUTHUECKOH HArpy3KH OymeT
K, ()= p7p; +2(1-v) pp, = V2 +7, (P + P, )(pE —v) =0 (2.7)
B ugactHOM ciydae cBoGoxHoro kpas Yy, =0 u3 (2.7) momydaercs ypaBHeHHE 3a1ad JIOKAIM-

30BaHHOI HEYCTOWYHMBOCTH U JIOKAIM30BAaHHBIX KosieOanuii [4].

Oynkuust K| (n) o0naaeT cueayIoniM CBOHCTBOM
K (0)=(1-v)(3+v)+2(1-v)y, >0

K,(1)=-v? +y1\/§(2—v)

B ciyuae cBo6oaHo kpast y, =0 u3 (2.8) cnexyer, 4To IOKaNTH30BaHHAS HEYCTOWYMBOCTH UMEET

(2.8)

MecTo Beerma 3a uckimouenueM V=0, T.e. ypaBHenue (2.7) UMEET KOPEHb, YIOBICTBOPSIOIIUIA
YCIOBHIO

O<n<l1. (2.9)

CrnenoBaTensHO, IJs yNpyro 3aAellaHHOTO Kpas ypaBHeHue (2.7) OymeT WMeTh pelleHue,
YIOBJICTBOPSIOIIEE YCI0BHIO (2.9), €Clii UIMEET MECTO HEPAaBEHCTBO

—v2+y1\5(2—v)<0. (2.10)
CnenoBarensHo, Ipu Y, = e / (\/5 (2 — V)) JIOKaJIM30BaHHOIN HEyCTOWYMBOCTHU HE OyAeT.

VpaBuenue (2.4) mmeer kopeHb 1M =1. OueBHOHO, YTO 3TOT KOpPEHb pAa3JCisCT pPEIICHUE
YIOBIETBOpsitOIee yciaoBuio (2.9) oT pemienwii, maas koTopeix M >1, T.e. ormensier pemenue,

HMeroIlee JIOKAJIM30BAHHBIA XapakTep HEYCTOHYMBOCTH, OT pelleHuil obmero tuma. MHade rosops,
OTAENSIeT PelIeHHEe B BHAE TUNepOONMYecKuX (YHKIOMHA OT pelleHHs, COJepXKallero TPHUTOHO-
metpuueckue (ynkimu. IlpemenbHbiii mepexox M —>1 B ypaBHeHun (2.4) maer ypaBHEHHE

OTHOCHTEJIBHO A, a
242v V2. ash\f2,a+ 242 (1-v) chy2h, a7, (2-v) (V21 ach2i a—sh/21 a)=0 (2.11)

N3 (2.11) cmemyer, uro eciu A, A Oonbiie KopHst ypaBHeHust (2.11), To mmeer Mecto
JIOKAJIM30BaHHas HEycTOM4nBOCTh. C ydeToM, uTo KOpHU ypaBHeHHS (2.11) mist mMpOW3BONBHBIX V

OyJyT HAMHOT'O OOJIBIIIE €TUHUIIBI (kna > 1), MoJTy4daeTcs NpUOJIKeHHas popmyJia

22 (1-v)
n—— 2
vi+2 ( 2— v) Y,
IlycTh Ha Kpae IUIACTHHKA X =@ BMECTO YCIIOBHH JKECTKOTO 3aKpEIUICHHMs 3aJaHbl yCIOBHS
MIAPHUPHOTO 3aKPEIJIEHHS

2w
w=0, aa——O wim f =0, f'=0 npu x=a (2.13)
X

(2.12)

TpeboBanue, uto6sl pemenue (1.10) ynoBiaeTBOpsIIO TpaHUYHBIM yclIoBUsAM (2.13), mpuBOAMT K
CIIEAYIONIEH CHCTEME OJHOPOJHBIX alreOpanyuecKhX ypaBHEHWH OTHOCUTEIHHO MPOU3BOJIBHBIX

nocrosiaabix C., D,
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2-2+v 2 _
sh@—%shcl cn+[chc2—pz Y ehe, o PP hclj
p(pf —2+V) P -V P, PY —2+V

22+
pz ( pZShCZ - pl MShglJCn + (2-14)
p;—2+v

o i, - 5 2= -, B P s |, o

1 1
PaBeHcTBO Hymio neTepMHHaHTa cHucTeMbl (2.14), mocie HEKOTOpBHIX MpeoOpa3oBaHUl U

2 2
COKpalleHus Ha [, — P,, IPUBOJUT K yPABHEHUIO

B, (P —v)(pf —2+V)thg, — p, (7 —v)( P —2+v)the, +v, (pf — p3 )( P —v)thG, =0 (2.15)

Orctona, B npubmmwkennn the =1 (wm B npemene @—>00) MONydYaeTcss ypaBHCHHE

JIOKAJIM30BaHHOW HEYCTOWYMBOCTH JIJIS TIOTyOECKOHEYHOH TIIAaCTHHKH-TTOIOCHI

Py p; +2(1-v) pip, — V2 +7, (B + b, ) (P7 —v) =0 (2.16)

U3 (2.16), kak u B mpeApAyIIeM ciydae, sl CBOOOIHOTO Kpast (yl = 0) MOJTy4YaIOTCSl N3BECTHBIC

YpaBHEHUS, a TAK)KE YCIOBHE CYIIECTBOBAHUS JIOKATU30BAHHON HEYCTOMYUBOCTH B BUJIE

=

>

IS

—v2+ﬁ(2—v)yl<0 (2.17)
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H3rubHbIe Ko1e0aHUsI Mbe30aKTHBHBIX YIPYIHX IUIACTHH M3 MATEPHAJIA TeKCATOHAJIBLHOM
CHMMeTPHH NOJSPU3OBAHHOM M0 TOJIIIHHE

|BeJ1y6e1cﬂH M.B., XayaTpsin B.M.

[pemmaraercst crmoco® MOMyYeHHS ABYMEPHBIX YPAaBHEHHH [UI NBE30EKTPHUYECKUX IUIACTHH U3 ypaBHEHWH
MIPOCTPAHCTBEHHON 3aJaddl 3JIEKTPOYIpYrocTH. Pemarorcst 3amaun W3rHOHBIX KojieOaHWMM OECKOHEYHOW IUIACTHHKH C
nomoltneio runore3 Kupxroda, mpu pasmuyHBIX IPaHUYHHUX YCIOBUSIX OTHOCHTENIBHO 3JIEKTPUYECKOTO MOJNS Ha JIMIEBBIX
MOBEPXHOCTSAX IUIACTHHKH. Y CTaHABIMBAIOTCS COOTBETCTBYIOIINE IHCIIEPCHOHHBIE (JacTOTHBIE) ypaBHeHHs. Ha ocHoBe
TOJIY4EHHBIX YpaBHEHHMII IIPH MOMOIIM 3aMEH YacCTOTHI Ha MPOU3BOHYIO (DyHKIMH NPOTHOa MO BPEMEHU M BOJIHOBOTO YHCIIa
Ha TIPOM3BOAHYIO (YHKIMH Tporuba 10 KOOpAMHATE, B KaXKIOM CilIydae IOJydaeTcs ypaBHEHHE HM3THOHBIX KojeOaHWit
iacTHHKU. [lodyueHHBlE TakuM 00pa3oM IBYMEpHBIE YPABHEHHUsI CUMTAIOTCSA CIIPABEUIUBBIMU IS HCCIIEIOBAHUS
EKTPOYHPYTHUX M3THOHBIX KOJIEOaHUH INTAaCTHH KOHEYHBIX Pa3MepoB.

1. TIlocTtaHoBKa 3a1a4u KoJie0aHUi 0eCKOHEYHOI MIACTHHKH.

JIByxMepHbIe KpaeBble 3aJ]auil MarHUTOYIPYTOCTH TOHKUX TUIACTHH M 000JI0YEK, THITOTETHYECKUM
nogxoaoMm Obumr gopmynupoBansl B [1]. Ilonp3ysick THIIOTETHYECKMM IMOAXOIOM, JBYXMEpHAs
KpaeBasi 3ajava IUIOCKOH Aedopmamnuu (TakkKe aHTUIUIOCKON nedopmMaiiiu) 3JIeKTPOyNpyrocTH B
CaruTTaJIbHOM IJIOCKOCTH MbE303JIEKTPUKOB MIPUBOIUTCS B padoTe [2].

IIycte, mbe3oanekTpudeckas OecKOHEUHAs IIACTUHKA W3 MarTepudana Kiacca 6mm
TeKCaroHallbHOW CHMMETPHH, 3aHHMaeT o0macth —oo < x <00, —o <y <o, —h<z<h B
MpSIMOYTOJILHOW JeKapTOBOWM cuctemMe KoopauHat (x,Yy,z). B mbe3osnexTpuueckod MIIacTHUHKE,
KBa3HCTaTHYECKUE YPaBHEHUsI PaclpOCTPaHEHUs JIEKTPOYNPYTUX BOJH MUIIYTCS B OOLICH3BECTHOM
Buze [3-5]

29ij _ 9%
ax; P e (1.1)
E = —grady, divD =0 (1.2)

3/1ech 0;j — KOMIIOHEHTHI TEH30pa YNPYrMX HanpsukeHud, U; — KOMIIOHHHTBI BEKTOpA YHPYTrUX

MepEeMEIeH I, 0 — MJIOTHOCTh MaTepHala Clos, WHIEKCH [, j = 1,2,3 coOTBETCTBYIOT 0003HAYCHUSM
KOOpJAWHAT X,Y,Z, E — BEKTOp HAINPsDKEHHOCTH DJIEKTPHUYECKOTO TONS, ¢ — (PYHKIHS MOTEHIIHANa

—

3NEKTPUYECKOro Mo, D — BEKTOp MHAYKLIUY dIEKTPUYECKOTO MOJIS.
Marepuannbie ypaBHeHHs ((QYHKIIMOHAIBHBIE CBSI3HM) IMPH TMPEIBOPUTEIBHON IMOJSPH3ALUU
3JIEKTPUYECKOTO I10JIs 110 HAIIPABJIEHUHU KOOPAUHATHI Z

011 = C11€11 + C12822 + 13833 — €13E3, 025 = C12811 + 11822 + C13833 — €13E3 (1.3)
033 = C13€11 T C13&22 + C33833 — e33F3

012 = (€11 — C12)€12, 023 = 2Ca4833 — €15E,, 031 = 244813 — €45E; (1.4)

Dy = 2ei5613 + &1 E1, Dy = 2e15823 + & E; D3 = eg3(e11 + €32) + e33633+&3E53, (1.5)

aU; oU; o

Tne ¢;j, egs, €1, €3 - QUNKOMEXaHUYECKHE IOCTOSHHBIE MaTepHana, a &; = a—x; + a—xj - JUHEIHbIC

nedhopmaruii.

VpaBHeHHUS IS SIEKTPUYECKOTO TIOTEHIMANa BHE ILIACTUHKM IPHHUMAKOTCS B Bue [3]

Az =0, E® = —gradoy, D® = eoﬁ(k) (1.6)
rae uHaekcsl k = 1 orHOCcHTCS K obmacti Z = h,a k = 2 x obnactu z < —h.
B of0mem ciy4yae rpaHuUdYHBIE YCIIOBHS Ha OTPaHHUYMBAMOIIUX TUIACTHHKH IDIOCKOCTSX Z = th
COOTBETCTBEHHO OYyAyT
033 =0, 033 =0, 03, =0, ¢ =@, D3 = D3(k) .7)
[Ipu 5TOM pelicHUs BHE IIACTUHKU JOJDKHBI YI0BJICTBOPSITH YCIOBHUAM 3aTyXaHHUs
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lim ¢, =0, limg, =0, (1.8)
Z——00

Z—00
B crartbe OyayT pacCMOTPEHBI MpeaebHbIC BAPHAHTHI (00 MPOCThIC) TOBEPXHOCTHBIX YCIOBHIMA IS
3JIEKTPUUECKOTO MOJS: — YCIOBUS 3a3€MJICHUS TOBEPXHOCTH IJIACTUHKU

=0 (1.9
WJIH YCIIOBHSI PABEHCTBA HYJII0 HOPMATIbHOM COCTABILSIFOIICH HHIYKIIUH HIICKTPHIECKOTO OIS
D; =0 (1.10)

2. Tlpunumarorcs aonymeHus runore3nl Kupxroda.
B MatepuansHbix ypaBHeHusx (1.3) mpuHeOperaeTcs HampspkeHue dsz [6,7]. M3 Tpetero ypaBHEHHS
ONPEIETSIETCS £33 U MOJACTABIACTCA BO BTOPOE U TPEThE YPABHEHMUSI, UTO JIAET

011 = S11(&11 + S12822) — dy3E3

022 = S11(&22 + S12611) — dy3E;3 (2.1)
2 2
_ €11C33—C13 _ C12€33—C13 _ €33
rne Sju=———, Sy =———>%, diz=e;3——0Cg3 (2.2)
C33 €11€337C13 €33

Jns nepeMenieHuy NpUHUMAETCS
ow ow

U =20 Up =2 U= w(x,y,t) (2.3)
Tpetbe monyinenne runore3sl Kupxroda — ycpeaHenue ypaBHEHHUS IBUKEHUS
N, N N, ) hazw
ax oy P
oMy | OH _ oMy L OH _
et N =0, TR N, =0 (2.3%)
rae
h h h
My = [, z011dz, M, = [, 205,dz, H= [, 20,,dz
h h
Nl = f—h 0-13dZ, N2 = f—h 0-23dZ (24)

YCpETHEHHBIE KPYTSIINE MOMEHTHI M TIOTIEPEYHbIC YCUITUS B IUTACTHHKE COOTBETCTBEHHO.
C yuerom (2.1) u (2.3) 111 MOMEHTOB NOJTyHYarOTCS CJICLYIOIIUE BEIPAKEHHS
9%w 9%w
My =-D <ﬁ + 512 a_yZ> + dyz[h(py + @) — F]

92 92
M, =-D (ay‘;} + 512 _axv:) + dy3[h(@4 + @) — F] (2.5)
2h3 ] 2h3 h
H = —T(Cn - ClZ)_ax;;' =3 S1n F= f_h pdz

VYeunust Ni, N, onpeaenstoTcesi u3 yCpeAHSHHbIX ypaBHeHHH (2.3%)

0 0
Ny = —DﬁAW + d13&[h((p+ +¢_) —F]
2
N, =—D :—yAw +dys % [h(p, + 9 ) —F], A=+ (2.6)
IToncranoBka (2.6) B mepBoe ypaBHeHHE cuUCTeMbl (2.3*) maer ypaBHEHHE Y3rHOHBIX KOJICOaHWUU
IIbE€30aKTUBHOM YIIPYTOi IJIACTUHKH
%w

DA*w — dy5A[h(@4 + @) — F] + 2ph -z =0 2.7
Ypasaenns anekrpoctaTuku (1.2), ¢ yaetom (1.5) u (2.3) mpeobpazyeTcs K BUITY

0%¢ _ _ es
s*ﬁ+slAq) +di3Aw =0, & =& +—= (2.8)

C33
3. Koue0anus 0eCKOHEYHOM MIACTUHKH.

Pemrenns ypasuenuii (2.7) u (2.8) mpeacTaBIiIsiOTCS B BUIC
w = Aexpi(wt — kyx — kyy) , ¢ = f(2)expi(wt — kix — kyy) (3.1)
IToncranoska (3.1) B (2.7) u (2.8) IpUBOIUT K CIIEAYIONIEH THOPUIHON CUCTEME YpaBHEHUH
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(Dr* — 2phw?)A + dy5r? [h(f+ +f -1 fdz] =0, fr—Se2f =r2y (3.2)
rae
r2=ki+ki fi=fM), f=f(=h (3-3)

OO1ee perieHre BTOPOro ypaBHEHHS U3 CUCTEMBI (3.2) MPeICTaBIsIeTCS B BUC

f = Bch (\/grz) + Csh (\/?rz) =y (3.4)

PaccmarpuMm Hambonee mpocToll BapHaHT TPAHUYHBIX YCIOBHH At QYHKIHMH f, KOT/a JIHIEBBIC
IUIOCKOCTH TUTACTHHKH Z = th 3a3eMJICHBI
p=0 (3.5)
B sTom cayuae st yakuuu f u3 (3.4) nonyvaercs
-1

f :ds—lf ch(\/%rh) ch (\/z:irz) —1]4 (3.6)

C yuerom (3.6) W3 mepBOTO ypaBHEHWs CHCTEeMBI (3.2) TMONy4aeTcss ypaBHEHHE OIPEeNIIoIee
Y4acTOTHI KOJIeOaHU OECKOHEUHOH MIaCTHHKH

Dr — 2pha? — 242,21 ith( E—lrh) “nl=0 3.7)
& &1 £

Ecmu i goCTatouHO — TOHKMX — IUTACTHH — HCIIONB30BAaTh  pasjiokeHWe  (QYHKIHH
th(r h) B psiz, To U3 (3.7) MOIYYUTCS IPOCTOE YPaBHEHUE

2
(D + D)r* — 2phw? =0, D, =2%2p3 (3.8)
OueBHIHO, YTO AUCTIEPCHOHHOE YpaBHEeHHUE (3.8) COOTBETCTBYET YPaBHEHUIO JBHKCHHS
2
(D + De)w + 2ph 2Y = 0 (3.9)

uis OeckoHeyHOH macTUHKH. EcrecTBeHHO mnpuHATH  ypaBHeHue (3.9) chpaBeanMBBIM M Ui
MbE30aKTUBHBIX TUIACTHH KOHEYHBIX Pa3MepOB C 323 MJICHHBIMH JIMIICBBIMH MOBEPXHOCTSIMU (3.5).
Otcroga crnemyer, 4yTo HambOosiee MPOCTas MOAENb 3aAayd Al KOJleOaHUs Ibe303JIEKTPHUECKOM
IUTACTHHBI Oy/JEeT MOJellb C ypaBHEHHEM HW3rHOHBIX KojeOanuii (3.9), T. e. ¢ 3aMEHOW MOMYJIs
KECTKOCTH Ha M3rub D, Ha cyMMapHyIO KecTKOCTb D + D,. V3MeHSIOTCS TaKKe BhIpasKeHHS ISt
N3rHOHBIX MOMEHTOB M NONIEPEYHBIX YCHIIHHA

M, =—(D+D,) 62W+ 0w
1= e\ 552 Slzayz

92 92
My = =0+ Do) (55 +51:55) (3.10)

0 0
Nl = _(D + De)aAw, N2 = _(D + De)_yAW

CiiemoBatelHO, 3ajada WM3THOHBIX KoJIeOAHMM KOHEYHOW IUTACTHHBI, C 3a3€MIICHHBIMH JIUIICBBIMH
TUTOCKOCTSIMH TIPUBOJIUTCSL K PENICHUIO OOIIel 3aJlaud IJIaCTUHBI C 3aMEHOW JKECTKOCTH M3rnba Ha
D+ D,.
Bropoii 4YacTHBIN ciydaif, KOrjja Ha JHMIEBBIX MOBEPXHOCTSIX Z = t+h paBHBl HYJIBIO
HOpMaJTbHBIE KOMITOHEHTHI BEKTOPA MHAYKINH 3JeKTprdeckoro mons Dz = 0
WA
;—;f; —hr2A =0, ;—;f_’ +hr2A=0 (3.11)

Torma, ynosneTBopsiroree yciaoBusam (3.11) obiee pemrenne (3.4) 3amuineTcst B BUIE
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1
d13 1 1 1
f :Z[\/grh sh (\/Z:*rh) ch (\/grz) —-1|A (3.12)

IMoncrasmusst (3.12) B mepBoe ypaBHEHHE CHCTeMBI (3.2) MPUBOAMT K YPAaBHEHUIO, OMpelestouien
4acTOThI KosIeOaHui

(Dr* — 2phw®)th (Erh) + 2hr? dg—%z‘ [hr\/% —th (\/grh)] =0 (3.13)
* 1 * *

JI1st TOCTaTOYHO TOHKHX IUIACTHH, ypaBHeHue (3.13) ympomaercs: mpu moMOIIM pa3ioKeHHs B Pl
(GYHKIMY TUIEPOOTHMYECKOTO TaHTEeHCa

Dr* — 2phw? + D,r* = (3.14)
Kak n B mpenuaymiem ciydae, 4acTOTHOMY ypaBHeHHIO (3.14) OymeT COOTBETCTBOBAThH Ciemyroliee
ypaBHEHHE M3TMOHBIX KOJIeOaHWH TOHKOH MJIaCTUHKH

(D +D)Aw +2ph 2 = 0 (3.15)
Takum 00pa3oM, A THE30AKTHBHOW IJIACTUHKH TPH YCIOBHHM PAaBEHCTBA HYJIO HOPMalbHOMN
KOMITOHEHTBI 3JIEKTPUYECKOM WHAYKLIHMW HA JIMLIEBBIX IUIOCKOCTSX, KaK U B CIy4ac 3a3¢MIJICHHBIX
wiockocter (3.9) 3amada MPUBOIUTCS K HMCCIENOBAHHUIO KIIACCUYECKOHN 3a/ayMl IIACTUH C 3aMEHOM
koo dumenta sxkectkoctn Ha w3rn6 Ha D + D,. OrmeTruMm, 4YTO JO00ABOYHBIE KECTKOCTH ISt

NPEBEACHHBIX ABYX CIy4acB COBIOAAYIOT.

3akmiouenue. [lokaspiBaeTcs, YTO B KBAa3MCTATHYECKOH IIOCTAHOBKE, 3aJada W3CHOHBIX KOJIeOaHMi
MbE30aKTUBHOMN MJIACTHHKY MPUBOJUTCS K MCCICIOBAHUIO KIACCHYECKOM 3a7auMl TUIACTHH C 3aMEHOMN
koo duimenta xectkoctu. V3 BBIBENEHHBIX YpaBHEHHH AWCIEPCHH, IMOTYyOOpPaTHBIM METOJOM
BOCCTaHOBJICHBI JIByXMEpPHBIC YPaBHEHUsI M3THOHBIX KOJIEOaHU TOHKOW TUIACTHHKH.
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Ipsimas u oGpaTHas 3a1a4a uaeHTHPUKaNH TedeKTa B OPTOTPOIHOM cJioe

Bbeasak O.A.

PaccmoTpeHna mnockast 3a1aua 0 KoJeGaHUsIX OPTOTPOIHOTO CIIOS C IMIMHIPUUECKOH TOJIOCTHIO IPOU3BOIBHOTO MONIEPEUHOTO
CEUeHUsl MOoJ JEUCTBHEM HArpy3Ku, MPUIOKEHHOW Ha MOBEPXHOCTH cjos. Pemenue 3amaud NMpou3BEAEHO HA OCHOBAHHU
METOJa TPAaHWYHBIX HMHTETPaJbHBIX YPAaBHEHMH U CONOCTABIEHO C pe3ylbTaTaMH, INOIYYEHHBIMH B paMKaX KOHEYHO-
9NIEMEHTHOTO MozenupoBanuss B Comsol. PaccMoTpeHa obparHas 3amada WACHTH(GHKALNK MOJOCTH Majloro XapaKTepHOro
pa3Mepa KpyroBOTo IIOIEPEYHOTO CEUeHUs] Ha OCHOBE aCHMITOTHYECKOro moaxoxa. JlaHa oreHka 00JacTH MPUMEHHMOCTH
ACHMIITOTHYECKOTO IOJXOAa IPH pEIIeHWH OOpaTHO 3amadyd II0 CPaBHEHHIO C METOAOM TPAaHHYHBIX HHTETPAIBHBIX
YpaBHEHUI.

Beenenne. C 11e1p10 TEOPETHIECKOTO U3YyUCHUS] TUHAMUYECKON IIPOYHOCTH IEMEHTOB KOHCTPYKIIUH
TPaAMIIMOHHO WCIIONB3YIOTCSA 3aJadd O KOJNeOaHMSAX YHPYIHX MOIYyOTpaHUYCHHBIX Tel. Jlis
M30TPOIHBIX OJAHOPOAHBIX CPeJl TUHAMHUYECKHUE TPOIECChl B TAKUX CTPYKTYpax XOpPOLIO U3y4eHsI [1,
2], a uccienoBaHUE BOJHOBBIX MPOIECCOB JUIA cpefl ¢ Ooyiee CIOXKHON CTPYKTYpOH, HAIlpUMeEp, A
cIoucThIX [3, 4], QyHKIHOHATBHO-TPAAMEHTHBIX [5,6], MOPUCTHIX [7] ABNIAETCSA BeCbMa aKTyalbHBIM U
B Hacrosiee BpeMs. [Ipu 3TOM OJMH M3 BaKHBIX KJIACCOB TUHAMHYECKUX 33/1a4 TCOPHUH YIPYTOCTH
NPE/ICTaBISIIOT cO0O0M 3a1aun 0 KOJIeOaHUIX YIPYTUX Tel C JOKAIbHBIMUA HEOJHOpOoAHOCTsIMHU [8, 9],
TAKUMH Kak, IIOJOCTH, BKJIIOYEHUs, TPEIIMHBL. VI3ydeHne paccesHUs YHOpPYrMX BOJH Ha
HEOJHOPOIHOCTAX PA3HBIX THIIOB M ()OPM MO3BOJNSET YCTaHABIMBATH (HAKT HAMMUUs Ae(PeKTa, H
OIPEACIUTD THUII U IMOJIOKCHUE MTOBPEIKACHUA B UCCIICYCMbBIX O6’BCKT3X, B TOM 4YHCJIC B IIOKPBITHUAX.

B nacrosimeit pabote paccMOTpeHBI TpsiMas W oOpaTHas 3ajJada O KoJeOaHHUSX OPTOTPOIHOTO
CJIOSI, OCJIA0JIEHHOTO IMIIMHAPUIECKOHN MONIOCThI0. Perienne npsMoii 3a1aun peann30BaHO HA OCHOBE
MCTOJa T'paHUYHBIX HWHTCTPAJIbHBIX ypaBHCHI/II\/'I, COIIOCTABJICHO C peE3yjibTaTaMH, IMOJYUYCHHBIMU B
pamMKax KOHEYHO-3JIEMEHTHOM Mojenu. Peiienue oOpaTHOW 3a1a4u peaii30BaHO C MCIOIb30BAHUEM
TeHETHYECKOT0 ajrOPUTMa MOMCKa MUHUMYMa HEJIMHEHHOTo (QyHKIMOHAIa HEBSI3KH, TOCTPOSHHOTO B
paMKax HO3UIMOHHOTO 30HIMPOBAHUSL.

1. IlocTanoBKa u peuieHue NPsIMOii U 00paTHOI 3a1a4n

PaccMmoTpen ycTaHOBHBIIMICS peXUM KOJICOaHUH ¢ YacTOTOH () OPTOTPOITHOTO YNPYTOro CJos
TOJIIIUHBI h ¢ HWIMHIPUYECKON TMOJIOCThIO, HE BBIXOASAUIEH Ha ero rpaHuisl. Hampansromas
IOJNIOCTH — TNajKasi 3aMKHyTas kpusas |, ¢ oOpasyromeii, mapamrensHoit ocu OX, (puc. 1).

KoneGanus B cioe Bhizsanbl Harpyskoit P(X,,t) = Re(p(x,)e "), npunoxenHoit k BepxHeii wacTu
IPAHUIBI CIIOS.

A

X,
3

=
fe——
f——

VR S A >
S S /
VAV A A A A A A

sl / 7, s /
Ve 7 a
ST SS S S S S00
y y /
P / VA A

P

Puc. 1. TT010COBOIT BOIHOBOJ C TYHHEJIBHOM IOJIOCTHIO C TVIAJKOM Harpasisoweit .

Kpaesas 3a/1aua mocie OT/IeIEHHS BPEMEHHOTO MHOKHTENS HMEIOT BHJIL:
2 _
;T PO U, =0,
o (1.1)
6; =Cjle,» L1=L3, 4, |x3:0: 0, o;3 |x3:h: P, o3 n; |, =0,
rie p — mwiotHocth cpembl, Cy, — KOMIOHGHTHI TEH30pa YNPYTMX MOCTOSHHBIX MaTepHAIa,

YAOBJICTBOPAOIINUE COOTHOIICHUAM CHUMMCECTpUU U IIOJIOXKUTCIIbHOM OIMpEACICHHOCTH, nj -

KOMITOHCHTBI CIMHUYHOTO BCKTOPA HOPpMAJIN K KpI/IBOﬁ IO’ BHCIIHCTO IIO OTHOHICHHIO K 06J'IaCTI/I,
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3aHATOW ympyroit cpemoit. Ocu ympyroit CHMMETpHUH MaTepHajla COBIANIAIOT C OCSIMH CHCTEMBI
KOOpAWHAT. 3aMBIKAeT MOCTAHOBKY 3a/Jadil YCJIOBHE W3ITydeHHs BOJNH Ha OECKOHEYHOCTH, NpH
(hopMyITUPOBKE KOTOPOT'O UCTIOIH30BAH MPUHIIUI PEACITBLHOTO MOTJIOIeHUs [2].

OcHOBHBIM crTocoboM uccnenoBanus 3amgadn (1.1) sBIseTcs ee mpeaBapuUTENbLHOE CBEACHHE K
WHTETPAIILHOMY YPaBHEHHUIO C HEPETYJIPHBIM SAPOM Ha OCHOBE HEH TeopHH MoTeHnuana. Pemenue

KkpaeBoit 3amaun (1.1) moctpoeno Ha ocHose (ymkumit Ipuaa mis cros U™ (X,E), i,m=13 u
0000IIeHHON TeopeMBbl B3aWMMHOCTH [2], a WHAEKC M yKa3pIBaeT, YTO Harpy3ka NPHIOKEHa B
HanpasineHnn ocu OX, M=1,3. Oyukius ['puHa 11 OPTOTPOIHOTO CIOSI BBULY TPOMO3IKOCTH HE

npuBogutcs [10].
Ilons nepememieHuid B Cioe IMOJA JACUCTBHEM IOBEPXHOCTHOM HArpy3Kd C HOCHUTENIEM Ha
orpeske [@,b] umeror Bux:

—_ (m) HE —
Uy (8) =, (&) - [ K™ (x. &), (0l i, j,m=1,2,3,
IO

: (12)

* _ (m)
U (&) = [ P (%)U{™ (x,, h, €)dlx,

a

e Kigm) (X,8) :Gi(jm) (x,€)n;(x) meperymsaproe smpo [10], comepramiee KOMIOHEHTBI TEH30pa

HaNPSKCHHIT, KOTOPBIE BRIpaKeHHbIe uepe3 dyrkimm Ipura ams cros U™ (X,8), i =1,3.
Hanee, pemenne 3aga4qu (1.1) cBOIUTCS K MOCTPOCHUIO CHCTEM TPaHMYHBIX WHTETPAJbHBIX
ypasuennii (TUY) no rpanuue nedexra |, u ompeneneHue moseil cMeleHuii Ha KOHTYPE MOJOCTH
l, [10] ¢ mocnexmyromedt muCKpeTH3alMell Ha OCHOBAHMM METOJa IPAaHMYHBIX diemeHToB [11],

KOTOPBIA IPUMEHHM JIJIsi KOHTYPOB TIPOU3BONIbHON KOHHUTyparuu. OQHaKO TaKoH MMOAXO]T CBSI3aH CO
3HAYUTEJIbHBIMU BBIYMCIUTEIIEHBIMU TPYAHOCTSAMHU M OOJIBIIMMH BPEMEHHBIMU 3aTpataMu. Toraa Kak,

B CJIydya€ MaJIOro XapakTCpHOro pasmMepa MHOJOCTU C HaHpaBJ’IHIOH.IefI IO — OKPYXHOCTBIO, Ha

OCHOBaHUHM aCHUMITOTHYECKOTO ToaXoaa mojiydeHsl ¢opmynsl [10, 12], onuceiBaroniue mojs
CMEIlEHUH Ha KOHTYype JedeKTa, MUHYS poLeaAypy JuckpeTn3anuu cuctem [NY.

IIpuBeneM 31ech BBIPAXKEHUS AMILIUTY] Aém) MOJIEH CMELIEHWH Ha BEpPXHEH TIpaHULE Ciof,
MIOJIYYECHHBIE B PaMKax aCUMITOTHYECKOro aHanuza I'NY.
M el .
u, (E_,l, h) _ U; (E_,ly h) _ Z A'()m) (X01 r)eflapﬁlslgn(xﬂ)*é) + O(e*GQSIgn(XlO*él))’ m=1, 3’
p=1
2 - - *
remiexp(-ioy,X,)
* 12
2y(0,)h
m k m k
FO™ (50)uf*) (o) + O (x5 JUS (%,) ], k =1,3, m =13,

AP (X, 1) = [ (x5 )0 (%) + Q™ (X503 (o) + (13)

rae I — paanyc HanpasISIOIEH |0 , IMEIOLIEH LIEHTP B TOUKE X, = (X10' X30) . B cootHomrenmsix (1.3)
CYMMMPOBaHHE HJICT 10 MOBTOPSIONIEMYCS HHJICKCY k, BBIpaKCHUS JUIS

\I/(qu)1 O (x,), Q™ (X,) He npuBomATCE B By WX  TPOMO3IKOCTH,  a
u®(x,) = Ug, (X)) S, ] =1,3 ompenenenst  ¢opmynamu  [10]. Tlomrockl  MOABIHTErpaNbHBIX
MepOMOPMHBIX (yHKIMIE OLT) B cooTHommenuu (1.3) onpenensioTcs qUCIEPCUOHHBIM YPABHEHHUEM:

Keh((hy +2,)h)+ K ch((h, —2,)h)+ K, =0,

K; = i[\lﬁ (7“1)\113 (7\'2) + \Vl(xz)\lfs(}“l)][hl(}”z)ha (7”1) + hl(xl)ha(}“z)]
K, = 4w, () ws () () g (0) + by () wy () ws (A (),
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rae Buipakenus amt A, (A), h; (&) 3aBucaT or MexaHMUECKUX XapaKTEPUCTHK MaTepHana clios,

YaCTOTEI KOJacOaHuil U He OPpUBOAATCA B BUAY I'POMO3IAKOCTHU. MHOXECTBO MOJIOCOB UMEET CUCTHOC
gucio M BCHICCTBCHHBIX ITOJIFOCOB, KOTOPBIM COOTBETCTBYIOT BOJIHBI, PACIIPOCTPAHAIOIIUECSA OT
HCTOYHHKA KoJieOaHHMH 0e3 3aTyXaHUus. OcrallbHBIE TTONIOCH — KOMIIJIEKCHBIC, IIPU 3TOM HX MHHUMAasA

4acTh BO3pPAacTeT MPONOPLHOHAIBHO HUX HOMEpY ImapNO( P), P —> %, a HOpMalbHBIE MOJIBI,

OTBCHAOIMEC KOMIIJICKCHBIM ITOJIFOCaM ocq , MMCIOT aMIIJIUTYYy, SKCIIOHCHIIUAJIbHO Y6BIBaIOHIy10, napu

yIaJeHUH OT HCTOYHHMKA KojeOanuid. Takum oOpasom, cooTHomieHue (1.3) MOo3BONISET KOPPEKTHO
OIKCaTh BOJHOBOE IOJIE B OJNIMKHEW K UCTOYHHUKY KoJeOaHHH 30HE TOJBKO MPH ydeTe BeeX Oeryrmx
BOJIH, TNPH 3TOM, OCTaBasCh B TMpejeiiaX 3aJaHHOM TOYHOCTH, YYHUTHIBACTCS CUCTHOE YHCIIO
KOMIUIEKCHBIX MOJIFOCOB.

OO6parHas 3agada uaeHTUGUKANNH TeeKTa B CI0€ MOXKET OBITh CBEICHA K PEIICHUIO CHUCTEMBI
HEJIMHEWHBIX OTEPATOPHBIX YPaBHEHWH OTHOCHUTENHHO (YHKIIMU CMEIICHWI Ha KOHTYype M CaMoOro
KOHTYpa, KOTopasi IMEET BUJI:

f() =Un (&) = [0 (x,&)n, ()u, (x)dl,, & [c,d],

U () = Ui (1) VR [ o (X, YN, 09U (0el, i, =13

3mech mpHUBENEM pelieHHe OOpaTHOM 3aJadd PEKOHCTPYKLHUH IIOJIOCTH B OPTOTPOIIHOM CJIOE€ Ha
OCHOBaHMHM HH(MOpMAIMKM O TMOJISIX IEPEMEIICHUH Ha MOBEPXHOCTH CJIOs, B pPaMKax MeTona
perynsipu3aniu Ha KOHEYHOMEPHBIX MHOXKECTBaX. BbUIO TMPHUHSITO, YTO TIAAKUH KOHTYp NedekTa
MIPUHAJIEKUT KiIaccy tumncoB. KoHTyp U3 3TOro kinacca oJJHO3HAUYHO OMPEAEISAIOT CIEAYIOIUE ATh
XapaKTEPHMCTHK: MOIyOCH junnca a u D, yron nakinona 6 smmdrca K oaHOM M3 Ocell KOOPIMHAT,
3ariry0OJieHue W TOPU3OHTalbHAas KOOpIWHATa LIEHTpa MOJOoCTH. B 3ToMm ciryuae oOparHas 3agada
CBe/IeHa K [TOUCKY MUHMMYyMa HEJIMHEHHOT0 (DyHKIOHAJIA HEBSI3KHU:

®(6) =2 fn(G) ~Un(s &ls Euled], w
¢ =[a;b;0;X,9; X ]-

Oynkunonan (1.4) mocTpoeH B paMKax —MO3WIIMOHHOTO  30HIWPOBAaHUS, MUHUMH3AIHS
OCYILECTBISIACH THOPH/IHBIM aNrOPUTMOM (TEHETHUYECKHiA anroput™, 3atem airoputm Nelder-Mead
[13]) 8 Matlab.
2. Pe3yabTaThl BHIYHCAUTEIbHBIX IKCIIEPUMEHTOB.

Brruucnenne BOIHOBBIX I0JI€H OBIJIO OCYIIECTBICHO METAJUIOKEPAMHYECKOTO KOMITO3ULIMOHHOTO

marepuana «A» [14], ynpyrue nocrosuusie matepuana (I'la): C,, =257, C,;=65, C;;=203, C,, =62,
C,;=74, C,;=65u p=3227 Kr/Me.
Ha puc. 2 — 3 npuBeneHsl AeiiCTBUTENbHBIE YaCTH BOIHOBBIX Monei U, (Xv X3), m=1,3 B cioe

st Gespasmeproro BomHosoro umena k=Kh=2.0, p,=C,, paccunranHble Ha OCHOBaHHH

cootHomenusi (1.2), Ha pUCYHKax, OTMEUCHHI YEPHBIM LBETOM, JUIS IMJIMHAPHYECKOW MOJIOCTH,
HaIpaBJISIONas KOTOPOH ABNSAETCS OKpykHOCTh0 ¢ pammycom I =0.05h, koopaunatel uentpa

Xip = Xg9 = h/2, Touka MPUJIOKEHUSL COCPEJIOTOUCHHOU HArpy3ku X, = 0. KpacHOi MyHKTHPHOI

OMHUEH n300paxkeHbl mons U (Xl,Xs), Mm=13, nonyueHHble B pe3yJbTare peIICHUs

paccmarpuBaemoi 3amaud (1.1) umcnenno. B aToM ciydae, MonenMpoBaHHE pPacIpPOCTPAHEHUS
Oerymux BOJIH B NOJYOTrPaHHMYEHHOM OPTOTPONHOW cpele C TYHHEIbHOH MOJOCTBhIO MPHUMEHSIICS
KOHEeUHO-3J1eMeHTHbIH komiieke Comsol Multiphysics ¢ moaymnem Solid Mechanics B pexxume Time
Independent. Untepdeiic Solid Mechanics ocHOBaH Ha pellleHHH ypaBHEHWH JBHKEHHUS C YUETOM
OIPEICIISIONICH MOJICTH TBEPIOTO MaTepHalla U TPaHMYHBIX ycaoBuid (1.1).
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Puc. 3. leficTBuTenbHas 1 MHAMast 4acTh noist emeennii U, (€, N) Ha BepxHeil rparuie ciost

IMorick MUHHMyMa HEIMHEWHOro QyHKiHoHana HeBs3kd (1.4), MOCTPOEHHOrOo B pamKax

IMO3UITMOHHOI'O

S30HOAUPOBAHUA OCYHICCTBJIAJICA HAa OCHOBAaHUU

THOPUIHOM  CXEMBI,

CHaydajia

IPUMEHSIICS TEHETHYECKUI alrOpuTM, 3aTeM IOJy4eHHbIH BekTop peweHnit ¢ =[a;D;0; X5 Xy, ]

yrounsuics aaroputmMoMm Henzepa - Muna. Otmernm, uto nonst Ha BepxHei rpanuue cinos U, (G, &, )

IIpu 3TOM ObLIH MOCTPOCHHBI KAaK B paMKax aCUMITOTUYCCKOIO MOAXO0Aa, TaK U HA OCHOBAHWU PCUHICHUA
CHUCTCMblI HMHTCTIPAJIbHBIX ypaBHeHHﬁ. Pe3y.1'II>TaTLI YHUCJICHHOI'O JKCIICPpUMCHTA MPCACTABIICHBI B

Tabsmue 1.

Tabnuma 1. Pe3yapTaTel BOCCTAaHOBICHHS S5-TH TAPAMETPOB MOJIOCTH

Hckomble napamMeTpbl BoccranosieHHbIe napamMeTpsbl IOJOCTHU
LHWINHIPUYECKON MOJIOCTH R ~ ~ - N
[a;b;0; %,y X1, k=kh=3 ale, ble, 0/¢, Yole, | Xl
[O.Zh; 0.1h; 0; 0; h/ 2] 0.1851/7.4 0.0938/6.2 |0.0613/1.95 | 0.008/8 0.459/4.1
[0.2h; 0.1h; 1.177; h; h/2] | 0.1887/5.6 | 0.1039/3.9 | 1.210/1.03 |1.038/3.8 [0.5117/1.17
[0.25h; 0.1h; 0; h;h/ 4] 0.258/3.2 0.095/5 0.08/25 | 1052/52 |0.239/1.1

3. BriBoabI
[IpuBeneHo penieHne NpsMOii 3a1a4u 0 KOoJIeOaHUAX €051, 0CTa0ICHHOTO IIITUHIPUYECKOH MOIOCTHIO

Ha OCHOBE JBYX METOOB: METO/la TPAaHWYHBIX HMHTETPAIBHBIX YypaBHEHHH W MeETOAa KOHEYHO-
3JIeMEHTHOTO MonenupoBanus B Comsol. Ha ocHoBanuu peleHust mpsiMoi 3a1a4qu chopmynnpoBaHa
oOpaTHas 3aja4a BOCCTAHOBIICHHUS MMapaMeTpoB Jed)eKTa Ha OCHOBAHWUM METOJa Peryjspu3anud Ha
KOHEYHOMEPHBIX MHOXKeCTBaX. HewsBecTHble mapameTpbl nedeKkTa ONpeAeisUINCh W3  yCIOBHIMA

62



MUHUMYMa HEITHHEHMHOTO (YHKIMOHANAa HEBA3KH, ITOCTPOEHHOTO B paMKax IO3UIIHOHHOTO
30HANPOBAHMS.

o

10.

11.

12.

13.
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OO0 onHo¥i cxeMe HICHTH(PUKANMH MeXaHMYECKHX XaPaKTePUCTUK U NPeIBapUTEIbHOIO
HaNPsKeHMs1 YIPYToii 10/10ChI

Bboraues U.B.

PaccmoTpena Monens KoieOaHMH HEOTHOPOAHOH IO TOJIIMHE HW30TPOIHOM yHNpPYroi HOJIOCH IPH HAIWYUH OJHOOCHOTO
noJst npeaBaputenbHbIX HanpspkeHuid (ITH). KoneGanus B mosioce BBI3BIBAIOTCS NMPHUIIOKEHHEM HOPMAaJbHOM M KacaTenbHOH
30HIMPYIOMINX HAarPY30K, HIKHSSA TPaHb MOJIOCH! CIMTATIACh XKECTKO 3amieMIeHHON. [TocTpoeHa cxema pacueTa aMIIUTYAHO-
YaCTOTHBIX XapakTepUcTUK (AUX) mosocsl Ha OCHOBE UCIIONIB30BaHUs peodpa3oBanus Dypre M0 NPOJOILHON KOOpAHHATE.
IIpoBenen anamu3 Biausuus ypoBHS [IH nHa AUX. ObparHas 3amava 3aKiito4aeTcs B UACHTH(GUKAUN QYHKIIUH TapaMeTpoB
Jlame u [TH ¢ ucnons3oBaHuEeM JONOIHUTEIbHOM HHPOpMaImy 060 AUX B 3aJaHHOM 4aCTOTHOM JTHAIIa30HE, H3MEPECHHBIX Ha
noBepxHocTH. 1 pemenns oOpaTHOH 3a1a4un pa3paboTaHa BEIYUCIUTENbHAS CXeMa, Ha IIEPBOM 3Tale KOTOPOH C MOMOIIBIO
UTEPAIIMOHHOTO TOAX0/A C HCIIOJIb30BAaHHEM PETYISIPU3AIMOHHBIX METOJOB IOCIEIOBATENEHO ONPERSNIIOTCS (YHKIHH-
napamerpsl Jlame, a Ha BTOPOM 3Tale C IMOMOIIBIO IMPOEKIIMOHHOTO ITOJIX0Ja ONpeselsieTcss NCKOMBIHA IapaMeTp-ypoBeHb
MpeIBapUTENBHOTO HanpshkeHHus. [IpuBeneHsl pe3ynbTaThl BBIYHCIUTEIBHBIX SKCIEPUMEHTOB, OOCY)XKIEHBI OCOOEHHOCTH
BBIOOpA YACTOT M YaCTOTHBIX JHATIA30HOB.

1. BBenenue. BBuay ocoOeHHOCTEH TEXHOJOIMYECKOTO IIPOLIECCA H3TOTOBJIICHUS COBPEMEHHBIX
KOHCTPYKIIMOHHBIX ()YHKIIMOHAIBHO-TpaIueHTHBIX MaTepralioB (OI'M) co clokHOM CTPYKTYpOid, IpU
KOTOPOM HCIIOJIb3YETCsI BBICOKOTEMIIEpaTypHasi TepMuyeckas oOpaboTka, IJisi TaKMX MaTepHaioB
3a9acTyI0 XapaKTEPHO HalM4Ke mosied mpensapurenbHbix Hanpspkenuid (ITH) [1] mocne octeiBamwms.
OToT (haKTOp BO MHOTHX CIy4YasX 3aKJIAbIBACTCS CIIEIUATBHO MPU MPOCKTHPOBAHUH JJISl YBEITUICHUS
HEKOTOPBIX IKCIUTYaTAl[HOHHBIX XapaKTepUCTUK 0OBEKTOB. B CBA3M € 3THM CYNIECTBEHHYIO BaXKHOCTh
NPEACTaBISIET 3a1a4a ONPEAEICHUS U IMarHOCTUKY MeXaHn4eckux xapaktepuctuk u I[TH B o6bekrax,
usrotoBieHHbIX U3 ®I'M, ams gero Tpedyercs pa3padoTka 3(h(hEeKTHBHBIX HEPa3pyIIAIOINX METOIOB.
OHu MOryT OBITh TOCTPOGHBI Ha OCHOBE METOJa aKyCTHYECKOrO 30HAMPOBAHHS, XOPOLIO
3apeKOMEHIOBaBIIer0 ceOs Uil pPEeLIeHus 3aJad AWarHOCTUKU. B maHHON pabore paccMoTpeHa
oOpaTHas 3afada TIOCIEAOBaTeNbHON uAeHTH(UKanuu mapamerpoB Jlame wu IIH ympyroit
HEOJHOPOTHOH 1Mo TonmuHe nosiockl 3 ®I'M ¢ mcnoibp3oBaHeM HMHPOpPMAUU 00 aKyCTHYECKOM
OTKJIMKE B Pa3IMYHBIX PEXXKUMaX 30HIUPOBAHUS.

2. IlocranoBka 3agauyn. PaccMoTpyM ycTaHOBUBIIHMECS KoJeOaHWUS C YacTOTOM (0 yHpyroi
M30TPOMHON HEOAHOPOAHOM IO TONIIMHE IOJIOCH B IUIOCKOW MOcTaHOBKe. HWKHSS TpaHb IMOJIOCHI
JKECTKO 3allleMJICHa, Ha YacTH BEPXHEW TpaHMLbI MPHUIIOKEHA Harpyska, omnpeaenseMas BEKTOPOM

—iot o
ge " . TlocraHOBKa 3aJauy TI0CIIE€ OT/AEJIEHUs BPEMEHHOIO MHOYKUTEIS 3alIUCAHA B CIydae TIOCKON
nedopmariu [1]:

20—
Tij'j +pou; =0,
0
Tu= 7‘(“1,1 +Uy, ) +2uly; +0 Uy, Ty =2 (ul,l +Uy, ) +2pu,,,
0

T, = “(ul,z + uz,l)v Ty= “(ul,z + uz,l)+ G Uy, (2.1)

l’I1|x2:0 - u2|x2:0 =0,

T12|X2:H = ql(xl)’ Tzz = qz(x1)-

X, =H

3nech U; — KOMIIOHEHTBHI BEKTOpA NEPEMEUICHHH, O; — KOMIIOHEHThl CHMMETPHYHOIO TEH30pa

Hanpsokennit Kupxroda, T. — KOMIOHEHTBI HECHMMETPHYHOTO J00ABOYHOTO TE€H30pa HAIPSHKEHHIMA

ij
IInonel, p— IWIIOTHOCTB, c’- ¢bynukms [TH.

3aMBIKAIOT IIOCTAHOBKY 3aJayd YCIOBUS M3JIydeHHs BOJH Ha OECKOHEUHOCTH, IIpH
(opMyIHPOBKE KOTOPBIX HCIOJIL30BAH IPUHIUII IIPEAEIBHOTO MOTJIoMmeHus [2].
OGpatHas 3aaya 3akirouaercss B uueHtndukanuu napamerpos Jlame p(X)u A(X), a tak xe

0 o o
IPECABAPUTCIIPHOIO HAIIPSXKCHUSL O 110 JOIIOJIHHUTCIIBHOU I/IH(i)OpMaIII/II/I O IIOJIIX CMCHICHHH,
HN3MCPCHHBIX HAa TOBCPXHOCTHU CJIOA B 3aIdHHOM YaCTOTHOM AMUAIIA30HC!:

ul|X2:H = f, (X, o), u2|X2:H =1, (x,0), oc[o,o,]. (2.2)
B paccMaTpuBacMoOM CiIydac IJIOTHOCTb p CUHUTAJIACh U3BECTHOIL.
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3. Cxema pemenus 3aaaun. K mocranoske 3amaun (2.1)-(2.2) npumMeneno npeodpaszoBanre Oypbe 110
MPOAOJILHOW KOOpAMHATE X, 3aTeM 3ajada 3amicaHa OTHOCHUTENBHO Oe3pa3MepHBIX MapaMeTpoB U

TIEPEMEHHBIX:
1:12’2 = oai?»'lzzz/(k +2u) + (OL2 (4u(7» + u)/(?» +2u) —GO)—pKZ)Ul,
Ty, =i0T, —(px* —a’c®)U,,

U,, =T, /(A +2u) +icAU, /(A +2p), U,, =T, /u+ial,,

O =0, =0 T =BT =P

(3.1)

X =0

JIyis MOCTPOCHHUS MOITAMHON METOAMKH PEHICHUS 331auu npeactaBuM (pyHkimu u3 (3.1) B Buae
Pa3TOXKEHHUH 0 MapaMeTpy O, OOIINi BII KOTOPBIX 3aIiCaH HIDKE:

2=729+aZ®+a’Z? +.... (3.3)

0
3aTCM, BBIITMCBIBAsA 3ada4yd NPHU Pa3INYHBIX CTCHOCHAX OL, IOJIY4YHUM, YTO B 3aJa4d IpU O HE

Xy =

Bxoaut [1TH o’ , OJTHAKO OHH SIBJISIOTCSI HECBS3aHHBIMMU:
al:

r (0) _ 2170 T (0 _ 217 (0)

T12,2 =—poU;", T22,2 =—poU,”,

T 0 _7 (0) T O _1 0

U1,2 =T, /M’Uz,z =Ty /(7v+2u),

U9 =09 =o0 1,9 =pO T,

(3.4)

1)

X, =0 X, =0 Xp=1 Xp=1
Ha ocnoBe mocraHoBok (3.4) MOxeT OBITH TIOCTPOSHA CXEMa IIOCIENOBATEIBHOTO OIMPEISICHUS

dynxmuit pu(X) u A(X), kak a0 caenano B [3].

Vckomsiit mapamerp ITH 6° Bxomut B 3agauy npu o.°, B kotopyio Takke Bxoast (X)) u A(X):
2.

Q

Tioo? = AT, [+ 20) + (4u(h + ) /(L + 2n) - 0° ) U, — U,

1:22,2(2) = _-I:lz(l) + Gouz(O) - pKZUz(Z)' (3.5)
01,2(2) = -|:12(2) /M + Uz(l) 102,2(2) = -f22(2) /(k +2u) _kul(l) /(7L +2u),
Ul(z) - _ Uz(z) - =0, -flz(z) - — FN):L(Z)’ -fzz(z) - — |52(2).

Taxum 00pa3om, aeHTH(PHUKAIIUS HCKOMBIX TTapaMeTPOB MOXKET IMPOBOJUTHCS B JIBA dTarla:
Dran 1. TlocnenosarensHoe onpenenenne pyukumii p(X) u A(X) u3 3amau (3.4) ¢ UCTONB30BAaHUEM

JABYX  BHJOB  TOYEYHOW  3OHIAUPYIOIIEH  HATPY3KH R(x)=Pd(x), R(x)=0 u
B(x)=0,PR,(x)=P3(x), rae d(X,)— nensra-pynxums Jupaka. B takom ciydae TpaHchOpMaHThI
dynxumit P(X,) He Oyayr 3aBuceth OT mapamerpa mpeoOpa3oBaHus OL. Jlis peuieHus 0OpaTHbIX

3ajjad CTPOMTCS WTEpAllMOHHBIA IIpollecCc Ha OCHOBE Meroja JuHeapusaiuu. [Iponecc coueraer
pellieHre TPSMBIX 33724 METOJIOM MPUCTPENIKUA ISl TEKYIUX NPUOIMKEHHH HCKOMBIX (DYHKIIMHA
napametpoB Jlame W mocnenyoolee peuleHHe WHTErpainbHbIX ypaBHeHuN @penromsma 1-ro pona
OTHOCHUTEJILHO MONPABOK K UCKOMBIM (DYHKIIMSIM C IIOMOLIBIO METO/Ia peryiisipu3auuy THXOoHOBa BUAA:

[Bu@ ()2 =T ()~ £(), e liyic,] (35)

[MoapobHOE onKMcaHue UTEPATMOHHOTO TIOIX0/1a IS aHAIIOTHYHO# 3a1a4u npuBeieHo B [3].

0 . .
Dran 2. OnpezeneHue napamMerTpa G ¢ UCHOIb30BaHueM HalineHubix Gpynkuuid p(X) u A(X). Ipu
3TOM yIOOHO WCMONB30BaTh CIIy4ail CHMMETPHYHON OTHOCHUTENBHO Hayala KOOpAHMHAT
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const, x, e[-c,c],
0,x ¢[—c,c],

paznoxeHun Tpanchopmant Kotopoil Buaa (3.3) HeHyJIeBBIMH OyayT TOJBKO KOI(DGHIUCHTHI MPH
YEeTHBIX CTereHsX O.. [l BEIOpaHHOTO BHJA HATrPYy3KH C HMCIOJH30BAHUEM HAWJICHHBIX Ha TIEPBOM
sranie  Qyukmmii  W(X) u  A(X) ompenensroTcs  COOTBETCTBYIOIME — (YHKIUU-TPAHCHOPMAHTHI

pacmipesieneHHON  3oHmmpyroweii Harpysku Buma B (X) =0, P, (X)=

o v 0
HanpsDKEHUH M mepemenieHuid B 3afade (3.4). 3ateM AJsi ompenesieHHss HCKOMOTO Tapamerpa G
MOCTPOCH MPOCKIMOHHBIN TOAX0]] HA OCHOBE HCIOJIb30BaHUsI C1a00H MOCTaHOBKH BUA:

1 1 1
[+20)0,,2N, , dx, = [U,PV, dx, + [ 6°U,ON, dx, - B2V, (1) = 0. (3.6)
0 0 0

B ero pamkax hyHKIMM TpaHC(OPMAHT MMEPEMEIICHHUIA TOCTAaHOBKH (3.5) NpeACTaBIAIOTCS B BHIIE
pa3jOXKEeHW IO CHUCTEeMaM JIMHEHHO HE3aBUCHMBIX (YHKIWH, yIOBIETBOPSIOMIUX OJHOPOTHBIM

IPAHUYHBIM YCIOBHAMH, 3aTeM KO(hMHIUEHTHI Pa3ioKeHHil, 3aBUCAIIME OT G° U K , ONPEISSIOTCS
U3 CHCTEeM JIMHEHHBIX ypaBHeHMH. Jlajgee UCIOib3yeTcs NOMOIHHMTEIbHAS WH(pOpMaius oOpaTHOM
3amaun (2.2) W HUCKOMBIN IMapamMerp o’ Moxer ObITh HaiificH u3 pELIEHUs] COOTBETCTBYIOILLETO
HeJMHEHHOro ypaBHeHus. O01iee onmrucaHue MPOSKIIMOHHOTO MOAX0/1a IPUBEACHO B [4].

4. BbluucauTeJbHble JKcHepUMeHTHI. Jlamee TpeicTaBieHBl  Pe3yNbTaThl  YMCICHHBIX
9KCIEPUMEHTOB 10 HIeHTUGUKaMK GyHKIUH napamerpoB Jlame W mocneayromeil uaeHTuUKau
ypoBHss IIH. PaccmarpuBancs ciaydail MOHOTOHHO BO3pPacTalOIIMX 3aKOHOB  H3MEHEHUSA

HEOHOPOIHBIX xapakTepuctuk momochl (X)) =1+ 2x%, A(x) =2+3x®. Vnentnduramus camux

byHKkIuMit mapaMeTpoB Jlame nMpoBoaUIIaCch B TUAMa30He MEXKy MEPBBIM M BTOPHIM pe3oHaHcaMu. J[iist
BoccTanoBienus Qpyrkuuu W(X) morpeGoBanock 5 WTepanmii, MOrpenHocTh He npeBocxomuna 2%,

s pyskiun A(X) — 9 urepanuii, HTOroBast MOrPENIHOCTD C YYETOM MOTPENIHOCTH BOCCTAHOBJICHHS
u(x) ue mpeocxomuna 3,5%. Pe3ysbTarTsl MACHTH(UKAIMK TIPEICTABIEHbl Ha pucC.l, rae rpaguku

UCKOMBIX ()YHKIMH TIpe/ICTaBieHbl CIUIONIHON JIMHUEH, HadallbHBIX MPHONMKEHUN — ITyHKTUPHOM,
rpadMKi BOCCTAHOBJICHHBIX — TOYKAMHU.

(x)
3F 51 A.()C)
4+
2 -
3 -
2
1§ HauanbHoe npuoam:keHue
TouHoe perieHue 1E
=—=—= BoccraHoBIeHHAsA QYHKLIMA
0 1 | | 1 | O | 1 I 1 I
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
X b

Puc. 1. Boccranosnenue ¢hyHkuuii napamerpos Jlame.

Ha BTOpOM 3Tarn€, Ha OCHOBC IIOJYYCHHBIX Ha IICPBOM ITale 3HAYCHUI napameTpoB HaMe,

POBOMIIACH HACHTH(HKALKS TAPAMETPa G JUIsl pasiMUHbIX er0 3HAYCHHIA, JIEXKAIMX B AHANIA30HE,
HanboJjiee PaclpoOCTPAHEHHOM Ha MpakTHKEe. TOYHOCTH MACHTH()HUKAIMA CPaBHHUBAIACH UIA JIBYX
pa3IMYHBIX BHIOPAHHBIX YaCTOT, HAa KOTOPHIX B OKCIEPUMEHTE CHHMMAJIACh JIONOJHHUTEIbHAS
urdopmanms (2.2): Baaau oT nepBoro pezonanca (K =2.1) u Bosne Hero (K =3.6). Pesynbrarsi,
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npejcTaBiIeHHbIe B TabnuIe 1, MOKa3bIBalOT, YTO TOYHOCTh UICHTH(UKAIIUY CYIIECTBEHHO BBIIIE JIJIs
4acTOTHI, OJIM3KOi1 K pe3oHaHcy. B ckoOkax yka3zaHa MOTPENTHOCTh WACHTH(UKAIINH.

Ne Tounoe G° k=2.1, (morpemur.,%) | «=23.6, (morperu.,%)
1 0.01 0,010337 (1,34%) 0,010026 (0,26%0)
2 0.005 0,005135 (2,69%) 0,005014 (0,40%)
3 0.001 0,001135 (13,5%) 0,0010052 (0,52%)
4 0.0005 0,000635 (27,0%) 0,0005040 (0,8%)

Taémuna 1. Unentudukanus napamerpa yposast [TH.

HccnenoBanue BBIOTHEHO 3a cyeT rpaHTa Poccuiickoro Haydnoro ¢onga Ne 18-71-10045,

https://rscf.ru/project/18-71-10045/.
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prleIe u OﬁpaTHble 3aJa4Yd I HUWJIHHAPUYECKOro BOJIHOBOAA € HaCTOTHO 3aBUCUMBIMH
HUMIICJAHCHBIMHA T'PAHUYHBIMU YCJIOBUAMMU

Bartyassan A.O., IOpos B.O.

M3yuens! BOIHBI B HEOJHOPOAHOM IMIIMHAPUYECKOM BOJIHOBOJE C MMIICJAHCHBIMU IPAHUYHBIMH YCIOBUSIMH Ha BHEIIHEH
rpanute. [TapameTpsl B TpaHUYHBIX YCIOBHAX SBISIOTCS (YHKIUSMU YaCTOTHOTO MapaMeTpa WM 3aJar0TCsl TTOCTOSHHBIMH.
TlocTpoeHbl KOMMOHEHTHI AHCHEPCHOHHOTO MHOXECTBAa MPH PA3JIHYHBIX 3aKOHAX HW3MEHEHHUs NMapaMeTpOB U Pa3IHUHbIX
3aKOHaX HEOJHOPOAHOCTH. MccnemyeTcs BO3MOXHOCTh PEKOHCTPYKLMH IapaMeTpoB MO HHGOPMALUM O KOMIIOHEHTaX
JHUCIEPCHOHHOTO MHOXKECTBA.

BBenenme. 3agaun 0 pacnpocTpaHEHHH BOJH B BOJHOBOAAX MMEIOT MPUWIOKEHHUsS K TpyOam,
KOHTAaKTHPYIOIIMM C BHEIIHEW cperod. B Hacrosmieit pabore MomenupoBaHWe BHEIIHEH CpEIbl
OCYILECTBISETCS IyTEM YCTAaHOBKHM TPAaHWYHBIX YCIOBHN MMIIEAHCHOTO THIIA HA BHEIIHEH I'paHULE
BOJIHOBO/IA.

IocranoBka 3agaumn. PaccMoTpuM cBOOOIHBIE KONEOAHUSI C YACTOTOM (¥ HEOAHOPOIHOTO
M30TPOIHOTO IMJIMHAPMYECKOTO BOJHOBOAA C KOJBIEBBIM IIOMEPeUHbIM ceuenneM (<1 <D),
CBOOOIHON OT HANPSHKEHUH BHYTPEHHEH TpaHWIed W TPaHUYHBIME YCIOBUSMH WMIIETaHCHOTO THIIA
Ha BHemmHeil rpanmue [1]. A, g, p — napamerpsl Jlame M IIOTHOCTB, SBISIOTCA (DYHKIMSMU
pagualbHON KOOPJAUHATHI.

Beenem CIIeqyIoIue Oe3pa3zmepHbIe apaMeTpsl 51 IIEpEMEHHBIE:

r _ . _ _
B, & ==, Hy =,Ll(§0) ; £o :p(go)v X, :urb 1’ X, :_qub 1, X4 :Ur,uola

X, =—io, ", K2 = pa™ [y, 9 =2t", 9y = pils”, 95 = Py’

PaspickuBas pelieHue 3a1a4v 00 YCTAaHOBUBIIMXCS CBOOOJHBIX KOJICOAHHSIX HEOTHOPOIHOTO
BOJIHOBOJIa B BHje Oerymield BOJHBI, (opMupyeTcss BekTopHoe auddepeHmmampHOe ypaBHEHUE
NEPBOr0 TIOPSI/IKA OTHOCHTENILHO AaMIUIMTYJ] KOMIIOHEHT BEKTOpa CMEIICHHH | HampshKeHHH,
HETPEPBIBHBIX 110 KOOpAWHATE X !

X':(AO—K2A01+0£A1+052A2)X, rae X:(Xl, Xza X31 X4)T (1)

rae (¢, k) Oe3pa3MepHbIe BOJHOBOE YHCIIO M YaCTOTHBIN nmapamerp. KoMnoHeHTsl MaTpui-yHKIMH

X =

oo

quist ypaBaenus (1) npuBopsites B pabore [1].
['paHUYHbBIC YCIIOBUS IPHHUMAIOT BU]I

X, (fo) =X, (50) =0, X;(1)+pS.(xr)X, (1) =X, (1)—!—,82 (K'T)X2 (1)=0 )
rne Re S, (KT)ZO, Im B (0):0, Im B; (oo):O, j=12.
PaccMOTpM GyHKIIMH CIIEMYIONIETO BU/IA
1+ixr

ﬂj(’“)zﬁf—(ﬂf—ﬁ?)m1 i=12 3)

0 0
®yHkimu (3) comepxaT 5 HEOTPHULATENBHBIX apaMeTpoB: [, B, By 5. T .
JIMCriepCHOHHBIM MHOKECTBOM 3a1a4i Ha30BEM MHOXKECTBO T1ap (&, & ), IPH KOTOPBIX 3ajaya

(1)-(2) umeer HeTpUBHAILHOE pEIlICHHE. 3aMETUM, YTO (¢ TPUHUMAET KOMILJICKCHBIC 3HAUCHHS, & K
BCIIECTBCHHBIC 3HA4yeHWs. J[IsI TOCTPOCHHWS HETPUBHANBHBIX PpEIICHWH KpaeBOW  3amadu
BOCIIOJIB3yEeMCSI METOJOM MPUCTPENKU. B Toukax, mpuHaajgexalux JUCIEPCUOHHOMY MHOXKECTBY,
OTIpeICITUTENh MPUCTPEIIOYHON CHUCTEMBI OOpaIlaeTcs B HOJIb. YUYUTHIBas aHAIUTHUYECKYIO MPHUPOIY
JMMCTIEPCHOHHOTO MHOXKecTBa [2], MOXHO TIOKa3aTh, 4YTO I TIOCTPOCHHS KOMIIOHCHT
JIUCTIEPCUOHHOI'0 MHOXKECTBA IOCTATOYHO HUCIIONB30BATh METOI IPOJOJIKEHUS IO IapaMeTpy.

Mertoa npUcCTpeNKd MO3BOJIAET YUCICHHO CTPOUTH TUCIEPCUOHHBIE BETBU ISl MPOU3BOIBHBIX
3aKOHOB HEOJHOPOJHOCTH ¥ TApaMEeTPOB B TPAHWYHBIX YCIOBUAX. JIJIS TOMydeHUS SIBHBIX
3aKOHOMEPHOCTEH CTPOEHHS AWCIEPCHOHHOTO MHOKECTBa NPHUMEHUM aCHMITOTHYECKHH aHaln3.
Cuutas 7T MajblM MapaMeTpPOM, OIICHUM €ro BIMSHUE Ha AUCIEPCHOHHOE MHOXKECTBO. Jljig »TOro
OCYIIECTBUM PA3NIOKEHUE 3a/1a4H 110 T
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Tycts K=Ky, &= +704 +..., X; (X) =X (X)+7X, (X)+...
CdhopmynupyeMm 3a1aud IpH OAWHAKOBBIX CTEIECHSX MAJIOTO MapaMeTpa.

3amaya 1 mpu °

X = (Ao — Ko Ag + A, +agAz))~(o (4)
X3 (fo) =X (éo) =0, X (1) + :Bloxlo (1) =X (1) + :Bzoxzo (1) =0 (®)
3agaua 2 npu T
X =(Ag =i Ag + A, + g A ) X, + o F (6)
op, (x,7
Xa(6) =0, X 1)+ 2%, () LU )0
7=0
()
op, (x,r
X (&)=0, X, (1)+BX,(1)+ %0) X, (1)=0
=0

roe F= (Al +2a,A, ) X,

Bynem 4uciieHHO pa3bICKMBATh HETPHUBHANbHBIC perieHus 3aaaun (4)-(5) (mpu sToM cTpoUTCs
JUCTIEPCHOHHOE MHOKECTBO 3aj1a4u, oreedaromei 7 =0), a a1 3amaun (6)-(7) IpUMEHHM yCIIOBHE
paspemmMocTd. B pesynpraTe mpu momomiyd MeToja BO3MYILICHMH MoiydeHa ¢opmylia, Haromas
IIOIpaBKU K BCTBAM JUCHCPCUOHHOI'O MHOXCCTBA B CJIyda€ HCHYJICBBIX 3HAUYCHHUH napameTpa T,
KOTOpasi UMEET BUJ

: o 0)y2 o 0)y2
1K, ((ﬁl - ﬂl )Xlo (1) + (ﬁz - ﬂz )Xzo (1))
= - (8)
I F (x)xdx
S

0

,0,(9,+0, )X
: 2( - 2) x§o+4glgz X10X20:G:gl+292-
XG xXG
YucaenHass peaau3anms. BbIIOJHUM CpaBHEHWE IUCIIEPCUOHHBIX BETBEH IPHU PAa3IUUYHBIX

3HaueHUsX napamerpa 7 u 1posepuM ¢dopmyny (8). B pacuerax mpumem &, =0.75,

9,(X)=1+10(x~ &))", 9,(x) =150, (x), g;(x)=1; B~ =0.05, S°=0.005; g5 = 2 =0;

0.064

—‘_Rea(i() Im (k)

0.054

rre F = 2%x30x20 _2X, X, +8

0.04+
0.03
0.024

1 0.01+

;
K 18

0 . ; . — 01——00l- 0001
: ; : ; [—o0.1—=0.01--- 0.001

Puc. 1. BemectBennas (cneBa) 1 MHAMas (CIpaBa) 4YacTH NEPBOW AUCIIEPCHOHHOM BETBH.
Ha puc. 1 npuBeneHsl BelleCTBEHHAs ¥ MHUMas 4YacTH TIEPBOW JHMCIIEPCUOHHON BETBH IPH

7=0.1,0.01, 0.001. BemecrBennble YacTh OTJIMYAKOTCA Malo W MO3TOMY HpHBEAEH Ipaduk,

oreeuaroruii 7 = 0.001.
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IIpu 7 =0 nepBas qucnepcHOHHas BETBb ABJIAETCA BellecTBeHHOM. [IpumMensis popmyiy (8) B

TOYKax nepBoﬁ KpHBOﬁ, NOJIy4YuM & (K) . HGTpYIIHO 3aMETUTh, UTO (K) SIBIISICTCSA YUCTO MHUMOM

¢ynakmueir. CpaBHUM C BBIIIE TMONyYeHHBIMH pe3yidbTaTaMH TSI MHUMOW YacTh (DyHKIIMH BUOa

o, (K):

0.1, (x), 0.0ley(x), 0.001,(x).

0.1, (K) , 4TO OTOOpaKEeHO Ha puc. 2.

0.06+

0.054

0.04

0.03+4

0.02+4

0.014

Im o (),

0.1e, (x)

HaunOonpinee pasnuume HaOm0OgaeTCs

IS

Puc. 2. ®ynkuus 0.1 (K) (Touku) ¥ MHUMas yacTh nepoi BetBu npu 7 = 0.1 (crutommas).

N300pa3suM HaudanbHble ydacTKu BTopoli M Tperheidl BetBu mpu 7 =0.1. Jlucnepcuonnsie
KPHBBIE SBJIAIOTCS KOMIUIEKCHBIMH, BEILIECTBEHHAs 4aCTh OTOOpa)keHa CO 3HAKOM ILIIOC, @ MHUMAs CO

3HAKOM MHHYC.

-Rea(fc)

-Rea(fc)

05

Jim ()

Puc. 3

Im & (x)

B MPEACIbHOM ClIy4ac 7 = 0 KOMIUICKCHBIC BCTBU IHCPCXOMAT BTOpPASA B BCHICCTBCHHYIO, a
TPETh B YUCTO MHUMYIO (;[anee YHUCTO MHUMas BETBb IEPCXOJUT B BeH_[eCTBeHHyIO). PaCCMOTpI/IM Ty

00J1acTh B 00JIee KPYIMHOM MaciiTade.
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0.3 9 Tk

1.95 E.P— 2.08 2.09 21 2
Rea (.rc)

0.1

Puc. 5 BemectBennas (cneBa) 1 MHUMas (CIpaBa) YaCTH TPEThel BETBU

Ha pucynkax 4 u 5 pesympratel aas 7 =0.1, 0.0, 0.001 oGosnauensl cooTBeTCTBEHHO

CIUIOLIHOM JIMHMEH, MyHKTUPHOW JMHUEH U ToukaMu. Puc. 4 cooTBeTcTByeT BTOPOM BETBH, a puc. 5
TpEThEN.

PaccMoTpen psiji 0GpaTHBIX 3a/1a4 10 pekoHcTpyKian mapamerpos 3, B, By, By, T . Panee B

[3] paccmarpuBanach 3agada O BOCCTAHOBICHMH [BYX mapametpoB /3, [}, 1O IBYM TOYKaMm
JIUCTIEPCHOHHOTO  MHOYKECTBA.

JIMCIIEpCHOHHOE MHOKECTBO HMMEET SBHYIO THIEPOOIHYECKYIO
3aBHCHMOCTH OT mapamerpoB f3,[,. B cuyuae f, =

napametpos 3°, 3, t

ﬁzo =0 3amaya O BOCCTAHOBJIECHUU
10 }IByM TOYKaAM Ha HepBOﬁ BCTBU JIPICHepCI/IOHHOFO MHO>XCCTBA HpI/IHI/IMaeT
BUJ

Ty (K1)+T1(K1) B’ _(IB ﬂl ) 1+IK1 0

1+x'7 ©
T (K2)+T1(K2) B _(181 -5 ) 1+IK2

J1a HaxoXKIeHus TapamMeTpa 7 paccMOTpPUM ypaBHEHHE BUIa
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To () 1+K‘12T2:|m To (i) \1+ x22°

Tl(Kl) K Tl(KZ) K
IMoxcTaBnsAs HaMIEHHOE TOIOKUTENLHOE 3Ha4eHHe 7 B (9) M OTenss BEIECTBEHHBIC YaCTH,

(18100 _ﬁlo)f =Im (10)

o 0
nojry4aeM CHUCTEMY anre6pa1/1qec1<1/1x YpaBHCHUU [JId HAXOXICHUA ﬂloo, ﬂl . B IMPOBCACHHBIX

BBIYMCITMTEIBHBIX JKCIICPUMEHTAX JUIs TPEX MapaMeTpoB oOecreueHa TOYHOCTh BOCCTAHOBJICHHS B
IIATH 3HAYANTUX [MHD.

Pabora BemonHeHa mpu (HUHAHCOBOM Tmommepkke TpaHta IlpaBurenscTBa Poccuiickoid
®eneparun (cormamenne Ne 075-15-2019-1928).
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YucieHHOEe MOJeTMPOBaHUE TeYeHHs BO3AyXa B OPOHXaX YeI0BeKa MPH JIeYeHHH a3P030JaIMH 1
TepMHYEeCKOU IreIMii-KUCI0POIHOH CMeChI0

I'agyposa I1.C., MeaBenes A.E.

PaboTta mocBsAmieHa MaTeMaTHUYECKOMY MOJEIHUPOBAHUIO TEUCHHS BO3AyXa B OpOHXHMAJIbHOM [EpEBE YEJIOBEKA.
[puBenens!l aHamuTHUECKHE (HOPMYNBI Ui MOCTPOCHUS IOJNHOTO OpOHXHAIBHOTO JepeBa. Bce TMOBEpXHOCTH
OpOHXHMAIBEHOTO JIEPEBa COCTHIKOBBIBAIOTCSI CO BTOPBIM IOPSIKOM TIaIKOCTH (HE UMEIOT OCTPHIX YIJIOB M pedep).
I'eomeTpuyeckie XapaKTEPUCTHKH OPOHXUAIBHOTO JIEpeBa YelIOBEKa TPH MATOJIOTHH MOJCITHPYIOTCS “3Be314aToi”
(dopmoii BHyTpeHHEro cTpoeHHs Oponxa. [IpoBeneHBI pacdeThl JTaMHHAPHOTO TEUCHHS BO3AyXa B OpOHXHAIHLHOM
JiepeBe uenoBeka (0T BXOAHOro OpoHxa A0 anbBeod). [[nsa pacuera TedeHUs rasa B JETKHX U OCAKACHUS a3po3oJieit
HCTIONIb30BaJIaCh METOAMKA MOSTAIMHOIO pacdyera TEUCHUS B OpOHXMAIBHOM JAepeBe. JTO MO3BOJMIO PACCUYUTATh
TEYEeHHE BO3AyXa M OCAKACHHS Kalelb a’po30JIM MO BCEM OpOHXHMAIbHBIM BETBSIM BIUIOTH 10 anbBeod. [IpoBenen
pacder AbIXaHusl 4eJoBeKa MpH UCroyb30BaHuU Metoauku JieueHuss COVID-19 tepmuueckoil renuii-KuciopoaHoit
cMmecklo. [TokazaHo, 9To JpIXaHHe TEPMHUYCCKON TeIHN-KUCIOPOIHOM CMEChIO TPEOYET OT OONFHOTO MEHBIIE YCHIIHH,
110 CPaBHEHUIO C JbIXaHHEM BO3yxXoM. [loka3aHo, 4TO BbIpaBHHBAaHUE TEMIIEpATyphl HArPETOTO BIBIXaEMOTO rasza ¢
TEMIIepaTypoi TeNa YeIOBeKa MPOUCXOUT B BEPXHUX OTAEIaX OPOHXOB.

Beenenue

3aboseBaHusl OpPraHOB JbIXaHHMA BECbMa pPACHPOCTPAHEHHAs TPYyMNa MAaTOJIOIHH, KOTOPOM
CTpaZaloT BCE BO3PACTHBIE KATETOPHH JIFOJCH, TPAKTHYECKH, KPYTJIOTOANYHO. 7151 IeueHHsI IMPOKOTO
criekTpa OoJie3HEll 4YenoBeKa B HACTOsIIEe BpeMs Bce INHPE MPUMEHSETCS WHIaISIUOHHBINR
(adpo30nbHEI) CrmOco0 BBEACHUS JICKAPCTBEHHBIX TNpenapaTtoB. JTOT METOJ] JIeUeHHS HMEeT
Cephe3HBIC IPEUMYIIECTBA HajA APYTMMH CHOCOOAaMM BBEIEHHs JIEKapCTB, TaK KakK JEHCTBYET
HETIOCPEACTBEHHO B CAMOM MECTE TMATOJIOTHH (IS JISUEHHS JIETOYHBIX 3a00JIeBaHMI) MU TOCTABIISIET
JIEKapCTBO HEIMOCPENCTBEHHO B KPOBb, Yepe3 JIETOUHbIE ajbBEOJIbl. 3HAHHE O TOM, KaK W T/l Kariu
WM YaCTHLBI JIEKAPCTBA OCAXKIAIOTCA B JbIXAaTEIbHOM CUCTEME MMEET OCHOBOIIOJIATraroliee 3HaYeHne
JUIs1 IPaBUJIBHOM JTO3UPOBKH JIEKAPCTBEHHBIX CPEACTB.

JpixaTenpHas cucTeMa 4YeloBeKa COCTOMT M3 BEPXHHUX (HOC, HOCOTJIOTKA, TOPTaHb) M HIKHHUX
(Tpaxesi, OpOHXHMATBHOE JIEPEBO U ATBBEOIIBI) IbIXATENbHBIX MyTel. HinKHss yacTh — OpoHXHATBHOE
JIEpEBO UMEET CIIOKHYIO IPEBOBUIHYIO CTPYKTYPY M HACUUTHIBAET 24 reHepaLuy.

VYxe MHOTHE JecsaTWieTHs pa3pa0aThIBalOT MaTeMaTHYeCKHE MOJENH, OIHCHIBAIOIINE
Mop(dooruueckoe CTpoeHHe OPOHXHMAIBHOTrO JepeBa uejoBeka. [l MoCTpoeHus OpOHXHUAIBHOIO
nepeBa B 1963 r. B cBoeit padore [1] Beiibens Ha ocHOBE MOp(OMETPUH JIETKUX YETIOBEKa OIHCAIT
AHATOMUYECKYI0 MOZETIb HIKHHMX JbIXaTeldbHbIX myTed. MM Obima mnpeniokeHa MoOAETb
CUMMETPUYHOW JMXOTOMUU OpOHXMAILHOTO TpakTa, cocrosmas u3 24 Oudypkanumii (meneHus)
OpPOHXOB BIUIOTH JI0 JIbBEOJISIPHBIX MEILIKOB, yKa3aB MapaMeTpsl — AJIUHY U AUAMETp OpOHXOB (yroiu
neneHus OpOHXOB B MOJENM HEe KOHKpeTusupoBaics). B monenu Beiibens tpaxest o0o3HaueHa, Kak
MEPBBIN JbIXaTeNbHBIN MycTh (mokojieHue 0). JIaHHYHO CTaThiO CUMTAIOT 0a30BOM I MOCTPOCHUS
OpOHXHMAIBHOTO JepEeBa.

C HemaBHUX MOpP CTAIM HCIIOJIB30BaHUE METO/A MOAEIMPOBAHUS B OOJACTH BBIYHCIHTEIHHON
ruapoguHaMuki (CFD) m yBennueHwe BBIYHCIUTEIHHOW MOIIHOCTH KOMITBIOTEPOB OOJIETYHIIN
MOJIETTMPOBAHNE W CHMYJISIIIMIO BO3AYNIHOTO TMOTOKAa BO BcexX nbpIxaTenbHBIX myTsx. CFD moxHO
WCTIONB30BaTh I MOJEIHPOBaHU OPOHXHATBHOTO fepeBa. OJHAKO 10 HACTOSILETO BPEMEHH JIMILb B
HEMHOTHX MHCCIENOBaHUAX MPEANPUHUMANINCh MONBITKA MOAETUPOBaHUS IOTOKA BO BCeH
JIBIXaTeJIbHON CUCTEME.

Ocaxnenne Kaneab a3po30Jieil B OpPOHXHATBHOM JiepeBe YeI0BeKa

s mpoBeneHHsT pPacdyeTOB HEOOXOOUMO IOCTPOUTH OpOHXHMAJbHOE JIEPEeBO HYEJIOBEKa C
pa3nuYHBIMKM TapameTpaMu. Ha ceromHsIiHuii JeHb B MUpPE MpPEACTABICHBI Pa3IUYHBbIE MOZECIH,
OINMCHIBAIOIIME IIOCTPOEHUE JEpeBa, HO IpU O3TOM Oonblias YacTb M3 HUX [pHUBs3aHa K
OTIpEICICHHOMY ITaKeTy MPOrpaMM M HE YUMTHIBACT pealbHOE ceueHHe OPOHXOB (HACTOSIINA OpOHX
MMEET B CEYCHUE JAIEKO HE OKPY)KHOCTbh, OH ITPEICTABJICH 3Be31000pa3Hoil popmoit [2].
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ITocTpoeHa aHaIMTHYECKash MOJENIb TPEXMEPHOro OpoHXHANbHOro naepesa [3]. Bo3myiaroras
(YHKIHS TIO3BOJISIET TApaMETPUIECKH 33/1aTh JIIO0YIO CTENeHb CYXeHH (TTaTOIIOTHH) OPOHXHUAITEHOTO
JepeBa C COXpaHEHHEM TIJIQJAKOCTH IOBEPXHOCTH BCErO0 OpPOHXHMAIBHOTO JepeBa. AHAIUTHYECKOE
NpeACTaBICHUE MO3BOJISIET IIOCTPOUT OPOHXHUATILHOE JEPEBO BILUIOTH 0 aJbBEOIL.

[Ipennoxena HecTaHmapTHAs METOAWKA pacdera OpPOHXHAIBHOTO JepeBa, KOTopas daeT
BO3MOXKHOCTh PAaCCUYHUTATh KKIYI0 OH(PYypKaruio OpOHXHAIBHOTO JIEpeBa M COCTHIKOBATh €€ CO
CIEQYIOLIEH.

Juia pacdera ocakIeHHS Kalellb a3p0o30JId B OPOHXHAIIBHOM JIepeBe YellOBeKa B3SIT ISl IpUMepa
TUMUYHBIA ~ KOMITPECCOPHBI  HeOymaizep (mHramsatop) wapku NE-C24  ¢upmer  “Omron”.
XapakTepucTHKH HeOymaii3epa cleAyrolue: pa3Mep Kamneib 3 MKM, 00beMHBIH pacxon aspozonu 0.3
MiI/MuH. TUIMYHBIN pacxo/l BO3AyXa MpPU BOXE adpo30iH uepe3 HeOymakzep B3AT paBHBIM 50 J1/MUH.
IIpomomkHuTeTbHOCTS BIOXa BAPhbHPOBANAch OT 1 10 3 CexyH.

Pesynprarel pacuera mpuBeaeHsl Ha puc. 1. BugHo, uto ¢ yBenmueHneM Homepa Oudypkamuu
(BHM3 IO OpOHXHMANTBHOMY JEpEBY) KOJIMYECTBO MPOIISALINX Kaledb a’po30Jisl MOYTH JIMHEHHO
nagaer. Bpemenn Bmoxa 1 W 2 ceKyHIBI HE XBaTaeT AJS TOTO, YTOOBI KaIUId a’pO30JU JIOCTHUTIH
anpBeos. Ilpu BOoxe ANUTENBHOCTBEIO | CEKYHIy KaIUld a3po30Jid JOCTUraloT TOJIbKO 21-oi
oudypkamuu. [lpu BIOXE JUIMTENBHOCTBIO 2 CEKYHABI KaIUld a3po30JM JOCTHrarT 22-0i
oudypkanun. M TonpKO HpU UIMTENBHOCTH BAOXa B 3 CEKyHIY OKoio 45% Kamenb IOCTUTAlOT
anpBeod. [Ipu pacxone Bozayxa B 50 1/MUH YeloBeK JOJDKEH Kaxayto cekyHmy 0.83 murpa Bo3zmyxa.
MaxkcuManbHO TIyOOKHH BIOX YEIOBEKa COCTABISAET OKOJIO 2 JIUTPOB.
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Puc. 1. [Tonst mporreAmnmx Kameib a3po30Jd B 3aBUCUMOCTH OT HoMepa Oudypkanuu. [Toka3aHbl pacueTsl s TPEX
IIMTENbHOCTEN Baoxa: 1, 2 u 3 cex.

Bunno, uto nis HavanbHBIX Oudypranmii xapakTep ocelaHus Karejlbs HeMOHOTOHHBIN. Haunnas ¢
7-o1 Oudypkauuu XapakTep oceaHusi HOCUT IOYTH JUHeHHbIN xapakrep. [locne 21-oi 6udypraunu
KalUld HE YCIEBAIOT 3a BpeMs BJOXa JOJETeTh N0 anbBeoi. g ymywmenus paboTsl HeOysanzep
HEOOXOIUMO YBEIIMYUTH BPEMsI BIOXA W/UITH YMEHBIIHTh pa3Mep Kareib adpo30JIs.

JAbIxaHue TepMUUYECKOM reJIHii-KHCI0POAHOMH CMeChI0

Bupyc COVID-19 nopaxaer opransl JbIXaHHS Y€JIOBEKa M HET NEHCTBEHHON METOIMKH JCUSHUS
aTolt maronoruu. HoBeiii cioco6 nedenuss COVID-19 Hauanmu NpuUMEHSTh B POCCUICKON KIIMHUKE —
MOCKOBCKOM TOpOJICKOM Hay4YHO-MCCIEA0BAaTENIbCKOM HHCTUTYTE ckopoi momomu mMeHn H. B.
CkiudocoBckoro. J{is edeHust TsoKeIo00IbHBIX, HAXOISMIINXCS Ha CTAJIMU BUPYCHO-OaKTepHaTbHON
MMHEBMOHUH, MPUMEHSIACh WHTAIAIMOHHAS Tepamus Harpetod mo 75-96 C° remuii-KuciopomHOMH
cMmecbtlo (TepMorenuokc). [Ipu 3TOM TNpPOIEMOHCTPHPOBAH MOJIOKUTEIbHBIH 3(QeKT sedeHu y
TsokenbIX 0ombpHBIX COVID-19. UHransropHasi Tepanus TEpMOTEIHOKCOM paHee MPUMEHsIach s
JieueHUs1 OpOHXHaNbHOW acTMbl. [l yayuiineHus 3¢¢eKra Tepanud TEPMOTEHOKCOM “‘TpeOYIOTCs
JanbHeIIee H3yueHne MpoOIeMbl U CTaTUCTHYCCKHH aHanu3” [4].
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Jlis mpoBeNeHHsT pPacdyeToB HEOOXOMUMO IIOCTPOUTHh OpOHXHANbHOE JIEPEBO 4YeEJOBEKa C
pa3IMYHBIMKA TlapamMeTpaMd. Ha ceromHsImHuil JNeHb B MUpE TpPEACTaBJICHBI Pa3IHYHBIC MOJECIH,
OINKCHIBAIOIINE IOCTPOCHUE JIepeBa, HO MpPH 3TOM OOJbllIas 4YacTh W3 HHUX [pHUBsI3aHa K
OTPEICTICHHOMY TMAKeTy MPOrpaMM U HE YYUTHIBACT PEalbHOE CCUCHHE OPOHXOB (HACTOSIIMI OpOHX
MMeEEeT B CeYCHHE AaJIEKO He OKPY>KHOCTb, OH MIPECTAaBIICH 3Be3/1000pa3Hoii popmoit [2]).

JIJiss YUCIIEHHOTO WCCIICIOBAHUSI TEUCHUS TEPMOTEIMOKCA B JIETKMX YElOBEKAa HCIIOJB30BaH
QJIITOPUTM TMO3TAITHOTO pacueTa JaMHHAPHOTO TeueHus B 6ponxax [5].

bbbl poBelieHbl pacdyeThl TEUYCHHs BO3yXa M KUCIOPOTHO-TEINEBOW CMECH B OPOHXHAIBHOM
JiepeBe uenoBeka npu Broxe. Ha puc. 2(a) mpuBeseHbl pe3ysbTaThl pacueToB Mepernaja JaBICHUS B
OpOHXHMABHOM JIEPEBE YEJIOBEKA B 3aBUCIMOCTH OT HOMepa Oudypkarmu OpoOHXOB.

lenuit uMeeT, MO CpaBHCHHIO C BO3AyXOoM, Oombiiyro B 4.5 pa3 TEIUIONPOBOJHOCTh
(TermoeMKOCTh Tenus B 2 pa3a OoJblle TEeIIOeMKOCTH Bo3ayxa). [losToMy mpy OpIxaHUH HAarpeTou
TeJINA-KUCIIOPOJHON CMEChI0 HE HaOIIOJaeTCss OKOr OpOHXOB. PacmpesencHue TemmepaTypbl Hpu

JBIXaHUH HArpeThiM 10 95°C BO3AyXOM U IelIMHA-KUCIOPOAHON CMEChI0 MOoKa3aHo Ha puc. 2 (0).
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Puc. 2. CpaBHeHHe JbIXaHUS BO3JyXOM M KHUCIOPOJHO-TEINEBOH CMECHIO TEPMOTEIIHOKC): (a) Iepernaj AaBIeHuUs B JIETKUX
MIPH ABIXaHUHU BO3AYXOM U TEPMOTEIHOKCOM; (0) IaJeHne TeMITepaTyphl B JIETKHUX IPH IBIXaHUU BO3IYXOM U
TEPMOTCIITMOKCOM.

Homep Oudy praiuu

Ilepenag maBneHue mpu BAOXE TepMoOrennokca Ha 15% MeHsblle, 4eM IpPH BIOXE BO3LYXOM, TO
ecTb OonbHOMY TpeOyeTcs Ha 15% MeHblle TPaTHTh CHII Ha JbIXaHHe TepMorenrokcoM. [lanenne
TEMIIEpaTypbl B JIETKUX 4YeJOBE€KAa TMpPH JABIXaHUM TeNUA-KUCIOPOAHONW CMECBIO IPOUCXOIUT
3HAYNUTENIFHO OBICTpee (II0 CPaBHEHHUIO C BO3IYyXOM) M3-3a Majioi TemioeMkocTH remus. Ilostomy
JBIXaHHE HArpeThIM TEPMOTeNMOKCOM He MPHUBOJAUT K OKOTraM JIerkux. M3 pacdyeTroB BHIHO, YTO
MajieHe TeMIIEpaTyphl TeIUH-KUCIOPOAHOW CMECH MPOMCXOAUT 3HAYUTENIBHO OBICTpee, YeM
TEMIIEpaTypbl Harperoro Boszayxa. OXJaXIeHHE HArpeThix ra3oB (Bo3lyXa M TeIHH-KHUCIOPOTHON
CMECH) IPOUCXOIUT B BEPXHHUX OTHeNIaX OpOHXOB — mocie 9-oif budypkanuu Temmneparypa HarpeThix
ra3oB BBIPDABHUBACTCS C TEMIIEpaTypoil Tena denoBeka. TakuM o00pa3oMm, TepMHUYECKHX S(PPEKT
HArpeTol TeIuii-KUCIOpOJHON cMecH ‘“‘padoTaeT” TONBKO B BEPXHHUX YYacTKax OpPOHXOB M HeE
JOCTUTAET aJIbBEOII.

3akiao4yenue

IIpoBeneHsl TpexMepHBIE UYHCIEHHBIE pAacyYeTbl TEUYEHHS BO3IyXa, TEPMHUUECKON TeHii-
KHCJIIOPOIHOW CMECH M Kalellb JISKApCTBEHHOI'O ad’po30Jisi B TIONHOM (BIUIOTH A0 ajbBEOJI)
OpoHXHMaJIbHOM JAepeBe denoBeka. [y pacuera ocaIeHHs JIEKapCTBEHHBIX a’spo30iieil HeoOXoIum
pacdeT 0 KOHEYHBIX allbBEOJI JIETKMX YeJIOBEKa, TaK KaK OCaXIEHWE JIEKApCTBEHHBIX a’po3oJiel
MIPOMCXOANT B OCHOBHOM 70 21-0if mnm 22-o#t 6udypkamun. [IpoBeneHsr pacdeTsl IbIXaHUS HArpeToi
reNuii-KucopogHoi cMechio. Ilokazano, uto OonpHOMY TpeOyercst Ha 15% MeHble TPaTHTh CHJI Ha
IBIXaHHE TEPMHUUYECKON TeIMH-KUCIOPOTHON CcMechio (TI0 CpPaBHEHHUIO C IBIXaHHEM BO3IYXOM).
[Tokazano, uto Tepmudeckuii 3G(GEKT (MPEBHIIICHIE TEMIIEPaTyphl Tella YeIOBeKa) HarpeTon TeIIHid-
KHCJIOPOIHOW cMecH HaOmIoaeTcs TONBKO B BEepXHEM oOThene OpoHXOB (H0 9-oif Oudypkauuun
OpOHXOB).
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BbicokoTOUYHOE MO/IEIMPOBAHME MEXAHM3MA INAPHUPHOI0 MAPALIeJ0rpaMMa ¢ YIpyrum
LIATYHOM

I'eBopksin I'.A.

HenaBame wnccnemoBaHuMsl HEKOTOPHIX OOIEM3BECTHBIX AMHAMUYECKHX CHCTEM, COAEPIKaIiX
yIpyrue 3BEHbs], BRIIBIIA B PEKUME UX PEATBHOTO (DYHKIIMOHUPOBAHUS MEPUOUYHBIA XapaKTep BO
BpeMeHH (QYHKIMA YIPYTUX [EePEeMEIIeHH. DTO OOCTOATENBCTBO MOCITYKWIO MOOYAUTEIBHBIM
MOTHBOM K yTITyOJIEHHOMY aHaIW3y AeGOpPMHUPOBAHHOTO COCTOSHHS IIaTyHa B IMPOIECCe ABMKEHUS
mIapHUpHOTO  mapauienorpamMa. CrnenuuYHO  OCOOCHHOCTBIO — PaccMaTpPUBAEMOTO  CIIydas
JBIDKEHHS SIBIISIETCS TOT (DakKT, 4TO HA TOT pa3 Majble yOpyrue neopMalud CONPOBOXKIAIOTCS HE
OOJBIIMMH, a TaK)KE€ MAlbIMH TII00ATHHBIMH MEPEMEIICHUSIMH JKECTKOH COBOKYITHOCTH MEXaHU3Ma.
Wrorn umcneHHOro MOAETUPOBAHUS MOATBEPKAAIOT TEPBOHAYAIBHO BBIIBUHYTYIO THIIOTE3Y O TOM,
YTO MPH ABWKEHUH MEXaHU3Ma [0 MEePUOJUYECKOMY 3aKOHY YNPYTHe MepeMEIICHUs] COCTaBISIONINX
€r0 3BEHBEB TAK)K€ HOCAT MEPUOANIECKHUI XapaKTep.

1. BBenenme. B mocnennue ASCSITUICTHS MPOU30IUIO UHTEHCHBHOE PA3BUTHE TUHAMHYECKOTO
UCCJICJIOBAaHUSI MEXaHU3MOB C yINpyruMu 3BeHbsMu [1 - 6]. BaxubsiM 3Tamom mporpecca B
oOcykmaeMoll 00JacTH  OKa3aJioCh TOSIBIIEHWE B JUHAMHKE POOOTH3HPOBAHHBIX CHCTEM
KJIaccudeckoro Mmerona HerotoHa-Ditnepa [1], wiM MeToma KMHEMAaTHYECKOTO W JAWHAMHYECKOTO
aHanu3a Oe3 oOpaleHus] MaTPHIbl MaccC, KOTOPBIN BIIOCIEACTBUM ObUT PaclpoCTpaHEH Ha Cilydai
yrnpyro-aeopmupyeMsix 3BeHbeB [2, 3]. DTta HoBas Momudukamms Mmertoma Herorona-Ditnepa
MOJTydHiia Ha3BaHUe 0000uenno2o memooda Horomona-Diinepa [2 - 5].

HOCTpOCHI/IIO OINITUMAJIBHBIX CMCIIAHHBIX CTpaTeI‘I/Iﬁ Huccijae10BaHusl MEXaHHU3MOB HpOI/I3BOJ'II)HOI71
CprKTypHOfI TOMNOJIOTHU MOCBAIIAIOTCA AKTYaJIbHBIC HCCJIICIOBAaHUA B o0OJjacTu AVMHAMUKH YIOPYTHUX
MHOTO3BEHHBIX cHCTeM. CTaTbeil, pe3lOMHPYIOIIEH TEOpeTHYeCKHe HapaOOTKH MOAEITHPOBAHUS
CJIOYHOTO KJIacca YIPYIUX AMHAMHUYECKHX CUCTEM, TMOCITyKuiia myonukanus [6].

31ech IpearoiaracTcs MpoIoDKUTh 00CYKICHHE TIOHATOrO B myOiuKanuu [6] Te3uca o Tom, 4To
NpU aHAJIM3e TMEPUOANYECKOrO JIBWKEHHMS MEXaHW3MOB, COJCPIKAIMX YNPYTHe 3BEHbS, (pyHKIUH
YIPYTUX MEpEeMENIeHIH TaKKe SBISIOTCS MePUOMYECKUMH (PYHKIMSAMH, TOJIBKO YK€ Ha IPUMEpe He
KPUBOIIMWHO-TIOJI3YHHOTI'O, & YCTBIPCXUIAPHUPHOI'O MEXaHU3Ma C YIIPYTUM IATYHOM.

2. IlocTaHoBKa 3a1a4M U IEPBHYHOE TeCTHPOBaHUe. PaccMaTprBaeTcss MEXaHU3M IAPHUPHOTO
napajuiesiorpaMMa ¢ ynpyruM IiaTyHOM. J[TMHBI 3B€HBEB KPYIJIOTO IONEPEYHOr0 CEYCHUs paauyca

r=3.0-10°wm mnpunumarorcst paubimu: |, =1,=0.1m & |,=0.5m. Tlepsoe u TpeTbe 3BeHBs
MEXaHH3Ma MOJaralTcs aOCONIOTHO JKECTKMMH, a BTOPOE 3BE€HO — JIMHEHHO-yHpyruM. 3agaroTcs

Takke  (PHU3MKO-MEXaHWYECKHUE  XapaKTEPUCTUKH  3BEHBECB: p,=p, =P, =7800kr/mM> wm
E, =200MIIa[7].

Puc. 1
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3aKOoH JIBIKCHHS BXOJHOTO 3BEHA YETHIPEXIIAPHUPHUKA C YIPYTHM INATYHOM, MOKA3aHHOTO Ha
puc. 1, 3amaeTcs ciaenyroliel Nepuoandeckor (yHKIMEH BPEMCHH:

; T | .
ql(t)=§+ﬁ8|n5t, (@)

KOTOpass COOTBETCTBYET KOJ'Ie6aTeJ'ILHOMy JBMKCHHUIO BXOJHOI'O 3BCHA (KpI/IBOHII/IHa) OTHOCHUTCIIBHO
BCpTHKaHBHOﬁ OCH B IIpe€aciiax MajIbIX YIJIOBBIX OTKJIOHEHHIA.
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Puc. 2

[lpoBenenHoe B myOnaMKamuu [/] TecTUpOBaHME C IIATOM YHCICHHOIO HHTETPHUPOBAHHMS
At=10"°c oTpaxano BechbMa OTJAICHHOE HM300pAKEHUE pPEaNbHOH 3aBUCMMOCTH  YIIPYTOro
nepeMelnenns maryHa. Kak BumHO u3 puc. 2 (a), BBICOKOTOYHOE BOCIIPOM3BEJCHUE QYHKIMH 0000-
IICHHOW KOOPJMHATHI (, M YIpyroro mepememieHusi U, B uaTepsaine [0; 8 c] mpu mokasaresnsx dwc-
nenHoro uHTerpupoBanus At=2-10"c u TEP=30MuH NoKa3bIBaET, YTO MEPBAsk COXPAHSET IEPUOJL
obparenus 00001eHHo# KooparHATH (1), a8 UMEHHO:

T = 2—5“ =1.256c¢. )

q

B 10 ke Bpems, BU3yalibHasl OLIEHKA MMOBTOPSAEMOCTH (DYHKIHHU YIPYroro nepeMelieHus Ha puc. 2,

(6) cBOANTCS K TOMY, YTO
T, ~6c. 3)
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3. BropuuHoe TecTupoBaHue 3aa4u. B mensax 6osee 10CTOBEPHOTO BOCIIPOU3BEAEHUS (PYHKIINU
YIPYTOTo MEePeMEIIEHHS aTyHa OCYIICCTBIISETCS BTOPHYHOE TECTHPOBAHNUE.
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Puc. 3

0)

Puc. 4

Ha puc. 3 (a, 6) moka3aHbl 3aBUCHMOCTH 0000IICHHOH KOOPAUHATHI (;, W YIIPYroro MepeMenIeHuUsI

u, B uHTepBaie [0; 15 c] B pe3ynbrare TecTUpOBaHMSA TOM JK€ 3aJauyM IPU IIAre YHUCIEHHOIO

unTerpupobanus At =1.5-10" ¢ u npu xpoHomerpuueckoM nokazanuu T EP=90mun . Kak BUIHO 13

rpadUKOB Ha pHC. 3, C TIOBBIIICHHEM TOYHOCTH M C YBEJIMYCHHEM HHTEpBaNa WHTETPUPOBAHUS
HarJsJHee BBISBISIETCS NEPUOANIHOCTh PYHKIUHU YIIPYTOro MEPEMEIICHHUS C TIEPHOIOM
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T, =5T, =6.28c. (4)

4. OOo0ueHHe MOHATHS WIATYHHOW KPHUBOH K MoJeJqd MIATYHHOro MeHucka. [lpu
NPOEKTHPOBAHWM MEXaHW3MOB M MAIllUH BAKHYIO POJIb MIPAET TOHATHE WAMYHHOU Kpueot, Tpe.-
CTaBISIIONICH COOOW TPaeKTOPHIO ABWXECHUS KaKOH-THOO TOYKM IIATyHA MCCIEAYEMOTro MEXaHH3Ma.
Tak, HampuMmep, B ciydae MeXaHHW3Ma I[IAPHUPHOIO MapaijenorpamMma ¢ HexedopMHUpPYEeMbIM
maryHoM (puc. 1) maryraHas kpuBas Touku C OymeT mpeacTaBiiaTh cob0il AyTy OKpY>KHOCTH pajnyca
R =CD. Ilpu 3HauWTEeNHHOM YTJIe MOBOPOTA KPHUBOLIMIA IMIATYHHAS KpHBas NMPHHUMACT BHJ IyTH
OKPY’KHOCTH, TIOKa3aHHOW Ha puc. 4 (a). Korma e pedp HIET O TOM XK€ MEXaHH3ME, TOJIBKO C
YIPYTUM HIATYHOM, TO IIATyHHAs Jyra oOpaIiaeTcs B wlamyHHbulil MeHUCK, TIPEICTABISAIOMIA co00it
HE JIMHUIO, a 00J1aCTh, OTPaHUYCHHYIO KOHTypaMH HauOONbIINX OTKIOHEHUH (puc. 4, 0), BEI3BaHHBIX
nedopmarsIMi, OT NPUHAMAeMON 3a HEHTpalTbHYI0 KOH(PHIYpalWiO MIATYHHOH JyTH BCIEICTBHE
k=T, /T, nepuonos oOpamieHus MAPHUPHOTO NAPAJLIENOrPAMMA.

5. 3axkuaruenue. IIpoBeneHHOE NPEIU3MOHHOE HCCIEJOBAHUE TEPUOJUUYECKOTO JIBIKEHUS
MeXaHH3Ma IIApHUPHOTO MapajuierorpaMma ¢ yIpyruM MIATYHOM BBISBHJIO NMEPUOJUYHBIN XapakTep
GYHKLIMM ynpyroro nepeMelleHus IIaTyHa, NpudeM Mepuox (YHKUUH YOPYroro MepeMeIleHUs
KpaTeH IMeproay OOpaleHusi MCCIeIyeMOro MeXaHW3Ma. AHAJIOTHYHBIA pE3ylbTaT ObUI TOIy4eH
paHee MpH HUCCIEJOBAHUN KPUBOUIUITHO-TION3YHHOTO MEXaHW3Ma ¢ yNpyruMm maTtyHoM. IlomyueHHbIe
Pe3yIbTaThl MO3BOJIMIN OCYIIECTBUTh €CTECTBEHHOE 0000IIeHNE NOHATHS IATYHHON KPUBOH K BUAY
IIaTyHHOT'O MEHHUCKA.
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MexaHnuka npouecca pa3posiBooopazosanusi Hlop:xunckoro semuerpsicenus 05 ¢pespans 2021r.

I'eonaksan J.T'., JIu JIu, Kapanersan Ix. K., Oranecsan C.M., Caaksan b.B.

Ha ocHoBe feTanbHOro aHaaM3a HHCTPYMEHTANBHBIX 3alicel BOTHOBBIX KAPTHH PACIPOCTPAHEHH 00BEMHBIX celicMMU-
YEeCKHX BOJIH Ha CEHCMUUECKUX CTAHIMSAX, MPOBECHA OIIEHKA HaNpPsDKEHHO-Ie(OPMAlMOHHOTO COCTOSIHUS SMUIIEHTPATbHOM
o0nacTH, OmpeseneHo MPOCTPAHCTBEHHOE pacIipe/ieNieHue JeHCTBYIONIMX B O4are TeKTOHHYECKHX HampshkeHHi. PaccMort-
peHa MexaHHKa IIpoliecca pa3phIBOOOpa30BaHMS, ONpENENeHB KHHEMaTHUeCKHe MapaMeTphl U CIEKTpaIbHBIE XapaKTepH-
CTHKH 0YaroBOTO M3IIyYeHHS W, Ha UX OCHOBE, pa3paboTaHa MOJEIb MaruCTPaJbHOTO TPEIIMHOOOPa30BaHMs, TIPECTaBIs-
1ommasi co60it 0THOAKTOBEIN M30JIMPOBAHHBIA Pa3phIB CIUIOIIHOCTH CPEABI, C TIaJJKUM CKOJILKEHHEM OeperoB co CIBUroM Oe3
otpeiBa. OnpeneneHs! JUHAMUYECKHe TapaMeTpsl 3Toil Mogenu. CortacHO pacCYMTaHHOMY 3HaueHuIo kodddunuenta Jlone-
Hopait 1 opueHTanmu HOAANBHBIX IUIOCKOCTEHM, a TAKXKE IJVIABHBIX OCEH CXKMMAIOLIUX M PACTATUBAIOIIMX HANPSKEHHH,
BBIIBJICHO, YTO B Ouare MOJABIKKA MO Pa3phIBy MpeACTaBisieT coOoif mpaBocTOpoHHUM casur. IlomydeHHBIE pe3ynbTaThl
MO3BOJIMJIM BIIEPBBIE TIOCTPOUTH HauOoJIee PEaTHCTUIECKYIO MOJIENb OUara 3eMIETPSICEHHS U MOTYyYUTh HOBYIO YTOUHEHHYIO
KapTHHY celicMOreHe3a ceBepO-BOCTOYHON YacTH TEPPUTOPUN APMEHHH.

BoszHukaromue B ceficCMOaKTHBHBIX PETMOHAX CHIIBHBIC 3€MIIETPSACCHMS TUCKPETHO OTOOpa)KaroT
HEMpPEpBHIBHO NMPOTEKAIOIUE B 36MHOM KOPE CIIOKHbIE T€OJMHAMUYECKHE MPOLIECCHI, TO3BOJIAIOT Olie-
HUTh HAIPSHKECHHO-Ae(OPMAIlMOHHOE COCTOSHHE W paclpelesicHHe TEKTOHHYECKUX HampsHKeHUH B
0YaroBbIX O0JIACTSX 3THX 3EMJICTPSICEHUH.

K TakuMm 3emieTpsCeHusIM CleoyeT OTHECTH TaKXKe CHIBHOE 3EMIIETPACCHHE C MarHUTyIOu
M =5.0, npousomenmee 05 ¢espans 2021r. Ha ceBepo-BOCTOYHOM Mobepekbe o3epa CeBaH B
JU3IOHKTHBHOM Y3JIe COWJICHEHHs! KpyMHOTo pernoHanbHoro Ilambak-CeBaH-CIOHMKCKOTO pa3ioma,
€ro ro-BOCTOYHOM XoHapacapCKOd BETBH M aHTHUKABKA3CKO HampaBieHHOro ApapaT-CeBaHCKOro
riyOMHHOro pasioma. JlaHHOe 3emiieTpsAceHHe sBisieTcs Hanbonee cuibHBIM 1nocie CIUTaKCKOro

semnerpsicennst M = 7.0 cpenu 3emierpsicennii, MPOM30IEANIMX HEOCPESACTBEHHO HA TEPPUTOPHH

ApMmeHud. DTO 3eMJICTpsACEHHE ObUIO MHCTPYMEHTAIBHO 3aperucTpupoBano Oosee 148 ceficMuuecku-
MU CTaHIUSAMH PA3TUYHBIX ABTOPUTETHBIX MUPOBBIX, PETHOHATBHBIX H PECIYOIMKAHCKUX CEHCMOIIO-

0
IMYECKUX areHCTB. DIUIEHTP 3eMieTpsceHus umeer reorpapuueckue koopaunatsl @ =40.52N

ceBepHoit mnpotsl, A =45.30E° BocTOUHOI HONTOTHI H PACTIONIOKEH B HEIOCPEICTBEHHOI GIIM30CTH
oT HacesieHHoro nmyHkTa [1lopxka, B CBsI3u ¢ yeM mosry4ui Ha3Banue LIIOpKHMHCKOTO 3eMIIETPSICEHUSI.

B Hacrosieit pabote OblIa OCTaBJICHA 11€)1b, HA OCHOBE aHaIM3a MU(POBBIX PETUCTPAIIUI BOJTHO-
BBIX KaPTUH paclpocTpaHeHHss 00bEMHBIX CEHCMUYECKHX BOJIH Ha Ooiiee yeM 40 ceiicMiUuecknx CTaH-
[USIX, a3UMYTAIbHO OXBATHIBAIOIIMX CO BCEX CTOPOH OYar 3eMJICTPSCCHUsI, OLCHUTH HANpsHKEHHO-
neopMaIHOHHOE COCTOSHUE O0YaroBOW OO0JIAaCTH, ONPENeIUTh KUHEMATHYEeCKHe, IHMHAMUYECKHE
XapaKTEePUCTUKH CHEKTPAJIbHOTO W3JIyYeHUS M, HAa MX OCHOBE, BBISBUTH MEXaHHYECKYI0 MOJCIb
pa3peIBOOOpa30BaHKS OYara.

Kunemarnyeckue mapameTpbl pa3pbiBOOOpa3oBaHusi ObUIM OIpEICNICHbI ITyTeM MOCTPOCHHUS a3H-
MyTaIbHOTO Toforpada pacrpoCTpaHEHHsI MPAMBIX MPOJOJIBHBIX P BOJH, M3TydaeMbIX W3 Odara
3emiierpsicenust [2]. Ha ocHoBe aHanmm3a BOJHOBBIX KapTHH IU(POBBIX 3alKced Ha KaXIOM U3 dTHX
CEICMUYECKUX CTAHIMUH, OKPY)KAIOIIUX ITUIICHTP 3eMIICTPSICEHUsI, ObLIH BBIJICIICHBI PAa3HOCTH BPEMEH
BCTYyIUIEHUH T = P4, — P 1 moctpoen rpaduk 3aBucuMocTtu AT ot asumyTta (puc.1).

AHanu3 a3uMyTalbHOTO Tojorpada MOoKas3blBaeT, YTO paclpocTpaHeHne P BOIH mpenctaBisieT
c000ii 0JJTHOAKTOBBIN MPOIIECC C OJHOOCHO HAMPABICHHOH BBITSHYTOCTHIO C FOTO-BOCTOKA HAa CEBEPO-

0 .
saman ¢ asumyrom 310° rpagycos u coBmamaer ¢ opueHrtamuel pacnonoxkenus Ilambak-Cesan-
CIOHUKCKOTO TITyOMHHOTO pa3joMa.

[lo Konm4ecTBEHHBIM 3HAUYCHHUAM a3UMYTaJILHOTO rojorpada nzsecTHbIMH Gpopmynamiu (1) u (2)

l= vf * (Timax — Tmin) (1)

c=v,- Tmax ~Tmin (2)
TmaxtTmin
ObLIHN OIIPEACJICHBI IJIMHA U CKOPOCTHh MaruCTpajabHOI'O TpeHII/IH006pa3OBaHI/I51, YUCJICHHBIC 3HAYCHUA

KOTOPBIX MPUBOAATCS Tabmie 1.
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CriekTpaibHble XapaKTEPUCTUKN OYaroBOIO HM3IYUYCHHUS, a TAKXKE BBIICICHHE WX BBICOKOYACTOT-
HBIX W HH3KOYACTOTHBIX COCTABISIONINX, HAMH PACCMOTPEHBI IMyTEM aHAIN3a BOJHOBBIX (HhopM
AMIUTATYIHO-4YaCTOTHBIX CIEKTPOB MPOIOIBHBIX P BOJH, 3aperdCTPUPOBAHHBIX Ha CEHCMHUUYCCKUX
craumusax “‘Kucmosoack’ u “‘Jlurop’’[1,5].

A (km) w
200 - —3 o
ZKTa M e

» 160 1 A >
S Le A4
3 i A/:’ "'O'b
2120 - - 27
o . - >
= //’A ‘/’, “‘
£ 80 - -
5 ol
k> c AL “GNI
o 40 4 -

E
\

t(sek)

0 5 10 15 20 25 30
Time of propagation of seismic waves

Puc.1 I'paduk azumyTansHOTO TOAOTrpada pacpoCTpaHEHHUS CEHCMIUYECKAX BOIH

Tabnauua 1

KuHemaTHyecKue napamMmeTpsl pa3pbiBOOOPA30BAHMs 0Yara 3eMIIETPSICEHHUS]

Vp —CKOPOCTbIC HHTEPBAJIBI PACIIPOCTPAHCHHUS IPOIOIBHBIX BOJIH 6.110.5 km/c
0

Dg—azuMyTalbHas OPUEHTAIUS Pa3phIBOOOPA30BAHMS ~310
T = Topax — Tmin—WIMTENHLOCTH Pa3phIBOOOPA30BAHUS ~125¢
C-CKOPOCTh pa3pbIBOOOPa30BaHUS ~ 4.2 xmlc
|- ;utMHa MarucTpaIbHOTO pasphiBa ~5 KM

BBI60p OTUX CTaHI_[I/Iﬁ O6YCJ'IOBJ'I€H TCMHA O6CTO$IT€J'IBCTB8_MI/I, YTO OHU a3MMYTAJIBHO PACIIOJIOKCHBI
10 HapaBJICHUIO BBITAHYTOCTU CKOPOCTHOI'O roz[orpaq)a, a JSMUICHTPAJIBbHBIC PACCTOAHUA OT O4dara
3CMIICTPACCHUS MTO3BOJIAIOT 3apCruCTpUPOBATE BECh COCTAB CIICKTPA U3JIy4aCMbIX 00neMubIX P BOMH

(puc.2).

I 4 20000
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Puc.2 Iudpossie 3anucu Illopxxunckoro 3emierpsicenus Ha cranuusax ‘Kucmosomack’ (KIV) u
““urop’” (DIGOR)

AMIUIMTYIHO-YaCTOTHBIN CIIEKTP MOCTPOEH METOAOM ObIcTporo npeodpaszoBanus Oypoe (BI1D) u
NpEeJICTaBIeH Ha PHCYHKE 3. AHAJIW3 aMIUTUTYIHO-YaCTOTHOTO CIIEKTpPa YKa3bIBAET, UTO YIJIOBas
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gactocta fo = 1,2 cek’, 4ETKO pasjenseT BHICOKOYACTOTHbIC M HH3KOUACTOTHBIC CIATAIONIHNE
O04aroBOT0 H3Iy4EHHs] W aNlPOKCHMHPYETCS KPYrOBOW AMCIOKAIIMOHHON CIIEKTPAJIBHOM MOJIENBIO
ouara bpyna [5]. IIpakTrdyeckuil KBa3UrOpU30HTAIBHBIA aMIUTUTYAHBINA YPOBEHb JAJTUHHONEPHUOIHOTO
COCTABIISIFOIIETO TIO3BOJISIET MPSAMBIM CHOCOOOM OMpPEAETUTh 3HAUYEHHE CKAISAPHOTO CEHCMHUYECKOTO
MoMmeHTa M, = 6,85'1016H*M, W yKa3blBaeT, 4YTO B OdYare HMeEJI0 MECTO TJaaKoe Oe3 3aIernoB
CKOJIB)XEHHE OeperoB MarucTpajabHOTO pa3phiBa.

Ha ocHoBe KMHEMaTHYeCKUX M CIIEKTPANbHBIX XapaKTEPUCTHK OYaroBBIX W3JTy4YeHHH pa3zpaboTaHa
MOJIEJIb MaruCTpajbHOIO TPEIIMHOOOPa30BaHMA, NMPEICTABIIONIAs COOOW OJHOAKTOBBIM H30JIHPO-
BaHHBII pa3phIB CIUIOIIHOCTH CPEAbI € ITaIKUM CKOJIbXKEHUEM OeperoB co CABUIOM Oe3 OTpbIBa.

Ilo pacuerHbIM ¢dopMynam, NpUBEACHHBIM B paborax [3,5], KOMMUECTBEHHO ONpe/AeieHbl IUHA-
MHUYECKHUE MapaMeTphl 3TOM MOJEIH, YHCICHHBIC 3HAYCHUS! KOTOPBIX MPEACTaBICHBI B TA0IUIE 2.

. F
10* -
) (20s) 109 (15s)- 10° ‘ 130s)
) , Sl b
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g 010”7 107 | e
g10” Z : i1
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10° \ 1019 “lj 10710 : \
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I ency It ncy
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Puc.3 Crnextpsr @ypbe IUPPOBHIX 3alUCEH C/CTaHIUI C IPOIOIHKUTENEHOCTHIO
a) KIV 20 u 40 cexk., 6) DIGOR 15 u 30 cex.
Ta6anna 2
JuHaMudecKkre mapaMmeTphl pa3pbIBOOOPA30BaHUS OoUara 3eMJICTPICCHUS
) 2 3 R
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W B 3 < S 3 N3 g = R
2 3 = S h 3
1,2 0,5:10° 6,85-10% 5,001 2,5 2,15 0,87 36 5,2

Onenka HampspKeHHO-Ae(POPMAIMOHHOTO COCTOSHUS M JEHCTBYIONINX B OuYare CHKUMAIOUINX H
paCTITMBAIONINX TEKTOHMYECKUX HAIPSDKEHUH MPOU3BEIeHA ITyTeM pelIeHns (POKaIbHOTO MEXaHn3Ma
ouara (puc.4). OnpeneneHsl JSHCTBYIOIINE B OYare OPUEHTALMM U YIJIbl MaJeHUs ABYX HOJAIBHBIX
IJIOCKOCTEW, a TAaKKe OpUEHTAalMs IVIABHBIX OCEH CKMMAIOIIUX U PACTATHBAIOIINX TEKTOHHMYECKHX
HanpsokeHui (1ab.3).

Hopnaneasie mnockoctu NP1 u NP2 coorBeTcTBeHHO coBnasaioT ¢ opueHtauusamu [lambak-Cean-
Cronukckoro u Apapar-CeBaHCKOT0 TJYOMHHBIX pPa3loMOB. B KauecTBe peasibHOH IJIOCKOCTH
nporecca (GOPMHPOBAHUSI MarvCTPaIBHOTO pa3pblBa HaMHU TPUHATA BTOpas HOJAlbHAS IIOCKOCTh
NP2, xotopas coBmamaeT Kak C HalpaBICHHEM a3MMYTaJIbHOTO TIOJNS PACTIPOCTPAHCHUS CKOPOCTEH
CeiCMUYECKUX BOJIH, TaK U ¢ reorpaduueckum nonoxeHrneM [lambak-CeBan-CIOHUKCKOTO pas3jioMa.
OpueHTany IJIaBHBIX OCeHl TEKTOHMYECKMX HAaNpsDKEHUH YKa3blBalOT, YTO B BMULECHTPAILHOMN
o0yiacTu AEHCTBYIOT OJHOOCHO OJIM3TOPU30HTAJIBHO HAIPABICHHBIC TEKTOHHYECKUE HANpPSDKEHUS, a
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CKMMAIOIINE U PACTATHBAIONINE HANPSDKEHHS B OYare MMEIOT COOTBETCTBEHHO OJIM3MepUOUOHATbHOE
U OJM3IIUPOTHOE pacTIpe/ieieHuE.
Ha ocHOBe TEH30pHOTO aHajIHM3a CEHCMHYECKOr0 MOMEHTA OINpEe/e/iCHbI TJIaBHbIC JTHArOHATbHBIC

cocraBisiomue M,,M,, M, n no stum nanueiM paccuuran koddduiment Jlone-Honan p,, =0.15,

YKa3bIBAIOLINM, YTO B O4are MOABIIKKA 110 pa3pbIBY MPEACTABISET COOOH MPaBOCTOPOHHUN caBUT(4].

Ta6anua 3
OCHOBHBIE TApaMETPhl MEXaHU3Ma Ouara 3eMJICTPSICEHUS
Ocunanpsioncernua(’) Hooanvnwiennockocmu(’)
Corcamue Hynesas Pacmsaorcenue
4 NP1 NP2

P N T

AZM PL | AZM PL AZM PL | STRK | DIP | SLIP | STRK | DIP | SLIP

IGES | 160 10 50 65 250 35 205 70 15 295 80 165

P

.
[GES
Puc.4 Crepeorpamma dokansHoro Mmexanusma LIIopKHHCKOTO 3eMIIeTPSCEHUS

[Monmy4eHHble pe3yNbTaThl MO3BOJHIM BIEPBBIC MOCTPOUTH HaWOOJEe PEATUCTUUECKYIO MOJEb
oyara 3eMJICTPSICCHUSI M IOJIYYHTh HOBYIO yYTOUYHEHHYIO KapTHHY CEiiCMOreHe3a CeBepO-BOCTOYHOM
4acTU TEPPUTOPUN APMEHUH.

HccnenoBanne BbIMOMHEHO mpu (uHaHcoBol mojaepxkke Komwurera mo Hayke PA B pamkax
mayunoro mpoekrta Ne ACH-01/21.
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O MeTonaxX YMCJIEHHOT0 pacyeTa 0CTATOYHBIX HANPSIZKEHUH B (PYHKIMOHAJILHO-
rpajueHTHOM MaTepHaJie

Hau E.II., Mypamkun E.B., Cranaux H.D.

CoBpeMEeHHOE MAIIMHOCTPOCHUSI M CaMOJETOCTPOCHUS INPEABSBIICT IOBHIIICHHBIC TEpPOOBaHHUS K BeCy IeTaled u
KoHCTpyKimi. Ilpobmema oOnerdenust neranell KOHCTPYKIHMH 3a4acTylo pelIaercs HCIONb30BaHHEM (YHKIIHOHAIBHO
TpaJyieHTHBIX MaTepHalloB (HapHuMep, CIUIaBOB TuTaHa). C APYrod CTOPOHEI BO3HHUKAIOT CHTYAIlMH, KOTJa HEOOXOIMMO
OBICTPO 3aMEHUTH JeTall TaKMX KOHCTPYKIUHA. B 3TOM ciydae, Ha MOMOIIB MPUXOIAT METOB! aIUTHBHOTO IIPOM3BOCTBA
(;rasepHast mevaTh pacIulaBOM MeTallla, IUla3MeHHoe HambuleHHe). CoBpeMeHHbIe MEeTOMBl aJAWTHBHOTO IPOM3BOJCTBA
MO3BOJISIIOT CO37[aBaTh M3AENUs ¢ OONblIel SKOHOMHUYECKOI BBITOJOH 4eM KIIACCHYECKHE METOJbI NMPOM3BOJATCBA. TeM He
MEHee, TONydeHHbIe aJAWTUBHBIM CHOCOOOM U3JENHs U MaTepuallbl, 3a4acTyi0 MpPOSBIAIOT MUKPOCTPYKTYPHBIE
0COOEHHOCTH ¥ SBIAIOTCS (DYHKIIMOHATIBEHO IPAAUCHTHBIME MaTepHANIaMH.

B pabote mpemmaraeTcst peanmsanis alropuTMa pacdera mpolecca HeoOpaTHUMoro nedOopMHpOBaHUS MaTepHania B
paMKax TEOpUH TEMIEPaTypHBIX HANpPsDKEHUH C ydyeToM 3aBHCUMOCTH IIpefiella TEKydecTH OT TEeMIlepaTyphl B Cpene
gyucienHoro MmonenupoBaHus OpenFOAM. PaccMoTpeH npuMep pemieHHs TpeXMEepHOW 3amadd O HeoOpaTHMOM
nehOpMUPOBAaHHUH HOJIOTO YIIPYTOIUIACTHYECKOTO LIMIMHAPA, HOABEPKEHHOTO HECTAIMOHAPHOMY TEIUIOBOMY BO3ZIEHCTBHIO.
UccnenoBaHo BIMSHHE CKOPOCTH M3MEHEHHWsS] TEIUIOBOTO MOyl Ha (HOPMUPOBAHME HAIpPSHKEHHO-Ie()OPMUPOBAHHOTO
COCTOSIHUSI MaTepHana.

B Hactosimmee BpeMs cymiecTByeT oOLIMpHAs JUTEparypa 1O (yHKUHOHAIBHO-TPaJAWEHTHBIM
MaTepHajiaM, KOHCTPYKIMAM U MOKPBITUSM, MOCBSAIIEHHAs] UX CBOWCTBAM, METOJAM HCCIICAOBAHUSA U
pacuera, a TaKXKe TEXHOJOTHSM HW3rOTOBJICHHUS. Tak W3 mociemHux padoT mo (yHKIHMOHAIBHO-
TPaJMEHTHBIM MaTepuallaM MOYKHO OTMETHTH CTaThd [1-5], rae MOKHO HaWTH JOCTATOYHO TOJIHBIE
0030pel JUTEpaTyphl. PaznuuHble acnekThl H3ydeHHs (GYHKIHMOHAJIBHO-TPAJUEHTHBIX KOHCTPYKLUH
o0cyxaaroTcst B paboTax [6-12], BKiro4as MX MEXaHUYECKUE CBOMCTRA.

PaccmoTpuM anroputM pacdera KOMIIOHEHT BEKTOpa MEpEeMEUICHUH M TeH30pa TeMIlepaTypHBIX
HaNpsDKEHUH ¢ y4eTOM IUIACTHMYECKMX CBOMCTB Marepuana. YPaBHEHUS TEOPHH IUIACTHYECKOIO
TEUEHHSI U OINPEIEIISIOIINE COOTHOLICHUSI YIOOHO HCIOIb30BaTh B CKOPOCTAX MCKOMBIX BenHyuH. C
TOYKH 3pEHUs YUCIIeHHOW peanu3aiuu B cpene OpenFOAM, ckOpoCTH 3aMEHSIOTCS Ha MpHUpaIleHus
MEPEMEHHBIX — Pa3HULY MEXAY TEKYIIUM 3Ha4YCHUEM, U 3HAYCHNEM, BEIYUCICHHBIM Ha MPEIbIIyIIeM
BPEMEHHOM. 371ech W janee cuMBosioM A OyzaeM 0003HayaTh NpHpanieHUe BeNIWYUHBL. HinkHEME
uHgekcaMd N u N—1, 0603HAYalOTCs 3HAYEHMS, BHIYMCISIEMbIE HA TEKYIIEM BPEMEHHOM IIIare u
W3BECTHbIE 3HAUEHUsI, BBIYMCIICHHBIE HA MPEIbIIYIIeM BPEMEHHOM ILIare COOTBETCTBEHHO. AJITOPUTM
pacdera npeAcTaBiseTCs MOCAeA0BATENIEHOCTRIO CIEIYIONINX [Iaros:

1. B nHayane Kaxaoro N-—IMKJIa BBIYMCICHUI NMPH MOMOILIM YUCICHHOTO PELICHUS YpPaBHEHHS
TEIUIONPOBOIHOCTH, 3alIUCAHHOTO B MPHUPAILICHHUSX, PACCUUTHIBACTCS TI0JI€ IPUPAIICHUI TeMIepaTyphl

AT, u ompenensiercst pacipe/ieieHIe TeMIIepaTypsl Ha TeKyleM BpemMeHHoM mare : 1, = AT +T_ .
2. Tlo u3BECTHOMY TIOJIKO PUPAIIEHU TEMIIEPATYPhI IPOU3BOIUTCS PacyeT MPUPALIEHUH BEKTOpa
nepemerennit AU, u nonubix aepopmarmii Ad | myTem peleHus cucTeMbl ypaBHEHHH paBHOBECHS,

B KOTOPBIX 3HAUCHHS [IPUPAIICHIN KOMIIOHEHT TeH30pa HeoOpaTHMbIX aedopmanuii AP, , —
3HAYEHHUs, BBIYMCIICHHBIE HA IPEABIAYIIEM BPEMEHHOM IIare:
V-ulVe(Au,)+(Au, ) )®V -2Ap, , ]+
+V [V (Au, )] -tr(Ap, )} —a(Br+20) V(AT ) =0
3. llpom3BoauTcsi BEIYUCIEHHE KOMIIOHEHT BEKTOpa MepeMelleHuil u TeH3opa nedopmaiuii Ha

=Ad,+d_ ;.

4. TlpousBoguTcs pacueT NPHUPAILEHUH  B03MOJCHLIX HAIPSHKEHUN AS B HPEANOI0KEHUN
OTCYTCTBUS Ipoliecca HeoOpaTuMoro jaedopMupoBaHus. 31ech U Jaiee WHaekcoM (*) obo3HauaeTcs
603MOJICHOe 3HAUCHHE WCKOMOM BEIMYMHBI, KOTOPOE B TpOllecce peali3amus airopurMa
WCTIONB3YEeTCS B KAuecTBE MPOMEKYTOYHOTO WJIM KOHEYHOTO pe3ysibTara Ha TEKYIIEM BpPEeMEHHOM
miare:

1)

TeKyIleM BpeMeHHOM mare: U, = Au, +U, ,, dn

As” = 2uAd, +[Atr(Ad,) — o (3L +2u)AT I (2)

5. BEMUCTAIOTCS 603MOJiCHble HANIPSKEHHS S = AS +S .
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6. BemomHseTcs MpoBEepKa YCIOBHUS IUIACTUYHOCTH B KaXKIOH sMEWKE, COOTBETCTBYIOMISH
KOHTPOJIEHOMY 00BEeMY:

(@) Ecmm F(S) <0 (orcyrcrBue miacTHYeckoro TeYeHHS B JAHHOM TOUYKE Cpebl), TO JUIS
COOTBETCTBYIOIIMX SYCCK BBITIOTHACTCS 3allUCh KOMIIOHCHT HANPSKEHUH W IUIACTHYECKUX
nedopMaruii

S, =S, Ap,=0, p,=p,., 3

(b) Eciu F(S') <0 , 10 114 3a1aHHbIX AYEEK PEATU3YETCs alrOPUTM "pajuaibHOro Bo3Bpara'

(radial return) BekTOpa HaNpsHKEHUH HA MMOBEPXHOCTH TEKydecTH. KOMIIOHEHTHI TeH30pa HANPsKEHUIH
BBIYUCIISIIOTCS TIPU TIOMOIIH KOPPEKTUPOBKHU JICBUATOPA B8O3MOJICHLIX HATIPSIKCHUH, TTOTYYCHHBIX Ha
mare 5. YMHOXCHHE JCBUATOPHOW YacTH HA KOPPEKTUPYIONIMH MHOXHUTEIh M TPUBOAUT K
BBITIOJTHEHUIO YCIIOBUSI ITACTHYHOCTH.

2
3K(T,)
8(t":t")

(c) TlocienoBaTenbHO BBIYUCISIOTCS TMPHPANICHHS HANPSHKCHUH, YIOPYIHX M IUIACTHYCCKUX
nehopMaruii.

trsH)l+mt, m=

(4)

G, =

Wl

As, =s —s . Ae =S L AT (5)
3Bh+2u1) 2u
Apn = Adn _Aen’ Pn = Apn + Py (6)

7. 3naueHus AP, HCIOIB3YIOTCS [ BBIYHCICHHS BEKTOpa IEpeMELIeHHWH Ha CIemyoIeM

BPEMCHHOM LIare.

4. I'paHUYHbIE YCJIOBUS

I'pannuHbie ycioBUS B 3a/adaxX TEPMOIUIACTHYHOCTH, KaK IMPaBWIIO, OBIBAIOT ABYX BUIOB —
3aJlaHHbIC HYJICBBIC MepeMelieHus (yclioBUe (DUKCUPOBAHHOW MOBEPXHOCTH) M 3a/laHHBIC HYJICBBIC
HampspkeHusT (YCIOBHE CBOOOJHO PACHIUPSIONICHCS MOBEPXHOCTH). UTOOBI HMCKIIOYUTH BIUSHUE
BHEIITHETO BO3JCHCTBUS Ha ()OPMUPOBAHUE HANPSHKEHHO-Ie(hOPMUPOBAHHOTO COCTOSIHUS MaTepuaia
MIpH HEPABHOMEPHOM TEIUIOBOM PACHIMPEHHH, OyJIEM T0JIaraTh, YTO TPAHUIIBI HCCIEyeMOT0 00hEeKTa
CBOOOIHBI OT HArpy30K W Ha BHEUIHUX IMOBEPXHOCTSIX I'PAHHUYHBIX KOHTPOJBHBIX OOBEMOB 3a/IaHbI
YCIIOBHUS CBOOOTHOTO TETIOBOTO PACIITUPEHUSI:

ds-N =0 (7)
rae N — BekTop HOpMaIK BHEITHEH TOBEPXHOCTH IPAHUYHOTO KOHTPOJILHOTO 00beMa.

C TouKM 3peHUs YUCISHHON pean3alliu, IpaHuIHbIe YCIOBUS (3) IPEICTABISIOT U3 Ce0sl CHCTEMY
TpeX YpaBHEHHH, COAEpIKAIIUX MPUPAIIEHUS MEePeMEeNIeHI U UX MPOU3BOTHBIX B KaXIOH sueiike,
COOTBETCTBYIOIICH KOHTPOJILHOMY 00beMy Ha rpanuiie Tena. B cpene OpenFOAM Takue rpaHUYHBIC
YCIIOBHSI PEaM30BaHBl IPU IMOMOINY 3aJaHUs TPATUCHTAa HCKOMBIX BEIHMYWH HAa TOBEPXHOCTH.
BrIpakas rpaiueHT nepeMenieHui u3 ycuoBus (3), TOTyInM:

VAu, -N = (2uAp, , —Atr(Ae, ;) +o(3h +2u)AT,)- Zﬁ (8)
9

JlaHHbIC ypaBHEHHs PEUIAIOTCS Ha BTOPOM IIare ajrOpUTMa COBMECTHO C CHCTEMOW ypaBHEHHI
pPaBHOBECHSI.

ITpu YKCIICHHOM HCCIICIOBAaHNY 33/a4 BXKHYIO POJIb HTPAIOT UCKYCCTBEHHbIC TPAHHYHBIC YCIIOBHS,
KOTOpBIC CBSI3aHBI C CHMMETPHEH HANpsHKEHHO J1e(OPMHUPOBAHHOTO COCTOSIHHS. VICTosib30BaHMe
CBOMCTB CHMMETPHH TTOCTAaHOBKHM KpPAeBOW 3a7a4yd IMO3BOJSET CYIIECTBEHHO YMEHBIIHUTH PACUCTHYIO
obmacth W , OYEBUJIHO, BpEMsi pacueTa. OTH YCJOBUS CIEIYIOT U3 HHBAPHAHTHOCTH CHCTEMBI
ypaBHEHHH OTHOCHUTEIBHO TMPOCTBIX MPEe0oOpa30BaHMil, MEPEBOSIIMX HCKYCCTBEHHbIC T'PAHHUIIBI
(HampuMep, IUIOCKOCTH CHMMeTpuM) B ceOs. [ma wmwnmHapa co cBOOOJHBIMH  OOKOBBIMH
NOBEPXHOCTSIMU, IIEHTP OCH KOTOPOTO COBIAJAeT C ILIEHTPOM JCKapTOBOM CHCTEMBbI KOOPIHMHAT,
yI0O0HO paccuuThiBaTh €ro oadHy BocbMyr dvacth (X >0, Y >0, Z>0), nomaras, uro
KOOPAMHATHBIC IUIOCKOCTH CIIyKaT IUIOCKOCTSIMH CHMMETpUH. B Takom ciydae aisl NpOEKLUi
[WJIMHAPA Ha JaHHbIE TNIOCKOCTH CTIPABE/IMBBI YCIOBUS CHUMMETPHH:
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u-M =0, 9)
rome M — BekTop HOpMaJH K TUIOCKOCTH CHMMETPHH.
B cpene OpenFOAM nanHBIE yCIOBHUS SBISIOTCA CTaHOAPTHBIMH M PEaTU3yIOTCS CTaHAAPTHOU
npoueaypoit "SYMMETRY™".
PaGora BeIMOMHEHa B paMKax TocymapcTBeHHoro 3amanmsa (Ne rocperumcrpamnu AAAA-A20-

120011690132-4) u npu nojyiepkke Poccuiickoro Gonma GyHaaMeHTANTBHBIX UCCIIETOBAHUN TPOCKTHI
(19-51-60001, 20-01-00666).
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O 3apaue I/lI[eHTI/l(l)I/lKaIll/lPl NMEePEeMEHHDBIX CBOIICTB HECOAHOPOAHOI'0O HUJIHUHAPA

Hynapes B.B., Muyxuu P.M.

PaccmoTpensl aBe 3amaun 00 YCTAHOBMBIIUXCS IIPOJONBHO-PaJUANbHBIX M KPYTHIIBHBIX KOJIEOAHUSX TIOJIOTO LMIHHAPA,
U3TOTOBJIEHHOTO U3 (DYHKIMOHATBHO-TPAAUEHTHOro MaTepuana. Ilapamerpe! Jlame 1 IOTHOCTD SBISIOTCS IEPEMEHHBIMH TI0
paguansHON KoopauHate. Pemenns obenx 3a1ayu cBeIeHbI K UUCIEHHOMY PEIISHUIO ciucTeM TuddepeHnanbHbIX ypaBHEHNI
nepsoro nopsaka. ChopMmynipoBana HoBast oOpaTHast Ko3(HIHEeHTHas 3a/1ada 00 ONpEIeNICHNH TPEX 3aKOHOB M3MEHEHHUS
MEepPEeMEHHBIX CBOWCTB IIMHApPAa MO MJaHHBIM 00 aMIUTUTYJHO-YaCTOTHBIX XapaKTEPUCTHKAX, H3MEPEHHBIX Ha €ro
noBepxHocTH. Ha ocHOBe 00mieli c1aboi MOCTaHOBKH AJISL YIIPYTOro HEOAHOPOJIHOTO Teja, HCIOJIB3Ys METO I JINHeapHu3aluy,
MOTydYeHa CHCTeMa HMHTErpajbHBIX ypaBHeHMH PpenroibMa IepBOro pojga OTHOCHTEIBHO TPEX HEW3BECTHBIX ITONPABOK.
YucneHHoe perieHne oOpaTHOH 3a1aull MOCTPOSHO € MOMOIIBIO TPEXITATHOTO UTEPAIIMOHHOTO MPOLECCA C UCTIOIb30BAHHEM
MeTofa perynspusanuu Tuxonosa. [IpeacTaBieH npuMep peKOHCTPYKIIMM MOHOTOHHBIX 3aKOHOB.

1. B kadecTBe 00BEKTa MCCIEIOBAHUS PACCMOTPUM YHPYTUil (QYHKIMOHAIBHO-TPAIUEHTHBIA MOJBIHI
mmuHAp. Ero cBoiicTBa onmckiBaroTCs epeMeHHbIMH napamerpamu Jlame (A, () u IWIoTHOCTRIO P,
U3MCHAIONIUMUCA TOJBKO IIO paﬂHaHBHOﬁ KOOpﬂHHaTe.I{a TOPUECBLIX IMOBCPXHOCTAX PCAJIN30BaHbI
YCIIOBUS CKOJB3SIICH 3a7eNKH, Ha BHEIIHEH OOKOBOM MOBEPXHOCTH ACHCTBYET pacIpelleieHHas 10
YETHOMY 3aKOHY Harpyska. Vcmomb3ysh MeTon pa3aesieHusl MEepeMEHHbIX, PEeIICHHE NPSMON 3a1auyu

MOYKHO TIOCTPOUTH B BHJC PSIIOB U CBECTH K YUCICHHOMY PEIICHHIO CUCTEM IU(epeHIIHaTbHBIX
ypaBHeHuit [1]:

~( U
Slk_/1 k+ﬂka
~ U u’ = ~ *
S —A g" A+2C [
0= ——— % , S
A+2¢ wkchkﬁﬂkuk
’ Sip — S3o 2 ~
S, =—| ——=+K"pU, |, S, —§S B =12.. 1.1
. g - Sie =—| BSa + lkg ¥+ K pu, k=12 D
310(50)20 s
S =-p, Sy =— ﬁk54k+?k+’(zﬁwk

Su (&) =0,8,(&) =0
S =-py.s, (D=0

rae U, (r,z) =Y nu (&)cos(v,z), U,(r,z)=> rLw(&)sin(v,z) — HeHyneBEIe KOMIIOHEHTEI
k=0 k=0

BekTopa cmemenus, v, =zk/h, k=01.., p(z)=-p°q(z), p° — ammuryna Harpysku,

0 h
q(2) = z R, cos(v,Z) — npencraieHue JUis 3aKOHA H3MEHEHHs Harpysku, Py = 2_1h _[ q(z)dz,
k=0 —h
h 0 o0
R = % J. q(z)cos(vz)dz, o,(r,z)= zﬂ*slk (§)cos(vz), o,(r,2)= ZZ‘*SZk (&)sin(v, ),
—h k=0 k=0

c,,(r,2)= Z/l*SSK (&)cos(v,2), o,(r,z)= —z 78, (£)cos(v,Z) — HeHy/eBblE KOMIIOHEHTHI
k=0 k=0

Tensopa Hampskenuit, r=rc, <&el[&,1], &=rlr, B =tv.,, p.=p°RI1,
AN =2UE), w)=K &), p(=pp&), =p 12, *=p o 7I2, bynxuwmm
Sy (&) 1 s, (£) ompenensrorest no npasuiam
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= AU~ A ~(u
sk:(l+2c;1)zk+iﬁkwk Ti2ch Sy —A| =+ BW, ||
~ * /:{ ~ uk
4k = k Wk PRI B kTk P RTh S
s (A+2¢"it) pow +/1§+/1+2C S, — A §+ﬂw k=12

Pemenne xaxnoit u3 kpaeBbiX 3ajad (1.1) mis dyskomit U, W,, S,, S, MOXET ObITh

IIOCTPOEHO € MOMOILBIO METOAA MPUCTPENIKU. OCHOBHBIE NPEUMYILECTBA 3TOT0 YUCIEHHOTO
pelieHrsl M aHaJdu3 BIMAHUS DPA3JIMYHbIX 3aKOHOB M3MEHEHus napamerpoB Jlame Ha
aMIUTUTYIHO-4acTOTHBIC XapakTepucTrku (AUX) onmcansl B padote [1].

Hcronp3yst aHaJOTMYHBIA TIOXOJ, ONMCAHHBIA B cTaThe [2], pemieHue mpsMoil 3amadu o
KPYTWJIBHBIX KOJIeOaHUSAX (DYHKIIMOHAIBHO-TPAAUEHTHOTO IIJIMHApPA C TEPEeMEHHBIMH
napaMeTpamMM f M O MOXET ObITb CBEJEHO K YHUCIEHHOMY pEIIECHUI0 Oe3pazMepHOi

CHCTEMBI ABYX JU(PepeHIINATbHBIX YPAaBHECHUN:
: 2TE©) ., 2 T()  u)
T =— =———"+—
(&) ;K AlE(S) ()= 20 e 12)
u(s)=0T@)=p

rae BBeieHbl obosnauenus U (r)=ru($), o, (r)= AT(E), p'=P/A". Pewenue sroii

3aauu B OOIIEeM cllyyae NEpPEeMEHHOCTH CBOWCTB LIMJIMHIPA TAK)KE MOXKET OBITh MOIYy4€HO
TOJIBKO YMCIIEHHO, HallPUMEp, C OMOUIbIO0 METOIA IPUCTPEIIKH.

2. PaccMoTpuM 3ajauy o0 OmIpeAeseHMH MEepeMEHHBIX MapaMeTpoB Jlame M IIOTHOCTH
YIOPYTOro IMoJIOr0 M30TPOIHOIO (PYHKUIHMOHAJIBHO-TPAJUEHTHOIO IMJIMHIpPA MO0 JAHHBIM 00
mmeHeHnn AYX f(w), n3MepeHHBIX Ha BHEIIHEH MOBEPXHOCTH S_ B Pa3siIMYHBIX

4acTOTHBIX JAuana3oHax. CyleCTBEHHBIM OTJIMYHMEM JTOW 00paTHOM KO3PPHUIMEHTHOI
3a/1a4¥ OT NPSAMOU SBJISIETCA €€ HEIIMHEHHOCTb, T.K. HEU3BECTHBIMH SIBISIOTCS KOMIIOHEHTBI
BEKTOpa cMeleHus U, nmapametpsl Jlame (A, ) u miaotHocTh p . OgHUM U3 3G (GEKTUBHBIX

METOJIOB PEIIeHHsI TAKUX 3a]a4 SBISETCS METOJ INHEApU3aIHH.
Crenys moaxoiay, onucanHoMmy B pabore [3], Ha ocHOBe 00Iel ¢1aboi MOCTaHOBKH 3a/1auu
1, UCTIOJB3YS METO/I JTJMHEAPU3aLUU, MOKHO MOJTYYUTh COOTHOIIICHUE

\ﬂﬂ(n)[tr( ( 4o 1)))} +2ﬂ<n)( ( 4 1))) :|dV—a)2\'/[p(n)(u(n_1))2 e

@.1)
:_J‘E( u 1))dS welo, 0]
So

(n) (n)

Ono YCTAaHABJIMBACT CBA3b HCU3BCCTHBLIX ITOIPABOK ﬂ,(n), M

(n-1) (n-1) (n-1)
AT, @ op

OTpeseNsieTCsl W3 pELIeHUs MNpsSMOW 3aJaud, COOTBETCTBYIOILETO 3THUM HPUOIMKEHUSM.
CootHomenue (2.1) npeacrasnsger coboit uHTErpanbHoe ypaBHenue dpearonsma (MY D) 1-

ro poma orHocurembHo A™, 4™, —p™ U3 ero crpykTypel BHIHO, YTO sAapa 3TOTO

YPaBHEHUS SIBISIIOTCA HEOTpULATENbHBIMU. ClielyeT OTMETHUTH, uTO pemenne UY® 1-ro pona
ABIISICTC HEKOPPEKTHOW 3ajayeld, MOITOMY MpU IOCTPOCHUH OOpaTHOro omepaTopa
HEOOXOJIMMO HCIIOJIb30BATh CIEHUAIbHBIE METOAbl, HalpuMeEp, METOJl pPEeryaspu3aluu
Tuxonosa [4]. C mOMOIIBIO MOTYYEHHOTO COOTHOIICHHS MOYKHO TOCTPOUTH WTEPAIIMOHHBIN
IpoIece Ul HaXOXIEHUS MCKOMBIX 3aKOHOB M3MEHEHUs A, 4 U p 1o JaHHbIM 00 AUX

» P
u 3amaHHbIM BekTopoMm f(w). Bektop U

C COOTBCTCTBYIOIIUMHU

(n-1)
MPUOTHKEHUSAMHU

f(w), cHMMaeMBIX Ha YacTH MOBEPXHOCTH S, B HEKOTOPHIX YAaCTOTHBIX JAWANa3OHax.

Craenyer OTMETHTH, YTO JUI BOCCTAHOBJICHHUS Cpa3y TPEX HEM3BECTHHIX (DYHKIMI MOXKHO
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paccMOTpeTh 3a/a4yM, OTJIMYAIONUecs pexuMoM Harpyxkenus [3]. B stom ciaywae Oyner
nosydyeHa cucrema UY® 1-ro pona ¢ rimaakumu siagpamu. B gacTHOCTH, IJ1s pacCMOTPEHHOM
3aaud O MPOJIOJIbHO-paUalIbHBIX KosieOanusx mwiuHapa (1.1) coortnomenue (2.1) mms

BBCACHHBIX 6e3pa3MepHHX BCJIMYUH IMPUMCT BU/I:
1

J(A7 @Ko (§:5)+ 27 (VK (¢,5) = 7 ()Kyg (4,5) ) S0 =

&

= P (F@m) ~uf P W x)), ke[ 5,57 ] (22)

1

[(A7 @Ky (& 1)+ A7 @Ky (€0) = 57 E) Ky (€,)) G =

&
=p, ( fk(l,K)—UlEn_l)(l,K)),k =1,2...,/<e[/<k",lck+}

rIe fk Lrx)y=f(ro/r,=ulx), k=0,12... — nanusie 06 AUX,
K10(51K) :(uénil),(ga’()"‘uénil) (§1K)/§)

Koo (€)= 2c*[(ué“”'(é,x))2 Hur 2, x)) /52) Kap (&) =7 (U (E,) )
Ky (&) = (U0 (&) + U (&) 1 4 S0 ()
(2.3)

Ky (&,5)=2¢" ((ué”‘”’ & /{))2 + 0.5(w§"-1>' (& x)— BUCD(E, K))2 +
U6 18+ (B ER) ),
Kac (&) = (U2 E) + (w20 )

I[J'IH 3ala4uu O KPpYTHJIbHBIX KoJIe0aHMIX HUINHApAa
1

[(£"(©)G,(&,x) -7 ()G, (& ) dé = p (T Lx)—u" (L), xe[x "]  (29)

o
rne f(Lx)=f (r,, )/ 1r,=u(l,x) — naunble 06 AUX,

G, (&, k) =¢ (u‘“)’(é, ) —u"V (& x) 5)2 G,(&,%) =x* (U (&, x)) (25)

HauanbHble npuOIMKEHUsT TpU pealu3aldy UTepallMOHHOTO Ipoliecca MOXHO 3ajaBaTh B
KJ1acce JIMHEHHBIX (QYHKIUH, K03()PUIMEHTHI KOTOPBIX ONpPEENSIOTCS HA OCHOBE JaHHBIX O
3HAUEHUAX CBOMCTB MaTepualla Ha BHEIIHEH M BHYTpEHHEW rpaHunax. Cieayer OTMETHTb,

4TO pelleHHe 334K 06 ONpe/IeICHIH OJHOBPEMEHHO cpasy Tpex nompasok 4™ (&), 4™ (&)

u p™ (&) MoxkeT GBITH TIOTYUEHO HA OCHOBE JIIOOBIX TPEX HHTErPAbHBIX ypaBHEHMil 13 (2.2),

(2.4). OmHako, mpakTHYeCKasi peann3anus TaKoi MpoLeaypbl PEKOHCTPYKIIMU OCIO0XKHEHA B
CHJTy 0COOCHHOCTEH 3HAYCHUI HEOTpUIATeNbHBIX sijiep (2.2). PacueTsl MOKa3bIBaIOT, YTO sSapa

npu nonpaskax ™ (&) u p™(E) smaumrensHo Gomsime, dem mpu A" (E), a 3HaueHHs
KO3 QUIMEHTOB P, , CTOSMIMX B MPaBbIX YacTsax UYD (2.2), yObIBalOT 11 pacCCMOTPEHHOTO

3aKoHa HarpyxkeHus. IlodTomy mpemiaraercs TpexdTAlHbI HTEPAUOHHBIA IIPOLECC
PEKOHCTPYKLIMM MCKOMBIX 3akoHOB. Ha mepBoM sTame uaeHTH(UKAMM CUMTAIOCh, 4YTO

nonpakn A(E) u p™(E) paBHBI HymIO, YTO O3HAYANO PABEHCTBO COOTBETCTBYIOLIHX
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napaMeTpoB Marepuaja BbIOpaHHOMY HadaJlbHOMY mpuOmmkeHuto. C  yd4eToM 3TOro
JOTYIIEHNs] HAa KakAOH wWTepanuu ompenensiorcs mompaskn 4 (£) Kak  pereHHe
UHTerpaabHoro ypasuenus (2.4). Ha Bropom srtane ¢uxcupyercs Haiaennas pyakuus (&),
a nonpaskn " (&) wm Z(“)(f) NPUHUMAIOTCS paBHbIMU Hymo. Jlanmee Ha Kaxaoi

TIOCIIeyIomell HMTepaluy aHaIOrM4HO onpenenstorcs nonpaBku P () kak pemreHne
NEPBOrO M3 HMHTErpajbHbIX ypaBHeHud (2.2) (3amaua npu k=0). Ha mocnemnem stame
dukcupyrorcs Haiinennsie paee Gynkumn () u p(E), a mompasku A (E) u pM (&)
IPUHAMAIOTCS PABHBIMA HYIIIO, H OIpeaessioTces monpaBku A" (£) U3 peleHus BTOPOro 13
UHTErpalibHbIX ypaBHeHuil (2.2) (3amava npu Kk =1). Ha kaxaom osTame BBIXOJ U3
UTEPAIOHHOTO TIpOIlecca OCYIIECTBISIETCS IO YCJIOBUIO JOCTH)KEHUS MAaKCHMaJIbHOTO
Harepes 3aJaHHOro KoiuyecTBa urepauumii N MM MalocTH MpaBoOd YacTh JOO0TO U3
HHTErpaibHbIX ypaBHeHUH (2.2) wiu (2.4).

3. B kadecTBe KOHKPETHOTO MPHMEPa PACCMOTPEH (YHKIIMOHATBHO-IPAJAUCHTHBIN IHIHHIP
CO CIEAYIOUIMMH TreoMeTpudecKuMu xapakrepuctukamu: h=05wm, =08 wm, ,=1.0 ™

2 *

(& =0.8). ynkuus q(z) =1—(z/h)", napamerp p°=p =10" Ia. B kauecrBe Matepuana
UWIMHIpA paccMOTpuM Medb-kapOus Bonbppama (Cu-WC). BHyTpeHHss 4yacTh IMJIMHIpPA
(£=¢&,) msrotobnena w3 menu: moxynb [Omra memu Eg, =1.1-10" Ila, koddpdumment
ITyaccona meau v, =0.35. Buemnss yacts (& =1) usrorosneHa n3 kapbuaa Boibdpama:
monynb IOura kap6uma Bonbdpama E,. =7.1-10" Ila, koodpduument Iyaccona xapbuna

Boib(dpama Vv, =0.2. B kauecTBe XapaKkTepHbIX 3HaYECHUH MapamerpoB Jlame U IIIOTHOCTU
MIPUMEM  CJIEIYIOLIUE A= ,u* =10" Ila, p* =10° KF/M3, TOrJa /iCu =0.95, 4, =041,
Do, = 0.89 u, ananormumo, 11s Kapouaa Bombdpama Ay =1.97, f, =2.96, A,c =1.577.

Ha pucynke 1 mpencraBieHsl Tpadukd HadalbHBIX HpUOIHMKEHUI %(5) =5.11£-3.13,
1, (5)=12.75£ -9.8, p,(§)=3.436-1.86 (TOUKHM), TOUHBIX MOHOTOHHO BO3PACTAIOIIHUX
3aKOHOB ﬂ:e (&) =2—exp(—18.15£ +14.57), [,(£)=2.96-63.77(¢ —1)2 ,

PAGE O.88+exp(25§ —25.36) (crutomTHBIC TMHUK) M PETYJIAPU30BAHHBIX PEIICHUIN /i(f),
a.(&), p.(&) (UTpUX-MYHKTUPHBIE JHUHWK), HAWICHHBIX COTJACHO MPEAI0KEHHOMY
TPEXATAITHOMY HMTEPAlMOHHOMY Tiporieccy. TOYHBIE 3aKOHBI BBIOpaHBI TakK, 4TOOBI OHHU
MPUHUMAIN 3HAYCHHUST O€3pa3MEPHBIX IMapaMETPOB MeEIU (ﬂ:c“, Heys Poy) HA BHYTpEHHEH
rpaHuie U kapbuaa Bosb(hpama (/TWC, Hyc s Puc ) Ha BHEIIHEH I'paHUIIE Ul BO3PACTAIOLIUX
3aKOHOB M, HA00OpOT, ais yObiBaromux. [lorpeboBanock 10 wurepanumii. MakcumanbHast
OTHOCHTEIIBHAS  TIOTPEIIHOCTh  PEKOHCTPYKIMH ~ A(E)  Ompemesiercs 10  MpaBUiIy
o(&) :M-NO%, jd e[(fo,l] M, AHAJIOTMYHO, IS JPYTUX XapaKTEePUCTHK.
max 4,(&)
se[& ]
Benmuunnaa 0 He mipeBbimaet 3.4% Jutst GyHKIHH /{(5) , 1.8% mna dyukmun (&) u 3.2% s
dynkumn  H(E). YacTOTHBIN AMANA30H JUIS PEKOHCTPYKIHH A(E) — K‘E[4.5,18.5], ISt

pexonctpykunn (&) — & €[10,21] u wist pexonctpykunn p(E) — k €[7.5,30.5].
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PaGora BeImosHeHa mnpu mojuepkke rpanta IlpaButensctBa Poccuiickoit ®denepannu

(cormamenue Ne 075-15-2019-1928).
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Pucynok 1 — PekoHCTpyK1IMsI MOHOTOHHO BO3pacTalOIIUX 3aKOHOB.
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Coaurtonsl 1epopmMannu B 6e3rpaHHYHOI cpe/le ¢ TOUeUHbIMU JeeKTaMu, HAXOAAIIeics: B
HECTAIHOHAPHOM HEOJIHOPOHOM TeMIIEPATYPHOM MoJie

Epodeer B.U., JleonTheBa A.B., Uypnauaes A.Jl., llexosin A.B.

HW3ydaercst pactpocTpaHeHHEe TUIOCKUX MTPOIOJIBHBIX BOJH B O€3rpaHUYHON Cpejie ¢ TOUeUHBIMHU Je(eKTaMH, HaXoasIeics B
HECTALHOHAPHOM HEOJHOPOIHOM TEMIIepaTypHOM IIojie. 3ajaya pacCMaTpHBAeTCs B CaMOCOITIACOBAHHOI ITOCTaHOBKE,
YUUTBIBAOIICH KaK BIMSHHE aKyCTHYECKON BOJIHBI Ha 00pa3oBaHHE M HepeMenieHne 1e)eKToB, TaK U BIUsSHUE Ae()eKTOB Ha
0COOEHHOCTH PAcIpOCTPaHEHUsI aKyCTHUecKoi BoNHBI. OIpeneneHbl YCIOBHs, IPU KOTOPBIX UCXOTHAS 3a7a4a MOXKET ObITh
CBEZICHA K KJIacCH4ecKoMy ypaBHeHHI0 KopreBera—ne Bpusa, uMerorieMy pelieHus, ONUCHIBAIOIINE CONMUTOHBI A¢(OpMaLUH.

B paGore [1] noka3ano, 4To0 pacpoCTpaHEHUE BHOJIb KOOPAMHATHI X, IUIOCKOH BOJHEI B

HEJIMHEWHOW TEPMOYIPYTOl cpejie ¢ TOYeYHBIMU Ne()eKTaMu OMUCHIBACTCS CUCTeMOW ypaBHeHHH (1)

—(3):

%u, &l ou, 0% 00 on;
P —a—— By =Y~ J'_J’ )
ot aXS aX3 6X3 8X3 ax3
o0 2% o%u on,
€ 8t 8X§ Y 08X38t OpJ at ( )
on, ou ’n,
Ao tDige TP ©
3 3

rae u3(x3,t) — CMEIIEHUE YaCTHUI] CPENIbI BIOJIb KOOPAMHATHI Xj, 9(X3,t) — Tmepenaj TeMIepaTypsl,

n, (Xg,t) — 00beMHas KOHLIEHTpPALKs ToUedHbIX nedekToB | -ro tuna ( j =V — a1 Bakancui, | =I

— s Mexysmuif), a=A+2u, C, =,/a/p — CKOPOCTb PAcPOCTPaHEHHUs MPOJIOJILHON BOJNHBI B
oTcyrcTBHEe Je(hEeKTOB, P — IUIOTHOCTh MaTepuaia, [3, — KOIQOHUIMEHT HENTHHEHHOCTH

(By =3A+6pn+2A+6B+2C), A u W — xoncrantsl Jlame, A, B, C — xoncrautel Jlanzpay

2 .
TPEThEro MOopsaKa, dj = k+§u Q; — xoodpduumentTsl, XapakTepu3ylolUMe B3anMOJEHCTBHE

yrpyroit BosHbl ¢ nedexramm, j — AMIATAllMOHHBIA MapaMeTp, XapaKTepUsyIOLIHil H3MEHEHHE
obbeMa cpeasl mpH 00pa3oBaHMM B HeM oaHoro todewyHoro nedexra (€, <0, Q. >0), — Ty —
HayajbHas TeMIlepaTypa cpeibl, Y — TepMHueckuil Ko3(GdHIMeHT, C, — TEemJIONpOBOIHOCTh IPU
NOCTOSHHON siepopmanuy, ¥ — KOIDOULMEHT TeIIONPOBOAHOCTH, P; — TEIUIOEMKOCTb AeekTa
THTA |, (|, — TEMIl reHepaliy TOYeuHbIX ledekToB npu Hamuuuu gedopmanuu, D; — kosddurment

nudysuu nepexra tuna |, B j — CKOPOCTh PEKOMOHMHALIMK Ha CTOKaX JedeKra J -ro Tuma.

Cucremoii ypaBuenuii (1)—(3) omucsiBaeTcsi pacpoCTpaHEHHE MIIOCKOH MPOI0TEHON BOJIHBI B
cpene, kKak ¢ jgedekramu Tuna "BakaHcus" Tak U ¢ Aedextamu Thna '"Mexysiue". CUCTeMbl
OTJIMYAIOTCS MEXAY COOOH 3HaKaMM Tepej MOCIEeIHHM CllaraeéMblM MEPBOTO YPaBHEHUS CHCTEMBI.
[Ipu manmpHelIIIEM aHAIA3E pAaCCMAaTPUBAIOTCS 00a CITydast.

ITycts KOA(QHUIMEHT TEIUIONMPOBOIHOCTH sBisieTcss Majoi Benmunuoi (y =0), Torma w3

BTOPOT'O YPAaBHCHUS CUCTEMBI I1IOJTY1aCM BBIPAKCHUC [JIA TCMIICPATYPbI

au,

n . 4
6x3+p‘ j (4)

T
6(X3,t): _C_O Y

€
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C yuetom (4) cuctemy (1) - (3) cBogUM K OTHOMY YPaBHEHHIO OTHOCHTEIHHO CMEIICHHMA
4acTHIl cpelibl Uy, KOTOpPOE NpH BBEAECHUHU Oe3pa3MepHbIX BEIMYMH JUIS HPOAOILHOIO MepeMeIleHus,

KOOP/IMHATHI 1 BpeMeHH cooTeTcTBenHo U = U, /Uy, Z = X, /X, 1=t/T , npurnmaer sux:

U oV 2 (azu ~ azu]_ o’ (azu 82UJ_

o o ol ot o | %\ e A 5
, 5
oUoU o(oU o o° (oU U
—8y| — 5t —| — 8,8, —| ——|=0
07 0z 0z\ 0z 020t 0z°\ 0z oz

rae a; — 6e3pasMepHble KOMIUIEKCHI IApAMETPOB, UMEIOT BU]L

=]
2 2 To
alz{é+ﬂj E+yTO+ 9 (Yopj—de ,

ppc, Ap pc. pB;L C,
-1
2 To.
a, =D, a rh, 4 [Y oP; —djj ,
p pc, pB;L c

-3/2

B.u T T. 0.

aSZBJBNO E_'_’Y 0+q£ (’Y OpJ —dlj .
p \p pC, pPB;L C

€

B kauectBe XapaKTEPHBIX BEJIMYNH AJIMHBI U BPEMEHHU IPUHATHI COOTBETCTBEHHO

2 T0.
x=t [2,7T, G (y Opj—d,},T=i.

]

[lepeiinem B ypaBHeHun (5) B ABMKYIILYIOCS CHCTEMY KoopauHat & =Z —CT, N=¢€T, rae C
— CKOpOCTh BOJIHBI, 3apaHee HEW3BECTHa, € — Maiblii mapamerp (&€ <<1). Beibop mnepeMeHHBIX
00BsICHAETCA TEM, YTO BO3MYILEHHE, PAacIpPOCTPaHssCh CO CKOPOCTbIO C BAOJIb OCU Z , MEIUIEHHO
9BOJIIOLIMOHHPYET BO BPEMEHH H3-3a HEJIMHEHHOCTH, AWCIEpCHH W auccunanuu. Cuurasd, 4To B
ypaBHeHUHU (5) Bce HENMHEWHbIE W JUCCUIIATHBHBIE CJaraeMbleé — Maylble BEJMYMHBI MOpSAAKa &,
NOJy4aeM B IEPBOM NPHOIMKEHUH IO € OHBOJIOIMOHHOE YpPaBHEHHE OTHOCHTENBHO (DYHKLIHHU

ou

npoaonbHoi agedopmanun W = ——

o8

2
oW _ (1-a)oW a,(-a)ow +§(w W 9 [w awB

on 2¢  0&° 2¢ 08® 2 8_§_6_§ 8_&

=0. (6)

W3 HyneBOro npubIMmKeHnH HaiileHa CKOpOCTh BOJHBI C =1 (M3MepsieTcst B OTHOCHTEIBHBIX
eIMHNLIAX ), KOTOpas yuTeHa B (6).

YpaBHeHue (6) COmEepKUT AWCCUIATHBHOE, TUCIIEPCUOHHOE W JIBA HEIMHEHHBIX CIaraeMbIX.
Ecnu aumccumaTHBHOE cllaraéMoe Majlo MO CPaBHEHHIO CO BCEMH OCTIBHBIMU ClIaraeMbIMU
ypaBHEHHUS, TO WM MOXHO TmpeHeOpeup Hu momyuynM ypaBHeHHe KopreBera — nme Bpmsa c
JIOTIOJTHUTEIbHBIM HEITMHEHHBIM ClIaraeMbIM

=0. @)

on 2¢ o 2e| o el oe

W a(l-a)oW +3(W W o {W aWD
& &g
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B cratpe [1] mokazaHO, YTO PEIICHWEM TIOCICHHETO YpPaBHEHHUS SIBISICTCS CTallMOHApHAS
ylapHas BOJIHA, KOTOpas SIBJSIETCS PE3YyJIbTaTOM B3aMMOJEHCTBUS S(PQPEKTOB HEIWHEHHOCTH W
JIUCCHITALNU, HECMOTpPS. Ha TO, YTO YPaBHEHUE COJICPKUT TOJBKO IMCIICPCHOHHOE U HEIUHCHHBIC
cllaracMble, a JIUCCUINATHBHOE CllaraéMoe B ypaBHEHHHM OTCYTCTByeT. OJHAaKO, JHHEapU3aIus
YpaBHEHHUs MO3BOJISIET TIOHSATh, YTO MOCIIE/IHEE ciaraeMoe B ypaBHeHUH (7) SBISETCS TUCCUTIATUBHO-
HEJIMHEWHBIM, T.€. HATMYHE 3TOTO CIIAaraeMoro H JIeJaeT BO3MOXKHBIM CYIIECTBOBAHUE PEIICHHI B BHJIE
CTaIlMOHAPHBIX YJAPHBIX BOJH.

Jlanee paccMOTpHUM CiTydail, KOT/ia JUCCUTIATHBHBIMU d(dekTaMr MOXHO TpeHeOpedb, Toraa
ypaBHeHue (6) mpumet Buj ypaBHeHus: Kopresera — ne Bpmza:

6‘W+a2(1—a1)83Vl/+ﬁW%=O. (8)
o 2 o8 2 o

Cpenn BO3MOXHBIX peIICHWH YypaBHEHUs (8) CYIIECTBEHHBIH HWHTEPEC IMPECTABISIOT
pelIeHns U3 Kacca CTallMOHapHBIX BOJH. Takue BOJIHBI paclpOCTPAaHSIOTCS ¢ IOCTOSTHHOM CKOPOCTBIO

U HE MEHSIOT cBoeil (opMbl B mpomecce pacmpoctpaneHus. rae W :W(x), ¥ — Oerymas
KoopauHata: Y =&—VN, V — CKOPOCTh CTAIIMOHAPHOW BOJNHBI OCrymied B MOIOKHTEIbHOM

HaIlpaBJICHUU KOOPAUHATHON OCH.
Vpasuenue (8) B 3ToM citydae npeoOpasyercs B ypaBHEHHE HEIMHEHHOTO OCLILIATOpA

mlﬂ—quuﬂwzzo, ©)
dy 2
roge m, = M , M, = & , IMEIOIIEeC aHAITMTHIECCKOE PEIICHHUE
2¢ 2¢
W = ﬂsech2 _vx , (10)
m, \/Hl m,

OIMCHIBAIOIIEE COIUTOH JiehopMaIiy, 00IaAaI0MINI OIOKUTENEHOHN MOISIPHOCTBIO.

Ha puc. 1 n300paskeH CONMMTOH NMPH Pa3INYHBIX 3HAYEHUSIX CKOPOCTH €T0 pacipoCTpaHEHUS
v=35;7;9; 20 (mocnenoBaTeqbHOCTh KPUBBIX: CHU3Y BBEpX). BHAHO, YTO C yBETMYEHHEM CKOPOCTH
YBEIMUYUBACTCS aMIUTUTY/A COTUTOHA U YMEHBIIAETCSI €ro MUpUHA.

127

10

1
I
-4 -3 -2 -1 ] 1 2 3 4
3}

x=E€-vn

Puc. 1. ConuToH nipu pa3InYHBIX 3HAYSHHUSIX CKOPOCTH €T0 PACIIPOCTPaHEHHS
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Ha puc. 2 n300paxkeH CONUTOH NMPH Pa3IHYHBIX 3HAYCHUSIX MapaMeTpa, XapakTepH3YIOIIero
mucnepcuto My = 3; 6; 9; 15 (mocenoBaTenbHOCTh KPUBBIX: CHU3Y BBEpX). BUAHO, 4TO ¢ yBeTMUeHHEM
napaMeTpa, XapakTepH3yIoIIEero JUCIISPCUI0, UPUHA YSTUHCHHON BOJIHBI TAK)KE YBEIUIUBACTCS MPH
HEU3MEHHOM 3HAYCHHU aMILTUTY/IbI BOJIHEI.

1 2 '
;

x=&-Vn
Puc. 2. ConuToH npu pa3nUyHbIX 3HAYEHUSX NapaMeTpa,

XapaKTePU3YIOIIETO AUCIICPCHUIO.

Ha puc. 3 n3zo0paxkeH COMUTOH NPH Pa3iMYHbIX 3HAYCHUSIX MapaMeTpa, XapaKTepU3yIOLIEero
HEJMHEWHOCTh cpeasl My =15; 7; 9; 15 (mocnenoBaTenbHOCTh KPUBBIX: cBepXy BHU3). [Ipu yBenmueHnu
napaMmerpa M, HaOMIOJaeTcd 3aMETHOE YMEHBIICHHWE aMIUTUTYAbl YEIUHEHHOW BosHBI. CONMTOH
CTaHOBHTCS] HWXKeE, a €r0 IIUPUHA yBEITMIUBACTCS.

=t

x=E€-vn
Puc.3. ConuToH pH pa3iIndHbIX 3HAYEHUSIX apaMeTpa,
xapaKTepI/Bonu_[ero HCHHHeﬁHOCTb CpeI[BI.

Pa6ora BeimomnHsack npu noanepxkke Poccuiickoro pouaa pyHaaMmeHTanIbHBIX
uccinenoannii (I'pant Ne 18-29-10073-mk).
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HNupenTupoBaHue ynpyroro Mmatepuajia ¢ nopamMmu

3esennoB B.b., 3arpeoneBa A./l., JJanuna I1.A.

B HacrosmeM ucciefoBaHMU OCYIIECTBIISIETCSI MEXAHHUKO- MAaTEMaTHYECKOE MOJENHPOBAHUE Ipollecca WHACHTHPOBAHUS
MAaTepHaNoB MPU HAIMIUU MUKPOCTPYKTYpPHI B Bue nop. COCTOsIHUE yIIpyroro MaTepuana ¢ mopamu Mpu HHASHTUPOBAHUU
OIIMCBHIBAETCS C MOMOIIBIO JInHEeHHOI Teopun Koynna — HyauuaTo. MonenupoBanue nporecca HHASHTUPOBAHHS CBOJUTCS K
PCLICHUIO CTAaTUYECKOM KOHTAKTHOM 3aJaud O BHEJAPCHUU HHACHTOPAa B YINPYIYI0 MOJOCY, CLCIUIEHHYIO C >KECTKHM
ocHoBaHueM. C IIOMONIBIO HMHTErpalbHOTrO mpeoOpazoBaHuss Pypbe 3amaua NPHUBOAUTCS K PEUICHHIO HHTETPaIbHOTO
YpaBHEHUS MEPBOTO POjAa TUIA CBEPTKH C PA3HOCTHBIM SIPOM OTHOCUTEIBHO KOHTAaKTHBIX HampspkeHuil. Vcrmosb3oBaHbL
aCUMITOTHYECKUE AHAIUTHUYECKHE pEHICHUs KOHTAKTHOM 3afadd, MO3BOJLIOIIME OHpPEAENIUTh BCE OCHOBHBIC
XapaKTepUCTUKU KOHTakTa. VccnenoBaHo pacnpeneneHue GyHKIUU OTHOCUTENBLHOTO 00beMa MOp Kak Ha KOHTAKTE, TakK U B
TOJI0CE, a TaKXKe €€ 3aBUCHMOCTb OT ITapaMEeTPOB CBSI3HOCTH U XKECTKOCTH TIOP B MOJIOCE C TTIOPaMH.

1. BBenenue. B ¢yHAaMeHTaNbHBIX OTpPAcisAX MHAYCTPHHM TaKMX KaK CTPOUTEILCTBO,
MHUKPODJIEKTPOHUKA, MEITEXHHKa M BO MHOTHX JPYTruX BcE OOIbINE HCHONB3YIOTCS MaTepUalbl C
MHUKpPOCTpyKTypoi. Kak npaBuiio, 11t 3((peKTUBHOrO MCIONB30BaHUS TaKUX MATEpPHaIOB B NEPBYIO
ouepeab HEOOXOIUMBI CBEICHHUA 00 MX MEXaHHYECKUX XapaKTEpPHCTHKaX, TAaKUX Kak mMoxyisb IOHra,
ko urment [lyaccona, TBEpHOCTh, peaklusi MUKPOCTPYKTYPHI Ha BHEITHEE BO3JCHCTBUE U APYTOE.
Omnpenenenne ynpyrux MOAyJlIed MaTEpHUanoB MPOU3BOAUTCS C TOMOIIbIO HHIEHTUPOBAHNS HA MUKPO-
W HaHO- YpoBHAX. Hamumume MaremMaTHYecKOdl MoOAENM Ipolecca HHIACHTHPOBAHUSA MO3BOJISIET
MOBBICHTE 3 ()EKTUBHOCTH OKCIEPUMEHTAIBLHBIX HCCIEAOBAHUNA TIO0 OINpEIeNICHHI0 YIPYTHX
XapaKTepUCTUK MaTepuaioB. B naHHO#W paboTe OCYIIECTBISETCS MEXaHUKO- MaTeMaTHYecKoe
MOJIEIMPOBAHNE MpPOLEcCa WHACHTUPOBAHUS MaTEpHANIOB NPU HATMYHA MHUKPOCTPYKTYPBHI B BHIE
IIOPUCTOCTH.

2. TlocranoBka 3agaum. B Hacrosmieil paboTe mpeicTaBieHa MaTeMaTHUECKash MOJEINb
Ipolecca WHACHTUPOBAHUS YIPYTOM cpelbl ¢ MHKPOCTPYKTYpOoH THma HopUcTocTH. CocTosHue
MTOPUCTON TOJIOCHI IPU WHACHTHPOBAHHU OIUCBHIBAETCS C MOMOILBIO JIMHEHHOW TEOPHH AMIIATALUH,
KOTOpasi BIiepBbIie OblIa npeiokeHa B padore C. Koyuna u . Hynuaro [1]

Oe od
AU—(A+pu)—+ pf—=0,
a ( ”)ax ﬁax
Oe oD
AW—(A+u)—+—=0, 2.1
pAwW—( ”)az A (2.1)
aAND —ED - fe=0.

3nech U(X, Z) U W(X, Z) — BepTHKaJIbHbIE U TOPU3OHTAIbHBIE cMemieHust, O(X, Z) — OTHOCUTEIbHBIH
o6beM mop, € — oObemHas aedopmaius € =o0U/OX+0w/dz, A, u — moxyan ynpyroctu Jlame, S —
MOJYJIb CBSI3aHHOCTH, O — mapamerp audpdy3un nyctot, £ — MOAYIb JKECTKOCTH MYyCTOT,
YIOBJIETBOPSIOIINE YCIOBHSM [2]

a>0, >0, (34+2u)E > 352 2.2)

[Tpoiecc MHIEHTUPOBAHHS 3aKIFOYAETCSl BO BHEIPEHHH WHICHTOpA B 0Opasel Marepuaia C
HopaMH TIPH KOHTPOJIE TIIyOWHBI M CHJIbI BHeApeHus. B mosocy tommumuel h (0 <x <o, 0 <z<h)
KECTKO CLEIJICHHYIO ¢ HeleopMupyembiM ocHoBaHueM (Z = 0) BHEApsAETCS MHASHTOP IUPHHBI 28 (—
a<x<a, z=h) c mockoii popmoii ocHoBanus Ha rayouny — o (& > 0) ¢ momomupto cuibl Po. D10
NPUBOAUT K HEOOXOIMMOCTH BBIIIOJIHEHHSI TPAHMYHOT'O YCIIOBUS HA BEPTUKAIIBHOE cMeleHne W(X, Z)

w(x,h)=-95, —a<x<a, 6>0, (2.3)
rze 6 — oca/ika MHAEHTOpa B IIOPOYNPYTyo nosocy. CHITbl TPEHUs], CUETUICHUS KaK Ha KOHTAKTe, TaK U
BHE €r0 HE yYUTHIBAKOTCS

o,(x,h)=0, —w<Xx<om (2.4)

Ha ocHoBanum HWHACHTOPA B MOJIOCC BO3SHUKAIOT KOHTAKTHBIC HAIIPSKCHUA (po(X) YHCJICHHO paBHBIC
HOPMAJIbHBIM HAIMPSKCHUAM

o, (x,h)=—¢,(x), -a<x<a, (2.5)
TOrJla KaKk BHEC OCHOBaHUA MHACHTOPA
o, (x,h) =0, a<|x/ <. (2.6)
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Ha uikHe#t rparu mostocs! (Z = 0) BBIMTOTHSIOTCS YCIOBHUS KECTKOTO CUCIUICHHS C HeIe(OPMUPYEMbBIM
OCHOBaHUEM

u(x0)=0, w(x,0)=0, (2.7)

nu Ha ¢yskouio @O(X, Z), ONMCHIBAIOUIYIO paclpenesieHHe OTHOCHUTENBHOro o0beMa Iop
HAKJIAIBIBAIOTCS CIICIYIOIINE YCIOBUS
@(X,h):o, a;()(X,O):O. (2.8)
oz oz

CoBokymHOCTh AU(dEpeHIIHANBHBIX  YPAaBHCHUH IHIATAIMOHHONW TEOPUH YIPYTOCTH,
OIMKCHIBAIOIICH MOBEJCHUE YIIPYroro Marepuaia ¢ MUKPOCTPYKTYpoil B Bue nop (2.1) U cMemaHHbIX
rpaHnYHBIX ycroBuit (2.3) — (2.8) cocTaBisIIOT MOCTAHOBKY KOHTAKTHOMW 337a4u 00 WHICHTHPOBAHUH
MOJIOCHI M3 TIOPOYNPYroro Marepuana. PemeHnem Takoi 3a1a4yu sBJSIFOTCS HEU3BECTHBIC KOHTAKTHBIC
HarnpsHKeHUs po(X) B 001acTH KOHTaKTa —a < X < &, a TAK)KE BCE OCHOBHBIC XapaKTEPUCTHKHA KOHTAKTA.

3. HurerpajibHOe ypaBHeHHe 3aiayu U ero pemieHune. C TMOMOIIbIO HHTErPATHHOTO

npeobpaszoBanus Dypre 3amaya (2.1), (2.3) - (2.8) cBemeHa K pPEHICHUIO HHTETPATHLHOTO YpaBHEHHS
MEPBOTO POJA THIIA CBEPTKH C PAa3HOCTHBIM SPOM OTHOCHUTEIBHO KOHTaKTHBIX HampsbkeHuid. [locie
nepexoaa K 0e3pasMEpHBIM IIEPEMEHHBIM C IIOMOMIBIO 3aMeHbl X =aX u ¢(X’) = ad'Alpo(ax’),
OIYCTHB 3HAK INTPHXa B 00O3HAYEHHSX, MHTETPAILHOEC YPaBHCHHE, COOTBETCTBYIOIIEEC KOHTAKTHOM
3aI[aq1/I (2.1), (2.3) - (2.8) umeer BuA

j(p ( jdg 7 X <1 A:ﬁ, /122, (3.1)
k(t)= T K(w)e“'do, (3.2)
@ i
() == AL (") (2 (Hu =7 Jsh (1)~ 03
—277Hu35h(u)ch(r)],

A(u)=rsh(r)] 2« (1? ~1)(1-x)sh® (u)+ &” + 417u” -1 ]

+ﬂr[2u3((1_,<+| 3xc—1))sh (u) - 41uch (u))

Yo
+rsh(r)((20 (12— +17 (3¢ -1))- 2/<7/0)sh ()70 (2+x))
+20%ch (r)(~(2-x+1” (36 -1))sh (u)ch (u)+ 41°u) | |

+2%u2 [(—r2 (4170 —;/0)+2;/0I2u2)sh(r)sh2 (u)
0

+ru(41°u® —yo)sh(u)(ch(r)ch(u)—l)]

3nech F=\U+7, , 7, =(&+pH)N [ a,
B e H n:ﬂ(fr—l) _L+P-Hp/E
A+2u’ A+2u’ E T 1-IP-Hp/E
Pemienne uHTerpanbHoro ypasuenus (3.1) monydeHo B Kiacce MHTErpUpyeMbix GyHkumii [3]
N 3aI1MChIBACTCA B BUJC

)= e o )

(3.4)

X)A7, @ (x)eC (3.5)

[-14]:
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KOTOpPO€ UMEET aCUMITOTHYECKHUN BU C TOYHOCTBIO 10 A7

o(x)=—F 1—2—(121(1—x2j—4—(12(z—x2—x4j , (36)
el 222 24\ 8
rae
L d d?2 od, |
P=|p(x)dx=7z|In24-dy——% - ——=% 3.7)
_Jl O 2% 4xt axt

Ge3pasMepHast Cuila, IEHCTBYIOLIAs HA MHAEHTOD, a Koodduuuentsl d, BBIUHCISIOTCS 110 hopMyTam

© (_1)k ®
dy = [(1-¢K(&)-e7)&de,  dy =7 (1-£K (&))&™dg . (3.8)
g (2k)!5

Yepes HaiiJicHHbIC KOHTAKTHBIC HanpsokeHust ¢(X) u3 (3.5), onpeaenstoTes qpyrue mapaMmeTpbl
KOHTaKTa CMEIICHUS U, W, HAIIPSDKCHUS Gzz, Oxz, OTHOCHTEIBHBIN 00beM nop (X, Z).

4. 3aBHCHMOCTb XapaKTEePHCTHK KOHTAKTA OT NapaMeTPOB CBSI3HOCTH [} U :KeCTKOCTH &.
[Mony4yeHHOE aHATUTHYECKOE PEIICHHE KOHTAKTHOW 3a7a4u ((X) AMIATAIIMOHHOW TEOPUH YHPYTOCTH
[4-8] 06 ocamke sKeCTKOTO HHAECHTOPA € TUIOCKOM (hOpMOit OCHOBAHUS B CIIOW U3 YIPYroro MaTepHaia
€ MHKPOCTPYKTYpPOU B BHJI€ TIOp MO3BOJMIIO ONpeneiauth U(X, z), W(X, z), HanpspKeHUst Gz(X, Z), ox(X,
Z), oTHOCHUTENbHBIN 00beM mop (X, z). Ha puc. | nmpeacTaBieHo pacrpee/ieHue KacaTelbHbIX Ox:(X, Z)
U HOPMAJIbHBIX Gz(X, Z) HaNpsDKEHUH Kak B MOpoynpyroit mojoce [X [< 2,0 <z <1, Tak U Ha KOHTAKTe
[x|<1, z=1. B Buay HEYETHOCTH KacaTeIbHbIC HAMPSHKCHUSI IO/ CEPEMHON OCHOBAaHHS MHACHTOpA
MEHSIIOT 3HaK. BUIHO, 4TO HOpMallbHbIC HAIPSDKCHHS B KpasX OCHOBAaHHs MHACHTOpa X =t | UMeEIoT
0COOCHHOCTh KOPHEBOIO TUIA. PacyeTsl MpOBEISHBI ISl TOPOYIIPYTOd CPelbl ¢ XapaKTePHUCTHKAMHU:
moayis FOura E =100 GPa, kosddurment ITyaccona v =0.2 u co cieayrOmUMN HEKIaCCHYECKUMH

napameTpamu: mapametp cssHoctH S =16 GPa , xxectkocts mop & =10GPa, napamerp nuddysun

IyCTOT, XapaKTepPU3YIOLIMI pacCTOSHUE MEKIY opaMi  =5GPa-m?*, A=h/a=4,h=1.

a b
(2} 1 15 (b) -2
0.9
1 -4
0.8 08
05 0.7
06 0.6 ©
N 0 NO5F
-8
0.4 05 04f
03] -10
0.2 = 0.2
as %) 12
0 0 - :
-2 -1 0 1 2 -2 -1 0 1 2
X X

Puc. 1. Pacnipesienienne kacatenbHbIX Oxz(X, Z) (&) n HopManbHbIX 672(X, Z) (D) Hanpsokeruit B
nopoynpyroii monoce (X [< 2,0 <z<1).
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0.024

0.023
10.022
0.021
0.02
0.019
0.018
0.017
2 45 A 0.5 0 0.5 1 1.5 2
X
Puc. 2. Pactipenienienne OTHOCHTEILHOT0 00bema op @ (X, Z) B mopoynpyroit mosoce (X |< 2, 0
<z<1).

Ha puc. 2 npescTaBiieHo pacipe/ielieHiHe OTHOCHTEIbHOro o0beMa mop (X, Z) B mopoynpyroi
nosoce ¢ mapamerpamu E =100GPa, v=0.2, a=5GPa-m*, f=16GPa, &=10GPa. ®yuxius D(X,

Z) pacrpenelieHa CHMMETPHYHO OTHOCHTENBHO OCH Z M JOCTUraeT MakCUMyMa IIOZ CepennHON
OCHOBaHHUSl HMHJCHTOpA, pacmoyiokeHHoro mexnay toukamu (-1,1), (1, 1), B Touke (0, 1). Ilpu

HepexoJie Yyepe3 ATy TOUKY KacaTellbHbIC HAPSDKCHHS Ox(X, Z) U TOPH30HTAIBHBIC CMEIICHUS U (X, Z)
MEHSIOT 3HaK (HarpaBJICHUES).

MexaHndeckHe M TeOMETPUYECKHE XapaKTePUCTUKH KOHTaKTa TIPH HHACHTHPOBAHUH
MOPOYNPYIOil cpelbl CYLIECTBEHHO 3aBHCAT OT KO3(G(UIMEHTa CBA3aHHOCTH £ W Kod(duuueHrta
xectkoctu & B pabote ucciaenoBaHo BiIMsAHUE MapameTpoB S U ¢ Ha pa3NUyYHBIE XapaKTEePUCTUKU
koHTakTa. Ha puc. 3. rpadMiku KOHTAKTHBIX HANPsDKEHUH ¢(X) AaHbI Uil pasHbIX 3Ha4YeHHi f u & B
GPa mpu ocajake MHIEHTOpPA B MOJOCY Ha BenuuuHy &=3-10°m mpu A=h/a=4. [Mopoynpyruii
MaTepHall MoJIoCH XxapakTepusyercs MoayneMm fOura E =100 GPa, koaddunuentom [lyaccona v=0.2
, mapameTpoM ¢ =5GPa-m?, mapaMeTpoM KecTKocTH mnop &=18GPa (puc.3a) W mapamMeTpom
csi3HOCTH =18 GPa (puc. 3b). C yBenunuenueM nmapamerpa ff npu & = CONSt, a = CONSt, KOHTaKTHbIE

HaMpsOKEHUA W CuJia BO3IICI>'ICTBPI5[ Ha HWHACHTOpP, a 3HAYUT W Ha MaTepuall yYMCHLIIAIOTCH. C

yBeJudeHueM mapamerpa ¢ mpu f = COnst u o = CONst 3HaueHue ¢(X) W Harpy3ka Ha HHICHTOP
Hapacraer.

(a) (b)

5 x10° _ x10°

I"ﬂ. I"'a\\\\‘\\ /i ST ; —
| \\\
45+ "\\\

i |
/ / { L \'\\
//// / .‘i 5F AN j
i - 18—
35 el | e 1 35 Vs
20— ~
3t - T4

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

a(x)
FS
T
///
!
e P
a(x)
B &
///:’_f..%/

Puc. 3. Pacnipe/ienenne KOHTaKTHBIX HanpsokeHui ¢(X) npu n3menenuu napamerpa f3 (a) u
napamerpa ¢ (b). 3Hauenus napametpoB f u ¢ B GPa ykazaHbl Ha TMHUSX.
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IIpoBenénnbie MccleOBaHUS MaTeMaTHYECKOW MOJENM AWJIATAIIMOHHOW TEOpUU YIPYTrOCTH
Marepuaia ¢ MUKPOCTPYKTYpOH COCTOSIIEH U3 MOp, HOABEPIHYTOr0 MHACHTHUPOBAHUIO, MO3BOJIMIIN
YCTaHOBUTH B3aMMOCBSI3M MEXKIY KIACCHYECKUMH MOIYJSIMH ymnpyroctu E, v, HekmaccuuecKuMu
napameTpamu cpeasl o, P, & U TaKMMHU XapaKTEPUCTHKAMH KOHTaKTa KaK KOHTAKTHBIC HANPSKEHHS,
CHJIa KOHTaKTHOTO BO3JEHCTBHSA, OTHOCHTEIHHBIH O0BEM IIOp, BEPTHKAIBHBIE W TOPH3OHTAIBHBIC
CMENIeHNsI CBOOOMHON TIOBEPXHOCTH TMOpPOYIpyroro wMarepuana. [IpoBeneHHBIE HMCCIETOBaHUSI
MO3BOJISIIOT  MOBBICUTH YPOBEHb JKCHEPUMEHTAIBHBIX HCCIEAOBAaHUN 1O HWHIECHTHPOBAHUIO
MaTepHalioB ¢ IOPaMHU.

5. BrarogapuocT

UccnenoBanve BeIMoNHEHO mpu (uHaHcoBod mnopnepkke PODU B pamkax HaydHBIX
mpoekToB Ne 19-07-01259-a u No20-07-00949-a.
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MexaHu4eckHe CBOHCTBA METAJJIOMATPHYHOI0 KOMIIO3UTA, apMUPOBAHHOI0 KAPOUIHBIMHU
CTPYKTypamMu

3emuoBa E.I'., Mopo3oB H.®., CemenoB b.H., Cmupnos B.M.

Braromapsi cBomM MeXaHMYECKMM CBOMCTBAM, TaKMM KaK JIETKOCTh, HMPOYHOCTb, BBICOKAs YAENbHAsI JKECTKOCTb M
U3HOCOCTOMKOCTb, METAJLIOMATPUYHbIE KOMIIO3MTHI Ha OCHOBE AJFOMMHHMEBOW MAaTPHIIBI, apMHUPOBAaHHOW KePaMH4ECKUMH
YaCTHLAMH, HAaXOJAT LIMPOKOE HPHMEHEHHE B KauyeCTBE KOHCTPYKIMOHHBIX MAaTEepUaloB B a’3POKOCMUYECKOH U
ABTOMOOMJIBHOH  NpOMBIIUICHHOCTH. OCHOBHBIMH — NpOOJEMaMHM IIPM  HM3TOTOBJICHHUM  SIBISIOTCS  PaBHOMEPHOCTH
pacmpeneneHus 4acTHll Mo o0beMy, cinabas aare3us KepaMU4ecKHMX YacTHIl ¢ METaJUIOM MaTpuIlbl, oOpa3oBaHHe KapOuaa
IIOMHHMA Ha HHTep(elicax, NPUBOAAIICE K HeXeNaTeIbHOMY OXPYTYHBaHHIO.

ABTOpaMH TIpeAJIOKEHAa HOBas METOAWKA H3TOTOBJICHHS METAUIOMAaTPUYHBIX KOMIIO3UTOB, 3aKJIIOYAIONIAsCS B
CO3/1aHUH KOMITO3UIIHOHHOTO MaTepyaa, Korja B 00beMe METaNIMIECKON (QIFOMUHHEBOM, JKEIe3HON) MaTPHIIBI KapOUIHbIC
HaHOCTPYKTYPHI 00pPa30BHIBAIOT KapKac, U MO3BOJIIONIAS PEIIUTH BBIINIE YKa3aHHBIE TPOOIIEMEL.

AHanmmM3 MeEXaHHYECKHX CBOMCTB METaJUIOMaTPHYHBIX KOMIIO3HTOB, CO3JAHHBIX I10 IIPE/UIOKEHHOW METOMUKE,
MOKa3bIBalOT CYLIECTBEHHOE MOBBILICHUE MPEETIOB TEKY4eCTH M IIPOYHOCTH MO CPABHEHUIO CO CBOIMCTBAMH KaK YHCTOTO
ATIOMHHUSA, TaK 1 AJIFOMOMAaTPUYHBIX KOMIIO3HUTOB, apMUPOBAHHBIX JMCIICPCHBIMH (HAHO)-YaCTHLAMH KapOHIa KPEMHUS.

IIpoBeneH aHanm3 BKIaga CIEAYIOMIMX MEXaHW3MOB YIPOYHEHHWS: AUCIEpPCHOHHOE ymnpouHeHune (OpoBaH-DOmbu), 3a
cuer u3MenbueHus 3epHa (Xomi-ITery), 0Opa3oBaHus BHYTPEHHEr0 TEPMHUYECKOTO HANPSDKEHMS M3-3a Pa3inyuHbIX 3HAUCHHI
K03((GUIIHEHTOB TEIUIOBOTO PACIIMPEHUS MATPHIIBI U ApPMUPYIOIINX YACTHUIIL.

IMocTpoeHa KOHEYHO-dJIEMEHTHAsT MoJenb JeGOpMUPOBAaHHS METAUIOMATPHUYHOTO KOMIIO3UTA, ApMHPOBAHHOTO
KapOMIHBIMH CTPYKTYypaMH, YYUTHIBAIOIIas U3MEHEHHE Npeiesia TEKyIecTH.

1. Bgenenmne

MertannoMaTpuiHble  KOMIIO3UTHI ~ HAaXOAAT  IIUPOKOE TPUMEHEHHE B  Pa3IHYHBIX
AIPOKOCMHYECKOW, aBTOMOOWIBHONH W DSIEKTPOHHOH OTpacisx Onaromaps CBOMM  BBICOKHM
JKCIUTyaTallMOHHBIM  CBOMCTBaM, TaKUM KaK BBICOKas JKECTKOCTb, yJIeJIbHas IPOYHOCTb,
HU3HOCOCTOUKOCTB.

Haubonee pacripocTpaHeHHBIMH MaTepualaMH MaTPUL] 3TUX KOMIIO3UTOB SIBJISIFOTCS ATFOMUHHUNA
M JKene3o, a B KAaueCTBE apMHUPYIOLUIMX 3JIEMEHTOB MCIIOJb3YIOTCS KEPAMUYECKHUE YaCTHLBl MU
BOJIOKHA, Takue kak kapbua kpemums (SiC), xapobun turana (TiC), xapoun 6opa (B,C) m oxcun
amomuans (Al,O3), a TakkKe WHTEpMETAUINYECKHE apMUpYIolIue dieMeHThl. OcoOblli HHTEpEC s
NPWIOKEHUI TNPEICTaBIsIeT apMUPOBAHUE ATIOMHHHEBONW MAaTpPHLbl KaK MHMKPOYACTHUIIAMH, TaK U
HAHOYACTHIIAMH 4YacTUIAMU KapOujaa KpeMHHs, oOecledyrnBaioniee 3HAYUTEIbHOE YIPOYHEHHE
METaJUIOKOMIIO3UTa, BEJIMYMHA KOTOPOTO 3aBHCHUT OT KOHIEHTPALMU apMHUPYIONIMX YaCTHI, HX
TreOMETPHH, Pa3MEpOB, Are3MH MEKIY MAaTpHULEd U YCIOBUSIMHU BHECEHHUS! apMHUPYIOLIMX YacTHIl B
MaTpHILy.

Habnronaemoe ynpoyHeHHEe KOMIIO3UTOB C METAIUTMYECKOH MaTpHIlei sIBISIETCS Pe3yJIbTaToM
B3aMMOJICHCTBUSI HECKOJILKAX MEXaHHW3MOB YIPOUHEHHUs: 3a cdeT d(PPEKTHBHON Mepenadu Harpy3Ku
MEXIy MaTpuleil U apMHUPYIOLIMMHU 3JI€MEHTaMH, 33 CUeT 00pa30BaHMs BHYTPEHHHUX TEPMHUYECKHX
HaNpsODKEHUH, BBI3BAHHBIX HECOOTBETCTBHEM KOY()(MUIIMEHTOB TEMJIOBOTO PACHIMPEHUS MEXIy
MaTpHUILIeH U YaCTHIIAMU KapOH/a, 3a CYEeT U3MEJILUYCHHUS 3epHa MaTpHIlbl (3akoH Xosuta-IleTya), u3-3a
paccoriacoBaHusl yNpyrux MoOAyjleld MaTepualioB MaTPHULBI U BKIIOYEHHMS, BBI3BAHHOTO TUCIIEPCHON
(hazoit ynpounenus o OpoBaHy.

Kakne n3 5THX MEXaHH3MOB PEAM3YIOTCS B KaXKJIOM KOHKPETHOM CIIydae, ONpeiemsercs Kak
reoMeTpHrel YacThll, pasMepaMyd M HUX KOHIIEHTpalued, TaKk M YCIOBHUSMH BHECCHHS apMHUPYIOLINX
YacTHIl B MaTPHILY.

XoTsl ompeleNeHHass CTENCHb TOBBIIICHUS TPOYHOCTH MOXKET OBbITh JIOCTUTHYTa B
METaJUIOMaTPUYHBIX (HAHO)- KOMIIO3MTaX IMyTEM AaKTHUBAIMU XapaKTEPHO 3HAYMTEILHOE CHIDKCHHE
CIOCOOHOCTH IMOTJIONICHHS SHEPTUHU (HAaIIpUMep, TUIACTUYHOCTH, yIAPHOW BA3KOCTH WM AedopManun
JIO pa3pyIICHHS ).

B [1] wuccrnenoBaHo BIUSIHUE TEOMETPUU ApMUPYIOIINX BKIIOYCHHUH KapOuma Ha BEIUYUHY
yrnpouHsonero 3 dexkra BOIIOKOHHO-TNIACTHHYATOTO KapOuaa KpEMHUS B MaTPHIIEC U3 AIFOMHHAEBOTO
criaBa 6061. Ilokazano, 4To apMHpoBaHWE KapOWIOM KpPEMHHS B BHJE BOJIOKOH WJIW INIACTHH
MPUBOJUT K YBEIIMYCHHUIO CTEIICHU YMPOYHEHHS 1O CPABHCHHUIO C apMUPOBAHUEM YaCTHI[AMH IPU
OJTHOM U TOM k€ 00BEMHOMN KOHIICHTPALIMU BKIFOUYCHUH.
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Crnenmyer OTMETHTh, YTO B TOCIEIHHE JIECATWICTHS 3HAYUTEIBHOC BHHMAHHE YACISICTCS
UCCIICIOBAHUIO CBOWCTB METAJUIOMATPUYHBIX KOMITO3UTOB apMHPOBAaHHBIX HAHOPa3MEPHBIMHU
KapOWIHBIMU YACTHIIAMU, T.K. apMHUPOBAHUE HAHOYACTUIIAMH TPUBOJIUT K 00JICe BBICOKOW BEIIMYMHE
VIPOYHEHUS IO CPABHCHUIO C apMHUPOBAHHEM MHUKPOPAa3MEPHBIMU YACTHIIAMU TPU OJUHAKOBBIX
KOHIICHTPAIUSX BKIFOYCHHIA.

B [2-3] npoBeneH aHanu3 BiMsSHHS OOBEMHOW JOMM W Pa3MEPOB apMHUPYIOIINX YACTHI[ U
pa3MepoB 3epPeH METAJUIMYCCKOM MATPHUIlBl HA MEXaHUYECKHE CBOWMCTBA, BKIIFOYAS TPECT TEKY4YeCTH,
npezieN IPOYHOCTU U JIeOPMAITUIO IO pa3pylIeHHsS KOMIIO3UTOB, a TAK)KE KOJIMYCCTBCHHBIA aHAIN3
MEXaHH3MOB YIPOYHEHUS] METANIOMATPUIHOTO HAHOKOMITO3UTa Ha OCHOBE aimfoMuHUs. OTMEueHO,
YTO MpH TEPEMCIIMBAHUN pa3Mep KPHUCTALUTUTOB Al-MaTpHIlbl yMEHBIIACTCS C YBEIHYCHUEM
00BEMHOW JONIM apMHUPOBAaHUS W YMCHBIICHUEM pa3Mepa HaHOPA3MEPHBIX APMHUPYIONUX YaCTHIIL.
Kpome Toro, HanodacTuiel SiC 3aMeUISITH pOCT 3epHa MaTepralia MaTpPHIlbl BO BpeMs CIIEKaHUs, T.C.
YJIBTPAMEITKO3CPHHUCTAsT CTPYKTypa COXPAHSACTCS W TpPU CPAaBHUTEIBHO BBICOKOW TEMIIEpaType
cekanusi. C  yBenmueHWeM  cojaepkaHus —HaHowactul SiC  yBenmMYMBAaeTCs  IPOYHOCTH
METAJNIOMATPUYHOTrO0 Kommo3uTta. MccnemoBaH BKJAJ Pa3THUYHBIX MEXAaHM3MOB YIPOYHEHHS B
TIOBBINICHUE IPOYHOCTH METAJUIOKOMITIO3UTA ¢ HAHOPA3MEPHBIMU apMUPYIOIIUMH YaCTUIIAMHU KapOuia
KpEMHUS.

Hecmotps Ha TO, YTO B TOCJCOHHE TOJbl BEAYTCS WHTCHCHBHBIC HCCICIOBAHUS
METAJNTIOMATPUYHBIX (HAHO)KOMIIO3UTOB, MO-MIPEKHEMY, OCTACTCS Psl TPOOIEM, KOTOPBIC PUXOTUTCS
peliath TpU TPOU3BOJACTBE TAKUX KOMIIO3UTOB. OOCCICUEHHUE PABHOMEPHOIO pACIpPEIeICHUS
apMUPYIOIIMX YaCTULl, arjioMepalys KaKk apMUPYIOIIMX YacCTULl, TaK U 3€pPEeH Marepuana MaTpULbI,
TUIOXas aJIre3usi MeX 1y MaTepHaIoM MaTPHUIILI U YACTUIAMH.

ABTOpaMy MpeJIo’KeH HOBBIA METO BBEACHUS KapOuaa KpeMHHUS B METAIUTMYECKYIO MaTPHILY,
HO3BOJ’IHIOIIIHI>1 PEeIIUTh YKa3aHHBIC BBILIC HpOGHeMI)I H3roTOBJICHUA METANIOMATPUYIHOTO KOMIIO3UTa
Ha OCHOBE ATFOMHHUS, IPOBEJICHO MCCIICI0BAaHIE MEXaHHICCKHX CBOMCTB MOJYUYSHHOTO KOMITO3UTA.

2. OnucaHue HOBOI MeTOAMKHU CO3AAHMUS METAIIOMATPHYHOI0 KOMIIO3UTA

[MpeasnoxeHHblli BTOpaMH METOJ] CO3JIaHHS METaJNIOMAaTPUYHOI'O KOMIIO3UTa MOXKHO Pa3OUTh
Ha CJIEIYIOLINE ATaIIbL.

Ha nepBoM 3Tare Ha MOBEpXHOCTH MOPOIIKA AIOMHUHUS, CPEAHUN pa3Mep 4acTHIl KOTOPOro 5-
50 MKM, TIPOM3BOJMTCS CHHTE3 HaHOCIOeB kKapOuma kpemuusi (SiC), OCyIIecTBISIEMbIM METOIOM
MostekyJsipHoro HaciauBanust ("atomic layer deposition” (ML — ALD) [5-6]). Metoq ML — ALD
OCHOBaH HAa  NPOBEICHMM HA  TIOBEPXHOCTH  YEPEAYIOIIUXCA  XMMHUYECKHMX  peakuuit
HU3KOMOJICKYJISIPHBIX pEareHToB. B pe3ynbraTe KakJOro IMKIA TOBEPXHOCTHBIX XUMHUYECKHX
peaxkuuii , MPOBOAUMOIO B CTPOI'0 KOHTPOJUPYEMBIX YCIOBUSIX Ha IOBEPXHOCTH YaCTHIL AJIFOMUHMS,
NPOMCXOANT HapallMBaHHE HOBBIX CTPYKTYPHBIX €OMHHUL (KapOWIOB,), XUMHYECKH CBS3aHHBIX C
UCXOJTHOW TOJUTOKKOH. OCyIEeCTBISS ONpe/ieIeHHOe YHCIIO TaKUX PEakIMii MOKHO CHHTE3MpPOBATh
HAaHOCJIOM BEIIECTBA ONPEIECICHHOW TONIIMHBL. Bpems CcHHTe3a OJHOrO LKA peakuuid Ha
noBepxHocTH 30 MUHYT. 3a OAWH LUKJ Peakuuil nmpupocT cocrasisteT S anrcrpema (0,5 um). 3a 100
IIUKJIOB MIPHPOCT cocTaBui 50 HM.

Cuntes HaHocoes SiC mpoBoxwuty mpu Temmeparype 200-500°C B peakTope mpoOTOYHOro THIIA
B TOKE OCYLIEHHOTO WHEPTHOrO rasza (Teimil), KOTOpHI OJHOBPEMEHHO oOecneuuBas yAaleHHE M3
peakTopa ra3o00pa3HbIX IPOJYKTOB PEAKIUU

Haiinensl onTUMaibHbIE YCIOBUSI CHHTE3a HAHOCTPYKTYp SiC Ha IMOBEPXHOCTU AIFOMUHHEBOM
MaTpHibl: Temreparypa — 450°C, ckopocTb ra3oBoro notoka — 100 mi/MuH.

Bnaronaps XxumMu4yecKoi CBS3M MEXIy HAaHOCIOAMH KapOuaa M MOAJIOKKOW oOecreynBaeTcs
BBICOKAsI CTETICHb aJIr'e3UH KapOuja KPEMHHUS C aTFOMHHHEM.

Yrtob6bl u30exkath ariioMepanuu (YKpyIHEHHs) MOJy4YeHHbIX aucrepcHbix gactuil (Al — SiC) ,
Ha WX NOBEPXHOCTH HAHOCAT cioii Fe.

Ha BTOpOM 3Tamne mpoucxomwio CMENIMBaHUE CHHTE3HMPOBAHHBIX JTUCIIEPCHBIX YIPOUHSIONIAX
gactuil (Al — SiC/Fe) ¢ mopomKoM YacTHIl TFOMHUHKS U [TOCIIEAYIOIIEe IPECCOBAHNUE.

Jlns cHWKEHHMS MOPUCTOCTH mnpu Temmeparype 600°C mpoBommioch criekaHue oOpasia,
CKOMITAKTHPOBAHHOTO W3 JIUCIEPCHBIX MCXOJHBIX MATEPUalioB (&IIOMHHHEBBIH TMOPOLIOK |
mucriepcusie yactuirsl (Al — SiC/Fe)), B equHyIo CTpyKTYpY.
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OtcyrcTBUe Mex(]a3HBIX TPaHUI] MEXKAY YaCTUIAMHU AIOMUHUS W HAHOCTPYKTYypaMu
KapOWJIOB TIO3BOJIMJIO YMEHBIIUTh BHYTPEHHEIO MOPHUCTOCTh oOpasna. Hamuume HaHOCTOS
JKeJie3a MO3BOJIMII0 PABHOMEPHO TepepacipeeTuTh apMHUPYIOIKe KapOouaHbie yacTuilbl (Al —
SiC /Fe) B 00bEéMe amroMHUHHEBOI MaTpuIlbl. Pa3zpaboTaHHas METOAMKA MO3BOJIMIIA TOIYYHTh
ATFOMOMATPHYHBIE KOMITO3UTHI C YIyYIICHHBIMU MEXaHUYECKIMH CBOHCTBAMHU.

3. HccnenoBanme MexaHMYeCKHX CBOHCTB METAVIOMATPUYHOI0 KOMIO3UTA
JI7st uccnenoBaHus 3aBUCHMOCTH MEXaHHUECKUX CBOMCTB aJIFOMOMATPHYHOTO KOMIIO3UTA OBLIH
M3TOTOBJICHBI 00PA3Ibl C MACCOBOW KOHIIEHTpAIMEH apMUPYROIUX aucnepcHbix vactuil (1% , 3% ,
10%, 15%, 25%) ¢ TonmmHoON KapOHIHOTO HaHOCHOS1 SO HM U IOCTPOEHBI KPUBBIE Ae(hOpMUPOBAHUS
6-& 3THX 00pasnos (Puc.1).

5%

f 15%

L/ 10%

A S TR SIS S S SR
g, (%)

Puc. 1. Kpussie neopMupoBaHust & — £ I METAJUIOKOMIIO3UTOB C JHCIEPCHBIMU
JacTHIIAMH, crieayromniero cocraa: 90% Al + 10 % (Al — SiC/Fe); 85% Al + 15 % (Al
— SiC/Fe); 75% Al + 25 % (Al — SiC/Fe)

[MToka3zano, uto apmupoBanue aucrnepcubiMu yactuiiamu (Al — SiC /Fe) npuBoauT K 3aMeTHOMY
YIPOUHEHHUIO ATIOMOMATPHUYHOTO KOMIIO3MTA IMPU MACCOBOH KOHIEHTpaluu dvactui] oojiee 10%.
Conepxanue apMmupymoomei nucnepcHol ¢assl 1%, 2%, 3% mnpakTHyecku He BIMAET Ha
MEXaHMYECKHE CBOWCTBA KOMIO3UTA. J[Ig MeTamIoMaTpUYHBIX KOMIIO3UTOB C MAacCOBOH
KOHIeHTparuei aucnepcuonnbix vactuil (Al — SiC /Fe) 10%, 15% u 25% xapakTepHbl HE TOJIBKO
BBICOKasl CTENCHb YIPOUYHEHHWs, TaK M 3HAUUTENbHAs IUIacTHUecKas nedopMmaius A0 pa3pylIeHus.
3aBHCHUMOCTb TIpeneia MPOYHOCTH OT KOHLEHTPALUUHM IWCIEPCHBIX YacTHIl NpuBeneHa B TaOi.l.
3aMeTHM, YTO TaKoe YNPOYHEHHE He JOCTHraeTcsi  IMpH apMUPOBAHWHU ATIOMHHUEBONH MaTpPHIIBI
JIMCTIICPCHBIMM HAHOYACTHIIAMU KapOuIa KpeMHHs TPH TeX )K€ BECOBBIX KOHIEHTpauwmsx [2,3], 4ro
oOBbsicHseTCA clabOl aaresMed MeXIy HaHOYacTMLaMK  KapOuga KpeMHHS U allOMHHHEBON
MAaTpHIIBI, & TAK)KE BHICOKOH IMOPUCTOCTHIO MPHU OOJBIINX KOHLIEHTPAIMAX BKIIOUCHHUH, IPUBOASIICH
K OXPYITYUBAHUIO KOMITO3UTA.

Tabéamnua 1. 3aBUCUMOCTS MPOYHOCTHBIX CBOWCTBA, CHHTE3NPOBAHHBIX KOMITO3UITIOHHBIX MATEPHAJIOB
Ha OCHOBE AJIOMHUHUS ¢ AUcTiepcHOit (a3oii SiC, OT KOHIICHTPAIMH TUCTICPCHBIX YaCTHIT

Ne obpazua CocTaB KOMITO3UTa IIpenen npounocru c,, MPa
1 99,7 % Al 75

2 99% Al + 1% (Al — SiC/Fe) 80

3 97% Al +3% (Al - SiC/Fe) 95

4 90% Al + 10 % (Al — SiC/Fe) 165

5 85% Al + 15 % (Al — SiC/Fe) 310

6 75% Al + 25 % (Al — SiC/Fe) 430
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IIpym moMomy MeTona KOHEYHBIX 3JE€MEHTOB OCYIIECTBICHO MOJAEIHPOBAHHE MEXaHMUECKHUX
CBOICTB CHHTE3MPOBAHHOTO  METAJUIOMATPHUYHOTO KOMIIO3HUTA, ApPMHUPOBAHHOTO AMCIIEPCHBIMHU
yactuiamu Al — SiC /Fe . TIpoBeaeHo uccae10BaHue BAMSHUS BEIOOPA MPECTABUTEIBHOTO 3JIEMEHTA,
pacrmpenencHusl B HeM apMUPYIOIINX JUCTICPCUOHHBIX YaCTHII.

IIpy dYncieHHOM MOJIENMPOBaHWN KPUBOW NehOpMHUPOBAaHUS G- HEOOXOIWMO YUHTHIBATH
(akTHYecKOe YIMPOYHEHHWE MATPHUIBI W BBOJUTH COOTBETCBYIOIIME W3MEHEHHS B OIPEACIISIONINe
COOTHOIIICHHUS I  MaTepuaia MaTpuilpl [7- 9]. DTu 3HaueHWsS MOXHO ONpPEACTUTH JUOO0 U3
OKCMEPUMEHTAIHBIX ~ KPHUBBIX  HampsDKeHHe -  JaedopMarius b0 W3  pe3yNbTaToB
MHUKPOMEXaHIMYECKOTO MOJEIMPOBAaHNS, YIUTHIBAs BKJIABl PAa3IMIHBIX MEXaHW3MOB YIPOYHEHUS B
(hakTHYEeCKOEe YITPOYHCHHUE METAJUIOMATPUYHOTO KOMITO3UTA.

500

450 -

400 //’—————-

=
s - =-Al
£ 300
=
T 250 — = Al+25%(Al-Si/Fe) 6e3 yueTa
; S YyNpoYHEeHUs
g. -—--——""_-—-—__:: —————
8150 —f

100 Al +25%(Al-Si/Fe)c yqeTom

NPOYHEHMA
50 ynp

0,0 0,5 1,0 1,5
Dedopmauunm (%)

Puc.2. Kpussie mehopmupoBanus mis Al, meramiokommosuta 75% Al + 25 % (Al —
SiC/Fe) 0e3 y4era (hakTUIECKOTO YIIPOUHEHHUS U C YIETOM.

Ha pwuc.2 mnpuBeneHbl pe3ynbTaThl KOHEUHO-DJIEMEHTHOTO MOJICTUPOBAHUS  KPUBBIX
nehopMUpoBaHus HarpspkeHue — jaedopmanus aedopmupoBanus s Al, s MeTaIoKoMIo3uTa
crenyroriero cocrasa /5% Al + 25 % (Al — SiC/Fe) ¢ Tommmuo#i kapoumHoro Hanociaos 50 um 6e3
yueTa (PaKTUYECKOro YNPOYHEHUS MATPHUILI U C YYETOM. 3aMETHM, 4YTO MPH MOJCIUPOBAHHUU
ne(OpMUPOBAHHS METAITIOKOMITO3UTA O3 yueTa (DaKTHUECKOTO YIPOYHEHUST MATPHUIIBI PHHUMAETCS
BO BHHMAaHHE TOJBKO MEXAHHW3M YIIPOYHEHHS 3a CUET IepepacrpeaeiicHus 3a cueT 3(h(HEeKTHBHOTO
nepepacrpesieliCHUs] Harpy3Kd MEXAy MaTpHieil ¥ apMHPYIOIIMMHU YacTHIAMH KapOuja KpEeMHHS.
YuuThiBas Mallyl0 KOHIICHTPAIMIO KapOuWga KPEeMHHS B KOMIIO3UTE, BKJAJ OT 3TOT0 MEXaHH3Ma
YIIPOYHEHHUS HE3HAUNTEIIEH.

Pabora BeImonHEHa Mpu (pUHAHCOBOW moazep:kke rpanTa Poccuiickoro Hayunoro ¢onma Ne20-
11-20083.
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Pa3zpaboTka MaTeMaTH4eCKO MOJe/IU CHJIOBOI0 MPUBO/JA /ISl PACKPBITHSI KOCMHYECKOI
KOHCTPYKIUH U3MEeHs1eMOi KOH(puUrypauumu

3umun B. H., Kpeuios A. B., Kyesipkun I'. H., Illaxsepaos A. O.

IlepcriekTuBBl pa3BHTHSA pPAJMOACTPOHOMHM, COJHEYHOH DHEPreTHKH, KOCMHYECKOH CBSI3HM, HCCIIENOBAaHMS 3eMHOI
MOBEPXHOCTH W JPYTMX IUIAHET W3 KOCMOCa B HACTOSINEe BpEeMs CBSI3aHBI C CO3JAHUEM MPHHIMITHATEHO HOBBIX
KPYIHOTa0apUTHBIX KOCMHYECKHX KOHCTPYKIMH. IIpM IpOeKTHpOoBaHMM KpYyMHOTabapUTHBIX CHCTEM, CXeMa KOTOPBIX
JIOIyCKaeT aBTOMAaTHYECKOe M3MEHEHHe KOH(UTYpaIruu KOHCTPYKIMM, HEOOXOJUMO YYUTHIBATh yaapHble Harpy3ku. OHH
HEeH30eKHO BO3ZHUKAIOT NpH (UKCAlMU paboyero COCTOSHHMSA KOHCTPYKLHMH HA OpOWTE IO 3aBEpIICHHUIO Mpolecca eé
packpbitia. [Inst obecredeHus IUIABHOTO, HAJIEKHOTO M Oe3yJapHOrO PACKPBITHS KPYHMHOTAO0apUTHBIX KOCMHYECKHX
KOHCTPYKIMI IpeoaraeTcsi UCIoIb30BaTh CUIIOBBIE PHBO/bI ¢ aKTHBHBIMH JICMEHTAMH, BBIIIOJIHEHHBIMU U3 MaTepHalia
HHUKeNuAa TUTaHa, oGmamaromiero 3¢dexrom mamsta ¢Gopmbr (OIID). IIpoBemeHbl IKCIEPHUMEHTATBHO-TEOPETUUSCKUE
UCCIICZIOBAaHUS, HAIPABICHHbIE Ha pa3pabOTKy MaTeMaTH4ecKOW Mozenu (YHKIMOHHUPOBAHMS AKTHBHOIO SJICMEHTA M3
HuKenuaa TutaHa ¢ OI1D i packphITHS KOCMHYIECKOI KOHCTPYKIIMY N3MEHsIeMOH KOH(UTypaIyy.

K Hacrosimemy BpeMeHH pa3pa0OTaHO MHOTO BaPHAHTOB KOCMHYECKHX KOHCTPYKIIMH, HMEIOIIHX
pasHble KOH(PHUTYpaldd B TPAaHCIOPTHOM W paboueM monokeHusx Ha opbute [1]. Hemsbexnoe
YCIIO)KHEHNE KOHCTPYKTHUBHBIX CXEM IEPCIEKTUBHBIX KOCMHUYECKHX CHCTEM BCIIEIICTBUE MOBBIIICHUS
UX OSKCIUTyaTalMOHHBIX (DyHKIMOHAJIBHBIX BO3MOXKHOCTEH MPUBOAUT K HEOOXOAMMOCTH CO3IaHHS
0ONBIIMX KOCMHUYECKHUX KOHCTpYKuui. I[Ipm 3ToM Oonbpiive KpynHorabapuUTHBIE KOHCTPYKIIUH
u3MeHseMo KoH(purypamwmm (TpaHchOpMHUpYEeMBbIe) CTAaHOBATCSA KIIOYEBBIMH KOMITOHEHTAMHU
TEXHOJIOTHH COBPEMEHHBIX KOCMUYECKHX CUCTEM, pHC. 1.

Puc. 1. Bonblime KOCMUYECKHE KOHCTPYKIIUH: a — PEPIEKTOP 30HTHYHOTO THIIA;
0 — peduiexkTop PepMEHHOTO THIIA

B mnpaktuke co3maHusi KOCMHYECKMX KOHCTPYKLUHMH 3HAUMTENBHYIO POJIb WIpaeT Ha3eMHBIN
akcniepuMeHT. CII0)KHOCTH, BOSHUKAIOIINE MTPH MOJICIMPOBAHHY B HA36MHOM JKCIIEPUMEHTE YCIOBUH
9KCIUTyaTallid B KOCMOCE, TpeOYIOT CO3/aHMs JOPOTOCTOSIINX CTEHJOB 00€3BEIIMBAHHS OOJIBIIMX
TpaHCHOPMHUPYEMBIX KOHCTPYKLUMH M YHUKAIBHBIX IO pa3MepaM BakyyMHBIX Kamep. Ilostomy
MPOCKTHPOBAHKME TAKMX CHCTEM HEIOCPEJICTBEHHO CBSA3aHO C pa3pabdOTKOW MaTeMaTH4ecKoi MOJeNnn
KOHCTPYKIIHH, aJICKBATHO OMMCHIBAIOIICH ee MeXaHUIEeCKUe CBOMCTRA [2].

PaboTocnocoGHOCTh KOCMHYECKHMX KOHCTPYKIMH H3MEHseMOHl KOH(HIypaluu Ompeaensercs,
IJIaBHBIM 00pa3oM, TeM, HACKOJBKO BEJMKH BO3HUKAIONIME B HUX YCWIHS IPH Pa3BEpTHIBAHUH,
MOATOMY OOECIeUeHHEe HAJICKHOTO PACKPBITHS CBS3aHO C PEIICHHEM CIIOKHBIX 3a]ad MEXaHUKH.
[Iponecc n3MeHeHns1 KOH(PUTYpALMH TPOUCXOJUT MO BO3AECHCTBUEM CHIIOBBIX MPUBOJIOB, B KAUECTBE
KOTOPBIX MOTYT OBITh HCIHOJB30BaHbI CKAaTble WK PACTSHYTHIE MPY>KUHBI, SJIEKTPOABUIATENIH U T. JI.
UccnenoBannss B obnacTu TnpuMeHeHUs MatepuanoB ¢ 3ddekrom mamsatu dopmber (DM1D) mns
CO3JIaHUSI TEPMOMEXAHMUYECKUX CHIIOBBIX NPHBOJOB U KOCMHYECKHMX CHCTEM B HACTOSIIECE BpEMs
BBI3BIBACT TOBBIIICHHBI MHTEPEC YYEHBIX, MHXKEHEPOB M KOHCTPYKTOpoB [3-6]. Marepuan ¢ DI1D
MOKHO HCIIONIb30BaTh JUIA CO3MAaHUsS CHJIOBBIX NPUBOAOB Oylarogapsi €ro CHOCOOHOCTH K
BOCCTaHOBJICHHIO OOJBIINX JedopMalnii U CO3IaHUIO 3HAYUTEIBHON CUITBI [7-8]. AKTUBHBIN dJ1eMEHT
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TAKOI'0 CHJIOBOTO NPHBOAA MOXET ObITh BBHINOJIHEH B (hopMe IPOBOIOKU U3 MaTepuana ¢ JI1D tuma
Hukenuaa turana [3,9]. Jlns ycrenHoro NpuMeHeH!s TaKUX TPUBOIOB ISl PACKPBITHS KOCMUYECKOM
KOHCTPYKUIMH HM3MEHSAEMOH KOH(UTypauuun HEOOXOAMMO ONpeAesTh Kak (opMy aKTUBHOTO
9IIEMEHTA, TaK U UX (PyHKIHMOHAJIbHBIE BOSMOXKHOCTH. [/ ompeneseHns OCHOBHBIX XapaKTEPHCTHUK
aKTHBHOTO 3JIEMEHTA: Pa3BUBAEMOE JKCIUIyaTallHOHHOE YCHUJIHE, BpeMs cpaOaTbiBaHMsA, pabodnii xon
(MakcuMalpHOE IepeMelleHHue), ObIIM IPOBENEHbl TEOPETHYECKHE M IKCIEPUMEHTAJIbHBIE
HCCIIEIOBAHHUS.

MareMaTHndecKue CJIOKHOCTH OIMCAaHWSA TOBeAeHUS MatepuaioB ¢ OIID, HeoOXoauMOoCTh
HCIONb30BaHUA B MAaTEMaTHUYECKMX MOJENAX JAOCTaTOYHO OONBLIOr0 KONH4YecTBa (DaKTUUECKUX
SKCIEPUMEHTABHBIX JaHHBIX HE MO3BOJMIM TMOKa pa3paboTaTh WHKEHEPHbIE METOAMKH pacyera
CHJIOBBIX MPHUBOJOB IS PACKPBITHS KOCMHUYECKHX KOHCTPYKIHMH W3MEHsIeMOW KoHQurypauuu. B
paccMaTpuBacMOM CHIJIOBOM NIPHBOJAE IPUMEHEH AKTUBHBIN 3JI€MEHT, H3TOTOBIECHHBIN U3 MPOBOJIOKU
HUKENIWAa THTaHa AuaMeTpoM 1,5 MM u mmHOo# 160 MM (puc. 2), HarpeBaeMblid B mpolecce padoThI
ITyTeM IPOIYCKAHUS Yepe3 HEro JIEKTPUIECKOro TOKa.

Puc. 2. AkTUBHBIC 37IeMEHTHI 3 MaTepralia HIKeIN1a TATaHa CHIIOBOro puBoaa ¢ DI1d

O6mas nedopmanms npoBosoky u3 MaTepuaia ¢ II1D ckiagpBacTCs U3 yNPYyroi, TeMrnepaTypHoi
1 ($hazoBoi qedopMariwii:

g=e® +&) 4@
rie € =6/E - ynpyras fegopMaiusi; ¢ — HanpspDKeHHE B TEKYIEH TOUKe MOMePeyHOro CeUeHHUS;
E — momyms ympyrocry; e = o AT — Temneparypuas npedopmanus; O — KOdDGUIHEHT

JINHEHHOTO (TEMIIEPaTyPHOI0) PACIIUPCHHUS, e ¢azosas nedopmariusi.
qTO6LI HCIIOJIb30BATh MPOBOJIOKY M3 CIlJIaBa HUKEIMAAa TUTAaHA B KAQYE€CTBE aKTUBHOI'O 3JICMCHTA B
MPUBOJIAX JUISL PACKPBITHS KOCMHYECKHX KOHCTPYKIMH HM3MEHSEeMOH KOH(UTYpanuu HEoO0XOJIUMO
OIPEIENIUTh €ro JUTHHY. J[ITIMHa TPOBOJIOKH ONPEIessIeTCsl HCXOIS M3 TPeOyeMOii BEIMYHHbBI pabodyero
X0/1a MPUBO/IA 10 BEJIMYMHE BOCCTaHABINBAEMOH ((ha3oBoii) aedopmariuu:
L Al
NOR

rae Al — tpeGyemoe nepemerenie akTHBHOTO 91eMEHTa IPHBO/IA.

[Ipy mpoexTHpOBaHWM aKTHBHBIX 3JeMEHTOB u3 Martepuana c¢ OJlId c¢ wucmons3oBaHuEM
MaTEeMaTHYECKOTO amnmapaTa TpeOYIOTCsl 3aBUCHMOCTH, YCTaHABJIMBAIONINE CBSI3b BETMYMHBI (Ha30BOH
negopManu C OSKCIUTyaTallMOHHBIMHM Harpy3KaMH CHJIOBOTO IpuBoja. JlaHHble 3aBUCHMMOCTH
Ha3bIBAIOTCS Ae(pOPMALITOHHO-CUIIOBBIMU U MOTYT OBITh MOJIyYEHBI B PE3YJIbTATE IKCIIEPUMEHTA.

B mporiecce npenBapuTeNbHBIX UCTIBITAHUI aKTUBHBIE AJIEMEHTHI MTOIBEPTATUCH PA3IUYHBIM BUIaM
TeMIteparypHoii 06paGorkn. Ha sToM sTare Temieparypa HarpeBa medn Bapsupoanachk ot 450°C 1o
850°C. Bpems TepMOOGPaOOTKH aKTHBHEIX 3JIEMEHTOB BapbUPOBANOCh OT 30 10 60 MUHYT, IIPH 3TOM
OXJI2XK]ICHHE MTPOUCXOMIIO B neun. TepmMooOpaboTKa MPOBOIMIIACH C IIETIbI0 YCTPAHEHUS! BO3MOXKHBIX
BHYTPEHHHUX HANpsOKEHUI aKTHBHBIX JJIEMEHTOB. [lamee K aKTHBHOMY DIIEMEHTY IPHKII/IBIBAIIOCH
pacTsaruBaroniee ycuine, KOTOpoe CO34aBajlo B €ro CeUeHHAX pacTsruparoniee HampsokeHue. Ilotom
aKTHBHBIM 3J€MEHT HarpeBaiicsl. Temmeparypa akTUBHOTO 3JIEMEHTa B MOMEHT Haydala COKpAaIICHHs
uM cBoell umHbl coctapmsua 70°C. Jlns uMpTarmu pabGoduero yCHiIHs, Pa3BHBAEMOrO aKTHBHBIM
3JIEMEHTOM B TIPOLECCE SKCIEPUMEHTAIBHBIX UCCIEA0BAHMM, UCIIONb30BAJICS NPYKUHHBIA 3JIEMEHT C
xectkocTeio 17 H/mm. TlpenBapurensHOe HaTSHKEHHE, CO3[aBaeMOE€ TMPYKMHHBIM 3JIEMEHTOM 10
Hayaja Ipolecca HarpeBa akKTUBHOTO 3jieMeHTa, cocTaBisio 0,04 kH. VMHTeHCHBHOE COKpalieHne
AKTHBHBIM SJICMCHTOM CBOCH JUIMHBI mpekpamanock mpu temmeparype 110°C. Vcmbrrasus
MPOBOJMIIUCH HA YCTAHOBKE, MPEICTABICHHON HA PUCYHKE 3.
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Puc. 3. 9KCHepI/IMeHTaJ'H)HaH YCTaHOBKaA IJIsk ONPEACTICHNUSA OCHOBHBIX
XapaKTCPUCTHUK aKTUBHOI'O 3JICMCHTA

Ha pucynke 4 mpencTaBiieHBI pe3ylbTaThl HCTBITAHWNA. AKTHBHBIN dIeMeHT umHOW 160 MM 3a
CUET NMPHIOKEHHUS PACTATUBAIOLIEro ycuius Aedopmuposaincs 1o BenuurHsl 176 mm. Tlocne custus
Harpy3Kkd JUIMHA aKTHBHOTO BJIEMEHTa yMeHblnanach A0 174 mm. [lpu HarpeBe mjMHA aKTUBHOTO
SNIeMEHTa yMeHbIIanach 0 BenuuuHbl 167 mM. [Ipu sTtom pabounmit xox cocraBmsit 4% OT UTMHEL
AKTUBHOT'O 3JIEMEHTa Iepel HarpeBoM. TakuMm o0pa3oM, MakCHMalbHOE MEPEMEIEHHE COCTABIISIO
7 MM, a MakcuMasibHoe ycuime — 0,177 kH.

7.6 Al e KH
200 8 200 02
2, IR e 3\ [P P oy
e il _ -
150 [ 6 150 p 1 0.15
. /—/ 1 . /_//(1
/
100 — 4 100 — 0,1
K P
u _// .' 2 so|—»2 4 0.05
IS o 0

20 40 60 80 100 tc 0 20 40 60 80 100 tc

a 6
Puc. 4. Pe3ynpraTsl UCIBITaHUIT: N3MEHEHHE TEMIIEPATYPhl U OTHOCUTEIILHOTO YUIMHEHHS aKTUBHOTO
JJIEMEHTa; a — U3MEHEHHE TeMIIePaTyphl H OTHOCUTENILHOTO YUIMHEHHS aKTUBHOT'O 3JIEMEHTA;
0 — N3MEHEHHE TEMIIEPaTypPhl U YCHIIHS, Pa3BUBAEMOT0 aKTHBHBIM 3JIEMEHTOM:!
1 — Temneparypa; 2 — nepeMeIeHue; 3 — ycuine

B pesynbraTe 9SKCIEPUMEHTAJbHBIX HCCIICIOBAHUN MOJYYCHBI J1e()OpPMAaIMOHHO-CUIOBBIC
3aBUCHMOCTH aKTHBHOI'O 3JIEMEHTa, pa00TAIOIIEro B YCIAOBHIX OJJHOOCHOI'O CHKATHSI.

Y aKTHBHBIX 3J€MEHTOB U3 MatepuaioB ¢ OIID ynpaBusiommM BO3AEUCTBUEM MOMKET OBITh
TOJILKO TeMmnepaTypHoe mone. I[lpum 3ToM, Hapsgy c 3amadell JepOpMHUpPOBAaHHS, BO3HUKAET
HEOOXOJMMOCTh peliaTh 3aaady TeronpoBoaHoct. s martepuanoB ¢ DIID obe atu 3amauu
SBIISIOTCS] HEJTMHEHHBIMH U CBA3aHHBIMU.

[Ipu Ha3eMHBIX HCIIBITAHUSAX B KAYECTBE MEPBOIO MPUOIMKESHHUS MOXKHO TPUHSTH, YTO U3MEHEHUE
TEIUIOBOM HEPTHH aKTHBHOTO 3JeMeHTa u3 MaTepuana ¢ JI1® paBHO Ternly, MOCTYNHUBIIEMY 33 CUET
JIEKTPUIECKON IHEPTUH MUHYC TETIJIOBBIE IIOTEPH OT €CTECTBEHHOW KOHBEKIINU

cm(jj—-lt-=RI2—aS(T—Tc), 1)
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rae C — yjaenbHas TEIJIOEMKOCTh, M — Macca aKTHBHOTO 3JIeMEHTa; | — TeMmIepaTypa aKTHBHOTO
anementa; t — Bpems; R — comporusnenne aktuBHOTrO 3neMenTa; | — cuma Toka; oo — koadduiment
TemI000MeHa; S — IUIOLIa/Ib IOBEPXHOCTH TEII00OMEHa; T, — TEMIIEpaTypa OKpYKaIOIIEH CpebL.

Crenyst [6], pemenne ypaBuenus (1) Oyaet uMeTh BHIT:

Tt) =T —(T —Ty)exp(-t/p),

rome T =T0 (t = 0) y B= % T - paBHOBECHAs TEMIIEpaTrypa.
o

[Ipu pacyere u3MeHEHUs TeMIEPaTyphl aKTUBHBIX 3JIEMEHTOB MPOBOAMIICA 10A00p Koddduuuenta
TerooOMeHa. [Ipu 3ToM B pacueTax y4YHWTHIBAJIIOCH W3MEHEHHE CONPOTHBICHHS M TEIJIOEMKOCTH
aKTHBHBIX DJIJIEMEHTOB B IIpolecce HarpeBa. I[Ipm mNpoOBEICHWH UYUCICHHOTO SKCIEPUMEHTA
MOJTy4EeHHBIE PE3YJIbTAThl XOPOLIO KOPPEIUPOBAIHCEH C pe3yabTaTaMH HCIbITaHUH. OHON M3 BaXKHBIX
XapaKTepUCTUK TPHBOJA PACKPBITUS SIBISIETCS BpeMs cpabarbiBaHusA. [ 3amaHus HEOOXOANMOTO
BpPEMEHHU CpabaThHIBaHUS aKTHBHOTO DJIEMEHTa MPUBOJAA HYXXHO BBIOpPATh MOAXOAAIIEE HANpPSDKCHHUE,
moABOAMMOC K aKTUBHOMY 3JICMCHTY IIPUBO/JIA. HpI/I HU3MCHCHUHU IIOABOANMOI'0 K aKTUBHOMY 3JIEMCHTY
HAIpsDKCHUSI B TIpoOLiecce MPOBEJCHUSI UCTIBITAaHWN OBUIO BBISABJIEHO, YTO BpeMsl €ro cpabaThbIBaHU
CYILECTBEHHO M3MEH:IOCh. Takke He0OXOAMMO OTMETHTh, YTO HECMOTPS Ha 3HAUUTEIBbHBINA pa3zopoc
BpPEMEHU cpalaThIBaHUsI aKTHBHOTO 3JIEMEHTA, ero pabouuii X0J ocTaBaycsl TIOCTOSHHBIM, a MPOIEece
MPOXOJTUII TUTABHO M O3y IapHO.

AKTHBHBIC DJIEMEHTHI, IS yHpaBieHHsS Ae(GOopMalMsIMH KOTOPBIX HCIIONB3YeTCs H3MEHCHHE
TEeMIEepPaTypbl, MOTYT 00ECIEYNTh MeJICHHbIE (KBa3UCTATHUECKUE) TUIAaBHBIE Oe3yJapHbIe TBHKCHIS
KOCMHYECKHX KOHCTPYKIMH H3MEHSeMOH KOHQUTypaluu. OTO OOYCIOBIEHO TEM, YTO MpOIEcC
HarpeBa aKTHBHBIX 3JIEMEHTOB (PM3HMYECKU HEBO3MOXKHO C/IEIATh OBICTPBIM.

Pabora BeIMoONHeHa mpu moadepkke MUHHCTEpCTBa HayKM M Bbicmiero obOpasoBaHust Poccun
(mpoext 0705-2020-0047).
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O BJIMSAHUU HEOJJHOPOJHOCTHU BHEHIHEI'O IIOKPBITHUSA TPYBbI HA
KOHTAKTHBIE HAIIPSAKEHU S, BOSBHUKAIOINME IO ’)KECTKUMHU BTYJIKAMU

Ka3akoB K.E.

PaboTa mocesilieHa MOCTAaHOBKE U MOCTPOCHUIO aHATMTHYECKOTO PEIICHHUS 3291 KOHTAKTHOTO B3aMMOJICHCTBHS CHCTEMBI
JKECTKHX [MINHAPUICCKUX BTYJIOK U TPYOBI C HAPYKHBIM HEOAHOPOIHBIM HOKPHITHEM. B MPOMBINIICHHOCTH HAJIHYHE TAaKHX
MOKPBITUH TpeOyeTcs, HampuMmep, Uil 3allUThl OCHOBHOTO CJIOSi TPYyObl OT arpecCHBHBIX BHEUIHHX CpEI, U €ro
9NEKTPUYECKOH H30JIMM M T.N. B CHIy NPOLECCOB MPOM3BOACTBA OHO MOXET 00Ja/7aTh HEOJHOPOJHOCTHIO. YUer
MoJ00HBIX 0COOCHHOCTEH BaXKeH IMPU aHaIM3e HAMpsHKEHHO-Ie(OPMUPOBAHHOTO COCTOSIHUS TPYObI, HA KOTOPYIO HaAETHI
BTYJIKH, TaK KaK CPOK CIY)XOBI TaKOTO COSIMHEHHMs OTIMYCH OT CPOKa CIYKObI COCIHHEHHs, B KOTOPOM TPyOa MOKpPBITA
OJHOPOIHBIM clloeM. B paboTe moKa3aHO, YTO MaTEMaTHYECKON MOJETBIO BBIMICONHCAHHON 3alaud SBISIETCS CHCTEMa
CMEIIAHHBIX HHTETPAJIbHBIX YPAaBHCHHH, COACPIKAIIMX KaK HHTCTPANBHBIC ONEPAaTOPsl C MOCTOSHHBIMH IPEASIaMU
MHTETPHPOBAHMs, TaK U OMEPAaTOPbl ¢ MEPEMEHHBIMH IPEAeIaMU HHTerpupoBaHus. Kpome TOro B MONYYeHHYIO CHCTEMY
BXOJAT (DYHKIHH, OMUCBHIBAIOIIME YIIPYIHE CBOMCTBA MOKPBITHS MO KaKI0il U3 BTYNOK. [IpHMEHEHHBIH B paboTe MOIXOA
[IO3BOJIMJI MOJIYYUTh PEIICHUE, MPU MTOMOIIHA KOTOPOTO MOXHO NPOU3BOAUTH 3 ()EKTHBHBIC BHIYHCICHHS JaXKe B CIydasX,
KOrJa YyKa3aHHbIC HEOJIHOPOJHOCTH OIMCHIBAIOTCS CIOXKHBIMH OBICTPO HM3MCHSIOIIMMUCS WM JQKE pPa3pbIBHBIMU
GbyHKIMAMA. DTO CBSI3aHO C TEM, YTO B BBIPOKCHMAX /Ui KOHTAKTHBIX [ABJICHHH MOJ KaXIOH M3 BTYJIOK (yHKIWH,
OIMCHIBAIOLINE CBOMCTBA MOKPBITHS, YAAJIOCh BBIACIUTS B BUAEC OTACIBHBIX COMHOKHTENEH. [103TOMY B peabHBIX pacuerax
IUISL TOCTHYKEHHST BBICOKOM TOYHOCTH JOCTATOYHO OTPAHUYHMTHCS CPABHHUTEIHHO HEOONBLINM KOIMYECTBOM CIaraeMbIX B
psize, B BHAE KOTOPOTO TPEICTAaBICHO PEIICHHE.

B nOpOMBINUIEHHOCTH, CTPOMTENBCTBE, MAIIMHOCTPOSHHH JIOBOJBHO YacTO HCHONB3YIOTCS
MHOTOCIIOWHBIE TPYOBL. DTO OOBSACHSETCS TE€M, YTO KOHCTPYKIIMH, M3TOTOBJICHHBIE U3 TPYO, MOTYT
MOJBEPraThCsl BO3ICHCTBHIO BHEIIHUX arpeCCHBHBIX Cpel, HOJDKHBI OTBEYaTb TPeOOBAHUAM
0€30IacHOCTH, YJOBJIETBOPATH AOMOIHUTENBHBIM TpeOoBaHHAM WU T.A. YacTh cloeB TakoW TPyOBI
MOJKET, HalpuMep, 00ecleunBaTh KECTKOCTh KOHCTPYKLUH, B TO BpeMsl KaK IPYTUE CJIOU HUIPAIOT
POJb DIEKTPHUUECKUX WM TEPMHUECKUX H30JATOpoB. [na Qukcanum u coeauHeHHs pa3iUYHbBIX
YYaCTKOB HCIIOJIB3YIOT Pa3lIMYHbIe KpeIUIeHWs: My(Tbl, BTYJIKH, BCTaBKH W T.J. 3a CYET TaKOTrO
B3aMMOJICHCTBUSl HANPSKEHHO-IEeOPMUPOBAHHOE COCTOSHME TpYyObl B OOJIACTH €€ KOHTaKTa C
KperieHneM  u3MeHsercs. [lpy  IiuTensHOM — B3aUMOJCWCTBHM — NPOUCXOIAT — HPOLIECCHI
nehOPMUPOBAHUS U TIOBPSKICHHOCTH IOJIMMEPHBIX MaTrepHasioB [1], W3 KOTOPBIX MOXKET OBITh
HU3TOTOBJICHO IMOKPBLITHUE, TIO3TOMY YUET BCEX OCO6eHHOCTeI>i, BIIUAIOIIINUX HAa BEJIMYUHBI HaHpH)KeHPIfI )41
nedopmanuii, BecbMa BakeH. HekoTopeple KOHTAaKTHBIE 3aAadd Al TPYO C MOKPBITHSMH OBbLTH
pemieHsl paHee [2—5], OJJHaKO B yKa3aHHBIX padOTax MpEeAINoJaraisoch, YTO BCE CJIOU OJHOPOIHBI, a
(OopMBI TTOBEPXHOCTEH KPEIUICHUH, KOHTAKTHPYIOIMIUX C TpyOOW, OMHCHIBAIOTCS JOCTATOYHO
MIPOCTBIMU q)YHKHI/IﬂMI/I. I/ICCJ'IGI[OBaHI/IH KOHTAaKTHBIX 3aJa4 M 3aJa4 HU3HOCa IJIA TPY6 C BHCHIHUMHU
MOKPBITUSIMH U OJMHOYHBIX BTYJIOK B Clly4yae, KOTJa IMOKPBITHE MOKET 00J1aaTh HEOAHOPOJHOCTBIO, &
(OpMBbI KOHTAKTHUPYIOIIUX ITOBEPXHOCTEH OIMUCHIBAIOTCS CIIOKHBIMU (DYHKIUSAMHU, OCBEIICHBI B
paborax [6—8]. B Hacrosmiell crarbe MPEAJIOKEHO pElICHHE 3a/laud O TPyOe C HEOJHOPOIHBIM
MOKPBITHEM, Ha KOTOPYIO OJIHOBPEMEHHO HaJIeBAIOTCS HECKOJIBKO PA3JIMYHBIX KECTKHUX BTYJIOK.

=~

_IL/

’oul

7.
L in

Ha Bsskoynpyryio crapemouryto TpyOy HaHECEHO BHELIHEE YIPYroe HOKPBITHE MHMOCTOSHHOMN
TOJIIMHBI, CBOWCTBA KOTOPOTO 3aBHUCIAT OT IMPOJOJIBHOW KOOpAMHATHL. TOJNIIMHA ITOKPBITHS
3HAYUTENFHO MEHbIIE BHYTPEHHETO pajuyca cTaperomieil TpyObl M ee TONMmWHBL. B HexoTopbIit
MOMEHT BPEMEHHM 7p Ha TaKyl0 TpyOy € HATAIOM HACA)KUBAIOTCS N PA3IMUYHBIX JKECTKUX BTYJIOK,
BHYTPCHHSSI TOBEPXHOCTh KOTOPBIX MUMEET ITOCTOSHHBIN JuaMeTp (CM. pUcyHOK). OGiacT KOHTaKTa
W3BECTHHI U UX IIMPHUHBI COBIAAAIOT C IIMPUHAMHU BTYJIOK (MEXIy BTYJIKaMu M TpyOoil He ocTaercs
3a30pa), KOTOpPBIC 3HAYUTEIHHO OOJBIIE TONIIMHBI MOKPHITHA. Takke Hmpennonaraercs, 4To Mexmy
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CIOSIMH TPYObl M MEXIy TpyOO#W W BTyIKaMH OCYIICCTBIISCTCS MIAAKHA KOHTakT. HeoOxommmo
ONPENIEIUTh paclpeesieHUe KOHTAKTHBIX JaBICHUHI MO KaXA0M BTYJIKON.

006001mas pe3ybTaThl, HOJYYCHHEIC B [2, 4, 5], MOKHO TIOKa3aTh, YTO MAaTEMaTHIECKON MOJICIBIO
MOCTAaBJICHHOU 3a/1a4M SIBJISICTCS CIIEAYIOIIAas CUCTEMa UHTETPAJIbHBIX YPaBHEHUIM:

b
e g 2 V'")ZL - ) kcyl[z_‘f]q (&.0ds -
b; 7-¢
—jE - )j [ - qu<5,r)dfdr]=rom+h—gi=a}, )
zela,b], t>7,, i=12,...,n,

rae Qi(z,t) — KoHTakTHBIC naBieHus moj I-i BTynkoi, E(z) u vz) — Momynu ynpyroctu moKpbITHS,
3aBHCSIIME OT MPOJOIbHONW KoopauHathl Z, Ej(t) — Momyms ympyromMrHoBeHHO# nedopmanuu
BA3KOYIIPYTOTO CTAPEIONIEro CJiost, Vi, — ero koaddurment Iyaccona, Kiy(t,7) — usBectHOE sIpO
nomsydectu st Matepuana BHytpernero c1ost (Kin(t,7) = Ein(D)J[Ein'(7) + Cin(t,2)]/07, Cin(t,7) — Mepa
HOJI3yYeCTH, CM., Hanpumep, [5,9]), 7in < % — MOMEHT H3rOTOBICHHS TPYObI, @ W D — rpaHuUIbI
BTYJIOK, COBIQIAIOIIUE C TPAHUIIAMK 00JIaCTeH KOHTAKTA, Iy U oyt — BHYTPEHHUH M BHEIITHHUIA PainyChl
craperouieil TpyOsl B HelleOPMUPOBAHHOM COCTOSIHUM, N — TONIIMHA MOKPBITHS, §j — BHYTPECHHHN
pazuyc i-if BTynkn, Ke,i(S) — m3BecTHOE PO KOHTAKTHOM 3a/1auM JUIS IIMHAPUYECKHUX TEJI, UMEIoIIee
Bua (3aeck Ip(u), 11(u), Ko(u), Ki(u) — dyrxrmm beccers)

(s)=]g%cos(su)du, L(u)= u[u*By (u) — F L u)Dy (u) - 1]

cyl

S(u)
S(u)= f@u)/k, + f(k,,u)+kuA?(u)—u®f(k,,u)B(u) —ku?f (L u)C(u) +
+f@u)f(k,,u)Di(u),  f(r,u)=20-v,)/r+u’r, k. =r,/t,
A (U) = T (U)K (ku) = 1o (k u)Ko (U), By (u) =T (U)K (k) + 1, (k U)K,y (U)
Cy(u) =l (k) Ky (u) + 1 (Ko (keu) , Dy(u) = 1 (U)K, (keu) =1 (ke u) Ky (u) -
Cucrema ypaHeHHil (1) MoxeT OBITH NpHBEJCHA K OMEPaTOPHOMY BUAY C Oe3pa3MepHBIMU
MEPEMEHHBIMU U (PYHKIIUSIMU

cCAN)DEZNI @ A))+U-VHFq @ ,t)=8", z e[-11], t >1. (2)
3nech BBEICHBI clienyroiiue obo3nauenus (i, j = 1,2,...,n)

q'(@ ) =@ @) a7@ ) - qTE N, 8 =" 8T 5T

ml(z*) 0 v 0 Fll* Flz* v Fln*
2/0,* 21 22 2n*
S L 2 A
0 0 mn(z*) Fnl* Fnz* an*
. -n . 2¢E-n. . N N : o : . :
z :—Z(Z_ '7'), & :—((’K_ 771), LI =T g :@, S5 :@,
g, a 7, 7, 7, a a
— . - * _— 2 Tk * * _. — 2 .
C*(t*): Ein (t Tm)’ ml(z ): [1 VZ (Z_)]hEo , ql (Z 't ): 2a|_(1 Vln)q|(zvt),
E, (1_Vin)aiE(Z) aEin (t_Tin)
1 t
FINf(27) = [KU (2", &N F(E)dE", Vi) =K (") f(e")dr,
-1 1
i * * 1 Z_ * * *
k'(z',¢ )=_kcy|(r—§j, Kt,z)=Kt-7in,7—7)7,
in
rae 7 = 0.5(a; + bj) — penunnas Touka i-if BTynku, & =b, —a; — ee mmpuHa, a=min,_, &,a E,

— pa3mepHsIil ko duiment (Hanpumep, E, = E; (0) ).
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[TomyueHHOE omepaTOpHOE ypaBHEHHE (2) NMPAKTHUUYECKU UACHTUYHO ypaHeHHIo (6) u3
[10]: oo sBasiercs ero vactHbIM citydaeMm npu o(t) =0, g(x) =0, &(t) = const. bonee Toro,
sJlpa MHTErpajbHbIX YpPAaBHEHUN HMEIOT CXOKUe cBoWcTBa M acuMnToTuku [8]. Ilostomy
MOAXO0J K TIOCTPOCHHIO pelIeHus OyneT aHajgoruyeH usinoxkeHHoMy B [10]. Kpatko uznoxem
OCHOBHBIE €I'0 ITYHKTBHI.

-12

IIponsBest 3aMeHy epeMeHHBIX 10 hopmyire q*(2*,t*) = D™ 2#(z*%) - Q(z*,t*), momydmnm

HOBOE OIIEPAaTOPHOE ypaBHEHHE, B KOTOpoM Mmatpuiia D*(z*) orcyrcrByer mepen mepBbIM

cllaraeMbIM, a Apo HOBOTO omeparopa @pearonbma F obnanaeT TeMu ke CBOMCTBAMHU, YTO U
SJIPO UCXOIHOTO onepaTopa F:

C(t)Q (@Y +(-VIFQ( t)=DY"s", 7 e[-11], t >1. (3)
3neck D™ *#(2*) — quaronanbHas MaTpHIA, HA AMATOHATH KOTOPOil Haxomates dymkumn 1/4/mi(z”),

1/ym23(z"), ..., 1 {m"(2).

Ha ocHOBaHMHU OPTOrOHANM3AINH CUCTEMBbI JIMHEWHO HE3aBUCUMBIX BEKTOP-()YHKITHI
it/mi(2), it mi(2), ()2 M (27, .. 17 1y mP(27), 271 1y m? (27,
()i 1\ym%(2),...... A" m"(Z2D), i IYmN (), (293" Ym" (27), ...,

rae i' — eIMHMYHBIE BEKTOPHl C i-d  E€JMHHYHONM KOODAMHATOW, IIOJYYMM CHELHAIbHBII

OPTOHOPMHMPOBAHHBINA 0a3uC, YYUTHIBAIOIIMI HaJIWuMe B ypaBHeHMM (GyHKIMH M'(Z*), CBA3aHHBIX
3aMEHOM NMePEeMEHHBIX C (PyHKIHEH HEOAHOPOIHOCTH MOKPBITHSL.

[TocTpouB yka3aHHBIH 0a3uC HEOOXOIUMO HAWTH COOCTBEHHBIC BEKTOP-QYHKIMH @k(Z*)

(k=0,1,2,...) omepatopa ®pearonbma F , BXOAAIIEr0 B OCHOBHOE HHTErpajbHOE ypaBHeHHE (3). DTO
MO3BOJISIET IPUBECTH PE3YIBTUPYIOILYIO CHCTEMY YpaBHEHUH sl PYHKIIUOHAIBHBIX KOI((PUIIMEHTOB
pa3nokKeHHs PEIICHNs K THarOHaJIbHOMY BHIY.

Mo>KHO TIOKa3aTh, YTO MPUMEHEHUE YKa3aHHOTO MOAXO0/1a T03BOJISAET MOJTYYUTh PEIICHNE B BUIE

_ 1 = w0 Z Jo,i'//|i<o5i*
ql*(Z*!t*):ﬁ z (t*) l/llm prIT?(Z*)’ (t ) (I+W )I_l—!
m(z)ék 2V )+
Wf*—tR***f*d* (5) d,. =1
FE) =[R2 f()d j =1
1 m' (£ ) @
‘]O,i ‘Jl,i ‘Jk,i Jo,i ‘]l,i ‘]k,i
- i Joi v e i J o
p::(z ) 1 Li 2,i k+1,i dk,i — 1 2 . k: 1, ’

:\/dk—l,idk,i E P ol

1z - (@) i Tk Ja
i=12,...,n, k=012,..., z e[-11], t" >1,
rae Re(t",77) — pesonbBentsl smep pk*(t*,7+)/[C*(t*) + 1], @ je M W, ONpENENIOTCA U3 peleH s

CHCKTpaJ'IBHOﬁ 3agavdu

ZZ KmH”km yk(//f(m, i=12,....,n, km=0212,...,
=1 1=
B KOTOPOi KD mi BBIYHCIISFOTCS IO (hopMyIie

i k'(z",&) pm (Z (&) - _
K,A.—_fj1 M) dz’'d&", i,j=12,...,n, m1=0212,...
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CnenaB oOpaTHYIO 3aMEHy IEPEMEHHBIX B (4) MOXHO MOMYYUTh (OPMYIBI TSI BBIYHCIICHHS
KOHTaKTHBIX JIABICHHH B pa3MEPHOM BHJIE

i _ E@) s ool 22-(@ b))
q(Z't)——1_V(Z)§Zk(t)mz_;)‘//kmpm( b _a } I=12,...,n,

_ (®)
aEin (t _Tin) 7

7, (t)=
« () 2hE.

k(i} k=012,..., zela.bl t>z,.

To
CrnenyeT 3aMeTuTh, YTO B BBIpakeHUH (4) mns QyHKIWN g'*(z*,t*) u B BeIpaxeHuu (5) wis

KOHTAKTHBIX JaBieHui 0j(zt) dymkimm m'(z*) u oromenme E(z)/[1—v(z)], coOTBETCTBEHHO,
BBIJICJICHBI OTAEIBHBIMA COMHOXHTEISAMHU. DTO MO3BOJSIET B PEAbHBIX pacyeTax IJisi JOCTHIKCHUS
BBICOKOM TOYHOCTH OTPAaHWYUTHCS CPABHUTEIHFHO HEOOIBIINM KOJHMYECTBOM CIIaraeéMbIX B pszie daxe
B CIIydae, KOT/ia YIPYTHe XapaKTePUCTUKHU MTOKPBITHS OMHUCHIBAIOTCS OBICTPO M3MEHSIOMIMMUCS U JaXkKe
paspbiBHBIMH (yHKUIMsIMH. CleyeT OTMETHTh, YTO MOIBITKA TMOCTPOSHHS PEIICHHH C TOMOIIBIO
KJITACCHYECKUX TI0JIX0JI0B, KOTOPhIE HE YYHTHIBAIOT OCOOCHHOCTH BXO/IIMX B CHCTEMY YpaBHEHHM
GyHKIMH (HampuMep, METOIOM PA3JIOKEHUS B PSA MO TPUTOHOMETPUYECKHM WM TTOJTMHOMHUAIBHBIM
BEKTOP-(DYHKINAM), IPUBOAMUT K TPYIHOCTSAM TPU pacdyeTax, B KOTOPHIX MCCIEA0BATENN BBHIHYXICHBI
OTPaHUYMBATHCS KOHEYHBIM, CPaBHHUTEILHO HEOONBIINM, YHCIOM WIEHOB psana. Mcmomb3oBanue
HeOOJIBIIOT0 KOMUYecTBa ciaraeMbix (mopsaka 30—-50) oObsICHSIETCS TeM, U4TO MPH OONBIEM HX YHCIIE
HauMHAET HAKaIUIMBAaThCS BBIYUCIHUTEbHAS TOTPEITHOCTh. bojiee TOro, Naxke eciau 3TH (YHKIUS
SBJISIFOTCS TIOCTOSTHHBIMH (TO €CTh €CJM TOKpPBITHE OJHOPOAHO), TO MPUMEHEHHE KIACCHYECKUX
AQHATUTHYECKUX METOJIOB NMPUBEACT K HEOOXOAMMOCTH pPEHIaTh OSCKOHEYHYIO CHCTEMY YpaBHEHHH
BonbTepa, 9To BEI3BIBAET CYIIECTBEHHBIE CIIOKHOCTH.

Takum o0pazoM, B pabOTe TIOCTPOCHO pEIICHUE, IO3BOJIAIONICE YYHUTHIBATH BIUSHUE
HEOJHOPOIHOCTH, PEOJIOTHYECKUX CBOWCTB TPYObl W OJNM30CTH BTYJIIOK Ha paclpeelicHue
KOHTAKTHBIX JIaBJICHHUH, YTO JAeT BO3MOXKHOCTh HMPOW3BOJUTH TOYHBIH aHAIN3 TAKOTO COMPSKECHUS
NIPY OLIEHKE JIOJITOBEYHOCTH M HAJIC)KHOCTH KOHCTPYKIIMH B IIEJIOM.

PaGora BeImomHEHa 1O Teme rocyaapcTBeHHoro 3amaHust (Ne rocpeructpammn AAAA-A20-
120011690132-4) u yactuuHo noaepxana rpantoM POOU Ne19-51-60001 FOAP .
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Mopeab MeXaHUKH PACTYIIUX TEJI AJIH aHAJIU3a HanpsmceﬂHo-ue(bopanOBam{oro COCTOSAHMUA
HaAMOTOYHBIX KOMIIO3UTOB, apDMUPYEMbIX TOHKUMH OAHOHAINIPABJIC€HHLIMHA BOJTOKHAMHU

Kazaxos K.E., Iapmun /1. A.

Pa3zpaborana Maremarmdeckass MOJENb MEXaHHUKH pACTYIIMX TeN, IO3BOJIIONIAs IPOCIEANTH ABOJIONUIO YIPYTOro
HaIpsKeHHO-Ae(OPMUPOBAHHOTO COCTOSHMS LMJIMHAPHYECKHX KOMIIO3UTOB B TIPOIECCE MX MENJIEHHOTO MOCIOHHOTrO
U3TOTOBJIEHHUS METOJOM CHJIOBOM HAMOTKM DSJIEMEHTApPHBIX CJIOEB MaTepuana, apMHPYEMBIX JOCTaTOYHO TOHKHMH
BOJIOKHAMH B OKPY’KHOM HAIpaBIECHHHU, IPH MPOU3BONBHOM MIOTHOCTH MX YKJIAJKH U CHUJIE MPEABAPUTEILHOTO HATAKECHHS.
IlomyueHHBIE aHAIUTHYECKHE 3aBHCHMOCTH JAlOT BO3MOXKHOCTh IIOCTaBUTh 33Jaud 00 YHpPaBICHHH COCTOSTHUEM
(hopMHpYeMOTo KOMITO3UTHOTO CJIOS U XapaKTePUCTHKAMU €r0 KOHTAaKTHOTO B3aMOJICHCTBYS C UCIIOIB3YEMOH OIPaBKOM.

1. Kommo3uTHbIe MaTepralia HaXoAAT IIHUPOKOe MPUMEHEHHE B pa3HOOOPa3HBIX OTpacisaX HapOAHOTO
X03g1cTBa. Bo MHOTOM 3TO 0OBSCHSAETCS TEM, UTO WX MPUMEHEHHUE MO3BOJISECT JOOUBATHCS TPEOYEMBIX
MEXAaHUYECKUX CBOMCTB NpPHU 3HAYUTEIHLHOM BBIUIPHILIE B MACCE M FEOMETPHUYECKHX MapaMeTpax
MOJy4YaeMbIX M3Jenui. Mexay TeM, MOXXHO yKa3aThb M €lle OJHY 3aMeuaTelbHYI0 OCOOCHHOCTH
KOMITO3UTOB: pa3HOOOpa3HbIe YyXKE HCIOJNb3yeMble Ha MPaKTUKE WJIM K€ TONBKO IMOTEHIHAILHO
MBICIIMMBIE IPOLECCHl HMX HW3TOTOBJIEHUS OTKPBIBAIOT MPUHLMUIIHAAIBHBIE BO3MOXKHOCTH  [JIs
KOHTPOJIMPYEMOTO WM JaKe IleJICHApaBIeHHOTO (opMHupoBaHHUS TPeOyeMbIX XapaKTepHUCTHK
TEXHOJIOTHYECKOTO  HANpsHKEHHO-Ie(OPMUPOBAHHOTO  COCTOSIHUSI  MMOJy4aeMBIX B pe3yibTare
KOMIIO3UTHBIX m3aennii. K Takum mpoieccam oTHOCATCS, 6€3yCIIOBHO, BCEBO3MOKHBIE aINTHBHBIC —
B caMOM OOIIeM CMBICTIE JAaHHOTO TePMHUHA — MPOIECCH M3TOTOBIEHISI KOMITO3UTOB, TIPEXK]IE BCETO
rocaoiHoro. OIHaKo JUIs TOTO, YTOOBI BOCIIOIE30BATHCS STUMH BO3MOKHOCTSIMU, HEOOXOIUMO YETKO
MOHUMATh MEXaHU3Mbl, KOTOpbIe OOYCIOBIMBAalOT BO3HMKHOBEHHE W PAa3BUTHE MEXaHHMYCCKHX
HaNPsOKEHU B KOHKPETHBIX MPOIIECCaX U3TOTOBICHHUS KOMITO3UTOB, a TaKKe pa3padoTaTh aJeKBaTHOE
MaTeMaTU4YECKOE OMHUCAHUE ITUX MEXAHU3MOB.

Crenyer OTMETHTB, YTO TPaAWIHOHHBIE TIOAXObl K U3YUCHUIO MPOOJIeM MEXaHUKH, CBSI3aHHBIX C
MpoleccaMy aAJUTUBHOIO H3TOTOBJIEHUS, ONEPUPYIOT CTAHAAPTHBIMM KATETOPUSMU MEXAHUKHU
JeOpMUPYEMBIX TBEPABIX TEN, JOTONHSS WX TEMH WM WHBIMU TIOTPaBKaMH, PU3BAaHHBIMHA YYECTh
W3MEHSIIOIMECS B TPOIIECCe M3TOTOBICHUS QOpMy M CBOHCTBa Tena. OJHAKO TakKve MOAXOIBI He
MOTYT OBITh B TIOJIHOW Mepe aJleKBaTHBIMH BBUJY COBEPIICHHO OCO0OM KHMHEMAaTHKH TPOIECCOB
Je(hOpMUPOBAHUS PACTYIINX TNl — TAKUX TBEPHABIX TeJ, KOTOPbIE AePOPMHUPYIOTCS OJJHOBPEMEHHO C
TIOTIOJTHEHWEM MX HOBBIMHM MaTepHAIbHBIMM dJIEMEHTaMHU. {1 onmucaHusi MEXaHWYEeCKOTO MOBEIEHUS
NOJOOHBIX J1e(OPMHUPYEMBIX TBEPJBIX Tell TpeOyeTcs pa3paboTka MPUHIUIHAIBLHO HOBBIX MOAXOIOB,
YeMy W TIOCBAIIEHBI HAay4YHBIE PAa0OTHI CIOKHUBIICWCS 3a TMOCIEAHHWE ABAANATH C JIUIIHUM JIET TIOJ
pykoBoacTBOM Tpodeccopa A.B. MamkupoBa Hay4HOH WIKOJBI M0 MEXaHUKE PACTYIIUX Tel (CM.,
Harpumep, [1-15]). ViMeHHO Ha 3TH MOAXOMBI OMHUPAETCS MPEICTABIsIEMOE B HACTOsIIeH paboTe
UCCIeI0BaHuUE.

OnHuM 13 AaBHO UCIOJBb3YEMBIX METOJIOB MOCIOMHOIO U3rOTOBICHUSI KOMIIO3UTHBIX MAaTEpUAIOB
U U3JEIUM SBJISETCS METOJ MHOIOCIOMHONM HAaMOTKM AapMHPYEMOIO0 Marepualla Ha OIPaBKy
onpeneneHHONH (opmel. [IpenBapurenbHOe HATSHKEHWE HAMAaTHIBAEMBIX CIIOEB OOyCIOBIMBAET
BO3HMKHOBEHHE M JalbHEMIIEe pa3BUTHE TIOJEM TEXHOJOTMYECKHX HANpPSKEHUM BO BCEM
(bopMHpPYEMOM TaKHM METOJIOM TeJie. XapakTep TeKYIeH U pe3yJIbTUPYIONIEeH KapTHHBI HAPsHKEHHO-
Jne(OPMUPOBAHHOTO COCTOSIHMSI OyleT 3aBUCETh OT MHOXKECTBa KOHKDETHBIX MapaMeTpoB
paccMaTpUBaeMOro TEXHOJOrMYeckoro mpoiecca. Hacrosdmas pabora mocBslieHa MOCTPOCHHIO U
AQHAIN3Y OJHOW M3 JAOCTAaTOYHO MPOCTBIX MaTEMaTHMYECKUX MOJEIEH MEXaHHWKHM pacTyIIUX Tel UL
OTIMCAHMSI TEXHOJIOTUYECKOTO TPOIIECCa M3TOTOBICHHS TUITMHIPHYECKOTO U3JIENUsl KPYTOBOM (hOPMBI
METOJIOM MHOI'OCJIONHON MEJJIEHHOM CHJIOBOM HAaMOTKM KOMIIO3UTHOIO MaTepuaia, apMHpPYeMOIo
OJIHOHAIPABJIECHHBIMH BOJIOKHAMH.

2. B Hactosiell paboTe MOJENHpYyeTcs MpoIecC IOCIEI0BATEeIbHON YKIAJKH Ha IOBEPXHOCTh
M3rOTaBIMBAEMOr0 Tella 3JEMEHTApHBIX CIIOEB MaTepHaja OTHOCHUTENLHO HEOOJIbIIONW TONIIMHBEL B
KaXIOM TaKOM CJIO€ COAEP)KUTCA B paAHalbHOM HampaBlIeHHH OJUH BUTOK apMHUPYIOLIETO BOJOKHA,
HOJIOKCHHE KOTOPOTO B TOJIIE CBS3YIONIETO HE SBIAETCS YETKO ONpeAeieHHbIM. B mpomonsHOM
HampaBJICHUH BHUTKH PAaCIOJIaraloTCsl MOCIENOBaTeNbHO APYr 3a APYrOM IOJ MpSIMBIM YIJIOM K
NPOJOJNBHOH ocH, HO 0e3 JKeCTKO (UKCHPOBAaHHOTO mIara W 0e3 KakoW-TnOO TPHUBSI3KH K
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PAcHONIOKCHNI0 BUTKOB B YIIOKCHHBIX paHee JJIEMEHTApHBIX ClosAX. B ommcaHHOW cuTyanuu
KOPPEKTHO CYHMTaTh, YTO AKBHBAICHTHBIC MEXaHMYECKHE CBOWMCTBA IIOJIyYaeMOTO B pE3yJbTaTe
HAMOTKM KOMIIO3UTa OYAyT TpaHCBEpCAIbHO HM30TPONHBIMH B OKPY)KHOM HampasieHun [16].
JlelicTBUTENBHO, B TaKOH CHUTyallMd OCEBOE CEYCHHE MOJIy4aeMoro Teja OyAeT B OKPEeCTHOCTU
NPOM3BOJILHOM TOYKM TPOHM3BIBATECA B HOPMAJIBHOM (OKPY’KHOM) HAIpaBICHUH OOJBIINM
KOJIMYECTBOM BITOJTHE XaOTHYHO PACIPEICIICHHBIX BOJIOKOH.

B mpouecce HaMOTKH JIOITyCKaeTCsl M3MEHEHHE TOJIIMHBI YKIabIBAEMBIX 3JIEMEHTAPHBIX CIIOCB
Marepuana, KOTOpO€ IPOMCXOAUT HE3aBUCHMO OT LHUKJIOB OOOpAauMBAHUS 3TUX CJIOEB BOKPYT
(bopMupyeMOro IIIMHAPUIECKOTO KOMIIO3UTHOTO ciIos. Bynem cuurarh, 4TO MpH 3TOM CyMMapHas
TOJIIMHA h TOCIIEHEero B CPeTHEM OCTACTCs OJJMHAKOBOW BO BCEX OCEBBIX CEUCHHSX HA MPOTHKCHUH
BCETO TpoIecca U, COOTBETCTBEHHO, JAHHBIH MPOIIECC MMPOTEKACT KaK 0CECUMMETPHYHBIM.

BBuay oroBopeHHOH HU3KOW CKOPOCTH HAMOTKHU, TpeOys TakKe OTCYTCTBUE OBICTPHIX U3MEHEHUI
CKOpPOCTH HaMOTKH MO XOIy Tporecca, OyleM paccMaTpuBaTh 3a1ady o Ae)OpMHUpPOBaHUH MOCIOHHO
MOJTy4aeMOro KOMIIO3UTHOTO Telda B KBA3UCTaTHYECKOM TpHOMIKeHnH. IlocKombKy 3TO Teno
SIBIISIETCSL JAOCTaTOYHO TPOTSHKEHHBIM B OCEBOM HampaBlieHHH, OylleM H3ydaTh CIy4aid IUIOCKOTO
ne(OPMUPOBAHHOTO COCTOSIHUS. 3aMETHM, YTO KBa3HCTaTWYecKass IIOCTaHOBKAa 3aJadd o
neOpMHUPOBAaHUH PACTYILETO Tella BOBCE HE IMOJPa3yMeBaeT CTAlMOHAPHOCTh €ro HarpsHKEHHO-
neOpMHUPOBAHHOTO COCTOSIHUSI: 3TO COCTOSIHUE OYAeT M3MEHSATCS C TE€YeHHEM BpeMeHH { B cuity
MIOCTOSTHHOTO BOBJIEYEHHS B ITporecc ae(GopMHUpOBaHUS 3JIEMEHTOB HOBOTO MaTepralla, HaXOISIIHXCS
B COOCTBEHHOM, HE CBSI3aHHOM C COCTOSHHEM YyXe c(hOPMHPOBAHHON YacTH Telsa, HANpPSHKEHHOM
COCTOSIHUM ¥ TIEpENAIONINX BCIEACTBUE ITOTO JOMOJHUTEIBHYIO HArpy3Ky Ha pactymiee teno. [lpu
MaJIoif CKOPOCTH HAaMOTKH M OTHOCHTEIBHON MaJOCTH TOJIIMHBI KaXKJ0TO OTJEIBHO HAKJIABIBAEMOTO
3IIEMEHTAPHOTO CJIOS AOTIOJHHUTEILHOTO MaTepHaia JIOIMYyCTHMBI TAaKKe CIEAYIOIIHEe J1Ba YIIPOIICHHUS.
Bo-mepBbIx, MOKHO MOJICIIMPOBATh M3Y4aeMbIi MPOIIECC HAMOTKH KaK MPOLecC HEMPEPHIBHOTO POCTa
neGOpMUPYEMOTO TBEPJOTO Tella, B KOTOPOM 32 KaKAbIH OECKOHEYHO MaJIbIid MTPOMEKYTOK BPEMEHH K
9TOMY TeNy HPUCOCTHHSACTCS OSCKOHEYHO TOHKHI CIIOW HOBOrO MaTepuana. Bo-BTOPBIX, MOXHO
OTKa3aThCs OT y4era 3((ekToB, CBSI3aHHBIX C 3ama3/blBaHUEM JeQOpMalii B IOJy4aeMOM ITyTeM
HAMOTKH MaTtepuaie, OCTaHABIHMBAsSCh Ha aHAIM3E TOJBKO YNPYrHx AedopMainuii, MOCKOJBKY, Kak
nokasaHo B [17], BiusiHUE nedopMamOHHOTO MOCIENSHCTBHIS Ha MPOIECC Pa3BUTHS HANPSDKCHUH B
pacTyIeM Telle HUBEIUPYIOTCSl OU9€Hb HU3KOH CKOPOCTBIO €r0 HapaIllMBaHUs HOBBIM MaTEPHAIIOM.

Uccnenyem cnyuaii masoi jaedopmanuy paccMaTpuBacMOro IOCIOWHO HW3rOTaBIMBACMOIO
KOMIIO3UTHOTO Tesia. B atom cityyae ¢pynkuuro h(t), omuchBaroIIy0 3aK0H H3MEHEHHUSI CO BPEMEHEM

{ TOJIIMHBI pacTyILIEro Ha UCHOJIb3YEMOM ONpaBKe KOMIIO3UTHOTO CIIOSl MaTepuaia, MOKHO CUMTATh
3aJaHHOM B CHJIy pealu3yeMOM NOporpaMMbl HAMOTKH, IpPUYEM CTPOro Bo3pacTarouieil. 1o
00OCHOBBIBAETCS T€M, YTO TOJIIMHA PACTYIIETO CJIOS B PACCMATPUBAEMOM MPOIECCE M3MEHSETCS C
TEYCHHEM BPEMEHH, BOOOINE TOBOpPS, B CWIY ABYX (akTOpoB — J00aBiCHHS K TEIy HOBOIO
Matepuaiga ¥ JepopMupoBaHus 3Toro Tena. [lpu manoil nedopmariu BTOPHIM (BAKTOPOM MOXKHO
MpeHe0peys 0 CPaBHEHUIO C ITEPBBIM.

B paspabareiBaemMoii MaTeMaTHYeCKOW MOJIEIH HE Oy/IeM IPUHUMATh BO BHUIMaHUE TOJATIINBOCTD
WCTIOJIB3YEMOH OIPaBKH, CUUTAsI €€ MPUHIUITMAIBEHO 00Jiee )KECTKOM 110 CpaBHEHHUIO ¢ (POPMUPYEMBIM
Ha HEW CJI0eM KOMIIO3UTHOTO MaTepuaia. JTO O3HAyaeT, YTO BHYTPEHHHMH paguyc & 3TOro Cjos,
COBIAJAIONINI C paamycoM paboueil MOBEPXHOCTH OMPABKH, HE OyAeT M3MEHATHCS C TEUCHUEM
BpEMEHH. DTO MPEATIONIOKEHUE HE SBISIETCS MPUHIUITHATILHBIM B pa3padaThIBAEMON MOJIEIH, OT HETO
BO3MO>KHO OTKAa3aThCsl IIECHOU YCIIOKHEHHsI BCEX 3aBUCHUMOCTEH, MOMYyYaeMbIX B pe3yJbTaTe PeLICHUs
COOTBETCTBYIONIEH 3aJlaul MEXaHUKH.

3. IMycth manee @ — OKpyXHast, Z — MPOJAOJbHAs, I — pajuagbHas KOOPIHUHATHI B CHCTEME
OTCYeTa, CBSI3aHHOW C JKECTKOH ompaBkoil. Kak yka3aHo BbIlle, HANpaBJICHUE, JIOKAJIHHO 3a/al0lee
OChb HM30TPONUH B JIAHHOW TOYKE, COBMAJAaeT C HANpaBICHHEM W3MEHEHUS KPHUBOJIMHEHHOM
koopauHatel 6. Tlpu 3TOM mepreHAWKYISPHbIE €My HaNpaBJICHUs U3MEHEHUS KPHUBOJIHHEHHBIX
KOOpJMHAT Z W I 3aJaf0T JIOKAIBHBIH OPTOTrOHANBHBIN 0a3UC B IIOCKOCTH U30TPOIUH, MTPOXOISAIICH
4yepe3 TaHHYIO TOUKY.

O6o03naunm yepes V,, V, , V, KOMIOHEHTHI OIS CKOPOCTEH J1epOpMAIMOHHOTO CMEIIEHHS TOUCK

pacTymero KOMIO3UuTHOTO CJIOA B paCCManHBaCMOﬁ KpHBOHHHGﬁHOﬁ CUCTCMC KOOpAWHAT. VcnoBus
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TUIOCKOTO JIe()OPMUPOBAHHOTO COCTOSIHUSI M OCEBOW CHMMETPHH TPOIIECCca HAKIIAbIBAIOT CICAYIOIINE
OTpaHWYEHUS Ha TOJIE CKOPOCTEH:

V,=V,(rt), V,=0, V,=V(rt).
[Ipenebperas aeGopMaIMOHHBIMU CMEIICHUSMHU TOYCK (DOPMHUPYEMOTO TBEPJOTO IHIMHIPHUUSCKOTO
Tela, COOTBETCTBYIOIIMMH €r0 3aKpPYYHMBAHHIO B PAacCMaTPUBAEMOW CHUCTEME KOOPAWHAT BOKPYT
MPOOILHON OCH, Oy/IeM UMETh JOMOJIHUTEILHO YCIOBHUE 3ePKATbHON CUMMETPHH TOJIST CKOPOCTEH:

V,=0.

Y I0BIETBOPSIOLIEMY YKa3aHHBIM YCJIOBUSIM IIOJIKO CKOPOCTEH OTBEYAET TEH30p CKOpOCTEU
nedopManiy, WMEIOIIWNA TONBKO JBE€ OTIMYHBIE OT Hynd (U3HYEeCKHe KOMIIOHEHTHI B

paCCManI/IBaeMOﬁ KpHBOHHHeP'IHOﬁ OpTOFOHaJ'IBHOf/'I CUCTCMC KOOpAMHAT — COOTBCTCTBYIOIIHC
JAraroHaJIbHbIC KOMIIOHCHTBI

f="t, &=

T T o
OTH KOMIIOHEHTEHI HGO6X0,£[I/IMO CBA3aTb YpPaBHCHUAMH COCTOAHHA CO CKOPOCTSAMH HW3MEHCHUA
HOPMAJIBHBIX KOMIIOHCHT TCH30pa HaHpH)KeHI/Iﬁ — CJUHCTBCHHBIX HCHYJICBbBIX KOMIIOHCHT 3TOI'O

TEH30pa B paccMaTpWBAaeMOll cucTeMe KoopawHaT. J[Is cooTBETCTBYIOIIEro pas3pabaThIBaeMoOi
MOJENU Cly4as SKBHBAJICHTHON TPaHCBEPCANbHOW H30TPONHUM IOJYy4aeMOro HAaMOTKOM YIPYyroro
KOMITO3UTHOTO MaTepuaia (CM. I1. 2) UMeeM

Oy Coo Ca
0 e e e
=192 |% o zr ,
ot c. ¢ \&
Oy o r
rae Cyy, C,, C,., C,, — KOHCTaHTHI MaTepHaa.

CTaHI[apTHOC YpaBHCHUC PAaBHOBECUA B HAIIPAKCHUAX OCTACTCA, OYCBUIHO, CIIPABCAJIMBBIM U B
paszpabaTbiBaeMol MonenH. Kak ero ciencTBue MOXKeM 3alMcaTh CIIEAYIOIlee ypaBHEHHE IS
CKOPOCTEil N3MEHEHHNS HAIPSDKESHNUH B PaCCMaTPHBAEMOM CHCTEME KPUBOJIMHEHHBIX KOOPIHHAT:

820'r+ 1(d0, oo,
otor r\ ot ot

CueruieHne HaMaThIBAEMOI0 KOMIIO3MUTHOTO CJIOS C  MCIOJIB3YyeMOM JKECTKOH ONpaBKOH
o0ecrnednBaeTcsi TpaHUYHBIM YCIOBHUEM

V.|, =0.

BHemHsst moBepXHOCTh (HOPMUPYEMOTo CJIOs, HAa KOTOPYIO B MPOIIECCEe HAMOTKU HAKJIAIbIBAIOTCS
JIOTIOJTHUTEIIBHBIE JIEMEHTAPHBIE CJIOM MaTepHaa, B MOJICIN HENPEPBIBHO PACTYIIEro TBEPAOro Teia
JIOJDKHA JIBUTAThCS B IPOCTPAHCTBE B HOPMAIBHOM K CJIOFO HAIIPABICHUH CO CKOPOCTHIO

o) = Y,

dt
KOTOpast ONPECISIETCS PeaTu3yeMoii MporpaMMoii HaMOTKH. MOXKHO okasaTh (cM., Harpumep, [18]),
YTO Ha BHEIIHEH MOBEPXHOCTH PACTYIIEro Tejla paccMaTpuBaeMON (OPMBI JOIDKHO 3a/1aBaThCs
KpaeBOe YCIIOBHUE, ONPEICIIAIONIEe CTAPTOBYIO CKOPOCTh M3MEHEHHS PaJHaIbHOTO HANpPSDKCHUS B
TOJIBKO 4YTO IMPUCOCANHHUBIIEMCA K 3TOM IIOBEPXHOCTHU U BOIICAIIEM B COCTAB paCcTylICro CIIJIOIIHOI'O
TBEPJIOT0 TeJIa OUSPEJHOM IEMEHTAPHOM CJI0€ HOBOTO MaTepuala:
oo, __ oy (t)o(t) r=a+h(),
ot a+h(t)

IJle M3BECTHAasl B CHIIy peajn3yeMoi IporpaMMbl HaMOTKH (yHKuus o,(t) 3amaeT HampspKeHUe

j:o, a<r<a-+h(t).

MNPCAHATAXKCHHA B OKPYKHOM HAIIPAaBJICHUW HAKJIAAbIBACMOI'0O B MOMCHT BPEMCHU t QJICMCHTAPHOI'O
CJIOsI MaTepuraa:

69|r:a+h(t) = oy (1), O-Z|r:a+h(t) = Orlrcashy = 0.

Q@opMyIHpPOBKa YCIOBHS Ha BHEIIHEH MOBEPXHOCTH PACTYIIETO KOMIIO3UTHOTO CIIOSI 3aMBIKAeT
MOCTAHOBKY KpaeBOH 3a1aud Ui ONpeesieHUs] CKOPOCTEH M3MEHEHHsI XapaKTEePUCTUK HANPSKEHHO-
Je(hOPMUPOBAHHOTO COCTOSIHUSL 3TOTO CJIOSL B MOJISIIMPYEMOM MPOIECCE €r0 MEUICHHOW CHIIOBON
HaMOTKU. OKa3bIBA€TCS BO3MOXKHBIM IMOCTPOUTH TOUHOE AHAIUTHUECKOE PEIICHUE IOCTABICHHON

120



HEKJIACCHYECKON 3a7a4ll MEXaHWUKH, KOTOPOE HE MPHUBOAMTCS 37eCh BBUJY OIPaHHUYCHHOCTH 00bheMa
cratbu. COOTBETCTBYIOIIME aHATUTUYECKAE 3aBUCHMOCTH Jal0T BO3MOXHOCTH C(HOpMYTHpPOBATH
pa3IUyHbIC TIO MIOCTAHOBKE 33/1a41 O TEXHOJIOTUYECKOM YIIPABJICHUU STHMHU XapaKTEPUCTUKAMHU, B TOM
YHCIIe, C 1IebI0 MUHUMU3ALUH PUCKA pa3pyIICHHs KOMIIO3UTa KaK YK€ BO BPEMsl M3rOTOBIICHUS, TaK
W B KOHKPETHBIX YCIOBHSX JanbHeilmied pabotel [19]. PaspaboraHHas Mojenb Takke MO3BOJISET
OTIPEICNIUTh JBOJIOIUI0 KOHTAKTHOTO JIABJICHUS CO CTOPOHBI HAMATHIBAEMOTO CIIOSI KOMITIO3UTHOTO
Marepuaia Ha MCHOIb3yeMYIO MPH €r0 HaMOTKE OMPAaBKY, YTO YPE3BbIYAHO aKTyaJIbHO ISl aHaJIH3a
ycToiunBocTH M M3HOoca mocienHen [20-23]. Kpome Toro, monmydeHHbIE 3aBUCHMOCTH IMO3BOJISIFOT
PEIUTh 33]1a4y O HAXOXKJICHHUH OCTATOYHBIX HANPSHKCHUH B U3TOTOBJICHHOM KOMITO3UTHOM CIIO€ TIOCIe
ero OT/CNICHHsI OT OmnpaBKH. [10100HbIC HanpspKEHHs HEM30SKHBI B JIIOOOM aJIMTHBHOM IpOIECcCe
MOJYYCHUSI MATEPUAIIOB: OHH OOYCJIOBJICHBI CaMOi CrelM(UKONH TaKHX MPOLECCOB M OOBSCHSIOTCS
HECOBMECTHOCTBIO JIe()OPMHUPOBAHUS PA3IMYHBIX MATEPUATLHBIX JIEMEHTOB, COCTABIISIONINX BCSIKOE
alIMTHBHO (hopMupyemoe teio [24].

HccneqoBanne BBIMOIHEHO 10 TeMaThKe roc3aganus Ne AAAA-A20-120011690132-4.
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(0] K03(l)(l)l/llll/IeHTe paccesHusA SJHEPIrum CTEKJIOIMIACTUKOBBIX prﬁ‘{aTle 3JIEMECHTOB C
H3HAYAJTbHO HapyﬂJeHHOﬁ chMeTpueﬁ ApMHUPOBAHUA OTHOCUTECJIBHO OCH.

Kapanersn K. A., Banecsn C. I11.

PaccmatpuBaercsi BOIpoC BIWSHHS HApYIICHHUS CHMMETPUYHOCTH apMHPOBAHUS OTHOCHUTEIHHO OCH (pa3OpHCHTAIUS
apMHUpOBaHUs) Ha JeGOPMAIMOHHOE MOBEICHUE U KOI(D(DUIIMEHT pacCcesHHs SHEPTHU TOHKOCTCHHBIX CTEKIIOIUIACTHKOBBIX
TpYO, TTOABEPIKCHHBIX IUKJINICCKOMY OJTHOOCHOMY PACTSKEHHIO ¥ TPOCTOMY KPYUICHHIO.

BBUTO BBISBIICHO, YTO, B YCIOBHSX IUKIUYECKOTO HATPYKCHUS, Y Pa30pUCHTHPOBAHHBIX TPyOYaTHIX IJIEMEHTOB, B
OTIMYHE OT HEPA30PUEHTUPOBAHHBIX, KPOME IMKIMYECKUX OCHOBHBIX AedopMaruii (3apUKCHPOBAaHHBIX B HaNpaBICHUU
JCWCTBUA HArpys3ku) BO3HHMKAIOT U JedopMaluy, COIMYTCTBYIOLIME OCHOBHBIM: CIBHIOBBIC NPH IHUKIMYECKOM OCEBOM
PacTsHKEHUH U MIPOJIOJIBHBIC, TPU HUKINYECKOM KPYYEHUH TPYO.

BoIsiBICHBI 107M KOKAOH M3 aedopMalyii B MOTEpe SHEPTUM CTEKIOIUIACTUKOBBIX TPYO C M3HAYAJIILHO HApyIICHHON
CUMMETpHUEH apMUPOBAaHMS OTHOCUTEIBHO OCH, MOJBEPTacMbIX HUKINYECKOMY HAIPYKEHUIO YKa3aHHBIMU BBIIIE CHIOBBIMHU
(axropamu.

ChopMynHpoBaHEI MPAKTUIECKUE PEKOMCH/IAIHH.

Beenenue

W3BecTHO, YTO OTKIOHEHHE BEIWYHMHBI YIiia apMHUPOBAHHS OT MPEIYyCMOTPEHHOTO €ro 3HaYeHHs
(pazopueHTaisi apMUpPOBaHMS) MOXKET CYIIECTBEHHHIM 00pa3oM TIOBIHATH Ha  XapakTep
neOopMAIIOHHOTO TIOBEJIEHHUS MMPOCTPAHCTBEHHBIX JJIEMEHTOB W3 apMHUPOBAHHBIX IUIACTUKOB TPH
JMOOBIX pekuMax Harpyxkenus [1,2]. B uacTHOCTH, HapyllleHHE CHMMETPHYHOCTH HAIlpaBJICHUS
ApPMUPOBAHUSI OTHOCHTEIBHO OCH CTEKJOIUIACTHKOBBIX TOHKOCTCHHBIX TPyOYaTbiX 3JEMEHTOB,
WCTIBITHIBAIOIINAX ITUKIMYECKOE OJHOOCHOE PACTSHKEHHE, MOXKET SIBUTHCS NMPUYMHON BO3HUKHOBEHUS
CYIICCTBCHHBIX IMKJIMYECKUX CIBHIOBBIX Jc(opManuii, COMYTCTBYIOIIUX OCHOBHBIM OCEBBIM
(3aperucTpupOBaHHBIM B HAIpaBICHUH JCHCTBUS BHEIIHEW Harpys3ku) [2]. B ciydae mukmudeckoro
KpydYeHHUs] TaKuX TPyO 3TO HapyIIEHHE MOXKET MPHUBECTH K BO3HUKHOBEHUIO ITUKIMYECKHUX OCEBBIX
nedopMaIvii, COIMyTCTBYIOIINX OCHOBHBIM CIIBUTOBEIM Jie(hopMaItusm [2].

Henp HacTosimiedd pabOTHl 3akiiOYaeTcsi B BBIABICHWUM JIOMU OCHOBHBIX M COITYTCTBYIOIIMX
OCHOBHBIM JiepOopMaIHii B IOTEPE IHEPTHUH CTEKIIOIIACTUKOBBIX TPYyOUaThIX 3JIEMEHTOB C H3HAYAJIHLHO
HapylIeHHOW CHUMMETpHEed apMHUpOBaHUS OTHOCHTENFHO OCH TIPH  IOBTOPHO-CTATHYECKOM
PACTSDKEHUU M ITPOCTOM KPYUCHHUHU.

MeToaunka npoBeaeHust uccjaeJ0BaHu

OKcliepUMeHTaJIbHAasl 4acThb HCCIIEAOBaHMN ObUla TPOBEJEHAa C HCIOJIb30BAHUEM TPYOUaThIX
3JIEMEHTOB- OIBITHBIX O0Pa3lOB (C BHYTPEHHUM AWAaMETPOM 38 MM, TOJIIMHON CTEHKH 2.25 MM U
JUIMHOHN 285 MM), pa3Mepbl KOTOPBIX COOTBETCTBYIOT TPEOOBAaHHMSIM ONPOOMPOBAHHBIX PEKOMEHIALNI
[3]. TpyObl OBUTM W3rOTOBIEHBI M3 MPOMUTAHHON MOIUGUITUPOBHHONW SIOKCHIHOW CMOJIOH
CTEKJIOTKAHU TOJIOTHSHOTO TUIETCHHS ¢ OCHOBHBIM mepekpbitueM [4] mapku T-23 (TY 6-11-231-76) ¢
COOTHOIIICHHEM KOJINYEeCTBA BOJIOKOH BS3KM OCHOBBI M yTka 1.8:1.0. Benmmumna koaddunmenta
apMHpoBaHUs cTekomIacTika cocTaBisaeT U=0.45 (Hocnosa=0.29, Hyrox=0.16).

Jnst ucnblTanus OBIIM M3TOTOBJIEHBI 2 MapTUM CTEKJIOIUIACTUKOBBIX TPyOuaThIX 0OpasuoB. Y
OJHOM MapTUM OIBITHBIX OOpa3lOB BEJMYMHA YIJla MEXKIY HAlpPaBICHUSMH BOJOKOH OCHOBBI
CTEKITOTKaHH M MX och coctaBmsuia ¢=0°, a y mpyroit maptiu - ¢=6-8° (06pasibl ¢ HapyIICHHOI
CUMMETpHUEI apMUPOBAHHUS).

Jlo mpoBeneHUs] 3KCIIEPUMEHTOB OIBITHBIE O0Opasllbl MOCIE W3TOTOBJICHUS B Te4YeHUW 9 Jer
XPaHMIINCh B 1aGOPAaTOPHOM MOMemeHu: mpu Temneparype 20+46°C ¥ OTHOCHTENBHOM BIAKHOCTH
60+8%.

Ha oxnoii wacTi u3 oO0IIero yucia yKa3zaHHBIX BBIINIE O0OMX Pa3sHOBHIHOCTEH H3TOTOBIICHHBIX
TpyOUaTbix 00pa3noB ObUTM ONpEAETeHbl NpEAeibl CONPOTHBICHHUS Pa3pYIICHUIO TNPH OCEBOM

B B
pacTsKEHUU G;Z 1 TIPY IPOCTOM KPYYEHHUU T, .

[Ipn mpoBeAeHMH LUKIMYECKUX HUCIBITAHUA TpyO Ha OceBOe pacTsbKeHHE (CPeAHSs CKOPOCTb
Harpyxenust - 16.2 Mlla/muH) u Ha mpocToe KpydyeHue (CpedHsisi CKOpOCTb HarpykeHus - 6

+B B
MIla/MuH) 3HaYeHNE aMIUIUTYIHOTO HANPSKEHHUs COCTaBIAI0, COOTBECTBEHHO, 0.6 0, 1 0.37, .

BbazoBoe 3HaueHue yncia UKIOB N UCOBITAHUE TPyO OBUIO MPUHATO paBHBIM 12.
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Jlnst BBIYMCIICHHWS 3HAYCHUH KOX(QQHIMEHT2 OTHOCHUTEIHHOTO pacCesHHs 3a IUKJI DHEPTHU
(anepruu auccunanyu) ¥ Oblia MCIIONIb30BaHa HIDKENpUBEACHHAs Gopmyia [2]:

- — 1 —
b _(Fwwn_rocm)_XIn _?(F_Focm)

po1— 1)
- = 1
bl I, —XInl+=1T

amn amn

®opmyna (1) Geula moydeHa Ha OCHOBE u3BecTHOM 3aBucumoctH [5] W =AW /W (roe, AW-
BEIMYMHA PACCESTHHOW 3a MWK JSHepruw, a W-BenwmuwmHa »SHepruu ne(GOpMHUPOBAHUSA) C
WCIIOJIb30BAaHUEM JPOOHONMHEHHON (DYHKIIMU, TPUMEHSEMOW I aHAJTUTUYCCKOTO OIHCAHUS
AKCIIEPUMEHTAIBHO TOJIyYEHHOW CBSI3M MEXKIY HHTCHCHUBHOCTSAMHU KacaTelbHBIX HampspkeHuid T u
nedopmaruii casura I' Ha ydacTkax BOCXOJIAIICH (—>) U HUCXOJIAIICH (<—) BETBEH METIH rUcTepe3uca.
B Bemmenpuseneanoit gopmyne (1) I'oer 0 'y — BETWYMHBI WHTEHCHBHOCTEW OCTATOYHBIX U

=

aMILTUTYIHBIX JeopManyii CBUra UK, cOOTBETCTBeHHO, a X =a/b, rne @ u b - mapamerpsr
aTPOKCUMAITIH KPUBBIX TIETENIh THCTEPE3HCa.

[Moayyennblie pe3yJbTaThl U UX 00CYKIEHHE

OtMeTnM, 4TO MOAPOOHYI HMHGpOpPMANHUIO O JehOPMALUOHHOM TOBEJICHHHN PACCMAaTPHUBAEMBIX
3IeCh CTEKJIOIIACTUKOBBIX TPYOUYaTBIX JJIEMEHTOB TIPU TOBTOPHO-CTATHUYECKUX HATPYKEHHSIX
pPACTATHUBAIONINM YCHIIEM, a TakKe KPYTSIIIMM MOMEHTOM, MOXKHO TONyYuTh W3 paboTel [2]. B
HACTOSAIICH pa0doTe MPUBOAATCS OTHACIbHBIC AaHHBIC M3 [2], KOTOPhIE HEOOXOIUMBI IS MPOBEICHUS
CPaBHHUTEIBHOTO aHaNHM3a NPEACTABIEHHBIX pPE3yJIbTaTOB ©  (OPMYITUPOBAHUS HEKOTOPBIX
MIPAKTHYECKUX PEKOMEHAIIHIA.

Bbbu10 ycraHOBNIEHO, YUTO Mpeen COMPOTUBISIEMOCTH Pa3pyLICHUIO KaK MPU OCEBOM PacTsKEHUHU

+B

O-ZZ

B
, TAK M IIPH ITPOCTOM KPYYEHUH T, CTEKJIOIUIACTUKOBBIX TPYO Majio 3aBUCHUT OT BEJIMYMHBI YIja
+B _
ux apmupoBanus. CpeHee 3HaUEHUE STUX XapaKTEPUCTUK MOKHO IPUHATH PaBHBIM O,, =142 Mlla,

75 =47 MIa.

YCTaHOBNIEHO TAaKKe, YTO 3HaueHuss Moayns HOHra ®w MoOmyds cIBUTa y TKaHEBOTO
CTEKIIOIUIACTHKA MPH yIiie apMupoBaHus (=6-8° OKkasbIBalOTCS COOTBETCTBEHHO ~30% u ~20%
MEHBIIHMH, 4eM B caydae ¢p=0'.

Y  CTEKJIOMIACTUKOBBIX TpyO ¢ HM3HAYANBHO HAPYIICHHOW CHMMETpHEH apMHpPOBAHHUS
OTHOCHTEIBHO OCH (TpyObI ¢ (=6-8%), B OT/IHYMM OT SIEMEHTOB C HEHAPYIICHHOH CHMMETpHEil
apmupoBanns (Tpyost ¢ ¢=0°), kpome umKIHUeckux aedopMaiii, HAGMOIAEMBIX B HAIPABICHUN
NeiicTBUsST BHEIIHEH Harpy3kd (OCHOBHBIE jaedopmariuu), Obutd 3aUKCUPOBaHBI H jaedopmanuy,
COMYTCTBYIOIIAE OCHOBHBIM Jie(hOpMAaIlUsM: CIIBUTOBBIC- MPU IUKIUYCCKOM OCEBOM DPACTSHKCHHUHM W
MIPOJIOJIbHBIE- TIPH LIMKINYECKOM KpydeHuu TpyO (puc.l).
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Puc.1. [IlnarpamMmmser neopMUpOBaHHS B MIpeieax UKIIA B peXXIMe HarpyKeHue-pa3rpy3ka B
YCIIOBUSIX OCEBOTO pacTshKEHUsI (a) M MPOCTOro KpydeHus (0) CTEKIOMIACTUKOBBIX TPYO € yriioM
apmupoBanus (p=6-8°.

W3menenenne BenmmunHbl Koddpduimenta Y B 3aBHcMMOCTH OT HOMepa N IMKIMYECKOTO
HATPYKEHHs PACTHKCHHEM, a TaKKe KpydeHHeM TpyO Kak ¢ yriom apmuposamus ¢=0°, Tak u mpu
yrie ¢=6-8° (puc.2), HOCHT MPAKTUYECKM OJMH M TOT € XapakTep: C YBEIMUCHHEM N 3HAUYCHHE
ko3¢ ¢unnenta ¥ MOHOTOHHO yMEHBIIAETCS C CYIIECTBEHHO 3aTyXaloOIIeil CKOPOCTHIO.

W W
a 0
0.3 q ) 03 i )
\ a 2
\ \\r__
02 [\ 21 02 | NSmmereoooo
\7--9— ey e :;\_ > i 1 //,u #
0.1 = — 0.1 —
1)/
0 2 4 6 8 10 n 0 2 4 6 8 10 n

Puc. 2 Kpussie uamenenus koadduimenta paccesaus s3uepruit ¥V cTEeKI0MIacTHKOBBIX
TpyGUAaThIX 2MeMeHTOB ¢ yriom apmupoBanmst ¢=0° (kpusas 1) u ¢p=6-8° (kpuBas 2), MOIBEPrHYTHIX
[UKINYECKOMY OCEBOMY PACTDKEHHIO (2) M MPOCTOMY KpydeHuto (0), B 3aBUCHMOCTH OT HOMepa
LIMKJIA UCTIBITAaHUM N.

[Tpu TOM, OTHOMmIEHNE 3HAaUeHNH Kod(dumentos WV :
o nonmyyeHHbIX s | 1 X|| QuKI0B MCHIBITaHUM, MPAKTUYECKU HE 3aBUCUT OT BEJIMYHMHBI yTria
apMHUPOBAHUSA () ¥ COCTABIIACT 2.2-2.3 TpU MUKINYECKOM PacTsHKeHHUU TpyO W mpuMepHo 1.5
— B CIIy4ae UX IHUKINYECKOT0 KPyUeHHUS;
® PACCUMTAHHBIX JUIA TPYOUaTHIX SIEMEHTOB ¢ yriaamu apmupoBanus ¢=6-8" u ¢=0°, mpu
OJIHOM M TOM K€ HOMEpE IIMKJIOB MCIIBITAHWN, MaJIO 3aBUCUT OT HOMepa LMKJIA UCIIBITaHUI
N u cocrapnsier 1.22-1.27 mpu nukiIndeckoMm pactsbkeHun Tpyo w 1.11-1.13 — npm ux
LUKJINYECKOM KPYUICHUH.
U Tak, B YCIOBHSX LMKIMYECKOrO HATPYKEHHS, y CTEKIOIUIACTHKOBEIX TpyO ¢ ¢=6-8°, kpome
IUKIMYECKUX OCHOBHBIX JedopManuii (IPOJONBHBIX &,, M CIBHUTOBBIX Y, Jedopmannii

3apETUCTPUPOBAHHBIX, COOTBETCTBEHHO, NpPU OCEBOM pACTSHKEHHHM W NPOCTOM Kpy4YeHHH TpYO)
BO3HHUKAIOT M IUKJINYECKUe JeGopMaIiy, COMYyTCTBYIOUIME OCHOBHBIM JIe)OpPMAIHsIM: CIBUTOBBIC
(7 ) — B ciydae 0CeBOro pacTsHKEHHs TPYO U IIPOJOIBHBIE ( £,, ) — IPU UX HPOCTOM KPYUCHHH.

CkazaHHOe yKa3plBaeT Ha TO, YTO paccuuTaHHbie cornmacHo (1) 3HadeHus koddduimeHrta
paccesHUsI PHEPTUH CTEKIIOIUIACTHKOBBIX TPYO ¢ ([):6-80 (B nmampHEWIIEeM W3JIO0XKEHHH TEKCTa OHHU
YCIOBHO OyAyT Ha3BaHBl CyMMapHBIMU KO3 (HUIMEHTaAMU PACCESHUS SHEPTHH, HAOMI0JaeMbIMU TIPU

MUKITMYECKOM PACTSDKEHUH U IPOCTOM KpY4YeHUH TpyO, 1 OyayT 0003HAaYEeHBI Yepes ‘Pp. cym B Y. ey

COOTBCTCTBGHHO) MOXXHO pa36I/ITI: Ha COOTBCTCTBYIOLIUC CJIAaracMbIC KOMIIOHCHTHI U MPCEIACTABUTHL B
CJICAYIOIIEM BUIC:
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UL S L (2

p.cym

lIjK.cyM: K.0L + \PK.ZZ ! (3)

rIe ‘PP_ZZ u Tp,@l — KO3 (HUIIUEHTHI pacCcessHUs SHEPTHUH, BO3HUKAIOIIIE OT OCEBOTO YIUIHHEHHS

U OT CONYTICTBYIOIIETO Kpy4eHHs B Cily4ae LHUKIMYECKOIO OCEBOrO pAaCTsiKEHUs Tpyo,
cootBercTBeHHO, a W, , u W, ,, — KO3 dUIMEHTBI paccesHNs SHEPTHHU, BO3HUKAOIINE OT KPyUeHHUs

M OT COMYTCTBYIOMIETO YTMHEHHS TPH IIUKIHYECKOM KpyUeHHU TPYO, COOTBECTBEHHO.

KpuBble u3MeHEHHsS CyMMapHbIX KO3(D(MHUIIMEHTOB SHEPTHH IIMKJIA M HMX COOTBECTBYIOIIHX
cllaraeéMbIX KOMIIOHGHTOB B 3aBUCHMOCTH OT HOMepa [HMKJIa N  HarpyKeHUSA-pasrpy3Ku
CTEKJTOTUTACTHKOBBIX TPy ¢ p=6-8° mpuBeens Ha prc.3.

Kak 3amewaeM ©3 JaHHBIX pHUC.3, KPUBBIC HM3MEHCHHS KaK CYMMAapHBIX, TaK W CllaraeMbIX
KO3 PHUIIMEHTOB paCCEesTHUS SHEPTHH B 3aBHCHMOCTH OT HOMEpA IHKJIa N MPAKTHYECKH MOI00HBI B

Ka)KJIOM M3 PACCMAaTPUBAEMBIX 3/I€CH CIyYaeB IUKJINYECKOTO HArPYKEHHS CTEKIOIIIACTUKOBBIX TPYO ¢
— 0
¢=6-8".
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Puc.3 KpuBbie u3MeHEHUS] CyMMapHBIX KOO(QQUIIMEHTOB SHEPTUH IIUKIIA U UX CIIAraeMbIX
KOMITOHEHTOB CTEKIIOMIACTHKOBBIX TPYOUATEIX HIeMEHTOB ¢ (p=6-8°, I0ABEPrHYTHIX [HKINYIECKOMY
OCEBOMY PaCTSDKEHUIO (a) ¥ MPOCTOMY Kpy4eHHto (0) B 3aBUCUMOCTH OT HOMEpA IIUKJIa UCITBITaHU N.

CpaBHEHHME JaHHBIX pHC.3.a TIOKa3bIBAaCT, YTO BEJIUYMHA OTHOIICHUN le.zz/ Tp.cy/l/l u

WV, 0!,y ONpENENEHHAs TPH OZHOM M TOM JKE HOMEPE LMKIA HArPyXeHHA-pasrpys3KHu

CTEKJIOMIACTHKOBBIX TPYO ((p=6-8°) pacTArMBaioOIMM yCHIMEM, M0 3aBHCHT OT HOMepa IHKIa N
ucneiTanuii u cocranigeT 0.34-0.36 u 0.62-0.63, cOOTBECTBEHHO. ITO 03HAYAET, YTO HE3aBUCHMO OT
HOMeEpa IMKJIa HarpyKEHUSI-Pa3rpy3Ku, BEIMYHMHA TIOTEPU SHEPTUH, 00YCIOBICHHON BO3HUKHOBCHUEM
C/IBUTOBBIX JIe()OPMAIHIA, COMYTCTBYIOIUX OCHOBHBIM OCEBBIM Jie(hopMaIusiM TpyO, OKa3bIBacTCs Ha
72-85% OGorblei Mo CpaBHEHHUIO € MOTEpE YHEPTUH, BO3HUKAIOIIEH OT 0CEBOT0 YIJITMHEHHS 3THX XKe
TpyO.

W3 cpaBHeHUs AaHHBIX pUC.3.0 CleAyeT, Y4TO B YCIOBHSX IUKIMYECKOTO MPOCTOTO KPYUYCHHUS
CTEKJIOIUIACTUKOBBIX TPYyOYaThIX 3JIEMEHTOB ((p:6-80) BEJIMYMHA IIOTEPU 3HEPIUM, BO3HUKAIOLIEH OT
MOSIBJICHUST TPOJIOJBHBIX JIe(OPMAIUil, COMYTCTBYIOIIUX OCHOBHBIM CIIBUTOBBIM Je(OPMAITHSIM,
OKa3bIBaeTCs BecbMa Maja. B 3ToM ciyyae MOTEps SHEPTUH, TIJIaBHBIM 00pa3oM, HCXOIMT OT
OCHOBHBIX CJIBHIOBBIX nedopmaimii, ¥ €e J0jisd B 0Omed CymMMe MOTepU DHEPIHMH COCTaBJISICT
npuMepHO 97% He 3aBUCHMO OT HOMEpa [UKJIa HArPYKEHUA-PA3TPy3KH TPYO KPYTSIIUM MOMEHTOM.

3akiaoyenue
Takum o0Opa3oM, HapylIeHHEe CUMMETPUIHOCTH apMUPOBAHUS OTHOCHUTEIBHO OCH TOHKOCTEHHBIX
TPyOYAaTHIX 3JEMEHTOB M3 apMHUPOBAHHBIX TUIACTUKOB, UCIBITHIBAIUX [TUKIMYECKOE PACTSIKECHUE WITH
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KpYUYCHHE, MOXET SIBISATHCS NPUYUHUN BO3HHUKHOBEHHS CYNICCTBEHHBIX IMKIMYECCKUX CIBHTOBBIX
neGopManuid, COMYTCTBYIOIIMX OCHOBHBIM OCEBBIM HIIM IUKIMYECKHX OCEBBIX JIe(OpPMAITHIA,
COITYTCTBYIOIIMX OCHOBHBIM CJIBHTOBBIM JedopMmanusiM. B yka3zaHHBIX 00OMX Ciydasx, Marpuila
KOMITO3UTa Oy/JeT HAaXOAWTHCA B YCIOBHUSAX IUKIMYECKU M3MEHSIONIETOCS CIIOKHOTO HANpPSKEHHO-
neOPMUPOBAHHOTO COCTOSHHSA. A KaK W3BECTHO, B OOJNBIIMHCTBE CIy4acB UMEHHO pPa3pyIlIcHHE
MaTpUIIBl WM TOBEPXHOCTH paszjeia MEXIy apMHUPYIONIMM KOMIOHEHTOM M MAaTpHUIeH, a He
pa3pylicHHe BOJIOKOH apMaTypbl SBISETCS NPUYMHON MPEKICBPEMEHHOTO BBIXOJA W3 CTPOS
KOHCTPYKITUH U3 KOMITO3UTOB [6].

Cunraercs, 4YTO OJHMM U3 CHOCOOOB TMPENOTBPANICHUS BIWSHUS YIOMSHYTOTO BBIIIC
OTPUIIACITLHOTO BIUSHHS HA PAa0OTy KOHCTPYKUIUH M3 apMUPOBAHHBIX KOMITO3UTOB MOXKET SIBUTHCS
KOHCTPYKTHBHBIH METOJI pelieHuns 3a1auu (MpeIyCMOTPEHHE CUMMETPHYHO OPUEHTHPOBAHHBIX pebep
KECTKOCTH, CO3JIAFOIIUX MAaKCUMAILHOE TPEMSTCTBHIE Ie(hOPMHUPOBAHUIO 3JIEMEHTOB B TOM WJIM WHOM
HarpasjeHun) [7].

[IpenmonaraeM, dYTO YyKa3aHHBIA BBINIE METOA MOXKET OKa3aThCsd MPHEMJIEMBIM U IPH
MPOCKTUPOBAHUH KOMITO3UTHBIX TOHKOCTEHHBIX TPYOYaTBIX 3JIEMEHTOB, 00JIaJAF0IIUX HAUMCHBIIINMU
JVCCUTIATUBHBIMU ~ XapakTepucTukamu. [Ipy  3ToM, B  cioy4ae TpyOuyaThIX  3JIEMEHTOB,
SKCIUTyaTUPYIOIMXCS B  YCJOBUSIX IUKJIMYECKOTO OCEBOTO DAacTsDKeHHs, pebpa IKEeCTKOCTH
IIe7Iecoo0pa3Ho OPHEHTHPOBATh TakKWuM 00pa3oM, dYTOOBI OHHM MAaKCHMAJbHO TPEMATCTBOBAIH
MOSIBIICHHUIO M Pa3BUTHIO IHKIUYECKUX JehopManuii Kak OCEBBbIX, TAK W CIBUTOBBIX. B ciydae ixe
SKCIUTyaTallud Tpy0 B  YCIOBUSIX UHUKIMYECKOTO KpydeHHs, peOpa JKECTKOCTH cJedyeT
CIIPOCKTHUPOBATL HMCXOAA M3 TOI'O, YTO OHH IOOJDKHBI MAaKCHUMAJIbHO COIIPOTHBJIATHCA O6pa3OBaHI/IIO
TONBKO CHBUTOBBIX JedopMaruii, Tak Kak BeIUYMHA KOMIIOHEHTA pPACCESHHS JHEPTHH,
00YCIIOBIEHHOTO IIMKIMYECKUM y/UIMHEHUEM 3THX K€ TPYO OKa3bIBaeTCs HE3HAYNTEIBHOM.
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Moaeanb (l)OpMPlpOBaHl/Ifl COCTOAHMA MaTepHuaJia mpu l"](lﬁpl/lI[HOM AJJIUTUBHOM NPOU3BOACTBE
METANIUICCKOro CErMEeHTa U €€ IKCICPUMECHTAJIBbHOC IOATBEPKACHHUE

Keanep U.9., Kazanuen A.B., Ayaun JI.C., [lepmakos I'.JL.

Obcyxmaercsi (OpPMyNIHUpOBKA YHCICHHOH MOJENH, ONHUCHIBAIOMEH (OPMUPOBAHHE MUKPOCTPYKTYPBI, COOCTBEHHBIX
HanpspkeHuit u nedopMmanmii, a Takke NPOYHOCTH JMHEHHOr0 METAUIMYECKOTO CerMEHTa, (OPMHUPYEMOro THOPHAHBIM
aJIUTUBHBIM TPOU3BOACTBOM, a TAaKKe METOMBl SKCIIEPUMEHTAILHOTO MOATBEPXKJICHUS pe3ynbTaToB pacuera. IlomoGHas
Mozens TpeOyeTcss sl BO3MOXHOCTH BBIOMPATh PAI[MOHAIBHBIE PEXHMMBI MPOKOBKHM HAIIABIEHHOTO CJOs, CO3Jaromieit
HEOOXOIMMBIH HaKJIeNl MeTajlla, TPAaHCHOPMHUPYIOMIUH JICHAPUTHI B MEIKO3EPHUCTYIO KPUCTAJUIMYECKYIO CTPYKTYPY IpH
HAaILJIAaBICHUY NIOCIEAYIOIIUX CIOEB.

1. 'nbpunHbIe TEXHOJOTWH MOCIONHOTO CHHTE3a METALIMYECKUX W3ACIHH aKTUBHO Pa3BHBAIOTCS B
mupe. Kommanuss WAAM (Cranfield University) noOuBaeTcsi CyIIECTBEHHOTO —YIYYIICHUS
XapaKTePUCTHUK MPOYHOCTH (CTATHYECKOW M YCTAIIOCTHOM MTPOYHOCTH, TPEIINHOCTOMKOCTH U yAapHOU
BSI3KOCTH) MaTepualia ¥ KOPPEKTHPOBKH OCTATOYHBIX HANPSHKCHUH M UCKAKCHHH TC€OMETPUH TIPH
BBIPAIIUBAHUN KPYMHOTA0APUTHBIX CErMEHTUPOBAHHBIX HM3JEIUN TEXHOJOTHEH MOoCciIeq0BaTeNbHON
HAIUTaBKU CIIOS M OOKaTKH ero poimkoM. EBpomeiickas kommaboparmsi LASSIM paspabatsiBaeT
TEXHOJIOTHIO, OOBEAMHSIONIYI0 Ha OOHOM IulaTdopMe MpoLecCchl aAJUTHBHOIO IPOU3BOJCTBA,
MOCIOHHOTO JIe(pOPMAIIIOHHOTO YNPOYHEHHs, MHOTOKOOPAMHATHOH MeXaHHM4ecKod o0paboTkuy,
M3MepeHnid W Hepaspymawomero koHtpois. Jlabopatopus K.II. Kapynakapanma w3 Wuapwmiickoro
MHCTUTYTa TexHonmormun bomOes  pa3paOaTbiBaeT TEXHOJOTHIO THOPUAHOTO  MOCIOHHOTO
GOpPMHPOBAHMM  HW3JCTHH C TOCIOWHOW MPOKOBKOH IMHEBMATHYECKMM MOJIOTKOM [1], B
COTPYAHUYECTBE C KOTOpOH Kadeapa CBapOYHOrO IPOU3BOACTBa [lepMCKOro HAaIMOHAIBLHOTO
HCCIICIOBATENbCKOrO0 IOJIUTEXHUUECKOIO YHHMBEPCHTETAa CO3[ajla yCTAaHOBKU [UIi THOPHIHOTO
MPOM3BOACTBA U3ACINN U3 aJJFOMUHUEBBIX, THTAHOBBIX CIUIABOB U HEP)KABEIOILUX CTAJICH.

Wzyuenne 3akoHOMEpHOCTEH (OPMHUPOBAHMS COCTOSHHS MaTepuana M TMOJeH OCTaTOYHBIX
HaNpsDKEHUH M CcOOCTBEHHBIX AedopManuid M3AENMd JUII BO3MOXKHOCTH IOAOOpa ONTHMAIbHBIX
TEXHOJIOTHYECKHX IapaMeTPOB NPHUBEJIO K HEOOXOAWMOCTH HOCTPOCHHUS MaTeMaTHYECKOH MOJIENN
nporiecca. [Ipr 5TOM BaXKHO ONpPEAETUTh XapaKTePUCTUKU 3TOTO COCTOSIHUS U TPEJIOKHUTH METOAUKY
MIPOBEJICHHS SKCIIEPUMEHTA U MX U3MEPEHHsI, a TAKXKE YKa3aTh U3MepsieMbIe TTapaMeTphbl, 0 KOTOPBIM
Pe3ysIbTaThl pacueTa Mo MOAEIH MOTYT ObITh CONIOCTABIICHBI C IKCTIEPUMEHTOM.

2. C oroli nenbto chopMynrpoBaHa MOJENb MEXaHUKH J1e(hOPMHPYEMOTO TBEPAOTO Tella, B pPaMKax
KOTOpOHM »JTam HaljaBKHd MaTepualia OMUCHIBAECTCS TPHCOCIUHEHUEM CJOsSi C COOCTBEHHBIMH
JaeGopMaisIMU yCAAKH 33 CUET KPUCTAJUIM3ALUY U OXJIAXKICHHUS, KOTOPHIE SIBHO HE PACCMAaTPUBAIOTCS
U usydensl panee [2,3]. s BO3MOXKXHOCTH H3MEPEHHUsI XapaKTEPUCTHK COCTOSHHUSI MarepHana U
COOCTBEHHBIX TOJIEH MPEJIOKEHa W peal30BaHa METOJHMKA IMPOKOBKH Opyca NPsSMOYTOJIbHOTO
CeUeHMsI M3 CIUIOIIHOIO MPOKaTa M3y4aeMOI'o MaTepHaia, 3aKpelyIeHHOO BHHTaMH Ha >KECTKOH
wiatgopme. V3MeHeHns1 reoMeTpuy, NpoMIn MUKPOTBEPAOCTU U OCTATOYHBIX HANPSKEHUH TOHKHX
CJIOEB, BBIPE3aHHBIX BJOJb M TMOMEpeK o0pasna i uccieayeMblx marepuaioB (AMro6, 12X18H10T,
BT6) B 3aBUCHMOCTH OT peXMMa MPOKOBKH PAaCCMaTPUBAIOTCS B KAa4eCTBE TAKHX XapaKTEPHCTHK
MaTepHaia u 00pasia, 10 KOTOPBIM MOTYT OBITh COIIOCTaBJICHBI PACUET U AKCIIEPUMEHT.

3. UuncseHHass MoJellb POKOBKU Opyca Oblia peann3oBaHa B nakete LS-DYNA, nogxozsimeM st
pelieHnsT TMHAMUYECKUX, KOHTAaKTHBIX, T€OMETPHYECKH W (U3MUECKH HENMHEeHHBIX 3amady. B
KadyecTBE MaTepuaja paccMaTpUBAJICS YIPYroIulacTHYecKas MoJenb ¢ QyHKIMeH TeKkydecTd Muszeca
M HM30TPONHBIM JeOPMAMOHHBIM M  CKOPOCTHBIM  YIPOYHEHHEM, IapaMeTpbl KOTOPOro
OTIPEJICIISUINCH JUIS BCEX HCCIIEAYeMbIX MAaTepUalioB M3 HCIBITAHWS Ha OJHOOCHOE pacTsHKEHUE U
IKCIEPUMEHTOB Ha pa3pe3HoM crepkHe ['onkuHcoHa — KolbCKOTO MpU Tpex pazIniHbIX CKOPOCTSIX.
JuHamuueckue TmapaMeTpel MPOKOBKM  ONPENEISUIMCh MO  JaHHBIM  00paOOTKM  CHUTHAJIOB
TEH30METPUPOBAHHOW M aKCEJIePOMETPUPOBAHHON MHUIIIEHU. M3MEHEHHS TE€OMETPUHU IONEPEUYHOTO
CEUYCHUS TIPOKOBAHHOTO Opyca U3MEpSUTUCh C MOMOIIBIO IU(PPOBOTO ONTHYECKOr0 MUKpockoma Hirox
KH-7700, npodunu MuUKpoTBepaoCTH 10 BHKKepCy B monepeyHoM ceueHNH 00pas3lioB ONpeaAesIiNCh
¢ momompio MukporBepiaomepa Shimadzu HMV-G21, mpodunu oCTaTOYHBIX HANpsHKCHUH B
MOMEPEYHOM M IIPOIOJBHOM CEUCHHSIX 00pa3lioB — PEHTIeHOBCKUM audpakromerpom XSTRESS-
3000.
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YcTaHOBIIEHO, YTO JaHHAS METOJIUKA TTO3BOJISICT HAICKHO ONPEACISATh UCKKEHHSI TEOMETPUH
MOMEPEYHOTO ceueHHus Opyca-o0paslia W TONIIMHY TIOIPAHCIIOSN HAKJICAaHHOTO MaTepHala,
KOHTPOJIbHBIE XapaKTEPUCTHKH KOTOPHIX MOTYT OBITH COMOCTAaBIIEHBI C JaHHBIMHU pacyera. B pamkax
YIPOIIEHHOH MOCTAHOBKM B KauyecTBE BHYTPCHHEH IEpEMEHHOH, XapaKTepU3YIOLIeH COCTOSIHUE
MaTepHala U ero pachpezeicHre B MOrPaHCIIoe, MOXKHO pacCMaTpUBATh HAKOIICHHYIO TIACTHYESCKYIO
nedopmanyro. JIocTOBEpHBIE paclpe/ielicHuss OCTATOYHBIX HANpsDKEHWH B ceYeHUsx obpasma ¢
MOMOIIBIO TAHHOH METOAMKH MOKa MOIYYUTh HE YAAJIOCh.

ITomobHass MeToanMKa 3KCHEpUMEHTa ¢ OpycoM B KadecTBe oOpasia OyAeT peann3oBaHa I
W3yUYCHHS BIHSHUS HATUIABKU CIIOSI U IIPOKOBKH COBMECTHO H MO-OTACITHHOCTH.

B npanpueiimem mopenp Marepuana OyneT ycoBepiueHCTBoBaHa. OHa JOJDKHA OTpakaTh
PEKPUCTATUIN3ALMIO WM TMEPEeKPUCTAIIIM3ANMIO0 HAKJIENAaHHOTO MeTajula B Ipolecce BO3ICHCTBUS
KPUTHYECKHX TEMIIepaTyp TpU HaIUIaBKe MOCJIEIYIONIero CJIOs, B XOJ€ KOTOPhIX BO BCEX
HCCIIelyeMbIX MaTepuanax oOpa3yeTrcs MeNKO3epHUCTas KPUCTAJUIMYecKass MHKPOCTPYKTYDa,
o0ecreynBaronas BBICOKYI) TNPOYHOCTh H3JENHUs, BBIPALICHHOTO THOPHIHBIM  aJAUTUBHBIM
MPOU3BOACTBOM. JIJIsi 5TOrO B YKCJICHHYIO MOJENb OyJeT BKIIIOYCHA 3ajada TeIJIOMPOBOJIHOCTU C
HCOOXOJMMBIMA ~ HCTOYHHKAMH ¥ MOJETb pekpuctaumuzannn ([ koHcona—Mena—ABpamu—
Kommoroposa mubo apyras).

Pa6ora BemmonaeHa 1o rpanty N 21-19-00715 Poccuniickoro Hay4HOTO (OHAA.
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IIpuMepbl TOYHBIX pellieHHii KPaeBbIX 32/1a4 TEOPUH YIPYTOCTH JJISl YCEUeHHOT0 KJIMHA

Kosajsienko M./l., Menbmopa HU.B., Kep:kaes A.IL., Yu G.

B cratbe mpuBeneHBI NMPUMEPH TOYHBIX PEUIEHHH KpaeBbIX 3aJad TEOPUH YHPYrOCTH A YCEYEHHOIo KIHHA.
IIpssmMonuHeitHbIe CTOPOHBI KIMHA CBOOOMIHBI, @ HA €TO KPYTOBOM «TOPLE» 3afaHbl HOPMaJIbHbIE HANPSDKEHUS (KacaTelIbHbIE
HaIpsHKEHUsT CUUTAIOTCS PaBHBIMH HYIIO). PelreHus umryTcst B BUE pasiokeHHi Mo coocTBeHHbIM ¢(yHKuusaM [lankoBuda—
Dana. KoaddunmenTs pasinoskeHNH onpenessiioTcs B IPOCTOM SIBHOM BHJIE.

1. Benenue. B cratesax [1-3] u apyrux Obuia mOCTpOeHA TEOPHS PA3IOKEHUN 10 COOCTBEHHBIM
¢ynkuusm [lankoBuua—®anns B AeKapTOBOW CHCTEME KOOPAWHAT, M Ha €€ OCHOBE pEIICHEI
pasNuvHble 3aJa4d AN TOJYNOJOCHl M TPSMOYTOoJbHHKA. B 3THX pemeHusX HampsbkeHUs
HEepEeMEIeHNS] TPEICTABIAIOTCS psAlaMH, KOI(PQHUIMEHTH KOTOPBIX OIPEAEIAIOTCS C ITOMOIIBIO
¢GyHnxuuit, onoproroHanbHEIX K QyHKuusaM IlamkoBnua—®Pais, T.e. B IPOCTOM SIBHOM BHIE, KaK B
M3BECTHBIX NEPUOJMYECKHX peIIeHUsX B TpuroHomerpuueckux psagax @Dypee [4]. Ha Ttopue
MOJTYTIONOCHI (TIPSIMOYTONFHUKA) PABI IO coOCTBeHHBIM (hyHKIMAM [lankoraa—Damis cxoaaTcs Tak
ke, KaK U TPUTOHOMETPHYECKHE. JTO CBS3aHO C TeM, 4To coOcTBeHHbIe QyHKIMHU [lanmkoBrya—Damis
SABJIAIOTCS T EJIBIMU (I)YHKLII/I}IMI/I OKCIIOHCHIIMAJIbHOI'O THUIIA, a CO6CTB€HHBIC 4yuciia — HYJIAMHU OEJIbIX
(YHKIMIA 3KCIIOHEHIIMAILHOTO THMA [5], BHJ KOTOPHIX 3aBUCUT OT BHJAa TPAHUYHBIX YCJIOBHH Ha
JUIMHHBIX CTOPOHAX TIIONyNoiochl. DaKkTHYecKH OSTH JBa OOCTOATENHCTBA JISKAT B OCHOBE
BO3MOXHOCTU IMOCTPOCHUSI TOYHOTO PELICHUS] OMrapMOHHYECKOW MPOOJIeMbl B ACKApTOBOW CHUCTEME
KOOpJIMHAT.

Pemennst B mossipHOIT ccTeMe KOOPAWHAT JUIS YCEUYSCHHOTO KJIMHA WM YacTH KOJbIIa (KPYroBoOit
IPSIMOYTOJIBHHK) TaKKe MPENCTABISIIOTCS psiiaMu 1mo coOcTBeHHBIM (yHKumsiM [lankoBrmua—dams,
KOTOpbIe 00JIaIal0T TEMH K€ CBOMCTBAMM, YTO U MX aHAJIOTH B JEKapTOBOW CHCTEME KOOPAHMHAT, T.C.
coOCTBeHHBIE (YHKIIMU SIBJSIOTCS MEIBIMHA (PYHKIHMSAMH JKCIOHEHIIHAILHOTO THMA, & COOCTBEHHEIE
YHCIa — HyJSIMU HEbIX (QYHKIMH SKCIIOHSHIIMAIBHOTO THUITA, BHJI KOTOPBIX ONPEAEsIeTCS TeM, KaKkue
IpaHUYHBIC YCJIOBUA 3aJaHbl Ha HpﬂMOJ’IHHeﬁHBIX CTOpOHAxX KJIMHA. HOSTOMy MMPpUHOUIIMAJIbHAaA
BO3MOXXHOCTb TOCTPOCHHUSI TEOPHH, AHAJOTMYHON TEOpHH B JCKAPTOBOW CHCTEME KOOpJIWHAT,
CYILECTBYET, XOTSI MAaTeMaTHYECKUE CPEJICTBA, UCIIOIb3yeMbIe IIPH 3TOM, MOTYT MHOTIa OBITh COBCEM
JPYTUMH.

2. TlocranoBka KpaeBoii 3amaun. B momspuoit cucreme xkoopmaumar{r >1,|¢p|<a<m}

PAacCMOTPHM YETHO-CHMMETPUYHYIO Je(hOPMAIIMIO YCEYEHHOTO KIIMHA, CXEMAaTUYHO MOKa3aHHOTO Ha
¢wur. 1.

o (1,p)=a(p),
T,-r{,(] ,QO)=0 a (/_

®ur. 1. YcedeHHBIH KIUH

JmmHHBIE CTOPOHBI KJIMHA CBOOOTHEI, T.€.

o, (r,ta) =1, (r,ta) =0, (2.1)
a Ha ero «ropue» npu I =1 3amaHpl HOPMAIBLHOE U HYJIEBOE KacaTelIbHOE HAIPSHKEHUSI
o, (L ¢)=o(9), 7,1 ¢)=0. (2.2)
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®yukimst o(() YeTHa U cCaMOypaBHOBEIIIEHA, T.€.
a
[ o(e)do=0. (2.3)
—-a
Crenys [6], BBeieM HOBYIO HE3aBHCUMYIO TIEPEMEHHYIO, CBSI3aHHYIO C TIepeMeHHOH I' (hopMynaMu
o 1 0 0
r=e, —=—, —=r—. (2:4)
or e o0s or
Torna ypaBHeHHS! paBHOBECHS M ypaBHEHHMS 3aKoHa ['yKa 3amumryTcst Tak:

B0 _ (s, )+ RED)
0S 0 (2.5)
OR(s, ) FREG.0)+ oD (s, ) _o, '
0s op
S(S""):l_zvruéz’(p) +v(a\/§p’@ +U(S’(p)ﬂ’
D(s, o) =&{%Z(P)+U(s,(p)+v%} 2.6)
R(s, ) {aua(fp"") + 20 —V(s,@)}.

B stux opmynax BBeIeHbI Takue 0003HaueHus: vV — koaduument Ilyaccona; U (S,¢), V(S,0) —

COOTBCTCTBECHHO YMHOXCHHBIC HAa MOAYJIb CABUTA G NepeMeuICHrA BAOJIb KOOPANHATHBIX JIUHUR

u¢; S(r,e)=ro.(r,g),®(r,0)=ro,(r¢).R(r.¢)=rr., [0).

3. MeTon HayanbHbIX (yHKuMii 1 codcTBeHHble (yHkuun INankoBuua—Panis. Pemenue
KpaeBoit 3amaun (2.1), (2.2), (2.5), (2.6) myudre Bcero nMCKaTh CHMBOJHYECKHM METOJOM HAYATBHBIX
¢yHkuui B mpoctpaHcTBe nepemeHHbix (S, @) [6]. B pesyabrate mpuaeM K JBYM OOBIKHOBEHHBIM
muddepeHInanbHBIM - YPAaBHEHUSIM OECKOHEUHOI'0 MOPSAAKAa C IOCTOSIHHBIMU KO3 (HUIMEHTaMU
OTHOCHUTENIPHO JIByX HEHM3BECTHBIX HAaYalbHbIX (QYHKIHIA, onpeneneHubx npu ¢ =0. Pemras ero,
MOJTyYUM XapaKTEPUCTHUECKOE YPaBHEHUE 3a0a4u

L(A) =sin2Aa-+Asin2a=0. (3.1)

Llenass dyHkuus sxcroHeHManpHoro tumna (3.1) uMeer JBa HYJEBBIX KOPHS, KOTOPHIM OTBEYAeT
JIIEMEHTAPHOE pellleHre 3a1auu JUis OECKOHEYHOro KIIMHA, M OECKOHEYHBIH Ha0Op KOMIUIEKCHBIX
KOpHeH ikk,ixk. DyHKIHUH, TOPOXKAAONINE CHCTEMBI COOCTBEHHBIX DYHKIHIT MPH A = A, , IMEIOT
BHJL

SO @) = 1+T\)k[(x—l)sin a(r—1)cosp(r+1) — (A —3)sina(r +1)cosp(r—1)],

D\, @) = HTVK[(k +1)sina( +1)cosp(h —1) — (A —1)sin a(r —1) cos p(r +1)],
R(A, 0) = —HTVK(X—l) [sina(A—1)sino(A+1)—sina(r+1)sinp(r-1)], (3.2)

sina(A +1)cosop(r —1),

U(L.@) =1+Tv(x—1)sin a(k—l)cos(p(x_kl)_%}”(l"'v)

1+v

V(ro)= (Tk+3_TVJsin a(A+1)sin (p(k—l)—lJrTV(X—l)sin a(r=1sinp(r+1).
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4. YpaBHeHHusl AJIsl ompeejieHHsi OHMOPTOroHAJAbHBIX (yHkumii. IlpuBemem ypaBHEHUS,
HEOOXOIMMBIE Ui ompeneneHuss (QyHKIuH, OWOPTOTOHANBHBIX K COOCTBEHHBIM (YHKIIHSIM
IMankoBuuya—®Pa st (A — BEIIECTBEHHBIN TapaMeTp):

I ST (M @)Sy (p)do = N (};LLz(iL);ZL)(;j)_]_) '

[ R 0)R; (9} = xz’(‘kﬁ(_"ii’; O;lf -

2 AL -1y
| otk =5 e

B TtoMm CJIydyac, KOorjga Ha KpPYroBOM TOPLC KJIIMHA 3aJaHbl JIMIIb HOPMAJIbHBIC HANPSIKCHHUA, a
KacaTCJIbHbIC HAIIPsXXCHUA pPaBHBI HYIIIO, y,I[O6HO BBECTH YCTHYIO UM HCYCTHYIO IIO IAapaMETpy A

v s+(x,cp)=%[S(x,cp)+5(—x,cp)] . R-(x,cp)=§[R(x,cp)—R(—x,cp)]. Uepes S ().

R, (¢p) o06o3HaueHsl HensBeCTHBIC OHOPTOTOHANBbHBIC (GYHKIMH (MX  CYIIECTBOBAHHE U

(4.1)

€IMHCTBCHHOCTh BBITEKAIOT U3 pe3ybTaToB cTaThu [1]). [IpaBbie yactu ypaBHenwuii (4.1) BeIOHparoTcst
U3 TeX K€ COOOpaKeHUH, YTo U B [1], ¥ TOTMOTHUTENBHO C YUYETOM TOTO, YTO TOPOKAAONIe (DYHKIIUN

ST(A, @), R"(\,@) umeror nymu mepsoro nopsaka mpu A ==+1. B sTux ke Toukax (yHKUUS
®(\,) umeer mymu Broporo nopsaka. [lpu A =0 gernbie Gpynkumn S* (A, @), P(A, @) umeror

HyJIM BTOPOT'O TIOPsA/IKA, 8 HeueTHas OTHOCUTENbHO A Gynkuus R™ (A, @) — Hymb TpeThero mopsxa.

5. lIpumeps! pemiennii kKpaeBbIX 3aga4. OKoOHYATEIbHBIE POPMYJIIBI, TAOINIUE PEIICHUE 3a1a9l
JUTSL yCEUEeHHOT'0 KJIMHA, HE3aBUCHMO OT TOTO, KaKWe TPaHWYHBIC YCIOBUS 3a/IaHbl Ha KPYTOBOM TOPIIE,
(bakTHuecku OyAyT SKBUBAJICHTHBI COOTBETCTBYIOUIMM (OpMYJIaM JJjIsl MOJTYIONOCH. B dacTHOCTH, B
TOM Clly4ae, KOIrJla Ha «TOpIe» KIMHA 3aaHbl TOJBKO HOpPMallbHBIE CaMOYpaBHOBEUICHHbIC
HanpspkeHust (2.2), oHu OyyT ciaeayromuMu (hopMyJIbl UTsS TIEPEMEIICHHUH OITYIIIEHbI ):

_1g 50y, 0) | M)

o, (r,0) = rkZL‘ZRe{s M } imo)

c,(r, (p)_——ZZRe Sy (D(M’(P) Im M ) (5.1)
ra |m(7bk) ’ .

R™(A,,
T, (T, (P)—__;ZR{S ( (p)}h Im(k)

Bpece M, =L'(A,)/2A,, A |V|k, MM, — HOPMHDYIOIIME MHOXHTETH JUIS COOTBETCTBYHOLINX
coOcTBeHHbIX QyHKIMIL, a S, — Koaq)(bI/IuI/IeHT Jlarpamxa [1, 2], ReA, >0.

Ecnu B mepBom ypasuenun (4.1) nepeiitu x mnpexneny, koraa A —> 0, To moa wHTErpasoM ciesa

BMecto S (A, @) momydnm packianbBaeMyro GYHKIHUIO

singsina—(sina—acosa)cos
o(g) = (L) 22NN Joose. 52)
2a+sin2a
a crpaBa BeIpakeHue 1y ko unmenta Jlarpamka
L k=12.). (5.3)

S -

RO

B paboTax, TOCBALIEHHBIX 3a4a4yaM JUIs TIOJYNOJNOCH, OTMEYAIOCh, YTO TAKMM ITyTEM MOYKHO

nonyunts GopMyasl i kood@uimentos Jlarpamka JUis BECbMa IIHPOKOTO KIAcca IEbIX
AHATUTUYECKUX PACKIabIBaeMbIX QyHKIUNA ().
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PacueTbl BBIONHSAINCH [UIs TPeX 3HAYEHHH yria moiypacrtBopa knuHa: a=7/3, a=mn/2 -
MOJYTUIOCKOCTh € KpYroBo BbITOUKOW (ur. 2) m a=m — OecKOHEYHas IUIOCKOCTb C
MOJyOECKOHEUHBIM pa3pe3oM, B BEpIIMHE KOTOPOTO HMeeTcsl KpyroBoe orBepctue (¢wur. 3).
Koo dument Iyaccona v=1/3.

Hwxe Ha ¢ur. 4-5 npusenens! rpaduku Ui HAPSDKEHUH.

~ . — | \_\
\\\ . - \\\\
e ™
. - .
N e \
N / N
r=1 "
| | \
| |
/.’ \\ y
s AN S
S \\\ e
e ; e g
p \\\ o
7 \“‘ //,4
@ur. 2. [TonymnockocTh ¢ KpyroBoi BEITOUKOM @wr. 3. [I10cKOCTE € MOITyOECKOHEYHBIM Pa3pe3oM, B
BEpIINHE KOTOPOr0 UMEETCS KPYrOBOE OTBEPCTHE
1 1.5
e®,
. L3
®e \ L] L] .
/ .
L ] L
0.5 s\ e | . —%
. \ [} L4 . .

0 . \\\/Il . 0.5 [ .
L] L
.o \\ ” " o. /”—‘\\ .'
0.5 . ” e 0 -® - | ~_ h
e Cepe’! =——|a=7/3 N — i-7/3
—— =72 —— =72
seee (=T seee (=T
_1 -0.5
-4 -2 0 2 p 4 -4 -2 0 2 ¢ 4
@wr. 4. PactipenieneHne HOpMaIbHBIX @ur. 5. PacnipeneneHrne HOpMaTbHBIX
HanpsokeHuit o, (1, ) Hanpsokenuit o, (1, ¢)

6. 3ak/I0ueHue.
1. Pemenust ans BceX TUIOB HArpy30K MOXKHO TOJIyYUTH TOJBKO C HCIOJB30BaHUEM (PUHUTHBIX
yacTeld OMOPTOTOHAIBHBIX (PYHKIINHA.

2. Ecin B popmynax (5.1) cunrars 1 €[0,1], ReA, <0, to nonyunm peruesus: a) 1j1s BEPIINHbI

ximna (@ =1t/ 3); b) st nonykpyra co cBo6OJHOM TIPAMOIMHENHOM TPAHUIEN ¥ 3alaHHBIMU Ha J{yTe
OKPY)KHOCTH HOpMalbHbIMH Hanpsokenusmu (5.2) (a=m/2); ¢) mis Kpyra, pa3pe3aHHOro IO
pamuycy (a=7). CTOpoHBI pa3pe3a CBOOOITHBEI, a TIO JYIe OKPYKXHOCTH ACHCTBYIOT HOpMaJbHBIC
Harnpsokenust (5.2).

3. PaccMoTprM OeCKOHEUHBIH KIIMH ¢ BEPIIUHOM, HA CTOPOHAX KOTOPOTO JIEHCTBYIOT HOPMAaJIbHbIC
W KacaTelbHbIC HaNpsDKEHHA. DTa 3ajada pelaeTcs CTaHAapTHBIMU CPEACTBaMH: B 0OOIIEM ciydae ¢
nomonipl npeodpasoBanus Dypre B (S, () KOOpAMHATAX, a JUIS CTENEHHBIX HATPY30K €Ie TPOIIE
[6]. ITycTh, k mpUMepy, HAa CTOPOHAX KJIMHA JCHCTBYIOT TOJIBKO HOPMAIbHBIC HATIPSKEHHSI, paBHBIC 1.
[locTtponM pemieHue 3aaauyd, yAalIdM BEPIIMHY W J00aBUM K PELICHHUIO ISl KIMHA C BEPIIUHOMN
pelieHne A YCEeUSHHOTO KIIMHA, MPSMOJHMHEHHBIE CTOPOHBI KOTOPOrO CBOOOJIHBI, @ Ha KPYrOBOM
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TOpLIEe NEHCTBYIOT HANpSDHKEHHS, PaBHBIE MO BEIMYWHE M OOpaTHBIE IO 3HAKYy COOTBETCTBYIOIINM
HANPsOKEHUSIM TSI KIIMHA C BEPIIMHOW. B pesynbraTe moiydnM pemieHds Uid TPeX o0lacTed mpu
r>1 u ans tpex obmacteii mpu I <1, B KOTOpBIX [AyroBble TpaHUIBI CBOOOJHBI, a Ha
MPSIMOJIMHENHBIX IEHCTBYIOT HOPMaNIbHbIE HAIIPSKEHUs, paBHbIE 1.

HccnenoBarme M.JI. Koamenko, M.B. MenpmoBoit u A.Il. KepkaeBa BBIIIOJHEHO IIpH
¢unancooit noaaepxkke POOU u ['ocynapctBenHoro ¢onma ecrecTBeHHBIX Hayk Kutast B pamkax
HayuHoro mpoekta Ne 20-51-53021. The research of G. Yu was funded by the National Natural
Science Foundation of China (No. 51674150) and NSFC-RFBR (No. 5191101589).
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TouHoe u 0a/I0UHOE Pe€IICHUA 1Jifl Y3KOro 3allleMJICHHOI0 IIPAMOYIoJIbHUKA

KoBanenko M./I., MenbmioBa U.B., Kepxkaes A.IlL., Illyasakosckas T./1.

B cratee mnpuBOIMTCS TOYHOE peELIeHHE IUIOCKONH 3afaud TEOpHM YINPYTOoCTH ISl TPSIMOYTOJNbHHKA, JBE
MIPOTUBOIOJIOXKHBIE CTOPOHBI KOTOPOTO XKECTKO 3aIlleMJIEHBI, a Ha ABYX APYTUX NEHCTBYeT OIMHAKOBas, HANpaBIICHHAs B
OJIHy CTOpOHY HOpMaibHas Harpyska. Pemenue mpezncraBiseTcs psaaMu 1Mo coOcTBeHHbIM QyHKuusM IlankoBrmua—dPans,
KO03(GUIMEHTEl KOTOPBIX ONPEIENSIOTCS MO MPOCTHIM 3aMKHYTHIM (opMyiaM. [laeTcs cpaBHEHHE TOYHOTO PEIICHHS C
0aJOYHBIM JUTS Y3KOTO NMPSIMOYTOJIbHUKA.

1. Beenenue. B crathsix [1-2] ObUIO MOJNy4EHO TOYHOE PEIICHHE KPAeBOW 3aqaudl TCOPUH
YIOPYTOCTH JUTS MIPSIMOYTOJIBHUKA, Y KOTOPOTO JIBE IPOTHUBOIIOJIOKHBIE CTOPOHBI CBOOOJIHBI, & Ha JIBYX
JIPYTUX JCUCTBYIOT HOpPMallbHash WM KacaTellbHas Harpy3Ku. bBbUTM paccMOTpEHBI BCE Cliydau
CUMMETPUHU OTHOCHUTENFHO LEHTPAIBHBIX Ocell mpsmoyroibauka. [lomydennsiMu B [1-2] dhopmymnamu
MOXKHO BOCITIOJIB30BaTbCsS B pacCMaTpHBaeMOW 3ajade Jyisi MPSIMOYTOJIbHHKA, Y KOTOPOTO
BCPTUKAJIBHBIC CTOPOHBI XCECTKO 3alIE€MJICHBI, a K TOPU3OHTAJILHBIM IIPUIOKCHLI HOPMAJILHBIC
HanpspKeHUs] (HeYeTHO-CUMMETpHYHas IedopManusi OTHOCUTEIbHO TOPU30HTAILHOW OCH W YETHO-
CUMMETPUYHAS OTHOCHTENLHO BepTHUKaNbHOW). [Ipu 3TOM napyrumMu OyAayT COOCTBEHHBIC YHCIIA,
cooctBeHHble  (pyHkiuu IlankoBuua—®Panist, HOPMHUPYIOIIME MHOXHUTETH U KO (UIHEHTHI
Jlarpamxka. [{nsg 10CcTaroyHO Y3KOrO NPSMOYTOJbHHMKA IONYYCHHOE pEUICHHE CPaBHUBACTCA C
peleHreM JiTsl Galiku ¢ KECTKO 3alieMICHHBIMH KOHI[AMHU.

2. Pemnenne KpaeBoii 3amaum. PaccmorpuM TmokasaHHBIE Ha Qur. | mpAMOYTONBHHK

{P:|X|Sd,| y|£1}, y KOTOpPOrO BepTHKalbHbIe CTOPOHBI Y =+1 3KecTKO 3aliemieHbl, a Ha

FOPU30OHTAIIBHBIX CTOpoHax X =1d 3a1aHbl HAPSHKEHUS

c,(xd,y) =Fo(y),1,,(+d,y) =0. (2.1)

6, (-dy)=o(y)
T T~ )

Gx(day):'c(y)

' X
®wr. 1. Cxema KpaeBoii 3a1aun

B cuny cummerpun gedopmannn (YY) — uetHas (yHkums. Pemienuwe 3amauM ONMMCHIBAETCS
crnenyrommmu popmyiaamu [1-2]:

U(x,y) =—U(x, y) _Z 2Re| 6., &y, Y) | Im(A, coshA,d cosh, X)

= MM, JIm(n, coshi,dsinha,d) |’
> L., Y) ) Im(, cosh, dsinh, x)
VxY) =V y)+ > 2Re| o, 2 S S
() =V y)+ 2 2Re| o S T dsinh . d)

s, (A, y) | Im(x, cosh 1, d sinh &, x)
M, JIm(x, coshidsinhid) |

> — S, (A, 3 d<i
G, (X Y) =—c}(x y) = > 1 2Re| o A, v‘zk ¥) | Im(, cosh 2, dsinh 2, ) |
k=2 MM, ) Im(n, cosh ), dsinha,d)

(2.2)

o, (X, ¥) =—c, (X, y)— Y 1 2Re| 5,
k=2
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(M,Y)} Im(cosh A, d cosh &, X) }

X y) = - (x.y)= S {2Re Ak, by = o :
Ty (% Y) =1, (X, Y) kz;,{ [ Im(A, cosh A, dsinh A, d)

A M

3mech Ay, by (K=2,3,...) — KOMILIEKCHO-CONPSIKEHHBIE COOCTBEHHBIE YHCIIA, ABIAIONIECS KOPHIME
TPAHCLEHIEHTHOTO XapPaKTEPUCTHYECKOTO YPABHEHHUSI
3—-v)sin2n  1+v
L(A) = ( ) - =0, (2.3)
8\ 4
v — koddourment Ilyaccona (B Bbramcnenusx v =1/3 ). Yepes U(X,Y), V(X,Y) obosnayersi

YMHOKCHHBIE Ha MOJYJb CABUTA HCTUHHBIC TEpPEMEIICHUS BAOJIb BEPTUKAIBHOM ocu X U
TOPU30HTAIBHOM ocu Y cooTBeTcTBeHHO. CoOcTBeHHBIe QpyHKIMK [TlankoBnuya—Danis uMeroT B!

3-v . 1+v 1+v . .
&(kk,y)z(‘mk smx—Tcoskkjcosxky—Tysmkksmkky,
x(kk,y):1+—V(coskksinxky—ysinkk COSA, Y),
SX(M,Y)=(3+TVi na, 12ka coskkjcosxky—lJrTvxkysinxksinkky, (2.4)

s,(A,y)= (Tlsmk +12 A, COSA jcoskky+1; Aysina, sink,y,

t, (oY) = ( sin, +12 A, COSA jsinkky—“Tvkkysinkk COSA, Y.

Koadduumentsr Jlarpanka G, 3aBHCAT OT packianbiBaeMoil GyHKumn G(Y) M ONpenessioTes 1o

dhopmynam:

L'(A,) . cos\, Yy
M, =—* o, = |o(y)dy, x =K 25
(=g o= [ody k() =~ (25)
X (Y) — o¢unutHBle wactm QyHkumit, OnoproroHamsHeix K S (A,,Y). Belpaxenus Buma

M,, A,M,,A’M, B dopmynax (2.2) NpeaCTABAAIOT COGOH HOPMHPYIOLIHE MHOKHTETH ISt
COOTBETCTBYIOIIUX COOCTBEHHBIX (DYHKIIUIA.
Ypasrenue (2.3) mOMHMO KOMIUICKCHBIX KOPHEH MMEET Take J(Ba BEIICCTBCHHBIX KOPHS EA, .
WM oTBevaroT ciaraeMbie, CTOSIINE Tiepe]] cyMMaMH B (2.2). DTH ciaraeMbie PaBHBI:
i . Ay
U*(x,y) =[ —(1,dsinh,d +coshA,d )cosh A, x+2,xsinh A, xcosh A, d |o,), £y, y) ,
MM A

Vi(x,y) = [—(kld sinhA,d +cosh 2,d )sinh A, x+A,xcosh ,xcosh . d ] o, % :

1

oy (X, y) =[—(1,dsinh,d +cosh,d )sinh &, x+%,xcosh A, x cosh A,d |, % (2.6)
1
A
o} (X, y) =[ —(1dsinh,d —cosh,d )sinh A, x+%,xcosh &, xcoshA,d |o kz%,
1 1
1 2 xy(}\‘l’y)
T, (X, y) =[(—d sinh A,d cosh A, x+ xsinh & xcosh 1, d | o, Af M
1

A=,d—coshA,dsinhAd.

3. Pemenne s y3K0oro mpsiMOYroJibHHKa M €ro CpaBHeHHe ¢ 0ajJo4HBIM. PaccMoTpuMm
JI0CTATOYHO Y3KUM npAaMoyroibHuk, cuutas d =0.1. Tlpumem
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1 4 2
o(y) =§(5y —6y° +1) (3.1)

Y HaiiIeM pelleHHe 3aa4k, BOCIIONb30BaBIIUCh opMynami (2.2).
CpaBHHUM 3TO PEILICHUE C PELICHUEM IS OalIKH, IIOKa3aHHOH Ha (Ur. 2, cuuTas

q(y) =20(y) = (5y* —6y* +1). (3.2)

q(y)=20(y)

-1 /T\\ (1
S~ S, Ty

@ur. 2. 3amemiaendas 0anka

HopmanbHble 1 KacaTelbHbIE HAPSHKCHUS B OaJIKe OIpeIeistoTes o GopMyiam:

M(y) 6Q(Y) , .2 2 b(2d)°®
X, V)= XT. (X y)=——2(d°—x°),| =——L, 3.3
G, (X, ) | 7,(X,Y) b(2d)3( ) B (3.3)
roe | — momenT HHEPLHUH ITOICPEYHOTO CCUCHUS 0ajKu, b=1 U OAJIKUA M UTS [JIACTUHEL.
I/I3FI/I6aIOIHI/H71 MOMCHT U HonepeqHa;I CHhJIa COOTBECTCTBCHHO paBHbI:
M(y)—y—s—y—4+y—2—£ Q) =y -2y’+y (3.4)
6 2 2 210’ ' '

[Iporub 6anku, yMHOKEHHBIN Ha MOIYJIb CABHUTA, PaBEH

2 _1)%(5y* —18y% +29) (1+v
W(y):(y )" (5y y ) ( )_ (35)

840 I
Hwke Ha ¢ur. 3—6 CIUIOMIHBIM KPUBBIM OTBEYACT PEIICHHE IS IUIACTHHKH, 8 TOYCUHBIM — JIIsI
OaJIKH.

20 3

c,(=d.,y)
2 / \ _— T,\—;-(an)
TR Ib(O,y)

sesece Gb(—d’y)
0 . o 0 \
.‘.\_/.‘. -1
-10 '. .' \ /

10

-2 "
-20 -3
-1 -0.5 0 05 V1 -1 -0.5 0 05 ¥y 1
@ur. 3. Pacnipenenenue HOpMaIbHBIX HANPSKEHUH @ur. 4. Pacnipenenenue kacaTelnbHbIX HaNPSHKEHUH
c,(-d,y) B mIACTHHKE U HANIPSIKEHHUH T, (0,Y) B IUIaCTHHKE U HANpPSLKEHUIH
c,(—d,y) B Oanxe 7,(0,y) B Oanxe
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20 80

P 60 . .

10 P ¢ .

-10f—,** ~ *
¢ — G, (x,0) 0 —  1J(0,y)
XN N Gb(x,O) es e e W(y)
-20 20
-0.1 -0.05 0 005 x 0.1 | 0.5 0 05 ¥ I
@ur. 5. Pacnipenenenrie HOpMabHbIX HANPSKEHUN Owur. 6. Pacnpenenenue nepememniennit U (0, y)
6,(x,0) B mIacTMHKe 1 HanpsDKEHHUI oceBoit muHUK X =0 MIACTHHKYU U TIporuda
c,(x,0) B Oanxe W (y) Gamku

Ha ¢ur.3 nokasambl W3MeHeHHs HOPMaIbHBIX Hanpsxenuwii B mnactuue o, (—d,y) u

nanpsokeanii o, (—d,y) B Ganke. KpuBble MOBTOPSIOT ApYyr JApyra, OTIMYasch Ha MOCTOSHHYIO.
Pacripesienienust KacaTedbHBIX HanpsokeHuit mo juHe Ganku npu X =0 (dur. 4) npaxTudecku
HepasnmmuuMbl. Ha ¢ur. 5 mokasaH nmHEHHBIH XapakTep H3MEHEHHS HOPMAIIBHBIX HANPSKEHHIA
c,(x,0) mo mmpune mnactEku B cpaHenun ¢ Hanpsxenusmu Gy (X,0) B Ganke. Kacatembuere

nanpsoxennst T, (X,0) B nmactunke n 7,(X,0) B Ganke npaktudecku HepasmranMbL. Ha mocnemeit

¢ur. 6 nokazansl nepememenus U (0, y) ocesoii muanu X =0 mnactunku u nporu6é W (Y) Ganku.
KpuBbIE CYLIECTBEHHO Pa3IMYarOTCsA. DTO CBA3AaHO, B MEPBYIO OYEPEb, C TEM, YTO, B OTJIHUYHME OT

. du(x,y)
Oasiky, HM TPY KaKWX 3HAYCHHAX MEPEeMEHHOM X TNpoU3BOIHAs d— #0 mpu y==1, k. B
y

dg(. y)
dy

3THX TOYKaX ()YHKIUH #0(k=12,..). lna apyrux Harpy3ok, Hanpumep, wisn o(y) =1

XapakTep OTJIMYHM OCTACTCS HEU3MEHHBIM.

4. 3akmoyeHue. OOBIYHO pelIeHWs HAa OCHOBE OalloYHOH Teopuu CpPaBHUBAIOTCA C
COOTBETCTBYIOIMMHU PEUICHUSIMH TEOPUH HM3rM0a TOHKUX IUIACTUH [2], YTO BIIOJHE €CTECTBEHHO.
[MokazanHbie Ha TpaduKax aBa pelICHUs MO3BOJSIFOT HAMISHO OIEHUTHh TOT BKIIAJI, KOTOPBIH BHOCST
HE YUYUTBhIBaeMble HU B 0aJOYHOM TEOpHH, HU B TEOPHUU M3rHOa IJIACTUH HOPMAIbHbIE HANPSHKEHUS

o, (X, y) unepemeutenns V (X, Y).

PabGora BemonmHena mnpu ¢uHaHCOBOM moanepxkke PDPDU u TocymapcrtBenHoro ¢onnma
ecTecTBeHHBIX Hayk Kuras B pamkax Hayunoro mpoekta Ne 20-51-53021.
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,Z[I/lHaMl/I‘leCKaﬂ KOHTAKTHaA 3ajja4va AJd rereporecHHoro OCHOBaHUusl

Konecnuxos B.U., beask O.A., Cysoposa T.B.

PaccmoTpena aguHaMpueckas KOHTaKTHas 3ajada O KoOJIEeOAaHMAX JKECTKOrO INTaMlla Ha MOIyOrpaHWYeHHOM
TEeTEpOTeHHOM OCHOBAHHM MU ydeTe TpeHus B 001acTu KOHTakTa. MHorodasHas TeTeporeHHas cpela OIMCHIBAETCS
Mozenbio bro-Dpenkensi, a Takke B paMKax KOHIEIHH 3()(EKTUBHOM TOMOTEHHOCTH, PACCMATPUBACTCS SKBHUBAICHTHAS i
onHOpoaHas cpena. [IpuBeneHb! UUCICHHBIE Pe3yIbTaThl, WITIOCTPUPYIOIINE BIUSHIE HA KOHTAKTHBIC HANPSDKEHHS YaCTOTHI
KoJIeOaHMH, BA3KOCTH (UIIOH/Ia ¥ IPOHUIIAEMOCTH Te€TEPOTeHHOM Cpebl.

Beenenune. Illupokoe pacnpocTpaHeHHEe B IOCAEOHEE BpeMs Uil  Y3JI0B W JAeTaneid
TPUOOTEXHUUECKOTO HA3HAYCHMs TMOJYYMIM MACIOHAMOJHEHHBIE HAHOKOMIO3UTHL. C  LeNbio
U3yYEHUS 3aKOHOMEpHOCTEN WM3MEHEHUS HanpsKeHHO-IeOPMHUPOBAHHOTO COCTOSIHUA
KOMIIO3MIIMOHHOTO MAaTepuana B 3aBUCHMOCTH OT €ro COCTaBa W YCIOBHH JUHAMHYECKOTO
Harpy>KeHUsl pelaeTcs AMHaMU4IecKas KOHTAaKTHas 3a7ada MpH yueTe TPEHUs B 001aCTH KOHTAKTA AJIs
OCHOBaHHS, O0NAJAIONIET0 MHUKPOCTPYKTYpoi. /[l ommcaHus MHKPOCTPYKTYpBI OCHOBAHMS,
COCTOALIECTO M3 H30TPONHOM BA3KOYNPYro MaTpuubl M (Ionga HamoJHHUTENs, 00JaJaroIiero
CBOMCTBaMH BSI3KOH aMOP(HOMN JKHIKOCTH, UCIIOJIb30BaHbl YPaBHEHHsI reTeporeHHon cpeapl buo [1].
MexaHn4eckre XapakTepUCTUKH MaTeprana MaTPULbl OMpPEeNIioTcsa SKCIEePUMEHTAIBHO METOI0M
HAaHOWHJEHTHpOBaHUA. V3MeHeHne MeXaHW4YeCKUX MOAYJIEeH cpeiabl MPU BapbUPOBAHUU MOPUCTOCTH
U3y4eHO ¢ MNoMouplo aud¢epeHInaIbHO CXeMBl METOJa caMocoriacoBaHusi. OTMETHUM, 4TO
KOHTaKTHBIE 337]aud B KBa3HUCTaTU4YECKON MIOCTAHOBKE JIsl OJHOPOIHBIX BSI3KOYIIPYTHX Cpell, KOTOpbIe
MOJICJIMPYIOT TOBEPXHOCTHBIC SIBJICHUSI B TPUOOJIOTHH, PACCMOTPEHBI B paboTax [2, 3]. rae mokasaHo,
YTO CBOMCTBA KOHTAKTHPYIOIIUX MOBEPXHOCTEH B 3HAYUTEIIBHON CTENEHU BIUAIOT Ha CHIIy TPEHUS.
BiusiHre MUKPOCTPYKTYPBI OCHOBAaHHSI Ha KOHTAKTHBIC HATPSUKCHHUS MPEACTABICHO B padoTax [4-6],
I7Ie pacCMOTPEHBl KOHTAKTHbIE 3a/ladd B KBAa3HUCTaTUYECKOM W JUHAMHYECKOW ITOCTaHOBKAaX, a
MHUKPOCTPYKTYpa I'€TEpPOr€HHOM cpelpl OomucaHa B pamkax Moaend buo-Openkens. B HacTosmen
paboTe mpeAcTaBiIeH HOBBINM MOAX0A K U3yUEHHUIO TIOBEPXHOCTHOTO B3aUMOJCHCTBUS B 30HE KOHTAKTa
Npy ydeTe TEeTEepPOTeHHOCTH OCHOBaHMS B paMKax Mojeln JByxQas3Hoil cpensl buo-Openkens u
JUHAMHYECKOTO BO3/AEUCTBUS. VccrnemoBaHbl 3aBUCHUMOCTH CHJI TPEHHS OT MHKPOCTPYKTYpBI
KOMITO3UTa, BI3KOCTH HAITOJHSIOLIETO MOpH! (UIOKAA, CTENeHN B3auMOAEHCTBHS (a3, IPOHULIAEMOCTH
CpEJIBL.

1. IlocTanoBka 3a7a4u U pelieHHe 3a1a4M.

PaccmarpuBaeTcs KOHTAaKTHas 3aa4a O KoJeOaHHUSIX JKECTKOTO IITaMIla ¢ IUIOCKMM OCHOBaHHEM Ha
MTOBEPXHOCTH TETEPOr€HHOr0 TMOJIYMPOCTPAaHCTBA MOJ ACHCTBHEM MPWIOKEHHOW K HEMY CHIIBI,
M3MEHSIIOIIEeHcs TI0 TapMOHHYecKoMy 3akoHy. [lycTs nByx(azHas cpena, cocTosimast U3 BI3KOYIPYToii
MOPUCTOW MaTpUIlbI-CKelleTa W (IIIOWAa, 3aloNHSIONET0 TOPHI, 3aHMMaeT IUIOCKYI0 00JacTh

|X1| <o, X, <0. Ha nuueBoil HENPOHHIAEMOH TPAHHIE TETEPOTCHHOM CPEAbl OCHUWIIHPYET C
9aCTOTOM () JKECTKH INTAMIT IMUPUHON 28 MO AEHCTBHEM CHJIBI, KOTOPas MPUIOKEHA K IITaMITy
Tak, 4TOObI OOECIEeYHTh IONHBI KOHTAKT C IIOBEPXHOCTHIO. B 00lacTW KOHTakTa |X1|S a

HOpPMaJIbHBIE M KacaTeJIbHbIe HampsDKEHUs CBsi3aHbl 3akoHOM AMmoHToHa-Kynona. [lnst ydwera
BHYTPEHHEH MHUKPOCTPYKTYpPBHI OCHOBAHMSA HCIIONB3yeM, KaKk Hamboiee anpoOMpOBaHHYIO, MOJEIb,
OIMCHIBAEMYIO YPaBHEHUSIMH TeTepOreHHon AByx(das3Hoil cpensl buo — OpeHkens B nepeMeneHusx

[1]:
2 2
AV-Vu+2va-u+vi-v=pllgt—‘j+p12ﬂ+b u_ovy

ot? ot ot
ol o*v  (ou ov -
QVV.u+ RVV-v:pu?ijzzﬁ—b x o)
rre AN,QR,p,,pp,: P — MeXxaHHYECKHE XapaKTepHCTHKH aByXdasHoil cpemsl [4],
€ Eij» I,J=1,2— KOMIOHEHTHl TEH30pOB  JAe(pOPMALMH, COOTBETCTBYIOIIHE  BEKTOpPAM

nepementienuii Tepaoit dassr U{U,, U, } 1 sxuakoit dassr V{V,,V,}, e=V-u, e=V-v, b= mznko_ L
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a 1M, K, — IMHamMmYeckas BS3KOCTH (IFOMIA M HPOHULAEMOCTb CPEABI COOTBETCTBEHHO. [TONHBIH
o o o o s foeos

TEH30p HANpSUKEHWH, JIEHCTBYIOIIMHA B TE€TEPOTEHHON cpeme — Fij =0; +8ijc5 L, 1=12,

o, = Aed. +2Ne. +Qed; — TeH30p HANpSKEHMH, NEHCTBYIOIMIA HA BS3KO-yHPYTUi CKeJleT

i ij ij ij p p > X YIOI yupy >

o '=Qe+Re — maBnenus, JelicTBYIOIME Ha JKHAKOCTb B IOpaX. BS3KOCTh MATPHIEI KOMIIO3HTA
ydTeHa B paMKax MOJENH YaCTOTHO-HE3aBHCHMOTO BHYTPEHHETO TPEHHSI, IIPH 3TOM MOJYIb CIBHUIa
umeer Buag N ~N(1+if), rme Bemumunmna [ mnpomopuroHanbHa KOI(DOHUIMEHTY TMOTEPD
BA3KOYIPYroro Marepuana. BelencTBie 3TOro mpucyTCTBYET Majias KOMIUIEKCHAS COCTABIISIONIAs B
koo durmentax ypasuenus (1.1) N, A Q, R.

Cunraem, 4YTO PeXKHUM KOJeOaHUH yCTAaHOBUBILUICA, IPU STOM OTACIUM BPEMEHHOW MHOXKHUTEb U
u3JoKeHue OyneM BecTH Ui Oe3pa3MEepHBIX aMIUIUTYAHBIX 3HAUY€HHH COOTBETCTBYIOMIMX (PyHKIHH,
IIPY 3TOM JIMHEHHBIE Pa3Mepbl OTHECEHBI K MOIYIIUPUHE TAMIIA, a HAPSDKEHNUS — K MOIYIIO CIBUTA

N wmatpuisl. ['paHHYHBIC YCIOBUS TIPH 3TOM UMEIOT BHIL:

U2(X1,0):V2(X1,0), le(xl,O):Fzz(x1,0)=o, |X1|>1'
le(&,o)zunrzz(xyo), Fzz(x110):C]2(X1)v u2(X110):8’ |X1|Sl,

rae O — 3aJaHHas Oocajka IuTamma, [, — KO3(p(GHUUUEHT TPEeHUs. 3aMBIKAIOT MOCTAHOBKY KpaeBOil

(1.2)

samaun (1.1) — (1.2) ycrnoBue wu3nydeHHs BOJIH Ha OeCKOHEYHOCTh. OTpENETIeHUIO MOIEKAT
KOHTaKTHbIC JaBienus O, (X).

Pemenue npencTaBneHHOM 3aa4l OCYIIIECTBIEHO B JBa 3Tana. CHavyaia, Ha OCHOBE UJEH TCOPUHU
noTeHuuania, OpuM nocrpoersl Marpuipi-gpyskunn Ipuna K (a, X,), K, (a, X,) 11 nepemenenmuii

ckenera W mepemenienuit daronaa [6]. Janee, momydeHa CBsA3b MEPEMCHICHUN M HANPSUKCHUH Ha
rpaHuie AByX($a3HOU Cpe/ib:

0(%) = = [ K, (c.0) Qa)e ™ (%)== K, (c0) Qoe da,
2my 2,
. (1.3)
Q(e) = [ a(x e edx, a(x)={Tx (%) T (%)},

VY nosnetBopsisi rpannyHbIM yciaoBuaM (1.2) B cootHomenun (1.3) mpuxoaum K HMHTErpagbHOMY
ypaBHEeHHIO 1-T0 poa ¢ pa3HOCTHBIM SIPOM OTHOCUTEIBHO HCKOMOM (PYHKIHH:

[ K¢ -8)a,(E)de=5. (14)

SAnpo unTerpansHoro ypaBHeHus (1.4) nmeer BUA:

1 o (X —
K(xl—i):z'[K(oc)e -9,
Y

K(a) = py Ky (o) + Ky (),
Ko (o) =i0(2g, +71, 2,09, + 9,) / D(a),
K,, (o) = (m, —m,)s;s,0% / D(av),
D(at) = 2(29, +7Y359:)0” +(a” +57)(9, — 9y),
gOl gOZ SZ Sl
ms, m,s, 1-m) @-m,)

(15)

gOl gOZ
Sl SZ

0, = 2 v O3 = , 9o =(m,—m,)s;s,s;,
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Oy =20 —6[p;, =12,
P =(A+Q+(Q+R)(1-m))/N;

Yis =1+ 75, [ V40 Sk:\laz_ei; k=123.

rae o — napametp npeobpazosannus Pypbe, byHkimu B KomruiekcHoi miockoetn K (au), 1, j=1,2

SABJIAIOTCA 3JIEMCHTAMH MaTpPHUIIBI FpI/IHa IJ11 T€TEPOr€HHOro OCHOBAaHU, Gk - IPUBEACHHBIC YaCTOTHI

KOJIe0aHHi, COOTBETCTBYIOLIME TPEM TUIIaM PACIIPOCTPAHSIONIMXCS BOJIH B FeTEPOreHHOit cpene [6].
[IpoBEIEHO ACUMIITOTHYECKOE UCCIEN0BAHNE CHUMBOJIA sijipa MHTerpaabHoro ypasnenus K(o) mpu
MaJIBIX ¥ OOJBIIMX 3HAUYEHHAX IapaMeTpa mpeoOpazoBaHusi L. 3HAYECHHUS B HyJIE XapaKTEPH3YIOT

CpelHee 3HAYCHHE KOHTAKTHOTO JaBJICHUS, a IIOBEJCHHE HA OECKOHEYHOCTH — CTPYKTYpY
KOHTAKTHOT'O IABJICHUS Yy TPaHUI] 001acTH KOHTaKTa [7]:

lim K, (o) = d, /]af, lim K, () = (~0)'dy /o, i# ],
lim K (c0) =i(m, —m,) /D,

D= elpl e2 p2
1-m 1-m,

B Hacroseidfl pabore TpM peanM3aluMM  BbIYMCIMTEIBHOM CXEMBI, CHAyana IPOBOIUTCS
perynsipusanus siapa UHTErpaibHoro ypasHenus (1.4) ¢ MCIONb30BaHHEM €ro aCUMITOTHYECKOrO
IIPE/ICTaBICHN. HA OECKOHEYHOCTH, 3aTe€M, HAa OCHOBE METOJA TPAHMUYHBIX DJIEMEHTOB PELICHUE
MHTErPAIbHOTO YPABHEHHUSI CBOJUTCS K PEIICHHUIO KOHEUHOM airebpandecKoll CHCTEMbI OTHOCUTEIBHO
HEeU3BECTHBIX y310BbIX 3HaueHnil 0, (&, ), K=12,...,N nckomoii pynkunu. YuciaeHHO MCCaenyeTcs

CKOPOCTB CXOIMMOCTH TPHOIIMKEHHOTO aITOPUTMA PELICHUS] MHTETPATbHOTO YPaBHEHHS.
2. Pe3yabTaThl BBIYHCIAUTENBHBIX IKCIEPHMEHTOB.

B cooTBeTCTBUM € M3JIOKEHHBIM CIIOCOOOM 6BIJ'II/I OMpEACJICHBI HOPMAJIBHBIC W KaCaTCJIbHBIC
KOHTAKTHBIC HAIPSXKCHHA, T'OPU3OHTAJIBHBIC CMCIICHUA I10[ IITaMIIOM. PacueTnl IMPOBOJWINCE JIJIA
MEXaHUYECKHX XapaKTePUCTUK, COOTBETCTBYIOUIMX JBYXKOMIIOHEHTHOMY KOMIIO3UIIHOHHOMY
MaTepually ¢ MaTpHIeil Ha OCHOBE apOMaTHYECKOro Mojuamuja (heHWIoHa, MOAU(GHUIUPOBAHHOTO
HaHopa3mepHoit nobaBkoi TIN [9] u coxepxaHueM HamomHMTENs — IMWIMHIAPOBOIO Macia.
KoppekTtHoe onpezenenune mexanndeckux xapakrepuctuk A, R,Q, N cpemst Bro st rereporenHoro
KOMIIO3UTa OBIIO peaju30BaHO Ha OCHOBe mpocToii u auddepeHnnanbHOi cxeM MeToza
camocoruacoBanus [10,11]. Bbuto mcciieoBaHo BIMSHHE TOPHUCTOCTHA HA MOAYJb OOBEMHOTO CXKATHS
HOpHCTOﬁ Cp€abl C HE3AINOJIHCHHBIMH IMOpaMH Kb' CorocTaBiaeHbI PE3YIbTAaThl, MOJYUCHHBIC Ha

ocHoBe I depeHInanbHON 1 IPOCTOM CXeMBI METO/a caMmocoriacoBanus, [Ipu Manoil mopucroctu
(m<0.2), oTHOCHTEIBHAS TIOTPELIHOCTH JIBYX CIIOCOOOB pacyera He mpebimiaia 3%. Takum oOpazom,
ko3 dunmentsr ypaBaenuit (1.1) Mo H3BECTHBIM MOJYJNSIM OOBEMHOTO CHKATHS BS3KOYNPYTOi

marpuusl K, mopucroit cpensl ¢ HesamonHeHHeiMu nopamu K, dumompa K, mopucroctn M
BBIYHCIISUTACH 110 popmysiam [12].
Pacuers! mpoBoauinch mpu ciexyrommx gaHubix: K =6.48 T'Tla, K; =2 I'lla, N =2.37 I'TIa,

p, =1.3-10°xr/ M, p, =0.93-10° kr/m’, K, (m=0.05)=5.48 TITla, K, (m=0.1)=4.50 TITIa,
K, (m=0.15)=3.51 I'lla, K, (m=0.2)=2.52 I'lla, ®=50 I'm. DKcrepuMeHTaJIbHOE ONPEACICHHE

KO3 GUIIMEHTa B3aUMOJCHCTBHS (ha3, MPOHUIIAEMOCTH KOMIIO3MTA SIBJIIETCS BEChbMa CJIOXHOU H

TPYJIOEMKOH 3amaueif. Bynem omupaTbcsi Ha W3BECTHBIC JaHHBIC ISl MCKYCCTBEHHBIX cpen [13]
—14 -10

KOO GUIMEHT TPOHUIIAEMOCTH HAXOJWTCA B HMHTEpBaJIC 107 < k0 <10 MZ, a M3BWJIHUCTOCTbH

MOPOBBIX KaHAJIOB COOTBETCTBOBAJIA Caydaro dacTull chepuueckoit popmbl. Ocoboe BHUMaHUE OBLIO

VACNCHO aHAM3y BIIMSHUS MOPUCTOCTH HAa BEIMYMHY KOHTAKTHBIX HampsbkeHWi. Pacmpenenenue

JCHCTBUTENBHBIX 4YacTell HOPMANbHBIX KOHTAaKTHBIX JjaBieHuii Red,(X,) npn wusMeHeHuu
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HOpUCTOCTH M M (IIOMIOHACHIIIEHHOCTH OCHOBAaHMS IIPUBENEHO HA pHUC. 1) NIpH 3HAYEHMAX
n, =0.2,8,=1 f=0.05 b=0, npuuem kpuBas, OTMEYCHHas MapKepPOM «0», COOTBETCTBYET

HYJIEBOW TOPUCTOCTH. JTa KpHBas IOJydeHAa Ha OCHOBAHWUHM PELICHUS TUHAMHYECKOW 3aJaud O
KOJIEOaHMSAX INTaMIla B AHAJOTWYHON MOCTAHOBKE, HO UIA CIIydas OIMCAHHS TETEPOT€HHOW CPEbl
SKBUBAJIEHTHOM roMoreHHoi cpemoii [10].

o

Ng,
o m=0
m=0.05
m=0.1
m=0.15
m=0.2

o
200
2o
200,
S0,
200

-0.35 0 05 .‘-fl
Puc. 1. BnusiHue nopucTocTu reTeporeHHOro OCHOBAaHMS Ha paclpeiesieHHe KacaTelbHbIX
KOHTaKTHBIX HalPsDKEHUH

YCTaHOBIEHO, YTO 3aBUCHMOCTh HOPMAIBHBIX M KAacaTeNbHBIX KOHTAKTHBIX HAMPSIKEHHHA OT
MTOPUCTOCTH TE€TEPOT€HHOTO OCHOBAHMS HOCHT HENMHEHHBIA Xapakrep. OTMETHM, YTO KOHTAKTHBIE
HOpMaJIbHbBIE U KacaTellbHbIe HAIIPSDKEHUS B 3HAUMTENIbHOM Mepe 3aBHCAT OT MOPUCTOCTH M MaccoBOM
nonu  Qumoupa-HanonHutens. Ilpu 3ToM, pacmpeneneHHe HaNpsHKCHWH N0 00JacTd KOHTaKTa
HECUMMETPUYHO, YTO XapaKTepHO W I KOHTAKTHBIX 33/7a4 TEOPHH YIPYTOCTH IMPH YYeTe CHI
TPEHHUs, HO JUIA CIydasi TMHAMHYECKOTO HarpyXKeHHs BIUsHIE Ko (OUIIMEHTa TPEHNS Ha KOHTAKTHEIE
JaBJieHust OoJiee BBIPAXKEHO, B 3a/1a4aX B KBA3UCTATHUYECKOM MOCTaHOBKE [4].

Hano ormeruts, uro mapamerp b=m’n/k,, xapakrepusyiommii B3aumoneiicTBue (a3
KOMIIO3MTa, UMEET 3HAYUTEHLHOE BJIUSHHUE HA KOHTaKTHbIE jgaBienus. C pocToM BsA3KoCTH (uronna,
3QIOJIHSIONIETO TMOPbI, M YMEHBIIEHHH KO3(P(QUIMEHTA TPOHUIAEMOCTH MOPHUCTOYHPYTOM CpPeIbl
M3MEHSETCS PACIIPEJENEHUE HANPSHKEHUH MO/ IITAMIIOM, 3TO HWJLIIOCTPHUPYIOT puc. 2. Ha srom
PUCYHKE NPUBEIEHBI PACTIPEIENIEHNS JEHCTBUTENBHBIX YaCTEW HOPMAIBHBIX JABJIEHHUH MO IITAMIIOM,

paccUMTaHHBIX MIPH TEX JK€ BXOIHbIX JaHHBIX NPH yBeanyeHun napamerpa N/ K, .

— n/k,=1-10"
— n/k =4-107
—n/k=7-107

n/k,=1-10"

)

-03 0 03 X

Puc.2. Brusiaue Bs3kocTH QIIIOW1a M MPOHUIIAEMOCTH OCHOBaHUS Ha pacrpejiesieHIe
JEHCTBUTEIHHOM (CIeBa) U MHUMOH (CITpaBa) 4acTeil HOpMaIbHBIX KOHTAKTHBIX JTABICHUN

3. BoiBoabl. KoHTakTHBIC HANPSKEHUS W TOPU3OHTAIBHBIC MEPEMEIICHHS TIOJ IITAMIIOM IS
TeTePOreHHOTO OCHOBAHUSI 3aBUCSIT HE TOJIBKO OT KO (UIIMEHTa TPEHUs B 00JACTH KOHTAKTa, HO U
CYIIECCTBEHHBIM 00pa30oM 3aBUCAT OT YacCTOTHI KOJICOAHWI, MOPUCTOCTH, MPOHHUIIAEMOCTH CpEbI,
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BS3KOCTH (umonaa. Mzmenenne kodhGUIMeHTa TPSHHSI P BUOPAIIMA UMEET 3HAUYNTEIHHO OOJIbIee
BJIMSIHUE HA KOHTAKTHBIC HAMPSDKEHHUS, YeM B KBa3UCTATUIECKOM 3a/aue NPy ABWKCHUH IITAMIIA.

HccnenoBanue BBIONHEHO NpH (prHaHCOBON moanepkke PODU B pamkax HayqyHOTO MpOEKTa
Ne 20-08-00614 u B popme rpanta PI'YIIC.
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Moaunduxanus meroaa 1u¢p¢y3noHHONH CKOPOCTH AJIA MOACJIUPOBAHMUS BAZKUX
HeC:KMMaeMbIX TeYeHHIl MeTOI0M BUXPEBbIX IleTelIb
Kouyp O.C.

B pabore paccMmarpuBaeTcst OIMH IIOIXOJ K y4eTy BS3KOCTH IIPH MOJCIMPOBAaHMH BSI3KMX HECKMMAEeMBIX TEUEHHH C
MIOMOIIBI0 METOa BUXPEBBIX IeTesb. [loxxon OCcHOBaH Ha OOOOIIEHHWHM HM3BECTHOTO MeTosa AU(Qy3HOHHOH CKOPOCTH,
MIPUMEHSIEMOT0 Ul MOJEIMPOBAHMS JByXMEpPHBIX TEUEHHH BHXPEBBIMH MeTojaMu. B pabore mokaszaHo, 49TO HpH
JOMyIIEHHH 00 OTCYTCTBHY CITUPATbHOCTH 3aBUXPEHHOCTH B TEUCHHH CYIIECTBYET TaKoe IIOJIe, NPH MEepPeHOCe BHXPEBHIX
TpyOOK IO KOTOPOMY OHH OCTAalOTCS BHUXPEBBIMU TPYOKaMH U COXPAHSIOT CBOIO HHTEHCHBHOCTb. OTO MHOINYIIECHHE
HCTIONB3YeTCs ANl MOCTPOCHUS] MOMAENH BA3KOCTH ISl METOJa BUXPEBBIX NeTelb. [IpuBeneH mpuMep MOIETHPOBAHUS
JBHKEHUS IMITHYECKOTO BUXPEBOTO KOJIbIA B BA3KOI KUAKOCTH.

Beenenue

Meron BuxpeBelix mnerenb (MBII)  sBaseTcs  jmarpamKeBBIM — BHXPEBBIM — METOIIOM,
MpeIHa3HAYeHHBIM I MOJISIMPOBAHMASA HArpy30K, IEHCTBYIONIMX Ha TENO, 00TeKaeMoe ITOTOKOM
HEC)KMMaeMO# uIkocTH. OCOOCHHOCTh JAHHOTO METOJIa COCTOUT B OTCYTCTBUM HEOOXOIMMOCTH
WCIONb30BaHUSI CETKH JUIsl UCKPETHU3alMM MNPOCTPAHCTBA, B OTJIIMYME OT H3BECTHBIX CETOYHBIX
METOJIOB (METOJIbI KOHEYHBIX 00BEMOB, KOHEUHBIX AJIEMEHTOB W KOHEUHBIX pa3HocTeii). HemoctaTtok
WCIIONIb30BAHMUSL CETOK TMPOSABISAETCS MPU MOJAEIHPOBAHMN COMNPSDHKEHHBIX 3a/ad, CBSI3aHHBIX C
COBEPIIICHUEM TEJIOM IEPEMEIICHU B KUAKOCTH. Hanuuue MOABIKHBIX TPAaHHI] MPUBOAUT K
HEO0OXOJMMOCTH TEM WJIM UHBIM CIIOCOOOM IepecTpanBaTh CETKY, OTCIEKMBAs Ha KaXKIOM IIare HOBOe
MOJIOKEHUE TPAHUI] O0TEKAEMBIX TEll.

o Hacrodiero MOMEHTa CyIIECTBEHHbIM orpanudyenueM MBII sBisiiack BO3MOYKHOCTB
MOJICTTUPOBAHYS UMb HEBA3KUX TCUCHHUN. YUeT BA3KOCTH MO3BOJIUT O0Jiee KOPPEKTHO MOJIETHPOBATH
BHXPEBOE NIBIKCHHE XHUIKOCTH BOJHM3M TPAaHUI] MOBEPXHOCTH, YTO OYIET CrocoOCTBOBaTH Oolee
TOYHOMY MOJICTUPOBAHUIO HAIPYy30K, ICHCTBYIOIIMX Ha 00TEKaeMOE TEIO.

CnoxHocTh yueTta BszkocTH TedeHus B MBII cBsisana ¢ HapylieHHeM YCIOBHH TeOpeMbI
l'enpMronpa 0 BHUXPEBOM JABIKEHWH, KOTOpask TOBOPHUT O TOM, YTO B HJEALHOW OapOTpPOMHOMN
JKUJIKOCTH BUXPEBbIE TPYOKH MEPEMENIAIOTCS BMECTE ¢ HECYIIMMU UX MaTepHAILHBIMU YacTULIAMU U
MIPU OTOM COXPAaHSIOT CBOIO HHTEHCUBHOCTH. B BS3KOH KHIKOCTH BUXPEBBIE TPYOKH (MOJEIHUpyeMbIe
3aMKHYTBIMA KPUBBIMH — BUXPEBBIMH TNETIISIMH) YK€ HE MEPEHOCTCS IO MO0 CKOPOCTH TEUSHUS
KUIKOCTH ¥ MOTYT IEePe3aMbIKaThCs. ITO MPUBOJIUT K HEOOXOIMMOCTH pa3paOdOTKH TAKOTO IMOAX0/a K
YUETY BSI3KOCTH, IIPU KOTOPOM TPYOKH COXPaHSLIH OBl CBOIO TOTIOJIOTHIO.

HocTpoenne ananora 1upPpy3M0HHOH CKOPOCTH AJSl TPEXMEPHOI0 TeYeHUsI

Paccmotpum ypaBHenne HaBee — Crokca, 3amucaHHoe B (opMe ypaBHEHUS DBOJIOIHU
3aBUXPEHHOCTU
om
E+(V~V)m=(m-V)V+vAm, (1)

rae V — BEKTOpP CKOPOCTH TEYEHHSs, () — BEKTOP 3aBUXPEHHOCTH.

OmauM W3 M3BECTHBIX IOAXOIOB K YUYETy BS3KOCTH, NMPUMEHSEMBIX B KJIacCE€ IBYXMEPHBIX
BHXPEBBIX METOJOB (pacdeT IUIOCKOMapaICIbHBIX M OCECHMMETPUYHBIX TEUCHHM 0€3 3aKpyTKH)
sSBisieTcs: T.H. MeTod Iud@Py3moHHOH ckopoctu. lnes ero coctour B MOAETUPOBAHUU

nuddysnonnoro wiena VA® B ypaBHeHUH (1) ¢ momormisio 0coGoro BekTopHOro mojis Vi,

HUMCIOLICTO pasMEPHOCTb CKOPOCTU U HA3bIBAEMOI'O }j[l/l(l)(l)y?)l'lOHHOﬁ CKOpPOCTbIO.
ypaBHeHI/IC 9BOJIFOMHU 3aBUXPCHHOCTHU JI INTIOCKOMIapaljiCJIbHbIX TEUCHUM MMEET BU

ow
—+V-(Vo)=1Aw, (2
ot
1€ @ — KOMIIOHEHTa 3aBUXPEHHOCTH, MNEPHEHJIUKYJSApHAs IJIOCKOCTH TeueHus. BBonas mome
¢ Gy3HOHHOW CKOPOCTH BUA
Vo
V,=-v—7,
@

ypaBHeHHE (2) MOKHO TepernucaTh B KOHBEKTHBHOM BH/IC:
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%+V-((V+Vd)a))=0.

Jnsg ero pemieHuss NPUMEHUM KIACCUYECKUM METON XapaKTePUCTHK, KOTOPBIM MOXHO
peanu3oBaTh, HAPUMEDP, C UCIOJIB30BAHUEM METOJIa BUXPEBBIX YACTHIL. DTOT MOAXOJ pEaTn30BaH B
METO/IC BA3KUX BUXPEBBIX TOMEHOB [1] 1 Ipyrux MeTomax Ha ero OCHOBE.

Ilepenoc maHHOTO TOAXOMA B KJIACC TPEXMEPHBIX BA3KUX TCUCHHUH CBSA3aH C MPOOJIEMOM ITOMCKA
TaKOT'0 TOJISI CKOPOCTH, IePEeMeIlasi BUXPEBbIC TPYOKH 10 KOTOPOMY, OHH OCTaBAIHUCh ObI BUXPEBBIMU
TPyOKaMH M COXpaHsIA Obl CBOIO HMHTEHCHBHOCTh. ITo Teopeme ®puamana [2] Takue ckopocTu
(na3BaHHbIC B padboTe [2] ckopocTsamu puaMaHa) JOIDKHbI yIOBIETBOPSATH YPABHECHUIO

%’)+(U-V)w—(m-V)U+m(V-U):O.

W3BecTHO [2], 4TO M1 AIIEMEHTAPHBIX BUXPEBBIX TPYOOK TaKoe TOJIE CKOPOCTH CYIICCTBYET,
IPUTOM UX OeCKOHEYHO MHOTro. C Ipyrol CTOPOHBI, MPAKTUUECKUIl TOMCK TAKOW CKOPOCTH 3aTPyAHEH
B CBS3M C CYIIECTBOBAaHHEM TaKWX TEUCHHH, JUII KOTOPBIX HE CYLIECTBYET JIOKAJbHOTO crocoba
BBIYUCIICHHUSI TUPPY3MOHHOW CKOPOCTH, T.e. B BHIE (OPMYNbI, BBIPAXKAOMIEH CBSI3b MEKIY
napaMeTpaMu TEYEHHUsI B CKOJIb YTOJHO Majioil 001acTi BOKpYT HekoTopoi Touku [3]. Tem He MeHee,
MOKHO MOJYYUTh yNOOHOE IJisi NMPUMEHEHHUS Ha NpakTHKe npuOmmkeHue ckopoctu dpuamana,
MO3BOJIAIONIEE yUecThb psifl 9PPEeKTOB Bs3KOH quddy3un 3aBUXpEHHOCTH.

Jnst amemMeHTapHOW BHXpEBOW TPYOKHM BCEe BO3MOXHBIE CKOpocTH DpuaMaHa OIMHCHIBAIOTCS
dhopmymoit

U:V_V(ox(V|2xco)+—Vf +|2VW+7/0)’ )

o o
rae noie f momxmo YAOBIIETBOPSTH TOXKIECTBY

o -Vf =—ve- (Vxm),
10JIe W MOKET OBITh 3aJ1aHO MPOM3BOJILHO, a MOJIE ) Tak, 4TOOKI €T0 IMpOU3BOJHAad 10O HAIIPaBJICHHUIO
JIMHUN 3aBUXPCHHOCTHU paBHAJIACh HYIIHO. W )51 ]/ MOKHO IPUHATH PaBHBIMU HYJIIO, TOI'Jd KaK IMOUCK
I10JI f ABJIACTCA HeTpPIBHaJ'ILHOﬁ 3a/:[aqe171.

Boinemum B popmyie (3) nepsbie aBa craraeMbiX U 0003Ha4HM HX cymMy 4depe3 U, :

U =V+V,, 4)
e
ox(Vxo)
Vo =v—7 (5)
o)

u HasoeeM V, aunamorom aud@ysmonHHoii ckopoctH, a BemmunHy S=0x(Vx®) —

CNHMPAJIBLHOCTHIO 3aBUXpeHHOCTH. [lamee mepenumieM ypaBHEHHE 5SBOJIONHMH 3aBUXPEHHOCTH B
«KBa3U(PUIMAHOBCKOMY BHIIC:

om

E+(Ul~V)m—(m~V)Ul+m(V-Ul)=B,

rJIe moJjie

B=-wWx|S iz
(0}
HA30BEM OCTAaTOYHBIM WJIEHOM. BUJHO, YTO B cCllydae OTCYTCTBHSI CHUPAIbHOCTH 3aBUXPEHHOCTHU
(S=0) ocrarounslii 4wieH paBeH HY/I0, W BbIpakeHHe (4) OKa3bIBa€TCsA CKOPOCTHIO IEpeHOca
BUXPEBBIX TPYOOK B BSI3KOU JKHIKOCTH (CKOpPOCThI0 Ppramana) 0e3 Kakux-mubo gonynieHuid. B atom
cinydae yucieHHad peanu3zanus MBI s MmoaenupoBaHus BI3KOHM KUJIKOCTH MOJTHOCTBIO CBOJUTCA K
HEBSI3KO# IMOCTAHOBKE C TEM OTJIMYMEM, YTO BMECTO MOJIS CKOPOCTH V B BBIPOKEHUSAX (DUTYpHPYET
norxe V +V,, rae no6aBka V, orBeuaer 3a qudpdy3HI0 3aBUXPEHHOCTH BCICACTBHUE BSI3KOCTH.
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B ciiyuae HeHyneBOM CUPaIbHOCTH 3aBUXPEHHOCTH 3TO HE TaK, OJHAKO B HEKOTOPBIX ClIydasx,
KOT/Ia CIUPAIbHOCTh HE UTPAET CYIIECTBEHHOW POJNH B JUHAMHKE TEUSHHS, MOXKHO €10 MpeHeOpedb.
[Mpennaraempiii Meron yuera Bs3koctu i MBII ocHoBan Ha jomymieHHH 00 OTCYTCTBHH
CIUPAIbHOCTH B TEUYCHHM, YTO IIO3BOJSICT PACIPOCTPAHUTH HM3BECTHBIM MeTo] UG dy3HOHHOM
CKOPOCTH € ABYXMEPHBIX 33Ja4 Ha TPEXMEPHBIE.

PacueTrHas cxeMa MeTO/1a BUXPEBBIX MeTeNlb
[Ipaktrueckas peamm3aruss MBII cocTouT B mpencTaBiICHHN 3aBUXPEHHOCTH B BHAC Habopa

3aMKHYTBIX TieTelb |, koTopsle pa3ouBaroTcst Ha BUXpeBble OTpe3kH (puc. 1).

h;
X v~ 8k

Y=gl

Puc. 1. luckpeTnsanus BUXpPEBOI ETIN C MOMOIIBIO OTPE3KOB
Kaxxmprit Takoit 0Tpe30K UMEET TpHU MapameTpa:

e Mapkep X, — paJHyc-BeKTOp LICHTPa OTPe3Ka,
e MaTepuaibHbIN BekTop N, ,

® uHTEHCHBHOCTH 7Y, = §/h, , rae §, — IUPKyIALUs NETIH, OJMHAKOBAs JUIS BCEX OTPE3KOB

OTHOM ITETIIH.
[Tome 3aBUXpEHHOCTH MOKHO MPEJICTABUTH B BUJIE CYMMBI 3JIEMEHTAPHBIX T0JIeH 3aBUXPEHHOCTH
KaK10r0 13 oTpe3koB (K cyMMupyeTcst 1o BceM oTpe3kaM metid M ):

@, =21, [ 5(x—x,—sh,)ds. (6)
k -1

[Moxcransst (6) B ypaBHEeHHE 3BONIOLMH 3aBUXpeHHOCTH (1), 3amucaHHOe Ul HEBS3KOM
xunkoct (v =0) u omyckas BBIKJIaJKH, MOXKHO 3aIlMCaTh CIICAYIOIIHNE YPABHECHUS JBHKCHUSI
BUXPEBBIX OTPE3KOB B UACATBHON HEC)KMMAEMOU HKUIKOCTH:

dx

— :V(Xk)

dt
dh
—~=h,-VV(x,).
dt

99 _

dt

[Ipennaraemas moandukanus Mmeroga Aupy3HOHHON CKOPOCTH, OCHOBAaHHAs Ha JOIYLIEHUH 00
OTCYTCTBUH CIHPANBHOCTH (3aKPYyUEHHOCTH) BUXPEBBIX JIMHUH, MMO3BOJISIET YIECTh BA3KOCTH TEUCHHS

myTeM 100aBKu K oo ckopoctu V monst V,; — ananora quddysuonnoit ckopoctu (5):

ax
dt
dh,

E:hk VIV +Vy)(%)

99, _
dt

= (V+Vd)(xk)
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MopaeaupoBaHue 3BOJTIONUH YJITHNTHYECKOT0 BUXPEBOTO KOJIbIA B BA3KOMH KUAKOCTH

Jns memoHcTparuu paboTHl TIpemiaraeMoid Mozenn Bs3kocTd s MBI paccmarpuBaercs
3a1a4a O JBIDKCHHH DIUTMIITHYECKOTO BUXPEBOTO KOJbLA B BA3KOH >KuAKocTH. OcOOEHHOCTH 3a1auu
COCTOHT B HAJIMYUU 30H 3aKPYUYCHHOCTH BUXPEBBIX JIMHUI B 00JIACTSAX 3JUTHIICA, MPUIICTAIOIINX K €T
BepuIrHaM, rae BBoaumoe jgomyiienne S =0 He BbimosiHseTcs. Pe3ynbTaThl pacueta BHUXPEBBIM
METOIOM CPaBHMBAIOTCS C pacyeToM CETOYHbIM MeTojoM B mnporpamme OpenFOAM u c
pesynbTatamMu (pU3NIECKOro dKcrepumMenta [4].

[MapamMeTpsl 3a/1a41 U pacUETHOW CXEMbI IPUBEICHBI B TaOJIHIIE:

PDuznyecKue NapaMeTpsl 3212491

Ortnorrenue monyoceit AR 2
Bosnpmias nonyocs a 2
Hupxynsmus T° 1
Yucino Peitnonsaca Re=1"/v 834
HawaneHelii paauyc sapa Koabua I, 0.1
IHapameTpbl pacueTHOH MoJeJH
KonuuecTBo nerens 49
KommuecTBo 0Tpe3koB B metIie 30
Paccrognue Mexay neTasaMu 0.043
Cxema MHTerpupoBaHUs RK2
[lar wHTErpUpPOBAHUS 0.05
KauecTBeHHBIE pe3ynbTaThl, JEMOHCTPUPYIOIINE BOMIOLUIO (POPMBI KOJIBLIA, TIOKA3aHbl Ha pHC. 2

u 3.

=

<

)

&

g

o

& £ 04

M j

p= ' )

t=2 t=9 t=14 t=19 t=24 t=29 t=44

Puc. 2. DBosmoiyst BUXpEBOro 3jutuica Bo (poHTanbHO# mpoekuuu (CBepxy — pacuer B OpenFOAM,
cHu3y — pacuetr MBII).

=
) ) 1 ¢ | C |
é
= H % 2 £ 2 # :
CQ pi :’, ¥
> & 5 v % '
: (
a /
t=2 t=9 t=14 t=19 t=24 t=29 t=44

Puc. 3. DBosronust BUXpEBOro 3JuMIca Bo GppoHTanbHOl npoekuun (CBepxy — pacuer B OpenFOAM, B
neHTpe — pacyer MBII, causzy — skcnepument DPIV [4]).

AHamm3 pUCYHKOB TIOKa3bIBA€T KaYECTBEHHOE COOTBETCTBHE MPOQUMIICH KONbI]a B pa3InvHbIC
MOMEHTHl BPEMEHH [UIi pacdyeTOB CETOYHBIM W BHUXPEBBIM METOJAMH M WX COOTBETCTBHE
JKCIICPUMEHTAIBHBIM pe3yJibTaTaM JJIs KOJIbIIAa C TEMH Ke mapamerpamu. Habmomgaercs yBenudeHue
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TOJIIIMHBI TPYOKH, XapaKTepHOE s Bs3kod nmuddysuu. [Ipu MopennpoBaHiH UICTLHON KUJKOCTH
TaKoro 3pdexra He TPOUCXOTHUT.

Ha puc. 4 mokazaH npouib 3aBUXPSHHOCTH B CEUCHHM JJUIUICA, MPOXOJSAIIEM BIOIbL €ro
0OJIBIIION MOJTYOCH, MOJIYUYCHHBIA BUXPEBBIM METOJIOM (KpacHBI) B CPABHCHUHU C PAaCUETOM B TMAKETE
OpenFOAM (3enensiit). Taxke HaOmOgaeTCd KaueCTBEHHOE coBmazcHue mnpoduicii. OTKIOHCHHS
CBSI3aHBI C HEPETYJISAPHBIM PACIIOJIOKEHHEM IETellb MO APy KOINbIa, B CBSA3M C 4YeM B MpoIlecce
3BOJTIONIUN 00Pa3yIOTCs 00JIACTH pa3peKCHUS U KJIACTEPU3AINN B Pa3IUYHBIX 30HaX KOJIbIIA.

a8
% » %
2
af = af
o s

T

(a)t=0 6)t=2 (r)t =14
(m) t=19 (e)t=24 (k) t =29 (3) t =44

Puc. 4. OBomonus npodnis 3aBUXPEHHOCTH SJUIHNTHYECKOro KoibIa (KpacHelii — MBI, 3emensiit —
OpenFOAM)

3akaoueHne

IIpennoxxen meron yuera BA3KOCTH xuAkocTu 1 MBII. MeToa ocHOBaH Ha KCNOJb30BaHUU
unen Metoqa Mup y3nOHHON CKOPOCTH, IPUMEHSEMOTO IS MOJIEIIMPOBAHUS IBYXMEPHBIX TEUCHUH.
JlommymeHueM TpeiaraeMoro ToaXoAa SIBIISIETCS MPEINONIoKEHHEe 00 OTCYTCTBUH CIUPATLHOCTH
3aBUXPEHHOCTU. MoOJEIUpOBaHUs BJUIMNTUYECKOTO BHUXPEBOTO KOJIbIIA B BSI3KOM KHUJIKOCTH
JEMOHCTPHUPYET pPabOTOCTIOCOOHOCTh TMpeayiaraeMoil MOJAENTH B paMKaX KOHKPETHOTO IpHUMepa
TEUYEHUS C HEHYJIEBOM CHUPAIbHOCTBIO 3aBUXPEHHOCTH.

JUTEPATYPA
1. HeiaaukoBa I'.4. JlarpamkeB noAXoJX K PELICHUIO HECTALMOHAPHBIX YPABHEHUI
HaBbe — Crokca // loknaabl Akagemuu Hayk. 2004, T. 399, Ne 1. C. 1-5.
2. Mapxkos B.B., Cuszeix I'.b. DBomronus 3aBUXpEeHHOCTH B XHUAKOCTH M Taze // W3B.
PAH. M2KT'. 2015. Bem. 2. C. 8-15.
3. Komyp O.C. O cymecTBOBaHHM JIOKAJIbHBIX CIOCOOOB BBIYUCICHHUS CKOPOCTH

MepeHoca BUXPEBBIX TPYOOK C coxpaHeHWeM ux MHTeHcuBHOcTH // Tpyasrt MOTU. 2019. T. 11.
Nel. C. 76-85.

4. Adhikari D. Some experimental studies on vortex ring formation and interaction. Mas-
ter thesis, National University of Singapore, 2009. 209 p.

Caenenus 00 aBTopax:

Kouyp OJier CepreeBu4 — crapumii npenojgaBatenb kKadeapsl «A3pOKOCMUUECKHE CHCTEMBI»
MI'TY um. H.D. bBaymana, Mocksa, Poccus. +7 (499) 263-63-10
E-mail: oskotsur@gmail.com

149



MopenupoBanue 30HbI peaKUHH NPH TEPMOTra30XMMHYeCKOM BO3/elCTBHHU ¢ MPUMeHEeHHeM
OuHapHBIX cMeceil

KpaBuenko M.H., Iluesa H.H., Manosa A./l, Tumyk A.H., llecrepunna H.B.

CoBpeMEHHOE COCTOSIHHE BBIPA0OTAHHOCTH peCcypcoB He(TEra3oBOro KOMIUICEKCa OOYCIIaBIMBaeT aKTYalbHOCTh U
HEO0OXOIMMOCTh MIPUMEHEHUS CIICHHANBHBIX METOIOB JUIS YiIy4lleHus 3)(GEKTHBHOCTH H3BJIeUeHHs yriieBoopoos (YB) u3
HeAp. B 3HaYMTENbHO CTENEHH 3TO KacaeTcs HU3KONPOHHIAGMBIX MECTOPOXKACHUH BBICOKOBSI3KOH HedTH U
KEPOTreHOCO/ICPKALINX IIACTOB, B TOM YHCIIC HaXOJISLIMXCS Ha TO3[IHEH cramuu pa3pabotku. B paboTte mpoBeneH aHamm3
HPOJIOHTHPOBAHHOCTH d((PeKTa TEPMOXMMUYEKOrO BO3ACHCTBHS Ha YIJICBOZOPOIHBIH KOJUIEKTOpP MPH  3aKadke
HEMOCPEACTBEHHO B MPU3ab0iHYIO 30HY ITACTa XMMUYECKH aKTHBHOTO COCTaBa Ha OCHOBE HUTPaTa aMMOHHUS. PaccMOTpeHbI
OCOGCHHOCTH OIMCAaHWS B THAPOAWHAMHYECKOM MOJEIM MHPOLECCOB, NPOUCXOMINIMX B 30HE (HOPMHUPOBAHUS
9K30TEPMHUYCCKUX DPEakUHil pas3ioxeHus pabodyero areHra, M MPOBEICHA OLIGHKA MapaMeTpoB B 30HE peakumd. Paborta
BBINIOJIHEHA NPH MozIepskKke rpanToM PODHU Ne19-07-00433 A.

Beenenue. Vcropus pa3BUTHS M CTAHOBJIEHMS TEXHOJOTHH TEPMOTa30XUMHUECKOTO BO3JEHCTBUA C
npumenenuem OuHapHbIX cMeceit (TI'XB BC) nacuuteiBaeT yxe Oonee 20 jeT, HO B TOCIEAHEE
JEeCSATUIETHE BBIIUIA HAa  yPOBEHb  OIBITHO-TIPOMBICTIOBBIX ~ HMCIBITAHMA HAa  Pa3IMYHBIX
MECTOPOXKACHHSX, B TOM uuciie keporeHocoaepkamux [1]. Merox TI'XB BC OTHOCAT K TEIIOBBIM
MeTozaaM mnoBblmeHus HepTeoTnaun (MYH) nmo npuHIMMy BO3AeHCTBUS Ha HACBIIICHHBIA KOJIIEKTOP.
IIpu 3akauke HEMOCPEACTBEHHO B IUIACT BOJHOIO pacTBOpa OMHAPHOI cMecH (aMMHA4YHOM CEITUTPHI C
HUTPUTOM HATpPUsI), NPHUBOJMMON K COCTOSHHIO MOJIHOTO Pa3lOKEHUS CEIHUTPbI, WHUIUHPYETCS
JK30TepMHYEKas peakuusi, (opMHpYIOIIas pPa3HOCKOPOCTHBIE BOJHBI BBICOKOTO JABICHUS U
TEMIIEpPaTyphl, KOTOPbIE Aalee PaclpOCTPAHSIOTCA OT 30HbI PEAKLUU B CTOPOHY CKB@KUHBI U Ha
nepudepuro apeHupyemoit ooaactu [2]. 3a cuer BbIICICHUS B XUMUYIECKON peakiuu pasinokenus bC
TOpSYMX I'a30B MPAKTUYECKH MIHOBEHHO Ha HEKOTOPOM PACCTOSHHUU OT CKBa)KHHBI (TIOJI0KEHHUE 30HbBI
peaKIMu peryaupyercs 3a c4eT o0beMa MPOJIaBOYHOH KHUIKOCTH) BO3HHKAET BBICOKOTEMIIEpATypHAs
0o0nacTh MOBBIMIEHHOrO aAaBjieHus. [laTunmkyn Ha 3a00€ CKBaXUHBI PETUCTPUPYIOT IOBBILICHHUE
naenenus g0 200-600 atm (ypoBeHb 3aBucHT OT KoHIleHTparuu bC B BogHOM pacTtBOpe m 00BeMa
NPOJIaBOYHON BOJIBI). Beliensromieecss B 30HE peaklUH TEIIo B OONBIION CTETEHH MOTJIOMACTCS
MHUHEpaJbHON MaTpHuued Kojulekropa. TeruioBas BoJHa MMEET Ha JBa MOPAIKAa MEHBLIYIO CKOPOCTh
pacrpocTpaHeHusl, a 3a1ac aKKyMyJUPOBaHHOW B MaTpPUIIE SHEPTUHU U SBJISIETCS OCHOBHBIM (pakTopom
W3MEHEHHUs xapakTepa HeTemoOblunM B mocieayrommii nepuoi. OOBIYHO, 3alyCK CKBaKMHBI Ha
J00BIYY IPOU3BOAUTCS TOCIE 2-3 CYTOK, HEOOXOAUMBIX JUISl M3BJICUEHHUsI 000PYIOBaHUS BO3IEHCTBHUS
Y TIepPEeBO/Ia CKBAKMUHBI B IITATHBIN PEKUM JOOBIYH.

[TporpeB HaCHIIIEHHOTO KOJUIEKTOPa CIIOCOOCTBYET CHHXKEHHIO BS3KOCTH ()JIIOHMJIOB, COOTBETCTBEHHO
YBEJIMYEHHUIO €0 MOABIKHOCTH, a TaKK€ PacKOJIbMAaTHPOBAHHIO MpH3a00ilHON 30HBI, TO €CTh
IPHUBE/ICHUIO B TOJBIDKHOE COCTOSIHHE paHee HEMOJABIKHOW (mapaduHOBOM, OUTYMHHO3HOMN) 4YacTH
VB, oceBiieii B HpeabIAyIINi MMEPHOJ] «XOJOAHON JOOBIYM» HA MOBEPXHOCTH KaMMILIApOB. Taxke
TEIUIOBOM pa3orpeB MaTpHIIbl TOPOJIBI MOXKET MPUBOJUTH K M3MEHEHHUIO CAMOI CTPYKTYpBI TOPOBOTO
NPOCTPAHCTBa, OOPa30BaHUIO JONOJHUTEIBHON TPEIMHOBATOCTH M KaBEPHO3HOCTH, IOBBILICHUIO
CBSI3aHHOCTH NPOBOASIIMX KaHAJOB M H3MEHEHHIO (QHIBTPALMOHHO-eMKOCTHBIX cBoiicTB (DPEC)
HACBIIICHHBIX KOJJIEKTOpPOB. [l  KeporeHocoepiKamux MOpoJ BO3HHUKAIOMINE yCTONYMBEIE
Temneparypsl Bbiie 350 rpaaycoB IenbCus B ONU3M 30HBI PEAKIHUH CHOCOOCTBYIOT BBIJEIEHHUIO
JIONIOJIHUTENBHBIX Y B 3a cuer ux renepanuu u3 keporena [3].

IpoMbIc/IOBBIii IKCIIEPUMEHT W MOCTAaHOBKa 3aga4yu. B paborax [3, 4] omnmcanbl 0COOCHHOCTH
npuMenenuss meroga TI'XB BC Ha keporeHocoiepikallldxX IUlacTax, M aHanu3 3(PQPEKTUBHOCTH
TEXHOJIOTMH Ha POMAaIIKMHCKOM MECTOPOXKJIEHUH, TJI€ MPOBENECHHBIE MPOMBICIOBBIE IKCIEPUMEHTHI
NpUBENIM K 3allycKy Ha JOOBIMY «CyXOW» CKBaKHMHBI C JI€OMTOM BBILIE YPOBHS JOOBIYM B
NpeJIOCTAHOBOUHBI  meproa.  JlmurenbHocth  dddekra (OGomee 1,5 nmer)  oObscHseTCs
NPOJIOHTMPOBAHHOCTBIO TEIIOBOTO 3(ekTa OT pa3orpeBa MaTpulpl. bbulo mokazaHo, 4To B
IUTACTOBOM CHCTEME TPOUCXOAUT HE TOJBKO CHIDKEHHE BSI3KOCTH (UIIOMAA, HO M BKIIOYAIOTCS
MeXaHU3Mbl (Pa30BOro mpeoOpa3oBaHUs PA3UYHBIX YTIIEBOJOPOTHBIX KOMIIOHEHT, B TOM YHCIIE
W3HAYQJIBHO BXOJMIIMX B MATPHULy IOPOJBI, TO €CTh IIOBBIIIAETCS IUHAMUYECKAsl IOPUCTOCTh
HACBHIILIEHHON MOpUCTO cucTeMbl. [1o MPOTOKOMY OMBITHO-TPOMBINUIEHHBIX HcnbITanuii (OIT)
o6bem paGouero areuta (BC) coctamn 20 M® mpH pacdeTHOI KOHIEHTparmsi pactBopa — 60%
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(xomnonentsl BC monaroTcst Mo pasienbHBIM KaHalaM M CMEHIMBAIOTCS HEHNOCPEICTBEHHO B 30HE
nepdoparmu).  OOpabaThiBaeMblii  HACBIIICHHBIA  IUIACT ~ OPEACTABICH  MPEUMYIIECTBEHHO
KapOOHATHBIMH OTJIOKCHUSMH, OTIMYACTCSI HU3KUMHU MOKa3aTeNIIMU MIOPUCTOCTH U MIPOHUIIAEMOCTH, a
TaKXe B COCTaBe CBOCH TBepJOH (haszbl COAEPKUT HEKOTOPOE KOIMYECTBO KEPOTeHa, CIIOCOOHOTO MpH
OIIPENENICHHBIX YCJIOBHSAX IEPEXOOuTh B kuakoe cocrosHue. Hedrts, Hachlmaromas mnopony,
BBICOKOCMOJIMCTAs, apauHUCTast U BEICOKOCEpPHUCTAsA. YacTh HePTAHON (a3bl HAXOIUTCA B TBEPAOM
COCTOSTHUH B MPH3a00iHO# 30HE B MEepHOJ] J0OBIYM TPH IUIACTOBBIX Temmeparypax mopsiaka 20°C B
Buze napaduHa u OuTyMa U Ipu MOBBILICHUN TEMIIEPATyphbl MOXKET NEPEXOIUTh B OABIKHYIO HE(Tb.
B xozne npoBeneHust Bo3neiCTBHS Ha 3a00€ CKBa)KUHBI BEJIUCH 3aMEPbl OCHOBHBIX IIapaMeTPOB IIJIacTa:
pacxoja, AaBJICHUS U TEMIIEPATYPHIL.

CornacHO TUIpOIUHAMHYECKUM pacueraMm [3, 4] npu 3akauke B CKBa)XHWHY BCEX YCTaHOBICHHBIX
peraMeHTOM TEeXHOJIIOTHH O00BeMOB XuAKocTeil (pabouero arenta — bC, OydepHOi >XKHIKOCTH,
WHHUIHATOPa pPEakUuH — KUCJIOTHI W MPOJABOYHONW BOJBI) pacloiiokeHue 30HBI peakuun bC B
npu3a0OHHON 30HE COOTBETCTBYET YAAJICHHOCTH OT 3a00s oT 1,3 1o 3,4 M mo Bceld TONMIMHE TIacTa.
Yyer coBmecTHOH (QuimbTpanuu BogHOro pactBopa bC ¢ apyrmMu  BomocoiepiKamuMu
TEXHOJIOTMYECKMMHU O KUIKOCTSIMHM, a TakXe C IUIaCTOBOM BOJAOHM, IMOKa3aj, YTO IO Mepe
(UIBTPalIMOHHOTO JIBMJKEHHMSI 3a CYeT TIPOLIECCOB cMelleHus KoHueHtpauuss BC cHmxkaercs
npakTaaecku 10 50%.

[Ipu paznoxennn bC nmpoaykTaMu peakuuu sBISIOTCS BOAOPACTBOPUMAs HATpUEBasl COJib, CBOOOAHAS
BOJY, I'a3bl a30Ta, a Takke Temiora 300 k/[/Mob, 4To oTpaskeHo B popmysie (1):

NH;NO;+NaNO, — N,+NaNO;+2 H,0+300 k/Ix/moinb (1)

Ananu3 n1abopaTopHOrO U MPOMBICIOBOTO OmbiTa [5,6] mokasai, 4To MpH COBMECTHOW (UIBTpALUH
MIPOAYKTOB PEaKLUH M IJIACTOBOTO (IroMAa a3oT HE pacTBopsiercss B HegTu. OueHka TemMneparyp B
30He peakuuu [7] maeT ocCHOBaHHE MOJaraTh, YTO BOJAA HAXOAUTCS B CBEPXKPUTHYECKOM COCTOSHHUH,
[MO3TOMY CUMTaTh OCHOBHBIM MEXaHM3MOM TOBbIIeHUs HedreoTnaun npu TI'XB pactBopenue B
HepTH Tra3000pa3HBIX NPOJYKTOB M TEM CaMbIM CHW)KEHHE BSI3KOCTH ILIACTOBOTO (QUIIOWAa HE
BO3MOYHO.

Pacyer 30HBI peaknuu. DKCICPUMEHTHI [7], HA KOTOpPbIC ONMUPAIOTCS aBTOPbI HACTOSIIECH PabOTHI,
MIPOBOAMIINCH C HCIIOJIb30BAHWEM aBTOKJIAaBa C KOHTPOJIEM MaBJICHHS W TeMIIepaTypbl M COCTaBa
MPOAYKTOB peakuuu. MakcuMmallbHOE NaBJIE€HHE, AOCTUTHYTOE B HKCIEPHUMEHTax, cocTaBmwio 22,9
MlIla. bpula yToyHeHa CKOpPOCTh pEakLHM, W OLEHEHbl YPOBHHM TEMIIEpATyp HpU Pa3JI0KEHUU
OMHApHOW CMeCH Ha pa3IM4YHBIX pPEXHMax, B TOM YHCIEe TpPH JIABJICHUSIX, COMOCTABUMBIX C
IIACTOBBIMU. TeIUIOBBIACICHHE TIPH Pa3IoKeHWH | Kr CeMMTphl BbINIE, YeM Yy MOpoxoB [7] u
H3MepseTCsl BENMUMHON auana3oHa 4688 - 5060 k/[x Ha 1 kr cenutpsl. YpoBEHb TeMIIEpaTypBl,
JIOCTUTaeMbIii B mopucTtoii cpene mpu kouieHtparmuu bC 50 %, paBen 350 °C, mMmeHHO Takas
TeMIlepaTypa 3aKJaJbIBalach B KaueCTBE HCXOJHOTO MapameTpa Ajsl MPOJYyKTOB peakiuu B Oosee
pPaHHUX THUIPOJMHAMHYECKHX pacueTrax aBTopoB [4]. OCHOBHOII 3a/1aueii HACTOSIIETO UCCIIeIOBAHUS
ABIISIETCSI YTOYHEHHE TepMOOAapUYECKUX NapaMeTpoB B 30He paznoxeHus bC, yduTHIBaIOMIETO
TEIUIOBBIICTICHNE PeaKnuy M Torjomienne Tera marpuneid. C yderom (a3oBBIX AMarpaMM Bcex
COCTABIISIIOIIMX MPOAYKTOB peakUMu M HX (PU3MYECKUX CBOMCTB, HCIOIB3YS COOTBETCTBYIOLINE
YPaBHEHHUSI COCTOSIHUSI Ul CBEPXKPHUTHYECKOM BOIBI M Ta3000pa3HOr0 a30Ta, MOXKHO PacCUMTaTh
JIABJICHUS U TEMIIEPATYPHI B 30HE PEAKIINH.

[lepBoHayanpHO B MaTeMaTHUYeCKOW MOJENN NMPEAIONArajJoch, YTO peaklus passioKeHHs MPOTEKaeT
(aKTUYEeCKH MrHOBEHHO, YTO COOTBETCTBYET OSKCIEpHMEHTaM, ONHMCaHHbIM B pabore [7], rae
3aUKCUpOBaH caMoycKopsitoutuiics 3GdekT u ObIcTpoe pa3BuTHE peakiuu pasnoxenus bC mpu
MOBBIIICHUH TEMIIEPATYPbhI: MHIYKIIMOHHBINM Mepro| HapacTanus temrepatypsl Ha 100°C oreHuBaCs
20 MuUHYTaMHd, a BpeMs HMMIYJIbCHOTO HapacTaHus JaBieHHs — 1 MuHyTO#. ['Mnpoannamuyeckuit
pacder mocienoBaTeNbHOW 3aKadyku paboumMx JKHUAKOCTEH B TPOIUIACTOK, XapaKTEePH3YIOIIUICS
OTIPE/IETICHHBIM 3HAUY€HHUEM IOPUCTOCTH, IO3BOJSET ONPEAETUTHh IMOJOKEHHE 30HBI pPEaAKIUU |
HOMMHAJIBbHOE 3HaYEHHE MAacChl MOPUCTOW MaTpuupbl. g POMamKMHCKOrO MECTOPOXKAECHUS JTaHHbIE
TS TUTacTa OTpakeHsl B paborax [3,4].

Jlis yTouHeHus apaMeTpoB B 30HE peakluu HeoOXoauMmo Oosee AEeTalbHO M3Yy4YUTh CBOMCTBA BCEX
KOMIIOHEHTOB XMMMYECKOH peakiuu. B pacuerax, yuyuTbiBas cTeXxuoMeTpuieckue Ko3(h(UIMEHTH B
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dopmyie (1), ompenensuch COOTHOIIEHHUS MEXITYy MAacCaMH BCEX MCXOIHBIX BEIIECTB M MPOIYKTOB
peakimu (Ta6m.1), a Ttakke mo Qopmyrne (2) miotHocTh pactBopa BC (¢ yd4eToM MaccoBBIX
KoHIeHTparmii kommoneHToB BC), paBHas 1558,6 kr/m3:

Pp—pa = Peoam(1 — €5c) + PNH,NOsCNH,NO; T PNaN0,CNaNO,- (2)
Tabnuna 1.
NH;NO; NaNO, N, NaNO; 2H,0
M, 80,04 68,99 28,01 84,99 36,03
/MOJIb
*

m, 1 0,862 0,350 1,062 0,450

KI/KT

m, T 10 8,66 3,52 10,67 4,52

Ilo o6bemMaM 3aKkadMBaeMbIX MO PErJIaMEHTy >KMIKOCTeH MOXHO paccyuTaTh MacChl BBIXOJla BCEX
MPOAYKTOB peakuuu. /s co3manus cObarmancupoBanHoir bC Ha 1 Kr aMMua4HOM cenuTphl TpedyeTcs
1,16 kr uutputa Hatpust (NaNO,). B tabnune 1 nmpuBemeHbl 3HAYESHUs BBIXO/A MPOAYKTOB PEAKIIUH
npu pasnoxxennd bC: B MonsipHoM Beipaxkenun (M), B pacuere Ha 1 kr cemutpsl (M*) u B iepecuere
Ha o0beM 20 M° aMMHAYHOIM CENHTPBL, MPELYCMOTPEHHBI pPErTaMEHTOM MPOMBICIOBOTO
skcriepumenta (M). Kak BuaHO u3 Tabmumbl Ha 1 Kr cemutpbl nmomydaercst 350 rpamm aszora, | Kr
HuTpata HaTpus u 450 rpaMM BOJIBL.

YroObl paccuuTaTh ypOBEHb TEMIIEPATyphl B 30HE pPEaKIUH, HEOOXOAWMO 3HATh BCE TEIUIOBBIC
XapaKTepUCTUKU MPOLYKTOB PEAKLUUH M MOPOBOro ckesera. OLEHKa MapaMeTpoB B 30HE PEAKLUU
CBHJIETENILCTBYET O BBICOKHUX YPOBHSX jaaBieHuil (Boimie 500 atm) u temmeparyp (Boiire 300°C), uto ¢
ydetoM (a3oBbix auarpamm [8,9] mo3BosiseT roBOPUTh O HAJMYMU B MPOAYKTAX PEAKIMH BOIBI — B
CBEPXKPUTHUYECKOM COCTOSIHMHM, a30Ta — B Ta3000pa3HOM Buje, U (MIBTPALMK IUIACTOBOro (piromzaa
COBMECTHO C BO3HHKAIOIIEH BOJOra30BOM 3MyNbCHEH (C yuyeToM ci1aboi pacTBOPHUMOCTU a30Ta B
HedTH), HAOMIOMaeMON Ha MpaKTHKE B TepBble CyTKW mocie nposenaenus TIXB. DddexruBHOCTH
BBITECHEHHUS! HE(TH C TIOMOIIBIO BOJOTa30BOH 3MYJILCHU CEHYAC SIBISIETCS OJHUM M3 MEPCHEKTUBHBIX
croco6oB moBsIiteHnst HepreoTaaun [10], kak ¥ UCTIONIB30BaHKE 3aKAYKU B TUIACT CBEPXKPUTHUESCKON
Boabl [11]. C ydyeroM ciaboil C)KMMAaeMOCTH BOJIbI, OMHPASACh HA TEOPUIO B3aUMONPOHHMKAOIINX
KOHTHHYYMOB, MOKHO PacCuuTaTh IUIOTHOCTb 3MYJIbCHU C YUYETOM U3MEHEHUS] 00bEMHOMN JIOJIH a30Ta
Opd W3MEHEHUM [aBJICHMH W TeMiepaTyp, npeHeOperas Iud@y3HOHHBIMH CKOPOCTSAMH BHYTPHU
amynbcuu. [IpuHATEIE B pacdeTe TEeIUIOBble KOHCTAHTHI M CBOWCTBA OTPayKeHbI B TabiuIle 2

Ta0muma 2.
BemectBo | TemmonpoBonHocth, | TemnoemkocTs, | [InotHOCTS, | ot  oObema,
Bt/(M*K) Jox/(xr*K) Kr/m> I.e]1.
[Topona 1,65 855 2800 0,8
Hedrs 0,1 1890 804 0,03
Bona 0,683 4200 1000 0,17

Paccuntannoe TerutoBBIZIeNieHNE B 30HE peakuuu coctaBwio 41 915 MJ/[x. DTo KommdecTBO Teruia
ST Ha pa3orpeB MPOAYKTOB PEaKIMH M IUIACTOBOM CHCTEMBI, HaChImeHHOH (mrommamu. Ilo
UCXOJHOMY COCTaBy MNOpPOJABI (M3 MPOMBICIOBBIX JaHHBIX) C YYETOM TEIUIOEMKOCTEH BXOSIINX
(dpakiuii, TOJCYUTHIBANIACH CPEIHSS TUIOTHOCTH M TEIIONOTIIONIAONAs CIIOCOOHOCTh MUHEPATLHOTO
ckenera. Jlanee Mo 3aaHHON MOPUCTOCTH TOPOJBI M TIOIYYCHHON CpefHel IUIOTHOCTH OIEHHBAJIACH
Macca Mopo/ibl, BMelaromas 308y peakuuu. [lapamiensHo mpoBoAWiCsS THAPOIUHAMHUYECKUN pacdeT
3aKayku 3a7aHHOro oovema bC u Apyrux >KMIKocTed B M3ydaeMblil MPOIUIACTOK Ha yCTAHOBIEHHOM
uaTepBaie nepdopaunnu. [locie 3Toro cpaBHUBaNACh CyMMapHasi BHYTPEHHSS SHEPTHS CHCTEMBI JI0 U
nociie peakuuu pasinokenuss BC (6e3 ydera sHepruii ¢aszoBoro mepexona). B pesymbrare ObLIO
YCTAHOBIJIEHO, YTO MOBBILIEHHE TEMIIEPATypbl MATPHULIBI OT HAYAJIBHOTO MJIACTOBOrO 3HaueHus B 27°C
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B oOmactn xuMuueckoi peakiuu ¢ bC (10 Hagaiia 0TTOKa Teruia Ha Mmepudepuio OT 30HBI PEAKITHH)
cocrasisieT 349 °C .OTo 3HaUeHHE COMMOCTaBUMO C Pe3yIbTaTaMH JJa00paTOPHBIX UCCIIeN0BaHUH [7].
OneHka BETMYMHBI CKadka JAaBJICHHUs B 30HE PEAaKIMU 3a CYET PAcUIMpPEHHs MPOAYKTOB PEaKIINH,
MPOBOJMIACH B TNPEANOJIOKEHUN PAaBEHCTBA JABICHHH BceX (azax U 0e3 ydyera MHAYKIUOHHOTO
HepruoJia HapacTaHWs TEMIepaTtyp, HO C y4eTOM ypaBHeHHs cocTostHus a3ora [10]. Benuunna
JIaBJICHUS, YCTAaHOBUBILASCS B HACBILIEHHOW MOPHUCTON cpezne, OyAeT B OCHOBHOM 3aBHUCETh OT TOTO,
Kakoid o0beM 3aifiMeT Ta3000pa3HbBIi a30T C Y4YETOM TEIUIOBOTO PACHIMPEHUS IMOPUCTOTO
MUHEPAIBHOTO Kapkaca mocie o0pabotku. ITo Bemmunaam maccsl Hurpara HaTpus (NaNOj) u BomsL,
MIOMEIIEHHON B IIAcT, ObIJIO YCTAHOBJIEHO ITOJHOE PACTBOPEHHUE COJH M IMOJCUUTAHA KOHLIEHTpaLUs
pactBopa (mopsimka 27 — 29%, B 3aBHCHMMOCTM OT HA4aJbHOM BOJIOHACHIIICHHOCTH ILIACTA,
pachpesiesieHHOW O MPOIUIACTKY OMNPEICIICHHBIM 00pa3oM). 3aBUCHMOCTh IUIOTHOCTH COJISTHOTO
pacTBopa C YCTaHOBJICHHOM KOHIEHTpaLUeHd OT HaBJICHUS ONpelNeisiIach MYTEM aIllpOKCHUMAIUH
maboparopHbix gaHHbIX [12] no Temmeparyp Bbiiie 300°C.

be3 ydera mepuonma WHAYKIMH peakuu pasnokeHus bC u B MpeanonokeHUH MTHOBEHHOTO
oOpa3oBanus >MyJibcun (MHOTO(a3HONH CMecH BOJIHO-COJIEBOTO pacTBOpa W CBOOOJHOTO Tra3a)
paccuuTaHHOE JAaBJICHUE B 30HE peakuuu 3HauuTenbHO mnpesbimaer 200 Mlla u Torma pacueTHsIid
«OTKJIMK» Ha JaT4WKe JaBleHUs Ha 3a00€ CKBaKMHBI KpPaTHO TMPEBBIIIAET PETUCTPUPYEMOE Ha
mpakThke 3HadeHne (okono 16,5Mma). OgHako, HA TIPAKTHKE B IUIACTOBBIX YCIIOBHUSIX HapacTaHWE
TEMIIEPaTypbl TPOMCXOJUT TIOCTENICHHO (332 CYeT WHIYKIMOHHOIO MEpHOoAa), YTO IPUBOIUT K
«CTPaBJIMBaHUIO» JABJIICHUS B OKPYKAIOIIUH 30HY peaklui o0beM. Beliensronuiics: a30T MOCTEIIEHHO
CMEIIIMBACTCS C KUAKUMH (Pa3zaMH, OCYIICCTBIISSA MPOIIECC BEITECHEHUS TPOJIaBOYHOM BOJBI U HEPTH K
CTBOJIy CKBaXHMHBI M He(pTH Ha mepudepuro miacta. Kpome TOro, Ha NpakTHKE HCIHOJIb3YIOTCS
CrielUaIbHbIC 3aMEJIUTEIN PEaKIUH, YBEIUIUBAIOIINE BPEMS MHIYKIUHU (0 2-X 4YacoB) C IICJIBIO
CHID)KEHHSI BOJIHOBOM HAarpy3Ku Ha CKBaXMHY M NpeIOTBpalleHue aBapuii [1].

3akir0ueHue. AHaNIU3 NapaMeTPOB BCEX BELIECTB, YYACTBYIOIIMX B peakuuu pasioxeHus bC mpu
MIPOMBICTIOBON peanm3aru TexHonorndn TI'XB mokasan, 4To BenwmduHBI TemmepaTyp B Ooubmieit
CTETIEHH 3aBHCAT OT 00bEMa M CBOMCTB MOPOBOTO MPOCTPAHCTBA, KOTOPOE MOTJIOMAET OCHOBHYIO
qacCTb BBII[GHSIIOHIefICSI TEMI0BON OHEPTHUH. Bennuuna JaBJICHUA B 30HC pCaKIHU 3aBUCUT KaK OT
KMHETHKH XUMHYECKOH PEeaKLUH, HHTEHCUBHOCTH €€ MPOTEeKaHMs, JJIUHBI MHIYKIMOHHOTO IEepHoaa
(mpu  MCTIONB30BAaHMK KAaTAJIM3aTOPOB WM 3aMEIATENIEH peakinuu), Tak ¥ (QUILTPAIHOHHO-
€MKOCTHBIX CBOMCTB MOPHUCTON MATPHUIBI C y4ETOM, B TOM YHCIE, IIpefiesa ee YIpYrocTH U mpejaena
npodHocTH. Pemenne mpsiMoii 3a1aun Teopuu GUIBTPALMU ABISIETCS 00JIee CI0KHOM C TEXHHUYECKOH
TOYKH 3peHus 3amadeid. JlabopaTopHbIe SKCIIEPUMEHTH B «TepMOOOMOE» MO Pa3loKeHUIo pabovero
coctaa bC, He AalOT MOJHOTO TPENCTaBICHHS O TEPMOAMHAMUYECKOM ITOBEIEHUH ILTACTOBOM
CHCTEMBl B 30HE DPEaKLUH IPH IMPOMBICIIOBOM IKCHEPHUMEHTE, TaK KaK HE YUMTBHIBACTCSl BIHMSIHUE
MOPUCTOM MaTpullbl, 0Opa3oBaHHE MHOrO(a3HOM S5MYJIbCHH, a TaKKE  XapaKTepa BBITECHEHHUS
SOMYJbCHEH IUIACTOBBIX (IIOMIOB. BBICOKME 3HaueHUs JaBICHUW U TeMIlepatyp TpeOyroT
WCTIONIb30BaHMS YPaBHEHHH COCTOSHHS BceX (a3 W KOMIIOHEHT C YYeTOM KaK YIpYrod, Tak u
TEIJIOBOM COCTaBISIIOIMX, TO €CTh ypaBHeHHUs B (opme Mu-I'proHaiizepa. XapakTep BBITECHEHUS
SMYJIbCHOHHBIM PAcTBOPOM TaKXe TPeOyeT omucaHus ABMKCHHS HAa OCHOBE 000OIIECHUS ypaBHEHUH
Q)HHLTpaHI/H/I JUIA BA3KOIIIIACTUYECKOI'O (1)J'IIOI/I)Ia C MpEACIIBHBIM I'PAIUCHTOM.
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MaremaTH4yecKoe MOJIeTMPOBAHUE TEMIIEPATYPHBIX HANPSKEHUI B HEJTOKATbHOIM
TepPMOBSI3KOYNIPYT 0l CIJIONIHOM cpe/e

Kysbipkun I'.H., CaBenbeBa U.10., Kysmmnankosa JI.A.

Ha cerogusmamii AeHb CyIIecTBYyeT HEMHOTO pabOT O IMPHMEHEHHH HEeJIOKAIBHOH BS3KOYIPYTOCTH, TOT/A Kak B
peanbHOCTH MHOTHE MaTepuaibl MPOSBISIOT BSI3KOYNPYTHEe CBOWCTBA, MM JaKe HEJIOKANbHBIE BA3KOYNPYTHE CBOMCTBA,
HanpuMep, TBEPJOE PaKeTHOE TOILIMBO, KOMIO3ULMOHHOE MaTepHansl U T.A. B mocnenHue roapl Takue MaTepHanbl CTaIN
Ha3bIBaTh «CTPYKTYPHO-UYBCTBHTENBHBIEY», a HM3YUEHHE HMX TEPMOMEXAHHMUYECKUX XapaKTEPUCTUK CTalIO BO3MOXHBIM B
pamMkax 0600IIeHHOI MEXaHUKH CILUIOMIHOM cpefibl. MaTeMaTHueCKHue MOJIENH, ONUCHIBAIOIINE TAKUE MAaTEPUAIIBI, OTHOCSITCS
K KJIaccy HeNOKaIbHBIX Mojeinei, mpemioxeHHBIX A.K. DpuarenoMm. B paGore paccMoTpeHa mareMmaTHdecKkas MOJIENb
HEJIOKAIIbHOM TepMOBA3KOYIIPYToi cIulomHoil cpeasl. IIpu momou MeToja KOHEUHBIX JICMEHTOB HalICHbI paclpeaeicHus
TEMIIEPATypHbIX HANpsDKEHUH IpU  BBHICOKOMHTEHCHBHOM MMITYIBCHOM HAarpeBe HEJIOKAJIbHOIO IIOJIyIIPOCTPAHCTBA,
[IPOAHAIN3UPOBAHO BIMSHUE IapaMETPOB HEJIIOKAJIbHOCTU HA IIOTY4YEHHBIEC PEIICHUS.

Marepuanbl, co3maBaeMble Ha  OCHOBE  HAHOTEXHOJIOTWH, OONagarOT  yYHUKaJbHBIMH
TEIIOGU3MYECKUMH M (U3MKO-MeXaHWYecKMMHU cBodctBamu [1-3]. Opmnako, oOpa3soBaics
CYIIECTBEHHBI pa3pblB MEKAY TEXHOJOTUAMH TONYyYEHHs TaKHX MaTepuanioB W 00NaCThIO
MaTEeMaTHYECKOTO MOJEIHpPOBaHUA. 3BEeCTHO, YTO B CHIIy OCOOEHHOCTEH CTPYKTYpBL, K TaKUM
MaTeprajgaM He TIPUMEHHMa METOOJIOTHSI KOHTHHYyMa. O0Imas MaTeMaTndecKas MOAEIhb ISl TaKHX
MaTepHasIoB orrcana B paborax [4 — 5].

[Ipu MOBBIIIEHHBIX TeMITEpaTypax U 0oJiee BRICOKOM YPOBHE HANPSKEHHUH MOHATHE 00 YIpyrom
TEeJIe CTAaHOBHTCS HEJOCTATOYHBIM: MOYTH y BCEX MaTepHaOB OOHApY)XHMBaeTcs Oojiee MM MEHee
OTYETJIIMBO BBIPAKCHHOE SIBIICHHE BA3KOTO TEYEHHs. B 3TOM cilyyae MmoBelleHHE pPEAbHOTO Tela
MPUHATO HA3bIBATh BA3KOYIIPYTHMM, TaK KaK TCJIO OJHOBPEMCHHO IIPOABIIACT YIIPYTHUEC U BASKOYIIPYTUC
cBoiicTBa. [loaTomy yuer peomorndeckux 3h(HeKToB UMeeT OOJIBIIOE 3HAYCHUE MTPH IPOSKTUPOBAHUH
3JIEMCHTOB KOHCprKHHﬁ, IMOABCPraromnuxcsa BO3)Z[CI71CTBI/IIO BBICOKHUX TEMIICPATYP.

C moBbllIeHueM a0COTIOTHOM TeMIepaTypbl MaTepHuai TBEPAOTO Tela MOXKET PHOOPECTH BSI3KHE
CBOICTBA, COXpaHssi W CBOMCTBO YNPYyroctu. Torga, NpU HAarpyEHUU Tejda BO3HUKAET Tak
HaspIBaeMas BI3KOyIpyras nedopMaiusi, KOTopas W3MEHSETCS BO BPEMEHH JaKe MPHU MOCTOSHHOMN
HarpysKe, a 1oCJe CHATHS Harpy3KH MOCTENeHHO ncye3aeT. CBOWCTBA TaKUX MAaTEPUANIOB, K KOTOPBIM
MOXXHO OTHECTH MHOTHE TIIOJIUMEpPHI, OIUCHIBAIOT MATEMAaTHYECKHE MOJEIH TEPMOBS3KOYIPYTOi
CILIOIIHOM cpejibt [6].

3anunieM ypaBHEHHE, OMHMCHIBAIOIIEE pAcHpeeleHue HANPSHKeHUH Mo TIyOMHE BS3KOYIPYroro
CJIOS TONIIUHBI L B 6e3p33MepH0171 (bopMe:

82 0? 9 oo
RZ— R2 =(1- ) —=—=dz'
t— t o (d°c
+ ex — dt'+ 1
éplf p| - = Jarl o @
+(§p2jexp e zr(p(|z—z‘|) dz' |dt"
D? Jot'\ .= o(z")?

re o — Ge3pasMepHOe HampskeHHe; R’— Ge3pa3MepHBIii apaMeTp, oGpaTHO MPONOPLIHMOHATLHBII
KBaJIpaTy CKOPOCTH 3ByKa; @ — Oe3pa3MepHas TeMieparypa; Z — IpOoCTpaHCTBEHHasi KoopauHara; t —
Bpems; & — KOO(D(QUIMEHT OTHOLIEHMS BS3KMX M YNPYTMX MEXaHMYecKHxX cBoiicte; D2 —

0e3pa3MepHOe BpeMs pellakcallii BHYTPEHHErO MapameTpa TePMOJMHAMHUYECKOrO COCTOSHHSA, I —
panuyc GyHKUUH BIUSHUS.

O dexT HEeNOoKaTbHOCTH Cpebl COCTOUT B TOM, YTO (U3UUECKUE XAPAKTEPUCTHKH DJIEMEHTOB
CTPYKTYpPHO-YyBCTBUTEIHFHOTO MaTepHaia MOJBEPKEHbI BIMSHHUIO MPOYNX OKPYKAIOMIUX JIEMEHTOB
CTPYKTypbl. B cBA3u ¢ sTuM B BblpaxkeHue (1) BxomsaT p,, P,— Beca HEIOKAIBLHOIO BIMSHMSA,

p,+p,=1, qo(|x‘ - X|) — (yHKIMSI BAMSHUS HEJIOKAIBHOCTH, IPUYEM: j¢(|x'— x|)dx' =1.
\

DOyHKIUIO BIUSHHUS HEJIOKAIbHOCTH B JIaHHOM paboTte mpumeM B Buje [7]:
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rae D? — Ge3pasmMepHOe BpeMst peslakcalliy MIIOTHOCTH TEMIOBOTO MOTOKA.

HauanbHble 1 rpaHUYHBIE YCIIOBHA AJ1s1 ypaBHEHHS (4) 3aMUIIEM B BUIE:
0(zt)|_, =0;

t 1
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7oL 90 exp ——t_;[ il—dae t=Q,,
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rae Q,, Q, —6e3pa3MepHbIe INIOTHOCTH TEMJIOBBIX TOTOKOB.

[ HaxoKAECHUS TeMIIEpaTYpHbIX HamNpsDKeHUM u3 ypasBHeHHs (1), mpeaBapUTEnbHO ObLIO
HalICHO pachpeneneHue TeMineparypsl B cioe. Pemenue ypaBHeHus (4) ¢ rpaHUYHBIMH YCIIOBHUSMHU
BTOPOTO poja, TJe Ha OJHOM KOHIIE cJOsi OBbLIO 3aJaHO YCJIOBHE TEIIOM3OJAIMH, a Ha JAPYroM
BBICOKOMHTCHCHUBHOE HMIIYJIbCHOE BO3JCHCTBHE, OBLIO HAWAECHO C IMOMOILIBI0 METOJa KOHEYHBIX

anementoB (MKD) Ha paBHoMepHO# cetke [8]. Ha puc. 1 mpuBeseHbl pacipeyieHusT TeMIIepaTyphbl B
pasIMYHbIE MOMEHTBI BpeMeHH B ciloe Tommunoit L =10 mpu D? =10.
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Puc. ] Pewenue cunepbonuyueckoeo ypagHetuss menionposooHoCmu

6 pas3iuvHvle MOMEHNIbL 6PEMEHU

Ha ocHoBe monyyeHHBIX pacrpeneneHui TeMmnepaTypsl npu nomomm MKD Obuio HaiineHo
pemenue ypaBHeHus (1) ¢ HAYaTbHBIMU ¥ TPAHUYHBIME YCIOBAMHU (3).

PaccMoTpuM BiHsAHME BKIana JIOKadbHOM COCTaBISIIOIIEH [, W Iapamerpa D; Ha pelleHue

ypasaenus (1). Ilpumem mapamerpsi R® =1, £=0.05, r=3, moiayuuM rpaguku pacrpeeneHus
TEeMIIepaTypHBIX HANPSHKEHUH B pa3IMyHble MOMEHTHI BpeMeHH (pHc.2).

BuauM, uTo yMeHbllIeHHE BKJIaja JOKaJbHOW COCTABIISIIOIIEH BEJET K POCTY aMIUIUTY/Ibl BOJIHBI
HalpsHDKEHUH W YMEHBINCHHWIO TIIYOWHBI TNPOHWKHOBEHHUS B CIIOM MaTrepwaia, 4YTO TOBOPUT O
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BO3MOKHOCTH ~HCIIOJIb30BAHUsI TaKMX MATEPUAJIOB B KauyeCTBE 3alIUTHBIX [OKPHITHH MPH
BBICOKOMHTEHCUBHBIX Harpy:kerusx [9, 10].
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Puc. 2 Pacnpedenenue neiokanbHblx memMnepamypHbix HANPp*CeHUll 6 C10e npu pasiuiHoM 6K1aoe
JIOKAbHOU cocmasnaowen P,

PaGora BrITIONTHEHA B paMKax TrocyAapcTBeHHOTo 3amaHusi MuHoOpHayku P® (mpoekt Ne 0705-
2020-0032).
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Camo3aneynBaHue MUKPOTPEIIMH B Npouecce NPoA0JIbHOMI 3JeKTPONJIACTHYECKOH NPOKATKH
Kykynxanos K.B.

Ha ocHOBe 1IpOBEACHHOIO YHCICHHOIO MOJEIUPOBAHUS Ipollecca IPOKATKM TOHKUX JIUCTOB
MOJMKPUCTAIUTNYECKOTO METaJlla MOKa3aHO, YTO MPU OIPEAENICHHBIX YCIOBHUSAX MHKPOTPEIIMHEI (MHKPOIIOPHI) B
ouare JnedopMamMM MOTYT YacTMYHO caMmo3ajeuuBaThbes. [IpM  BHENIHEM BO3IEHCTBHM  HMITYJILCOM
BBICOKOIHEPI€THYECKOTO SIEKTPOMAarHUTHOTO TI0JIs Gepera MUKPOTPEIINH OKa3bIBAIOTCSl CBAPCHHBIMU B BEPIIMHAX
pacmiaBiIeHHBIM METaIOM, HPH 3TOM [UIMHA U 00BEM MMKPOTPEHIMH yMEHbIIAroTcs. UTo coriacyercs c
HUMEIOIUMUCS 3KCIEPUMEHTATBHBIMU JaHHBIMU.

B nureparype mpHBOASTCS pazIMUYHBIE METOIbl CaMOBOCCTAHOBJICHHS (CaMoO3aJie4BAHMS)
METAJUIOB, CIUIABOB M KOMIIO3UTHEIX MaTtepuaios [1-10].

B cuny yHuBepcanbHOCTH 3HAYUTEIBHBI MHTEpEC MPEICTaBISET METO] CaMO3aJIeUHBaHUS
MHUKpOAE(EKTOB B MPOBOASILIMX MaTepuanax IpU BO3AEHCTBHE Ha HUX KOPOTKUMH HMITYJIbCAMHU
BBICOKO3HEPTreTHYECKOTO 3IEKTPOMArHuTHOTO mojist (manee — «BOMIIy) [5-10]. Metox 6a3zupyercs Ha
XOPOIIO U3BECTHOM 3P deKTe KOHIEHTPALH dIICKTPOMATrHUTHOTO MOJISl HA HEOJHOPOIHOCTSIX CPEIIBI.
OH MUPOKO HCHONB3YeTCs HA MPAKTHUKE B BBICOKOTEXHOJOTMYECKHX OOJACTAX MPOMBIIUICHHOCTH,
HampuMep, NpH BJICKTPOIIACTUYECKOM Oe(OPMUPOBAHMU METAJUIOB, CIUIABOB, IPOBOMSIINX
KOMITO3UTOB U KepamHK, OJHAKO, HE MOJIYYHJI MO HEAABHETO0 BPEMEHH JOJKHOIO TEOPETHUYECKOTO
000CHOBaHUSI W3-3a CJIOKHOCTEH MyNbTH()U3MUSCKOr0 MOJeIUpoBaHus Bo3zzcicTBus BOMII nHa
MaTepHal MPH IUIACTHYECKOM IeQOPMUPOBAHHU.

IlpokaTka sBISCTCA OCHOBHBIM IIOAXOJOM IpU 0OpabOTKE METaIOB JaBJICHHEM.
[Nonasinsitoiee OONBIHIMHCTBO TMONTy(PaOPUKATOB U HM3IENUN METALTYPrHYecKOH MPOMBIIUICHHOCTH
BBIITyCKaeTCs B BUAE npokata. [IpuyeM, mocpeacTBOM MpOAOJbHOM MPOKATKH MPOU3BOAUTCS OKOJIO
90% Bcell mpoKaThIBAEMOM HPOMYKIMHU. OJIEKTPOIUIACTUYECKasi MpoKaTKa ¢ BozxeiicrBuem BOMII
MpeaCTaBysieT MHTEPEC P MPOU3BOJICTBE TOHKOTO MPOKATa U3 TPYAHOASHOPMHUPYEMBIX MaTepHAIIOB,
KOTJa TpaJUIMOHHBIC XOJIOJHAs W Topsvas NpPOKATKH MPUBOIAT K 0Opa3oBaHUIO B JIHCTE
MHOXECTBEHHBIX MHKPOTPELIMH, 00pa3yloUMXcs NpH HayaJbHOM 3axXBaTe€ 3arOTOBKU PabO4YMMHU
BaJKaMH (3Ty 30HY TakXKe Ha3bIBAIOT 30HOH BXoaa B ouar jaedopMmanvv) ¥ TPUBOIAIINX B
MOCJIEC/ICTBHE B HETOJHOCTH H3JeNie. DKCIEPUMEHTHI MOKa3bIBAIOT, YTO MHKPOTPEHIMHBI MOTYT
CIIMBaThCA, 00pa3ysl TPEIIMHBI, BRIXOASIINE HAa IMOBEPXHOCTH TOHKOTO jHcTa. Toraa kak oOpaboTka
MPOKATHIBAEMOT'0 JIUCTa MMITYyJIbCHBIM BOMII npuBOAMT K 4acCTUYHOMY CaMO3aJICYMBAHMIO TaKHX
nedexros [6].

Hacrosimass pabora  HampaBieHa Ha  TEOPETHUYECKOE  KCCIIEJOBAaHME  MeXaHH3Ma
caMo3aJIeYMBaHUsI MUKPOTPEIIMH B MPOLECCE MPOAOIBHON 3JIEKTPOIUIACTHUECKON MPOKATKH TOHKOTO
METAJTTNYECKOTO JIUCTA.

MojnenupoBaHue Tporecca TMPOKAaTKH TPEACTABISET HW3BECTHBIE TPYAHOCTH  H3-3a
WHTEHCUBHOTO IUIACTUYECKOrO0 TEYEHHUS Marepuana B odare aedopManiy, HaXOISIIUMCS MEXIY
BaJIKaMH B KaXKIbli KOHKPETHBII MOMEHT Ipolecca MpokaTku. BosaeiicTBue Ha ouar nedopmaunuu
uMIynbcHbIM BOMIT MpHBOAUT K TOTIOIHUTENBHBIM CYIIECTBEHHBIM CII0KHOCTSIM TPH UCCIIET0OBAaHUN
mpolecca camo3ajiedrBaHusl MUKpoae(deKkToB B 3ToH obnactu. OnHAKO YMCIEHHOE MOJCIUPOBAHUE
MOKHO 3HAYUTEIbHO YIPOCTHTH, €CJIM MPHHATH BO BHUMAaHHE PAa3JIUuusi BO BPEMEHHBIX U
MPOCTPAHCTBEHHBIX MaclITabax MPOTEKAIOIINX MPOIECCOB. A UMEHHO, YTO JUTUTENLHOCTh HMITYJIHCOB
BOMII cocrasmnsier nmopsaka 100MKe, Torma kak Bpemsl HaXOKeHHe MaTepraia B ouara aedopMarun
COCTaBIISIET, IO MeHbIIeH Mepe, 10Mc (1 OONBIIMX CKOPOCTEH ABMKEHHUS IPOKATHIBAEMOTO JIMCTA),
mpu ToM, 49TO pasmepbl MukpoTpemmH 0,1-10MKkM, B TO Bpemsl Kak pa3Mephl JHCTa M oOd4ara
nepopmarm 1-10mm. B cBsism ¢ uem, mpomecchl MakpoaehOpMHUpOBaHWS JHCTa U BO3ACHCTBUS
umnynscom BOMII Ha MUKpoTpenrHEL B o4are 1eopManii MOXKHO pacCMaTpUBATh Pa3lIesIbHO.

Takum oOpazom, mpemiaraercsi CIEAYIOIIMHA YHCICHHBIH METOJ] PELICHHS IOCTaBICHHOW
3aJjauyd: Ha TIEPBOM JTale OMNpPEJeNIUTh MAaKPOCKOITUYECKOe HaIpPsKEHHO-Ie(hOpMUPOBAHHOE
COCTOSIHME B ouare aedopManuy, pEUIMB YNPYromjacTHYECKyl0 3aJady O IUIOCKOH XOJIOJHOH
MPOIOJILHOW TPOKATKE TOHKOI'O JIUCTA, Ha BTOPOM 3Tale, PeliuTb IEKTPOTEPMHUYECKYIO 33/1a4y O
BozaeiictBun BOMII Ha mpokaThIBaeMblil JIUCT, HA TPETHEM JTale, YUWTHIBAs TOJS HATPSKEHHH,
MOTEHIIHAIa W TEeMIIEpaTypbl B odare JeGOopMalliy, PElIHTh 3IEKTPOTEPMOYIPYTrOIUIACTHUYECYIO
3aJa4y O BO3AEHCTBHU KOPOTKUM MMIyibcoM BOMII Ha MUKpOTpeLMHbI, KOTOphIe 00pa30BajlicCh B
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ouare AedopMalny 3a CUET PACTATUBAIOIINX HAIPSDKEHUM, 1eHCTBOBABUIMX B HAIIPABIEHUH NIPOKATKU
B 30HE 3axBata. Iy peleHus 3a/lauy Ha TPETbeM dTare TpeOyeTcs 3HaTh TOJIBKO CPEIHUE 3HAYCHUS
MaKPOCKOITMYECKUX IMOJIeH HANPSHKEHUH, MOTeHIMala U TeMIepaTypsl B odare AeopMalny 3a 30HOH
3axBara 3ar0TOBKH, YTO OTpeeNsIeT BEIOOp Mozesel Ha MePBhIX IBYX JTalax.

Jiis uccnenoBaHusl HANpPsDKEHHOTO COCTOSHHMS TOHKMX JIUCTOB OOJBLIOE PAacHpOCTpaHEHHE
MOJydWJia OJHOMEpHas MOZENb IPOKATKH, BIEPBBIE IpemsiokeHHas KapmanoMmM, B KOTOpOH
MIPEJIOoaraeTcsi, 4To BEJIWYMHBI KOMIIOHEHT CKOpPOCTHM B HAIIPaBIE€HUM NPOKAaTKH U TEH30pa
HOPMAaJIBHBIX HAPSHKECHUH 3aBHCAT JIMIIL OT KOOPAWHATHI BAOJb HAIIPABIECHUS IPOKATKU U HE 3aBUCAT
OT KOOPIHMHATHI MEPHEHINKYJIIPHON HAIpaBICHUIO NMPOKATKU. B IaHHOW MoOIEnH IMpenrnoaraercs,
4TO JI000€ TIOCKOE Ha BXOAE B ouar JedopMaliy CeueHHe OCTaeTcs IUIOCKHMM B TEUYEHHE BCEro
BpeMeHu JedopmupoBanus [11]. Ha mepBom stame s MOJNYy4YCHUs] CPEIHUX MaKpOHANPSDKCHUN B
ouare aedopmanuu HCIoab3yercs: MoaupuuposanHas Monens Kapmana, monpoOHO ommcaHHas U
uccienoBanHas B [11] u koTopas ¢ Xopouieil TOYHOCTHIO O3BOJISIET MOJTYYUTh TPeOyeMble 3HAYCHUS
JUTs TOHKHX JUcToB (korma L/H > 1.5, toe L — pasmep ouara nedhopmanuu, H=(Hi1+H>)/2 — cpennss
MOy TOJIIMHA IPOKATHIBAEMOTO JINCTA).

s pacueta MaKpOCKONMYECKUX IIOJIeH MOTEHIMAIAa U TeMIIepaTypsl B odare aedopMaruu
(BTOpOi#1 3Tam) HMCHoOJB3yeTcs 3aKOHBI COXpaHEHHs 3apsaa W SHepruu. PaccMaTtpuBaercss cmoco0
MOJBEICHHUS TOKa B oyar AedopMaiuy MOCPEICTBOM ABYX CKOJIB3AIIMX KOHTPAKTOB, Pa3MELICHHBIX
0 U 1mocje odara IeopManuy MEXIy BajKaMH. DTOT cloco0 SBISETCS ONTHUMAJIbHBIM C TOUKH
3peHHUs MPOCTOTHI Peai3anry MPH MPOU3BOJICTBE U COXPAHHOCTH Pa0OYHX BAJIKOB MPOKATHOTO CTaHA
OT MPEXIEBPEMEHHOTO IEKTPOKOPPO3NOHHOTO pa3pyLICHHUS.

MUKpOMOZAENBHBIA  aHAMN3 MEXaHW3MOB CAaMO3aJ€YMBAaHUSA MHKPOTPEHIMH B  O4are
neopMaIiiy IPOBOJUTCSA HAa OCHOBE pa3pabOTaHHONW MHKpOMeXxaHuuecko mojenu [12-15]. Dta
MOJIENIb  TO3BOJISIET, BO-TIEPBBIX, PACCUMTHIBATH (PU3MYECKHE TIOJII Ha JTame BO3JACHCTBUS
KPaTKOBPEMEHHBIM HUMMYJIbCHBIM BOMII MUKpOTpellMHBI W MUKpPONOPHl B TOKOIPOBOISLIEM
TEPMOYIPYTOIUIACTHYECKOM MaTepuaie C paclpeaeNeHHBIMU Ae(eKTaMH, BO-BTOPBIX, PACCUUTHIBATh
1oJie TEMIEPaTyphl M HaNpsHKEHHO-Ie()OPMUPOBAHHOE COCTOSIHHE B OKPECTHOCTH MHKPOTPEUIMH U
MHUKPOIIOp TOCIIe OKOHYaHUA JeHcTBUs uMityibca BOMII (aTan penakcanuu mosis TeMIepaTyphl).

MHuKpoMozeb YUUTHIBAET (a30Bble Mepexon! (MIaBIeHUe-KPUCTAIUIN3ALMIO U HCIIapeHHe) B
MeTajle, 3aBUCHMOCTh BCEX €ro (PM3MKO-MEXaHWYECKHUX CBOHCTB OT TEeMIIEPaTypbl, aHU30TPOITUIO
PEOJIOTMYECKUX CBOWCTB 3€pEH, ABOMHUKOB, BKIIOYEHHH, a TaKXe pa3jiu4Hble TI'PAHUYHBIE U
KOHTAaKTHBIE YCJIOBHA Ha WX TpaHUIaX pas3jiena, B YAaCTHOCTH INPOTEKAaHUE DIEKTPHUYECKOTO TOKa
MEXIY CBOOOJIHBIMH IOBEPXHOCTSAMH MHUKPOTPELIMH W MHUKPOIOP IOCPEACTBOM aBTO3JIEKTPOHHOM
amuccuu. JledopMannu MpeArnonaraloTcsl KOHEYHBIMHA. Y PaBHEHHUS, ONMCHIBAIONINE YJICKTPUUECKHIA,
MEXaHUYECKUI 1 TEPMUYECKHUI MTPOLECCH B MATEPHAIIE TIOTHOCTHIO CBA3AHHBI U PELIAIOTCS YUCICHHO
COBMECTHO METO/IOM KOHEYHBIX JIEMEHTOB Ha MOABMKHOM CETKE.

Ha ocHOBe mpoOBENEeHHOTO MOJEIMPOBAHUA Tpollecca MPOKATKM I[MOKa3aHO, YTO MpH
OTIpeJIeJIEHHBIX YCIOBUSIX MHKPOTPEUIMHBI B 04are e opMaIii MOTYT YaCTUYHO CaM03aJIeurBaThCS.

MexaHn3M NpoLecca caMo3aJIeunBaHysl CISAYIOIIMNA: TPY BHEITHEM BO3JICHCTBHH HMITYJIECOM
BOMII npoucxoaut cuiabHas KOHLUEHTPAIUS TOJIs, SKCTpEMaIbHBIN HAarpeB M IUIaBICHHE MeTajlla B
BEpILIMHAX MHUKPOTpPEIIMH B oyare JedopMmanud BHYTpH oOpasna. UTo WHUIHMUpPYET NpoIecc
caMO3aJIcYMBaHMsA, KOTOPBIH  MPOTEKAaeT IyTEM  OJHOBPEMEHHOIO  yYMEHBUICHHWE  JUIMHBI
MHUKPOTPELIMHBI, BBIOpOCAa CTPYyH pPAacIIaBICHHOTO MeTalja W3 BEPIIMHBI BHYTPb TPELIMHBI H
CMBIKaHUs ee OeperoB B OKPECTHOCTH BEPIIMHBI TPEIIMHBL. TakuM 00pazom, 6epera MUKpPOTpEIIUHBI B
ee BEpIIMHE OKa3bIBAIOTCS 3aBAPCHHBIMU pacIlIaBleHHbIM MeTaisioM. Ilpu 3ToM nmimHa u o0beM
MHUKpOTpPELMH yMeHbIIatoTcs. Bo3aeiicTtBue noBTopHbIMH uMnyiascamMu BOMII moxeT mpusectu k
JATbHEHUIIeMY 3aJIeYMBAHMIO JIeeKTa IPH IPOKATKE.

JaHHBII MEXaHM3M CaMO3aJeYMBaHWS MHKPOTPEIINH TOATBEPKAAETCS HMEIOIIIMHUCS
IKCIIEPUMEHTAIBHBIMH JaHHBIMU [6].

Hacrosimee uccnenoBanue BBIOJNHEHO 3a cuer rpaHTa Poccuiickoro Hayunoro ®onna
(mpoekt Ne 19-19-00616).
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JlnHaMn4YecKoe MoJeTUPOBaHUE YIIPYTOro IBOHHOT0 (GU3N4ecKOro MassiTHUKA Ha OCHOBE
0000mennoro merona Herotona-Jiinepa

Kypauna C.II1., I'eBopksn I'.A.

CoBpeMeHHbIE UCCIIEI0BAaHMS B 001ACTH JUHAMUYECKOTO MOJAEIUPOBAHUS MEXaHU3MOB C YIPYTHMH 3BEHbSIMH TTIaBHBIM
00pa3oM HampaBieHbl Ha MHOBbIIICHHE 3()(GEKTHBHOCTH CYLIECTBYIOIINX (OPMATM3MOB M aIrOPUTMOB AMHAMHUYECKOTO
aHanu3a. BcenencTBue yka3aHHOM TEHIEHIIMU B IOCIEIHME [ECSATWIETHS IOIYYWJ B HaydyHOM JMTEpaType IIUPOKOe
pacnpoctpanenue Metos Herotona-Diinepa. M3HagansHO chOpMyInpoBaHHBINH U YCIIEITHO NPUMEHEHHBIH K MHOTO3BEHHBIM
JUHAMUYECKAM CHCTEMaM IIPOCTOH pa30MKHYTOH KHHEMAaTHYeCKOH Lemu ¢ abCOJIOTHO JKECTKHMMH 3BEHBSMH, METOJ
Herorona-Diitnepa Obu1 BriociaeacTBIN 0000IIEH Ha Ciiydail KHHEMaTHUeCKUX Lelel, colepikalux Kak HenedopMupyemele,
TaK U JHMHEHHO-yNpyTue 3BEHbS. 3]eCh MPEATaraeTcsi 03HAKOMHUTHCS C OCOOEHHOCTSIMU JHHAMHUYECKOTO MOIEIUPOBAHMUS
YOPYTHUX CHUCTEM MPOCTOM pa3OMKHYTOW KHMHEMAaTHMUECKOM LEeNU Ha MPUMEpPE UUCIEHHOTO pEIIeHUs MNpsSMON 3a1auu
JUHAMUKH YIPYroTo IBOMHOTO GH3HYECKOr0 MasTHHKA.

1. BBenenne. B mocieqaue ropl MpoONIUIOTO CTOJETHS B ITyOIHKAIMIX MOSBHIIOCH 0000IIEeHNE
KJaccuueckoro merona HeroToHa-Oiinepa [1] Ha ciaydait ynpyro-nehopMHpyeMbIX 3BEHHEB KHHE-
MaTHYECKOM IIeMM MHOTO3BEHHBIX IMHAMUYECKUX CHUCTEM. OTy HOBYI MOAM(DUKALMIO METOxa
HerotoHa-Diinepa CTaino MPHHATO Ha3bIBATh 0000weHHbIM Memodom Heiomona-Oinepa [2, 3]. Benen
3a 3TUM BBIILIA B CBET CTaThs [4], B KOTOPO#l Ha OCHOBE C(HOPMYJIMPOBAHHOTO 0OOOIICHHOTO METO A
HproToHa-Dlinepa 1 HOBOBBEJICHHBIX 3JIEMEHTOB CHMBOJILHOTO HMCUWCIICHHs ObLT HAaBEICH alrOPUTM
YUCIIEHHOTO pemieHns oOpatHod 3amaun amHamukd (Inverse Dynamic Problem) ympyrmx
MaHHUITYJISITOPOB.

HanpHeiiinee pazButre 00001eHHOT0 MeTona HrploToHa-Diinepa mMpuBeIo K MOCTPOSHHIO allro-
PHUTMOB YHCJIEHHOTO pEIICHHs BTOPOW M CMemmaHHoW 3amad muHamuku (Direct and Mixt Dynamic
Problems) ynpyrux MaHHITyISTOPOB, KOTOPHIE HAIIUTA OTpakeHHe B mMyOmmkanwsix [5, 7]. Kpome Toro,
0000meHHbIN MeTox HbloToHa-Diiniepa B KOHTEKCTE PEIICHUS CMEIIAaHHOW 3ajaud AMHAMUKUA ObLI
pacrpocTpaHeH B MyOIuKanuu [6] Ha Kacc YIpyrux IPEeBOBHIHBIX TUHAMUYECKUX cucteM (Arbores-
cent Dynamic Systems). Brocnenctsuu Obu10 1mokazaso [8], 4To mpuMeHeHHe 0000IIEHHOTO METOo/1a
HeroToHa-Dfinepa mo3BoJsieT CyHIeCTBEHHO COKPAaTUTh MAIIMHHOE BPEMsI YUCICHHOTO PELICHHUS 3a1a4
yIpaBlieHUs YINPYTUX MaHHITYJSTOPOB IO CPaBHEHHIO C METOJAaMH, WCHONB3YIOMIUMH MPOIEIyPY
oOpamenuss ux marpunbl macc. O0o0meHnapii Meton HproToHa-Diinepa Halen TakKe YCIEIIHOE
NPUMEHEHHE NPH alNpPOKCHMALMOHHOM aHajiu3€ YNPYIHX AWHAMHYECKHX CHCTEM IPOM3BOJILHON
CTPYKTYpHOH TOIOJIOTHH [9].

Henuueiinple 3a71aun TMHAMUYECKOTO M CTATUYECKOrO M3rnba OaloK MPEACTaBISIOT B HAYYHOH
muteparype ocoOwrii wmHTepec [10, 11]. B Hacrosmield craThe TpemsiaraloTcs pe3ylbTaThl
WCCIIeIOBaHUS IBOMHOTO (PU3NYECKOTO MasTHHKA ¢ YNpyro-aeGopMupyeMbiM BTOPHIM MasTHHKOM B
NpoIlecce 3HAYUTENBHBIX CBOOOIHBIX KOJIEOaHUH, OCYIIECTBIEHHOTO HA OCHOBE 0000IIEHHOTO METO1a
Herorona-Oiinepa.

2. MoneaupoBaHue KoJiedaHUH TBOMHOr0 (PU3M4YeCKOro MasiTHUKA. PaccMOTpUM YHCICHHOE
peleHre npsMOH 3aaun TUHAMUKN Ha IpuMepe n300paKeHHOro Ha puc. 1 IBOWHOro (pU3NUECKOro
MasiTHUKA C yIIPYTMM 3BEHOM, COBEPIIAIONIETO CBOOOIHBIE KOJIEOAHUS MO ACHCTBHEM CHI TSHKECTH.
3seHo C, MasTHHKA IOjaraercsi abCOJIIOTHO XecTKuM, 3BeHo C, — JMHEHHO-ynpyrum, OIOpHas

croiika C, — HenoABMXHOU U HeeopMUPYEMOIA, a U — cTpera Nporuda BTOPOro CTEPIKHL.

JUiHBI 3BEHBEB IBOMHOrO MasTHUKA (puc. 1) mpuHumarorcs paBubiMu: L, =L, =1 v npu miot-
Ke

Hoctu p, = p, =7800— . 3senpa C, u C, NPUHMMAIOTCS CILIONIHBIMH, KPYTJIOTO TONEPEYHOTO
M

ceueHus], a UX macchl paBHpl: M, =M, =0.3 x2. Moayns lOunra ynpyroro 3sena C, mnomnaraercs
paBHbIM: E, =200 /Tla .
[Ipsimas 3amaya JUHAMHMKH JBOMHOIO (PU3WYECKOrO MasTHHKA, COBEPIIAIOIIETO CBOOOJIHBIC

KoJIeOaHUsl TOJ JIEHCTBHEM COOCTBEHHOTO Beca, (OPMYNHPYETCs IPH TOXKIAECTBEHHO HYJIEBBIX
(GYHKUMSIX TPUBOJHBIX MOMEHTOB, T.€.

I,(t)=T,(t)=0, te[0,T]. 1)
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Puc. 1. Cxema ynpyzoeo 060tino2o gusuuecko2o Maasmuuxa

3anaya GpopMynHupyeTcs IpH CISAYIOUMX HadalbHBIX YCIOBHSIX:
) 8 0000UEHHBIX KOOPOUHAMAX:

q,(0)=-=, )
; (3)
q,(0)=0;

0) 6 0000WEeHHbIX CKOPOCMAX!
9,(0)=4,(0)=0; (4)
B) 8 Ynpyeoti nepemMeHHOou:
u(0)=0; ()
T) 8 CKOPOCMU U3MEHEHUSL YNPY 20Ul NePEeMEHHOIL:
u(0)=o0. (6)

MonenupoBanrue 3ajadd TMPOBOAUTCS TIPHU OJHOW-EAMHCTBEHHOW KOOPAWHATHOW (DYHKIIHNH,
ydacTByromeid B Mmarpuie ¢yHkuuii Panes-Purma @,,, koTopas BbIpakaeTcsi MHOTOYICHOM YeT-
BEPTOil CTENEHH, T.€.

D, (X) =k X" +K,x° + kX2 + K, X+K;. (7

KoopaunatHas ¢yskius (7) JO/DKHA YIOBIECTBOPATH CICAYIONIMM T€OMETPHUSCKUM KPaeBbIM
YCIIOBHSIM:

?,(0) = @;,(0)=0 (®)
U CIIETYIOIIUM JMHAMHYECKUM (PPAHUYHBIM YCIOBHSIM, T.€.

PD5,(0) = 25,(0) =0, (9)
MOAYUHAACH [IPU 3TOM TAKXKE U YCIIOBUIO HOPMAJIU3aLUU

@, (L)=1. (10)

[Mpunumas Bo BHMManue ycioBus (8) — (10), mHorownen (7) 3amuchiBaeTcs B OKOHYATEIHHOM
BUJIC

1(x\" 4a(xY x )
2a00=3(1) =51 4 =

OTKyJa IoJIiy4aeM TaKX€ U BBIPAXKCHUC IJId BpallaTCIIbHBIX KOOPAWMHATHBIX (bYHKHHfII

@, (X)= i(ﬁjg —i(ﬁjz +i(f} (12
sL\L) LClL) "l
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Puc. 3. @ynxyus ynpyeoeo nepemeujerust 06bI4HO20 PUULECKO20 MASIMHUKA,
noayuennas asmopom (a) u A. lllabanoii (6)

B kauectBe koHTpombHOro Tecta [12] TpoBEAEHO MOAETHPOBAHWE CBOOOMHOTO TMAACHHUS U3
TOPH30HTAIBHOTO TOJIOKEHUSI OOBIYHOTO (OIMHAPHOTO) YHPYyroro (U3MYECKOT0 MasTHHKA CO Cie-

Ke
nyromumu xapakrepuctukamu: L =0.4 u npu motHoctd o =5540— ¢ WIOW@AbI0 MONEPEIHOTO
i

ceueHns u ¢ wmoxyneM IOwra FE =10 [7la. Wrorm BocmpousBeneHHs (GYHKIUH YIPYroro

repeMeIIeHus, ToKa3aHHbIe Ha puc. 3 (a), XOPOIIIO COTNIACYIOTCA C pe3yiabTaTaMHu TECTHPOBAHUSA, MIPO-
BEJICHHOTO aBTOPOM IyOukammu [12], kak B 3TOM MOXHO yOeuThcs u3 puc. 3 (0).

3. 3akaouenne. B mpennaraemoii craThe HCCIIEOBaHA HOBas 3ajada CBOOOMHBIX KojeOaHWi
JIBOWHOTO YNPYroro (GU3W4YecKoro MasTHUKa. [IpaBUIbHOCTh (DYHKIIMOHHPOBAHHS COCTABJICHHOTO
aJIropuTMa U PacueTHOTO KOJa MOATBEPIKIACTCS MPOBEACHHBIM TECTUPOBAHUEM OOBIYHOTO YIIPYroro
(pM3MYECKOr0 MasITHUKA. 3a/1aua MOACIUPOBAHUS JIBIKEHUS YIIPYTHX TUHAMHYCCKUX CUCTEM B PEIKHU-
ME pPEaJbHOI0 BPEMEHH SIBISICTCS OJHHM W3 BaXKHEHIIMX MPHOPUTETOB COBPEMEHHBIX BBIYHMCIIH-
TEJIbHBIX TEXHOJOTMH B OOJIACTH JWHAMHUKH CIUIOIIHBIX CPEJl, TO3TOMY MPEACTABICHHBIC B CTaThe
WTOTH CUMYJISILIMUA JBMKCHHS YIPYroro JBOWHOTO MasTHHKA Ha OCHOBE Pa3BUTOTO M YCOBEPIICH-
CTBOBaHHOTO 0000meHHOr0 (hopmanuszma HeloToHa-Diinepa u MeTola NWHAMHYECKOTO aHaimm3a 0e3
oOpaIlleHus] MATPUIBI MAacC HCCIEAYyEeMbIX CHCTEM, MPEACTABISIOT OE3YCIOBHYIO MPAKTHYCCKYIO

OECHHOCTbD.
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HcciienoBanne MexaHH4eCKHX CBOMCTB M MOBEPXHOCTH Pa3pylleHUs IIUTHHAPUYECKHUX
oopasmnoB Al-6101 npu cTaTHYECKOM PACTSIKEHUH.

Maromenosa /I.K., Uypaxkosa A.A., I'ynaepos /I.B.

Ipe/cTaBieHbl JaHHBIE [0 MCCICAOBAHHIO MEXaHHYECKUX CBOWCTB IMIMHAPHYECKHX obpasuoB mis Al cruaBa 6101 mpu
CTAaTUYECKOM PACTSHKCHUM NPH KOMHATHOM Temiepatype. Takke McciieoBaHa MOBEPXHOCTb N3JIOMOB JIaHHBIX 00pa3lioB Ha
3JIEKTPOHHOM MHKPOCKOIIE, TIPOBEAEH XUMUUECKUI aHaJIM3 SJIEMEHTOB Ha MOBEPXHOCTH M3JIOMOB. biaroaapsi XUMHYeCKOMY
AQHAIM3Y IIOJTBEPXKICHO, YTO IIOBBIIICHHE MPOYHOCTH B JIAHHOM MaTepuale BBI3BAHO HAIMYMEM/IPOSBICHUE YaCTHUIL
BTOPHYHBIX (a3 IIPH OTXKUTe MaTepralla Ha dTarle MPeANoArOTOBKY K IIPOBEICHUIO MEXaHHIECKOTO HarpyXeHHs.

1. Beenenue

B coBpemMeHHOM Mupe aTOMHHUEBBIE CIUIABBI IMPOKO MPUMEHSIOTCS B PA3IUUHBIX O0NACTSX, TAKUX
Kak JErKasi MPOMBIIUICHHOCTD, 3IEKTPOTEXHNKA, aBHAacTpoeHue. JlaHHble MaTepuaabl OUYeHb LEHATCS
32 BBICOKHE XapaKTEPHCTUKH, TaKWe KaK BBICOKAas MPOBOJMUMOCTbH, BBICOKAs yelibHas MPOYHOCTD,
KOPPO3HOHHAsI CTOMKOCTh, TepMoympodnsemocts u ap [1,8]. JlanbHeiiiee MOBBIIEHHE CBOMCTB
QIIOMUHHEBBIX CIIIABOB SIBISICTCS BaXKHBIM HAIIPABICHUEM COBPEMEHHOI'O MaTEPUaJIOBEICHHS.

Onuu w3 cambiii npuMmensembix crmaBoB —Al 6101. [laHHbIii CcIUlaB, BMECTE€ C COXpaHCHHEM
JOCTOMHCTB aJIFOMHHUS, O0JIafiaeT 3HAYMTENBHO OoJee BBICOKOM MPOYHOCTBIO M TOBBIIICHHBIMHU
9KCIUTyaTallHOHHO-TEXHOJIOTMYECKUMH  XapaKTEPUCTHKaM{ Uil ABHANPOMBILUICHHOCTH U
MPOM3BOJICTBA HIIEKTPOIIPOBOJIOB ISl IMHUM dIIEKTporepeaay.

W3BecTHO, 4TO METO/IbI MHTEHCUBHOI uactuydeckoit aedopmarmu (UI11) [2], mo3BOSIOT MOBBICHTH
CBOWCTBA METAJUIMYECKUX MATEPUAIOB , B T.Y. 32 CUET M3MENbUYCHHS 3€PHA 10 HAHOCTPYKTYpHOI'O
coctosHud. Ogaum u3 meronoB UIIJl sBisieTcss METOJ paBHOKAHAJIBHOIO YIJIIOBOI'O MPECCOBAHMS
(PKVTII). CymiecTByeT MHOTO pabOT, KOTOpbIC MOATBEP)KAAIOT MOBBIIICHHE MPOYHOCTH M JAPYTHX
csoiict Al crraBos, Brmouas 6101, npu o6pabotke metogom PKVIIL

3amaveil WccleMOBaHKs SBISETCS HCCienoBaHne ocobeHHocTel paspymrenus Al crumaBos 6101 B
pa3nuuHbIX coctosiHuAX — ectectBeHHoe crapenue (EC), uckycctBennoe crapenue (MC) m PKVIL
Paspymienue Takux criaBoB, oopadorannsix mMetonom PKVII, panee uccienosanoch mano [3,6,7].

2. MeTOIHNKH CCIIEI0BAHU.
B xadecTBe 00BEKTa HCCIIEIOBAHKS PACCMATPHBAINCH IUITHHPUYECKHE 00pasiibl [4], H3roToBICHHBIC

u3 npytkoB TexHudyeckoro cruiaBa Al-6101.B tabauie 1 npuBenéH XMMHYECKHH COCTaB JTaHHOTO
CILIaBa.

Mapka [Ipemen Si e [Cu Mg Zn B Al [Ti+V+Cr+Mn
6101 Max 0,60 0,30 p,01 0,60 p,02 [0,01+ 0,015

Tab6muua 1. Xumuuecknii coctas criasa Al 6101.
Ha pucynke 1 nmpeacraBieHa reOMETPHS HCCIIEAYEMBIX 00pas3IoB:

R
V'——\\
Pucynoxk 1. O0muii Bua obpasia.

JlaHHBI CIUIAaB OTHOCHTCSI K KAaTE€rOpPHUU TEPMOYIPOUYHSIEMBIX, TIO3TOMY K HEMYy IPUMEHSUIHCh
MPOLIETYPhI CTAPSHUS C IIENIBI0 YBEIUUCHHUS XapaKTEPUCTUK MPOYHOCTH [5].

Jnst  BBIABICHHS  3aBUCUMOCTH  XapaKTEPUCTUK MPOYHOCTH OT  CTPYKTYpHl — MaTepHuaia
paccMaTpuBalioch TP BHJa 00pabOTKH:

a) EC: o0pa3itel moasepranucs oTxkury npu Temmneparype 550°C Ha 2 daca ¢ mociaeayromei 3aKaikoi
B BOJe KOMHATHOW TeMIepaTyphl, Jajee Ha TPOTSHKCHHH 6 CYyTOK MaTepuall eCTECTBEHHO
yrpounsiics.. O6o3Haunm nanHyto crpykrypy kak K3 EC (kpynnosepuuctsiii EC)

6) MckyccTBeHHOE cTapeHHe: 00pasibl MOABEPTaINCh OTXKUTY Tipu Temnepatype 550°C Ha 2 gaca c
MOCIIEAYIOIEeH 3aKanKol B BOJIE€ KOMHATHOM TeMITEpaTyphl, Jajiee Ha MPOTHKEHUH 12 yacoB MaTepual
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MOJIBEPTaJICS CTAPEHHIO MyTeM OoTxura npu temmneparype 170°C. O603HaunM JaHHYIO CTPYKTYPY Kak
K3 UC (kpynuo3epuuctsiii C).

B) PKVII: omxur 550° C Ha 2 yaca, 3akayika B BojJie KOMHaTHOH TeMnepatypsl, 4 nukna PKYII npu KT
no Mapupyty Bc, yron conpsokenus kananos 120° ncxoaHble MPYTKH MPeoOpa30BhIBAIICH B IPYTKH
¢ yapTpamenko3zepHuctoit (YM3) crpykrypoit. O603HaunM 310 coctossHue kak PKYIL

MexaHn4YecKHe UCTIBITaHNS HA CTaTHYECKOE pacTshKeHHEe ¢ (GUKCHPOBAHHON CKOPOCTBHIO PACTSDKEHUS,
pasHoii 1,4*10* ¢, mpoBoaunucey Ha mammue Shimadzu npu KOMHATHO# TemIepaType; U3MEHEHHE
JUINHBI 00pa310B PErUCTPUPOBAIOCH C IOMOIIBIO BUAECOIKCTEH30METpa. MceaenoBanne NoBepxXHOCTH
M3JIOMOB TIPOBOMIIOCH HA CKaHUPYIOIIEM IeKTpOHHOM Mukpockore (COM) B pexxumax SEI u BSE.

3. PesynbTaThl

Hwke mpeacTaBieHbl AUarpaMMbl  HalpsbKeHUE — aeopMaIiust 6-¢, MOTyUYECHHbBIC TIPH HCIBITAHHSX.
PacTspxeHue IpOBOAUIOCH JI0 Pa3pyIICHHUS 00pasIioB.

6101_CG AA
250 - 300 4
<
a 250
= 200 - =
[
2 =
2 < 2004
B 150+ ¢
o =4
o 7]
£ 2 150 -
g o] 5
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g -§ 100
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Pucynoxk 2. Iuarpammel 6-¢ aist: a) K3 EC, 6) K3 U, B) PKVYII

Kak BHIHO U3 TIPEACTABICHHBIX JUarpaMm, 00Jiee BRICOKYIO MPOYHOCTh OTHOCUTEIBHO cocTosiHus K3
EC (210 MPa) nokassiBator obpasipi K3 MC (260 MPa), emie GOJbIIy0 MPOYHOCTh U TP
TeKyuecTH mokaspiBaet cocrosuie PKVYII (350 MPa),.

HccrenoBanne MoBepXHOCTh W3JIOMOB Ha CKAaHHMPYIOMIEM 3JEKTPOHHOM MHKPOCKOIIE MOKAa3aJlo, YTO
00111251 TOBEPXHOCTH M3JIOMOB XapaKTEPHU3YeT YIPYro-IilacTUIecKoe paspymeHue. M3inomMsl UMEIOT B
LEJIOM OTHOPOAHYIO CTPYKTYPY.

Taxoke ObUI TPOBEAEH XMMUYECKHUI aHAIIM3 T10JIYYEHHBIX H3]I0MOB

- '

puc. 6-8, a62-4).




B)

B)

200m

Electron Image 1

Electron Image 1

0)

L -

Pucynok 4. CHumok uzobpaxenuii co cnekrpamu jisi: a) K3 EC, 6) K3 HC, B) PKVIL

Tabauna

2.

CrexTpanbHbIi

COOTBETCTBYIOILIETO PHUC.3.a.

Spectrum Mg Al Si Fe
Spectruml1 | 469 7464 101 2.08
Spectrum 2 64.23 1312 22.66
Spectrum3 | 1.04 9147 194 3.70
Spectrum4 [ 094 96.11  0.97
Spectrum5 [ 1.28 9796 0.75
Spectrum6 | 1.04  98.96
Max. 469 9896 1312 22.66
Min. 094 6423 0.75 2.08
aHaJIn3 10 OCHOBHBIM DJICMCHTaAM MMOBCPXHOCTHU
Spectrum Mg Al Si Fe
Spectruml1l | 0.46 77.97 4.84 16.73
Spectrum?2 | 0.62 91.75 223 540
Spectrum3 | 0.39 64.85 7.79 26.96
Spectrum4 | 042 77.05 525 17.28
Spectrum5 | 0.56 82.28 4.34 12.82
Spectrum6 | 0.57 84.97 3.28 11.18
Spectrum?7 | 0.56 85.60 3.14 10.71
Sum 0.59 98.18 0.46 0.78

C, 6) K3 UC, B) PKVIL

Hn3JioMa,
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Spectrum

Mean 0.52 8283 392 1273
Std. 0.08 10.06 2.19 7.95
deviation

Max. 0.62 98.18 7.79 26.96
Min. 0.39 6485 0.46 0.78

Tabmuua 3. CroekTpanbHBIW aHaiW3 MO OCHOBHBIM DJJEMEHTaM IOBEPXHOCTH  H3JIOMA,
COOTBETCTBYIOIIETO pHcC.3.0.

Spectrum Mg Al Si Fe

Spectrum 1 | 1.15 9791 061 0.33
Spectrum 2 | 0.91 98.00 074 0.35

Spectrum 3 | 1.31 97.84 0.85
Spectrum4 | 1.15 96.82 140 0.63
Spectrum 5 100.00

Spectrum6 | 1.03 98.43 0.54
Max. 1.31 100.00 1.40 0.85
Min. 0.91 96.82 0.61 0.33

Tabmuma 4. ChoexTpadbHBIH aHATW3 10O OCHOBHBIM JJIEMEHTaM TIIOBEPXHOCTH  HW3JI0Ma,
COOTBETCTBYIOLLETO PHUC.3.B.

OCHOBHBIM MEXaHM3MOM YIPOYHEHHUS JAHHBIX CIUIABOB SBISIETCS BBIJCIEHHE TPH CTapEeHUU
HAHOIMCIICPCHOHHBIX YaCTHUI[ aUTFOMUHHIOB Ha OCHOBE JIErHpyromux 3nementoB Mg u Si [9-12].
DopMHpPOBAaHUE TAKUX HAHOJIUCIIEPCUOHHBIX YACTHUL AJUIFOMHHHIOB pazMepoM nopsiaka 5-10 HM B
pesynprate EC 1 UC mpuBOoauT K IMCIEpCHOHHOMY yIpouHeHuto ciiaBa. Ho, B pesynstare EC, Trie
PSKHM CTapeHHUs IMoa00paH OoJiee ONTHMAIbHO, (POPMHUPYIOTCS 0Ojiee MEJIKUE YacTHIBI ¢ Oolee
OJTHOPOAHBIM paclpelesicHUEM B aJIFOMUHHEBOM MaTpuLe - JOCTUraeTcsi Oosee BBICOKAsk MPOYHOCTh
criaBa. PKVYII ke mpHBOIUT K IOCTIXKCHUIO HauOosiee BBICOKOH mpouynoctd [9-12], mockoibky B
3TOM COCTOSIHUHM JMCIIEPCHOHHOE YNPOYHEHHE CKIIAJBIBAETCS C YNPOYHEHHEM 3a CUET U3MEIbUEHUS
3epHa.

AHanu3 crieKTpa MOBEpXHOCTH Pa3pyLICHUS MMOKa3bIBAET, YTO MOBEPXHOCTH paspyuieHus nocie EC u
UC coaepxut Oomnbimoii mpoueHT Fe. B OonbIIMHCTBE TOYEK HM3MEPEHHWH XUMHYECKOTO COCTaBa
nznomoB o6pasnos nociae EC u MC mnoseimieHo coxepkanne Fe. Fe B anmroMuHHEBO# Marpuie He
pacTBopsieTcs, 3TO IPUMECh, €€ KOJIMYECTBO HeOOJIbIIoe, HO Ha OCHOB F€ u (hopMHUPYIOTCSI KpyITHBIE
BBIIEJICHUSI MUKPOHHBIX  pa3mepoB. Kpymubie (pasMepoM  HECKOJNBKO  MKM)  YacTHIIBI
uHTepMeTaiunaoB Fe-Al, oOpa3oBaBiirecs elie Ha dTamne JHUThs, SIBISIOTCS O0NACTAMH 3apOXKIACHUSI
nop u nocnexytomiero paspymenust Al cruaBos nocie EC u UC npu pactsbkernn. COOTBETCTBEHHO,
3TH WHTEPMETAITUAHbIE YacTUIIBI B OOJBIIOM COJAEPKAHUM HAXOASITCA Ha MOBEPXHOCTH pa3pylIeHUs
B TJyOWHE SIMOK, M CIIEKTp H3JIOMOB IIOKa3bIBa€T IOBBIIIEHHOE coOJepaHue Fe, MHOrokpaTtHo
NpEeBHIIAIONICE CpefHee coiepkaHue Fe B crutaBe. B 1o ke Bpems mpu aHaim3e XUMCOCTaBa
noBepxHocTH paspymieHuss PKYII BuaHo, 4To cOCTOSHME 3aMETHO OTJIM4YaeTcsa oT xuMmcocrapa st EC
u UC: conepxanue Fe na mosepxnHoctu m3noma PKVYII 3amerno Hmxe. IlpeamonoxurensHO 3TO
oOwsacHseTcs Tem, uTo nocie PKVYII mensiercst xapaktep pa3pylieHus, T.K. 00JacTsIMU 3apOKIeHUS
IOp M TOCIEAYIOLET0 pa3pylIeHHs MOTYT SIBIATBCS IPYTHE JJIEMEHTBl CTPYKTYpBI, HaImpHUMep,
obOnactn Oojyiee BBICOKOH IUIOTHOCTH JWCIOKanui, aedextsr, chopmupoBannsie npu PKVII, u
WHTEPMETAIUTH/IBI KeJle3a YK€ HE WIPaloT ONpPENeNIIONIyI0 Poyib Ha (OPMHUPOBAHKE MOBEPXHOCTH
paspywenus, Tu00 OHM Takke HecKoibko ui3Menpuatorcss mpu PKVYII, 4uro m mpuBogur k ux
MEHBIIIEMY BKJIAJly B pa3pyllICHHUE.

4, 3akirouenne

Ha ocHoBe mpoBeZGHHOTO HCCIIEOBAHUS MOXKHO CHeNath BbIBOJ, 4uTo ciuiaB Al 6101 mokasbiBaet
0oJjiee BBICOKYIO MPOYHOCTH MPH MPEABAPUTESILHOM H3MEIBUCHUH 3€PEHHOU CTPYKTYPhI METOIOM
PKVIL
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AHanmu3 CreKTpa MOBEPXHOCTH Pa3pyIIeHUs TMOKa3bIBaeT, UYTO MOBEpXHOCTh paspymenus EC u UC
COCTOSIHUH COJIEP>KUT OOJIBITION TIPOIleHT Fe, MHOTOKpaTHO IpeBBIMIAIONIee cpeaHee coaepxanue Fe
B cmiaaBe. I[lo-BUAMMOMY, KpPYIHBIE YaCTHIBI HHTEpMeTaUTHAOB Fe-Alspisiorcest obmactsaMu
3apokaenuss mop u mocieayromero paspymenus EC u MC coctossHMI mpu pacTsShKEHUH, U
MHTEPMETAITUIHBIE YaCTHIbI Ha OCHOBE F€ B OOINBIIOM CONEep)KaHWUH HAaXOJATCS Ha IMOBEPXHOCTH
pa3pyIIeHHS.

Conepxanue Fe Ha moBepxnoctu uznoma PKVYII cocrostaus 3ameTHO Huxke. [IpeanoaokuTeasHo 3T0
oOBsicHsieTca TeM, uto mocie PKVYII mensiercsa xapakrep pa3pylieHus, T.K. 00JacTAMU 3apOKISHIS
0P W TIOCTIEAYIOMIETO Pa3pyIIeHUs, MOTYT SBJISTHCS TaKHe dJIEMEHTHI CTPYKTYPHI, Kak 00jactu Oojee
BBICOKOU TUIOTHOCTH JTUCIIOKAIUH, nedekTrl, chopmupoBanubie pu PKYII u uaTeMeTaITH B! Kene3a
YK€ HE MUTPAIOT ONPEACIISIONIYIO POJIb Ha (POPMUPOBAHHUE ITOBEPXHOCTH Pa3pyIICHHUS,

ABTOpPBI BBIpaXaT OnarogapHocTh rpanty PH® 17-19-01311, a taxke MexaucUUIIMHAPHOMY
pecypcHoMy T1eHTpy 1o HanpasieHuro "Hanorexuomormu" CIIOIY wu llentpy npuknagHon
asponuHamuku CIIOIY
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CBepx3BYKOBasi IMBEPreHIMs AHeJH ¢ OJHUM CBOOOHBIM KpaeM, IEPBOHAYAILHO
HArpy KeHHOM M0 IBYM HANPaBJIEHHAM
Maprtupocsn C.P.

B crartbe, B nuHEHHOH NOCTaHOBKE, HCCIENYeTCs 3aJadya CTaTUYECKONW yCTOMYMBOCTH IPSMOYIONBHOW IUIACTHHKH,
HEpBOHAYAILHO HArPYXKEHHOH IO JIByM HAIpaBJICHUAM PACTATUBAIOIIUMU U CXUMAIOIIUMH YCHIUSIMHU, COOTBETCTBEHHO, 110
MOTOKY Ta3a U B HAIPaBICHUH, MEPHEHANUKYIIPHOM K CKOPOCTH NOTOKA ra3a, B MPEANONI0KEHUH, YTO TOTOK raza HaberaeT
Ha e€ cBoOOIHbIH Kpail. [loydeHO aHATUTHYECKOE PEIICHHE 3a1a4H.

1.MMocranoBka 3agaum. PaccmaTpuBaeTcss TOHKas yIpyras IpSAMOYTOJNbHAas —IUIACTHHKA,
3aHMMaroIas B JIeKapToBoii cucteme koopaunat OXyz o6macte 0<x<a, 0<y<b, -h<z<h.
JlexkaproBa cuctema koopaunat OXyZ BeiOupaercs Tak, uto ocu OX u Oy nexar B IIOCKOCTH
HEBO3MYIIEHHOM MacTMHKM, a ochk OZ NepneHAuKyIsSpHAa ILIACTHHKE M HANpaBjieHa B CTOPOHY
CBEPX3BYKOBOT'O MOTOKA Ta3a, 00TEKAIOIIEro IUIACTHHKY C OJHOM CTOPOHBI B Hampasienun ocu OX ¢
HEBO3MYIIEHHOM ckopocThio V . TedeHune ra3a Ipeanonaraetes IIOCKMM U MOTEHIUAIBHBIM.
ITycts kpaii X =0 mwractuaku cBoGoen, a kpas X=a, Y =0 u Yy =b 3akpennens uaeansHpMu

[IapHUPAMHU.
Bynem momarate, 4To mepBOHAYANBHO, €MIE 10 OOTEKaHWs, IIACTUHKA TMOJBEP)KEHA JEHUCTBHUIO

pactarusatonmx N, =2hc, n cxumaromux N, =2hc, cun, pasHOMepHO pacmpesenEHHBIX,
COOTBETCTBEHHO, MO KpomkaMm miactuaku X=0, X=a u y=0, y=Db, ssasommmucs
Pe3yJIbTaTOM HArpeBa, WM KakuX — 1ubO JAPYruX NPUYMH; YCWIMs O, W G, NPEAIOJIAararTes
MMOCTOSIHHBIMM BO BCeit CpeZ[HHHOfI TMMOBCPXHOCTU MMAHCIIM U HEMCHAIOIUMUCA C USMCHCHUEM HpOFH6a
w=w(X,Y) [1,2].

ITporu6 mmacturkd W =W(X, Y) BBI30BET U30BITOYHOE NaBleHHE AP Ha BEPXHIOI OOTEKAEMYIO
HOBEPXHOCTh IUTACTHHKH CO CTOPOHBI OOTEKAIOMmIero IIOTOKAa Ta3a, KOTOPOE YUYUTHIBACTCS

. . . ow
npubmmkEHHON hopMynoii “nopmHesoi Teopun” [1, 2]: Ap =—a,p, 6_ , @, — CKOpOCTb 3BYKa B
X

HeBO3My1.LIéHHOﬁ ra3oBoH cpeae, pO — IINIOTHOCTb HeB03MYH_IéHHOFO IIOTOKa Tasa. HpH 9TOM

TIPENoIIaraeTcs, uto mporudbl W= W(X, ) MaJbl OTHOCUTEIBHO TOJIIMHBI IacTuHKH 2 .

BbIsICHUM yCITOBHSI, TIpU KOTOPBIX Hapsiay C HEBO3MYIIEHHOW (OpMOI paBHOBeCHUs (HEM3OTHYTAas
IUTACTMHKA) BO3MOJKHA HCKpHMBIEHHAs (opMa paBHOBecus (M30THyTas IUIACTHHKA) B cly4ae, B
KOTOPOM H3THO IIACTUHKH OOYCIIOBIIEH OJHOBPEMEHHO COOTBETCTBYIOIIUMH adPOJAWHAMHYCCKUMHU

Harpyskamu Ap u TIepBOHAYaIbHO MIPUIOKEHHBIMU K KpomKkam rractunky cumamu N, N, .

Torma, B TPEANONIONKEHUN CHPABEAJIMBOCTH THIOTE3bl Kupxroda © «IOpUIHEBOH TEOpHI»
JuQdepeHnaIbHOEe  ypaBHEHHWE M3ru0a TOHKOW HW30TPOMHON  MPSMOYTOJBHOW  TUIACTHHKHU
OIKCHIBAETCA cooTHOMEHHeM [1, 2]:

2 2
) o'W o'W oW
DA?W—N,— +N, — +a,p,V — =0, (1.1)
X Ay2 Y A2 0
OX oy OX

A*w=A(AW), A — muddepenupansubiii oneparop Jlamiaca; D — nunuaapuaeckas ECTKOCTD.

I'paHUYHbBIC YCIIOBHS, B IPHHATHIX MPEITOIOKEHUSIX OTHOCUTEIBHO CII0Cc00a 3aKPEIICHUST KPOMOK
TUIaCTUHKH, OyayT Buna [1, 2]:

o’w  o*w o (o°w o°w ow

—+v—>=0,D—| —+(2-v)— |-N,—=0 npu x=0; (1.2)

OX oy OX\ OX oy OX
o’w o’w

W=0, — =0 mnpu X=a u W=0, —=0npu y=0, y=b; 1.3
v p Y pu Yy y (1.3)

v — ko3¢ dunment [lyaccona.

TpeGyercsi HallTH KPUTHYECKYI0 CKOPOCTh V,, — HAMMCHBIIYI0 CKOPOCTh MOTOKA rasa B

CBEpPX3BYKOBOM M THIIEP3BYKOBOM HHTepBasie ckopocreii [1, 2]:
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Vcr. € (aOMO’a0M2cosm.) ! MO = \/5’ MZcosm. ~ 3385 ; (14)

NPUBOASALIYIO K MOTEPEe CTATHYCCKOW YCTOWYMBOCTH COCTOSIHUSI PABHOBECHS CHUCTEMBI «IUIACTHHKA—
notok» (1.1) — (1.3) B mpeamnonoxeHuu:

o, <(Gx)prl, c, <(Gy) , (1.5)

cr.

(csX )pr — MpeJeNbHbIC HAMPSHKCHUS, HE MPEBOCXOAIINE HIDKHIOKW TpaHHIly TeKydecTH [1]; (Gy)
. cr.

KPUTUYECKHUE HATMPSDKEHUS, KOTOPHIE MOTYT TPOU3BECTH BBIMYYHMBAHUE IUIACTUHKA B OTCYTCTBUHU
oOTeKaHus (V = 0) [5].
Ananmu3 ycToiiuuBoCTH cucTeMbl “‘mactuHka—1oTok” (1.1) — (1.3) cBOAMTCS K HCCIIETOBAHUIO

muddepernmanbaoro ypasHenus (1.1) ¢ cooTBeTcTByrommMHU kpaeBbiMu ycnoBusimu (1.2) u (1.3) mist
nporuba W(X,Y) B HHTepBasie CKopocTei moroka rasa (1.4) npu yciosun (1.5).

2. O0umiee pemeHue 3aia4yu ycroiguBocTH. [l MOMyueHUs AOCTATOYHOrO IpPHU3HAKA MOTEPU
CTaTUYECKONW YCTOWYMBOCTH CHCTEMBI «IIJIACTHHKA —IIOTOK» olmiee pemeHue AuddepeHnnansHoro

ypaBuenus (1.1), ynosmerBopsiomee rpanuddbiM yceaoBusm (1.2) u (1.3), Oyaem uckath B BHIC
nBoitHoro psiaa [1, 4]:
© 4
; -1
W(X,y) =2, > Coy eXP(1, %) sin(kL,Y) . b, =mnb ™", 2.1)
n=1 k=1
C,. — IIPOHM3BOJIbHBIC IOCTOSHHBIE; N — YUCIIO TIONYBOJIH BJOJb CTOPOHBI D IUIaCTUHKY; I, — KOPHH

XapaKTePUCTUIECCKOTO YPaBHEHUS

r‘—2-@+p2)-r*+ol-r+(1-p2)=0 (2.2)
X n y ’ .

KOTOPOE B COOTBETCTBHHU C METOJIOM periieHuss Deppapu MOKHO MpecTaBuTh B BUze [4 — 6]:

(err\/m.rjuq—Jq2 —1+B§).(r2—4/2(q+1+[3§).r+q+4/q2—1+B§)=O, (2.3)

g=¢ (V )— HapameTp CKOPOCTH MOTOKa ra3a V — J1eiicTBUTENbHbIH KOPEHb KYOHYECKOr0 ypaBHEHHS

8-(q+1+B;)(a* —1+pB5) —ayp =0, (2.4)
YAOBJIETBOPSIOIINI YCIIOBHUIO:
q € (), (2.5)

o =(~(1+B2)+ 2/+ )7 +30-PB}) ) /3. vorma 7 < (1+(1+ B2 )2/3), "
g, =1, xorna Bf, > (1+(1+Bi )2/3), B2 < (Bi)pr., Bi <(B$)Cr.,

31ech,

O(‘i = a‘OpO\/D_ll’l;3 € agpo D_lugs (MO’ MZcosm.) ; (26)
By =12-N, D =ho,D7u? <(B) =h(c,), D"

B; =N,D7n.* =2ho, D7u.” <(B2) =2h(s,), D7

coriacHo orpanuuenusm (1.4) u (1.5).
C nomompio rpadOaHANUTHYECKUX  METOJOB  HCCIICJOBAHHMS MOXHO  TIOKa3aTh, YTO

XapaKTepucTHyeckoe ypaBHeHHe (2.2) B uHTepBane (2.5) uMmeeT aBa JEHCTBUTENBHBIX KOpHS I, U

Iapy KOMIUIEKCHO CONpsDKEHHBIX KopHeit I, €W — ¢ monokuTenbHOI BELIECTBEHHOH 4YacThio,

KOTOpBIE JIETKO HAaXOJATCS, KaK PEIICHHs] COOTBETCTBYIONIMX KBAIPAaTHBIX ypaBHeHHi (2.3):

fp = ~052(q+1+ B2) £ |Jo L+ ~0.5(q-1-B7) 27)

r,e =0.52(q+1+p%) £ i\/\/qz ~1+pB2 +05(q-1-B?) . (2.8)

ITpu 3TOM, OUEBUIHO
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<0, I, <O mpuscex B2 <(BF) <Llu B <(B§)pr . (2.9)
YcnoBue (2.9) sBngercs HEOOXOAWMMBIM MPH3HAKOM TIOTEPH CTATHYECKOW YCTOWYHMBOCTH
HEBO3MYIUEHHOIO PABHOBECHOIO COCTOSHMA JOCTATOYHO WIMPOKOH IUIACTHHKH (Y=Y, ) B BHAE
. . 2 2
JIOKaIM30BAaHHON  IUBEPIeHLUN; Y :ygr_(Bx,By,v) — IpefenbHOe 3HAaueHMWe IlapaMeTpa
OTHOIIEHMSI CTOPOH IIPAMOYTOJIBHOM ILIACTUHKHA y:ab‘l, pasrpaHuyYMBamuiee 006JaCTU
AuBepreHnyu naHenn (Y <Y, ) M JIOKanu30BaHHOH muBepreHumn (Y=Y, ) B NPOCTPAaHCTBE

«CYIIECTBEHHBIX» MapaMeTpoB 3a7auu ycroiunsocta (1.1)—(1.3) [4-6].
VunteiBast o6o3HaueHus (2.6), u3 cooTHomieHHs (2.4), HaXoAWM SABHBIA BHJ, 3aBUCHUMOCTH
CKOPOCTH TOTOKa ra3a V OT mapaMeTpoB CUCTEMBI «IIACTUHKA-TIOTOK»:

V(@07 v B BY ) = 2(2(0-+1+B2) - (07 ~1+B]) -wn*y*D(agpea’) *, y =ab ™, (2.10)
JUTSL YJUTMHEHHBIX W TIPSMOYTOJIBHBIX TNIACTUHOK YMEPEHHBIX pa3MepoB (Y <y or. );
V (.0, v, B2 B2 ) = 2y/2(0+ 1+ B2) - (o =1+ B3) - n*n*D(aypob”) (2.12)

JUISL IOCTaTOYHO MUPOKKX TIACTUH (Y 2V, ).

3. JlocTaTouHblii MPU3HAK MOTEPH CTATHYECKOH YCTOWYHMBOCTH CHCTEMbI «ILIACTHHKA—MOTOK.
[Moxacrapmnsist obee perienue (2.1) auddepentmansHoro ypasuenus (1.1) B rpanuunbie yenosus (1.2)
u (1.3), momydaeM OJHOPOJHYIO CHCTEMY aireOpanuecKux YpaBHCHHI 4YeTBEPTOTrO TOpPsIKa

oTHOcHTeNbHO HOCTOSIHEBIX C,, . [IpupaBHEHHBIN HYIIO ONpPEICIHTENb 3TONH CHCTEMbl IPUBOAUT K
TUCIIEPCHOHHOMY YPAaBHEHUIO JUBEePreHI Y ITaHeIH:

F(a.n,y,v.B;.B;) = (3.1)

=m{(q+l_mf_2(q+1).v_(1_v>z+25§(q_m)} BB,
_m{(qmmf_2(q+1).v_(1_v)z+23§(q+m)}5152.

exp(—Z\anny) + 2{[(49° +29-1),/q* —1+B — (20° —4q +1)(q+1) -

~(Q—1—J0" —1+B})-B} + (297 + 40 —1+2q,[q” —1+B; +B} +20])B} —
~2(20-1)(q+1) —QJa? —1+B2 +B2 +qBE)v+ (q+1+ o7 —1+f2 +B2)v* |sh(mnyB,) +
2\/2(q +1+B5)(9° —1+B2) (q+1+P;)B, ch(nnyB,)} B, cos(tnyB,) exp(—\/Mnny) +
+2{-B,[(409° +29-1),/0* —1+B; + (29° —4q+1)(q+D) + (9 -1+ m)ﬁi —

(207 + 40 —1- 2007 —1+ 7 + 2 +20B7)B2 + 2((2q-1)(a+1) + 0y —1+BZ + B +qBZ)v—
—~(q+1- o =1+ B2 +B2)v? ] ch(myB,) — \[2(q+1+BE)(a” —1+p2) -

(3(0* =1) + 285 — (2+B%)B3) - sh(rwnyB, )} - sin(mnyB,) exp(—/2(q +1+B3)nny) =0;

B, :\/, [o? —1+p% —0.5(q-1-B?) , B, z\/, /qz ~1+B% +0.5(q—1-p?), B,>0, B, >0.

MOo>KHO TTOKa3aTh, 4TO I BCEX N CIpaBeIINBO:

Jim (Fan1,v,8583) =0) = (Fca (av,B5.87) =0) . B < (B5), <1 151 (3.2)

F

= (AL LB ) 200+ Dy A v) 4 26 (- @147 ) =0, 127, 39
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Vpasuenue (3.3) TOXKIECTBEHHO OUCIEPCHOHHOMY YPaBHEHHIO JIOKAJIM30BAHHON IUBEPrEHLIUH
MOTyOECKOHEYHOM TIACTUHBI — TOJIOCHI (y = oo) , TIOJIlyYEHHOMY M3 YCJOBHsI 3aTyXaHUs KOJeOaHHii
Ha Kkpae X =a [3].

B 1mpocTpaHCTBE «CYIIECTBEHHBIX» NapaMETPOB CHCTEMBI (ILIACTHHKa—TIOTOK» UL BCEX Y <Y

runeproBepxHocts (3.1) mpm (=0, pasrpaHNYHBAET OOJACTH YCTOHYMBOCTH (F > 0) u
JUBEPIeHINY NaHEIH (F < O) , @ TUNEeproBepXHOCTh (3.3) npHu ( = 0.y, PA3TPaHUYMBAET JUI BCEX

Y 27g. 00nacTu ycTodauBocTH (Flocdiv > 0) U JIOKAITM30BAaHHOM THBEPTeHINH (F, < 0) . 3mech,

ocdiv

0 =0y — TEpBbIi KopeHb ypaBHeHus (3.1), a = Q.. — pemwenue ypasaenus (3.3). Iloncrapnss
3HAUCHHSA Oy, U O,y » COOTBETCTBEHHO, B BhIpaxkeHus (2.10) u (2.11), momydaem KpHTHUECKHE

CKOPOCTU [MBEpPreHIuH manenu V, U JIOKaJIU30BaHHOW JUBEpreHuuu V, IIpu cxopocTsx

r.div. oc.div. *

notoka raza V >V, MPSIMOYTONTbHAS  TUTACTHHKA (y<ygr‘) TepsieT YCTOMYMBOCTH B BHUJE

r.div.

JUBEPreHIUN IaHenH, a mpu ckopoctsx V =V,

oc.diy, MOCTAaTOYHO WIMPOKAs IUIACTHHKA (Y 27 )

TepseT YCTOMYMBOCTh B BHJE JIOKAIM30BAHHOW [MBEPreHLMH: B OGOMX CITydasx IIEPeXOABI W3

06JIaCTH YCTONYUBOCTH B 06/1aCTH HEYCTOWINBOCTH — «MATKUE».

4. OcHOBHbIe pe3yJabTaThl M 3aKioyeHne. C MOMOIIBIO YHCICHHOTO AHAIM3A JIUCTIEPCUOHHBIX
y . 2 2 2 2

ypauenuit (3.1) u (3.3) cTpomnmch cemeilcTBa KPHBBIX {q(n,y,v,Bx,By)} " {q(v,BX,By)},

MapaMeTpU30BaHHBIX  HA/UICKANIMM  00pa3oM:  BBIJCNCHBI M HCCICIOBaHBI  Hamboiee
MPECTABUTEIHHBIC U3 ITUX CEMEUCTB KPUBBIX.
AHaJM3 YMCIICHHBIX PE3yJbTAaTOB MOKA3aJ CIIEAYOLIee.

[loka3aHo, 4YTO YUIMHEHHBIC IUIACTMHKM oTHocutenbHoi Tommmust 2ha ' €[0.006,0.015], y
kotopeix Y <0.33, Oyayun HeyCTOWYUBBIMU BOIM3H aO\/E — Hayaja WHTEpPBAIA CBEPX3BYKOBBIX

ckopocreit (1.4) [4-6], npu Bi > (Bi) _ CTaHOBATCS ycTONuuBBIMH. HalifeHsl 3HaueHUs HYHKIMN
min

2 . 2. 2 y 2
(BX) ., 3apucset ot v, Vv, B | dynkuus (BX) _ SIBIISETCA MOHOTOHHO BO3pacTaromei or v u f3,
min min
a C POCTOM 7Y — YOBIBaer.

. o 2 Q2
Haiinenbl o0acTs onpezenenust u 001acTh 3Ha4CHUI QyHKIMH Y = ygr_(BX : By , V) . Kak okasanocs,

Yor. = ygr_(Bi,Bi,v) SBJIACTCS. MOHOTOHHO y6biBatomeit ot B> : B unteppane B- €[0,13) yowisaer,

2
npuMepHo, 1.3 —1.6 paz;aor v u By 3aBHCHT HEOLIYTUMO MaJI0. JTO 03HAYAET, UTO C BO3PACTaHUEM

2 .
[35 00nacTh IMBEPreHIMM TaHENH CYXaeTcs, a 00JacTh JIOKAITHM30BAHHON JMBEPreHIMH, Ha000pOT,

pacimpseTcs.
[Ipu ompenenéHHOM COOTHOLICHHWH YCHIIMH, PacTATMBAIOIIMX M CXHUMAIOIINX, HaOmogaercs 3ddext
WX «B3aMMHOTO OOHYJICHHWs», HaumOoiee SPKO NPOSBICHHBIM B CiIydae IUIACTHHOK, Y KOTOPBIX

v >0.193 (tabmn. 1) .
Tabmuma 1.

Y 0.3 0.5 0.8 1.0 >y
= gr.

X y

(Bii B2). (0.307) | (0.102) (01016) | (0.5012) | f2=f?

Kak CICAYCT M3 JaHHBIX Ta6J'II/IL[I>I 1, B ClIyda€ AOCTATOYHO HMIMPOKUX I[IJIACTUH ('}/Z'Ygr)

2

~ =) ~
oTHoOmeHue [32 (By) =1: npu paBHBIX 3HAYEHUAX KODDUIMEHTOB HATPsKEHMIT B , Bf, € [0, 0.7)

KPpUTHUYCCKHUC CKOPOCTHU JIOKAJIM30BaHHOM JAUBEPreHINU VI B TOYHOCTH pPaBHbI KPUTHUYCCKHUM

oc.div.
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N B2 _R2
CKOPOCTSIM JIOKAJIN30BaHHOH IMBEPreHIMH MTaHeIH ¢ HeHarpyXeHHbIMU Kpasimu (35, = By =0). A, ¢

YMEHBIIEHUEM 7Y, BIIUAHUC PACTATUBAIOIINX yCI/IJ'II/Iﬁ O, Ha yCTOfI‘-IPIBOCTL — Ha KPUTHUYECCKHC

X
CKOpPOCTHU AWUBCPIrC¢HIUU IMAHCIN CTAHOBUTCH bouee OINyTUMbBIM, B CpPAaBHCHHUU C CHKHUMAIOIIUMU

YCUIIUAMHU Gy'

B cnyuae mocratouno ymmuuéHHbIX miacTud (Y < 0.001) BrusHue CKUMAROIINX YCHITHI G, Ha

ycroiuuBocTh cuctembl (1.1)—(1.3) ucuesaroriie Mano, B CpaBHEHHH C PACTATHBAIONIMMH YCHIHSIMHU
G, , 4TO BIIOJIHE COTIIACYeTCs C pe3yabTaTaMu pabot [4 — 6].

Takum 00pa3oM, HampsbKEHHOE COCTOSHUE II€PBOHAYAlbHO HArPYKEHHOW NaHelIn B JIBYX
HaAIPaBIEHISIX: PACTAHYTON 1O HAMpPaBIECHHIO CKOPOCTH TOTOKA Ta3a M CXKATOH IO HaIpaBIEHUIO,
MIEPIICHANKYIISIPHOMY K CKOPOCTH TTOTOKA ra3a, B 3aBUCHMOCTH OT ITapaMeTPOB CHCTEMBI OKa3bIBaeT Ha
YCTOMYMBOCTh €€ HEBO3MYIIEHHOW (OPMBI pPAaBHOBECHSI WIHM CTaOWIM3UpYIOLIee NEHCTBUE, WIN
JecTaduIn3upyrollee, Wik, BOBCE, HE OKa3bIBACT HHUKAKOTO JCWCTBHs, B CPaBHEHHUH C OOTeKaeMou
MaHENbI0 C HEHArpy)KeHHbIMH Kpasmu [4 — 6]. CremoBarenbHO, TIPH OMPEACIEHHOM COOTHOIICHUH
MapaMeTpoB CHUCTEMBl KPUTHUYECKHE CKOPOCTH JUBEPreHIMM U JIOKAIW30BAaHHOW TUBEPreHINH
TIaHeJIM, Harpy>KEHHOW IO IByM HaIIpaBJIEHUSM, PaBHBI COOTBETCTBYIOIIUM KPUTHUYECKUM CKOPOCTSIM
TIAHEN C HeHATPY>KeHHBIMH KPasiMH.
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KpaesBble yci10Busi B mponeccax NOBePpXHOCTHOI0 HAPAIIUBAHUS MATEPHAJIOB €
MHKPOCTPYKTYPOii

Mypamkun E.B.

Du3nuecky NpHeMIEMble MATEMaTUYECKUE MOJIEIH IPOLIECCOB IMPOLECCOB MOBEPXHOCTHOTO HAPALIUBAHUS IOJIy4aroTCs
B pe3y/bTaTe aKKypaTHOTO HCIIOJIb30BAHUS METOJOB COBPEMEHHOU IeOMETpUH M MEXaHHKH CIUIOIIHBIX cpeA. bonee Toro,
[OCEJ0BaTeIbHOE IPUMEHEHUE CPEACTB TEH30PHOTO HCYMCIEHHs CYIIECTBEHHO YIPOLIAeT MaTeMaTH4ecKue
MIPEICTABICHNS] CUCTeM UM (GEepeHIMANBHEIX YpaBHEHHH, (U3MUECKUX 3aKOHOB WM T'€OMETPHYECKHX CBOWCTB, a TaKKe
IO3BOJISICT MPOCTBIM CIIOCOOOM KOHCTPYHPOBAaTh TEH30PHBIC (YHKIMH, apryMEHTaMH KOTOPBIX SIBIAIOTCS anredpandeckue
WHBapuaHTHl. Pa3BuBaeMblil moaxox k (OpMyIMpOBKE KpaeBbIX YCIOBHH Ha MOBEPXHOCTH HapallMBaHUs 0000OIIEH Ha
ciydqail MopmenupoBaHus mpoueccoB ¢dopmuposanus 3D Mmarepmana, XapaKTepHU3yIOMIEMCS MHKPOCTPYKTYPHBIMHU
ocobeHHOCTSIMU. BpiBenena o6mast (Gopma TEH30PHOTO COOTHOLICHHS Ha IIOBEPXHOCTH HapalllMBaHUs, INpU ydeTe
MHKPOCTYKTyphbl. OmpezeneHa HeoOXoaumMas CHCTEMa HE3aBHCHMBIX apryMEHTOB OIPEIENAIOIIell ICeBIOTEH30PHOM
(GYHKIME Ha TOBEpXHOCTH HapamuBaHus. OmpereieH MOJHBIH Ha0Op COBMECTHBIX PAIlOHANBHBIX IICEBJOMHBApHAHTOB.
JlaHa MHBapHaHTHO-TIONHAS (POPMYITMPOBKA ONPEIEISIONX COOTHONIEHHH Ha TOBEPXHOCTH HapallHBaHUsL.

Pemenne mpuknanHoW 3amayd MEXaHHKH pOCTa TBEPAOrO Tejla MHOTAA SIBIAETCS CIOXKHOM U
TpyAoeMKoi mnpoueaypoir. CyliecTBeHHOH OCOOCHHOCTBIO TOCTaHOBKHM KpAaeBBIX 3aflad B paMKax
MEXaHUKH POCTa SBJSIETCS IOCTAHOBKA I'PAHUYHBIX YCJIOBHH Ha I'paHHLE pa3jesia MeXIy UCXOTHBIM
MarepuaioM u jgobaBisieMoit yacteio [1-4].

ypaBHeHI/IC B BﬁHCpOBBIX KOOpAHaTax MOXXHO HPHUMCHATL JJIsA OIMMCAHUA IMOBECACHUA PACTYHIUX
TBCPABIX TCII. 3ILGCL MBI UCIIOJIB3YEM O603Ha‘-ICHI/I$I U TCPMHUHOJIOTHIO ITPUHATYIO B UCCIICAOBAHUAX [5'
8], rme momyuensl nuddepeHnuanbHbIE CBA3W IS TEH30pa CHIOBBIX HANPSKEHWA. AHAIATHYCCKH
OMPE/ICIAM  PACIPOCTPAHSIONIYIOCS PACTYILIYI0 TOBEPXHOCTh 2 B TPEXMEPHOM IMPOCTPAHCTBE
YpPaBHEHUEM

t=1(x"). (1)
Torga emuHUYHBIA BEKTOp HOpMald N, Ha PacIpOCTpaHAIONIEHCS pacTylieidl MOBEPXHOCTH X

HaTpaBJICHHBIN B CTOPOHY €€ PacIpOCTPaHEHHUs, CBSI3aH C MPOCTPAHCTBECHHBIM TpagueHTOM (1)
n=co1, ¢Vt (t=1), ()

rage C — JIMHEWHas CKOPOCTh PAacHpOCTPaHEHUs! pacTylledl MOBEPXHOCTH B HOPMaJIbHOM HampaB-
JIeHuH N, .
Kak noxazano panee (cm., HaIpuMep, [5]), npeo6pa30BaHHe YpPaBHEHUN pPaBHOBECHS HCIIONb3Ys

o
q)OpMYJ'Iy AJId AaKTyaJIbHBIX KOMIIOHCHT TCH30pa CUJIOBBIX HAIPSX)KCHUN GJ

+0
t *

Gl = j [06"(x°,)]dt + 8" +5"(x°), S = j [0.67 (x°,t)]dt, (3)

w+0 0
* *

MO3BOJISIET BBIBECTH YpaBHEHHE Ha JBIKYIICHCS pacTylledl MOBEPXHOCTH B BUJE CIETYIONIUX
G hepeHIInaNTbHBIX OTPAHTYCHAN

o[V, o" () +V,S" + X' (x)]-n,86" (x*, 1) =0 (t=r1+0). (5)

B ypaBuenusix (3)—(5) Mbl ucnoib3yeM oOo3HaueHus, mnpusteie B [1]: S L UHTETpall,

o o ij — j
CBSI3AHHBIN CO cKaukoM Hampsokernit, o' (X°) = 6" (x°,t) |t_ — KOMIIOHEHTHI TEH30pa HAIpsKe-

7(x%)-0

*

HUi{, COOTBETCTBEHHO, BhluMcieHHbIe B MoMeHT t = T(X°) —0 mpsmo nepej BKJIIOUEHHEM 3IEMEHTA B

OCHOBHOE TBEPIOE TEJNIO, )Si(xs) = X'(x%,1)] Mowment t=1(X’)+0 coorsercrayer

t:r(xs)+0 )
*

MOMEHTY cpa3y IOCIIE IPUKPEIUICHUS dJIEMEHTA K PACTYIIEN IIOBEPXHOCTH.
@opMyIIsl JUIT KOMIIOHEHT T€H30pa MapHBIX HAMPSDKEHUH 110 aHAIOTHH € ypaBHEHUSAMH (3) MOXHO
IIPUHATH B CIIEAYIOLEM BUIE
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+0
[= 1]I t I~ _1]I -1 i- *

= J1o oo « M 00y, W, = j[a[ﬁll(xs,t')]dt', ©

©+0
* *

-1*
Tae My — UHTETrpal, CBSI3aHHBIN co CKa4yKOM MOMEHTHBIX HanpspKEHUH,
11" [-11"

b (X)—Hk(X 9]

(s KOMIIOHCHTBI TCH30pa MOMCHTHBIX HaHp}I)KeHI/II‘/'I, BBIYHMCJICHHBIE BO
=1

spems t = 1(x*)-0.

Crnenys nporenype, OUCaHHOU B paboTax [5-8], /i MOMEHTHBIX HANPSHKCHUN TIOTYYHM
[-u* S VR o I -u*
cV,p (°)+V,My-21 +Y k]—nia n, (x,t)=0 (t=1+0). (8)
* .k * k * *

(11"
B ofmem ciydae cuioBbie G M MOMEHTHBIE HAIIPSDKEHUS |L  BBIPAXKalOTCS 4epe3 aKTyalbHbIE

* ok
HalpsOKEHUd W MOMCHTBI Ha paCTymeﬁ IMMOBEPXHOCTU C IOMOLIBIO TEH30PHBIX MaTCpHaJIbHBIX

ypaBHEHUH CIEAYIOUINM 00pa3oM
o (-1 e

— ~>ij - i

=3, w N ), 1 = 300 nan,,.), 9)
* K
[-u®

DyHKIUU Sij ¥ 3, MOIYT OBITH ONpEAETEHBl METOJOM YEPHOTO SIIMKA, XapPaKTEPU3YIOIIUM
napaMeTpsl oreHkn Bo BpemeHHOM uHTepBate T—0<t<1+0 mnpsmo mepen npukpersieHHEM

3JIEMEHTOB K pacTyiiemy Teiy. "UepHbld suK" MOXKET ObITh CBSI3aH C Pa3IMYHBIMU (PU3HYECKUMU
SIBJICHUSIMH.

Kak BumHO W3 00CYXIEHHS B TMpEAbLAyIIeM pasjieie, OTHOCHUTEIbHBIE TEH30pBI, CBS3aHHBIC C
pacTymmM TBEpJAbIM TEIOM U PACHpPOCTPAHSIOMICHCS paCTyIIed MOBEPXHOCTHIO, SBISIOTCS
€TMHUYHBIM BEKTOPOM HOpPMAaJH, TCH30paMU CUJIBI M CBS3YIONIUX HANpspDKEHUN. IMEHHO TEH30pHEIE
OOBEKTHI OIPENENSIOT HaNPsHKEHHO-1e(hOPMHUPOBAaHHOE COCTOSIHHE MHKPOIIOISIPHOTO MaTtepHaa,
HApacTaIoNIer0 Ha pacTylleld TMOBEpXHOCTU. B nmampHelinieM pa3syMHO y4YecTh €IMHUYHBIA BEKTOP

HopManu I, KOTOpBIH OINpe/eNseT JOKaJbHYI0 T€OMETPHIO PACTyllel NOBEPXHOCTH, M BBECTH

06a30BbIe BEKTOPHI JIOKAIEHON OPTOHOPMHUPOBAHHON CHUCTEMBI KOOPIWHAT, BKIIOUAIOIINE STUHUIHBIN

BEKTOp HOpMaJIn n M IBa HE3aBHUCHUMBIX KaCaTCIbHBIX BEKTOpa T H ‘E B KacaTE€JIbHOU MIOCKOCTH K
1i 2i

pacTyiiei HOBEpXHOCTH.

IlonHast cucTeMa COBMECTHBIX anre6pa1/1qec1<1/1x palOHAJIBHBIX OTHOCHUTCJIBHBIX HWHBAPHUAHTOB
MOXeT ObITh pa3paboTaHa COTJacHO cIUCKy WHBapuaHTOB (10) 3a cdeT COBMECTHBIX BHYTPEHHHX
npousBeleHni paccMmarpuBaeMbix BekTopoB (11). Takum oOpas3om, pamuoHalbHas CcUCTEMa

aﬂre6pa1/1t1ec1<1/1x paurOHaJIbHBIX OTHOCUTCIIbHBIX HHBAPUAHTOB TCH30pa Gij " BEKTOPOB nk n7T
1i
t-n=n-s-n, tn=n-s>-n, t-t, t-t, tt t-t, tt t-t. (12)
2 22

1"
AHanoquaﬂ cucreMa st TCHBOpa ],l X nu BCKTOpOB nk 1 T 3alIUCbIBACTCA B BUJIC
1i

-1 [-1] [-2] [-11 [-1] [0 [ -

m-n=n-m-n, M-n=n-m-m-n, mMm-m, M. m.,
i (13)
-2 -2 -2 -2 [
m-m, m.m, mm, m
2 2 1 2 2 2

ot

COBMECTHBIE HHBAPHAHTBI TEH30POB G U |L | ONPEAENSIOTCS COrTIACHO
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[-1] [-1] -2 [-2] [-1] [-1] -2 [-2]
t-m, t,-m. t-m, t-m, mt, mot, tm, t-m. (14)
2 2 1 2 21 2 2 21 2 1

Kax Buamm, cuctemMa COBMECTHBIX alreOpanveckux palrOHAIBFHBIX OTHOCHTENBHBIX HHBAPHAHTOB,
npencraBieHHas ypaBHeHusMH (12)—(14) sBnsercs monHOW, HO mpuBoaWMOW. VHBapwaHThl He
SIBIITFOTCS. HE3aBUCHMBIMU M MOTYT OBITh MCKIIFOUCHBI U3 PACCMOTPEHHS B CHIIy OYEBUIHBIX PaIlyo-
HaJIbHBIX CH3UTHH (Hampumep, mo Teopeme Iludaropa). bonee Toro, coBMecTHbIe anredOpandecKue
pamoHaTbHbIE OTHOCHUTENFHBIE HHBAPHAHTHI BBICIIETO MOPSAKA, BKIIOYAONINE KyObl U OMKBAApATHI
CWIOBBIX W MOMCHTHBIX HANpPSKEHUH CIEAYeT UCKIIYUTh U3 PACCMOTPEHHS COTJACHO TEOpeMe
lamunbrona—Koamu.

Takum oOpa3om, HempuUBOAWMAs TOJTHAs CHCTEMa COBMECTHBIX alreOpanvecKux paliOHaIbHBIX
OTHOCHTEIHHBIX WHBAPUAHTOB TCH30pa CHUJIOBBIX HAIPSDKCHUH, MOMEHTHBIX HAIPSOKEHUH U BEKTOPOB

N, ¥ T MOKET OBITH CBEJIEHA K
ki

-1 [-2] G IRV -1
t-n, tn, tt, m-n, mn, mm, t-m, t-m.. (15)
2 2

Takast cuctemMa MHBapUaHTOB OyJeT HEUYBCTBUTEIbHA K IOBOPOTY JIOKAJIBHOM CETH KOOPIUHAT
BOKpYT' €JMHUYHOI'0 BEKTOpa HOpManu N; K paclpOCTpaHsAIOIEHCs HOBEPXHOCTH HApaIlUBaHUs X .

Paborta BeIONHEHa B pamMkax TrocyaapcTBeHHOro 3amanHusi (Ne rocpeructpanmu AAAA-A20-
120011690132-4) u npu noanepxkke Poccuiickoro GoHma pyHaaMeHTANBHBIX HCCIIEAOBAHUN TPOCKTHI
(19-51-60001, 20-01-00666).
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K MOAECJIUPOBAHUIO KoJIeOaHuit npeaBapuTeJabHO Haﬂpﬂ)l(eHHOﬁ pellIeT‘laTOﬁ IVIACTUHKMH IJ/1a3a

Heaun P.J.

Hacrosimass paGoTa MOCBSICHA PAa3BUTHIO TEOPETUYECKMX OCHOB JUISl MOJECIMPOBAHHS HEOAHOPOAHOM pelieTyaToit
iacTiHKA  ckiepsl (lamina cribrosa) rmassoro s6moka ¢ yd4eroM ee IPEABAPUTENBHO HAMPSIKCHHOTO COCTOSHUSL
IpemioxkeHa MOJENb IUTACTHHBI C YYeTOM CIBHIOBBIX HeopMamuii W KacaTelbHBIX HANPSDKEHHH B paMKaxX THIOTE3
nepopmupoBanus TUMOIIEHKO-MUH/UTHHA, MO3BOJSIONIAS YYUTHIBATH B SBHOM BHIE TECOMETPHYECKHE OCOOCHHOCTH
pelIeTyaThIX TUIACTHH TJIa3a, HEOMHOPOJHOCTh MaTEPHAIIBHBIX XapaKTEPUCTHK W HAIMYHE TOJIEH OCTATOYHBIX HAMPSHKEHHI.
C moMompI0 METOJa KOHEYHBIX 3JIEMEHTOB MPOBEIEH AHAJIN3 BIMSHHSA MApaMeTpOB IMPEIBAPHTENBHOTO HAIPSIKEHHOTO
COCTOSIHMSL PELLIETYATON [UTACTUHBI Ha ee Je(OPMALMOHHbIC 1 IUHAMUYECKHE XapaKTEPHUCTHKH.

1. Beengenne. Hacrosimas pabota nocBsineHa pasBUTUIO TEOPETHYECKUX OCHOB IJIsI MOJEIMPOBAHUS
HEOJHOPOIHON pemeTyaToi miacTuHKM ckiepbl (lamina cribrosa) riasHoro si6jJokKa C y4eToMm ee
NpeABapUTEIbHO HANPsDKEHHOTO COCTOAHUWS. Pemieryaras miacTMHKAa SIBIAETCS  CyLIECTBEHHO
HEOJTHOPOTHOW CIIOMCTOW CTPYKTYpPOH TIepEMEHHOW TOIIIMHBI, OCIabJeHHONH OOJBIINM YHCIOM
OTBEPCTHI, CKBO3b KOTOPBIC MTPOXOISAT HEPBHBIE BOJIOKHA; 3TA CTPYKTYpa HCIBITBIBAET MEXaHUICCKUE
Harpy3ku U nedopMainyu BCIEACTBUE MEPENasoB BHYTPHUEPETHOTO ¥ BHYTPHUIIIA3HOTO JABJICHUS H,
ObITh MOMKET, HaXOOUTCS B YCIOBUSX NPEABAPUTEIBHOIO HANPSHKEHHO-Ie(OPMHUPOBAHHOIO
cocrossHus [1,2]. IlomoOHBIE ¢akTOpel MOTYT TPHBECTH K aTpoUy HEPBHBIX BOJOKOH W
BO3HMKHOBEHHIO DPACIpPOCTPaHEHHOTO 3a00JieBaHUA — TJayKOMBL. J[MarHOCTHKA TJIAyKOMBI Kak
CIEACTBUSl YpPE3MEPHOro JeOPMUPOBAHMS PEILETYATOM IUIACTMHKU CKJIEPHl IJla3a SIBISIETCS
aKTyalbHOW 3amauell OMOMEXaHHKH, OCOOCHHO Ha PAaHHMX CTaIHUsIX BO3HHKHOBEHHMs 3a00J€BaHMS,
KorJa atpodus HEpBHBIX BOJIOKOH emie oOpatuma. st 0ObeKTUBHOW OLEHKH (U3MOJIOTHYECKOTO
COCTOSIHUSI TKaHEH M OpraHoB HEOOXOIWMBI HaJIe)KHBIE METOIBI PEKOHCTPYKLMH HX CBOHCTB. Ilpm
3TOM BBUAY CHEUU(GUKM HUCCICNOBAHUS JKUBBIX TKaHEH, BaXXHBIM TpeOOBaHUWEM SIBISIETCS
HEMHBAa3UBHOCTh TMPHMEHSEMBIX TOAXO0JO0B. OTOMY TpPEOOBAHUIO YIOBJIECTBOPSIOT aKyCTHYECKHE
METO/bI, KOTOpBIE SIBISIOTCS AOCTATOYHO TOYHBIMH W TMPOCTHIMH B MPAKTHYECKOM peanu3aluu 1
MO3BOJISIIOT ONPEIEISITh HEU3BECTHBIC XapaKTEPUCTUKU TEJ IO M3MEPEHHBIM (M3MYECKHM IOJSIM B
HEKOTOPBIX Y4acTKax 0O0BbeKTOB. B cBOIO ouepens, U1 CO34aHUsI OCHOB aKyCTUYE€CKOTO MOHUTOPHHIA
COCTOSIHUS pelIeTYaToOl TUTACTHHKU CKIIepHI IJiaza Tpebyercs pa3paboTKa M MCCIeOBaHHE MOJeNeH
KoJIeOaHUH NpeABaPUTENbHO HANPSHKEHHBIX HEOJHOPOAHBIX TOHKUX IUIACTUH MPU HATHYUH CIIOXKHOM
TeOMETPUH M OTBEPCTHH M O NPEABAPUTENBHBIX HampsbkeHud. OTMETHM, YTO 3a4acTylo
MOJIENIUPOBaHNe JeQopMaluii penieT4aTod IJIACTUHKH OCHOBBIBA€TCS HA MOJIENH CIUIOUIHBIX
KPYTJIBIX TJIACTHH IEPEMEHHOM KECTKOCTH C HCIOJb30BAaHHUEM DPAa3JIMYHBIX TPAaHUYHBIX YCIOBHH,
BKJIIO4as ynpyroe onupanue [3]. B Hactosmei paboTte npeanoxeHa MoJelb, YIUTHIBAIOLIAs B IBHOM
BUJIE T€OMETPUUYECKHE OCOOCHHOCTH peIleTYaThIX IUIACTHH IJ1a3a, HEOJHOPOAHOCTh MaTepUalbHBIX
XapaKTePUCTUK U HAJIMYKE MTOJIEH OCTATOUHBIX HAIIPSAKEHUMN.

2. O6masi JTuHeapu30BaHHAs NMOCTAHOBKA 3aiauM. PaccMoTpeHa JmHeapu3oBaHHAs MOJENb
NpeBapUTEIbHO HAMPSHYKEHHOTO HEOAHOPOIHOTO YIPYTOro Telia MPH YCTAHOBUBIIUXCS KOJIEOAHHSIX C
4acTOTOM ® (B METPHKE Ha4YaJIbHOU IeOpMUpOBaHHOW KOHpuUrypanuu) [4,5]:

V~(00-Vu+o)+pm2u:0, V-60=0 (2.1)
Ug |53=f0, n-og |Sg:P0 (22)
ulg =0, n-(co~Vu+c)|S =P (2.3)

1€ U ¥ Uy — BEKTOpbl HAauyaJbHBIX U MaJbIX J00ABOYHBIX IE€PEMEIEHUH, 6y U 6 — TEH30pbl
NpeABAPUTEIbHBIX M HMHKPEMEHTAJbHBIX HamnpsDKeHWH, p — IUIOTHOCTH Tena. YpaBHeHus (1)
MPEJICTABISIOT COOOM JIMHEAapU30BAaHHBIE YPaBHEHHS IBW)KEHHS (C Y4YETOM HAJIOKEHHUS MaJIbIX
nedopmainii Ha KOHEYHbIC) W ypaBHEHHs pPaBHOBECHs ISl HadaubHOW KoH(uryparmu; (2)-(3) —

TJIaBHBIC W CCTCCTBCHHBLIC TpPAHUYHBIC YCJIOBUSA B HAYaJIbHOH U TeKymefI KOH(I)I/II‘ypa]_[I/ISIX,
COOTBECTCTBCHHO.
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Jliis ucenenoBaHus PeABapUTEIIbHO HANPSHKEHHON peIlieT4aToN INIACTUHBI ¢ YIETOM CIBUIOBBIX
nedopmaryii ¥ KacaTeIbHBIX HAIMPSHKEHUH MPEIIo’KeHa MOJIENb YIIPYTOi HEOJHOPOIHOW TUTACTUHEI B
pamkax rumote3 nedopmupoBaHus TumomeHko-MunmmuHa. [lns sTroro, Ha ocHOBe oOwIel
nuHeapu3oBaHHOW Mogenmn (2.1)-(2.3), ¢ mNOMOMBIO BapHalMOHHOTO MPUHIMIA TOCTPOCHA
[IOCTAaHOBKa 337a4d 00 YCTAaHOBHMBILMXCS KOJEOAHMSX peIIeT4aTON IUIACTUHBI, B KOTOPOH
YUUTBIBACTCA TMIOJIE IIPEIBAPUTEIBHBIX HANPSDKEHUHM, OOpa3oBaHHBIX B pe3ysibTaTe JAEHCTBUSA
Ha4yaJbHOW Harpy3KW, BbI3BaHHOM BHYTPHWIJIA3HBIM JaBieHHEM. lIpeacTaBUM HMXKE TMONY4YEHHYIO
[IOCTaHOBKY.

3. IMocTaHoBKa 3a1a4u AJI8 TOHKOH NpeTHANPSKEHHON MIACTHHKH.

PaccmaTtpuBaeTcss Momenb YCTaHOBUBIIMXCS KOJeOaHUN yHpyroil W30TPOIHON HEOIHOPOIHOM
TUTACTHHBI TOJIIUHOM N ¢ TIIOCKUM CeYeHHEM CPETUHHON MOBEPXHOCTH S , )KECTKO 3aKPEIUICHHON Ha
YaCTH TPaHULbL |, , N0/ JEHCTBUEM MPOM3BOJILHOM MEPHOANYECKH MeHstowelics Harpysku Pe (o
— YacTOTa YCTaHOBMBIUMXCS KoneOanui, k=1,2,3), npunoxkeHHOH K uyactu rpanunsl | . Jlusa
OOITHOCTH OYyZIeM CUMTaTh, YTO BCE XAPAKTCPUCTHKH IUIACTUHBI. p — IUIOTHOCTh, A — Iapamerp
Jlame uIs TUTOCKOTO HAPSHKEHHOTO COCTOSHUS, |1 — MOJXYIb CIIBUTA, 33J]aHbl B BUJE 3aBHCUMOCTEN

oT koopauHaT. COrflacHO TEOPUH TUTACTHH THUMOIIECHKO-MHH/JTNHA, COOTBETCTBYIOIINE THITIOTE3bI C
n00aBJICHUEM TUIAHAPHOM COCTABIIAIONICH MTePeMEeIICHHI OYIyT UMETh BU/I:

U =0,%+¢;, U, =0,%+C,, U; =W, (3-1)

rae 0, =0,(X;) — yIJbl IOBOPOTA HOPMAIM N OTHOCHTENBHO OceH X, , §, =C,(X;) — mepeMerieHus
B CPEIMHHOM TUIOCKOCTH IUIACTUHBI, W= W(X,) — MPOru0 MiacTuHsl (31eck o,B =1,2). Ha ocnoBanun

BAPUALIMOHHOIO NpuHIMIA Jlarpanka /Ui NpeABapUTEIbHO HANPSDHKEHHOIO YIPYIoro Teia B paMKax
nuHeapu3oBanHoH Mmozpenn (2.1)-(2.3) u ¢ yderom runores aedopmupoBanus (3.1) mocraHoBKa
KpaeBoii 3a1aun GOpMyITHUPYyETCs B BUJIE:

T,..+Po’'w=0,
Rotﬁ.ﬁ + (D2 (POCJOL + Plea) = 0’ (32)
Qupp —S. +o’ (P&, +P,8,) =0,

rac 0003HaYEHO:

=MW, +0,) +Z,wW,,, Q, =W, R, =¥,
W =0,,(AGpn + A, L) +M (O, ,+6, )+ M, (C, s +E5,)+20,0, 0+ 205, +2050

S, =M, (w,, +0,)+Z;.6, +Emggam+2‘3’36a,
h/2 h/2 h/2 h/2
I AXdx;, M = j uxfax,, Po= j pxyax,, XP, = _[ oysxydx,

-h/2 -h/2 -h/2 -h/2
I'naBHBIC 1 €CTCCTBCHHBIC T'paHUYHBIC YCJIOBU B OIIMCAHHOM CJIy4ac UMCHOT BU

wi, =0, C.1,=0, 9(1 l,=0,

_0 Tcxnoc ||<;= PS’

aB Bll ch [ill

3)1605 P(X — KOMIIOHCHTBI BCKTOpAa HArpy3kKu B IIJIOCKOCTHU S IJIaCTHUHBI, P3 — HMHTCHCHUBHOCTH

M3TUOHOM HArpy3KH.

OTMeTHM, 9TO 371eCh PACCMATPHBAIOTCS COBMECTHBIE TUIAHAPHO-M3TMOHbIE KOJIEOaHus TIACTHHBI,
W 3ajJadya B TaKOW IOCTAaHOBKE MOXKET OBITh CBElIEHAa K pa3lesIbHBIM 3ajadyaM O IUIaHApPHBIX U
WU3rHOHBIX KOJIEOAaHUsIX, HO TOJBKO TPH BBHIIOJHEHUH JOMOJHHUTEIBHBIX YCIOBHH CHMMETPHH,
onmucaHHbIX B pabore [6]. [ns 1enbHOH IUIACTHHBI C TOCTOSHHBIMU XapaKTEPUCTUKAMU U
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omHopomHbiM monieMm ITH (1o BceM KoopaMHATaM) 3TH YCIIOBHS BBIMOJNHSAIOTCS aBTOMATHUECKH, H,
CIIeZ0OBATENBHO, 3a7a4y [UIA IJIACTHHBI MOKHO pEIIaTh 110 OTASIBHOCTH IS KaXIOro M3 PEXHUMOB
KOJIEOaHH.

O6oznaunm OykBamu O, Z,, W mnpoOHble (YHKIUH, YIOBJIETBOPSIOIINE TEM K€ TJIABHBIM

YCIOBUSIM, YTO H, COOTBETCTBEHHO, GyHKuuH O, C , W: ®a|su =0, Zm|Su =0, W|su =0. Torna,

cormacHo rumore3aM (3.1) U TpaHUYHBIM YCIOBUAM sl TPOOHBIX (GYHKIMH, ciabas MOCTaHOBKA
chOopMyYITUPOBAHHO 33]]aull IPUMET BH/I:

[(RZ,+PW)dI-[{Q;0,,+R,;Z,, +5,0, +TW,, —

! S

&

-’ [P,0,0,+P,(0,Z, +4,0,)+P,(¢,Z, +WwW)]ldS =0. (3.4)

Huter PAJIBHBIC XAPAKTCPUCTUKU IJId MPEABAPUTCIIBHBIX HaHpﬂ)I(eHI/Ifl, 06p330BaHHI)IX B PE3YyJIbTAaTe
Ha4yaJIbHOT'O npom6a IIJIACTUHKH BCJICACTBHEC ﬂeﬁCTBHH BHYTPHUIJIa3HOTO JaBJICHUS, UMCIOT BUL

3 3
Zil - _:_]_2[(1* + 2/,1)W,fl +2*W,22], 2122 = _;_Z[E*W’fl-i_(l* + Zﬂ)W,ng
h* (3.5)
212 = _E/'IW’](_)Z ’

rie W’ =W’(X,,X,) — KOMIOHeHTa HaYaILHOTO IPOrHGa.

[IpennoxxenHass MoOAENb MO3BOJSET YYUTHIBATH HEOJHOPOAHOCTh MATE€pUATIbHBIX CBOKCTB
IUIACTUHBI W 33JaBaTh MPOU3BOJBHBIC 3aKOHBl HEONHOPOAHOCTH MJII KOMIIOHEHT TEH30pa
MPEBAPUTENIbHBIX HampsKeHuW. JUIsl onmucaHus TOJig MPEABAPUTENIbHBIX HANPSKEHUW OTAEIBHO
pemraeTcs 3amada CTaTUKH O MPOTHOE pemeTdaTold TUIACTHHBI, 3aleMIIEHHOW IO KOHTYpY, IO
JIEUCTBHEM paCIpEAC/ICHHONM Harpy3kd; Ha OCHOBE HAWJICHHOIO pEUICHUS PACCUUTHIBAIOTCA
WHTErpabHBIE XapakTepucTuku (3.5) s KOMIIOHEHT MpeaBapUTENbHBIX HAMPSHKEHUH, BXOIAIINE B
COCTaB YPaBHCHUN YCTAHOBHUBIIHUXCS KOJICOAHIIA.

3. BeruncauTeNbHbIe JKCIIEPUMEHTHI. 3ajada pelleHa YHCIEHHO C MOMOLIBI0 METO/Ma KOHEYHBIX
9JIEMEHTOB Ha OCHOBE MOJIyYeHHO# ciaboii moctanoBku (3.4). PaccMOTpeHbl pa3iiuuHbIe BapHAHTHI
ONMCAaHMS TEOMETPUHU PELIeTYATOW IUIACTHHBI C OTBEPCTHSIMM; HPEAJIOKEHO HECKOJIBKO CII0COOO0B
(GopMHPOBaHUSI OTBEPCTHH, HPOBEACH HMX CPAaBHUTEIbHBIM aHaIM3 C TOYKH 3PEHUS BIMSHUS Ha
JeGopMaloHHbIE XapaKTEepUCTUKA W Ha oOpa3oBaHHME KOHIIEHTPATOPOB HampsbkeHui. [IpoBemeH
AHAJIN3 BJIUAHHA apaMETPOB MPCABAPUTCIILHOIO HANPSXKCHHOI'O0 COCTOSAHUSA peHIeTanOﬁ I1J1aCTUHBI
Ha ee JAedopMalMOHHbIE W [IUHAMUYECKHE XapPaKTEPUCTUKU (TOJIA IUIAHAPHBIX M M3THOHBIX
MepeMeIeHNH, YTl TOBOPOTa HOPMAJIK BJIOJIb OCEH B INIOCKOCTH TUIACTUHBI, PE30HAHCHBIE YacTOTHI,
aMIUTUTYTHO-YaCTOTHBIE XapaKTEPUCTUKH). /[ yBennueHHs] TOYHOCTH PacdyeTOB B 30HaX KPYTOBBIX
OTBEPCTUI HCIIOJIb30BAaHO JIOKAJIbHOE CTYLICHHE KOHEYHO-3JIeMEeHTHOH ceTkH. IlpoBenen aHamm3
BJIMSIHUS PA3JIMYHBIX TUIIOB HEOAHOPOIHOIO NPEABAPUTEILHOTO HAPSHKEHHOTO COCTOSHUS MJIaCTUHBI
Ha ee MTUHAMHYECKHE XapaKTepUCTHKH. BakHO, 4TO mpeayiokeHHas MOJENb TO3BOJISIET 337aBaTh B
IUTACTUHE MPEBAPUTENBHOE COCTOSHNE IPOU3BOJIBHO: KaK B BHJI€ aHAIUTUYECKUX 3aBUCUMOCTEH, TaK
Y YHCIIEHHO.

Ha puc. 1 npeacraBieHs! pa3nuyHble BAPHAHTHI IOCTPOSHHSI TEOMETPUHU U KOHEYHOIJIEMEHTHOTO
pa361/1eH1/151 pemeTanof/'I IUIAaCTUHKH, IPHU 3TOM HCIOJB30BAIMCE IMOJIYaBTOMATHYCCKHUE METOAMKU
(opMHPOBaHHSI TEOMETPUHU C HCIIOIB30BAHMEM T'€HEPALMH CIyYalHBIX YHCE]I Ha OCHOBE PEalbHBIX
CHUMKOB.

182



Puc. 1. Paznuunbie BapHUaHTBI TEOMETPUU U KOHETHOIJIEMEHTHOT'O p3.36I/IeHI/I$I TIJTaCTUHBL.

Jlnisl 4HCIIEeHHBIX PAacyeTOB MCIOIb30BAaHBI 3HAYEHUS, OIMyOJIMKOBAaHHBIE B HECKOJBKHUX paloTax,
BKJIIOYAsi CTaThlO [7]; MpW 3TOM YYTEHBI PEANUCTHYHBIC TUAMa30HbBl M3MEHEHHs BHYTPHUITIa3HOTO
JaBIICHHS, CUUTAs, YTO 35 MM PT. CT. — MoBbBIIeHHOe naBienue. [lapamerpsl 3amaun: R = 1 mm = 1000
uM (paguyc miactuakm), h = 0.25 mm = 250 pm (TommuuHa iactuaku), H = h / 1.6 — monpaska Ha
CHIDKEHHE JKECTKOCTH BJIOJIb TOJILIMHBI (IIPU HCIIOJIB30BAHUU MOAEIH M30TPOIHOIO Marepuana, E =
1.43 MIla, v = 0.45 (xo>pdunuent Ilyaccona), p = 1060 kr/m® (I1oTHOCTE), Po = 15 MM pT. CT. —
HOPMaJIbHOE BHYTPHIJIA3HOE AABJICHUE, Po = 35 MM PT. CT. — IOBBILICHHOE BHYTPUITIa3HOE JaBJICHHE.

Ha mnepBoM »srame pemenus 3agaud  HaxoauTcs Iuiockoe HawanbHoe HJIC, naxopsTcs
MHTETpaJIbHbIC XapaKTePUCTHKU VIS IPeIBApUTEIbHBIX Hanpsbkenuit (3.5) B pe3ynbrare paBHOMEPHO
pacrpe/eieHHON M3rHOHOM HAarpy3KH, KOTOpas MOJEIUPYeET JIeHCTBUE BHYTPUTIIa3HOE AABIICHHUS; IS
9TOr0 peliaeTcss BCIOMOraTeibHas 3ajgaya craTukd. Jlajgee, Ha BTOpOM JTame, HaWAECHHBIC
XapaKTePUCTUKU TOACTABISIIOTCS B JIMHEAPU30BaHHBIC ypaBHEHUs (2.2) (MM B c1alylo MMOCTaHOBKY
(3.4)), u pemraercs 3amaya 0 MajbIX KOJCOAHUSAX MPEAHANPSHKCHHOW CTPYKTYpBI, MOJ JACHCTBHEM
MEPHOIMIECKON PACTIPENETIECHHON H3ruOHOM Harpysku p (T.0., B (2.4.) P, =0, P,=p). IlpoBenen
aHaNmM3 BIMSHUS TIPEABAPUTENBHBIX HAMPSDKEHWH, KOTOpPBIE BBIPAKAIOTCA JHHEHHO dYepe3
BHyTpHIIa3Hoe jaaBicHue, Ha AUX. Ha puc. 2 mpencrasieHsl HekoTopble GOpMBI KONEOAHUH st
¢yHKUIMY mpornda W | yTrJIoB IOBOPOTA 6O, .
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Puc. 2. ®opmb! KoeOaHNI IUIACTHHBI IIPU PA3IMYHBIX YacTOTax KoneOanmii: a) f=4 x['u (Mexay 1-o0if u 2-0ii pe30HaHCHBIMH
yacroramu), b) f=23 k['u (Mexmy 2-0if u 3-eii pe3onancHbIME yactoTamu), C) f= 80 k' (Mexay 3-eii u 4-0if pe30HAHCHBIMH
4aCTOTAMH).

IIpemmoxeHHBIH TOAX0T K MOICTUPOBAHHUIO PENICTYATON TUTACTHHKHN CKJIEPHI TIa3a MOXKET OBITH
MOJIE36H TpU pPa3pabOTKe HEWHBA3WBHBIX METOJMK WIACHTU(UKAIMU YPOBHS BHYTPUTIIA3HOTO
JTaBJICHUS HA OCHOBE JAHHBIX aKyCTHYECKOTO MOHUTOPHUHTA.

HWccnenoBanne BHIONHEHO TIpH (PMHAHCOBOW MOJAEPKKe rpaHTa Poccuiickoro HaydHOTO hoHIA
Ne18-71-10045 https://rscf.ru/project/18-71-10045/ .
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O npuBe/ieHNH B COOTBETCTBHE BeJIHYHMH MAKCUMAJILHBIX YCKOPEHHUH HA KAPTaxX celicMUYeCKOro
pailoHMpoBaHus

Oranecsn C.M., Kapanersan Ix. K., I'eogaksau 3.I'., Caaksau b.B.

W3 pa3paboTaHHOI HOBOW I'PaBUTAIIMOHHO-BUXPEBOH TEOPHH CEHCMOCTOMKOCTH CIEIYET, YTO B PACUSTHBIX CXeMaX Ha
OJTHOMEPHBIX MOJENAX MMeeTcs YeTBIPEXKPaTHBIH pe3epB (3arac) Mo OIEHKE CHJI 1 MOMEHTOB B CEUCHUSIX OJHOPOIHOTO
CTEp>KHA. DTH BO3MOXKHOCTH II03BOJISIIOT TIOBBICUTH YCKOPEHHUS Ha KapTax CEHCMHMUYECKOTO PallOHUPOBAHUS KaK MUHHMYM B
JIBa pa3a W NPUBECTH B COOTBETCTBHE YCKOPEHUs, HaOIIoJaeMble NMPHU CHIBHBIX M Pa3pyIIMTEIBHBIX 3€MJIETPSCEHHSX, C
yckopeHHsIMH, ucrnonbzyeMmbiMu B CHull-ax.

CunbHble M pa3pyLIMTENbHBIC 3EMIICTPSICCHUS, KaK 3TO HE MEYAIBHO, SBISIOTCS OIHUM U3
€CTECTBEHHBIX 3KCIIEPUMEHTOB, B KOTOPBIX IPOBEPSIETCS] TOYHOCTh TEOPUH CEHCMOCTOMKOCTH U MOTYT
OBITH MOJy4EHBI HOBBIE JAHHBIE O MIOBEICHUH 3[aHUH U COOPYKEHUH.

MakpocelicMrYecKre U3y4eHHUs TIOCIICACTBUI pa3pyIIUTENbHBIX 3emieTpsiceHuil (MeKCHKaHCKOTO
19 centsa6ps 1985r., Cnurakckoro 7 nmexabpst 1988r., Hoprpumkckoro 3emnerpsicenus 17 siHBapst
1994r., Simonckoro 17 suBaps 1995r. (ocobenno B ropome Kobe), TatiBanbckoro 3emierpsicerus 21
ceHtsiOps 1999r. u Benukoro simoHckoro 3emuetpsicenus 11 mapra 2011r.) mokazamnu [1,2,6], uTo omHO#
W3 OCHOBHBIX NpOOJeM HHXCHEPHOW CelcMoJoruy, ceiicMuueckoro paionuposanus (CP) u
ceificmuueckoro mukpopaiionuposanus (CMP), ceiicMOCTONKOro CTpOMTENHhCTBA OCTAE€TCS BOIPOC
noBbimiennst Ha kaprax CP u CMP wucxomueix BenuuuH ceiicmuueckux yckopenwit (BCY) mo
0.7+0.8+1.0g (g —yckopenue cBOGOIHOrO MafeHUs) ISk CPEAHMX TPYHTOB. YBenuuenue BCY s

cpennux rpynToB 10 0.7+0.8+1.09 na xaprax CP u CMP npHBOAUT K YBEJIHYEHHUIO B JBa pasa

MHEPLUHUOHHBIX CEMCMUYECKHUX CUJI, IEUCTBYIOIINX, TIPU 3eMJIETPSICEHUH, Ha 3aHus U coopyxkeHus. Kax
CJIEICTBHE 3TOr0 MPU NMPOESKTHUPOBAHUU TOBBIMIAIOTCS pPAcUETHBIE CHJIBI, YTO, B KOHEUHOM CYETE,
MIPUBOJUT K PE3KOMY MOBBIIIEHHIO CTOMMOCTH BO3BOAUMBIX 3[JaHUI U COOPYKEHUM.

[ToaToMy BO3HHMKAaEeT HEOOXOJIUMOCTh Pa3pabOTKH TaKUX PACUCTHBIX CXeM KojeOaHui 3MaHuil U
COOpYXXEHHH (HOBOH TEOpPHH CEWCMOCTOHWKOCTH), B KOTOPBIX YUYHTHIBAIOTCS OIPOMHBIC BEITMYMHBI
celicCMIUeCKUX YCKOpEHUH, HaOltoJaeMble B I€HCTBUTENIFHOCTH. BIiepBhIe 3TOT BOIIPOC OBLIT MOJHST B
nocnennei cratee akan. A.I'. Hazaposa.

[To MHEHHIO aBTOPOB 3TO BO3MOKHO IO TPEM CYLIECTBEHHO PA3JIMYHBIM HAaNPaBJIeHUSIM: 1) mepexos
OT OZIHOMEPHBIX K JIBYX — MJIM TPEXMEPHBIM MOJEIISIM COOPYKEHUH; 2) y4eT BIUSHHUSA HEIMHEHHOCTH,
BEPTUKAIBHBIX CWJI, KpYYEHHUS, YIOPYro-mjacTu4eckoro aedopMupoBaHus; 3) HaxOXKICHHE
HEU3BECTHBIX PE3E€PBOB B OJIHOMEPHBIX MOJETIAX.

Haubonpimmii mHTEpEC U1 aBTOPOB MPEACTaBIsIeT 3-¢ HaNpaBJICHUE, UCXOMS U3 BO3ZMOXKHOCTEH
HoBO# Mozenu maccel (HMM) [5].

a o crgte B _‘“,_
2 3 3
2 2

/'J"W /'J" 77 /‘/l'W

Puc.1. 3agaua 1-a, 3agaua 2-0, 3amada 3-B
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Puc.2 Pacuernble cxeMbl U3TMOHO-CABUTOBBIX U YUCTO U3TMOHBIX KOJieOaHuil 1id 3aqa4 1-3
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Puc.3 PacueTHble CXEMBI UACTO CIABUTOBBIX KOJIEOAHUN I 3a0a4d 2 1 3
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Puc.4 Pacyernas cxema 9ncTo CABUTOBBIX(0), M3THOHBIX(B) U YHCTO M3TMOHBIX(T) KONeOaHM 1S
3amaud 1.

B pabote [5], B pe3ynbrare BBEJACHHUS IOHATHH MIHOBEHHOro IeHTpa Bparienus (MLIB),
MTHOBEHHOro MoMeHTa uHepimu (MMUW) u npuBeNeHHBIX UIMH, YAalOCh BIIEPBHIC MPOHU3BECTH
JIEKOMIIO3HIIMIO TIOCTAHOBKY 3a[aud O pacIpOCTpaHEeH s YIPYrod BOJHBI M3ruda Ha JBE MOo3a1auu U
CHU3HTH MOPSIOK PENIaeMbIX YPaBHEHU C YETBEPTOTO J0 BTOPOTO.
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[Mony4yeHHble cucTeMbl ypaBHeHU Ut Tioa3anad | u |l cymecTBeHHO OTIUYAIOTCS OT M3BECTHBIX
ypaBHeHUH M3rnOHBIX Kosebanuit C.I1. Tumomenko u bepaymm-Ditnepa.

Jis Havana moxapoOHO pacCMOTPUM 33a4y 1, MOTOMY YTO OHA HMEET KJIFOUEBYIO POJIb JJIs CTAThU.
3amaun 2 u 3 B cruty cummerpun cMmereHus Ui(X,t) OTHOCUTENLHO TOUKH nieperuda 2 CBOAATCS K 3a7aue
1 (cm. puc.4a,0) [13]. B pabote [5] maHbl TOCTAHOBKH 3aJadd O PaCHPOCTPAHCHHUH BOJIHBI YHUCTOTO
m3rubda U m3ruda mpu CBOOOMHBIX KOJIEOAHUSIX OJHOPOIHOTO KOHCOJBHOTO CTEP)KHS ITOCTOSHHOTO
MOTIEPEYHOTO CEUCHHUSI.

2. JIns Teopuu CEHCMOCTOMKOCTH BaXKHOE 3HAYCHHE MIMEET pEIllcHHWE 3aJaud O BBIHYXKJICHHBIX
KOJIeOaHMSIX OTHOPOIHOTO KOHCOMBHOTO cTep Hs Ha m3rud (BKOKCH).

[Ipu paccMOTpEHUH 33129 O BBIHYKICHHBIX KOJICOAHUSIX OJHOPOJIHOTO KOHCOJIBHOTO CTEPIKHS Ha

13rub OKa3anoch, YTO MPH CUJIOBOM BHELIHEM BO3/IEHCTBUHM B BUJIE pacnpeieeHHoM Harpysku | (X, t)
WCTUHON TPUYWHOW M3THMOHBIX KOJCOAHWH SBISICTCS €€ OO0OOIIeHHas dYacTHas IPOM3BOIHAS 10
HEepPEMEHHOM X , fx’(x,t) .

Tak kak B MoMeHT Bpemenu t =+0 GpoHT M3rMOHOM BOIHLI HAUMHAETCSA CO CBOOOIHOIO KOHIA
CTEpXHS, TO OCTAETCSI OTKPHITHIM BOIPOC — KaKHWE€ CHJIBI KOMIIEHCHPYIOT BHEIITHIOK PaCIpe/elIeHHYIO
narpysky f(x,t)= f(t).

[Ipu 3TOM B CTEep)KHE BOHHUKAIOT ‘“‘BHYTPEHHHE OOBEMHBIC CHIIBI f(X,t) , KOTOpBIE 00s3aTeTFHO

HEOOXOIMMO YUYWTHIBATh NPU YTOUYHEHHOW (OPMYIMPOBKE IMMOCTAHOBKU 3ala4d O CBOOOIHBIX U
BBIHYXXJICHHBIX KOHG63HI/IHX KOHCOJIBHOT'O CTCPIKHA Ha I/I3FI/I6.

Haiee B pabore [5] mokaszano, uto pemerne 3anaun BKOKCU nmonpa3aensercs Ha CTallHOHAPHYTO
Y BOJTHOBYIO T10/133/1a491, KOTOPBIE MPUHIMAIOT COOTBETCTBEHHO CIICAYIONIHE BHIbI:

-
q(x,t)—kGS8 Uj =f(x1) 1)
0 X
%o %o 1
ST 2 _KkGS—2=f'(t)=—=f (t)8(x—I 2
ps S22 -kes Tlm /() =2 1 (1)5(x-1) @
HpI/I HYJ'ICBLIX Ha4dYaJIbHbBIX U FpaHI/I‘IHLIX yCJ'IOBI/ISIX
6(Pz(l’t)
0,t)=—22"2-0 3
9, (0t)=—2" ©)
oS, (X,0
0, (x0)= 2220 g @
ot
n
ou, _
= =P (xY) (5)
UZ(O,I)ZO (6)

rae O () - nenbra-pynknus dupaka, ©, (X, '[) - pewenue 3agaun (5)-(6), P - IWIOTHOCTB CTEPIKHSL.

B [4] noka3aHo, 4T0 TpH KOJeOaHUH OTHOPOIHOTO KOHCOJILHOTO CTEpPsKHsI IIMHBI | mosHOe mepe-
memernue Hertpansrol muann U (X,t) mpencrasumo B Buge U (X,t) =U, (X, t) +U, (X, t) +U,(x,t),
rae U, (X,t) - uncrerii u3ru6, U, (X,t) - nsruGuo-casur, U, (X, t) -uncrerii casur (cM. puc.4).

HOJ’Iy‘leHHBIC 1o FpaBHTaL[PIOHHO-BHXpeBOﬁ TCOpUU CEMCMOCTOMKOCTH PaCUYCTHBIC CXEMbI ITOKA3bI-
BarOT, 4YTO AaK€ B OAHOMCPHLIX MOACIIAX UMCCTCA IIeTBIpCXKpaTHI:II\/'I PE3CPB IO OLICHKE NEPLCPE3bIBALO-

X cuil 1 MOMeHTOB (2x2). Kak BuaHO M3 pUCYHKOB 1-4 cuia mHEpUUH —pSU (t) npu usrube u

caure npuHUMaer ydactue ¢ Koddoumuentom 0.5. Bropo i koddduieHT 2 MOSBISETCS, €CiIu
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pacueTsl IPOU3BOIUM II0 3ajaue (MOIENIN) 3, TaK KaKk B 3TOM CJIydae >KECTKOCTb CTEP)KHS YBEJIUUH-
BaeTcA B JIBa pasa.

JanHple pacdeTHbIE CXeMbl HaMH OBUIM MOJCPHH3HPOBAHBI M MPHUBJIECUEHBI MPH PaCCMOTPEHUH
Pa3INYHBIX MOZEJCH MOArOTOBKH TEKTOHUYECKOTO 3eMJICTPSICEHHUS B KOJUIM3UOHHBIX 30HaX U BO3HUK-
HOBEHUS Pa3INIHBIX CEHCMUYECKHUX BOJIH B OJMDKHEH 30HE 3emiteTpsiceHust [2,4,6].

B 3akmroueHne 0TMETHM, YTO ITOJTyYEHHBIE B pa0OTE paCUCTHBIE CXEMbl COOTBETCTBEHHO IS 3a4a4H
1 (puc. 2,a u 4,6) u 3agaun 3 (puc. 2,B 1 3,a), IO MHEHHIO aBTOPOB, JOJDKHBI CTaTh OCHOBOW HOBOIA
TEOPUHU CEUCMOCTOMKOCTH.

bauskue pacueTHbIE CXEMbI B TEOPUH CEHCMOCTOMKOCTH pacCMaTPUBAIOTCS B METOIE CTOSIYMX BOJIH,
paspaboTanHOM Tpynnoi nox pykoBoactsoM A.®. Emanosa [3].

Hccnenosanue BbIMoaHEeHO npu (uHaHcoBoi noaaepxkke Komurera mo Hayke PA B pamkax
HayuHoro npoekra Noe ACH-01/21.
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Oco0eHHOCTH MPUMEHEHHUSI MHOT0JIy4eBOM rojorpaduyeckoi
uHTepdepomerpun B GoTOynpyrocTu

Ocunos M.H., Ceprees P.H., Ilumos M./I.

B pabore mpexacraBieHBl pe3yibTaThl 110 MPUMEHEHHIO TPEXIYYEBBIX TOJOTPadHUECKHX CXEM IUIS ONpENeNCHHUS
HanpsHKEHHO-Ae(OPMHUPOBAHHOTO COCTOSIHUSL  (Pa30BbIX 00BEeKTOB. Iloka3aHO, YTO TpPH TOCTPOSHUH TPEXITYUEBBIX
rojorpaguueckux cxem, ¢ Iy4KaMH PACIOJOXKEHHBIMH B OJHOHM IUIOCKOCTH, HEOOXOAMMO BBINOJHHUTH OIPEICICHHbIC
TpeOOBaHHsA MO YIIOBOMY PACHOJOKEHUIO 3THX IIyYKOB OTHOCHTEIBHO APYT K APYTY Ul MPaBHIBHON HMHTEpIIpeTaruu
HHTEepQEPEHINOHHbIX KapTuH. lcmonmp3oBaHue mpeanaraeMoidl ONTHYECKOM CXeMbl MO3BOJIIET MOIYYUTh C OXHOHU
roJIOTpaMMBI HE0OX0IMMOe KOJIMIECTBO HHTEp(hEpOorpaMm IS pa3/ielIbHOTO ONpPEIeNICHNs] BEINUUH ITIaBHBIX HANPSDKEHUH B
HCCIIeyeMOit TUIOCKOHATIPSDKEHHOH (ha30BOM MOEIH.

1. B mepBeIx paboTax mo mpuMeHeHHto ronorpaduu B (otoynpyroctd [1-3] Obuto mokasaHo, 4TO
JAHHBIA METOJ] 3allCH MHTEPPEPESHINOHHBIX KapTUH (a30BBIX OOBEKTOB MO3BOJISIET PETUCTPUPOBATH
IUISL ONITHYECKU YyBCTBHTENIFHBIX MOJIETIel Bce MHTEP(EPECHIIMOHHBIC KAPTHHBI, KOTOPBIE MOTYT OBITH
MOJYyYeHBl B KJIACCHYECKOW (DOTOYNPYrOCTH, UYTO SBISCTCS OrPOMHBIM HPEHMYIIECTBOM IO
CPaBHEHHI0O C  MOJSPU3AUOHHO-ONTUYCCKMMH  METOJAaMH  HWCCIIEOBaHUS  HANpPsHKEHHO-
neOpMUPOBAHHOTO  COCTOSIHUSL  (ha3oBbIX  00bekToB. Ilo  cpaBHEHHMIO ¢  KJIACCHUECKOIl
uHTephepoMeTprueil ronorpaduUecKuii METOJ PErucTpanud HH(GOPMAIMU TO3BOJISIET YMEHBIINTDH
TpeOOBaHUS K KayecTBY ONTHYECKHUX JeTalieil, paboTaTh C peallbHBIMH OOBEKTaMH M OOBEAUHUTH
cXeMy TOJNspUCKona W UHTepdepoMeTpa OTHOCHTENBHO TNPUMEHEHHS B  KIIACCHYECKHX
MOJSAPHU3AIOHHO-ONTHYECKUX MeTonax. B maHHBIX paboTax W B IOCIEACTBHM B OCHOBHOM
paccMaTpUBAIIMCH JIBYXJTy4EBbIE ONTHYECKHE CXEMBI, KOTOPBIE HE TIO3BOJISIOT IOIYYUTh HEOOX0IMMOe
KOJIMYECTBO HHTEpQeporpaMMm Ui pa3ieibHOTO ONpeleeHHUs] BEIMYUH TIAaBHBIX HAMpPSKCHUH B
UCCIEIYeMbIX IUIOCKOHANPSHKEHHBIX (Da30BBIX Monensix. /o pemieHuss JaHHOW —TPOOIEMBI
NpeIoKeHa TpexiydeBas omnThdeckas cxema. OJHAKO TNPUMEHEHHWE JAaHHOW CXeMbl Tpedyer
OTIPEIENIEHHOTO PACIIONOKEHHUS ONIOPHBIX U MPEAMETHOTO ITyYKOB OTHOCHTENBHO JAPYT IpyTa.

2. PaccMoTpuM @Ipolecc 3aliCH M BOCCTAHOBJIEHMS TOJIOTPAMM JBYJIYYEHPEIOMIISIOMHNX (ha30BBIX
MOJIENEN B TPEXIIYUEBON ONTHYECKOHM CXEME C JTMHEHHON moJIsIpH3allied B MMyYKaX, MpeaCcTaBICHHON

Ha pUCYHKe 1.

M. PQ‘_\i

\,\.
, ¢ Pa —
ORT_ et g e——
" % oo T
l = e
- -
M pa"x/

Puc. 1 — TpexiyueBas ronorpadudeckas cxema.
OKT — nazep, C — cBeTopenuTeNbHas iacTHHKa, M — 3epkaio, P — momspuzarop, Q — dazoas
mwiactuhka, K — kommumarop, D — auddyzop, O — uccieayemas paszopast MOIEIb

IIpy pacuérax mpumeMm, YTO HAIPaBIEHUS BEKTOPOB JJIEKTPUUYECKON HANPSKEHHOCTH B ONOPHBIX
IMy4YKax PacIoyIO’KEHBI M0 HAIIPABIICHUIO X, ) OCEHl, BRIOPAaHHOW JeKapTOBOW CHCTEMBI KOOpAWHAT. B
9TOM Ciydae BBIpaXKEHHs JUis BEKTOpoB JIxoHca [4] OMOpHBIX IYyYKOB MOXKHO NPEICTaBUTH B
CIIEIYIOLLEM BUJIE!

Bekrop [xoHca aJisg mepBOro oropHOro Mmyvka:

E, = Alexp(—ingﬁ) [é] . (1)

BekTop [IxoHca aig BTOPOro OMOPHOTro MyYKa:
189



E, = Azexp(—ing?z) [2] : 2

Bektop /[IxoHca 1y TpeAMETHON IUIOCKOIOJSPU30BAHHOM CBETOBOW BOJIHBI, MAJAalOUIEd Ha
UCCIICyeMYIO TUIOCKYIO (Da30BYIO MOJICIb, TIPEACTaBUM B OOIIIEM BUJIC:

P

E,= Amexp(—inarm [

cos ﬁm] 3)

sind

rje 9 — yroj HakJIOHa TUIOCKOCTHU TIOJISIPU3AIAY PEIMETHOM BOJHBI OTHOCUTEIIEHO OCH X.

B mammeix Bepaxenmax: 4, (j = 1, 2, m) — aMIUTHTY 151 ANIEKTPUIECKON HAIMPSXKCHHOCTH BOJH B
Tiedax TPEXIy4eBOod rojorpaduIecKoil CXeMsl; k 2”/ 2 (A — nmHa BOMHBI nasepa) — BOJIHOBOM
BEKTODP YKa3bIBAIOIMI HAIPABICHHE PACIPOCTPAHEHHUs OMOPHBIX U MPEIMETHON BOIH; 7] — JUIMHBI
TIeY TPEXITYIeBOH TONOrpauuIecKoil CXeMBbI, 110 HAPABJICHHUIO COBIIAIAIOINNE C COOTBETCTBYIOITHMMHE
pacrpoCTpaHEHUSIMH OTIOPHBIX W TIPEJAMETHON BOJH, N — TIOKAa3aTellb MPETOMICHHS OKPY)Karomien
Cpenpl.

AMIUIMTY/IHOE TPOMYyCKaHHE ABYX3KCIIO3ULMOHHOM TrosiorpaMMbl (HEHarpy>KeHHas + Harpy)KeHHas
MOJIeNh), UcTIoNb3ys ypaBHeHUs (1) (2) u (3), 3anumiem B cleAyoneM BHIE!

) ——2 s S —s
T =2(t; + t)|E| + (t1 +t2) |E31| +t,E{EQ + t,E{ Egy +
EFEY 4 t FEFES 4 t . EOE- 4 t EStEe 4 £ EO E. 4 t ESTE.
+t ES B + tEJEf + 6 B Ey + B By + 6 ERTEy + 6 ESTES 4)

—_ e
rae E;f — KOMIUIEKCHO CONPSKEHHBIN, TPaHCIIOHUPOBaHHbIN BekTop Jlkonca Ep; t1, t, — Bpems nepsoit

—_—

¥ BTOPOIl DKCHO3MIMHU COOTBETCTBeHHO; EY, Ef, — Bekropa JDKOHCA Uil HEHArPYKEHHOTO |
Harpy>kKeHHOTO COCTOSIHUHM HCCIeyeMoi (pa3oBoiil MOJETH COOTBETCTBEHHO.

[Ipm »TOM TPHHATO, YTO AMIUIUTYABI OMOPHBIX BONH paBHBl A1 = Az, DTO HEoOXoaWMo it

OJJNMHAKOBBIX yCHOBI/Iﬁ 3allMCHU TOJIOTpaMMBI € IBYMs OIIOPHBIMU ITyUYKaMH, TaK KaK BpEMs SKCIIO3UITNN
IJid 3aludcy roJjiorpaMMm B OCHOBHOM OINPEACIACTCA HMHTCHCHBHOCTBLIO OHOpHOI\/'I BOJHEI. Taxke

2
P
E‘g‘l, , TO €CTh HC YUYUTbIBACM HN3MCHCHUC MHTCHCHUBHOCTHU HpeHMeTHOﬁ
BOJIBI IIPH MMPOXOXKXACHUUN YCPE3 HAIPYKCHHYIKO UM HE3arpy>XCHHYIO MOJCJIb. I[aHHOG MOPCATIOJIOKCHUC
BBITIOJIHACTCA NPAKTUYCCKHU JJI1 BCEX OKCIICPUMCHTAJIbHBIX HCCHeI[OBaHHﬁ.

—_
NPUHSTO YCIOBHE: |E??1|

3. PaccmoTpuM miporiecc BOCCTaHOBIIEHHSI H300paKEHHI C 3aIIMCAHHOW TOJIOTPaMMBI TI0 TPEXITy4eBOH
cxeMme, MPUYeM Ha CTaJiuH BOCCTAHOBJICHHS OyZEeM HCIIOJIb30BATh TOJBKO OAMH M3 OMOPHBIX ITyYKOB.
IIpu BOCCTAHOBJIEHMM NIEPBBIM OIOPHBIM IIYYKOM KOMIUIEKCHAsI aMILIUTYJIa CBETOBOM BOJIHBI IIOCIIE
MIPOXO0XKIEHUS TOJIOTpaMMEI (4) OyJIeT UMeTh BUJ:

E; =TE, = (2(t1 +t,)|Ex| + (2 + t2) [ES| )51 + (6.EF B + 0B By ) By +
+ (LEFED + 6B By ) By + (ESTEy + t2Ei By ) By + (LEQTE, + 6,5 B3 ) By . (5)
CornacHo BeipakeHuro (5) 3a romorpamMmoii OyayT pacHpOCTpaHSAThCS ISTh BOJHOBBIX (DPOHTOB.
IlepBoe crmaraeMoe B CKOOKax MpeicCTaBiasieT He AU(ParupoBaHHYI BOJHY W HE COACPIKHUT
urdopmaru o0 Mozenu. OcTaibHbIe CllaraeMble MPEACTABISIOT A(ParupoBaHHbIC BOJIHBI, KOTOPbIC

cozepkat MHpOpMaIMoo 0 Mozenu. Bropoe ciaraemoe, ucnons3ys Beipaxkenus (1), (3) u (5), mocne
npeoOpa30BaHNil MOXKHO 3aIMCaTh B CIEAYIONIEM BHUJIE:

EM = Kexp(—ink_l)?l) [g] : (6)

rae K — ammuryna audparapoBaHHON BONIHBL, F — ommceiBaeT oOpa3oBaHue MHTEPPEPEHIIMOHHON
KapTHHBI B IEPBOM MHUMOM H300paKEHHH.
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OTa BOJHA pACHpOCTpaHSAETCS B TOM JKE€ HANpPaBICHHWH, YTO W TPEAMETHAas, 00pa3zyss MHUMOE
n300pakeHHE.
Tpetbe ciiaraemMoe 1acT BOJIHY C KOMIDICKCHOW aMILTUTYIOM:

Bf, = Kexp (—in(la 75 - 157))[ 7], 7)

rac G — onmceIBaeT 06p2130BaHI/IG I/IHTep(bepeHHI/IOHHOI/I KapTI/IHI)I BO BTOpOM MHHUMOM I/1306pa)KCHI/II/I
HaHHaﬂ BOJIHA pacCOpoOCTPaHACTCA B HaIllpaBJICHUU (kl m — kg?“g) U ABJSIETCA BTOPBIM MHHMBIM

M300paKCHHUEM.
UYerBepToe ciiaraeMoe IacT BOJHY ¢ KOMIUICKCHOW aMILTUTYIOM:

E_;%l) = Kexp(inmﬁ) [F{;] , (8)

ra¢ HHACKC *— 0003HaYaET KOMILIEKCHOE COIIPS’KCHUC.

JlaHHast BOJIHA 0OpasyeT MepBoe AEHCTBUTENBLHOE N300paKEHHE B HANIPABICHUH 2K, 77 .
IIsaToe cnaraemoe JacT BOJHY C KOMILJIEKCHOM aMILIUTYI0M:

By = Kexp (in(ki7i +%:73))[§)], ©

JlaHHasi BOJIHA PacHpOCTpaHseTCs B HAIPaBICHUU (k_1)ﬁ+ ETZ), o0pasyst BTopoe IeiiCTBUTENBHOE
n300pakeHue.

Ananms BeipakeHuit (6) — (9) mokaspiBaeT, 4To Au(parnpoBaHHBIC BOIHBI MOTYT HAKIIAABIBATECS IPYT
Ha Jpyra, 4TO MPUBENET K NCKAKEHHIO HCCIIeyeMbIX HHTEP(PEePEHIIMOHHBIX KapTHH (POTOYIPYTOCTH,
U, CIIEAOBATEIbHO, 3aTPYOHUT mpouecc pacmuppoBku. IlosToMy Ha ONTHUECKYIO CXeMy € OBYMS
OTIOPHBIMH U MPEIMETHBIM IyYKaMHM, PACIIOIOKEHHBIMU B OAHOM IUIOCKOCTH, TPeOYyeTCs HaJOXKHUTh
OTIpE/IeIICHHBIEC YCIIOBHSI.

[lycte uccnenyemas ga3oBas MOJETb MMEET MPOCTPAHCTBEHHBIE YACTOTHI OT —Emax 10 +Emax, U OT
—Nmax A0 +Nmax B INPOCTPAHCTBE X, ) BOCCTAHOBICHHBIX H300paxkeHHH. B 3TOoM cnywae, npu
BOCCTAaHOBJICHUH OJIHUM OTIOPHBIM MYYKOM, MPOCTPAHCTBEHHBIN CIIEKTP M300paKeHUH, MOTyYeHHBIH
MO0 TPEXJIy4eBOH CXeMe C ONOPHBIMH ITyYKaMH, pPACIOJIOKEHHBIMH B OJHOH IUIOCKOCTH C
NPEeOMETHBIM, OyIeT COCTOSTh W3  CYNEPIO3WLMH  I[POCTPAHCTBEHHBIX  CIEKTPOB  IIATH
nudparupoBanHbix BoJH (6) — (9). Ha pucynke 2 npectaBiieH TEOPETHIECKHIA pacuéT (Ha OCHOBAHUH
pabotel [5]) TPOCTPAHCTBEHHOTO CIEKTPa BOCCTAHOBICHHBIX WM300paKEHMA C TOJOTPAMMBI,
3alIMCaHHON 110 TPEXJIYYEBOM ONTHYECKON CXeMe, C YCIOBUEM MHUHUMAIBHOIO YIJIOBOTO pa3/ieiCHUs
IudparupoBaHHBIX BOJIH. [110CKOCTBIO pacioyioKeHHs IyYKOB IPUHSTA IIOCKOCTS X, S.

|
i / |
| e 3\max | 3%max firmea

|
|
51 max ‘ symax |
\
Pucynok 2 — IIpocTpaHCTBEHHBIH CIIEKTP BOCCTAHOBJICHHBIX N300pakeHUH

W3 aHanm3a mpocTpaHCTBEHHOTO criekTpa (PHCYHOK 2) SICHO BHJHO, YTO JUIsi BBIMOJHEHHS YCIOBHS
pas3zesnieHusl B IPOCTPAHCTBE BOCCTAHABIMBAEMBIX M300payK€HUI JOJKHBI BBIIOIHATHCS CIEAYIOLIHE
COOTHOLILICHHUS:
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E_,l + io = 3§max, " §2 + E_,O > Simax y (10)

rae & U & — MPOCTPAaHCTBEHHBIE YACTOTHI OMOPHBIX MYYKOB; o — LEHTpadbHas MPOCTPAHCTBEHHAS
yacToTa cnekrpa daszoBoit momenu; & = sin 6/A (j = 0,1,2; 6; — yron oOpa3oBaHHbBI ONOPHBIMH H
[PEMETHBIM MyYKaMH OTHOCHTEIBHO OCH X).

BrIToNHEHEe JaHHBIX YCJIOBHHA IMO3BOJSECT W30EKaTh HAIOXKEHUS HHTEp(EPEHIIMOHHBIX KapTUH
BOCCTaHOBJICHHBIX C TOJIOTPaMMBbI, 3alMCAHHOIN MO TPEXIy4eBOW cXeMe, YTO MO3BOJUT MPaBHILHO
pacuidpoBath HHTEpdEPOrpaMMBbI TS OTPEACICHUS] HAMPSHKEHHO-TE(POPMUPOBAHHOTO COCTOSHHUS
IJIOCKUX (Pa30BBIX MOMETICH.

Pabora BeImoNHEHa nipu nojepskke Poccuiickoro HayuHoro ¢onna — mpoekt No21-1100346.
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O BJIMAHMM YNIPYToii NJIEHKU HA 3aTyXaHHe BOJH Ha TOPU30HTAJbLHON MOBEPXHOCTH pa3esia
BSI3KOM U ABMKYLIElicSl HA/l HeH uaeajibHOM KUAKOCTeH

Ouupos A.A., besionosxkko /1.®.

Teopernuecku uccaeOBaHbl 3aKOHOMEPHOCTH BOJIHOBOTO IBM)KEHHSI HAa TOPU30HTAIBHON TMOBEPXHOCTH pasfiena BA3KOW U
WUIEANBbHON JKUAKOCTEHN, pPa3srpaHMYEHHBIX MIIEHKOW MOBEPXHOCTHO-AKTUBHOTO BELIECTBA. Y CTAHOBJIEHA B3aUMOCBA3b MEXKIY
JEKPEMEHTOM 3aTyXaHHs KalWUIAPHO-TPaBUTALMOHHBIX BOJIH M XapaKTepoM IepepaclpeseNeHuss KOHLEHTpaluu
MIOBEPXHOCTHO-aKTHUBHOI'O0 BEILIECTBA B 3aBUCHMOCTH OT YNPYTOCTU IUIEHKH M CKOPOCTU OTHOCUTEIBHOIO IIE€PEMEIICHHUS
KHUJIKOCTCH.

1. Beenenue. IloBepxHocTHO-akTHBHEIC BemecTBa (IIAB) moBONBHO CI0KHBEIM 00pa3oM BIIASIOT Ha
BOJIHOBOE JIBIDKEHUE, KaK Ha CBOOOJIHOW MOBEPXHOCTH HUJIKOCTH, TaK U Ha TpaHUIIC pa3jena ABYX
xuakux cpen [1-8]. Henasao Obu1a oOHapysKeHa JFOOOTBITHAS B3aUMOCBS3b MEXKIY JEeMII(PHUPYIOIIHM
BnusHueM [IAB Ha KanwUIspHO-TPaBUTALMOHHBIE BOJHBI W XAapakTEpOM  pacIpeneieHus
nmoBepxHocTHOH TtwiotHOCTH ITAB [9]. B Hacrosmieli paboTe 3Ta B3aWMOCBSA3b HCCIEAYETCSA IS
mwenku [TAB pacnpeneneHHoi Mo MOBEpXHOCTH pasjiena ABYX Cpell, yYaCTBYIOIINX B OTHOCUTEIIEHOM
JBIKCHUU.

2. MaremaTuyeckasi ¢GopMyJaupoBKa 3agavyd. PaccMoTpuM cuCTeMy W3 JIBYX HECKHMAEMBIX
JKUJKOCTEN: HUKHEM — BSI3KOM € IUIOTHOCTBIO P M KMHEMAaTUYECKOW BSI3KOCTBIO V , U BEPXHEU —
WIealbHOW, C IUIOTHOCTBIO p'<p. bylmeM HCHOIb30BaTh AEKAPTOBY MPSIMOYTONBHYIO CHUCTEMY

koopauHat OXyz c ocbto Oz, HanpaBIEeHHON BEPTHKAJILHO BBEPX HNPOTUB HAIIPABIICHHUS IOJIS CHIIBI

TSDKECTH é, n miaockocteio OXy, 3ajaromiedl IMOJIOKEHHWE IMOBEPXHOCTH pas3fena >KUIAKOCTeH B
PaBHOBECHOM COCTOSTHHHU. I1ycTh MO MOBEPXHOCTH paszelia cpel pacipeseiieHa ciado pacTBOpUMAst
wiénka ITAB ¢ paBHOBeCHOW MOBEPXHOCTHOH KoOHIEHTpauuei I'j, yMeHblnaromas koddduiueHt
MOBEPXHOCTHOIO HATSKEHUS 10 3HaueHHs Y, . [Ipumem, 4TO B MOJOKUTENBHOM HANpaBICHUH OCH
OXx pacnpocrpansiercs Oeryiasi IeprHoIUuecKasi BOJHA C BOJHOBBIM 4YHCIOM K, amruiutymoi ( u
KPYTOBOHl 4acTOTOH , BBI3bIBAIOLIAs M3MEHEHUs NMOBEPXHOCTHOW KoHueHTpauun ['=I,+I,, rae
Flzfl(x,t). ByneM cuutaTh, 4TO MOBEPXHOCTh >KUAKOCTH M cama mii€Hka IIAB Bcé Bpems

HaXOJSTCS B COCTOSHUH JIOKAJFHOI'O TEPMOJMHAMHYECKOTO PABHOBECHS: JIOKAJIbHBbIE M3MEHeHHs [
MTHOBEHHO CKa3bIBAIOTCS HA JIOKAIBHBIX 3HAYCHUSX KOI(Q(UIMEHTa MOBEPXHOCTHOTO HATSIKCHHUS
Y=Yo+7Y1 =Y +xI; [2]. B npubnmxennn BoiH Manoil aMIIMTyAbl, ynpyrue cBoiictsa miénku [1AB

ONpEJIeNAOTCS TaHTeHCOM yria Hakimona x =(dy/dl), (w1 ITAB 5ta BenMuMHAa MeHbIIE HyIs)

KacaTelbHOH K H30TepMe yzy(F) B touke ['=I; [2,10]. HM3menenune xoddduimenta

[TOBEPXHOCTHOI'O HATSDKEHUS BAOJb BO3MYIIEHHOM IOBEPXHOCTH BBI3BIBAET pacCIHpeleIICHUE
MOBEPXHOCTHBIX  TAHTEHIMAJIBHBIX  YINPYTHUX CHJ, TIOCPEICTBOM KOTOphIX IuleHKa [IAB
B3aUMOJIEUCTBYET C KUAKOCTBIO. [IyCTh BEpXHSS )KMIKOCTh IIOCTYNATENBHO JIBUKETCS OTHOCUTEIIBHO
HIDKHEN B HampaBieHud ocd OX ¢ MOCTOsSHHOM ckopocThio U, . B nuHEHOM 10 aMIUIUTY e BOJIHBI

OpUONMKEHUH PAacCMOTPUM  33Jady pacyeTa BIMSHHUA OTHOCHTEIBHOTO JBWXEHHS Cpel Ha
nmoBepxHocTHOe pacmpenaenenne [IAB u Ha 3aryxaHue KanmwUIIpHO-TPaBUTALIMOHHBIX BOJH B
3aBHCHMOCTH OT yNPYTUX cBOMCTB mieHkH [TAB.

MaremaTrueckas GopMynupoBKa 3aaaun umeet Bup [9, 11]:

z>0: Ap'=0; z<0: 6tU:—£Vp+vAU; vV.-U=0.
p 1
z=0: 0=V, 0,§+U,0,E=0,0'
~(p=p)+p'00+p U0, +P—2pV 9,V=—-Y, 0,&;
—pv(0,u+0,v)+y 0, =0; oI, +T,0u=0;
Z—>—00: u—0; v—0 Z—>00: Vo'—0.

3nech E,,EE,,(X,'[) XapakTepu3yeT OTKIIOHEHHE TPaHWIlBl pa3zlesia XKHIKOCTEH OT pPaBHOBECHOTO
nosnoxenus z=0; VEV(X,Z,'[) u u EU(X,Z,'[) — BEpPTUKaJIbHAsg U TOPU3OHTAIbLHASL KOMIIOHEHTHI
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CKOpOCTH HIKHEH >xuaxoctu U=ue, +Ve,; ¢ E(p'(x,z,t) — TMOTEHLMal TEYEHHUS, KOTOPOE
WHULUMUPYETCA B BEPXHEH >KUIKOCTH BOJHOBBIM BO3MYILCHHUEM TPaHUIIBI pa3/ieia U HAKIIaIbIBaCTCs
Ha €€ OJHOPOIHBIA T'OPU3OHTANBHBIA IEPEHOC CO CKOpoCThIO U ; pzp(x,z,t) — JMHaMHYECKast

no0aBKa K THAPOCTATUYECKOMY IAaBJICHHI0O B HIDKHEH XUAKOCTH. i TpocTOTHl Bce (DYyHKITHH
CUHTAJVCh HE3aBHUCAIINM OT BTOPOI TOPU30HTAIFHON KOOPAWHATHL Y .

3. Pemenue 3agauu. PemieHue 3agaund HaXOOUTCS CTaHAAaPTHBIMHU MCTOJAaMH U NPCACTABIACT coboit
CyIEepro3uuIo GCFyH.II/IX BOJIH C pa3JIMYHBIMH BOJTHOBBIMHU YU CJIaAMHU k:

g:%exp(e)m.c.; r:%ikrOAJrB exp(0)+C.C.; (3.1)

u=% Aexp(kz)+Bexp(qz) |exp(8)+CC.;

v=%i Aexp(kz)+%kexp(qz) exp(6)+CC.; @'zg[iuo—Ejexp(—kz)exp(e)JrC.C.;

2
q=+k*+S/v; 6=St—ikx;
_ q pvkS ] _ ikgS(KIT—2pvS)
k-q KII-(k+q)pvS)’ (k—q)(kIT-(k+q)pvS)

CumBoiom C.C. 0003HaueHBI KOMIUIEKCHO COTPSDKEHHBIE claraemble. KomruiekcHass dacTtoTa
BOJIHOBOTO JIBIKEHHS S OIpeessieTcs U3 JUCIIePCHOHHOTO YPaBHEHHUS:

KT} . p'(KTT+S%p) gkp'(K’IT-S*p
(S+2kzv)2+mg+STpo+(S_lkU0)2 ( SZpZ )+ (Szp2 ): (3 2)
2 2 k?IIo' kg —(S—iku 2 .
ol oy (1, ) KLU | o iga iy, (p0)
p g S*p?

IMapamerp II=I'jy wnMeeT pa3sMEpPHOCTh IOBEPXHOCTHOIO HATKECHHA. Monyib |H| MIPUHSTO
Ha3bpIBaTh AMJIATAIMOHHBIM MoxyiieMm ynpyroctu mieHku [TAB [10]. B orcyrctBuu I[IAB Bennunna
napamerpa |H| paBHa HyJIIO, a IIPU yBelIWYeHUH [, BO3pacTaeT 10 3HAUYEHMI MOpsAKa |H| ~Yos

JIOCTUTaEMBIX ITPH HanOoJjiee BBICOKMX M3 yKa3aHHBIX dKCIIEPUMEHTATOpaMu 3HaueHusx [, (cm. [11] u
HUTUPYEMYIO TaM JuTeparypy). PerymupoBka 3nauenuit I'j, dakTuyecku, CBOAUTCA K M3MEHEHHIO

BEJIMYMHEI |H| .

4. Anaau3 pemieHusi. VM3BecTHO, YTO €C/IM HA TOPU3OHTAILHYIO TIOBEPXHOCTH KHIKOCTH HaHECEHA
MIEHKa MOBEPXHOCTHO-aKTHBHOTO BerecTBa (IIAB), To yBenuumBas paBHOBECHYIO KOHIICHTPAITHIO
ITAB, MOXHO JOCTHTHYTh 3HAYEHHWS YIPYTOCTH IUIEHKH, MPH KOTOPOM 3(PQEKT raiieHus 3TOu
MIEHKON KaNMIISIPHO-TPABUTAIIMOHHBIX BOJIH CTAHOBUTCSA HambOoyiee 3HAYMTENBbHBIM. [Ipu 3TOM
MakCUMyMbl KOHIeHTpaiu IIAB © TOJ0XeHHs BOJHOBBIX TpPEOHEH YEPEeayIOTCS CTpPOTro
oTIpeieNIeHHBIM 00pa30M: Ha KaXKIOM IMPOCTPAHCTBEHHOM IIEPHOJIe MaKCUMyM KoHIeHTpammu [TAB
pacroyiaraetcsi B IEHTpe TMepeanero (1o HANpaBICHHIO PACTIpOCTpaHeHus) ckiaoHa BosHbl [9]. Tlpu
ananuse pemrenus (3.1), (3.2) oOHapPYKUIIOCh, YTO ONMUCAHHBINA PPEKT TOCTATOUHO YYBCTBUTEIICH K
JIBIDKCHUIO CPEbl, PacIiojararwmeics B 00J1acTi Ha/Il MOKPHITON TUIEHKOHM [IAB XHIKOCTEIO.

Brimu paccMOTpeHBI 3aBUCUMOCTH JEHCTBUTENBHON U MHUMOW YacTel KOMIUIEKCHON YaCTOTHI
ot ynpyroctu 1uieHkd [IAB npu pa3nuyHbIX 3HaYEHHUSX TOPU30HTAIBHOW CKOPOCTH BEPXHEH Cpebl.
IIpu 3TOM UIA KOMIIJIEKCHOW YacTOTHI HCIIONB30BAJICS KOPEHb IUCIEPCHOHHOTO ypaBHeHHs (3.2),
OTBEYAIONINI KaNWUIAPHO-TPAaBUTALIMOHHBIM BoJHaM. lccrnenoBanoch MOBeACHUE JIEKPEMEHTA
3aTyXaHWs KallWUIIPHO-TPABUTAIIMOHHBIX BOJH B 3aBUCHMOCTH OT CKOpPOCTH BepxHeHd cpenbl U, .

CkopocTh BepxXHEH cpeasl BapbUpOBajach B JAHMANa30HE OT HYJNA 10 3HAYEHHWH, BBIIIE KOTOPBIX
peanu3yercs peKUM HEYCTOHYMBOCTH TaHTEHIIMAILHOTO pa3pbiBa moJjst ckopocte [12]. Kpome Toro,
ObLIH OAPOOHO MPOAHATM3UPOBAHBI 3HAYEHUS Pa3HOCTH da3 Mexdy BenuunHaMu [, uw & B

3aBUCUMOCTH OT MoAyls ynpyroctd IuéHku ITAB npu pasnuusbeix 3HaueHusx ckopoctu U, .
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BeisicHunocs, 4TO MpuU 3HAYEHUAX YOPYroctd IieHKu ITAB, cOOTBETCTBYIONIMX MaKCHUMalbHOMH
3 (EeKTUBHOCTH TalleHHs KalWUIIPHO-TPABUTALMOHHBIX BOJIH, AaHAIM3UpyeMas pa3HOCTh a3
MPUMEPHO paBHAa YETBEPTH IEpHUOJa BOJIHOBOTO JABM)KEHUSA. ODTO COOTBETCTBYET IIOJIOKEHHIO
MaKcHMyMa IoBepXHOCTHOU KoHIeHTpauu [TAB Ha cepeanHe nepeHero CKJI0OHa BOJIHBI, €CIIM BOJIHA
Oerymas, U Ha CpeJHEM YPOBHE IO 00€ CTOPOHBI OT IIyYHOCTH, €CIM BOJIHA cTos4as. PacueTsl
[OKa3ajiy, 4TO HPU YBEIMYEHUH TI'OPU30HTAIBHOM CKOPOCTH BEpXHEH >XKuAKocTh (Oe3 BbIXoJga Ha
3ampefenbHble B CMBICIE Hadana HEYCTOMYMBOCTH TaHTCHUIUAIBHOTO pa3pbiBa 3HaueHHs) SPQPeKT
MaKCHMaJIbHOTO TallleHUs KalWUIIPHO-TPAaBUTALIMOHHBIX BOJIH 3aJlaHHOM JJIMHBI JTOCTHrAaeTCad IpU
ropas/o MEHBIIUX 3HAYEHUSX ynpyroctu MiéHku ITAB, yeM B ciyyae OTCYTCTBUS BEpXHEU Cpenpbl.
3HaueHue EKpEeMEeHTa 3aTyXaHHsl OKa3bIBa€TCS B TaKUX YCIOBMSX HECKOJBKO MEHBIIE, 3 MAKCUMYyM
koHueHTpaiu [IAB, cHOoBa pacmonaraeTcst Ha CpeHEM YpPOBHE NEPETHEr0 CKJIOHA BOJHBI, UYTO B
71a00paTOPHBIX HCCIEJOBAHUAX MOXKET CIY)KUThb MHIMKATOPOM IOCTIDKEHHS MAaKCUMalbHOM — Ui
3aganHoro tuna [IAB — s eKkTHBHOCTH B MOIABIEHUH BOTHOBOTO JBMKEHHS.
5. 3akuaiouenue. Kak mnpu Hammuum BeTpa, Tak W 0e3 HEro, MO IMOJOXEHHUIO MaKCUMyMa
koHeHTpain [IAB moxHO cymute 00 3ddektnBHOCTH wucmonb3oBaHus TuieHKH [IAB, mis
neMnupoBaHUs KalWUIIPHO-TPAaBUTALMOHHBIX BOJH. Ecnn wmakcumyMm konunentpauun IIAB
HaxXoauTcCs BOJIM3H BCpHIMHBI BOJIHBI, TO 3(1)(1)CKT rameHusds MOXHO YCWIWTb, YBCIMYHBAsd
MMOBEPXHOCTHYIO KoHIEeHTpanuto [IAB. Eciin MakcuMyM KOHIIGHTpaIMKl HAXOIUTCS BOJH3H CPEIHETO
YPOBHSI BOJTHOBOTO HCKaKEHHS, TO MaKCHMAIIbHBIM 3 ¢eKT ramenus misd qaHaoro tuma [TAB yxe
JOCTUTHYT W YCHWJIHTh €r0 MOXKHO, TOJNIbKO eciu 3ameHuTh camo IIAB. Ecimu xe makcumym
koHueHTpanuu [IAB pacniomaraercst Onmxke K BIaJuHE BOJHBI, TO IS ycuieHus 3pdekra rameHus
BOJIH HEOOXOJTMMO YMEHBIIIUTH MMOBEPXHOCTHYIO KoHIeHTparuio [IAB. B npucyrcTBuu BeTpa MOIyb
ynpyroctu TuieHKH [IAB, oOecneuuBaromuii MakcUMaibHOE AEMII(UPOBaHUE KaMIUIIPHO-
T'paBUTAlITMOHHBIX BOJIH, OKa3bIBACTCA B HCECKOJIBKO pa3 MCHLIIC BEJINYUHBI, HCO6XOI[HMOI7[ JIIsL
JOCTIDKCHHSI Takoro e 3(QQeKTa B OTCYTCTBUM OTHOCUTEIBHOIO JABMXXEHUS KOHTAKTHPYIOLIMX
xuakocTed. O()h(HEeKTUBHOCTD TallIeHUs] IPH 3TOM TOKE YMEHBIIAETCSI, HO HE CIIUIIKOM CUIIBHO.
Pa6ora Beimonnena B MIIMex PAH mo rocymapctBeHHOMY 3amanuio (Ne rocpeructpanuu
AAAA-A20-120011690131-7).
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O BOJIHOBOM JIBH)K€HHUH HA IMMOBEPXHOCTH BSI3KOM CTpaTI/I(l)I/llII/IPOBaHHOﬁ AKHUJAKOCTH

OuyuposB A.A., Yameukun 0.1,

PaccmoTpena 3amadya 0 paclpoCTpaHEHMH TPAaBUTAIMOHHBIX BOJH BJONb IIOBEPXHOCTU MOTYOSCKOHEUHOH BSI3KOM
cTpaTudGUIMpPOBaHHON *kuIKOCTH. OOHApYKEHbI BOJHOBBIC U CBA3aHHBIC HEBOJIHOBBIE KOMIIOHEHTHI TeueHHs. VccieoBaHbl
JHUCTIEPCHOHHBIE COOTHOILIEHUS 0OHAPYKEHHBIX THIIOB JABIKCHUSL.

1. BBenenue. Panee 00cykaanmuch BONPOCH TOCTPOSHHS pEIICHHs 33Ja4d O PacHpOCTpaHEHHU
KalMUISIPHBIX BOJH U COIYTCTBYIOLIMX KOMIIOHEHTOB B BS3KO# xuakocTH [1]. OmHako B peaibHBIX
YCIIOBUSIX M BHYTPEHHSS DHEPIUsl, W IUIOTHOCTb, OKAa3bIBAIOIINE BIMSHHE HA PA3BUTHE CTPYKTYPHI
KamneJdbHBIX TeueHWH [2], pacmpeneneHbl HepaBHOMEpHO. HEOTHOPOIHOCTh — pacmpenecHuUs
TUIOTHOCTH (cTpatuduKanys) BIUsIET Ha pacnpocTpaHenue BosH [3]. Ctporas MeToauKa MOCTPOCHUS
TOYHOI'O PEIICHUs] JMHEAPU30BAHHON 3alayl W3JIy4CeHUs BHYTPEHHHX BOJH B BA3KOW HENPEPBIBHO
cTpaTu(UIIUPOBAaHHON XUAKOCTH Oblia paszButa B [4]. OmHako panee He oOCyXKAanach 3amada o
pacnpoCTpaHEHUH TPaBUTALMOHHBIX BOJH M COMYTCTBYIOIIMX TOHKHX KOMIIOHEHTOB BJIOJIb
CBOOOMHON TOBEPXHOCTH BA3KOW HEMPEPHIBHO CTpaTU(UIMPOBAaHHON >KuAKocTH. Hacrosmee
HCCIJIEJOBAHNE TIOCBAIIEHO 3TOMY BOIIPOCY.
2. MaremaTuyeckasi (opmyaumpoBka 3anauyu. PaccmarpuBaeTcs TUIOcKas 3ajada O TEUCHUHU
MOJTyOeCKOHEUHONH HEOrpaHWYCHHOW BSI3KOW JIMHEWHO CTpaTH(UIMPOBaHHON KHAKOCTH. CTaBHUTCS
3a/a4a IO OIPENEICHUIO BOJHOBBIX W HEBOJHOBBIX KOMIIOHEHT JABIJKCHHWS, BO3HHMKAIOIIHX B
pe3yabpTaTe pacHpoCTpaHEeHHsl I'PaBUTAIMOHHBIX TOBEPXHOCTHBIX BOJIH. 3ajjadya paccMaTpHUBaeTcCs B
JeKapToBOi cucTteMe KoopauHaT OXz, B koTopod och OX coBmagaeT ¢ HEBO3MYIIEHHON
TIOBEPXHOCTBHIO JKUAKOCTH, a och Oz HampaBiieHa BEpPTHKAIbHO BBEPX NPOTHUB HAMpaBlICHUIY
JeHCcTBY oA cvil TshkecTH ¢ . CucTeMa ypaBHEHMH JBM)KEHUS M TPAHUYHBIE YCIOBUS UMEIOT BHI:
p(u{+(uV)u)=—Vp+vau+pg, pr+u-Vp=0, V-u=0 -
(p_po)ni_oi,knkL:g:O’ V‘“C;L:C:C; -
31ech P — JaBIEHHE B JKUJIKOCTH, P, — aTMoc(hepHOe JapieHue; U=Ue, + Ve, — BEKTOp CKOPOCTH;

o} =pv(0u; /0x, +0u, /OX;) — TeH30p BAKMX HANPsDKeHHi B xkuakoctr; N=(e, —e,l) )/Jl +(7 -
e/IMHMYHAs HOPMaJlb K MOBEPXHOCTH Z={(X,t), V — KMHEMaTH4ecKas BA3KOCTb JKHUIKOCTH, a p —

IIJIOTHOCTB. 3a]Z[aHI/Ie OaBJICHUA B XKUAKOCTU B BUAC CYMMbI aTMOC(l)epHOI“O, THUAPOCTATUYCCKOro "
BOJIHOBOTI'O ,I[aBJ'IeHI/Iﬁ

¢
P=py+9[p(x.&,1)dE+P (2.2)

U BBejieHHE (YHKIMH TOKa \ (KOTOpOE BO3MOXKHO BCJIEIACTBHE JIBYMEPHOCTH TEUCHHS H
HEC)KMMAeMOCTH JKUJIKOCTH), TAaKOH 4To U=\,, V=—y, C HCIOJIb30BaHUEM HPHOIMKCHHS
Byccunecka B TMHEWHOM NMPHUOIMKEHUN CBOJIUT cucTeMy (2.1) K

0

— VA Ay =gr, vy

8t Z XX (2.3)

' _ ' " 1] m [ _ " n _

Wx|2:0 - _CU Yt _VAWZ _2\}\'] we T ng |z:0 =0, V2 _Wxx|2:0 =0

3. Pemenne 3apaun. B ciyuae nuHEHHON crpaTUdHKanvu ¢ MacmTaboM crpatuduranmuun A s
rapMOHHYECKHX Konebanuii (X,z,t)="¥(X,z)exp(—iwt) w1 noBepxHOCTHBIX BolH (> N=g/A)

pemrenue (2.3) umercs B hopme
¥ = (exp(k,z)+PBexp(az))(Aexp(ikx) + Bexp(—ikx)) (3.1)
IMoactasnss (3.1) B (2.3) momyuaeM JUCTIIEPCHOHHbBIE COOTHOIICHUS 11 K, 1 Q'
ik*ver + K2 (ik?v — o) o+ k* (0 - N? - 2ik?ve) =0
ikvo+0° (ig>v — o) o +k? (0? - N? - 2ig*ve) =0 ’

Pemienne KOTOPBIX JACT BbIPAKCHUSA:

(3.2)
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i(,l) 2N]2
k§=k2—5(1— 14 4i YN J

(D3

, (3.3)
i 2N\]2
q2=k2——m£1+ 144i KN ]

2v 3

®
JIns peanmbHBIX SKHIKOCTEH CHpaBeqInBO mpuOmmwkenne v|k|’ /(o <«1. B atoM ciiyuae MOXKHO
yIpocTuTh Beipaxkenns (3.3):

2 2 2

k?=k*(1-N2)

q° =k*(1+ Ng)—%‘” (3.4)

JuHamMuuecKre TpaHuYHbIe YCIOBHs B (2.3) MPUBOIAT K COOTHOLICHHUIO, OTIPECIAIONIEMY BEIHYHHY
B ¥ K AMCTIEPCHOHHOMY YPaBHEHHIO OTHOCUTEIBHO BoJHOBOTO uncia K . C yderom (3.4) momydaem:

CKE+kE o K(2-N2)
R Nfu)—i\(:)1

(3.5)

i[k—mg(l+[3)—m(kz +Bq)]—v(kz (k2 -k*)+Baq(q” —kz)) =0. (3.6)

AHanu3 JUCIIEpCHOHHOrO YypaBHeHHA (3.60) TIOKa3pIBaeT, YTO CYLIECTBYIOT peryjsipHbIe WU
CUHTYJsIpHBIe pemieHus. [Ipu oTGope KOpHEH JAHMCHEPCHOHHBIX COOTHOIIEHUH HEOOXOIMMO

PYKOBOJCTBOBATLCS  CIIEAYIOLIMMU  IPABUJIAMH: Re(kZ ) >0, Re(q)>0, obGecneunBarommmu

3aTyXaHue IBM)KEHUS] HA OECKOHEYHOM yJaJICHUH OT CBOOOIHON MOBEPXHOCTH KUAKOCTH.
4. 3axoyenue. [lonyueHbl AUCTIEpPCHOHHBIE COOTHOIIECHHS, OMCBHIBAIOIINE PETYISPHBIC (BOIHOBEIC)
U CUHTYISpHBIE (HEBOJHOBBIE) KOMIIOHEHTHI JBHMKEHHS, HMEIOIIME CMBICT TOBEPXHOCTHOM
IPAaBUTALMOHHOW  BOJHBI M NPHUCOCAWHEHHOIO  JIMTAaMEHTa B BSA3KOM  HENPEPHIBHO
cTpaTu(UIMPOBaHHON KUAKOCTH. [lonyueHHOe perieHre M03BOISET MOMYIUTh (Pa30Bble U IPYNIIOBBIE
CKOPOCTH OTIIEJIbHBIX COCTAaBJISIONINX, PEaTM3yeMbIX MIPH PACIPOCTPAHEHHH BOJIH BIOJIb CBOOOTHOM
MOBEPXHOCTH PEATbHOM KUIKOCTH.
Pabora BeImonHeHa mpu QuHaHCOBOW moanepikke Poccuiickoro HayuHoro ¢oHzna (mpoekt Ne
19-19-00598).
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Cucrema TPEIIUH MO JieficTBHEM IJIOCKHX YHOpyrux BoJH

ITonoB B.T'.

Pemena 3amaua omperneneHus IBYMEPHOro IW(GPAKIMOHHOTO IOJNS W HANPSHDKEHHOTO COCTOSHMS, BO3ZHHKAIOIIETO IPH
B3aUMOJEUCTBUU YINPYTUX BOJH C CHCTEMOH IPOM3BOJIBHO pACHOJ0XKEHHBIX TpeIluH. TpemuHbl pa3MeIlalTcs B
HEOTpaHWYEHHOH yIpyroil cpexe, HaXoIAIIEHCS B COCTOSIHUHM IUIOCKOH nedopmammu. Merton pemenus Oasupyercss Ha
UCIIONBb30BAHUN PA3PBIBHBIX PEIICHUH ypaBHEHHMH OBWKEHHS YHNPYTUX CpPeld M NPHBEACHUH HCXOIHOW 3aladyu K CHCTEMe
CHHTYJISIDHBIX ~MHTErpo-AuddepeHnnanbHblX  ypaBHeHUH. IlOdydeHHBIE CHCTEMBI pEIIAIOTCS  YHCICHHO, METOJOM
MEXaHHUYECKUX KBaIpaTyp.

Beenenune. I[lpoGrmemy ompeneneHuss AUGPAKIHOHHOTO TIOMS U HANPSDKCHHOTO COCTOSIHUS B
OKPECTHOCTH OJMHOKOH TPEUIMHBI NPU B3aUMOJCHCTBUHM C PACIpPOCTPAHSIONIMMUCS BOJHAMHU Ha
CETOHSLIHMN JeHb MOKHO CYUTATh MOJHOCTBIO perieHHON. CUTyanus 3HAYUTENBHO YCIOKHSACTCS B
cliydae, KOTJa TENO COJCPKHUT CHCTEMY MPOU3BOJIBHO DPACIOJIOKCHHBIX TpeumH. PaboTsl,
COZIEpKAIle PElICHHs MOJOOHBIX 3a1ay, MOSBHINCH CPABHUTEIBHO HEAABHO M B MEPBBIX M3 HUX
PacCMOTPEHBI CiTydaH JIBYX, Yallle BCEro MapauienbhbiX, Tpemun [1] — [7]. 3HaunTenpHOe BHUMAHUE
TaKKe yIEJEHO 3a/ladyaM B3aUMOJECHCTBUS YIIPYTUX BOJH C CUCTEMaMU MEPUOAUYECKUX U PATUAIBHO
pacmonmoxkeHusix TpemiuH [8] — [11]. Pemenune auHaMUYeCKWX 3a1ad 10 OMNPEACICHUIO MOJCH
HepPEeMELICHUIl U HANpPSHKECHUI B TeNaxX C MPOU3BOJIBHBIMH CHCTEMaMH TPELUIMH METOJAOM IPaHHYHBIX
HUHTETPaIbHBIX YpaBHEHHUI oTpaxkeHo B paborax [12] — [14]. CrnemyeT OTMETHTh, YTO HHTETPAIBHBIC
YpaBHCHUA, K KOTOPBIM 3TUM METOJAOM IPUBOAATCA UCXOOHBLIC 3aa4yr, UMCIOT THIICP CHUHIYJISAPHBIC
0COOEHHOCTH, YTO YCIOKHSET UX YHCICHHOE PEIICHHUE.

B nmanHO#l pabore mpemnaraetcs pelIeHHE 3aJavyd ONpeAeieHHs MUPPAKIUOHHOTO MO H
HaIIPsKEHHOI'0 COCTOSAHUA IIPpHU HeﬁCTBI/IH Ha CUCTEMY TPCUIMH IIJIOCKUX MPOAOJBbHBIX BOJH HWJIW BOJH
norepedHoro caura. OCOOCHHOCTBIO MPEIOKEHHOTO METOJA PEIICHHs SBISETCA TO, YTO IS
u30eraHusi THUMEP CHHTYJISAPHBIX MHTETPANOB  IPEIAracTcs pelIdTh CHCTEMY  HHTErpo-
I hepeHInaTbHbIX YPAaBHEHNI OTHOCUTEIBHO PACKPBITHI TPEIIUH U UX IPOU3BOIHBIX. Panee aTum
METOIOM pellanach aHaJOTHYHas 3ajavya B Clydac JACHCTBHSA Ha CHCTEMY Ie()EKTOB BOJIHBI
npoosbHOTO caBura [15].

1. IlocTaHoBKa 3aJa4U U CBeJeHHE €€ K CHCTeMe CHHIYJISIPHBIX MHTerpo-audgepeHunanbHbIX
ypaBHeHMil. PacCMOTpUM H30TPOMHOE HEOTPAHMYECHHOE YIPYroe Te0, HAXOISIIEECs B YCIOBHAX
IUIOCKO# IedopMariim, B KOTOPOM pacmosokenbl N CKBO3HBIX TPEHIMH. DTH TPEUIUHBI B IIOCKOCTH

Oxy (Puc.1) pacrionoxens! Ha otpeskax umusl 2d, ¢ nerrpom B toukax (a,,b,), k=12,...,N.

C TpeUIMHAMHN B33HMOHeﬁCTByIOT MIPOAO0JIbHBIC BOJIHBI WJIX BOJIHBI IIONIEPEYHOTO CABUTA, 3aIaHHBIC
OTCHIHaJIaMH

\ ) %m’ o /«py .

Puc.1 Puc.2

A B . .
(X, y) = ;el(x1 ) Wol(X, y) = K_ez(x1 y), € (X, y)= eXp(IKj (XCOS 0, +ysin 90)), (1)

j=12.
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03_2 2 _A+2n 5,

B dopmymax (1) o6o3HaUeHO: K2 = z C,=—,
i

]

p p
®- 4actoTa Konebanuii, A,W,p - K03hdunuentsl Jlame u mioTHocTh TENA, 0, - Yroa Mexmay
HAmpaBJICHUEM pACHpPOCTpaHEHUss BOJMHBI M Ocbl0 OX. 3aBUCUMOCTH OT BpPEMEHU

OIIpeIeNAeTC MHOKHTENEM € ' | KOTOPBIH OIyCKaeTCs.
ITycts u(X,y),V(X, Y)- nepeMerieHus: BOJIHOBOTO IOJIs, PACCESIHHOTO TpeInHaMu. Toraa oHu

YIOBIETBOPSIIOT ~ TU(depeHINaTbHbIM YPaBHEHUSIM JIBUKCHUSL YIPYTOH cpenbl IpH
rapMOHUYECKUX KOJIeOaHUSIX B YCIOBHSIX INIOCKOH ehopMalvu:

(X+2u)§(%+%j+uAu:—pwzu, (K+2M)%(Z—i+%j+pAV:—poﬂv, 2

rae A - AByMepHBIN oneparop Jlamaca.
OTu ypaBHEHHs ClleyeT pacCMarpuBaTb C TPaHUYHBIMM YCJIOBMSAMM Ha TpeIUHAX, I
(OPMYIIMPOBKH KOTOPBIX C KaXIIOW M3 HUX CBS3BIBACTCS JIOKAIBbHASI CHCTEMa KOOPIUHAT

O x.y, (Puc.l).

k k k k k
Iyets U (%, Y ). V(% Yi): Ty (X Yi) 0y (% Vi) 0% (X, Vi) - mepememenns  u
HAIPSDKCHHs BOIHOBOTO IO B cucreme koopmmHaT OX.Y, a U™ (X, Vi), V™ (X, Yy ),
Ty (X Yi )1 05 (X, Y ) - TICPEMEIUCHMS M HANPSKCHWS, BBI3BAHHBIC NAJAMOIICH BOJHOIL.

Torna IIpu CBO60,I[HI>IX oT HaprI)KCHI/Iﬁ MMOBCPXHOCTAX TPCIINH AOJI’KHBI

oy (%,0) ==y (%,0), T} (%.,0) =—Ty (X,0), —d, <x <d,k=12,.,N. ®)

Taxxe Ha IMOBEPXHOCTU Kaxgomn TPCIINHBI ABJIIFOTCA PA3pPBIBHBIMH TICPEMCILICHUA Uk,Vk,
CKa4KH KOTOPBIX 0003HAYNM:

VE (%, +0) = V¥ (X, =0) = 2 (X )5 U (X%, +0) —U* (%, =0) = o (% )y =0 <X <d,. (4)

[Ipu chopmynupoBaHHBIX YCIOBHUSX CTaBUTCS 3ajada OINPEICIICHUS TEPEeMEIICHU |
HanpsokeHud audpakuuonHoro mons B Tene. C 3TOH 1enbio Uis KaKIOW TpPEUIMHBI B
JokanpHOU cucteme koopamHat O)X Y, CTpouTCS pa3pblBHOE pelleHne ypaBHEHHH (2) co

ckaukamu (4) o ¢popmynam u3 [16]:

ve (Xl’Y| ) = Jl xa (MG (M=%, Y, )dn + Jl Lo (N)Gg (=X, Y,)d,

0 0 ®)
u® (thl): j X (MG =X, Y, )dn+ J Lo (MG, (M—X,y,)dn,

-4 -4

2 2 2 2
Gy :izi{[Kg ""26_2Jr1_28 rzz} G, :izi{z(lclz +26_2]|1_(K§ +28_2] rz},
K, O, OX, OX; K, O, OX, OX,

rIe




2 2 2 2
GAS 1 a |:(K2+2 6 ]rl_Z(K§+a_2Jr2:|’ G44 12 a |: 8_21+[K§+28_2Jr2:|1
K2 oy, ox’ oX; K, OY, oX, oX;

1 +00 e*\&ﬁzfxﬂm iBnx,) | >
(n=x,y,)=—— [ ————e"(1)g :——H‘l)( N z)_
r(n-x.y) Zﬂ_[cz BZ—Xzze B=-gH [Xiy(=x) +y,

CootercTBytome GOpMyJbl Ui HAMPSHKEHUH UMEIOT BUJL:

o (X Y1) =1 j X (MEqs (=%, ¥, )dn +p (13 - 2] j %o (M=%, y,)dn +

-4 -4

d,
+U I L (MEgs(M—X,, Y, )dn,
-d,

g 4 (6)
G;Iy (5. %)= H_[ xa (ME(M =X, y)dn+p '[ % MEy (=X, y,)dn—

-4 -4

d
s [ o (G =, y)dn.

_dl

d, d d
Tjrlx(xl ' y|):HI Yo (MEi(M—x, y|)dn+uf Y (n—X|,y|)dn+w<§ I Yz (MM =X, y,)dn.

_dl _dl _dl

B dopmynax (6) 1ust HANPSHKSHUI, C LETbI0 CHIDKSHHS HOPSIIKa CHHTYJIIPHOCTH HHTETPAIOB TaK XKe,
KaK 1 B [16], BBIIOJIHEHO HHTEIPUPOBAHKE 110 YACTAM C y4eToM Y4, (£d, )=, (£d,)=0

Iycts u® (X,y),v" (X,y)- nepememenns, nonydennsie us (5) nocie nepexoaa K NoGaIbHOM

cucreme koopaunar OXy . Torja nepeMelieHnst paccestHHOro BOJHOBOTO TIOJISt MOKHO MPEICTABHTh
B BUJIE

a(6Y) = 2U% (X, ),V Y) = VP (x,Y) ™

Dopmyiel (7) MO3BOIAT HAXOJUTH EPEMELICHHUS PACCEIHHOTO BOJIHOBOIO TIOJIS IIOCJIE OPEAeIeHNs
HEU3BECTHBIX ckaukoB (4). Ilocie peann3annu rpaHUYHBIX YCIOBUH (3) OTHOCHTEIHHO HUX MOJTy4YeHa
cucrema 2N cHHTYISpHBIX HHTETPO-Tr(HEepeHIMATBHBIX YPaBHEHUIA. JTa CHCTEMA TTOCIIe
BBIJICJICHUSI CHHTYJISIPHOH COCTaBJISIFOILIEH U psifia IpeoOpa30BaHU HMEET BUJI:

Zij (T)[ 2)+R;(T_g)]dwijl%k(r)@gyﬁ|n|r_g|+vlg(r_g)]dr+

+|le|: J; ;,| (T)Fk1|3(’[,g)d‘t+%:|.l(p;k (T)Fk1|4(f.g)dr:|+

+§ zifl(Pal (nU &f(T’Q)dT"' %L(Pu (T)Uils('c’@)df} = f.(9),
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1+, [2(1-¢ 1
zjl%k(r) : (T_g )+Rzk4(r—<;) dT+Z£¢4k(T)[K§Y§ Inft—¢|+Vy(t—¢)dr+

| ®)

N 1 1 , 1 1 '
+|Z=1: ﬂil‘l(pg. (r)FZ (r,g)dr+§£(p4k (1) ka“(r,g)dr}r

1=k

N[ 1 1 1 1
> 2—]%. (T)Uff(r,q)dw—I<p4k(r)Uf.3(r,q)dr}= fale),  k=12..,N.
| 217 2n e

1=k ~

B st0i1 cucteme IIPUHATHI 0003HaAYECHHUS:

.
¢jk(r)=M,j=3,4, ykz(ij—", k=12,..,N, d =max(dy,d,,...d,), ¥, =rk,d,

k

2 —
g2 X  1-2v , v - koapduuuent Ilyaccona ynpyroro rena.

0 2(1-v)

Oynxmmn - Rl Vs, RY, Vyi, Fil Uy, j =3,4 nenpepsisubt mpn —1<¢,t<1, a dynxkuun f, (), T, (<)

OTIPEIEIISIOTCS MOTEHIMANaMU Najatomiei BoaHsI (1).

lke, Ik11|
1

(I

50
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_
h

L
= :—-—5;—;—’

10

wm
>‘
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/
N
w
>
R ~ -
--_.55.—_:“---_
] e
[
n
L
b
‘\
\)
\
\

Puc.3 Puc.4

Jlyis puONIMKEHHOTO PEIICHUs 3TOH CHUCTEMBI HPUHAT METOJ, JETalbHO M3JIOKEHHBIM B [16]. B

pe3yjibpTaTe TOIy4eHBl MpocTblie TNpHOMImKeHUs (QOpMyJIbl Uit pacdeToB KO3 (UIMEHTOB

WHTEHCUBHOCTH HaIpsDKEHUH.
Pe3ysibTaThl Ync/IeHHBIX HccaeoBaHui. B kauecTBe mpumepa paccMOTpeHa cucTeMa U3 5 TPELyH,

pacmtoyoXeHHbIX Kak moka3aHo Ha Puc.2. [Ipu pacuerax mpuHSATHI CIEAYIONINE COOTHOMICHUS MEXIY
reoMeTpuuecKuMH  pasMepamu: v, =Ly, =V, =7, =y, =1/3,r,=r/d=0.1, 0<B<180°,0,=90°.
I'paduxu Ha Puc.3, Puc. 4 noka3eiBatoT 3aBucuMOcTh Oe3pazmepHbix KMH HOpManbHBIX HampsoKeHUH

NEpBOM TPELIMHBI OT O€3pa3MEPHOr0 BOJHOBOIO YAaCTH K, IPHU Pa3jIMYHBIX 3HAYEHMAX yria 3.

Kpusele 1-4 ©Ha Puc.3 coorserctBytor f=45, =60, f=90, f=120, a nHa Puc4
p=5, =30, p=150", f=175". IlyaktupoM wu300paxkeH rpaduK, OTBEUAIOIIUI OIHOU
TpemuHe. YWCIEeHHBI aHanu3 IOKasbiBaeT, 4ro Ha 3HaueHus KWH cunbHO Bimser yrom J3,

00pa30BaHHBIN TpemMHaMU. B3auMHOe BiHSIHHE TpPEIIMH MPOSBISETCS B TOM, YTO HAIWYHE PSIIOM
TPEIIMH MOXET MPHUBECTU K CYIIECTBEHHOMY (B HECKOJIBKO pa3) yBenudeHuto 3HaueHuit KMH B

CPaBHEHMH C €r0 3HAYEHUSAMHU NI OTAEIbHON TPEIIUHBI.
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Onpenensioniee ypapHeHHe CMEIIAHHON 32241 /IJI1 YIPYToii COCTaBHOIi M0JI0CHI,
cojiep:Kaieil BHyTPEHHIOI TPEIIMHY, BBIXOISINYI0O HA THHHUIO pa3jiesia MATepHAJIOB

Caaksn A,B., Capkucsn B.I'., Xaunksn A.C.

PaccmarpuBaeTcst HanpsHKEHHOE COCTOSIHUE KYCOYHO-OJHOPOJHOM YIPYrod MOJOCH, COCTaBICHHOH W3 ABYX pa3HoO-
POIHBIX IOJIOC, B OMHON M3 KOTOPBHIX COJAEPKHTCS TPEIIMHA KOHEYHOW IUIMHBI, MEePHEHANKYIIPHO BEIXOMIIAsl HA JIMHUIO
paznena matepuanoB. IIpenmnonaraercs, 9To cocTaBHasI II0JIOCA CO CTOPOHBI MOJIOCKH], B KOTOPOH HMEETCs TPEIIHHa, KECTKO
3amemieHa, a JApyras CTOpoHa cBoOogHa oT HampspkeHuil. ITomoca medopmmupyercs mon BO3EHCTBHEM HOPMAaIbHOM
Harpy3ku, CHMMETPHYHO INPUIIOKCHHOH K Oeperam TpelIMHBI. BbIBEICHO ONpeensoliee CHHIYISPHOE HHTErpalbHOE
ypaBHeHHE ¢ 060011eHHBIM aapoM Komn (HemoagBIKHAs 0COOCHHOCTB).

MocranoBka 3agaum. IlycTe ympyras KyCOUHO-OJHOpPOAHAS IOJIOCA, COCTOAIIAS U3 JIBYX
PasHOPOAHBIX OECKOHEYHBIX MOJNOC WHMPHHBI N, u N,, comepXuT TpewmHy KOHEYHOH JUIMHBI @,

KOTOPasi HOJHOCTBIO HAXOAUTCSI BO BTOPOU MOJI0CE U MO MPSMBIM
YIJIOM BBIXOAWT Ha JIMHMIO pa3jaena martepuainoB. [Ipeamnonara-
€TCs, YTO COCTAaBHAs I10J0Ca II0 OJHOM CTOPOHE KECTKO 3aIlEM-
JICHa, Jpyras ee CTOpPOHA CBOOOJHA OT HaNpsOKEeHWH. BHemHss
Harpy3ka B BHJE HOPMAJIbHOIO [aBJICHUA [) CHUMMETPUYHO

MpWIOKEHa K Oeperam Tpeuunsl (puc.1).

B npsiMoyrosibHON KOOPIUHATHON CHCTEME, OCh abCIMCC KOTO-
poli HampaBiieHa BAOJIb JIMHUM COEAMHEHHS MaTepHalioB, a OCh
OpAMHAT — MO JIMHUM TPELIMHBI, UIsI COCTaBHOM IOJIOCHI OyaeM
HUMETH CICAYIOIINE 'PAHNYHBIC YCIIOBUA:
u,(xh,)=0, v, (x,h,)=0, "

Oy _h)= O (x —h )=
Ty (x,—h)=0, o, (x,—h)=0,

Ha muann COCAMHEHUS ITOJIOC UMEEM YCJIOBUS ITOJIHOT'O KOHTAKTA:
u, (x,0)=u,(x,0), v, (x,0)=v,(x,0),
TE(?(X,O)=T(X§)(X,O), 09)(X,0)=0(y2)(x,0),

(2)

a Ha 6eperax TPCUIVHBI 3a/JaHbI HAIIPSYKCHUA

7, (0.y)=0; o (0,y)=-p (0O<y<a) 3)

B CUily CUMMCTPUHU B IIOCTAHOBKEC 3alaydyu 6y,[[6M paccMaTpuBaTh JIUIIb IIPABYHO IIOJIOBUHY
coctaBHO monocel X =>0. I[anee, HMHIACKCOM «1» 6y,Z[YT OTMCYATBCA BCIIMYHMHBI, OTHOCAIIHUECA K

HIDKHEHN 10JI0Ce (—I‘ll <y< 0), a MHAECKCOM «2» - K TIOJIOCE, COACPIKAIICH TPEIIHHY, (O <y< h2) .

BeiBoa ompeaensiiomero ypaBHeHHs 3amadd. [ BRIBOAA OIPENENSAIONIETO ypaBHEHUS
MMOCTABJICHHON 3a/Jlauyd BOCIIOJb3YeMCSl OUTapMOHUYECKOH (QyHKIUEH OpH, KOTOPYI) B COOTBET-
CTBYIOIUX 00JIACTSX MPEICTABUM B BUJIE

A shiy +B, chy +1y(C,shiy + D, chLy))cos xrdA;

1(X y):]j(
(x y)=I(

A,shy + B, chiy +1y(C,shiy+D,ch xy))cos XA + (4)
% X nik
+>_(a +xb )e ™ sink, y; Ao=—
P} h,
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Ucnonb3ys hopMyIibl, BeIpaXarolyue KOMIIOHEHTHI HAPSDKEHUH U MepeMelneHuid yepe3 (HyHKINI0
HanpsokeHuid [1], Ui KOMIIOHEHTOB HANpPsHKCHUH M TepeMEIICHUi, HEOOXOIUMBIX ISl yOBJIET-
BOPCHUSI TPAHUYHBIM yciI0BHsM (1) Ha CTOpOHAX COCTaBHOI MOJIOCHI, OyIeM UMETh:

G(yj) (%) A ()
Doyt 3,(1)
T LTS (ny)d o j =
= A)S (MY AV (X YA ) (j=12 (5)
v (xy) D; (%)
rue
cosAx O 0 0
- (x k)— 0 sinax O 0
I 0 0 sinax 0 |
0 0 0 cosAx
S;(My)=
—AZshyh —A%chyi —A2yshya —A%ychya
APchyh  AZshyi A?(yachyd+shyr) A% (ch ya+yishyd)
Ashyr Achy Iy A (6)
= Ayshyr+(0. +1)chyr) —(Aych yA+(0. +1)shyr)!:
2M,— 2“,— 2“,— ( ( ] ) ) 2Mj ( ( ] ) )
Achyl  Ashya A A
- - - AychyAa-0.shyr ———(AyshyA-0.chyr
2u, 2K, 24, ( s 2u, ( jchy2)
ie%kkk [a, +b (=2+xn, ) [sind, y
k=1
ie’“kxk [a, +b (~1+x), ) ]cosh,y
k=1
Vl(X'y’}\’k)z(); VZ(X,y,}\,k)= ) (7)

0 =Xy
Ze [, +b (6,+X),)]sink,y
k=1

21,
0 e—xxk
> =——[-ak, +b (1+6,-x,)]cosh,y
a 2M,
E.
u = Z(T - Mostynb ciura, E;- monyns IOura, v; - kosddurment Ilyaccona, 6; =1-2v,.
Vi )

W3 cuMMETpUYHOCTH TTOCTAaHOBKH 33]]a4d MEPBOE yCiIoBHE B (3) MOXHO PaclpoCTPaHUTh Ha BCHO
TOJIIIMHY IIOJIOCHl W, TOTNA, HETPYAHO OyJIeT HAWTH, YTO bk =\, 8, , BCIEJICTBUE HYErO BEKTOP

V, (X, Y, A ) HECKOJIBKO YIIPOCTHTCSI.

Ha orpeske a<y<h, ocu opauHar umeem Tarxxke BTOpOE ycioBHE cuMmeTpud U, (O, y) =0.
VuaureiBast, uro Ha TpenmHe 0 <Y < a ropu3oHTAIbHAS KOMIIOHEHTA TEPEMEIICHUS TPETEPIICBAECT
cka4ok, Ha uHTepBaie 0 <Yy <h,, 3aHMMaromeM BCIO TONIIMHY BEPXHEH IOJIOCHI, MOXKEM BBIIUCATH

CIIETYIONINE YCIOBUS
U,

ou, 0
—2 =0nmpma<y<h w—2 =w(y)mpuO<y<a
i YL ()
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rae W(y) - ucKkoMmas (YHKIWA, TPEACTABISIONIasi COOOW MPOM3BOAHYIO TIEpeMEIeHus Oepera
tpetuubl. [Tons3ysce npeacrapnenusmu (5), Haaem
4y, f
a =———=——|w({)cosAr,Cd (8)
R a0

[MepeiineM x ynoBieTBOpeHHIO rpaHuuHbix ycinouid (1) u (2). IpencTaBisis KOMIOHEHTHI JIEBOM
Y4acTH W BTOPOTO ClIaraeMoro npapoii yactu paBercTBa (5) B BHIE COOTBETCTBYIONUIMX KOCHHYC HJIH
cunyc unterpainoB ®ypbe, paBeHcTBo (5) 3amuiiem B BUIE:

3, (1) A (1) 8, (%.y)
=(J) B. (A A
Txy (}\"y) _S 7\, J( ) T( ’y) H
=9, MY J- 1=12 C))
0, (1Y) 1 09) C; (1) - u(x, y) (i=12)
Vi (M) D; (%) 8, (M)
I'JI€ KOMIIOHEHTHI ITOCJIEAHErO CTONOIA UMEIOT BUL:
___Zk 272, ————_sinky; 8 ( Zkza 2y ~COS A, Y;
(k+x) < k(xzm ~
Ee) 2
z *(1+6, )+7L(32+92)7»k sini.y 10)
T (73+x2)
ZK M (L0) (0
(ximz)

Moncransas B (9) Yy=0 wn yuuresas ycnoeust (2), Bocemb koddduumentos A;,B;,C;,D;
(j:1,2) BBIpa3UM uepe3 3HaYeHUS {GO,‘CO,UO,VO} TpaHcpopmanToB DPypbe KOMIOHEHTOB Harpsi-
kenuit u mepemerennii Ha yuann Y =0 wu Bemmuma w3 (10), comepkamux B ceGe OCHOBHYIO

HUCKOMYIO (pyHKIIHIO W(C) :

A (7‘) Oy 0
EJ&; =S;(%.0) ;O ~(j-1)S7(%,0) ST(g,o)
D]; (%) Vz 5,(1,0)

Jlanee, moacTaBiisisl MOJydeHHbIC MpeacTaBiaeHus B (5) 1 yIoBIeTBOPsiS rpaHUYHbIM ycioBusM (1),
BBIPA3UM KOMIOHEHTHI {co,ro,uo,vo}, a CIIeI0BAaTEIbHO M BCE KOMIIOHEHTHI HAINPsHKEHUH W Tepe-

MelleHH i, Yepe3 QyHKIHH O_ (X,O),Sv (X,O) u 0, (k, hz), KOTOpbIE, C yueToM (8), UMEIoT BU/I:
t ha(h, — ha(h —
Sr(k’o):LJ‘W(C) C 7\«( 2 C)_Q\,QS 7\«( b C)—}\,hz C?}\,C dC
m(1+6,)7 shh, shih, sh?Ah,
a ha(h, - ha(h, —
SV(%O):LIW( ) sha(h, C)+h2 crzmg +62C A(h, (;)_14;92 ac )
0 shikh, sh®h, hshah,  %h,

4p, chr(h,+¢) shAl ©,chAil 1+6
d) 7\,,h =—"2 h - 2 _ 2 d
) =206 )IW(Q)[ s ) G san, i, |

HOJ’Iy‘leHHBIC MNpEACTABJICHHUA HC MPUBOAATCA BBUAY I'POMO3JAKOCTH, 06yc.]'IOBJ'IeHH01>i, TJIaBHBIM

00pa3oM, MHOTOIIAPAMETPOBOCTEIO ITOCTABICHHON 3a1auu. Ha npumMepe KOMIIOHEHTBI G, MPEICTaBUM

OOIIYIO CTPYKTYPY MOJYYEHHBIX BBIPAKEHUH.
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oy = C"i;‘i (61093, (1) 65 ()3, (1.0) +5 (1)3. (1.0)
3nech

G, (h)=-A(1+0,){Ah sch® A, [ - (1+0,)(1+0, + kh, thikh, )+
+2y (2h, (=1) = (1+(2-1)0, ) th A, ) |+ thahy [ (1+0,) (1+0, )+
+(1+26, +6,0,u) thih thah, + Ah, ((1+6,u) thAh, +(1+6, )uthih, )]}

G, (7‘) u G, (7») MMEIOT MOXOXKMI BUI, |1 = Ho ,
Hy

A(1)=® (1+20, + (A +63 )sch® Ah, ) (1+20, + (1’ +07 )sch® Ahy ) +
(2212 sch? A, +(1+26,)" th? Ah ) (1 (1+ 2%h7 )sch? A, ) +

2u(1+6, ) (1+6, ) (A*hh, sch® Ah, sch® Ah, +(1+ 20, ) th b, th Ah, ) +
2u(~A°hg sch® A, +6, (1+ 26, ) th® by, )((A°h — 0, )sch® A, +6, ).

OueBHAHO, YTO AHAJIMTHYECKUE MPEACTaBiAcHUs s uHTerpajioB ®dypbe (9) OyayT AOCTATOYHO
IPOMO3/IKUMH, HO OHH JIETKO PEaTM3yIOTCS IPU YHCICHHBIX pacyeTax.

W3 rpannunsix yeaosuit (1)-(3) HGYI[OBHGTBOpeHHI)IM 0CTaIOCh TOJNBKO BTOpoe u3 ycmoBuid (3).
BrinucaB BeIpaykeHHE HANPSHKEHHS cs (X y) MOCPEACTBOM (YHKIMH DpH M NPOCYUTAB CYMMY,
oOpa3yemyro TMocje MOJCTAaHOBKH IMpeAcTaBicHUs (8) M MepecTaHOBKH MOpsIKa MHTETHPOBAHUS H

(2)

CyMMMPOBaHHUS, U1 KOMIIOHEHTBI G, ' Ha quHuu X =0 Gynem nmers

o\ (0, y):jx2 [(B,+1yD,+2C,)chAy+(A, +2D,+2yC,)shry |d2—

jw (ctg ;’ZC)JFctg (yzg)jg

HOL[CTaBJm;{ B (12) nomyuennsie Bbimre npexacraBiaeHus kodddumuentos A, B,,C, u D, uepes

(12)

uaTerpanbl (11) U MeHss MOPSAAOK MHTETPUPOBaHMs, U3 BTOPOro u3 yciopuil (3) momydum ompene-
JISIOIIee YpaBHEHHE OCTaBICHHOM 3a1a4H:

L)TW(Q){Q(%g)_z—l(ctgwwtgwﬂdc:—p (13)

TE(1+ 92 0 2h2 2h2
rae QyHKIms Q(y, C) sIBJIIETCSl MHTErpasioM Dypee 1o nydy A € (O, oo) . letanbHOE HCCea0BaHIe
IIOBCACHUA HOI[BIHTeraHBHOﬁ q)yHKI_[I/II/I Ha OECKOHEYHOCTH MO3BOJIMIIO BBIACIIUTE CHUHIYJIAPHYIO

gacth spa Q ( Y, C) ;

2

G GY Gy *
Q(Y:¢)= + 7+ z+Q (V.C (14)

3nece Q° ( Y, Q) — peryIsipHast 9acTh siapa, MPHHUMAoIIas Koneynoe 3Hadenune npu Y, —0,

(3+3u, i, ) (14 %) T o 1-p
= , C,=6 , CG=4——
2(p+1c, ) (1+ k) n+i, H+ic,
OTMCTI/IM, YTO YKAa3aHHOC HCCICIOBAHUC IPOBOAMWIIOCH HPHU MPCAIOJOKCHUH, YTO TAKHC IIapa-
MECTpPbI, KaK TOJIIWHBI ITOJIOC W OTHOIICHUEC MO)IyHeP'I CABUra MarcpuajioB I10JIOC, HE OOCTHUIaroT

, K, =3-4v,.
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kputHdeckux 3Hauenuit: h =0, h, =a u p=0,00, MOCKONBKY JUIS STUX 3HAYECHUH AIPO Q*(y, C)

nepecraet ObITh PErYIISPHBIM U 100aBISIET WK yOaBisieT ocoObie wieHsl B (14).
Y4uuThIBas MOBEJEHUE THIEPOOITNISCKOr0 KOTAHTEHCA OKOJIO HYJIS, TUIIEPOOTUYECKUE caracMbie
B (13) npencraBum B BHIE:

o (ctg my- C)+ctgn(y+c)j= o (v.0)

2h, 2h, y-C y+¢
rae perymsipas pyHkius Q, (y, C) omnpenenseTcs GopMyoi:
n(y-¢) . m(y+&)) 2y
ct ct -
QO(y Q) ( g h2 + g 2h2 y2 _CZ

B wurore, onpenensiomniee ypasaenue (13) MOXHO Mepenucats B BUAE CHHTYISIPHOTO MHTETPAb-
HOTO YpaBHEHUS ¢ 00001meHHbIM sipoM Korm:

¢ 1 C, c,y c,y’ n(1+6,)
R(Y, dl=———"*~ 15

rac
= ) 1 _3(p—1)_1+K2
R(Y,.6)=Q (Y.£)-Q(¥.€), c=a 1_2{1 H+1, l+w<j

Bmecte ¢ ypaBuenueM (15) HEOOXOIMMO TaKke YIOBICTBOPHUTH YCIOBHIO CMBIKAQHUSI KOHIIOB
TPEIIHHBI

[w(c)dc=0 (16)

OTMmeTnM, YTO CHHTYJSIpHAS 4acTh ypaBHeHHA (15) MOTHOCTBIO COBMAmaeT C SIPOM OMpemems-
IOLLEro ypaBHEHHs ist coctaBHoM twiockoctH (N, = h, =00, koropoe nomnyyeno B pabore [2].

Takum 00pazom, peleHre MOCTaBICHHOW 3a/1a4H CBEJIOCH K PEIICHUI0 CHHTYIISIPHOTO WHTETpallb-
HOTO ypaBHEHHs ¢ 0000ImmeHHbIM siqpoM Komm (HEmoaBHKHON 0cobeHHOCThIO) (15) mpu ycioBuu
(16), koTopoe OyIeT peleHo METOIOM MEXaHHUYECKUX KBaapatyp [3,4].
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BiausiHue BUHIJIETOB HA MOAbEMHYIO CUJIY TOHKOM MJIACTUHKM: HATYPHBIA U YN CJIEHHbIH
IKCIEPHUMEHT

CamconoB U.K., KazakoB E.A.

B craTbe paccmarpuBaeTCs BIUSHHE BUHIVICTOB HA MOABEMHYIO CHIIy TOHKOH IUIACTHHKH. B cTaThe NpeacTaBlieHbI JaHHbIE,
THIOJIy4eHHBIE B PE3YJIbTaTe HATYPHOTO SKCIIEPHMEHTA 110 001yBY TOHKMX IUIACTUHOK Pa3iINYHBIX Pa3MEPOB KaK C HATHYHEM
BUHIJIETOB Ha KOHI[AX, Tak M 0e3 Hux. Takke NpHBeneHb! JaHHEIE, IIOJyYeHHbIE B pe3ysbTaTe pacu€éToB 00/1yBa INIACTHHOK
nnenTnyHoi koHurypanuu B cpene ANSYS CFX. [IpoBeneHo cpaBHEHHE MOTYYSHHBIX PE3yIbTaTOB U CHEIaHbI BBIBOIBI O
CTEICHH BIVSHUS BUHIJIETOB HA TIOABEMHYIO CHITY TOHKOH IUTACTHHKH B 3aBHCUMOCTH OT Pa3MepOB ITACTHHKH.

1. Beenenue.

[lonoxutenpHOE BIMSHMWE BUHIVIETOB Ha NOABEMHYIO CHJIy JIETAaTENbHBIX AalIapaToB YXKe TaBHO
n3BecTHO. Ho ¢ TeopeTwueckoil TOYKM 3pEHHS NAHHBI BONPOC OCBEIIEH, cIabo M MHOXKECTBO
BOMpPOCOB Bc€ emé Haxoasrcss Ha craauu m3ydeHus [1, 2, 3]. [Tostomy aBTOpamu OBIJIO MPUHSATO
pelIeHNe 1aTh TEOPETUIECKOE OIMCAHUE BIMSHNS BUHIVIETOB Ha MOABEMHYIO CHITy TOHKOW IUNTACTHHKU
Ha OCHOBE TEOPHUU TOHKOTO Kphiia. [IpmHMMaeTcs, 4UTO TOHKOE KpPbUIO MMEET Ha CBOMX KOHLAX emié
OJIHO TOHKO€ KPBbUIO, HO ropa3fo MEHBIINX Pa3MEpPOB U pacHoIOKeHHOe MoJ yrioM 90° Kk OCHOBHOMY
kpbuty (Puc. 1) [1].

Puc. 1. Tonkoe KppUTO C BUHTIIETAMH.

Jis mocNeayIoniero CpaBHEH!sI C TEOPETUYECKUMH JIAHHBIMH, OBUTO PENIeHO MPOBECTH HATYPHBIN
HKCIEPUMEHT MO O00IyBY B a’pOAWHAMHUYECKOH TpyOe IUIacTMHOK 0e3 BMHIVIETOB M IUIACTHHOK C
BUHTJIETAMH Pa3NU4HBIX pa3mepoB. OOpasipl 06€3 BUHTIIETOB IMPENCTABISIOT COOOM METaJTHYecKHue
IJTACTUHKY TonmuHON 2 MM 1 rabaputamu 200x50, 200x100 u 250x150 mMm. [Ipu 3TOM MIaCTUHKH C
BUHIIIeTaMu umeroT radaputel 160x50, 200x50 1 200x100 MM ¥ MMEIOT MO KpasiM J1Ba BEPTHKAILHO
pacmoIoKeHHbIX BUHTIIETa BhIcOTOM 20 MM y Kaxaoro oopasua (Puc. 2).
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Puc. 2. Mogaenu mnactiaok radaputamu 200x50 MM 6€3 BUHTIICTOB M C BUHTJICTAMH.

2. [lopsinok mpoBeeHHsI IKCIIEPUMEHTA.

OO6yB POKUCXOIHI B a3poanHaMuyeckoit Tpyoe (Puc. 3) co ckopocThio Haberaromiero moroka 10 m/c.
[InacTuHKM 3aKpemisUIMNCh Ha CIEUMANIbHON NITaHTe, M3MEHSIOIEH yroJl aTakv, W KPOHIITEHHE,
obecrnieunBaromyM  KECTKOCTh. [lombémuass cuma  «Pmom.»  3amepsuiack  OpH  TOMOIIU
a3pOJMHAMHUYECKUX BECOB, CKOPOCTh HAOErarolero NoToka — npu nomomu tpyook Ilurto-Ilpanntis.
VYroun ataku «o» u3MeHsuics oT 4° no 18° ¢ marom 2°. [lony4deHHble aHHBIE BBIBOIWINCH HA HOYTOYK
4epes3 CIeNHaln3upOBaHHOE IIPOrPAMMHOE 00ECTIEUEHHE.

Puc. 3. [InacTrHKa c BUHTIIETaMH B KaMepe adpoIMHAMUYeCKOM TpyOBbI.

3. opsinox npoBeneHus: pacuéra B cpene ANSYS CFX.

[Ipu BeIUKCcICHUSX HCMoNb30Bajicsa cranaapTHbid it ANSYS CFX meTon kKoHeYHBIX 00BEMOB Ha
CEeTKe METO/Ia KOHEUHBIX dJIeMEHTOB. Mcciemyemblii 00bEM MOeIMpOBa padodyto 30Hy a3poTpyObI ¢
MOMENIEHHOH B He€ OECKOHEYHO TOHKOM ITACTUHKON B OTCYTCTBHE TEXHOJIOTHYECKUX KPETEXHBIX
AJIEMEHTOB W mpeacTaBisul coboit mapamnenenunen 300x300x600 mM. OObEM pa3OuBaics Ha
TETPadJIPbl, XapaKTepHBIA pa3mep 3nemenTa — 10 MM, BOJIM3HM TUIACTHHKH ceTKa ObUTa M3MENbUYeHa JI0
XapakTepHoro paszmepa snemenTa 0,5 MM, oblee KOIUYECTBO TETPadApoB Mopsiika 3,7 MHJUIMOHA B
Ka)XJOM 4YHCICHHOM O3KCHEepHMeHTe cepud. Kpome Toro, OblI HpUMEHEH MOAX0J pPa3OMBKH Ha
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cyomomensl (Puc. 4), omuH W3 KOTOPBIX MPEACTaBISICT OOBEM BO3AyXa, 3aKIIOUCHHBIH MEXIY
MTOBEPXHOCTRIO TUIACTUHKH M COOTBETCTBYIOIICH €i MPOCKITEel Ha TOpHU30HTAIBHOUW TrpaHu paboucit
30HBI, @ BTOpPOH — BeChb OCTaIbHOW 00BEM. Takol MOAXOA TMO3BOJSAET HE TOIBKO JOOUTHCS
MOJICJIMPOBAHMS TUTACTUHKH C HYJIEBOW TOJIIMHOHN, n30erast MosiBIIeHUs /Te(eKTHBIX JIEMEHTOB, HO U
paccMaTpuBaTh NOIBEMHYIO CHITY, CO3/1aBaeMyI0 €€ BEpXHEU U HIKHEH TPaHbIo, IO pa3IeIbHOCTH.

s
Plate Top
-9.455e+000

-3.939e+001
-6.933e+001
-9.926e+001

-1.292e+002
[Pa]

0 0.150 0.300 (m)

0.075 0.225

Puc. 4. MopenupoBaHue IJIACTUHKY C BUHIJIETAMHU B KaMepe a3poIMHAMUUECKOM TPyObl B cpeie
ANSYS CFX. OtnensHO 0003HAYEHBI IPAHUIIBI CyOJOMEHOB.

4. BeIBOABI.

Hcxons u3 momydeHHBIX HaHHBIX (Tabmuma 1), MOXKHO cenaTh BBIBOJ, YTO, COTJIACHO HATYPHOMY
AKCIIEPUMEHTY, HanOombmwii 3 pexT BUHTIEeTH nMeroT Ha yrinax A0 10° (mrst mmactuaoK 200x50 MM)
u 1o 14° (mns mnactunok 200x100). Takyke CTOUT OTMETUTH, YTO Ha yriax ataku a0 10° mombEmHas
CWia y miacTWHKH ¢ BuHTIeTamu 160x50 Bbime, yem y mmactuHkd 200x50 6e3 BuHIETOB. YTO
KacaeTcsl IaHHBIX, TOJyUYeHHBIX TpU YuclieHHOM dkcnepumente B cpeqe ANSYS CFX (Ta6muma 2),
TO TOKa3aTelb MOABEMHON CHIIBI UMEET CTA0MILHO MEHbIIIee a0COIOTHOE 3HAUEHHE, COXPAHSISI Ty JKe
muHamuky (Puc. 5, 6). HecMoTps Ha yIOBIETBOPUTENBHBI KadyeCTBEHHBIH PE3yNbTaT, TOYHOCTh
pacuéToB MOXHO TIOBBICHTHh, W3MEHHB MOJENIh Ta3a, KOJIMYECTBO OJJIEMEHTOB M HAYaJIbHYIO
TypOyneHTHOCT, moToKa. Ha ngaHHOM pexkuMe 00QyBa TOATBEPXKIACTCA 3aKOHOMEPHas
3¢ deKTUBHOCTH BUHIJIETOB Ha yriax o 10°.

Tadauua 1. IlosryyeHHbIe JaHHbIE 10 HATYPHOMY 3KCIIEPUMEHTY.

HatypHblil 5xciepuMeHT
a/ Priox. / MH
rparn. be3 BunrIETOB C BuHIIIETAMH
200x50 | 200x100 | 250x150 | 160x50 | 200x50 | 200x100
4 186 215 580 310 300 320
6 340 430 950 450 480 570
8 510 630 1420 580 680 810
10 650 890 1900 680 790 1060
12 760 1150 2480 730 880 1330
14 840 1420 2980 715 890 1610
16 870 1660 3500 690 880 1780
18 910 1880 3900 675 880 1860
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Tab6auna 2. [lonyyeHHble JaHHbIE MO pacuéTy B cpene ANSYS CFX.
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Pacuér B cpene ANSYS CFX
o/ Poog. / MH
rpan. be3 BuHrneTos C BunreTamMu
200x50 | 200x100 | 250x150 | 160x50 | 200x50 | 200x100
4 197 298 630 158 221 345
6 309 472 1021 244 339 530
8 406 656 1439 323 444 717
10 487 818 1813 403 526 892
12 544 1005 2512 462 578 965
14 569 1159 2568 453 584 1124
16 556 1295 3829 462 560 1418
18 581 1160 2931 428 549 1438
200x50

af?)

12 14 16 18

=== bHe3Har
e« o+ BrHrHar
besYucn

@ BUHr4ucn

Puc. 5. /Ilunamuka moabEMHOMN criibl ajis minacTHHKA 200x50MM.

200x100

al®)

12 14 16 18

@@ Le3Har
*« db+ e BunrHar
Bes4ucn

== @e== BUHrincn

Puc. 6. JIlnnamuka mogpéMHON cuibl 1t macTUHK 200x100MM.

PaGora BemmonHeHa mnpu (¢uHAHCOBOM momuepkke Poccwiickoro ®oHma DyHIaMEHTaTBHBIX
Uccnenosannit (PODU), mpoext Ne 19-29-06013.
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BbieneHue oco0eHHOCTel B M3rudaouX MOMEHTaX B MPAMOYT0JbHOI CBO0OOIHO onepToi
MJIACTHHE, HATPYKEHHOI COCPEI0TOYEHHOM CHIIOM
Ceiipansn C.II.

PaccmarpuBaercs pereHue JIeBd B BHIE psiia Jutst Iporu6a W(X, Y) mpsMoyroibHO#M CBOOOIHO OMEPTOH 110 KPasiM IIACTHHBL,
HArpy>KEHHOW BHYTPH MpPSIMOYTOJIbHHKA IUIaHA IUIACTHHBI B Touke (&, 1) MOIEpeYHoM cocpemoToueHHo# cumoi P [1].
IToka3aHo, YTO BTOpPBIC YACTHBIC MPOM3BOAHBIE OT W(X,Y) MO X M Y B 3aMKHYTOM MPSIMOYTOJIbHHKE, Kpome TOukH (1)
BBIYHCIISIOTCS] TIOWIEHHBIM AuddepeHnnpoanueM psja. [lomydeHsl BeIpakeHUs! AT U3THOAIOIUX MOMEHTOB, KOTOpPBIE
TIPe/UTO’KEHHBIM aBTOPOM IpHMEHeHHeM Kiaccudeckoro merona A.H.KpwutoBa pasmaraioTcs Ha cyMMy CXOZISIIErocs B
MIPSIMOYTOJIBHUKE IUIACTHHBI PAZa ¥ KOHEYHOTO BBIPKEHMS, COIEPIKAIIET0 OTHOCUTENBHO paanyca R okpecTHOCTH TOYKH
(& n) norapudmuyueckyro ocodeHHOCTh. [IpeacTaBIeHHEI pe3yIbTaT B YaCTHOM CiIydae, Korja Touka (&, 1) JIeXHUT Ha OCH
CUMMETPUH TUIACTUHBI, COBIAAET C Ipexae U3BecTHbIM [1], [2].

HccrnenoBanuio n3rnda mpsMoyroyibHbIX ITACTHH CHIIOH P MoCBsIeHO 3HaYnTEIbHOE YHCIIo pador [1],
[2] u mp. Bompoc o moBenenun My, My B cBOOOIHO ONepTOii TUIaCTHHE BOJIU3H (£, ) OTKPBIT.

1. Pemenue JleBu ast cBOOOAHO OMEPTON MPSMOYTOJIBHOM IIACTHHBI, HArpyKeHHOW cutoit P [1] mbl
[PUBOJMM K BUIY

W (xY) = P/(Da)Y [L+, b cth &, b=, (b-y) cth &, (b-y)~A,n cth &,n] shhn sh, (b-y)x

m=1

xsinhy & sind, X /(2,0 &, b)=PI(Da)Y. {sh A, sh &, (b—y) +2, b [eh &, b sh &, (b—y) /sh A, b -

m=1

—chh, (b-y)]sha n+d, yshhnch i (b-y)-A,n cha nshi (b-y)}sini Esini x /(> shi b)=

= P/(Da)z [shi,nshi,(b-y)-bA shd n shi, y/shi b+r, yshi nchi, (b-y)-L, nchk, nx

m=1

xsh, (b—y)]sink, & sink x /(2> shi b) mpu 0<x<a,n<y<b (1.1
w (x,y)=PI(D a)z [shA,yshi,(b-n)-br, shh,y shh n/shi btk nshd, ychh, (b-n)-L,ychi, yx
m=1

xshi_ (b—m)]sini_ & sini x/(A° shA b) mpu 0<x<a,0<y<n (1.2)

3neck popmyna (1.2) momyuena u3 popmyisr (1.1) mepecTaHOBKO#M B HEH BEWYHH Y U 1), UTO BEPHO H
B [1]. Benuunnsl @, b — cTOpOHBI MPSIMOYTONBbHUKA TUIaHa TIacTHHBL, D 1 P — u3rubHas sxecTKoCTh
TUTACTHHBI ¥ COCPEIOTOUEHHAs CHIIa, & M 1] — KOOPMHATHI TOUKH TPWIIOKEHHS COCPEIOTOUEHHOM CH-
JIBI, yaoBieTBopsrontre HepaseHctBam 0 < £ <a, 0 <n <b, An=mn/a.

Beruuncisis hopMaiibHO BTOpbIE YacTHbBIC MPOU3BOAHBIE OT W(X,Y) mowieHHbIM auddepeHiupopa-
aueM psjoB (1.1), (1.2) no X u no y a muokectax G W= ([0, a]x[n, B\ (&, 1), G @ = ([0, a]x
x [0, D\ (&, M ), MBI IOJTyYeHHBIE PE3YJIbTATHI MPESICTABIISICM B BUIIC

o'w (x,y)/ox* =P/(Da)) [bshh,nsh A,y /sh?L b-nshi, (y+n-b)/shi b-(y-n) sh i nx

xch i, (b-y)/ shkmb—:r::xmn shix, (b—y) /(A shr b)]sinA & sind _x mpu (X,y)eG® (1.3)
o™ (x,y)/0x* = P/(Da)i [bshi nshA y/sh?L b-nshi, (y+n-h)/shi b+(y-n)ch i yx
xsh (b-m)/ shkmb—ms:; A,y shi, (b—m)/(h,shi b)]sini & sind_x mpu (X, y) € G (1.4)
o°w (x,y)/0y? = P/(Da)i [-bshA,nshA y/sh® A b+nshh (y+n-b)/shi b+(y-n)shh nx

=]

xch, (b —y)/shi b—sh i nshi (b —y)/(h shi b)lsinA & sink x mpu (X,y) eGP (1.5)

o'W (x,y)/0y? = P/(Da)z [-bshi mshi y/sh®i b+nshh (y+n-b)/shi b—(y-mn)chi yx
m=1
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xsh (b —m)/shi b—shx_yshi (b —m)/(L shr b)]sini & sinA _x mpu (x,y) eG? (1.6)
1.1 Y6enumcs tenepb, uto hopmyisl (1.3) — (1.6) BepHbI.

a) ITokaxem mpexne crpaseamuBocTh paBenctsa (1.3) ((1.4)). Ilycrts (X,Y) € Gél) =[0,a]x[n+86,b]
(Géz) =[0,a]x[0,n—98]), rme 06—V dukcupoBaHHOE YKCIIO, YIOBIECTBOPSIONIEE HEPABEHCTBAM
0<d<b - n(0< &<n). 3amernM, 9T0 KOIDDOUIMEHTHI IIPH IIPOU3BEIEHUN TPUTOHOMETPHUECKIX
cunycos B paze (1.3) ((1.4)) npu m — oo umerot nopsaok O( g 1Yl )[3,707, 708]. Ho g ln ¢ gdin
3HAYUT, PACCMATPUBACMBIC DPSJIbI MAKOPHUPYIOTCS OCCKOHEYHON T'€OMETPUYECKOW Mporpeccuei co
3HAMEHATENeM (| = e "'} epBIM wieHoM, paBHbiM Cq, rae C > 0 — HekoTopast koucTanTa. [losroMy
Ha3BaHHbBIC PSAIbI CXOSTCS PaBHOMEPHO OoTHOCHTENbHO Xe [0, a] mpu a000M (HUKCHPOBAHHOM Y =
=Y, €[n+3,b]([0,n—-38]) [3, 430]. Janee uneHbI TaHHBIX PSIOB IPH Y = Y,— HENPEPHIBHBIC (HYHK-
uu X Ha otpeske [0,a] . Kpome toro, psn (1.1) ((1.2)) nounenno yactHo auddepeHiupyercs no X B G

= [0, a]x[ 0, b], uTo MPUBOAUT K CXOASMIMUMCS PaaM, KOO TO e UMEET MECTO U JJIsl [IOBTOPHOTO psijaa
pemenns HaBwe muts nporu6a [4], mpocymMmmupoBanHoro B oauHapHbii psf (1.1) ((1.2)) [1]. [Tos-Tomy

npumMensis Teopemy 7 [3, 435] mpu 0 < X < a, Y, €[n+38,b] ([0,n—38]) k nounenno gacruo
npoauddepenmpoBanHoMy 1o X psimy (1.1) ((1.2)), mpuxomum kx yrepxkaerunro (1.3) ((1.4)) mpu
0< x< auy=Y,. Hoy,, npu npuHATbIX OrpaHU4YeHUsX, —V . 3HAUUT, TO )K€ BEPHO U IIPU BCEX
(x,y) e Gél) (Géz) ). 3ameTHM Jajee, 9To M O, YIOBJIETBOPSIOIIEE OTMEUCHHBIM OTPaHUYCHUSIM, — V .
Otkyna yrBepxxaenue (1.3) ((1.4)) cnpaBerymB0o u mpu (X,Y)€[0,a]x(n,b]([0,a]x[0,n)). HeticTBu-
TENBHO, MyCTh (X*, Y*) —V dukcupoBannas mapa, takas, aro (X*, y*) €[0,a] x (n,b]([0,a] x[0,n)).
[onoxkum 8 =8" = y* — >0 (n — y* > 0). Torga, mo goxasannomy, (1.3) ((1.4)) cupaseauBo npu
(x*, y*) e Géi) (GB(E) ). Ho (x*, y*), o ycnoButo, — V u3 muoxectsa [0,a] x (n,b] ([0, a]x[0,n)). Orcro-
na, (1.3) ((1.4)) Bemomnusiercs npu Beex (X, Y) € [0,a]x(n,b] ([0, a]x[0,n)).

ITycts Teneps (X, Y) € ([0,€) U (E,a])x{n}. Toraa npeobpazoBanrem

shaushp/shy =[ch (o +B) —ch (o — B)]/(2shy) ={ (P +e P /[2(e" —e )] —e**" | 2}+
+e“ P 12— ch (o —B)/ (2shy) =[e "™ +e“*? —2ch (o - B)]/(dshy) + e /2 =[e "ch (y — 0.~ B) -

—ch(o.—B)]/ /(2shy) +e*P7 /2 (1.7)
1Py 3HAYCHHAX o0 = AT, B = Am (D — M), ¥ = Amb psinsr B (1.3), (1.4) npuBoasTcs K BUILY

" [bsh?h,n /sh?h b—n shi, (2n-b)/sh2 b=sh k,n shi, (b-m)/(h,shA,b)] sink, & x

m=1

xsin kmx=§: [b sh?x, m/sh?\, b—nshi, (2n—b)/shi b—[e " —chA (2n—b)]/

m=1
(21, shd b)]sind, &sink, x +al(4m)D> 1/mcosh, (x+&)—al(4m)D> 1/m cosk, (x—&)
m=1 m=1

O<x<ax#§ (1.8)

3nech nepsblii psaa B (1.8) conepxut ko3pPuULUEHTH IPY TPOU3BEACHUN TPUTOHOMETPUYECKUX CHHY-

2(n-b)A,

COB, KOTOpBIE TIpH M — o uMeroT nopsiok O(e ™). Ho n < b. Tora Ha3BaHHbIN psiji MAKOPHUDY-

eTcst 0ECKOHEYHOH reOMEeTPUUECKON Mporpeccueil co 3HaMeHaTeneM e? (P 3HA4YUT, IEPBBII PsI B
(1.8) cxoautcest paBHOMepHO oTHOCUTENBHO X pu 0 < X < @, X # & [3, 430]. Bropoii e u TpeTuii psi-
1b1 B (1.8) — KocumycHBIE psAbI, apryMEHTBI KOTOPBIX A1(X +&) 1 A1 (X— &) UMEIOT MHOKECTBa H3MEHe-
Hust E O =[ L& WE) U (A€, M(a+E)] (0,2 m) uE O=[-E, 0) U (0, M(a—E)] (-2, 0)U (0,2m).
Ortkyna V orpesok AC[0, &) U (&, a] npeobpazoBanusamu A(X £ &) nepepoautcs B orpesku AOCE®),
He coaepskamue Touek £2Km, rae k=0, 1,... Orcroza, ¢ yuerom [3, 430] Bropoii (tperuii) psas Ha A®)
(AD), a 3HauuT ¥ MpU X € A cxoauTcs paBHOMepHO. Ho M3 paBHOMEPHO# CXOMMOCTH EPBOTO psija B
(1.8)Ha [0, &) U (&, a] cienyer paBHOMEpHAsi CXOAUMOCTB JaHHOTO psia u pu X € A. CiiegoBarelib-
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HO, PAaBHOMEPHO CXOIUTCS M UCXOAHBIA psan B (1.8) mpu X € A kak cymMMa KOHEYHOI'O YHCjIa PaBHO-
MepHO cxoasmuxcst Ha A psagoB. Hamee psg (1.1) ((1.2)), kak 0OTMEUEHO BBIIIE, TOYWICHHO YaCTHO Jud-
¢depennupyetcs no X B G, o0pazyst cxonsmuiics psaa. B gacTHOCTH, TO e BepHO U mpu Y = 1. Takum
00pa3oM, BBIIONHSIOTCS yciaoBHs TeopeMsbl 7 [3, 435] anst nownenHo yacTHO npoauddepeHnnpoBaH-
Horo 1o X psaa (1.1)((1.2)) mpu X € A, y = 1, uyro u npuBoauT K paBeHcTBY (1.3) ((1.4)) mpu Tex xe
sHavenusx X u Y. Iycts nanee X €[0, &) U (&, a] - V dpuxcuposanHoe 3nauenue X. Torma X npuHas-

nexut ogHomy u3 npomexytkos [0, &), (€, a]. ITonarast X €[0, &) ((&, a]), moctpoum A A= [0, (& +
+X)/2]([(§ +X)/2, a]). Torna otpe3ok A €[0, &) U (&, a]. meem, mo 10Kka3aHHOMY BBIIIIE, YTO pa-

Berctia (1.3) ((1.4)) npu X €A, y = 1 Bepubl. Ho X € A . 3Hauur, 10 e BepHO H B Touke ( X, n ). Ja-
Jiee, 10 YCJIOBHIO, X , TPU MPHHATHIX OrpaHndeHusix, — V. Orcroaa, (1.3) ((1.4)) BeIMOMAHAIOTCS IPU BCeX
X€[0, £ )(E, a]), y=m. Cnenosarensno, yreepxaenue (1.3) ((1.4)) mokazaHbl Ha MHOYKECTBE

(x,¥) €[0.a]x (n,b]w (0.5 (5.a]) x{n} = [0.a]x[n.b]\ (1) =G ([0,a]x[0,m) U ([0.) v (£, a]) x
x{n}=[0,a]x[0,n]\ (&,n) =G®). Uro u TpeGoBanock 10Ka3aTs.
b) Tepeiinem Teneps k obocuoBanuio (1.5), ((1.6)). [pexnonoxum npexne, uato (X, Y) € Gél) (Géz) ),

rae 6 — no-npexuneMy V GUKCHpOBaHHOE YHCIIO, YAOBIETBOpstoliee HepaBeHcTBaM 0 < §<b -1 (0<
<4 <1). Umeem, uT0 KO3)DHUIIMEHTHI IPH TPOU3BEICHUH TPUTOHOMETPHUYECKUX CHHYCOB B psije (1.5)

((1.6)) mpu M — o0 UMEKOT TOPSIAOK O(ef‘ Y1l )[3, 707, 708]. Ho g ¥l ¢ g0 Torna nauHble ps-

. . . -5,
Il Ma)KOPHUPYIOTCS OECKOHEYHOH TeOMETPHYECKON IPOrpeccuen co 3HaMeHaTelleM ¢, =¢e =

u TIep-
BbIM wieHoM, paBHbiM C,(, , rae C1> 0 — HexoTopas koHcTaHTa. [I09TOMy OTMEUCHHBIE PsAbl pH V
¢ukcupoBaHHOM X =X, €[0,a] cxomarcsa paBHOMepHO oTHOocuTenbHO Y €[n+9J,b] ([0,m—3]).
Jlanee 4aeHbl HA3BaHHBIX PANOB IIPU X = X, — HeNpepbIBHbIE QyHKIMH Y Ha oTpeske [n+ &, 0] ([0, n-3]]).

Kpome Toro, psn (1.1) ((1.2)) mounenno yactao nuddepenmmpyercs o y B G = [0, a]x[0, b], uro
HPHUBOJMUT K CXOJSMIAMCS PsiiaM, KOO TO K€ UMEET MECTO U JIJIsi IOBTOPHOTO psijia penterust Habe 1ist

nporuba [4], npocymmuposanHoro B oxuHapHbeie psisl (1.1) ((1.2)) [1]. Torma duxcupysx =X, u
npuMeHsisi Teopemy 7 [3, 435] npu 3HaueHusx y € [n+ J,b] ([0, —3]) k nowrenHo yacTHO mpoaud-
(depenumposanHomy 110 Y pany (1.1) ((1.2)), npuxoaum x yrBepxkaenunto (1.5) ((1.6)) mpu X=X, u

y €e[n+96,b]([0,n—23]) . HoX,, mpu NpuHATBIX OrpaHHYCHUSX, —V . 3HAYUT, TO JKE CIPABEIIIMBO U

npu Beex (X, Y) € Gél) (GS(Z) ). 3aMETUM Jajiee, uTo U O, YAOBJIETBOPAIOLIEE OTMEYEHHBIM OIPaHUYE-
Husam, —V . Otkyna yreepsxaenune (1.5) ((1.6)) sepno u npu (X, y) €[0,a] x (n,b] ([0,a] x[0,n)). eii-
CTBHUTEIBHO, MycTh (X,Y) — V ¢duxcupoBannas mapa, takas, 4ro (X,¥)e[0,a]x(n,b]([0,a]x[0,n)).
Tonoxkum &= 0 = Y-1n>0(-Y>0). Torna, no nokazannomy, (1.5) ((1.6)) cpaBeIMBO MpHu 3Ha-
yenusax (X,y) € Gé(l) (ng) ). Ho (X,¥), no ycnosuro, —Vmapa €[0,a]x(n,b]([0,a]x[0,n)).
CremosarensHo, (1.5) ((1.6)) Bemonusercs npu Beex (X, Y) €[0,a] x (n, b] ([0,a] x[0,n)).

Mepeiinem k o6ocnosanmio (1.5) ((1.6)) mpu (X, Y) € ([0,&) W (§,a]) x{n}. C yuerom (1.7) umeem
sha.chB/shy = o[sha.shB/shy]/ 0B =[sh(a.—B) —e "sh(y—a —B)]/(2shy) +e**7 /2 (1.9
IMonarast (X,Y) € ([0,&) U (&,a])x(m,b] (([0, &) v (§,a]) x[0,n)), mpusomum (1.5) ((1.6)) ¢ mpumeHe-
uHueMm (1.7), (1.9) x Buny

o'w (x,y)/oy* =P/(Da)) [bsha,nshi,y/sh® h b+nshh, (y+n-b)/shk b]sink, &sink x+
m=1

+P/(Da)[l,(y,n)-1,(y,n)] (1.10)
( 0°w(x,y)/oy* = P/(Da)i [-bshd nshi y/sh® L b+nshh (y+n-b)/shi _b]sink &sink x+
m=1
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+P/(Da)[l,(n,y)—1,(n.y)]) (1.12)
3aech

L(y,m) =(y-n)) sha,mchi, (b —y)/shi, bsink, & sink x=(y-m)/2) [shi,(n+y-b)-e™" x
m=1 m=1
xS, (Y~ )]/ shi b sin & sind, X+ (y 1) /4 e 7" cosi,, (6 x)— (y—m)/4> e x
m=1 m=1

X COS A, (§+ X) (1.12)
L(y,m) =D sha, nshi, (b —y)/(h,shr b)sink &sini x=>" [e"°chi, (y—mn)-

m=1 m=1
—chx, (m+y-b)]/(2x, shi b) sini & sin ?»mx+4i2ekmyn /mcosi, (&— X)—ﬁx

1 m=1 1
x> e 'm cosh,, (§+ %) (1.13)
m=1

OtmernM, 9T0 KOA()(UIHUEHTHI IPH MPOU3BEICHHN TPUTOHOMETPUUECKUX CHHYCOB B OOIIMX 4JICHAX
psuos B (1.10), (1.11) u B nepebix psxax crpasa B (1.12), (1.13) umetor nopszox O(€Y 2 Tos-
TOMY Ha3BaHHBIE PABI MaKOPUPYIOTCS OECKOHEYHOH TeOMEeTPHUYecKOil Imporpeccuell co 3HaMeHare-
nem €M 3avernm, uto anHOE yTBepkaeHue coxpanser cuiay B (1.12), (1.13) u npu nepecra-
HOBKe Mectamu Y u 1. Torma mpu V X €[0,&) U (&,a] naHHBIE pAABI CXOAATCS PABHOMEPHO OTHOCH-
tenbHO Y [3, 430]. Ho oOrine 4ieHsl paccMaTpuBaeMBbIX PsIOB — HEMPEPhIBHBIC (DYHKIMU MTEPEMEH-
HO# Y. 3Haumt, B psagax (1.10), ((1.11)) u B mepBbIX psAax CrpaBa, COACPKAMIMXCA B (YHKIHAX
LGy, 1L, (ym) (I(my),1,(n,y)), momyctuM mowneHHBIA NpEeAENbHBIH HEPEXOA IPH CTPEMICHHH
y =>n+ (m-) [3, 433]. TlokaxeM Ternepb, YTO TOT e MPEACIbHBINA MEPEX0 AOMYCTUM BO BTOPOM H

tperbeM psgax B 1,(ymn)(1,(n,y)). deiicrBurensHo, nmeem g vl <1, lim eV _q Kpome
yont

TOro, (hopMaIbHBIN MOWICHHBII TIEPeX0/] B Ha3BaHHBIX psiax mpu Yy — N+ (N—) HOPHBOJHUT HA MHO-
xectBe X € ([0,€) U (§,a]) k yxe mpoaHATH3UPOBAHHBIM B I1.(a) cXomamumcs psaam. Mrak, okas3biBa-
eTcst mpuMeHnMOoi Teopema AGens [3, 418], uro u MPUBOAKT K TpeOyeMOMY YTBEPIKICHHIO.

[IpoBesieM jasee MpeesbHbINA Mepexoi BO BTOPOM H B TpeTbeM psinax B 1;(Y,M), yMHOKEHHBIX Ha
+ (y —n)/4. Umeem u3 1. (2), uto (X ££) nMeror MHO)ecTBa u3MeHenus E @, kotopeie He conepxkar
touek +2kmt, tne K = 0,1, ... Toraa moacrasiss B popmyiy (3) [3, 418]

I,(r, 0)=> r"cosmO={@-r?) /[1-r)* +4rsin®0/2]-1/2, rtae 0<r<l, —o<B<oo (1.14)

m=1
3HavyeHus I = e“y‘”‘“,e =\, (EF X), npuxoaum npu BHIGPAHHBIX BEPXHUX (HIKHMX) 3HAKaX K KO-
HEYHBIM cymMMaM BToporo (tpersero) psna B |, (Y, ). YMHOX)as monydenssie cymmsl Ha + (Y —n)/4u
nepexois K Mpe/esy Mpu CTpeMIICHHH Y —> 1+, oJIydaeM

lim = (y—n)/4l, (e V™™ A (EFX) = lim=(y—n)y4lim I (e’ ™™ 1 (6TX)=0(-1/2)=0 (1.15)
yon+ yon+ yont

AHAJIOTMYHO IPUXOMM K HYJICBBIM [PEJIEIIbHBIM 3HAYEHUSAM BO BTOPOM 1 TpeTheM psiaax B 1, (1, Y),
YMHOXEHHBIX Ha F (Y —n)/4,koraa Y —> 1 —. BeInonHss B uTOre MpeAeibHbIil Hepexo B paBeH-CTBaX
(1.10), (211)) wmpm y—>n+ (Yy—>n-), T0OpEUXOAMM K  OAMHAKOBBIM  TIpeaeiaM

y-on+

lim 0°w (x,y)/0y” = lim 0*w (x,y)/@y* =P/(Da)). [-bsh® A,m /sh® & b+nshi, (2n-b)/shi b]x
y-n-

m=1

xsin A, &sin &, x—P/(D a))_ e —ch &, (2n—b)]/(21,sh & b) sin & & sin &, x+P/(4Da)[ D cos A, (E—X)/ A, —
m=1 m=1
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—Zcos Ay (E=X)/A,]= P/(Da)Z[ bsh®>A,m /sh? A b+mnshi, (2n-b)/shi b —shi nshr (b —n)/
/(k shi b)lsinA, & sinA, x mpu Xe[0,&) v (§,a] (1.16)

Toraa ¢ npumenenuem ¢opmyisr Jlarpamka [3, 112] npu npupamennn Ay > 0 win A 'y < 0 umeem
lim [ow (x,n+Ay)/dy—ow (x,n)/8 y]/Ay:AIimOazw (x,n+09Ay)/0y? = lim 6*w (x,y)/0y* =
y—>+ y—>t y-nt

=0’ (x,1) /0 y?rme 0<0W <1, (1.17)

CrenoBarensho, yrepkaenus (1.5) u (1.6) na MHOXKecTBax cYyu g®@ BEPHBHI (CM. KOHEIL II. (a)).

2. TlpuBOIHUTCS BBIIEICHHE OCOOCHHOCTEH B M3rMOAMOIINX MOMEHTAX B pACCMATPUBAEMOI TIACTHHE.
IMoxcrasmnss (1.3) — (1.6) B Beipakenus s narubaromux MoMenToB [1, ¢.98], ¢ ucmons3obanuem (1.7),
(1.9) — (1.14), a Taxxe dpopmys [1, ¢.170]

Zw: e 1 m sin L, & sink x=1/4In[(chA,(y—m)—cosi,(x+&))/(chi,(y—-n)—cosr,(x-&)]  (2.1)
H_pI/I (x,y) €[0,a]x[0,b]\ (§,m) momydaem

M=o D(a";(x Y, av;(x y)j DS [(v-Db sha,nsha,y £ sh?,b—n shi., (y+n-b)/
X y

Ishkb—(y—n)[shi,(m+y-b)—e " shi, (y—n)/(2shr b )]+(v+D)[e ™ chh, (y—n)-
—chi, (M+y—b)1/(2x,shr,b)]sinA, & sink,x—(v—1)/4ly—n|[l, ™", 1 (E—x)) -
—1 (7 A B+ X))+ (v+1)alBm) In[(ch A, (y =) — cosh, (X +E))/(ch A, (y—m) —cos A, (x—E)] }

M, = D[avg(x Y) v‘”;(x y)j {Z[(l v)[bshA,msh,y/sh?h b-nshi, (y+n-b)/
y X

Ishi,b—(y —m)Ishh, (n+y—b)—e“shi, (y —)]/A(2shA b )]+ (v+L)[e " chi, (y 1) -
—chA, (n+y—b)1/(21,shi,b)]sin,& sink, x—(L-v)/4ly—n|[l, ™" A (E-x)- (2.2)
— 17 Ay &+ X)) ]+ (v+D) alBr) In[(chh, (y —m) — o8, (X +E))/(ch, (y —m) —cos A, (x— )]}

AHnanusupysl najnee HewccienoBaHHbIE WieHbl B (2.2) B Manoil paanyca R okpectHocTn Touku (&, 1),
NPUXOIMM K Jiorapupmudeckoir ocodenroctu B My , My otHocurensHo R (cp. ¢ [1, ¢.171]).

~b<y-n|/2<]y-nll (™", n EExX) =]y —nf@-e ) [[L-e V) 1 4e N x
xsin? A, (E£X)/2]-B/2<|y—n|[@+e ™y a—e Py 1)/ 2=y —n| /P ~D) <12, (23)

m=1

m=1

ch2y(y—m) —CosA, (X+8) _ 5 2SINAE o R f(x—£)2 + (y—n)? (2.4)
ch, (y —m) —cos A, (x—&) MR
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I/I)_IeHTI/l(l)I/lKalll/Ifl ynpyro-BmKo-nﬂacnmecxoﬁ MoOa€/IM MaTepuajaa NMmoJUMMEPHOro NMOKPLITUA
Imo pesyjibTaTaM HHICHTUPOBAHUSA

Cmupnos C.B., MsacuunkoBa M.B., KonosaJios JI.A.

Pa3zpaborana BBIYHCIHTENbHAas MOJENb, IO3BOJIIIONIAS IIPOBECTH MOJECIHPOBAHUE HANpPsHKEHHO-Ie()OPMUPOBAHHOTO
COCTOSIHMS TTOJIMMEPHOrO TOKPBITUS IIPU UCIIBITAHUAX HA BHEIPEHUE MHJCHTOPA C BBIACPKKON IIPU MOCTOSHHOM Harpyske B
pexuMme moisydectd. UmncieHHas peanM3alds MOZIENM BBIIOJHEHA B KOHEYHO-dJIeMeHTHOM Kominiekce ANSYS
IPUMEHUTEIBHO K MOKPBITHIO HAa OCHOBE KOMMEpPYECKOM snokcuaHod cmonbl 3/[-20 ¢ MOMMITHICHIIOIMAMUHOBBIM
oTBepauTeneM. Peonorust MaTepuana MOKPHITHS ONUCaHA KOMOWHHMPOBAHHOM MOMENBIO HM30TPOIHON YMPYTo-BA3KO-
IUIACTUYECKOI cpenbl. VneHTH(UKALMS MOAENM OCYIIECTBICHA MYTEM CPAaBHEHUS SKCIEPUMEHTANIbHBIX M PaCUeTHBIX
JUarpaMM HHICHTHPOBAHHS.

Beenenne

[Ipu anuTENbHOM BHEIIHEM BO3JEHCTBUM MEXAaHHYECKOE IIOBEACHHE BCEX pEabHBIX MaTepHUajoB
OTIMYAETCSl OT MOBEACHUS YIPYro-TUIACTHYECKOTO Tela. DTO OTIUYME MPOSBISIETCS B TOM, YTO MOJ
JeCTBUEM TIOCTOSHHBIX Harpy3oK MMeEeT MecCTO Ooiee WM MeHee HHTEHCHBHOE HAaKOIUICHHE
JegopMany B MaTepuaie. JDTOT MPOLECC pa3BUBACTCS BO BPEMEHH 3a CUET MPUCYILIMX MaTepHaly
BSA3KOCTHBIX CBOMCTB M MpOSBIAETCS B MNOJ3y4YeCTH MaTepuaia. JlaHHoe sBIeHHE CIIOCOOHO, B
YaCTHOCTH, USMCHUTD SKCITYyaTalMOHHBIC XapPaAKTCPUCTHUKU U JIMMUTHPOBATH JOJTOBEYHOCTL TOHKHUX
MOKPBITUI M KIIEEBBIX COCOUHEHHM Ha OCHOBE INOJUMEPHBIX MaTepuajioB. IlosTomy akTyalbHOCThH
MMEIOT HCCJENOBaHUSI TaKMX MAaTepuaoB, HalpaBlICHHbIE Ha YCTAHOBJICHHE COOTHOLICHHH,
CBSI3BIBAIONIUX HANPSOKEHUS U AeopManuu ¢ yueToMm (hakTopa BpeMEHHU.

Kak mokazajga mpakTUKa XOpOIIYI pPE3YyJIbTaTHBHOCTh IIPH ONHCAaHWM 3aKOHOMEPHOCTEH
MEXaHMYECKOTO MOBEACHUS Marepuana MPAaKTUYeCKd Npu JI000M BHEIIHEM BO3ICHCTBUU AaeT
PUMEHEHHE KOMOMHUPOBAHHOIO IIOAXOAA, COYETAIOIIEro B ce0e HKCIEePUMEHTAJIbHbIE METOIbI
UCCIICJIOBAHUI U YUCIICHHOE MOJCIHPOBAHKE YCIOBHUI mpoBeaeHus dKkcrepumenTa [1-2]. Tlpu stom,
KOTJa B KAUECTBE UCCIIEAYEMbIX MaTepHaIOB UCTIONB3YIOTCS TOHKHE TIOKPBITHS U KJIE€EBbIE COSTUHECHUS
HEOOXOJMMO YYWTHIBATh MACIITAOHBIA (PaKTOp TpHU BBHIOOpPE METOAa HCHBITaHWH. B 3TOM cmbIcie
HaH6OHCC nmoaxoasAlUuM ABJISICTCA METOA MHCTPYMCHTAJIbHOIO MHACHTHUPOBAHM. Ho ¢ Ttouku 3pCHUA
HN3Yy4YCHHA IMOJI3Y4YCCTH NMPUMCHCHHEC METOAA MHACHTUPOBAHUA OACT BO3MOXHOCTH JIMIIIL KOCBCHHO
CYIHUTH O BSI3KOCTHBIX CBOMCTBax Marepualia 0 OTHOCUTENFHOMY HM3MEHEHHIO INTyOMHBI BHEIPEHUS
WHJIEHTOpa TP BBIAEP)KKE B pPEKHME TOJN3Yy4ecTH. [locTpoeHHe JuarpamMm —IOJ3y4YecTH,
NPECTABISIONINX CO0OW 3aBHCUMOCTh CTeneHu jaedopmanuu (WM CKOpocTH AedopMariyn)
NOJ3y4YEeCTH MarTepuana oOT BPEMEHH, HENOCPEACTBEHHO II0 pe3yidbTaraM HCIBITAaHUA Ha
WHJICHTHPOBAaHHE HEBO3MOXHO BCJIEACTBHE HEPAaBHOMEPHOCTH HANPSHKEHHO-I1e(OPMHUPOBAHHOTO
COCTOSIHUS MaTepHaia B ouare gedopmanuu. Bmecte ¢ TemM, He0OXOAUMBIE JTaHHBIE 00 OCOOEHHOCTSIX
HanpsHKEHHO-11e(OPMHUPOBAHHOTO COCTOSHUSA U €r0 M3MEHEHHs BO BpEMEHH B odare JedopMaluu B
o0nacTH MOA HWHAEGHTOPOM MOTYT OBITH TOJYYEHBI IIyTeM YHCICHHOTO MOJEINPOBAaHMS,
BOCIPOU3BO/ISIIIETO YCIIOBUS NIPOBEACHNUS SKCIIEPUMEHTA. DTa HJes pealn30BaHa B HacToAIIeH padoTe
JJ1 TOHKOT'O IOJIMMEPHOT'O ITOKPBITUA, YTO MMO3BOJIUJIO ITPOBECTH NIPOLCAYPY I/IJleHTI/I(i)I/IKaI_[I/II/I MOICIN
MaTepHaja NOKPBITH IIPH BBIIEPIKKE B PEXKHUME ITOJI3YUECTH.

Martepuaj M MeTOAMKA HCCJIETOBAHUSA

B xadecTBe MOIEIBHOIO MaTepUaa HCIOIb30BAIN ITOJIMMEPHOE MOKPBITHE HA OCHOBE KOMMEPUYECKOH
snoKcHIHOW cMoibl OJ[-20 ¢ MOMMATHUIICHIIOIMAMUHOBBIM OTBEpAUTENEM. TONIMHA TOKPBITHS
coctaBuia 150 MxM. VcmbITaHne OCYHIECTBISIIM METOJIOM WHCTPYMEHTANBHOTO WHACHTHPOBAHUS B
coorBerctBun ¢ ISO  14577-1-2002 ¢ WCHONB30BAHMEM YHHBEPCAIBHOH CHCTEMBI IS
HaHOMexaHuveckux ucnbitanuii NanoTriboindentor TI 950%. ITpuGop mMO3BONSET OCYIIECTBISATH
WHICHTUPOBAHUE C 3aJJaHHON CKOPOCTHIO U TITyOMHOMN BHEAPEHUS WHACHTOPA, C 33JIaHHBIM BpeMEHEM
BBIIEP’KKH IIPH TIOCTOSTHHOM Harpy3Ke Wi MaKCUMAIIbHOM TITyOrHE BHEJPEHUS, a TAK)KE C TOCTOSTHHOM
CKOPOCTBIO pasrpy3Ku IpH OOpaTHOM XoOJe HHAEHTOpa. B KadecTBe MHAEHTOpa HCIOJIb30BAIN
alIMa3Hyl0 TpexrpaHHyr nupamuay bepkoBuya. Ilporiecc MHAEHTMPOBaHWS OCYHIECTBISUIM B JBa

! DkcrepUMeHTANBHBIE HCCTENOBAHMS IPOBEICHEI HA 000pyI0BaHNH L[eHTpa KOJUIEKTHBHOTO TIONE30BAHMS
«[Tmacromerpus» UMAILL YpO PAH
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stama. [lepBBIi ATam COOTBETCTBOBAN CTaAWW BHEAPEHUS, MPHU KOTOPOM BEPTHKAIHLHOE YCHIIHE Ha
WHIEHTOp P NMuHEeWHo Bo3pacTaio ot 0 10 CBOEro MakCUMaIbHOTO 3Ha4eHwmsI, paBHOTO 10 MH 32 5 cek.
Bropoii atan cooTBETCTBOBaNI CTalUU BBIIEPKKU, KOTOpas ocyliecTBisuiack B TeueHuH 100 cexk npu
noctostuHoM 3HaueHuu P = 10 MmH. Harpyxenue Beimonssuiu mpu temmepatrype 22+1°C. B mpouecce
WCIIBITAaHUSI HEMPEPBIBHO PETHCTPHUPOBAIN HArpy3Ky Ha WHIASHTOP W TIIYOWHY €ro TOTPYKEeHHS B
Matepuai. B pe3ynpTare MONydWiIM JAWarpaMMy HWHISHTHPOBAHHS, TPEACTABISAIONIYI0 COo00
3aBUCHUMOCTh YCHJIMSA P OT riyOHMHBI BHEAPCHUS WHACHTOpa N. DTy auarpaMmy HCIOJIb30BaIA B
KauecTBE UCTUHHOTO OTKJIMKA MaTepHana MOKPHITHS, (OPMHUPYIOIIETOCS B PE3yNIbTaTe yCTaHOBIICHUS
OTIPE/IETICHHBIX COOTHOIIEHWH MEXAYy HaNpsKeHMsMH W Jedopmanmsmu. [myOwHa BHEApeHHs
WHJIEHTOPA B 33JIaHHBIX YCIOBUAX HArpy>KeHUS HE MpeBbImana 1,5 MKM.

HanHpie 00 OCOOCHHOCTSIX HW3MEHEHHUS HAampsDKEHHO-Ie(OPMUPOBAHHOTO COCTOSIHUSI B oyare
nedopMmaii  TPU  WHACHTUPOBAHWM  TONYYWIM IO  pe3yjbTaraM  KOHEYHO-DJIEMEHTHOTO
MonenupoBanus. C Lelbl0 YIOPOIIEHHS pa3pabOTKH METOAWKH MOJEIUPOBAHMS IPH CO3AaHUHU
BBIYUCIUTEIFHON MOJENH MUpaMUAANIbHBIA UHACHTOP bepkoBuYa, MPUMEHEHHBIH B SKCIEPHUMEHTE,
OBLI 3aMEHEH SKBHBAJICHTHBIM KOHUYECKUM MHCHTOPOM C yIJIOM KOHYCHOCTH npH Bepmmne 140,6°,
Hannprii wHAEHTOp oOecmedrBaeT MONMy4YeHHE AuarpaMMbl WHACHTHPOBAaHUS COBIAJAIONMIEH C
auarpamMMmol, (UKCHpyeMOH Npu BIAaBIWBaHWM HHACHTOpa bepkouua. Takoll mpueM IIMPOKO
NPUMEHSIETCS. TPU MOJCIMPOBAHUU MPOIECCA BIABIMBAHHS IMHPAMHIAIBHBIX HHICHTOPOB [3-4].
[lomoOnass 3amMeHa TO3BONHIIA MPOBECTH MOJESIUPOBAHHE B OCECHMMETPHUYHOM TIOCTAHOBKE C
UCToNb30BaHueM 2D BBIYMCIUTENBHON MOJAEIH, aJleKBATHO YCIOBUAM MPOBEICHUS SKCIIEPUMEHTa Ha
BHeJpeHne uHaeHTopa bepkoBrnya. BBuay TOro, 4ro BHeIpeHHE WHAECHTOpPA OCYIIECTBISIETCS Ha
rryouHy, He mpeBbmaronlyo 10 % TONIMIMHBI MMOKPHITUS, BIWUSHUE TOMJIOKKH HA DPE3YyIbTaThl
MOJIETTUPOBaHUs UCKItoYaeTcs. [103ToMy BBIYMCIUTENbHAS MOJIENIb COCTOsUIAa M3 IBYX KOMITIOHEHTOB:
IJIACTUHBI, UMUTHPYIOIICH MOJMMEPHOE TOKPHITHE, W KOHHMUYecKoro uuaeHtopa (puc.l). llupuna
IUIACTHHBI ObUTa BHIOpaHA JOCTATOYHOHM, YTOOBI WMCKIIOYUTH BIUSHHE TPaHUYHBIX 3()(eKToB Ha
pe3ynmbTaThl MOAENUpPOBaHUS U cocTaBisia 7R, rae R — pamnyc 3KCIepUMEHTaIBHOTO OTIeYaTKa
uHAeHTopa. C yueToM CUMMETPHUH Tporiecca 1eopMaluy CIIPOSKTHPOBaHa 2 yacTh KoMIo3uluu. [1pu
3TOM OCh CUMMETPHUH Y 3aKperieHa OT MepeMelleHUl B TOpU30HTaILHOM HampaBieHuu X. [ Toro
9TOOBI 00ECTIEYNTh HETIOABMKHOCTh IIACTHHEI €€ HHKHIOIO TPaHb (PUKCUPOBAIH OT ITEPEMEIEHH 110
BCEM HampapieHUsIM. [|J11 KOHEYHO-3JIeMEHTHOM TUCKPETU3AlNN UCTIONIB30BANIN 8-y3I0BbIE KOHEUHbBIE
anemenThl Tuna PLANEL83 C ommuell 0CeCMMMETPUYHOrO MOBEACHUS JIeMEHTa. Takke 3TOT THII
AJIEMEHTa II03BOJIIET OCYHIECTBIISATh aHAIM3 IIOJI3YYECTH MaTepHaja C WCIIONb30BAaHUEM HESBHOTO
METO/Ia MHTETPUPOBAHMS TI0 BpeMeHU. UnciieHHas peaau3aiisl BEIYUCIUTEIHHON MOIEIH BBITIOJIHEHA
B mnporpammuoii cpeae ANSYS na cynepserumcnurene kinactepHoro tuna URAN B ILlentpe
KOJUIEKTUBHOTO NoJib30BaHus IHcTUTyTa MaTemMaTuky U MexaHuku YpO PAH.

r
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Puc. 1. KoneuHo-3neMeHTHas MOJI€h BHEPEHNSI KOHMYECKOTO HHACHTOPA B TIOKPHITHE

[Iponiecc MHAGHTHPOBAHMSI OCYIIECTBISIM B AWMHAMHYECKON MOCTaHOBKE, HAKJIAJbIBAs HA MHICHTOP
CHJIOBBIE TpaHWYHBIE YCIOBHUS, MPEICTABISIONAE COOOW 3aBUCHMOCTh BEPTHKAJIBHOTO YCHJIHS Ha
WHAEHTOP P OT BpeMeHH {, B JIBa 3Tama COrJIacHO yCJOBUSM NMPOBEACHUS 3KCIIEpUMEHTa. MaTtepuan
WHJCHTOPA TOJIarajd W30TPONHBIM W JIMHEWHO-YNPYTruM, NPUCBaWBas €My YIpPYrHe KOHCTaHTBHI -
moxayns FOura £ = 1,14 I'TIA u ko durment Ilyaccona v = 0,07, COOTBETCTBYIOITHE 3HAYSCHUSIM ITHX
VIPYTUX XapaKTEPUCTHK ISl aiMas3a. PeoiornvecKyro MoJIellb MaTepralia TOKPBITHS MPEACTaBISIIN
KaK KOMOMHAIIMIO YIIPYTOM, MIaCTHYECKON U BSI3KOW COCTABIIAIONINX H 3aaBaJId B BHJIE CTaHAAPTHBIX
monenedn u3 mepeunss ANSYS. OcoOeHHOCTH yNpYromiacTHYeCKOro IIOBEACHHUS Marepuana,
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YCTAHOBJICHHBIC IMPU WCIBITAHUSAX HA OCAAKYy LWIHHIPUYCCKUX O0Opa3IoB, OMUCHIBAIH IBYMS

KOHCTaHTaMH MOCIIA JMHEHHOW yrmpyroctn — momyineM lOura E = 4,4 TTIA, xosddummerTom

ITyaccona v = 0,35 [5] u MozeNnbio MIACTHYECKH HECKUMAEMON CPEIbI ¢ H30TPOIHBIM MOMITHHEHHBIM

Jne(OPMAITHOHHBIM ~ YIIPOYHEHHUEM, BOCIPOU3BOIAIICH COOTBETCTBYIONIYIO OKCIEPUMEHTATBHYIO
3aBHCUMOCTS (pHc. 2).

Gg.Mllar

120 |

100 |

80 |

60 |

40

20

0 1 1 1 1 1
0 0.01 0.02 0,03 0.04 €

Puc. 2. KpuBas nedopMaIiioHHOTO YIIPOYHEHHS HCCIIETyEeMOi SIMTOKCHIHON KOMITO3UIIHH,

NPECTaBIIAIOIAsg COOOH 3aBUCUMOCTD HANPSKEHUS TEUEHHsI O OT CTeNeHH Jedopmanny €

ITonarasmu, 4To BA3KOCTHBIC CBONCTBA MaTepHaia MOKPBITUS MOTYT OBITh aJICKBATHO OIIMCAHBI MOJIEIIBIO
MOJI3y4YEeCTH, NpEACTaBIAONIeH cOo00M AMIMPUYECKYI0 3aBUCHUMOCTh CKOPOCTH 9JKBHBaJCHTHON

nebopManMK MON3y4ecTH €, OT JKBHBAIECHTHOTO HANPSUKEHHS G, BPEMEHH Harpyxenus t u
abcomoTHOH Temnepartypsl 7.

. Cy ,Cy —C,IT

g, =Co e (1)
rae C,-C, — sMImpHYecKre KOHCTAHTBI, ONPEACIIAEMbIC B PE3yIbTaTe HACHTU(DHKALIMHE MO/ICITH.

Hannas 3aBucumocTs (1) peanmzoBana B ANSY'S kak Time-Hardening Creep Model ¢ ucnionb3oBanuem
HESIBHOTO METOJa HHTETPUPOBAHUS 110 BPEMEHH. Y UUTHIBAsI, YTO BIMSHME TEMIEPATYphl HA IUHAMUKY
mpolecca IOJI3yYyecTH B HACTOALIEH paboTe HE paccMaTpUBAaeTCs, MOCKOJIBKY HHICHTUPOBAHHE
OCYILECTBIISIETCS. B M30TEpPMHUUECKOM pexume, Gopmyina (1) moxer OBITh 3aMEHEHa CIIEAYIOIIUM
BBIPAXKCHUEM:

. _ * CZ C3
e, =Cote, 2

* —C,IT
rne C, =Ce ™ .
Takum oOpaszom, moayumin, uyro Time-Hardening Creep Model, omuchiBaromasi moj3y4ects MpH
IIOCTOSIHHOM TemIiepatype, cogepxur Tpu smmmpudecknx koHcrantsl C,, C,, C;. Bapsupys
3HAYEHHS ATUX KOHCTAHT, MOKHO YIIPABIISITH CKOPOCTBIO Ie(OPMAIMH MOJI3YUECTH, & CIIEI0BATEIIBHO,
JUTSL OTHUX M TEX K€ CHUIIOBBIX YCIIOBHIA HATPY)KSHUs MOJIy4aTh pa3Hble 3HAYCHMUS TNTyOUHbBI BHEPCHUSI
UHJICHTOPA, W CBSI3aHHBIC C HEW 3HAYCHUs MapaMeTPOB HAMPSKEHHO-Ie()OPMHUPOBAHHOTO COCTOSIHUSI
HOBEPXHOCTHOTO CJIOSI MOKPBITHSL B ouare Aedopmanuu. DTOT GakT MO3BOIMI IPOBECTH HPOLEAYPY

I/I):[eHTI/I(bI/IKaLII/II/I KOM6I/IHI/IpOBaHHOﬁ yr[per-BfBKO-HJ'IaCTI/ILIeCKOﬁ MOZCIIN MaTtcpuajla IMOKPBITUA,
KOTOpasd B 06IIIeM BUC OIMUCBHIBACTCA YPABHCHUSAMU:

c
g, =—, rme o <o, = Eg,
E
1
€y ZE—(G—GO), IIe o 20, (3)
T

f O 21
g, =C ot

rae € €., — OKBHBAJICHTHAaA yIpyrasa U riacTu4eckas )qu)OpMaHI/II/I COOTBCTCTBCHHO, ET — MOIYJIb

el “pl
Je(pOpMaIMOHHOTO YIIPOYHCHUSI.
IMosarasnu, 9To COCTaBICHHAsE TAKUM 00pa30M KOMOWHHPOBAHHAS PEOJIOTHUECKast MOJIENb H30TPOITHOM

YIPYTO-BSI3KO-TINIACTHYECKOW  cpeabl (3), MOXET BOCIHPOW3BECTH CBS3aHHYIO CO CKOPOCTHIO
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(hM3UYeCcKy0 HEMMHEWHOCTh pPAacCMaTPUBAEMON TIOMMMEPHONH KOMITO3WIIMA TIPH TOW WM WHOM
TEMIIEPAaType U COOTBETCTBYIOLINX ONTHMAIbHBIX 3Ha4eHHsX HemsBecTHbIX koHcTant C,, C,, C;,

OIIPENECNICHHbIX B pe3yJbTaTe HACHTU(HKALIMU MoJenu. BapbupoBaHHE KOHCTAHT OCYILIECTBISUIN
MmeronoM Xyka-/xusca [6]. Takum 06pa3oM OCYLIECTBIISUIN MPOLEAYPY MOUCKa MUHUMyMa (YHKIIUH
HEBSA3KH O MEKIY OKCIEPMMEHTAIBHBIMA M DACYETHBIMH 3HAYEHUAMH TIyOMHBI BHEIPEHUS
HHJIEHTODA!

2 lh. —h
822%—)“1"1, (4)

rac h hi — OKCIICPUMCHTAJILHOC U paCYCTHOC 3HAUYCHU FJ'IY6I/IHBI BHCAPCHUSA MHACHTOPA B KOHLIC i-

ex; !
r0 3Tara HarpyXeHwus.

WnentndunrpoBanHyro TakuM 00pa3oM yIpyro-BSI3KO-TNIACTUYECKYI0 MOJETh MaTepralia MOKPBITHS
(3) wcnomp30oBanM JUIS TOCTPOCHHUSI PACUCTHOW THArpaMMbl HMHACHTUPOBAHUS. AJEKBaTHOCTh
MPOBEJICHHON TPOIEAYPhl HWACHTU(UKANMKA MOJICIM MaTepuayia TOKPHITHS OICHUBAIH IyTeM
CpaBHCHHUSI PACUCTHOM JUarpaMMbl HHACHTHPOBAHUS C COOTBETCTBYIOIICH SKCIEPUMEHTAIBLHOMN
3aBUCHMOCTHIO.

IHosryyeHHbIe pe3yabTAaThI M MX 00Cy:KIeHHE

Ilo pesynpTatam HCHBITAHUS MOJMy4YeHA TUArpaMMa WHACHTHPOBAHUS B KOOPIAMHATAX «BEPTHKAIBHOE
yemnne P — riyOuna BHeapenus wHaeHtopa hy (puc. 2, kpuBas 1). KpuBonumHEHHBIH ydacTOK
auarpaMMbl COOTBETCTBYET 3Tally BHCAPCHHA MHACHTOPA B TCUCHUC 5 C, FOpPI?;OHT.’:lJ'IBHI:Iﬁ y4aCTOK
COOTBETCTBYET 3Taly BblAepkKU B Teuenue 100 c.

12

o

o
\J
\J

YCHTHE HHACHTHPOBAaHHA P, MH
L=
)
\J

0 1 ' i I I I '
0 02 04 0,6 08 1 12 14 1.6

myﬁuua HHIACHTHPOBAHHA I, MEM

Puc. 2. luarpamMmma MHJICHTHPOBaHUS: 1 — dKCIIepUMEHTalIbHAS KPUBAs;
2 — pacyeTHas KpUBast

Pe3ynbraThl YHCIEHHOTO MOJEIMPOBAHUS ITO3BOJIMIIM TIOJNYYUTh BHIOOPKY 3HAYCHUH pacdyeTHOM
TITyOMHBI BHEAPEHHS WHJCHTOpA HA KAXKAOM dTare JUIs OJHHX M TEeX K€ YCIOBUH HarpyKeHUs.
CpaBHEHHE OHKCIEPHUMEHTAJIbHBIX M PAcUETHBIX 3HAUCHWH TIJIyOWHBI BHEOPEHHUS WHIEHTOpPa II0
BesmurHe QYHKIMH HeBs3ku O (4) mo3BOIMIO TOA0OpaTh KOHCTAHTHI MOJENU Toisydectu (3),
o0ecrieyrBaroNie MUHAMYM (QYHKIUM HEBSI3KW OJTHOBPEMEHHO JUIsl JIBYX OTAllOB HArpy>KEHHS —

BHEJIPEHHMS MHJICHTOPA ¥ BBIIEPIKKH MPH MOCTOSIHHOM Harpyske: C| = 0,12-107; C,=06; C;=04.
WnentruduunpoBaHHas TakKuM 00pa3oM YIPYTro-BA3KO-IIACTHYECKAs MOJETh MaTepHaia IOKPHITHS

HCTIOJIb30BaHa /AJIsl BOCCTAHOBJICHUSI AUArpaMMbl HHJICHTUPOBAHUS, [TOJTyYEHHON B AKCIIEPUMEHTE (PHC.
2, KpuBas 2).

3akioueHne

Ha ocHoOBe unciieHHOTr0 MOIEIMPOBaHMS pa3paboTaH MOIX0 U UACHTU(UKAIIMN MOJISNIA MaTepralia
TOHKOTO HOHI/IMepHOFO HOKpBITI/ISI HpI/I HUCIIBITAHUAX Ha BHereHI/Ie PIHJICHTOpa C BBI)Iep)I(KOﬁ HpI/I
IIOCTOSIHHOM Harpy3ke B peXuUME IOJ3y4decTH. Peosorns wmarepuana TOKPBITHUS — 3aJlaHa
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KOMOWHHPOBAHHOU MOJICTBIO H30TPOITHOM yIIPYTO-BA3KO-TIACTHIECKOM cpepl. [Ipr 3TOM BA3KOCTHBIC
CBOIICTBa MaTepraja OMUCAHbBI SMITMPHYECKON 3aBUCIMOCTHIO CKOPOCTH IKBUBAJICHTHOU Jle(hopMaIliu
MOJI3yYECTH OT SKBUBAJICHTHOTO HANPSDKEHUS, BPEMEHH HarpyXeHus U temmepaTypsl. I[lpouemypa
UACHTU(UKAIMA  MOJICNIM  Cpelbl MaTephalia TOKPBITUS  BBINOJIHEHA IIYyTEeM  CpPaBHCHHS
SKCMIEPUMEHTABHBIX M PAacUeTHBIX JaHHBIX B 3aJaHHBIX YCIOBHSIX HAarpyXeHHus. AJIEKBaTHOCTD
MIPOBEJICHHON MPOLEAYPHl TMOATBEPXkKACHA ITYyTEM BOCCTAHOBIEHHS JKCIIEPHUMEHTAIBHON TuarpaMMbl
WHACHTUPOBaHUs. Pe3ynbrarhl pabOTHI METOJOJOTHYECKH MOTYT OBITh HUCIHOJIB30BAHBI IS
WICCIIEIOBAHNS BI3KOCTHBIX CBOMCTB, OMMMUCAHIS MOJIEIEH M TIOCTPOCHUS TUArPaMM IOJI3YIeCTH TOHKUX
MOJIMMEPHBIX TIOKPHITHN Pa3HBIX COCTABOB.

Aemopul svipadicarom 61a200apHOCb 3a8e0yIoujeMy OmOeioM cucmemno2o obecneuenus Llenmpa
Koanekmusnoz2o noavsosanus UMM YpO PAH «Cynepxomnvromepuoiii yenmp MMM YpO PAH»
Heymnosy Anexcandpy Cmanuciagosuyy 3a nomoub 6 npo8eoeHul YUCIeHHbIX PAciemos.

Paboma svinoanena npu noodepacke epanma PH®D Ne 19-19-00571 6 wacmu pazpabomku nooxooa 015
udeHmupurayuu Mooenu ROUMEPHO20 MAMEPUALA NPU BbLOEPICKE @ PECUME NONIZYHECHIU 8 YCIOBUSX
UHOeHMUpPoBanus u no niany uccredosanuii memovi AAAA-A18-118020790145-0 6 uacmu uccredosanus
no8e0eHUsl INOKCUOHBIX NOKPLIMULL NPU TOKATbHBIX MEXAHUYECKUX 8030€liCBUSIX.
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Bausinue TEKCTYPbI METAJJI0B U CKOPOCTH HAI'PYKCHHUS HA TCIVIOBBIACJICHUE ITPHA
KBa3UCTATUYE€CKOM PACTHKCHUH

CynbenkoB 10.B., Cmupuos U.B., 3umun b.A.

B pabore mpexncTaBieHbl pe3yJbTaThl HMCCICNOBAaHUH BIMSHHMSA HCXOJHOH CTPYKTYPHI METAJUIOB Ha IPOLECCHI
TEIUIOBBIICIICHUS TIPH KBa3UCTaTHIECKOM PACTSHKEHNH U IIUKIINIECKUX HCIBITaHUsIX. [IprBOISATCS TaHHBIE O N3MEHEHUH JIOJIN
HaKOIUIGHHOM OSHEPIMH B 3aBUCHMOCTH OT aHH30TPOIIMH HCXOJHON CTPYKTYpHl M €€ XapaKTepHbIX MacIuTa0oB B
MOJMKPUCTAIUTNYeCKUX 00pasuax menu M1, mypamomunust J[16, tutana BT6, marauesBoro craBa AZ31B. Tlokasano, uto
TEepMOANHAMHKA Tpolecca IUIACTUIECKOro J1eOpMHUPOBAaHHS CYIIECTBEHHO 3aBHCHUT KaK OT CTPOEHHE PEIIeTKH, TaK U OT

aHM30TPOIINH ¥ ME30MacIITab0B NCXOHOM CTPYKTYpHI MeTainioB. PaboTa moxnepxkana rpantom PH® Ne 21-19-00563.

Beenenne. [lpu mmactuyeckoM nedOpMHUPOBAHHM NPOLECCHl HAa MHUKPOYPOBHE, OMHCHIBAEMBIC
KJIaCCUYECKOW TEOpPUEN AUCIOKALMM, MPEIUIECTBYIOT KOJUIEKTUBHBIM IpOLECCaM B3aMMOJEHCTBHS
JUCTIOKAlMi Ha Me30ypoBHE, (OPMUPOBAHHI0O MEX3EPEHHOIO W POTAIIMOHHOTO MEXaHHW3MOB B
noJukpucTamiax. IIpu aTom, cuuraercs, 4To Kak Ha pacipenesieHue, Tak U Ha IUIOTHOCTh AUCIIOKalui
BIMSIOT TPAHUIBl 3€PEH, a HAKOIUICHHas 3Heprust aedopManuu cuuTaercss (PyHKUueH IUIOTHOCTH
aucnokanuii [1-5]. TloaToMy 04YeHb BaKHOE 3HAYCHHE UMEET CKOPOCTh 1e(pOPMUPOBAHUS U COCTOSIHUE
MaTepuaia nepen nedopmanuen, MOCKOIbKY OHO MOXET ONpPENETSTh HE TOJNBKO CTENEHb Pa3BUTHUS
JHUCTIOKAIMOHHBIX POLIECCOB, HO U MEXaHMU3MBI AeopManuy Ha ME30 U MaKpo MacIITadax.

OpnHoil U3 BO3MOXKHOCTEH M3YUYEHUS BIUSHUS YCIOBUN BHEIIHETO BO3ACHCTBHS U MapaMeTpoOB
CTPYKTYphl METAJUIOB Ha XapakTep H3MEHEHHs SHEPreTHUecKoro OanaHca, OINpelelisIOIIerocs
paBeHncTBoM pabotel nedopmaruu (W) cymme Beiaenstomierocst teruia (Q) u CKpBITOH, JaTeHTHOU
sueprun (L), sBiseTcs W3MepeHHe TEIUIOBbICeHUsT B Xxone nedopmupoBanusi[6,7].  Bxian
TEIUIOBBIICTICHUS B DHEPreTHUECKH OalaHC TPaIUIMOHHO XapakTepulyeTcs KoddduiuenTom
Teiinopa-Ksunuu B=Q/W [ 8,9].

B Hacrosimei paboTe nmpeacTaBieHbl pe3ybTaThl UCCIICIOBAHUI BIMSHUS HCXOJHOU CTPYKTYPBI

U CKOPOCTH Ae(hOPMHUPOBAHUS METAIUIOB HA MIPOIIECCHI TEIUIOBBIICICHUSI.
MeTtonuka u pe3yiabTaThl. KBazucratuueckoe pacTshKeHHE CTaHIAPTHBIX 00paslloB B BUJIE JIOTTATOK C
pa3Mepamu paboueii yacti 50X5x2 MM HPOBOJWIOCH HA YHHUBEPCAJIBHOW HCIBITATSILHOW MAIIMHE
SHIMADZU AG-50kNX mpu KOMHAaTHOW Temrepatype. V3MeHeHHe TemiepaTypsl 00pasioB
OTIPENEIIUIOCh M0 MH(PAKPACHOMY H3IYyYEHHIO, PETHCTPHPOBABIIEMYCS TETNIOBU3MOHHOW KaMepoii
ThermaCAM SC 3000 c¢ gacrortoit ceemku 50I'm [6]. Temmeparypbl 00pasioB ONpeaeisioch 1o
nH(]ppaKpacHOMY H3ITYYSHHIO, PETHCTPHPOBABIIEMYCs TEIIOBHM3HOHHOW Kamepoit ThermaCAM SC
3000 c gactoToii ceemku S0 [6].

UccnenoBamucy 00pasiel, BBIpE3aHHBIE W3 JIHUCTOBOrO Marepuana (mMenp M1, tutan BT6,
nypamromuHuil [[16) Boonb U momnepek mpokaTku. Tarxke ObUTM M3TOTOBIIEHBI 00pa3lbl U3 CTEPXKHEH
ucxoaHoro matepuana (Meap M1, marnueBblid cruiaB AZ31B), u crepkHeil 00paOOTaHHBIX IO
TEXHOJIOTHH PaBHOKAHAIBHOTO yriioBoro npeccosanus (PKYII).
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Ha puc.1 npuBeneHbl pe3ynbTaThl UCIBITAHWN Ha OMHOOCHOE pacTsokeHHe oOpasioB meau M1,
BBIPE3aHHBIX BJIOJIb M MOMIEPEK HAMPABJIEHHUs POKATa HCXOAHOTO JIUCTA.
Ha puc.1a,b mpencrasiens: 3apucumocts 6(€) u T(g), BRIpE3aHHBIX B0 (CIUIONIIHBIE JIHHUHN) H
nonepek (MyHKTHPHbIE JIMHHM) HalpaBjieHWs Mpokara,. Ha puc.1C mpuBeIeHbI 3aBHCHMOCTH
k03¢ dunmentos Teitmopa B(g), MOTydSHHBIM 1O JaHHBIM PEICTABICHHBIM Ha puc.1a,b.

c,MPa £=0,00125" T.°C. 5,MPa £-0,0125" T.°C

250 15 250

° 618.% ¢=0,00125"

200 200 -l b8

150 150+ G

100 05 100+ ' Cot4

£=0,012514(-1)

50 50 ) T2 1

0,0

; v 0 ; T : ' v v 0 0
25 30 35 0 5 10 1

a b ' ' c

o 5 10 15 20
£,%

Puc.1 3aBucumoctu 6(g) u T(€) must o6pasioB mMenu M1, mpu ckopoctsix gedopmaruu g = 0,0012s™

-, u g =0,012s-6; 3aBucumoctn kodpdunuentos Teitnopa B(e)-B. ( BJIOJIb MPOKaTa, =

TIOTIEPEK TPOKATa).

Kak BUIHO, Ha MHTEHCUBHOCTbH TCIUIOBBIJICICHUS M BEIIMYUHY €r0 BKJIaJa B DHEPreTHUCCKUIN
0ajaHC BIUSIOT HE TOJBKO CKOPOCTH JedopMmanuy, HO M aHU30TPONHUS CBOUCTB, OOYCIIOBICHHAS
TEKCTYpO#, HaBeAeHHOM npu npokatke [1,4].

Ha pwuc.2 mpencraBneHsl pe3ynbTaThl IUKIAYECKHX HCTBITaHWA 00pa3ioB n3 tutana BT6,
BBIPE3aHHBIX U3 JIFCTA BJIOJb U MONEPEeK HalpaBiIeHHs MpokaTa. [{ukindeckne CIbITaHus 00pas3noB
npoBouikck Ha MammHe Instron ElectroPuls E3000 ¢ wacroroii Harpyskenuns =101y u amruaTymoi
mukiia F=2000N. TTpuBeieHbl 3aBUCUMOCTH yuTnHEeHUst 00pa3ioB (U(t)), usmerenus temmepatypsi T (t)
B MPOIIECCE UCTIBITAHMI U paccunTaHHbie Koddduientst Teiinopa B(t).

1.0

0,04

——-long2
—— -long2
« -cross3

-cross3

0,02

—— -long2
-+ -cross3

ts
0 20 40 60 80 100

Puc? 3aBucumoctu yaiuHenus: oopasios U(t)-a, usmenenus tremmeparypsl T (t) - b u koaddurmentsr
Teiinopa B(t) —c.

B nanbHelimieM ObUIM NpPOBEOSHBI  HCCIEAOBAaHMS BIMSHMS pa3Mepa 3epHa Ha XapakTep
NPOLIECCOB TEIUIOBBIACTICHUS! MIPU OAHOOCHOM KBa3HCTATUYECKOM PacCTsDKEHMU. VICXOIHBIE CTEpKHU
menn M1 u maraueBoro ciiasa AZ31B oOpabaTeIBaguCh 10 TEXHOJIOTHH PaBHOKAHAIBHOTO YTIIOBOTO
npeccoBanus(PKYII). O6pasupt Mmeau M1 u umenu cpeanuii pasmep 3eped d ~45um u d ~0,8um,
a B oOpasuax cmasa AZ31B d ~14um u d =1,7,m.

Ha pI/I03 MMPUBCACHBI PE3YJIbTAThI, NOJYYCHHBIC ITPU OAHOOCHOM PACTSKCHUU MCJU C Pa3HbIM

pa3MepoOM 3€pHaA. CrutoniHeie KPHUBBIC COOTBCTCTBYIOT PE3yJIbTaTaM HCIIBITAHUI KPYIMHO3CPHUCTBIX
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00pasIoB, IyHKTUPHBIE —MeTK03epHUCTHIX. L{idps! 1n 3 Ha prc.3c COOTBETCTBYIOT 3aBUCHMOCTSIM TIPH
g, =0,001s ", auudper 2 u 4 mpu g =0,01s™.

Pesynbratel Ha puc.3a,b reMoHCTpUpYOT H3BEeCTHBIN (akT ynpouHneHus oopasuos nocie PKYII
[14], a Takxke 3HAYUTEIBHYIO 3aBUCHMOCTh TEMIIEPATYPhI KaK OT CKOPOCTH Je(hOPMUPOBAHUS, TaK U
XapakTepHOro Macitada CTpyKTYpBbI.
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Puc.3 3aBucumoctr 6(g), T(€) u B(€) mpu 0MHOOCHOM PACTHKEHHH METHBIX 00PA3IOB CO CKOPOCTSIMU
nepopmupoBanms g, = 0,001s - a; u g = 0,01s " - b; 3aBucumoctu B(¢) - c.

(——d ~45um, ~d ~08um; 1,3 - & =0,001s, 2,4 - & =0,01s7%).

3aBucumocTt Ko3(hdunuenta Teinopa B(g), npuBeacHHBIC HA PUC.3C, WLIIOCTPUPYIOT POCT
TEIJIOBBIACTIEHHS C yMEHbIIEHHEM pa3Mepa 3epHa U, CIe0BaTeIbHO, POCTOM IJIOTHOCTH MEXK3E€PEHHbIX
rpaHMmIIa, a TAKKe ¢ yBEIMYCHHEM cKopocTH aedopmanun. Poct (€) xapakTepusyeT CHIDKCHHE T0JIH
JaTEHTHOH SHEpPrur  00pa3LoB B mporecce 1eGpopMUPOBaHNUS, TO €CTh YMEHBIICHHE JJOJIN BHYTPEHHEH
SHEPruH, 00YCIOBIEHHOH Nedekramu cTpyKTypsl. [Ipu 3TOM, YeM BbIme cKOpocTh nedopMHUpOBaHus,

TEM 3HaYUTEIbHEE YMEHBIICHHE JOJIN HAKOIUIEHHON SHEPIHH % .

Ha puc.4 a,b,c nmpuBeaeHb! pe3yabTaThl HCIBITAHUMN, TOYYEHHbIE TIPH OAHOOCHOM PACTSDKECHUN

00pasoB n3 MaraueBoro cmuiasa AZ31B ¢ pasmepamu 3epHa d ~14um nd ~1,7 zam . 3aBUCUMOCTU

o(e) crmmaBa mpHM pacTsHKEHHH, B OTIHYME OT HChbITaHud Mmeau u apyrux LK meramios,
JEeMOHCTPHUPYIOT HAJIW4YKE 3HAYUTENBHOTO JIMHEHHOIO y4yacTKa YIPOYHEHHs I0CJe CTaluH YIpyroro
otkiuka. To ectb, MHOroremneparypHasi texsHonorus PKVYII mo3Bossier cymiecTBEHHO YBETUYUTb
IUTACTHYHOCTh MarHUEBOTo cIuiaBa. [Ipu 3ToM 0TMETHM, YTO HAaOII0AAaeTCA CHUXKEHHE TEIUIOBBIACTICHUS
B oOpasuax B nponecce geGopMupoBanus (puc.4c) O CPaBHEHUIO € pe3yjIbTaTaMU MCIIBITAHUHN CILIaBa
B COCTOSIHUM ITOCTaBKH. T0 €CTb, 10JIs JIATEHTHON 3HEPIuy NpH 1e(OPMUPOBAHIH MarHUEeBOI'O CIIJIaBa

BO3pacTaceT, B OTJIMYME OT MPOoIlecca HAKOIUIeHUs 1aTteHTHOM sHepruu B ['LIK meTamnax (puc.3).
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Puc.4 3aBucumoctu o(g), T(e) m P(¢) mnpm ogHOOCHOM pacTsbkeHUM 00pasuoB ciuiaBa AZ31B co
ckopocTsaMu feopmupoBanus £, = 0,001s'-8; u g = 0,01s'-b. 3aBucumoctu P(e)-c. (——

B pa6orax [12,13] 66110 TI0Ka3aHO, YTO OCOOEHHOCTH M3MEHEHHS CBOMCTB MarHUEBOTO CILIaBa
AZ31B mocne wHorotemmeparypabix mukioB PKVYII o0ycnoBnensl pasnmndameM MpOIECCOB
JIMHAMUYECKOW TEepeKpUcCTAIIM3aluy, oTiauvaromieics ot mpoieccoB B I'IIK Meramnax, a Takxe
CYIIIECTBEHHBIM BKJIaJJOM MEXaHHW3Ma JBOWHUKOBAHHS B TIPOIIecCHl fehopMupoBanmst Metamios ¢ ['TIY
pemerkoii. OOHaApYEHHOE B AKCIEPUMEHTaX, OTJIMYHE TpoIlecca HAKOIUICHHUSI CKPBITOW IHEPTHH B
Metaimax ¢ ['TIY u T'TIK pemerkaMu, MOKa3bIBaET, YTO XapaKkTep TEPMOJAMHAMUYECKHUX MPOIIECCOB IIPU
nehOpMUPOBAHNH B 3HAYHUTENHHON Mepe KOHTPOIHPYIOTCS IIPoIleccaMi Ha MUKPOYpPOBHE.
3akaouenue. IlpencraBneHHple pe3yIbTaThl MCCISIOBAHMNA MOKA3BIBAIOT, YTO HA TEPMOAMHAMUKY
nporiecca aeopMHUPOBaHNS MTOJUKPUCTAITHYECKAX METAJIOB BECbMa CYIIECTBEHHO BIUSIOT CTPOCHUE
pEIIeTKY, AHU30TPOIHUs, HANpuUMep OOYCJIOBICHHAs TEKCTYypOH, pa3Mep 3¢peH U IUIOTHOCTh
MCIK3CPCHHBIX I'PAHMII.

CylecTBYIOIINUE TOMBITKA TEOPUTUYECCKOTO OIMMCAHHS, HCIOJB3YIOIINE ypaBHEHUs OaaHca
SHEPIUU MPH IUIACTHYECKOM JIe(pOPMHUPOBAHUM HE MPEJCTaBWIM  HAa CETOMHSIIHUA JCHb MOAEIH,
MO3BOJISAIONICH yU4ecTh MHOTOO0Opa3ue, B3aUMOCBSI3b U UEPAPXUI0 MEXaHU3MOB IJIACTHYCCKOTO TCUCHUS
B TIOJIMKPUCTAILTHYECKUX MeTamtax [14,15].

Pabota nognepxkana rpantom PH® Ne 21-19-00563.
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I/IHTeraJ'IbHOQ YPABHCHHE B A3POAUHAMUKE Bpamalomeﬁm JomacTu

Cymbatsn ML.A., Ka3zakos E.A.

B paGote paccmarpuBaeTcss NpHUMEHEHHE KIACCHUECKOW TEOPUH MajbIX BO3MYILICHHIH K TOHKOW BpaIlalOIIEHCs JIOMACTH.
PaccMoOTpeHbl HECKONBKO BapHAaHTOB AMNPOKCHMALUM, MOIYYEHO IBYMEPHOE HHTErpajbHOE YpaBHEHME, IO3BOJIIOIIEE
MONTYYNUTh paclpeeneHie GYHKINN CKauka JaBJICHUs Ha JOHMacTH. J{s peleHus IByMEPHOTO MHTErpagbHOTO YpaBHEHUS
UCIIONB3YeTCs YUCICHHBII METO/T TUCKPETHBIX BUXpe. [IprMeHsieMblil YiCIIeHHBIH allrOPUTM ITO03BOJISIET yIeCTh 0COOCHHOCTH
spa ¥ MOJIYYHUTh PelIeHne, KOTOPOe aBTOMAaTHYECKH YIOBIETBOPSIET TpeOyeMbIM (DM3HIECKUM CBOWCTBAM 3a/1auu.

PaccmoTpuM TOHKYO C€1a00M30THYTYIO JIONACTh, BPAILAIOIIYIOCS BOKPYI OCH X C YIJIOBOM
CKOPOCTBIO @, TaK YTO B TEKYIIHU MOMEHT BPEMEHHU OCh JIOMACTH MPOXOAMT Yepe3 Och X,. Pabouas
MIOBEPXHOCTH JIOTIACTH ONMCHIBAETCsl ypaBHEHHEM X; = f(Xy,x3). IIpuHnMaeTcs nauHeapu3oBaHHAs
a’pOJMHAMUYECKAs] TEOPHUsS 110 MajibIM BO3MyIleHUsIM. COOTBETCTBEHHO, MPEAINOIAraeTcs, YTo yroi
aTaku « Mall, a TaKkkKe Maja 3aKpy4eHHOCTh JIOMAacTH. Takum o0pa3oM, MOBEPXHOCThH JIOMACTH B
Ka)XII0i CBOEH TOYKe pacrojaraeTcsi OJM3KO K IUIOCKOCTH BPAILICHUS X,X3, U YTOJI MEXKIY BEKTOPOM
HOPMaJIM K MOBEPXHOCTH JIOMACTH U OChIO X Takxke main (cMm. puc. 1). Kak cnencrsue, rpaHnuHOe
YCIIOBHE HEIPOHUIIAEMOCTH ITOBEPXHOCTH JIONACTH MOKET ObITh IIEPEHECCHO HA COOTBETCTBYIOIIYIO i
MPOCKIHIO S B MJIOCKOCTH BpAalICHUS X,X3. [IpuHATHIE MpeanonoxeHust Gu3ndecku KOPPEKTHBI PU
OOJNBIINX YTIOBBIX CKOPOCTSIX AJIsl BceX Todek S. Kpome Toro, Bce mepedyucieHHBbIE OMYIICHHs B
0O0JBILION CTETIEHN NPUMEHMMBI K JIONACTSAM PeajbHbIX BO3AYIIHBIX BUHTOB JETATEIbHBIX alapaTos,
JUIMHA ¥ IOUPUHA KOTOPBIX CYLIECTBEHHO MPEBOCXOAAT TOJILMHY, a Oonpluas vacTh paboueit
TIOBEPXHOCTH OTKJIOHSIETCS OT TUIOCKOCTH HE3HAUMTEIbHO. B OCOOCHHOCTH NaHHBIM TEHICHIIUSM
COOTBETCTBYIOT COBPEMEHHBIE JIETKHE MYJIbTUKOITEPHI.

ap,

©X, l

o

Puc. 1. IlpuBsizka KOOPAUHATHBIX OCE K MOJIETIN TOHKOH JIONACTH

[IpenmonokuM, 4YTO TEUCHHUE KHUIKOCTH OC3BHUXPEBOE BE3Je, 32 HCKIIIOUEHHUEM BUXPEBOW IEJICHBI,
CpBIBAMOIICHCS ¢ 3aaHell KpOMKH JionmacTd. Torjma CyIlecTByeT MOTEHIIMAT CKOPOCTH, YTO TOCIe
MOJICTAHOBKH B YCJIOBHE HEPA3PhIBHOCTH B CIIy4ae HEC)KMMAEMOM YKHUKOCTH TPUBOJIUT K YPABHEHUIO
Jlarmmaca as morennmana [1]:

U = Vo, V-U=0,= Ap=0 D
JUTSL BCETO TIPOCTPAHCTBA, KPOME BUXPEBOM MEJICHBI U COOCTBEHHO MOBEPXHOCTH JIOMACTH S.
W3 mpenmnonoxeHusi, 4To 3ajaya SBJISAETCS CTAIl[MOHAPHON BO BpallAIOIIEiCs CHCTEME KOOPIUHAT,
CBSI3aHHOM C JIOTTACTHIO, B HETIOJIBIKHOM CHCTEME KOOPIUHAT MOJIy9aeM COOTHOIIeHHE [2]:

dp  d¢

@(x,r, 0t +6,t) = p(xq,7,60,0); = E-l_ w% =0 (2)

rae (1, 6, x1) — MIMHAPUYECKas CUCTEMa KOOPIUHAT JJIsI TOUKH X.
B urore nuHeapuzoBanHbIi wHTErpan Komm-Jlarpanka [yis JaHHOM 3a0a4i MMeET CIIeAyrouii Bu (p’
— BO3MYII[CHHE IABJICHUS HA OHE aTMOCHEPHOTO Py):

2 ! ’
p v +a_(p:p_0;:p_+a_(p=p__wa_(p:0 (3)
p 2 dt p p Jdt p a0
Takxe HEOOXOAMMO HA00aBHTh TPAHUYHOE YCJIIOBHE HEMPOHHMIIAEMOCTH JUIsi 00EMX CTOPOH TOHKOM
JomacTH, Kak ot x; = +0, Tak u 411 x; = —0, B IMHEapU30BaHHOM BHUJIE:
V] = WX (4)
CraHpapTHBIE METOIBI TEOPHUH MTOoTeHIMaNa [3] Jar0T COOTHOIIEHNE
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¢’ aG(y,
W2 [[ro a0, ®)
S

rae Gyukims y(y) cBsA3aHa CO CKaYKOM a3pOIMHAMUYECKOTO JaBlIeHUs Ha tonacTtH, G (y, x) — QyHKIHs
I'puna G(#,R) = pr——-T

¥ = (V1,Y2,Y3) — TOUKa, 0 KOTOPO MPOUCXOTUT HHTETPUPOBAHKE IO MOBEPXHOCTH. PaBeHCTBO (5)
OCHOBAHO Ha TOM, YTO a’pOJUHAMHYECKOE JaBJICHHE, C KOTOPBIM 10 dopmye (3) cBsizaHa (yHKIHA
(5), sBnsieTcs peryssipHON (yHKIMEH BO BCEM MPOCTPAHCTBE BHE MOBEPXHOCTH S.
[Mponudpepenuunposas (5) mo x; 1 nonoxus x; = 0, umeem:

aZ‘P (x; = 0) dy, dy;
X ﬂ YO G =327 + (s — 72 P ©

[Tocne aToro mpounterpupyem (6) mo 6. I[aHHoe WHTETPUPOBAHKE YIOOHO BECTH OT TEKYIICH TOUKH JI0
TOYCK BBEpPX IO TOTOKY Ha OCECKOHEYHOCTH, TJe HeT Bo3myineHuil. [Ipm 3tom s sro6oro
(hMKCHPOBAHHOTO X, UMEET MECTO COOTHOIIICHHE!

X = (X1,X3,X3) — TPOU3BOJbHAs (UKCUPOBAHHAS TOYKA B IKHIKOCTH,

X2

do = P dx; (7
CrnenoBatelibHO, TIpecTaBieHUe (6) MOKHO IEPENUCATh B BUIIE:
029" (x; = 0) X2 dy, dys
Ox0x =x2+x2ff)/(y2'y3) 3(8)
173 z2 0 [Cxz = ¥2)% + (x3 — ¥3)?]2

Takum o0pazom, Bo3Bpamiasch K ycioBuio (4), 3agada CBOOUTCS K JIByMEPHOMY WHTETPAIbHOMY
YpaBHEHUIO TI0 TOBEPXHOCTH JIOMACTH S:

ff K(x2,%3,Y2,¥3)Y V2, ¥3)dy,dys = way(xz,x3), (x2,x3) €S C))

B KOTOpOM Hem3BecTHas (yHkims Y(y,,y3) ONpemensier pachpeaeieHie a’spoanHaMHIECKOro
a o
JaBJICHUS Ha JIONACTH, (X5, X3) = % — YroJl aTaku, PaBHBIA YTy MEXAY HOPMAaJblO K JIONACTH U
3

OCBIO X3. 3aMETHM, 4TO BBIOOP QyHKIHH f (X, X3) MO3BOJISET pacCMaTPUBATh B PaMKaX JaHHOM 331241

IIPOU3BOJIBHO 3aKPYUCHHYIO JIONACTh JII0O0H (bopMLI B unTerpansHoM ypaBHEHUH S7po K uMeeT BUJ

dz
K(x2,%x3,Y2,¥3) =f 2 5 5 213/ (10)
xg (x5 +22)[(x —¥2)* + (2 — y3)%] /2
1 MOXeET ObITh BBIP@XKEHO Yepe3 dieMeHTapHbie pyHkiwu. [Ipumenum k sapy (10) uaTerpupoBanue mo
4acTAM, IPUYEM

1 P 2z d
¢ 72 + x5’ “ (22 + x3)? z
dz Z— Y5
dv = 3 V=
[(z = y3)% + (x2 — ¥2)?] /2 (xz — 3’2)2\/(2 —¥3)?2 + (x3 — y2)?
B pesynbTaTe 3TOro abCoMOTHO TOYHOTO AeCTBHS U3 HOJBIHTEPATLHOTO BBIPAXKEHHS BBIXOIUT UJIEH,
CoJIepKaIlii BCe MHTEPECYIONINE HAC OCOOEHHOCTH U C TOYHOCTHIO 10 MHOKHUTEJNSI COBHANAIOIIM C

TJIaBHBIM YJICHOM YPAaBHCHUA KJIaCCHYECKOM TEOPHHU TOHKOT'O KpbLIa:

(11)

X3~ Y3
K=- + (12)
(x% + xz)(xz YZ)Z\/(X3 —¥3)2 + (x — y2)?
N 2 z(z—y3)dz
Oz =¥2)* | (22 +x2)2(z = y3)? + (2 — ¥2)?

X3
OcraBmmiicst mHTErpat I mpeacTaBuM B BUAE CyMMEI I U pEryJsIpHOTO BBIpaXKeHUs R
(00}

z(z —y3)dz
(z2 + xzz)Z\/(Z —¥3)% + (X3 — ¥2)?

=1 (13)

X3
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o]

zsign(z — y3) dz
[=2 +R=1I,+R 14
f (22 + x3)2 0 14

X3

_sign(xs — y3) + sign(ys —x3) + 1

0 x2 + x2 y2 + x2 (15)
MO3KHO MOKa3aTh, YTO MPU MAJIbIX 3HAUCHHSX X3 U V3
1
Iy = — (16)
X2

[anee Bocmosb3yeMcsi TEM, YTO pa3Mep JIONAacTH BAOJb XOPAbl HAMHOI'O MEHBIIE €€ pa3Mmepa BIOJb
pasmaxa. DTO MO3BOJISET MPHUHATH CIEAYIoNIee MPHONMKEHNE, 3aMETHO YIpolaroee Bce HopMyJIbL:
zZ—Yy3=2z; x3=0:

R —72 z [ z s —sign(z — )] dz (17)
TG —y)? | (224 x3)? V@ = y3)% + (x; — ¥,)? 7 7
R 2 - [ - 1] d (18)
~ —1|dz
(xz - 3’2)2 (ZZ + x22)2 \/Z2 + (xz - y2)2
0

3HauEeHME MOCIEHEr0 HHTErpaja 3aBUCHT OT 3HAKa BEJMUMHEI X5 — (X, — y,)%. Ecin x3
(x2 — y;)? > 0,Toraa

2 Z+Z% + (x; — y5)?
R= _ _ \/ (x; _ }’22) _ (19)
(x2 = ¥2)% \2[x5 — (x2 — ¥2)%1(22 + x5)
1 {1 (xy — ¥2)? — 2x3 } y
Xoy/ %2 — (x5 — y)? 2[x5 — (xz — ¥2)%]
y an\/xzz —(xz —y2)* + xz\/Z2 + (22 — ¥2)? _L>
> 2
Vz2 + x5 =0 2x3
¥ TI03TOMY
R = 2 1 1 + (20)
(x2 — ¥2)? 2[x22 — (x2 —y2)?] 23‘22
1 —(x, — )’2)2 ( ( J
+ X In{x, + [x2—(x —y)2>—1n|x -yl )=
X Jx2 — (g — y2)? 2[5 — (x2 — ¥2)?] ’ ? 202 e
1 X3 |22 — 2l ]
- 1+ In 1)
x5[x5 — (23 — ¥2)?] [ VX3 = (= y)%  xp + /%2 — (% +¥,)?
B urore
Y3 — X 1
K(x2,x3,Y2,y3) = ’ ’ (22)

+ +
x22 (xp — 3’2)2\/(3’3 —x3)% 4+ (xy — y2)? xzz(xz —¥2)?

1 X2 lx; — ¥l
+ 1+ In
x5[xF — (2 = ¥2)?] [ V2 — (0 = ¥2)2 xp + /x5 — (xy + ¥,)2

]; eCIIn X3 > x5 — Y5

®u3NYecKu 3TOT CIIydail peaau3yeTcsi paBHOMEPHO IO BCEH IUIOMIAJM JIOMACTH, €CIU €€
paboyas TNIOCKOCTh [ETMKOM yJaJIeHa Ha IOCTATOYHO OOJIBIIIOE PACCTOSIHHE OT OCH BPAIICHHUS.
SlcHo, 9TO C MPAKTUYECKON TOYKH 3PEHUS MOA00HAs TEOMETPHUS JIONACTH BCTPEUYALTCS KpalHe
penko. bornblee mpakTU4ecKoe 3HAYEHUE UMEIOT JIOMACTH, JIJIsl KOTOPBIX TOJI00HOE YCIOBUE
BBITIOJIHSIETCSI JIMIIb B HEKOTOPOW YacTW JIOMACTH, a B OCTaBIIEHCA YacTH HaoOOpoT
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BBIMOJIHACTCS  YCIIOBHEX, < |X; — V,|. B 3TOoM cimydae BTOpas crpoka dopmyiasl (22)
MIPUHUMAET CIAEAYIOLIUNA BU!

1 x 2+ (xy — ¥2)? — x5
__ |1+ 2 arctg \/( 2= Y2) 2 (23)
x3[x3 — (2 —y2)?] V0 — y2)? — 22 X2\ 22 + (3 — ¥,)? z=0
1 X X, — ¥2)? — x3|
N : 14 2 arctg\/( 2= Y2) 2
x5 [x5 — (2 — y2)?] \/(xz —¥2)? — x5 X2

B cpaBHeHHHM C KJIACCMYECKOM TEOpUEH TOHKOTO KpbLIA MOSBISETCS WICH, COJCpXKAIlUi
KOMIIOHEHT C JIOTapu(MOM MO0 C apKTaHT€HCOM.

VYpasuenue (9) pemaercs B kinacce QyHKIMH, yIOBIETBOpsomuX ycnouio Kyrra-YKykoBckoro, T.e.
pelIeHue JODKHO OBITh OTpaHMYECHHBIM Ha 33HEi KPOMKE JIONAacTH M HEOTpaHHMYECHHBIM Ha IIepeTHEH.
Kpome Toro, pemeHre n0MKHO OBITH OTpaHMYEHHBIM Ha OOKOBBIX KPOMKax — ¢ (PU3MYECKON TOUKU
3pEHHS 3TO COOTBETCTBYET MEPEXJIECTY JaBICHHS BO3/IyXa Yepe3 3aKOHILIOBKY JIOTIACTH.

JU7st pemeHns AByMEpHOTO HHTETPAILHOTO YPaBHEHHS NCIIONIB3YeTCs YHCICHHBIH METO/ IUCKPETHBIX
Buxpeit [4]. Ha puc.2 mokasaHo, 4TO B PacCMOTPEHHOM MpUMEpe O0JIaCTh JIOMACTH B MPOCKIIUH
SIBJISIETCS TPSAMOYTOJBHOI: (—b, b) X (I, L), XOTS AAaHHBIA aJrOPUTM NPUMEHUM K NPOU3BOJILHON
reoMeTpHH JIONACTH.

Puc. 2. [IpuBsizka KOOPAUHATHBIX OCEH K MOJIEN TOHKOH JIOTIACTH

CranmapTHbIe METOJBI TUCKPETU3AIMH MO3BOJISIOT MOCTPOUTH CHCTEMBI Y3JIOB MO KaXKIOM W3 Oceit
X5, X3, IPUUEM Y3JIBI NIl peajbHBIX KOOPAWHAT W MEPEMEHHBIX WHTETPUPOBAHUS PACIONIaraloTcs B
OJTHOM ¥ TOH ke cucTeMe, IPUYEM IIar MeX,ly TAKUMH Y3JaMH COCTAaBJISIET POBHO IMOJIOBHHY OT IIIara
MEX/Ty y3JIaMH peaNbHBIX KOOpAWHAT. TaKkol MOIX0/ ABISETCS OCHOBOW METOJa TMCKPETHBIX BUXPEH,
a TaKKe IO3BOJIACT M30EKATh MPU BBIUUCICHUU OCOOCHHOCTEH, MPHUBOIAINIMX K BO3HUKHOBCHHIO
HEONPEIEIEHHOCTEN.

—b Y3j b x3
A o L
D
hs

Puc. 3. [TocTpoeHre CUCTEMBI y3JI0B TI0 XOP/Ie JOMacTh

Ilo amanorum c [5] kBagpaTypHas (opmyna MoOXeT ObITb NPUMEHEHa K IEPEeMEHHOH Y,, YTOObI
TIOCTPOMTh COOTBETCTBYIOIIYIO JIMCKPETHYIO CXeMy (Xz = Xp;), (i =1,...Ny,) ans nepoil yactu
HHTErpajbHOTrO ypaBHeHus (9), B KOTOPOH MbI OTPAaHUYUBAEMCSI CITydaeM X, > |X; — Vo l:

NXZ x2j+hz_2
Y3 — X3
V(xz i» Y3) + + (24)
! f x5 (xy; — 3’2)2\/(3’3 —x3)% + (x3; — ¥2)? x%i(xzi —¥2)?
ha
j:]_ x2j+7
+ 2i In |22 — ¥l dy,

1+
2 [%2 — (oo — v)2
ailezi = Gz = 72) ][ \/xzzi — (21 —¥2)?

X2i t \/xzzi — (g — yz)ZJ/
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. L-1 .1
rae Ny,— pasMep CEeTKH M0 MEPEMEHHOH X, hy = N~ LUar CeTKH C Y3IaMH Xp; = I+(i— > h,.
2

dopmyia, ananoruysas (24), JIErko BBIIHCBIBAETCSA TaKkKe W I caydas X, < |x, — y,|. Tocne
WHTETPUPOBAaHUSI B ypaBHeHHMH (24) OJHOMEpHOE SAPO MO mHepeMeHHoW X3 € (—b,b) comepxkur
cTangapTHble ocodennoctH Tuna Komm. [1pu aTom ocobeHHOCTH, 3aKITI0UEHHEBIE BO BTOPOii cTpoke (22)
U COOTBETCTBYIOIINE KOMIIOHEHTHI KBaIpaTypHOIl ()OPMYJIBI SIBIISIFOTCSI HHTETPUPYEMBIMHU U IIO3TOMY,
B OTJIMYME OT CUHTYJISIPHBIX M THIIEPCUHTYJISIPHBIX OCOOCHHOCTEH MEPBBIX JBYX CIIAaraeMblX, CllaracMoe
BO BTOPOIl CTPOKE MOKETOBITH BBIHECEHO 32 3HAK WHTErpajia MpH HMHTETPUPOBAHUU IO MaJbIM
uHTEpBanaM. [IpuMeHseMblil YUCICHHBIM aJrOpUT™M MO3BOJISET YUECTh IVIaBHBIE 0COOEHHOCTH A1pa U
HOJIYYHUTh peIIeHHE, KOTOpPOEe aBTOMAaTHYECKH YIOBJIETBOpPsAET TpeOyeMbIM (U3MUECKUM CBOICTBaAM
3agaun. [locne auckpermsanuu 3a1ada CBOAMTCS K HEKOTOPOW JHMHEHHOH anreOpandeckoi cucteme
OombIoit pasmepHocTu. Jist ee perienus ucnonbiyercs merox LSQR [6], mpuBoasimii K yCTOWIHBOMY
ANTOPUTMY.

Pabora BBIOTHEHA TIpH (HUHAHCOBOW IMOAMEPIKKE MPaBUTENbCTBA Poccuiickort demepartni, IpOeKT
Ne 075-15-2019-1928.
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Judpakuusi 3ByKa Ha y3KOM TeJjie B OJJHOPOTHOM HaderaiouieM noToxe
CymbaTtsan M. A., Mycatoa H.K.

PaccmarpuBaeTcs IByMepHas 3ajada TEOpHH Audpakiuu — nudpakuus 3ByKa Ha y3KOH OOJACTH C OCTPHIM YIJIOM B
OJTHOPOJHOM Oe3BHXpPEBOM HaOerarolieM IOTOKe ¢ TPaHHYHBEIMHU yciaoBHsMH Heilimana. VcToyHMK 3Byka pacroraraercs
IIPOM3BOJIEHEIM 00pa3oM BHYTPH aKyCTHYECKOH cpeibl. 3ajada pemiaeTcss B paMKaX MeToJa IPaHWYHBIX HHTErPallbHBIX
ypasreHuit (TY), KOTOpEIi CBOANT €€ K PEIIeHUI0 MHTErpabHOTO ypaBHeHUsT Dpearossma BTOPOro poaa BIOJL KOHTYpa
obmactu. KBanpatypHast ¢opMyna npsMOyroidbHHKOB IpH auckperusaruu csogut ['NY k CJIAY, s pemieHuss KOTOpoit
HCTIONB3YETCsl METOJ] HAMMEHBIINX KBaApaToB. [l ONTUMU3ALUK PEHICHNSI B OKPECTHOCTH yTJla IPUMEHsieTcs Ooliee rycTast
cerka. Pe3ynbraThl pacyeToB NPUBOAATCS B rpadukax v TabnIuuax.

1. IHocranoBKa 3a1a4u

PaccmaTpuBaetcs 3amava mudpakiiui aKyCTUYECKOW BOJHBI HA Y3KOM Tele B HaOeraromieM IOTOKE.
[Toxoxue 3amaun THAPOAVHAMUKY HECKUMAEMOH JKHUIAKOCTH C JBIXKYIIEHCS cpemoi uiss obiactet B
BHJIe KOHEUHOTO KJIMHA paccMaTpHBaIUCh B pabotax [1,2,3]. B crathe aBTOpOB [4] paccMaTpuBaics
MPOCTEHIINH cIydaid y3KOro Tella B aKyCTHYECKOH cpene O6e3 Haberaromiero nmoroka. B npyroii padore
aBTOPOB [5] cpaBHHBAIOTCA TPU CIIOCOOA peIIeHUS JAaHHOW 3aaqd — TOJYaHATUTHYECKHA METOJ
IPaHUYHBIX UHTErpanbHbIN ypaBHeHui (I'MY), dusndeckuit Mmeton — Teopus audpakuun Kupxroda,
W TeoMeTpuuecKas Teopus, — Ui Audpakiud B HENOABIKHONW aKyCTHYeCKOH cpepe. OTo
WCCIIEIOBaHNE TI0Ka3ajlo, 4TO Hawmboiiee TOYHBIM M AS(P(GEKTUBHBIM METOIOM pEIIeHUs 3aJadu
mudpakuu Ha 3aMKHYTON obmactu siBisercs meton MY, KOTOphIit U HCIIONB3yeTCsl B HACTOSIIEH
pabore. Llens naHHO# pabOTHI — NOMOIHUTH MOTY4YeHHBIE B [4,5] pe3yabTaThl A ciydas TUQpaKium,
B YCIIOBHSIX HAaOEraroImero O JHOPOTHOTO PAaBHOMEPHOTO MOTOKA. J[JIsl pemeHus 3a1auu MpUMeHSIeTCs
METO]I TPAaHUYHBIX HHTETPaTbHBIX ypaBHeHuil (TNY) [6,7], KoTOpbIi CBOAUT 33124y K HHTETPATBHOMY
ypaBHeHU10 OpearoabsMa BTOPOTro poja.

BriBeneM ypaBHEHUE JTMHEWHOW aKyCTHMKHM JUIsl JBYMEPHOM 3ajaud ¢ JBWXKylleHca cpenou. Ilycts
CKOpOCTh Haleraromero noToka paBHa Uy, yroi pacTBopa kiuHa paBeH 26 (puc.l). Torma monnas

CKOpPOCTb OYJET COCTOATh U3 CYMMBI JBYX KOMIIOHEHT \7=U0 +V'. Bagamgum HaGerarommii HOTOK
OJHOPOAHBIM U OAHOMEPHBIM (cM. puc.l). CienoBarenbHO, MPOSKIMH CKOPOCTH Ha OCH OyIyT paBHbI
Vi =Uy+V, ', V, =V, '. Haiiném (dbyHIaMeHTanbHOE pelieHue A 3a1a4l AU(PaKIUU B OJHOPOIHOM

HaberatromieM moToke. C 3TOH LENbI0 BOCHONB3yeMCS YPaBHEHHMSAMH Oiiepa, HEpa3pblBHOCTU U
COCTOSIHMSI, TIPEIBAapUTENIbHO TIIOACTaBMB B HHUX IMPOEKUHWH CKopocTH. CunTas BO3MYIIEHHBIE
BEJIMYMHBI CO MITPUXaMU MaJIbIMH, B JINHEHHOM MPUOIMKEHUN TIOTYYUM CUCTEMY U3 TPEX ypaBHEHUH

V' oV
—+ pU, —+Vp'=0
Po ot Polo o p
op' op' T
— +u, =—+ p,div(V')=0
ot 0 ox ~o ( ) @
plzplcz

[IpuMeHrM K MepBOMY ypaBHEHHIO CHCTEMBI JTUBEPTeHIMIO U BbIpa3uM e€ u3 Broporo. IloxcraBum
BTOpOE ypaBHEHHE B TepBOe; yuTéM, uTo p'= p'/c?; 0o603HAaunM y =u,/c. U B UTOTE MPUXOIUM K
ypaBHEHUIO

O S e B . o
% oy ¢ ot ¢ atox

KOTOpOE COBMajacT ¢ [8], mosy4eHHbIM APYTrUM CIIOCOOOM. B rapMOHHYECKOM peXUMe 3aBUCUMOCTh

(U3MYecKnX BENMYMH OT BPEMEHH BBIPAXKACTCS MHOXKHTETeM BHaa exp(—iwt). CrnemomaTensHo,

p'=ep. U3 ypapHenus (2) BbIBeNeM BhIpaxkeHue s GyHKIMH [puHa B IByMepHOM ciydae. B

TpéxmMepHOM cityyae GyHkims ['puna monydena B [8]. Umeem

o’p & o
(1—y2)§f+ay—5+k2p+2|ky6—z:5(x—x0)5(y—yo) (3)

rae k=w/c — BomHOBOE uncio. st pemenns (3) npumenum npeodpasoBanne Oypbe 1Mo X U 10 Y,
Toraa st oopaza Oypbe aKyCTHUECKOTO IaBJICHUS CIIPABEITUBO CIIEAYIOIIEe BEIpAKEHHUE:
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ei(axt)*ﬁyo)

P(a,B)= 4
( ) az(l—y2)+,82—k2—2k]/a ()
Bocmosb3yemMcst 06paTHbIM npeobpazoBanneM Dypbe:
A ei(a(xﬂ—x)Jrﬂ(yO—y))
(x.¥) 4r* _‘[0_'[00(2(1—7/2)+ﬂ2—k2—2k7/a ®)

[Tocne HEKOTOPBIX HETPUBHAIBHBIX BBIYMCICHHI WHTETPAJIOB MOJNyYnM, 4To (yHKIMer ['puHa s
3ama4n qudpakIuy ¢ HaberamuM OJHOPOIHBIM OE€3BHXPEBBIM TTOTOKOM SIBJISIETCS (DYHKITHS

iky (X —x)

G(x,y)=%e 1P| e ) ©

4f1-5°
OueBHAHO, YTO B CiTyyae Oe3 MOToKa, TO ecTh pH ¥ =0, hopmysa (6) mepexoauT B u3BecTHyo [4,5].

B pamkax meroma 'Y 3amava mudpakium CBOAWTCSA K WHTETPAIBHOMY ypaBHeHHIO Dpearonbma
BTOPOT'O poJa:

oG(t,t :
p(to)—ZJ—a(n O)p(t)dI:2p'”°(t0), ty el (7
| t
3neck p(ty) — akycTUdecKoe AaBleHHE Ha TpaHUIE; | — KOHTYp 0071acTH; «BHYTPEHHAD» TOUKA t , TI0

KOTOPOM ITPOUCXOAUT UHTETPUPOBAHUE, U «BHEIIHSA» TOYKA t, — JByMEpHBIC TOYKU HA rpanuLe; G —

dynxims [puna; n, — HOPMaIb K KOHTYPY; p™ — aKycTHUeCKOe JaBIeHHe Ma/[atoNleil BOIHBL.

2. YucsenHoe peumenue ocHopuoro 'y

Puc.1. /IBymepHOe y3KO€ TeJO C yriIOM pacTBopa 20 , HaXOsIeecsi B OTHOPOJHOM HaberaroueM
HIOTOKE CO CKOPOCTBIO U,

C 1enpi0 TeCTUPOBaHHS Pa3pabOTaHHOTO aJrOpUTMa ObLI BhIOpaHa 00J1aCTh, KOTOpAs MPEJCTABIISICT
co0o#t JBe MNPSAMOJUHEHHbIE T'paHU JUIMHOM L, CHMMMETPHYHO PACIIOJIOKEHHBIE OTHOCHUTEIBHO
TOPU30HTATBHON OCH X, KOTOpPbIC 3aMbIKaeT CEKTOp Kpyra paauycoM R =Ltgd (puc.l). Toueunsit

MCTOYHHK 3ByKa S = (xo, yo) pacroJyiaraeTcs pou3BOJbHBIM 00pa3oM B HEIIOCPEICTBEHHON OJIM30CTH

K ocTpoMy yriry obmactu. Jjis najapbHEWIero 4YMCICHHOTO PEIIeHUS IUCKPETU3UPYEM TPaHUYHBIH
KOHTYp. Pa300béM mpsAMONMHEWHbIE YYacTKW Kaxabldi Ha N  3JIEMEHTapHBIX OTpPE3KOB, a
KpUBOJMHEHHEIE — HA M . B cymMMe KOMWYECTBO pa3OMEHHMI Ha KOHTYpPE PaBHO K:Z(N+M).

WHgeke m COOTBETCTBYET «BHEIIHEN» MEPEMEHHOM, TO €CTh TOUKA t, B JEKAPTOBOM CHCTEME MMEET
KOOPAMHATBI ty = (X, Yy ); MHIGKC j COOTBETCTBYET «BHYTPEHHEID» IepeMeHHOI: t= (xj Y ) B

TaKUX TEPMHUHAX MTPOU3BOHAS GYHKIMH [ pUHA BBIYHCISIETCS CIETYIONIM 00pa3oM
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E:(ve.ﬁt)zﬁ x+@ny:
on, oX oy
i () X; —X yi -y
S S et iyH K T +( ! m)Hl(l) K T nx+( ! m)Hl(l) K i Ny

2 2 o o
3)1601) rmj Z\/(Xj —Xm) +(yj —ym) — pacCTosgHUC MCKAY «BHYTPCHHCHU» WU «BHCIIHCH» TOYKAMMU,

Yisn = Yja . X~ Xja

HOPMAaJIb K KOHTYpY UMEET KOOPAUHATHI N, = - — , hj — paccrosnue mexny j-1
j j
ik;/(xm—xo)

. inc I 157 o K
v j+1 onementapubiMu otpeskamu. [lajnaromas Bonna paBHa p™ =——=e 7 Hg’'| —— |,

4\/1— y? 1-y

0)\? 0\? o

= (xm—x ) +(ym—y) — paccTosHUE OT TOYKM MCTOYHMKA 3BYyKa JI0 «BHEIIHEH» TOYKH.

[anbHeilliee  4YKMCIEHHOE  WHTETPUPOBAHUE  TMPOU3BOAUTCS  KBaApaTypHOH hopmymoit
npsMoyrosibHUKOB [9]. B pesynbrare qucKkpeTH3anus MpUBOAUT OCHOBHOE MHTETPAIbHOC yPaBHEHHUE
Kk CJIAY pa3mepa KxK otHocuTenpbHO K Hem3BecTHBIX . CHCTeMa perniaeTcs METOIOM HAaMMEHBIITIX
kBaapatoB LSQR [10]. J{ns uncnenHoi peanusanuu ucmois3obaics maker MATLAB.

[lepeiimem k aHanmmM3y MONYy4YEHHBIX pe3ynbTaToB. CpaBHAM IIOTHOE aKyCTHYECKOE J/JaBlieHHE B
3aBUCHUMOCTH OT CKOPOCTH Haberaromiero notoka, To ecTb OT napamerpa y (puc. 2). ['opuzonTanbHas

OCh COOTBETCTBYET HOMEpY y3lla Ha KoHType. KommdecTBO pa3zOmeHMil Ans NPSIMOIUHEHHBIX M
KpUBOJIMHENHBIX Y4acTKOB paBHO N =M =1000. Cmy4ail =0 COOTBETCTBYET CHUTyallud C

aKyCTHYECKOW cpemoit 6e3 moTtoka u coBmamaeT ¢ [4]. MoxXHO caenaTh BBIBOA, YTO HPH OOJBIIEH
CKOpPOCTU IIOTOKa aKyCTHYCCKOC IaBJICHUEC MCHEC HWHTCHCHUBHO. BCHOMHI/IM, 4YTO pPCHICHUC 6I>UIO
MOCTPOEHO ISl TIPOM3BOJIBHOIO PACIIONOKEHUsI HCTOUYHHKA 3BYKA U BOCIIOIB3YEMCS 3THM — CMECTUM
VICTOYHHK BBEPX BJIONb BEPTHKAIBHON IOJNIOKHUTENBHOH ocH S =(—1,—1) M pacCMOTPHM JJOCTATOYHO

octpeiit yron 0=7/18 (puc. 3). CeTka TUCKpeTH3alMd KOHTypa 00JacTH ObLTa BBHIOpaHA TaKUM
00pa3om, 4TOOBI HU OJMH y3€JI HE Monajai B BepiuuHy yrina. CienoBaTenbHO, MOBBIIEHUS] TOYHOCTH
BBIYUCIICHUH MBI J0OMBaeMcs JIMIIbL YBEJIMYCHUEM KOJIMYECTBA pa3OMeHUi, OHAKO JJIsi JOCTATOYHO
OCTPBIX YTJIOB 3TOH TOYHOCTHM HENOCTAaTOYHO — Ha pPHCYHKE 3 B y3/1aX, COOTBETCTBYIOIIHX
OKPECTHOCTM BEpUIMHBI yIja, BHIHBI BCIUIECKH. PaccMOTpuM cmocod YCTpaHEHHUs 3TUX
ocobennoctell. OH OCHOBaH Ha BBEJICHUM 00Jiee TYCTOW CETKH B HEOOIBIIONH OKPECTHOCTH yIJia, B TO
BpeMs Kak Ha OCTaIbHOM KOHTYpe 00JIacTH MOXKHO CETKY ClieNaTh MeHee IrycToi. CpaBHHBasi pUCYHKH
3 u 4, MOXHO cIelaTh BBIBOJ, YTO MpPU MEHbLIEH pa3MepHOCTH MaTpuibsl — 4000x4000 mnpoTUB
6000x 6000 — Takoli crocod 3afanus ceTku Oomnee IPPEeKTHBEH, HEXKENN PABHOMEPHBIH.

03

gamma=0
real

imaginary

= = = -gamma=0.3
————— gamma=0.5

04 L . L . . |

5 . . . . . |
0 500 1000 1500 2000 2500 3000 3500 4000
i

Puc. 2 Puc. 3
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Puc. 4

Puc. 2. BemecTBeHHas 4acTh aKyCTHUYECKOrO IaBJICHHS NpH (DUKCHPOBAHHBIX Hapamerpax k=1,

0=r16, S=(-1,0), L=10 u nepeMeHHO} .

Puc. 3. CpaBHeHHe BEIIECTBEHHOM M MHUMOW 4YacTel HaBleHWS IIpU OCTpoM yriae 6=7x/18 u

HECUMMETPUYHOM PACIIOIOKEHUU MUCTOYHUKA 3BYyKa S :(—Ll). ITo BepTHUKanK OTIOXKEHO HABICHHE
p, IO TOPU3OHTANN — JJIMHA KOHTypa | (00X0I KOHTypa IO 4acOBOW CTpENKE HAaYMHAS C BEPIIMHEI

yrna). OctansHble TapameTphl: k=1, y=0.5, L=10, N =2000, M =1000.

Puc. 4. BemecTBeHHas ¥ MHUMas 4acTH JaBieHus. boiee rycras cerka N, =1000 B OKpeCTHOCTH
ocTtporo yrina pasmepoM L/20 u Oojee paspekeHHas CeTKa Ha OCTaJbHOM KOHType N, =500,
M =500. Ilo BepTHKaIu OTJIOKEHO AABIEHUE P, [I0 TOPU3OHTAIM — AJIMHA KOHTypa |. OcTanbHble

napameTpsl: 6 =7/18, S=(-11), k=1, y=05, L=10.

3aKkiIoueHne

1) Uccnenosana 3amaya nudpakiuy 3ByKa Ha y3KOM Telle ¢ OCTPBIM YIJIOM B aKyCTHYECKOH cpeje ¢
HaOeramIMM OJHOPOJHBIM MOTOKOM. B paboTe 00001maroTes pe3ynbTarhl, mojaydeHHsie B [4,5], s
Cilydasi Ha0eTaroIero noToka.

2) Merox rpaHMYHBIX HHTErpanbHbIX ypaBHeHuil (ITMY) Obut BbIOpaH Kak caMblii MOAXOMALIMN K
JAaHHOM 3a/aue. biarogaps npumeHeHno QyHKyH ['puHa OH CBOJHUT KpaeByIo 3ajady Mo 3aMKHYTOH
o0jacTu K 3ajaye MO KOHTYpPY, YTO 3HAUMTENIBHO YIPOINAeT JalbHEHIIHe BhIYHCIEHUs. B utore
3ajaya CBeJlach K MHTETpajbHOMY ypaBHeHHI0 dpenronsma Broporo poaa (7), KoTopoe ObUIO peleHo
YHUCIIEHHO.

3) BriBeneHO ypaBHEHHE JTUHEHHON aKyCTHKH JUIs IBYMEPHOM 3amaun ABMKYyIeics cpeapl. C 3ToM
LENbI0 MBI BOCHOJB30BAJIIMCh ypaBHEHHSAMM Oiiepa, HEpa3pbIBHOCTH U cocTosiHUA. llomydenHoe
ypaBHEHHUE COBMAJIO ¢ [4], MOMy4YeHHBIM APYTUM criocoOoM. Jlanee u3 ypaBHEHUs! IBUKYILEHCS Cpebl
C TIOMOIIBI0 IPSIMOro M oOpaTHOro mnpeodOpazoBaHuii Dypbe OBUIO HAWICHO (QYHIAMEHTAIBHOE
pelIeHne 3a/1a41 JIMHEHHOM aKyCcTHKY — pyHKIMs ['prHa, KoTopas ucmosb3oBaiack B ocHoBHOM [NV
4) [Ans 4uCIEHHOTO MCCIENOBaHUs 3a/1a4i KOHTYp 00JIACTH ObUI JUCKPETH3MPOBAH TaKUM 00pa3oM,
yTOOBI y37IbI HE TOMAJajd B BEPIIMHY OCTPOTO yIia, 1adbl M30eKaTh CHHTYISAPHOCTH PEIICHUS.
UncneHHOe WHTETPUPOBAHKE MPOBOAMUIIOCH METOAOM MPSMOYTONBHHUKOB. OCHOBHOE HHTErPaIbHOE
ypaBHeHue cenock K CJIAY ¢ kBaapaTHOH MaTpuLei, KOTOpoe ObUIO PEeIIEHO METOJOM HAaUMEHBIINX
kBagpatoB [10]. Bce uncnennsie pe3ynbrarsl Obuin nomyueHsl B cpene MATLAB.
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5) I'padpuueckoe cpaBHEHHE AaBICHUM HPU Pa3IMUHBIX CKOPOCTIX CPElIbl II0KA3alo, YTO YeM OOJIbIIe
CKOpPOCTh HaOeraromero MmoToka, TeM MEHBINE WHTCHCHUBHOCTh aKyCTHYECKOTO HaBIICHUS (pHC.2).
Crnydait ¥ =0 COOTBETCTBYET CUTYallUH C aKyCTHYECKOH cpelioi 6e3 MoToKa.

6) TIpumep Oosee octporo yria €=rx/18 mokasas, YyTO TOYHOCTH B OKPECTHOCTH BEPIIUHBI yIiia
HEJ0CTAaTOYHO — Y COOTBETCTBYIOIIUX DJIEMEHTOB peieHus (prc.3) 3aMeTHBI 3HAYUTEIIHHBIC BCIUICCKU.
[ToaTomy OBLT TPEAJIOKEH CIOCOO YCTPAaHEHUS ATHUX 0COOEHHOCTEH, KOTOPBI OCHOBAaH Ha CTYIICHUU
CEeTKM B OKPECTHOCTH yria. [IpsMONWHEHHBI y4acTOK KOHTypa pa30mWBaeTcs Ha [IBE YacTH —
HEOOJIBIION YYaCTOK B OKPECTHOCTH BEPIIMHBI yIila ¢ OOJBIION TUIOTHOCTBIO Pa30MEeHU U OCTaIbHAs
YacTh OTpE3Ka C IUIOTHOCTBHIO TMOMEHBIIE. DTOT METOJ IpPH MEHBIIEH pa3MEpHOCTH MAaTPUIIBI
MTO3BOJIMJI YMEHBIIUTh BCIUIECKH M TEM CaMbIM TOBBICHTH 3(PPEKTHBHOCTH UHCIEHHOTO PEIICHW,
YMEHBIIINB BpeMsi paboTsI IIpoIieccopa.

BbaarogapHocTs. ABTOpHI BBIpaXXaloT OJaroJapHOCTh NpaBHTENbCTBY Poccuiickoit denepaunu 3a
nojepkky npoekta Ne 075-15-2019-1928.
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006 ypaBHeHusix MakcBeyia
XaumksH A. C.

HpI/IBOJIHTCH HCKOTOPLIC COOGpa)KeHI/Iﬂ aBTOpa O MHOPEACTAaBJICHUU I3TUX ypaBHeHHﬁ, a TaK¥XXE HCEKOTOPLIC
COOTHOLICHUA C STUMU YPABHCHUAMU MEXaHHYECKOM MOJIEIIH 3JICKTPOHA aBTOpa .

[TouTH Bce COBPEMEHHBIC UCCIICAOBAHUS U MPAKTUYCCKUNE PACUCTHI TI0 JICKTPOJINHAMUKE OCHOBAHBI
Ha ypaBHEHHSX MakcBellia, KOTOpble ObUIO Obl CIIPaBEIMBBIM Ha3bIBaTh ypaBHCHHSMU MakcBemia —
®Dapagest. CymiecTBYIOT U IIPEATIOKEHHS IO PA3BUTHIO STHX ypaBHEeHUH [ 1]. 31ech MpUBOASTHCS HEKOTOPEIE
COOOpaKEHHS IO TIPEJICTABICHHUSM 3TUX YPaBHEHUIA.

CoBpeMeHHbIe Npe/icTaBieHus ypaBHeHU MakcBesia — @apaziest B BEKTOPHOM BHJIE CIIEAYIOIINE
rotH =47ni+%D; divD = 4mp
rotE = — %B; divB=0 (8]
B = uH,; D = ¢E.
31ech MpUMEHEHBI O0IICTPHHATBIC 0003HaYCHUS [2].
B ciydae anmexktporoka B nmpoBozsiei cpeae p = 0 . dakTuuecku HET CBOOOIHBIX 3apsiiOB.
OTH ypaBHEHHsI OCHOBAaHBI Ha IBYX OCHOBHBIX HETIPEIOXKHBIX IKCIIEPUMEHTAIFHBIX (PaKTax:

1. JIBa mapajuienbHBIX MPOBOAA, I10 KOTOPHIM TEKYT IIOCTOSIHHBIE OAHOHAIPABICHHBIE JJIEKTPUIECKUE
TOKH, B3aUMHO IPUTATHBAIOTCA.

2. Bo BCSKOM 3aMKHYTOM IPOBOASALIEM KOHType, INpPH W3MEHEHWHM MAarHUTHOHW HWHIYKLUH,
NPOXOIIEH yepes3 IIOLIaKy OrPaHHUYEHHYIO 3TUM KOHTYPOM, BOHUKACT IEKTPUIECKUN TOK.

HepBoe H3 OTHUX (I)aKTOB HallOMHMHAcCT FHZ[pO,Z[PIHaMI/ILICCKI/Iﬁ nponecC B3aUMHOI'0 IMPUTATUBAHUA ABYX
KOpa6J’I6ﬁ, IJIaBaOIUX MapalUICJIbHO B OKCAHE.

B niepBoii rpymnie 3TUX CHCTEM ypaBHEHUH OTPa’KEHO TOJIBKO T'€HEPUPOBAHKE IIOCTOSIHHBIM TOKOM TaK
Ha3bIBa€MOI'0 MarHUTHOT'O T10JIs1 HAaNpsbKeHui cornacHo (opmyse bruo — Capapa — Jlamnaca

+I[ALXT]

AH = k1B, (2)

KOTOPOC CO3AacT CUIIY B3aMMHOT'O IIPUTATUBAHUA TOKOIIPOBOAAIINX ITPOBOIOB.

O,Z[HaKO O6HICI/13BCCTHO, YTO IIOCTOSHHBIM TOK CO3Ja€T B CpCAC TaKXKEC OIJICKTPHUUCCKOE II0JIC
HaHpH)KeHHfI. He coBcem SCHO, CUMUTAIOT JIX aBTOPbI 3TUX MHOTOYHMCICHHUX pa60T 9TO IIOJIE BTOPBIM
CaMOCTOSATCIIBHBIM CHJIOBBIM BOSI[GI\/'ICTBI/IGM QJICKTPUYECKOI'O0 IMOCTOAHHOIO TOKAa WM IIPOCTO APYrUM
BBIPAXXCHHUEM YIIOMAHYTOI'O BBIIIEC MAalrHUTHOT'O I10JIA.

9KCHepI/IMeHTaHBHO MU3BECTHO TAKXKE, YTO JABE OAHOMMCHHO 3apsA’KCHHBIC JJICKTPUYCCKUEC YaCTHUIbI, B
YaCTHOCTH JJICKTPOHBI, B CTATUYECKOM COCTOAHUHN B3aMMHO OTTAJIKUBAKOTCA M3BECTHBIMU KYJIOHOBCKUMH
CHJIaMH.

CoBMECTHO € TIEpBOi AKCIIEPUMEHTAITEHOW OCHOBOW pacCMaTpPHBAEMbIX YPaBHEHHH ATOT (DaKT cO3/aeT
OIpEJIETICHHbIE TPYAHOCTH IPHU NOCTPOEHUM MOZENIH 3IeKTpoHa. [loaToMy paccMOTpHM 3TOT BOIIpOC B
OTHOILICHHUH HAILICH MOJENH J1eKTpoHa [3].
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B Hamie#t Mojenu 3IIeKTPOH TMPEACTABISICT U3 ce0s MEXaHWYEeCKUH arperar (KaTamyibTa), KOTOPHIi
CYIIECTBYS B 3Hpe, OTCTPENUBAET YaCTUIBL. 1109TOMY, ECTECTBEHHO M OUYEBHIHO, YTO AJIEKTPOHEI B 3TOM
KBa3UCTATHYECKOM COCTOSIHMU OYAyT B3aWMHO OTTaJIKHUBATHCS.

[TocTosTHHBIN 2NEKTPHYECKUIT TOK TPEICTABISET COO0 HECKOIBKO 000COOIEHHYIO CTPYIO IIEKTPOHOB
(B 9TO# MOAeNH, Kak M B JACHCTBUTEIHLHOCTH), KOTOpas oOTekaeTcss d(hUpPOM WM ABMKETCS B ddupe, B
KOTOPOM €CTh [aBJE€HHE, TOTOMY W ECTECTBEHHO W OYEBHAHO OXHIATh, YTO JBAa ITOCTOSHHBIX
OJTHOHAIIPABJIEHHBIX TOKa OyIyT B3aWMHO MPHUTATHBATHCA, KaK JIBa KOpabIls, IJIaBarOIINe IMapalielbHO B
OKEaHe.

O,I[HaI(O Y HacC HET JOCTOBCPHBIX KOJIUYCCTBEHHBIX OLICHOK ITPOIECCAa U MBI HE MOXKEM OLICHUTH BKJIaJ
B OTO SABJICHHUE JJICKTPOANMHAMUYCCKUX BOSHCﬁCTBHﬁ, €CJIM OHU UMCIOT MCCTO.

EcrecTBeHHO, YTO BeNWYMHA CHJI ATHX JIBYX B3aUMOACWUCTBHH OyIeT 3aBHCETh B IIEPBOM ClIydae OT
BEJIMYMH CKOPOCTH M MacChl OTCTPEJIMBAEMUX YaCTUI] MU UX KOJIUYECTBA, a BO BTOPOM CIIy4ae OT CKOPOCTH
JBIDKEHHS 3JICKTPOHOB B JIEKTPHUYECKOM TOKE, OT T€OMETPUHU CTPYH JIEKTPOHOB U OT CBOMCTB 3(pHpHOIL
CpPEJIBL.

B npunnune moxxer npeo61aaate, 0 BENUIHUHE, JIF00ast U3 3TUX IBYX CHJI, YTO BO3MO>KHO, B IIPUHLIMIIE,
OKCIICPUMECHTAJILHO Ha6H}0I[aTI>, H3Yy4HMB JBWIKCHUC IBYX 3JICKTPOHHBIX IMapaICIbHBIX J'Iy‘-ICfI N3MCHCHUECM
CKOPOCTEH JBUKEHUS NIEKTPOHOB.

Takum o0pazoM Hama MOZIENb JIEKTPOHA, BO3MOXKHO, OOECIeYMBAET 3TH [Ba, MPOTHBOPEUMBBHIX,
CBOICTBa AJIEKTPOHA, MPUBJIEKAs pa3HbIe MEXaHUYECKHE MTPOLIECCHI.

ITpoGiieMbl 0OTEKaHHs TEJ B )KUAKOCTH WK B T'a3€ OMKMCBIBAIOTCS B THApOMexaHuke [4].

Tak xak B ypaBHeHMsX MakcBemia — @apajes sIBHO HE YYacTBYIOT CTATUUYECKUE B3aUMOJACHCTBUS
y4YacTBYIOLIMX B TOKE OJIICKTPUUECKUX 3apsiioB, TO B MepBoM ypaBHeHuH (1), MOKeT OBbITh, ClieayeT
N00aBUTh CTATHUECKUM UJIEH, 3aBUCSIIUM OT KYyJOHOBCKMX cuil. OHaKo, 3TOT BONpOC Tpedyer
JOIOJHUTCIIBHOIO M3Y4YCHUA BCICACTBUC W3BECTHOM CTAaTHYECKOM YPaBHOBCHICHHOCTU B HpOBOI[SII]_[eﬁ
Cpeac IMOJOXUTCIbHBIX W OTPULATCIBHBIX JJICKTPUUCCKUX 3apAaao0B. HpOTeKaHI/Ie SJICKTPUUICCKOI'O
IMOCTOAHHOI'O TOKa B BHAC CTPYHU OJJICKTPOHOB MOXET BHECTU HCKOTOPYIO Typ6y.]'leHTHOCTB B HX
yYpaBHOBEIIEHHOE COCTOSTHHE. XOTSI U MBI MOXEM ceiiuac BpEMEHHO HE YUHMTBHIBATH 3TOT (aKT, MIOMHS O
HEOOIBIION FJIy6I/IHe COOTBCTCTBYIOIIHMX IMOTCHINAJIBHBIX AMOK 1 00 OTHOCHUTEIIHLHOH JICTKOIIOABUKHOCTHU
BHEIIHUX AJIEKTPOHOB, YYACTBYIOIIMX B JIEKTPUYECKOM TOKE B MOJENH SAApa aToMa. JTO MOXKHO, IO
KpaiHOH Mepe, KOTia B 3JIEKTPUIECKOM TOKE 3JIEKTPOHBI HE U30JIMPOBAHBI OT MOJIOKHUTEIBHBIX 3aps/I10B.

OTCyTCTBHE COBPEMEHHBIX HCCIeNOBaHU 3dupa 3aTpyaHseT Oosiee MoApoOHOE OMHCAHHE STOTO
nporiecca. D¢up [5] oueHb cioxHas cpefa’ ¥ TauT B ce0€ MHOIO TallH W HEU3BECTHBIX HaM SIBJICHH,
3aJIAIONIMX WM HET O ceOe 3HaK C JPEBHHUX BPEMEH, KaK JJICKTPUYECTBO M MArHeTHU3M, HO HE MEHee
HMHTEPECHBIX M BAKHBIX. XOTs AltOKOBCKHM B. A. [6] moyib3yeTcs npecTaBICHUSIMHU I'a30JAHAMHUKH KaK C
ypaBHEHUSAMHU 3(pHUpa, HO 3TO HE BCEraa KOPPEKTHO 0OOCHOBAHO, YTO KOCBEHHO IIPHU3HAET W CaM aBTOp.

* Jlnst uenoseka ¢ (1-2)M OTIMYHBIME, KaK eMy KasKeTcs, pasMepaMu okpyxkatoruit mup ¢ 10°° pa3 Gonbumu
pasMepamu ecTh HEOObATHBIN KocMoc. TTo106HbIM 06pazoM s yacTuisl ¢ 107190y pasmepamu, ero okpyskaromuii
MHp ¢ GosbImeit yem ero cobeTBennble pasmepbl B 10°° pas npeacrapisercs kak HeOObATHBIH KOCMOC, XOTSI 3TOT
MHpP MEHBIIIE IEKTPOHA B HEOIUCYEMOE YHCIIO Pa3.
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YpaBHenus Makcgeinna — @apazesi, HABEpHOE, COCTaBAT €CJIM HE CYUIECTBEHHYIO, TO, IO KpailHel mepe,
BaXHYIO 4acTh OOIINX ypaBHEHHUH 3pHpa, KOTOPHIE ellle He HalMCaHbI

Bropas rpynna cuctem ypaBHeHHWi (1) KOHCTaTHpyeT co3laHHe JIeKTpoABIKyIned cuibl (D]]) mpu
W3MEHEHUH MarHUTHOTO IIOTOKA B KOHTYype, 00OHapyxeHHoi DapaneeM.

OTtMeTHM, 49TO 3TO (U3UYECKOE SBICHUE KaXETCS IETUKOM M TIOJHOCTBIO TEM e SBICHHEM, HO
00paTHBIM TI0 MPOTEKAHUIO BO BPEMEHU K SIBJICHUIO, OTIMCAHHOMY B IIEPBOM CUCTEME YPaBHEHUM, U OOPATHBI
TaK K€ W B TOM >K€ HAIPaBICHUU U BO3MOXHBIE CTOPOHHHUE CHJIBI, YTO MOKHO TIPOCMOTPETh U B CAMHX
ypaBHeHusx (1), m ormeTnM Taxke, uro Papazeil MOHUMAN 3TO U IEJICHANPAaBICHHO WCKaJ W HaIllel ee.
OTnnune 3TUX OBYX SBICHHHA COCTOWT B MPIJIOKEHHWH CTOPOHHHX CHJI: B IIEPBOM ypaBHEHHH 3TO
TPaHUYHOE BHEIIHEE HIIEKTPUUECKOE HANpsHKEHHE, BO BTOPOM CIydae 3TO PacHpe/eIeHHOE BIUSHUE Ha
3JIEKTPOHBI ITPOBOSIIETO KOHTYPA CO CTOPOHBI BHEUTHETO MArHUTHOT'O TOJIA.

Bce paccmorpennsie n ydacTByromue B (1) GyHKOHMM KemaTelbHO W MOTYT OBITh BBIPAYKEHBI KaK
(GYHKIUM OT 3JIEKTPUYECKOro HampsbkeHus «E», Tak kak BO BCeX MpoleccaX M3HAYAIbHO CYIIECTBYET
TOJIBKO €IMHCTBEHHOE T0JI€ CTOPOHHUX JIEKTPHUECKUX HANPSHKEHUH, TEM CaMbIM KOHCTATHPYS 3TOT (akT.

ABTOp BbIpakaeT 0JaroJapHOCTh CBOoeMy Koutere A. A. AMHp/DKaHSHY 3a MOJIE3HOE O00CYKICHHUE
paboTHL.
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YacToTHbIH aHAJM3 KOPIyCca BpallalLIeics
3JIEKTPUYECKOH MAIIIMHBI

Mlexsn I'.I'., I'eBopksin A.B.

3agaya o KojeGaHUAX KOPITyca 3IeKTpuyeckoil MautnHel (OM) naeHTHYHA ¢ KoleOaHueM KPYroBOTO KOJIbIA, KOTOpoe
BCTpEYaeTcsl MPU HCCIENOBAHMAX YacTOT KOJIEOAaHMI pa3iIMYHOrO poja KOJBLEBBIX paM. PaccMaTpHBaIoTCs HECKOIBKO
MIPOCTHIX 3a7a4 O KOJEeOAaHHWSAX KPYroBOTO KOJbIA MOCTOSIHHOTO IIOIIEPEYHOr0 CEYEHHS B MPEIIONIOKECHHH, YTO Pa3Mephl
CEUEHHUH MaJlbl 10 CPABHEHHIO C PAANYCOM OCEBON OKPYKHOCTH M UTO Ka)KIO€ MONEPEYHOE CEUEHHE UMEET OCh CUMMETPHH,
PacIOIOKEHHYIO B INIOCKOCTH KOJIBIIA.

Bo MHOrMX paccykaeHHsSX MO MOBOAY COOCTBEHHBIX YacCTOT MpPUHATHI BO BHMMAaHHE LEHTPOOEKHBIE CHIIBI
Bpammaronmxcss Macc. [Ipy ompeneneHHBIX YCIOBHAX CYIIECTBEHHOC 3HAUCHHE MMEIOT HE TOJNBKO ATH CHIIBI, HO M CHJIBI
HMHEPLUH, BO3HUKAIOIINE BCIEICTBUE YITIOBBIX MEPEMEIEHHH Ocell BpaIaroLuXcsi Macc.

Ecnn npuHsTh, 9TO TIpOrn® portopa mpy KoiebaHMsIX BeChbMa Mall M YTO IEHTpP TSDKECTH pOTOopa coBIagaer ¢ ocbio O
(puc.1), To monoxkeHne TUCKa poTOpa OYAET HOTHOCTHIO OMPEACIATCS KOOPANHATAME €r0 LIEHTPa  yTriaMH II0OBOPOTa Baa.

B osnexkrpumuecknx MammHAX KOPIYC CTaTopa IpPEACTaBiseT cobOoi pedpHcToe KpyroBoe KONBIO, K KOTOPOH
MPUKPETJICHbl YCTAHOBOYHBIE “JIAIbl’, @ BHYTPHU KOpITyca HACAXEH CTaTop.

PaccmarpuBaroTcs paguaibHble U KPYTHIBHBIE KoeOaHHs KOpITyca cTaTopa, Kak CBOOOIHOE KPyroBoe
KOJIBLIO.

ITpu yncTo pagnambHOM KoJieOaHUH KOJIbLA, CPEIHSS OCeBast
JIMHUS TPECTABISIET U3 ce0s OKPYKHOCTH € MIEPHOANIECKU
H3MEHSIOLIMMCS paguycoM [1].

Kaxxnoe nonepevHoe cedeHue Kobla HIMEeT OCh CHMMETPHH
1 KaXJI0€ MONEPETHOe CeUCHNUE [BHUTACTCS B PAAHAIbHOM
HarpaBJIeHUH Ae(popMupyeTcst 6e3 HOBOpOTa.

[Ipenmnonaraercs, 4To pa3Mepsl NONEPEUHBIX CEUEHUN KOJIbLIA
(xopmyca craTtopa) MaJibl [0 CPABHEHHUIO C OKPYKHOCTH H 4TO

puc.l Konebanue xopnyca cmamopa KaXJ10€ IIOIIepeyHOe PaJIlycCOM CEYEHUE UMEET OCh CUMMETpPUH,
OM npu epawjenuu pomopa PAacCTIONIOKEHHYIO B OCEBO IIOCKOCTH KOJIBIIA.

ITocmanoexa 3a0auu. Tlycts potop DM Bpamiaercs B KOPIyce ¢ paavalbHBIM MEePEMEICHUEM T10
HANpaBJIeHUH K IIEHTPY craropa. Toraa OTHOCHUTEIbHOE YJIMHEHHE KOpITyca KOJbIa B OKPYKHOM
Harnpasjenun oyuer, U/R. 3nech:
R — pagnyc oceBoii THIK HeAePOPMHUPOBAHHOTO KOpITyca (KOJbIia),
U — paguaibHOE TepeMeIeHre M0 HANpPaBIEHHIO K EHTPY (YTO OJMHAKOBOE JUTS BCEX IMOIEPEUHBIX
ceuenuit), (cMm. puc. 1).

IMoreHnmanbHas SHEPrus AeGOpPMAIlUK, COCTOSIIAS W3 SHEPTMH PACTHKEHHS, OMPEISITUTCS
BeIpakeHueM [ 1- 4]:

SEu?

="
2R?

27R. )

Kunernueckast sHeprusi KojaeOaHus Oyaer:

Sy+ .
T =205 Re?, @)
29
ml - MacCa €AWHUIIBI AJIMHBI KOJIbIIA, 7 - yHeHBHLIﬁ BEC, S - IJiomaab HOHepe‘lHOFO CCUCHUSI.

U3 (1) u (2) momyunm

Eg 1
u+—g¥u 0
Otkyna u=C,cos ft+C,sin ft

Torma gacToTa YMCTO paguaNIbHBIX KoJIeOaHui OyaeT
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3)
% =, (
27z 27z 7R 7R
C y4eToM JOMONHUTENHHON Harpy3Ku OT YCTAaHOBOUHBIX Jiall ¢ BecoM Q, Heooxonumo B (1) u (2)
3aMeHHTh Ha S ) + Q [5], Tie Q — BeC YCTAHOBOUHBIX JIall.
Kopmyc kak KpyroBoe KOJIBIIO OO0JIagaeT Takxke QopMamMu KojeOaHWi, aHaJIOTHYHBIMU
NPOJOJILHBIM ~ KOJEOaHUsAM TNpHU3MaTHdeckux cTepskHedl. Ecmm  0003HauWTh 4YMCIO BONH TIO

OKPY)KHOCTH Yepe3 N, TO YacTOTHl BBICHIMX (GOPM KOIeOaHWH pacTSLKEHHsT Kopryca (KOJbIa)
omnpenensieTcs BeIpaxeHueM [6,7]:

N @)

yR?

PaccMotpum Temeph mpocTeimuii BU KPYTHIILHBIX KolieOaHuid. BenencTBre moBopoTa ceueHus
KOpITyca Ha yroJ ¢ (CM. puc.2) IpU KOTOPOM OCEBast TUHUS KOJIbIIA
ocraercst Heie(hOpMUPOBAHHOH a BCE TIOMEPEYHbIC CEUCHUsI TIOBOPAUMBAIOTCA Ha OJMH M TOT K€ Yroi
(puc.2). BcenencTBue 3TOTO MOBOPOTa TOYka M, yaaleHHas Ha paccTosHhe “y” OT CepeavHBI
IUIOCKOCTH KOJbLA, MOJYYUT PaguajbHOE IMEpPEMEIlEHHE Y@ M COOTBETCTBYIOLICE Y/UIMHEHHE IIO
OKPYKHOCTH MOKHO TPHHSATH MPHOIU3UTENHHO paBHbIM YO/R [8-10]. Torma moTeHnuanbHas SHEPrust

nedopMarim

v KOJIBIIa MOYKHO OTPEAETIUTH BEIPAKCHUEM:
E(yu 7El ¢
P X
- D H=272'RJ— — | ds=—"2— (5)
— 7/ 2R -
" _| rae |, - MOMEHT HHepIUHM MONIEPEYHOTO KOJbIa
Puc.2 INosopom ceuenus xonvya na yeon ¢ OTHOCHUTEIHHO ocH X.
Kunernueckas sneprus xonebanuit Oyner [9,10]:
Ly
T =27R2=¢%; (6)
29
3neck |, - MONAPHBIA MOMEHT HHEPIIMH MONEPEYHOr0 CCYCHHS KOJbLIA.
U3 (5) u (6) umeeM:
. Egl,
p+—5-9=0,
7R o
Otkyna OyJeM UMETh:
p=C/cosat+C;sinat ,
rae
Torma gyactoTa KpyTHIBHBIX KOJIEOaHUH OyaeT
()

Jiist ciydasi KpyroBOro MOIMEPEYHOr0 CEYCHHUS] KOpITyca 4YacTOThI BBICIINX ()OPM KPYTHIIBHBIX
kosiebanuit onpezaenurcs Gopmyoii [10]:

240



1 Eg =
f=— ’ J1+i? 8
Y27\ 2yR? ®
31ECh | - YUCJIO BOJIH IO OKPYKHOCTHU.

ITpu paccMoTpeHHH U3TMOHBIX KOJeOaHHWH B IUIOCKOCTH Kojbla (puc.l) mpuHuMaeMm, 4to 6 —

YTOJ, OIpeNesIoIUiA TIONOKEHHEe TOYKH OCeBOW IJIMHUH, U — paJnaibHOE IepeMelIeHHe,
MIPHHAMAEMOE TIOJIOKUTENTFHOE TI0 HAMpaBICHHIO K IIEHTPY, V —KacaTelbHOE MepeMeIleHne B
HaInpaBJIieHUH Bo3pacTanus yriia ¢, | - MOMEHT WHEPUUHU IMONEPEYHOTO CECYCHHS OTHOCHUTEIBHO

[JIABHOM OCH, MEPIIEHIUKYJISIPHOM K IIIOCKOCTH KOJbIIA.
OTHOCUTENbHOE  y/UIMHEHWE OCEBOW JIMHWU KOJbIla B JFO00H TOYKe, BBI3BAHHOE
nepememnenmsive, " U " u "V" Oynet [10,11]:

R Roo

Toraa n3MeHeHue KPUBU3HBI MOKHO TIPEACTaBUTh ypaBHEHHEM [2]:

1 1 Qv u
R+AR R R?%6* R? (10)

a B o0meM ciryyae M3ruOHbIe KOJeOaHUS MOXKHO NMPEACTABUTH B BHUIEC TPUTOHOMETPUYECKOTO psAla
(31ech MOCTOSIHHBIN YJICH Psifia, COOTBETCTBYIOIIMI YUCTO PaIUaibHBIM KOJIEOaHUSM, OITyIIECH).

V=a,cosf+a,Ccos20+...+b sinf+b,sin20+..., (11)
rae &, a,, .. b, b,, .. koaddumreHTE! 3aBUCAIIME OT BPEMEHH.

N3ruodnsie KOHGG&HI/IH, HECOIIPOBOXKAACMBIC PACTS)KCHHUEM OCH KOJIbLId, U3 (9) 6y}:[6M HMCTb,

ov
U=—-, (12)
00
. 1 . 1
OTKy/Ia u=aism6’+§azsm249+...—b1c059—§b2cosZ@—..., (13)
(3mech TOCTOSIHHAST HMHTETPHPOBAHMS, IPEACTABISIONIAas [TOBOPOT KOJbLA B €ro IUIOCKOCTH —
OIyIIIEHA).
Toraa n3rudaronMii MOMEHT B JIFOOOM MONEPEYHOM CEUCHUH KOJIbIla Oy IeT:
= Elf o +Uu (14)
R*\ 06
Y TIOTEHIMAJbHAs SHEPTHs U3rnda KOJIbIla MOXKEM MPEACTABUTh B BUJIE:
2
El (22 d°u
=— || S u | RdO, (14a)
2R™ 70 | 00

[oncrasmsst psin (12) BMecTo “U” M OJIB3YSCH BEIPAXKEHUSIMH:

.[02”003 mé@cosndd o = 0; J'OZ”sin mésinndd@ =0 mpu m=n,
u

2 R 2 2 2z . 2
_[O cosm@smn@dezo;_[o cos m49d49=_|‘0 sin“madé =r ,
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MOJIYYHMM 3HaYCHHE TIOTEHIIHAIBLHON SHEpTHH B BH e [8]

E 0
=~ 2> (1-i%) (a? +8?), (15)
i=1
TOF}Ia KHMHETHUYCCKasd SHCPIrusa KOJ'IC6J'I}OHICFO KOJIbIIa 6YI[CT:
_ Sy (27(.2 w2
_—gjo (u +V )Rdé?, (15a)

nonctasistst (11) u (13) B (152) momydwm:

RS 2 )
-z 7 (1+ )(af +b? ) (16)
PaccmarpuBas BHyTpeHHEE BUPTYyaJIbHOE IIEPEMEILIEHUE KOJIbLA, KAaK U B CIIy4ae
. oq . .
npsmoii 6anku  SU = 0@, Cosif, OV = fa'sm 19,

|
nosyuuM nuddepeHmanbHoe ypaBHeHHE IS JTF000H GopMbI KOJIeOaHus:

”R57(1+_1jéi + EIﬂ(l—iz)z a =0

g i° R®
nin
2
i%(1-i°
L L o IO
y SR™ 1+i

Torna yacrora J11000# GopMbl KosIeOaHUI KOpITyca ONPEAETHTCS BBIPAKEHUEM:

. .9\2
_1 [Eg 1 F(-F) )
"2z \ y SR 1442

HpH i =1, f= 0, a= 31COS6’, u= aisin €@ KOJBLIO IBHKETCH KAK TBEPAOC TEJIO, NIPUYEM &, -

IepeMeEIleHne B OTpULaTelbHoM HarpasieHun ocu X (puc.l). Tlpu 1= 2 KOJNBIO COBEPINAET U3THO-
Hble KOJIeOaHMs, COOTBETCTBYIOUIME OCHOBHOH (opme. KpaitHee monoxkeHue aehopMHUPOBaHHOTO
KOJIbIIa TI0Ka3aHo mtpuxamu (puc. ).

YactoTel THaBHBIX (OPM B cilydae H3THOHBIX KoJeOaHW KopIlyca MOXKHO OIpEICIHTh
BBIPAKECHHEM:

27\ ¥ SR* 1+i°

1 JEg 1 (V) a8

IIpu i=1, f =0. Cpanusas BeIpaxkenus (17) u (18) MOKHO 3aKIIOUMTB, YTO MPHM HU3IMX (HOpMAax

xone6anuii (I = 2) 4acToThl 060X THIOB M3rUOHBIX KOJIEOAHMIT MaIO OTIMYAKOTCA APYT OT APyTa.
Bovi6oovr u 3axniouenusn. TlonydeHHBIE 10 CHX TOp PE3yNbTaThl BBIYMCICHUN SIBISIOTCS
MPHOTMKEHHBIMU M KX MOXXHO ITPUMEHHUTh TOJIBKO B ClTy4ae, KOrja JUIMHA JYT'H Maja 110 CPaBHEHHIO C
pajnycoM KPHBHM3HBI KOJIbI[a. B TakuX cCliydasX 3TH Pe3y/IbTaThl MOKA3bIBAIOT, YTO COOCTBEHHBIC
YaCTOThI HECKOJIbKO MEHbBIIIE COOCTBEHHBIX YACTOT IPSMOTO CTEP)KHS U3 TAKOT0 XKe MaTepHaia, Takoh
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K€ IUIMHBI U IIOINCPEYHOI'0 CCUYCHMUA. Tak kak B 06H_IeM ClIyda€ TOYHOE PCHICHUE 3aaavdyd BECbMa
CJIOJKHO, TO 40 CHUX IIOP MNOJIYYEHBI TOJIBKO HpI/I6J'II/I)KeHHLIC 3HAYEHHS COOCTBEHHBIX YaCTOT.
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006 0codeHHOCTAX HcCIeTI0BAHUSA MPSIMOI M 00paTHOI 32124 0 K0JIeDaHUSIX CJIOUCTOM cpefbl ¢
nedexTomM
Sspysn O.B.

PaccMmoTpeHsl npsiMas M oOpaTHasi TeOMETPHYECKas 3aJa4d O KoleOaHWsAX CIOs C TPEIIMHOI pa3nu4HOi KoH(HUTryparuu
(npsiMONMHENHbIE, KPUBOJIHHEHHBIE, PACCIOEHHS TOPU30OHTANBHbBIE U BEPTUKAIbHBIE). PacCMOTpeHbI aHTHIIIIOCKAS U TUIOCKAst
3aJaydl Uil OJHOPOXHOM OpPTOTPONMHOHW MONOCHl. [lodydeHBI CHCTEMBI TPaHWYHBIX HHTErpanbHBIX ypaBHeHui (I'Y)
OTHOCHTEJIbHO KOMIIOHEHT (YHKUHUIA packpbiTus TpeiuH. [IpoBenen ananu3 nonydeHHbix ([HUY). IlocTpoeHb! BbIpaKeHHUs!
JUISL TIOJIel CMEIeH i, B YaCTHOCTH, Ha BEpXHEH TrpaHuIle Noyockl. Pemena oOpatHas 3agad 00 UACHTH(OUKANH TPEIINHE
[0 IPaHUYHBIM IOJAM CMEINEHHH, M3MEPEHHBIM Ha 4YacTU BepxXHeil rpaHuibl Mojochl. IIpemioskeH acHMITOTHYECKHUIN
MOAXOA K HCCIENOBAHHIO MPSAMOM M oOpaTHOM 3amaud Uil TPEUIMH Maloro OTHOCHTEIBHOTO pasmepa. I[IpoBemeH
BBIYHCITUTEIIBHBIN SKCIIEPUMEHT I10 BOCCTAaHOBIICHHUIO ITApaMeTpoB AeeKTa

[IpsaMbie n oOpaTHbIe 3agaud Uil Ten ¢ AedeKkTaMH SBIAIOTCA OOBEKTOM HCCIEIOBAHMUS

MHOTMX YYEHBIX BBUIY aKTyalbHOCTH M BaXXHOCTH IPHUKIAOHBIX 3a1a4 HA pacdeT NMPOYHOCTH U
yCTOMYMBOCTH KOHCTpYKImi [1-4]. Ilpu SToM HanMyue TPEUIMH B TelaX MOXET CYIIECTBEHHO
M3MEHHTH MOBEJICHNE 00BEKTA UCCIIEIOBAHUS U OKa3aTh HETaTUBHOE BIMSHUE HA HKCIUTyaTallMOHHYIO
CIOCOOHOCTh camMol KOHCTpyKIuHU. [loaTromy cBoeBpemeHHOEe OOHapykeHHe Me()eKTOB ITO3BOJIUT
CIPOTHO3UPOBATh U M30€XKaTh KATaCTPO(YUIECKUX MOCIEACTBUN, CBA3AHHBIX C UX HATHYHEM.
Krnacc npsMbIx 3a1a4 0 KojeOaHHUAX Tell ¢ TPEIMHAMH CBSI3aH C MOCTPOCHUEM MEXaHUYECKUX IMOJIeH
(cMeleHuil, HampsDKEHW) MPU HM3BECTHBIX BXOAHBIX JAHHBIX - JaHHBIE O XapakTepe M MecTe
NPWIOXKEHUS] BHEIIHEH Harpy3kd, O MECTONOJOKEHHH U pasMmepax nAedeKTa, MEXaHHIECKHX
CBOMCTBax paccMaTpUBaeMOM CpeJIbl.

Knacc oOpaTHBIX TeoMeTpHYEeCKHX 3a/ad, HampaplieH Ha OOHapy)KeHHE H OIpeJelieHHe
reOMETPHUYECKUX HapaMeTpoB BHYTPEHHHUX Ae(eKTOB (IOJOCTEH, TPEIIMH, BKIIOYEHHUI) B CIOUCTHIX
cpenax, KOTOpble MOT'YT OBITh NMPOBOKATOpaMM NAJbHEWIINX pa3pylieHuil. PekoncTpykius nedexra
OCYIICCTBIIACTCS 10 IMOJIAM CMCHIGHI/II‘/'I, HU3MCPCHHBIM Ha ILOCTYHHOI‘/'I 4acTH 00beKTa HUCCJICJOBaHUS.

B pabote paccMOTpeHbl IMHAMUYECKHE 3aJa4d AJS OJHOPOAHOTO OPTOTPOIHOTO CIOS,
OCNaONIeHHOTO BHYTPEHHEH TyHHenmbHOW TpemmHOW. KoneOaHus BBI3BIBAIOTCS — HATPY3KOH,
NPUIOKEHHOH K YacTH BepxHeH rpaHunbl cios. OOpaTHas 3ajada pelieHa Mo JAaHHBIM O TIOJAX
CMCmCHHﬁ, N3MCPCHHBIX HAa YaCTU BerHGI\/'I I'paHUIBI CJI0A B PEKHUME YaCTOTHOT'O HUJIM MO3UIIMOHHOT'O
30HAUPOBAHMUSL.

IMocTaHOBKA W pellleHHe MPAMOI 3amxauyu. PaccmoTpuM cioil Tommuusl h ¢ 3ameMieHHoM

v o ~ ~ +
HIDKHEH IpaHbio U 0CJIabJICHHOTO0 BHYTPEHHEH TPEIIMHON ¢ HeB3aMMOJIeHCTBYOIUMH Oeperamu g .
JeiicTBHe TpelMHBI B PaMKax TEOPUU IMCIIOKALMK 3aMeHsieTcsl JIeHcTBUEM (PMKTHUBHBIX MAacCOBBIX
cwn i, KOTOpBIE BEIPAKAIOTCSA YePe3 KOMIIOHCHTbI QYHKIUH PACKPBITHS Y/ ; -

Kpaepas 3a1aua ¢ yueTOM yCTaHOBHUBILICTOCS PEKUMa KOJICOAHUH HMMEET CJICAYIOIHIA BU

Oii.j +pa)2ui + =0, ;i = Cijaly (1)
U | =0; o5ls, =P, 0i3=0, xe$,\S, (2)
oyn; ;=0 1,j=123 3)
rae  p - wiotHocTs Matepuana, Cy, - ynpyrue momynn, @ - yacrtota Kojniebamms, Sy, S, -
HIDKHSISL M BEPXHSISL TPAHUIIBI CIIOSI COOTBETCTBEHHO, S_ €S, - 001acTh MPHIOKEHHUS HATPY3KH

HUHTCHCUBHOCTHU ;i . 3aMbIKaIOT IMOCTAaHOBKY 3aJladyu YCJIOBHUA H3JIYUCHHA BOJIH Ha 6eCKOHe‘IHOCTI/I,

npu GopMyJIMPOBKE KOTOPBIX MCIOJIL30BaH MPUHIIUII IPEICIFHOTO MoriiomeHus [5].
[lpu wccnenoBaHuM NMPSMBIX W OOpATHBIX 3a7ad ISl CJIOSl C TPEHIMHOW BBIICNSAIOTCS TPU

OCHOBHBIX Tapamerpa samaum: & =l/h, &,=whlc, g =awllC=¢g¢,, rne |, ¢ - mmna
TPELIMHBI ¥ XapaKTepHasi CKOPOCTH BOJIHBI B CPEJIE. B HACTOAIIEM MCCIIE0BAHMH PEIEHHUS IPSAMBIX U
00paTHBIX 33/1a4 OCYIIECTBISIOTC B 00JIACTH U3MEHEHHS APAMETPOB &, > &, (&. - KpUTHUECKas

4acToTa).
Paccmorpens! antumiockas (=2, j=1,3) u miockas 3axauu (i,j=1,3) Teopun ynpyrocru.
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[TocTpoeHO BOJHOBOE IMOJIC CMEIICHUM B CIIOS S, KOTOPOE NPEACTABICHO B BHIE CyMMBbI
OTAJIOHHOTI'O ITOJIA U HOJIH O6yCJIOBHeHHOI‘0 HAJINYUCM TpeH.[I/IHBI
m
U (X)=Up(x)+ [ o$™ (&30 (£)7j(&)dl xS (4)

|+
rae (m)(§ X)- KOMIIOHEHTHl TEH30pa HampsDKeHWH (CHHTYJSpHBIE pelIeHHs), KOTOpbIE

OTIPENIENAIOTCSI HAa OCHOBe (yHJAaMEHTANBHBIX pelmieHud st cios U 3akoHa ['yka [6]. Crout
OTMETHTB, YTO B Cliydae o0iacTel, coaepkaliux OECKOHEUHO YAaJCHHYI0 TOUKY, (pyHIaMeHTaIbHbIE
peuieHrss He MOTYT OBITh MpPEICTaBICHBI Yepe3 3JeMEHTAapHbIE WM CIeUUaTbHble (QYHKIUH WU
3alHUCBIBAKOTCS TOJIBKO B BUJE UHTETPAIbHBIX PEICTABICHUIM.

Hdns  ompenenenns KOMIIOHEHT (YHKIIMM pPacKpeITHs TmonydeHa cuctema [UY ¢
TUINEPCUHTYIIPHBIMU sIIpaMH
[ Kij(&x)xj(&)dls =Fi(x), xel” ()
|+
[Iponenypa pemenns cuctem 'Y moctarodnHo ciokHa U TpeOyeT 3HAYUTEIHHON BBIUYHCIUTEITHHON
paboTel. BrlieneHpl T1aBHBIE WIEHOB acUMNTOTHKU snaep [MY Ha OeckoHEYHOCTH, M sAapa
HMHTErPAIBHBIX OIEPAaTOPOB MPEICTABIEHBI B BUAE CYMMBbI HEPETYISIPHON U perysspHON dacten. Jlis
TPEILIMH, JOIMYCKAIINX NapaMETPU3ALILIO

X;=q;(t), y;=9;(2), t,ze[-1]]

0, (t), g (t) € Cl[—l,l] ,9(t) =+ ql'z 0+ q3'2 t) =0
cucteMmbl 1Y MoOHO 3anucaTh B BUIE!
.J[ le (t )
(t-7)°
Cucrema 'Y (6) MokeT OBITH pelieHa MPU OMOIIY METO/1a TPAHUYHBIX 3JICMEHTOB, METO/Ia

KOJIJIOKAIUi, KBaApaTypHBIX (OPMYN Ul CHHTYISIPHBIX WHTETPAJIOB, KOTOPHIE TOHHMAIOTCS B
CMBICJIC KOHCYHOTO 3HA4CHHS 10 Anamapy. Jlaiee Ha OCHOBE HAWICHHBIX Y3JIOBBIX 3HAYCHHH J |

K(l) (t,7) |x;(Da(t)dt = F (r), re[-11] (6)

MOT'YT OBITh TIOCTPOEHBI BOJIHOBBIE TIOJIS B CJIOE 110 BBIpaXKeHUIO (4).

[TpoBeneH aHAIN3 3aBUCMOCTH BOJTHOBBIX MOJICH NEpeMEIICHUN Ha BEPXHEH rpaHUIle CIIOsl OT
KOH(UTYpalliu TPEIIMHBI, €€ 3ary0IeHHs U YaCTOThI KOJICOAHHUs, KOTOPBIH MOXKET OBITh TOJIC3CH MPH
HCCIICIOBAHNY ONArONPHUATHBIX C TOYKHU 3PEHHS 33719kl WACHTH(GHUKAIUN 00IaCTeH.

AcuMnToTHyeckuid moaxoa. lccrnepoBaHwe TPSAMBIX 3adad JUIsl TET € TPEHIMHAMH
3HAYUTEJILHO YIPOIIACTCS MPH yUeTe MaJOCTH OTHOCHUTEJIBHOTO pa3Mepa TPEUIUHBI 10 CPABHEHHIO C

pasmepamu Tenma & <<l, B ciydae moiockl, B KauecTBE JTAJIOHHOTO pasMepa pacCMaTpUBACTCS
TOJIIAHA cios h.
JIi1s. TPEUwH, TOMyCKAOMKMX IapaMeTPU3aIMI0 KOHEIHbIM unciiom napamerpo 6,1 =1..N,

OJIHUM M3 KOTOPBIX SBIISETCS XapakTepHas inHa Tpemmusl |, nanpumep, 6, =1, acumnrornueckuii
aHau3 MHTerpatbHbIX ypasHenuit (6) mpu | — O npuBoguT K cucTeMe MHTErpasbHBIX ypaBHEHHH ¢
HOCTO;{HHOI‘/'I [IPaBOi 4acCThIO

j (t(em)"") “M)dt=F"(6,,0), re[-11] ,1,]=123 m=2.N ()

£ O=1"70, F (6, 0)=lmF, (7,0)

Cucrema WHTETpaNIbHBIX YpaBHeHHUH (/) MMEEeT pelIeHns B Klacce OrpaHWYeHHbBIX (yHKIMA BUAA

2, (0) =v1-t?W,,(6,), =123, m=2.N, (8)
T.o. MONly4eHO MPOCTOE TOJYaHAIUTHUECKOE BBIPAKCHUS JIISI HAXOXKICHHS (YHKIUH PACKPBITHS
TPCILIMHBI.

BbIunciisgs KOHTYpPHBIH HMHTErpal B BbIpaKEeHWH (4) 1O TEOPUH BHIYECTOB W  BBLACISIS
aMILTUTY/IbI TIOJIs NIepeMeleHus Ha BepxHeil rpanune (X, > 0) B nanbHeit 30He, MonyduM ynoOHYyO
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JUIS BBIYHCIICHUH (OpMYIy JJIsl pacdera BOJHOBOTO MMOJS, KOTOPYIO jganee MOXHO 3(dexkTuBHO
WCTIOJIB30BaTh MPH PEIICHNH 00paTHOU 3a7aun

u, (x;,h)=u."(x;,h) +Z’\I:Amnei”‘“Xl +0(™), >0 9)

n=1

ATun = (_1)n+1|02Pm(L’do’e)[ylnm(dO'g) _iyznm(dO'g)] ) Pm(L'dO’H) = ﬂVVOm /(Zh)

Oo0patHas 3agaya uaeHTHuKanuu TpemuHbl. OOpaTHas 3amada HWACHTU(OHUKAITUH TPEIIHHBI
COCTOWT B ONpE/eNIEHNH KOH(PHUTYpaIiy TPEINHBI 10 N3MEPEHHOMY Ha YacTH BEPXHEH TPaHUIIBI CIIOS
S, TOJIIO CMEILIEHUN

ui|su =0i(x1), Sy={xmelablxz=h}, (10)

3amaya wACHTU(WKANWK 3HAYUTENHFHO YIPOIIAETCS B CIydae TPEIIUHBI, IOMYCKAIOIIeH
napaMeTpH3alrio KOHEYHBIM YHCJIOM NapamMeTpoM. B 3ToM ciywae pemeHune oOpaTHOW 3agadu
CBOIUTCS K HaxOXKIEHHIO 3THX mMapamerpoB. Hambomnee sddexTHBHON cxeMoll uX omnpeaeneHus
SBISCTCS MHWHUMU3AIUS HEKBAAPAaTUYHOTO (PYHKIMOHAIa HEBS3KH, B pe3yibTare KOTOPOH
OTIPEAETISIOTCS TTApaMETPBI TPEITIHBI

N
®6,) = Iu(x ™, 2,6) -9, 0) " > min.x™ elab]. (11)
=1 6

B caywae TpeumH Majoro OTHOCHUTENBHOIO pa3Mepa, yIaeTcsl CYIIECTBEHHO YIPOCTHUTH
pewieHre oOpaTHOMN 3aauu, CBEIs €€ K IMOCIeI0BATEIEHOMY ONPEICIICHHUIO TapaMeTPOB TPEIIUHbI U3
MIPOCTHIX TPAHCICHJCHTHBIX ypaBHEHUI. BoccTaHOBNIEHNE MapaMeTpoB OCYLIECTBIISETCS U3 aHAIM3a
AMIIIUTYAHBIX 3HAUCHUHN TI0JIeH CMGH.[CHPIIZ, HU3MCPCHHBIX B KOM6I/IHI/IpOBaHHOM OKCIICPUMECHTE
("4acTOTHOE 1 TIO3UIIMOHHOE 30HIUPOBAHHE).

[Ipennaraemplii acHMOTOTHYECKHH IOAXON K PEHNICHHIO OOpaTHOW 3aJadd pean30BaH
YUCJICHHO I NPSMOJIMHEWHON BHYTPEHHEH TPEILMHBI, PACCIOCHUS OT HW)KHEW I'PAHMIBI II0JIOCHI,
BEPTUKAJIBHON TPEILIMHBI, PACIOIOKEHHON HA CTHIKE JIBYX IOJIYCIOEB U KPUBOJIMHEHHON TPEUIUHBI.
[TpuBenmem pe3ynmbTaThl I TUIOCKOHM 33a4d B clydae KPUBOJIUHEWHOMN TPEUTUHBI (IyTH OKPY>KHOCTH
B pa3pese), mapaMeTpuiecKoe YpaBHEHNE KOTOPOi NMEET BUJ

X, =Rcos(@t+6,)+x,., X =Rsin(@t+6,)+x,, te[-1]] (12)

B kadecTBe XapakTepHBIX TapaMETPOB BBIOpPAaHBI  CIEAYIONIME  XapaKTEPHCTUKU:

R, X, = (ch, X3C) — paanyc OKPY>KHOCTH Y KOOPJAWHATEI €€ LIEHTPA, OIPEJIEIAIOIIINE MECTOIIOI0XKEHNE
z[e(beKTa OTHOCHUTCIIbHO TOYKHU TIIPUJIOXKCHHUA HArpy3KH (FJ'Iy6I/IHa 3aJICTaHus ,E[e(l)eKTa n €ro
YHAleHHOCTh); 6,0, - «yIIoBble» NapameTpsl jedeKra, ONpENeNsAIomUe yroja JyTd CerMeHTa

OKPY>KHOCTH M YIOJl HAaK/IOHAa MpPsIMOH, COCTUHSIONIEH LEHTP OKPYXKHOCTH M CEpPEeNuHy IyTH,
OTHOCUTENIFHO HIDKHEW TrpaHWmbl monockl. Ecim  0003HAYMTH  YIUIBI,  OTPaHUYMBAIOIINE

paccmarpuBaemyto yry okpyxksoct uepes U, 1,10 6, = (t,—t)/2,6, = (t, +1,)/2.

OCHOBHBIM nmapaMeTpoM aCUMIITOTHUYCCKOTO aHa/In3a CIIY>KUT OTHOCUTECIJIbHAA AJIMHA I[e(beKTa, B
ClIydace ,I[G(I)GKTB. BUJa AyTru OKPYXXHOCTHU HOZ[06HI>IM napamMeTpoM SBJIACTCA OTHOLICHUC MOJYIJIHNHBI

ayru K TomumHe cinos £=¢& /N ,g =R6,. B pesynbrare BbIYHCIUTENHHOIO SKCIECPUMEHTA,

ompezeNeHbl pa0doyre AMana3oHbl MPEAIaraeMoro MOAXO0Ja OTHOCHUTEIBHO TE€OMETPHUYECKUX
nmapameTpoB JIedeKTa U CBOWCTB 30HAMPYEMOTO CHUTHaJIa. Pe3ynbTaThl BOCCTAHOBIICHHS TTapaMeTpPOB
TPEIIMHBI JUIS [TOJIOCHI U3 ayCTEHUTHOMN CTalld B 3aBUCUMOCTU OT OTHOCHUTEIILHOTO pa3Mepa nedeKra u
OT TIIyOWHBI 3aJIeTaHUs TPEIIWHBI MPUBEACHBI B Tabn. 1 Ui KpUBOJMHEHHOW TPEUIMHBI B Clydae

AHTUIUIOCKOU 3a/1auu, pu k=6.0
AcCUMNOTOTUYECKUNA MOAXOJ IMO3BOISIET C TOYHOCTBIO 1-5% BoOCcTaHaBIMBATH MapaMeTpPhbl
TPEIIMHBI, 3HAST BCETO JIUIIIb aMIUIUTYTHbIC 3HAYCHHS ABYX OETYIIMX BOJH.
Pe3yibTaThl YMCICHHBIX OSKCICPUMEHTOB MOATBEPXKAAOT 3(M(PEKTHUBHOCTh MpeiaraeMoro
ACUMNTOTHYECKOTO TIOJXOJa Ui pelieHuss oOpaTHOM 3ajauu  MACHTU(HUKAIMN IapaMeTpOB
MPSIMOJIMHEWHON W KPUBOJUMHEHHOM TpPEILWH, B paMKaX YCTAHOBJICHHOI'O JHara3oHa MPUMEHHUMOCTH

1<0.1h.
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Ta6auna 1. Pe3yabTaThl BoCCTaHOBJIeHUSI MapaMeTpoB Aedekrta npu Kk = 6.0, R=0.1.

L)  t=t+26,() Eic Eae 0,(10°%) & =RO,(10%)
ex ex ex id. ex id ex id ex id
3AITYBJIEHHAS
wl4 0.01 1.2 1.199 0.1 0.1 0.79 0.79 4,999 4.99
CPE/IHEE 3AIIYBJIEHUE
zl4 1.2 0.6 0.79 0.79 4.99 5.31
0 0.01 1.199 06 0.599 0.005 0.0056 4.99 5.01
1.2 ' 0.599 1.052 1.052 4.99 5
zl3 12
0.02 1.2 0.599 1.057 1.057 9.99 10
0.01 1.2 0.6 0.599 2.623 2.623 4.99 4.99
5716
0.03 1.2 0.6 0.6 2.633 2.633 14.99 14.99
IIPUIIOBEPXHOCTHAA
2713 0.01 1.2 1.2 0.85 0.89 2.099 1.816 4.99 11.1
7l3 0.01 1.2 1.21 0.85 0.86 1.052 1.115 4.99 5.33

* eX - TOuHbIe 3HaUeHNUs, id - BOCCTAHOBNEHHBIE, £, - MOIPENIHOCTh PEKOHCTPYKIMK mapameTpa o, (%)
m
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Periodic waves in a layer with inertial masses in the boundaries

Aleksanyan H.N., Avetisyan L.V., |Sarkisyan S.V.

within memory of prof. S.V. Sarkisyan

The influence of concentrated masses distributed over the surfaces of the elastic layer on the characteristics of the
elastic waveguide is investigated. To determine the phase velocities of propagation of symmetric and anti-
symmetric vibrations, dispersion equations are obtained. The influence of concentrated surface masses on the
surface wave velocity is shown. The conditions are established between the length of the induced wave and the
values of inertial masses distributed at the boundaries of the elastic layer, under which the surface wave cannot
exist.

Introduction
In the process of studying the wave propagation in elastic bodies, the choice of boundary conditions
plays a special role. Numerous studies have been devoted to the propagation of surface waves with non-
classical boundary conditions [1-4] etc.
In paper [2] instead of the boundary conditions of the free surface for an elastic isotropic half-space two
ways of complicated boundary conditions were considered. The conditions under which the surface
wave cannot exist were established. The periodic waves in an elastic layer, when normal and tangential
stresses are constrained at the layer boundaries, were studied in [4], where the influence of the constraint
coefficient on the phase velocity of symmetric and antisymmetric oscillations of the layer is shown.

In this paper influence of concentrated masses distributed over the surfaces of the elastic layer on the
characteristics of the elastic waveguide is investigated.

1. Problem statement
Let us consider plane-stressed condition of an elastic isotropic layer with thickness2h, with a

displacement vectorU(u(x,z,t),O,w(x,z,t)). The layer in a rectangular Cartesian coordinate system
occupies the following region L :{(x, Y,2); X,Y € (~o0,0),z €[-h,h] } :

The choice of boundary conditions plays an important role in mathematical modelling of physical
phenomena. When studying wave propagation process in elastic bodies, is accepted one of the following
assumptions: the boundaries of the body are rigidly fixed (Dirichlet conditions) or the boundaries of the
body are free (Neumann conditions).

Here, we assume that on surfaces z =+h, the following boundary conditions are set:
o°w(x,z,t o%u(x,z,t
LD - D20

where m;,m, >0 are concentrated (inertial) masses. The boundary conditions (1.1) can appear due to

o, (X,z,t) =Fm, 0.1)

either the presence of a thin layer of a material with a different characteristics from the material of the
layer [5], or the presence of a concentrated mass, distributed over the planesz =+h.

In absence of inertial masses, the boundary conditions (1.1) match to the case of free boundaries. If at
the same time inertial masses tend to infinity, we have rigidly fixed boundaries of the body, and in case
of individual extremely great values of the inertial masses, we get mixed boundary conditions.
After transformations [6]

op(x,z,t) dw(x,z,1) | W(x,2,1) = 0p(X,z,t) N oy (X, z,t)

u(x,z,t)=
OX oz fo/4 OX

(0.2)
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to dynamic equations of elasticity theory for potentials ¢(X,z,t) and w(x,z,t) we get two

dimensional autonomous wave equations.
Using Hooke’s law boundary conditions (1.1) at the surfaces and the transformations (1.2), the
elasticity’s equations are lead to the following form:
2 2 2 2
(A+2u )(2—+/18—+2 v +m, 0 (a¢;+ay/j 0,
z

ox? aaz‘ ot2\ oz ox
(0.3)

In an elastic isotropic layer, the periodic wave propagates with phase velocity c.

2. Solution

Let us assume the following problem. The problem is to find the solution of two-dimensional wave
equations satisfying the boundary conditions (1.3).

The solutions of the wave equations are represented in the form [6]

@(x,z,t) = (Ash(v,2) + Bch(v,2) ) exp[ik (x —ct)]

] (1.2)
v (x,2,t) =(Csh(v,z) + Dch(v,z) )exp[ik (x —ct)]

where A, B, C andD are arbitrary constants, 1 and u-elastic constants, v/ =k’ (1—776'),
=k*(1-7), S =(A+2u)/p, S =pu/p, 0=c[ct, n=a’/(K’c])=c?/c] .
Any solution for u(x,z,t)and w(x,z,t) can be represented as a linear combination of four integrals,
associated with the roots of the characteristic equation v, (i =1,4).
Since the displacement component u(x, z,t) and the stress component o,,(X,z,t) are symmetric,
and the displacement component w(x,z,t) and the stress component o,,(X,z,t) are anti-symmetric

relatively to surface z =0.
From boundary conditions (1.3) for the symmetric modes and the anti-symmetric oscillations
following dispersion equations for dimensionless characteristics of square of phase velocity 7(w,k) are

obtained
(2-n)" th(H =7 )-4,{1-n)(1-70) th(H 1—n9)+%n\/1—_77+
+&,7 1=0n th(Hfi=7 ) th(HfI=70) - (1.2)
alfz(th( \/Z)—th(H\/1—776?)\/(1—77)(1—770))=0
)’ cth(H -7 )-4,(1-n)(1-n0)cth(H -0 ) +
\/Zth(HF)cth( W)Jr%’?ﬁ— (1.3)
“1“2 (cth( Ji=77 ) —cth(H = ne)\/(l—n)(l—ne))zo

Here the H =kh, o =mw*hu"and a, =m,w’hu ™ are dimensionless wave parameters.

In the case, whenm, =0, from (2.1) and (2.2) equations, we have Rayleigh-Lamb dispersion
equation [6]. From these characteristic equations for given values of material parameters
P, 1, A, ¢, m (i =1,2) and frequency @, the phase velocity c(w) can be found.

3. Analysis of dispersion equation
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Here the analysis for dispersion equation (2.1) is carried out (symmetrical mode).
Let us consider limiting.
a) In the case, when the wavelength | =2z/k is greater compared to the layer thickness 2h, the finite

values of ¢(w) H\1-76 u H1-7 would be smaller. Therefore, from (2.1) it is obtained [6,24]

2c,
J1-a,0
When =4 andv =1/4, for ¢ =3c; and from formula (3.1) it is obtained

8-3(aH?+a, )+ ,a,H™
C(a))chshzcz\/ (« e )t (2.2)

c(w) = \/1—0—0.25(051H 2 +a,)+0.250,0,0H (2.1)

b) Wavelength is smaller compared to the layer thickness 2h . From equation (2.1) it is obtained
L(n)=R(n)+nH ™ (e 1=7 + @, 1=10) - v, H 2 (1= 1= 1) (1-76) ) =0 (2.3)

Where R(77) 5(2—77)2 —4,/(1-7)(1-n0) is Rayleigh function.

Equation (3.3) when m, =0 is match with classic equation of Rayleigh [8]. This is dispersion
equation, the phase velocity 7 of which is depends on the wave number k. Note that similar dispersion

equation was obtained for the Rayleigh problem when the boundary of half space is elastically
constrained either along to the normal direction or tangential direction in [4]. In the work [4] also
established the conditions, under which the surface wave cannot exist and the conditions for existence
of a surface wave, depending on the coefficient characterizing constraint, and wavelength.

Equation (3.3) has a rootz7 =0, which consider with trivial solution. Following to the paper [4],

excluding 77 =0 root, the equation (3.3) will be presented in the following form
4(1-6)4J1- 1-0)\1-

X(n)=n- A-0)NL-n +i(al\/1—77 a0 -2% A-0)vin__, (2.4)
An+fi-o7 H H? 1= +1-07

Function X(77)when 77=0 and 7 =1 takes following values correspondly

X(0)=-2(1-6)+H ™ (4 +1,)—0.5c,0,H 7 (1-6)

X(1)=1+e,H*1-6.

X(1)>0 for every physical-geometrical parameters and (3.4) equation will have solution in

n€(0,1) interval, if X(0)<0 and in this case will be the only one. Choosing the values ¢; and H

satisfying X(O) <0 condition, values of phase velocity of surface wave can be obtained. In absence of
concentrated masses and at v =0.25 for the phase velocity of the surface wave, we have c, ~0.9194c,
. In presence of concentrated masses for the layer with given thickness can lead to disappearance of the
surface wave. In the general case of symmetrical oscillations, the phase velocity ¢ must be determined
from complete dispersion equation (2.1). From discussion of boundary cases, that for first form of

symmetric oscillations of phase velocity lies in ¢, >¢>c. interval where c, — is root of dispersion

equation (3.3). Note that, for the first form of antisymmetric oscillations, when wavelength greater than
the thickness of the layer, it is possible to determine the phase velocity of dispersive banding wave.
Numerical results.
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In the tables 1-3 are shown the numerical results according to the equation (3.4) for n parameter,
characterizing square of phase velocity of the surface wave in dependence of «; parameters and H =kh

when 0=1/3.
Table 1
aH™ |0 0 0 0 0 0
aH |0 0.03 0.3 0.7 1 11
n 0.8453 0.8358 0.7332 0.5177 0.3008 0.2173

Pic.1 shows the actions of X(7) function for various values of « /H . Numerical analysis shows

influence of concentrated masses on surface wave velocity. By increasing values of concentrated
masses, distributed over the surface z =+h of body, leads to the fact that velocity of surface wave, at
the given values of thickness of the layer are decreasing. Decrease is getting greater if concentrated
masses is basically distributed along to the normal direction to the layer.

Table 2
o H -1 10.03 0.3 0.7 1 11
aH* |0 0 0 0 0
n 0.8409 | 0.7904 0.6536 0.4464 0.3421

The variations of inertial masses values can lead to disappearance of the surface wave. Let us
consider that inertial mass is distributed only along to tangential direction to the layer.
Table 3
alel 0.05 0.25 0.25 0.5 0.5 1

a,H™ 0.25 0.05 0.25 0.05 0.25 0.05

n 0.7437 | 0.7818 | 0.6917 |0.7101 | 0.5994 | 0.4065

In this case surface wave exists and at o,H ™" =1/3 value of the square of phase velocity is
n=0.7843. Now, if the inertial mass is distributed at the boundary of the layer in the normal direction

to it, then this distribution leads to the disappearance of the surface wave (at «,H * =1.25).

1.5}

1 1 I - 1 1
0.2 04 b6 0.8 1.0

-05} St

Pic.1 Behaviours of X(#)functionat ;,/H =0.5, «,/H =0,0.1,0.5.
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4. Conclusion.

In this paper shown the impact of concentrated masses, distributed over the plane of the elastic layer, on

characteristics of elastic waveguide. In order to determine phase velocity of symmetric and

antisymmetric oscillations the dispersion equations are obtained. It has been established, that an increase

of the values of the concentrated masses, distributed over the plane of the layer z=+h, leads to

decreasing the speed of the surface wave at the given values of the layer thickness. Moreover, decrease

becomes greater if the concentrated (inertial) mass is mainly distributed along to the normal direction to

the layer. The variations of inertial masses values can lead to disappearance of the surface wave.
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Updating Reservoir Properties for High-Viscosity Oil Fields at the Late Stage of Production

Aminev D.A., Badertdinova E.R., Kravchenko M.N.

Problem of determining current layer parameters is especially actual for hard-to-recover oil fields at the late production
stage. Layer parameters controlling is important due to existence high molecular weight hydrocarbons in oil and non-
Newtonian properties lead to reducing near well bore zone permeability. Based on the multiphase nonisothermal non-
Newtonian model for porous medium it is supposed that fluid movement occurs in zone where the pressure gradient is more
than limiting gradient point. The survey results interpretation problem of a well with non-linear fluid rheology may be solved
by creating computational mathematical codes. Own original numerical code is able to solve as direct as inverse filtration
theory problems that consider non-linear flow character influence, changing filtration-capacitance parameters of the porous
matrix, the well influence and Joule-Thompson effect. Carried out the calculation for real high-viscosity oil field
demonstrated that in the bottom-hole zone of the well temperature and pressure curve were more sensitive to changing
permeability and Joule-Thompson coefficients.

The work was supported by the grant: PO®U Ne19-07-00433 A.

Introduction. Selection of oil production technology for each field should be carried out
accounting layer generation conditions, reservoir type and current state. Hydrodynamic modelling allows
to estimate probable efficiency of impacting on the reservoir method application. Changing all filtration
parameters should be considered at the model creating stage taking into account EOR methods at the
previous periods (oil fields at the late production stage). Mathematical model has to be adopted to
production history and program code is verified for finite-difference solving task applying laboratory
data for fluid and rock properties, actual production information, GIS results. There are two ways for
mathematical model adaptation describing physical, chemical and structural reservoir features.  The
first one is based on direct filtration theory task solution, when the multiphase flow problem is solved
according to known characteristics within certain limiting assumptions. The obtained production
characteristics are compared with the field data as a result initial parameters are corrected and missing
parameters values unknown at the current moment of well operation are selected (for example, the skin
factor, the filtration and capacitance parameters distribution, etc.). The second method of solving inverse
problem is relied on control GIS devices readings and iterative current reservoir characteristics
calculation corresponding to the production process. The most effective in adequacy terms model is a
combination of solving direct and inverse problems.

Hydrodynamic task. Mathematical models describing reservoir fluid filtration are relied on
keeping mass and energy laws, fluid flow equation usually is the linear Darcy filtration law. However,
flows in porous media feature is the "anomalous™ reservoir fluid behavior, which is classified as a
Newtonian fluid in laboratory conditions, but under layer conditions shows non-Newtonian properties,
especially for high viscosity oil fields [1]. Nonlinear properties manifestation process moving in porous
media may be explained by the liquid presence on capillaries surface in porous matrix, where the
hydrodynamic forces (pressure gradient) and viscous friction forces ratio determines the possible fluid
movement in the reservoir. In laboratory experiments on cores, it was found that at small pressure
gradients (below 5 - 10° Pa/m), the flow nonlinearity is also manifested for Newtonian liquids, while
with pressure gradient increasing, the nonlinear law turns into a linear one [2]. The separate question is
the maximum pressure gradient determination corresponding to the movement beginning of stagnant oil
zones in experiments on cores for a specific reservoir type, taking into account its structure and filtration
direction. The problem complexity lies on the fact that the fluid does not exhibit abnormal properties
outside the pore space, so it is impossible to determine this value in a standard way on a rotary
viscometer. In addition, the limiting gradient value during filtration depends on several factors: pore
channels radius, porous matrix structure and thermal condition. Therefore, core experiments, the field
investigations and simulation modeling results can give an answer to this question. Paper [1] suggested
the method based on two types experiments-stationary and non-stationary: the slope angle of linear
filtration rate and pressure gradient (high values) dependence is determined from the stationary filtration
experiments; at the second series, non-stationary filtration experiment with pressure gradient decreasing
is used to measure the filtration rate at low pressure gradients to establish a limit value - the point
corresponding to deviation with the linear dependence. (Below on Fig.1 the experimental data on the
cores [1] are presented in accordance with this work authors calculations). Invention authors [1]
proposed to solve the inverse task of experiment results interpretation with low-pressure gradient for
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determining the experimental cores permeability. Obtained results for determining the limiting pressure
gradients may be used to identify the stagnant zone position in real layer applying permeability map and
pressure distribution in the reservoir. If laboratory data is not known, the stagnant zone position should
be found as a result of GIS interpretation. In paper [3] pressure curves are analyzed in stopped well, it’s
curtained that changing the limiting gradient from 0.01 to 0.1 MPa/m impact on the pressure drop curve
shape significantly. GIS interpretation task [3] is solved numerically using sequential changing of
stationary states method and the other paper [4] applied this method to analyze nonlinear filtration law
influence on production parameters.

Generalized flow model accounting phase compressibility (liquid and solid), rheology phase
properties and thermal effects influence for anisotropic reservoir is created by current paper authors for
interpretation field and laboratory data. Paper [5] shows that nonzero filtration rate w; for anisotropic
media implements with exceeding the limit pressure gradient typical for certain direction:

w; = _E(‘Sij |§ |) ip, ecau |Vp| > Gymny,  (i=123) @)

where k;; — tensor permeability components characterizing the anisotropy type; Wpl— pressure gradient
module, V;p = |Vp|n; — pressure gradient projection on the corresponding axis, n; — pressure gradient
vector guiding cosines, §;;- Kronecker tensor components (i, j = 1,2,3); u — fluid viscosity. Condition
for start fluid movement in isotropic media is determined by pressure gradient exceeding the some
limiting point G, and for anisotropic media pressure gradient projection should be controlled in certain
direction, in general tensor components (k;;) and (G;;) have to be defined. These experiments
methodology was created for different types of filtration-capacitance properties [5,6].

In order to clarify the input parameters influence obtained from GIS results on the flow
characteristics, the authors solved the direct and inverse non-isothermal filtration problems accounting
the well influence [7] and Joule-Thompson effect. Account Joule-Thompson effect in GIS results
interpretation may impact on finish oil and gas condensate well parameters [8]. The paper [8] also
presents the experiments results to determine the dependence over the Joule-Thomson coefficients at
different oil temperatures.

To simulate field experiments and determine the final results sensitivity changing all input data,
the model was simplified for the case with single-phase high-viscosity fluid flow in an isotropic porous
reservoir, taking into account the nonlinear filtration law, thermal expansion/compression in a
cylindrical formulation, but inhomogeneity flow influence near the wellbore was considered. The
mathematical formulation includes the keeping for compressible oil mass law (2), the oil filtration with a
limiting gradient equation (3) and the thermal conductivity equation (4):

]
Rt Lo e w) =0, @
k G \ap dp

w,=—-(1 —a—>—, ecau |—| > G;
r u( |a_1r’| or |6r| 3)

— _k o o .

w, = PRk ecJau |6T|SG,

T ap

(m picviT + (1 —m)pscysT) + picywy (a ) ~5 (7’(/11 +4s) ) PiCyiWr (5D ar)' (4)
where. po —Tluid density (oil), ps — rock density, m - rock porosity, k — porous media permeability

coefficient, w, —relative rate (filtration rate w, = mv,, v, -liquid phase rate), G — the limiting
pressure gradient value in the porous media. The conductivity equation for filled porous media (4) is sum
of internal liquid and solid phase energies equations. It’s supposed that thermodynamic equilibrium
condition between the liquid (oil — index I) and solid (skeleton - index s) phases (T; =T, =T ) is
implemented, taking into account convective transport in the liquid phase, provided the mass flow rate is
constant Q= 2mH (rp;w,) = 2mHq = const. Also it’s proposed, viscous-friction forces work is far less
than internal forces under elastic compression/tension work, which is accounted by throttling effect in
the form on the right with Joule-Thompson coefficient e corresponding to the experimental data [8]. In
this formulation, the equation also takes into account that the internal energy of both the liquid and solid
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phases is determined only by thermal components with constant heat capacity coefficients ( ¢y; v cys ),
while taking into account the thermal conductivity of the filtrate 1;and the mineral matrix A5. To close
the system (2)-(4), we use the oil state equation.

pr =P+ B (p — o)), (5)
(B, — oil compressibility coefficients), and the compressibility skeleton equation corresponding

permeability recalculation by a modified Kozeni-Karman formula:
*m3
m=my+ Bs(p—po) k== (6)
(Bs — matrix (skeleton) compressibility coefficients); if it’s assumed the structural characteristics remain
unchanged, then it will be able to introduce a complex "field" coefficient B, which characterizes a
specific reservoir.

The system (4)-(6) can be solved numerically with given initial and boundary conditions
accounting well influence coefficient C in boundary conditions on the well (r = r,.). Well is started
under constant residual mass production (per unit inflow area q = r.p;w;.) in the thickness layer H:
while t=0and 7. <r <Ry: p=pr, T=T, m=my, k =k w,=0; whilet>0 on the well

r=r. . anHE((l + s)g—i - G) =q+ Cz—lz, external boundary r =Ry: p(Ry) = pk,

T(Rk) = Tk'

In mathematical modeling, of course, the question arises how determine the boundary positions
of areas where the fluid move according to linear or nonlinear Darcy laws, and where the pressure
gradient is insufficient to push the stagnant oil zone in motion. Papers [3,4] suggested to apply the
sequential changing of stationary states method by analogy with the classical "elastic™ reservoir problem
solution. The work authors [9] use a variational approach to determine motion zones, stationary oil state
and the zone with the linear law. Solving the non-stationary task numerically even at the initial stage
leads to solve task with unknown moving boundary. The instability problems of the numerical solution
(including solution using variational methods) can be avoided by changing the filtration law with
limiting gradients, introducing the so-called regularization parameter € < 1, which allows to abandon
the "stagnant™ zone in the region of non-zero coefficients ¢ , but assuming the movement is very slow at
small pressure gradients [7, 9,10].

Solution results. The initial data correspond to the real well drainage area one of the high-
viscosity Tatarstan oil fields, where the formation is characterized by: ¢;,,;=1800 Joule/(kg*K), c¢;,s=800
Joule/(kg*K), p,=800 kg/m®, p,=2700 kg/m®, m=0.2, 1,=0.1385 W/(m*K), A,=2.42 W/(m*K), ep=0.4
K/MPa, Py;= P,=10 MPa, Ty= T,=300 K, k=0.05 umz; p=25mPa*sec, r.=0.1 m, R,=100 m, H=10 m,
C=0.7 m*MPa, Q=5 m*/day, £=0.01, experimental time=10 days.

Several codes were written for the numerical solution of the non-stationary initial-boundary
problem including for the cylindrical symmetry case with an uneven grid compacting to the well (the
coordinate transformation is used u =1Inr). To construct a finite-difference scheme, the integro-
interpolation method is applied. At the initial moment, the formation is considered undisturbed, then
production begins with a constant flow rate. The code verification is carried out by comparing the
numerical solution with the classical filtration theory and thermal conductivity problems solutions,
which can be obtained by simplifying the original system by zeroing the coefficients C, G and &p. At the
first stage, a direct filtration theory problem is solved: the oil viscous flow nature, which exhibits its
nonlinear properties at given production characteristics, is evaluated (a direct problem). This stage
allows to adapt the model to development conditions by solving a non-stationary nonlinear filtration
problem for a specific well. At this stage, the stability of the solution was studied for various
regularization parameters(e=0.01 +0.1), and sensitivity to changes the well influence parameters
(C=0+0.9) MPa/m) and permeability(k=0.03 +0.07) um2. This is necessary to take into account the
GIS data error variance in the inverse problem. The program code showed the solution stability at all
parameter intervals within the real GIS data measurement error variance.

Fig.1 shows calculated filtration rate dependence for different pressure gradients and
regularization parameters permitting to carry out calculation for any pressure gradient values (direct
problem solution). The curve break corresponds to the transition from filtration law with a
"conditionally limiting gradient" (due to the regularization coefficient) to the linear Darcy law. Also
experimental work data [1] are given at the fig.1, where it’s controlled transition from “stagnant oil
state” to Darcy linear flow in non-stationary filtration experiments.
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Fig.1. The filtration rate dependence on the pressure gradient.

Figure 2 shows the inverse task solution compared with GIS data obtained for the reservoir with
the properties described above. Calculated pressure drop curve and increasing temperature curve at the
wellbore are in good agreement with the depth sensors readings on a real well. Numerical graphs are
constructed with the selected problem parameters values: m= 0.2, k= 4.89 pu m? G=0.053 MPa/m,
C=0.66 m*)MPa and & = 0.01.
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Fig.2. Bottom hole pressure and temperature changing over time

Conclusions: The direct problem solution allowed to identify the solution sensitivity to changes
input parameters (porosity, penetrability, limiting gradient, the well influence and the regularization
parameter). The most sensitive parameter to changing parameters within the measurement real GIS error
is limiting pressure gradient, when this parameter was varied by 5%, the indicators deviation to the
controlled measurement 10 days period was 3%. The regularization parameter at the given interval does
not actually lead to well characteristic "distortion".
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The influence of discontinuities in reservoirs on the character of the fluid flow
to the production wells

Astafev V.1., Bulgakov S.A.

Modeling of fluid flow through the fracture receives the more and more attention in applied geosciences from oil and gas
industry. The fracture may be either artificial, in case of well simulation, or natural, and it may have different permeability.
The steady-state flow process of incompressible fluid to the production well in horizontal reservoir of constant height and
permeability is considered in this paper. There is a thin area in the reservoir with constant permeability ks, which may be
highly permeable cracks or low permeability barrier. The characteristic of filtration process is studied for various ks value.
The nature of fluid flow to the wellbore at different locations of the crack and the well for different values of the fracture
conductivity Fcp is analyzed.

1 Introduction

In spite of the most oil fields are on the final stage of the field development, there are a lot of ways to
maintain and to increase the production. The modern level of science and technology allows extracting
oil more efficiently, taking into account the individual characteristics of reservoir and the behavior of
fluids. A part of oil reserves are concentrated in fractured reservoirs [1]. A characteristic feature of the
development process of such reservoirs has the deviation in well productivity and rock permeability,
significant dependence of IPR curves on the pressure, etc. For fractured reservoirs the main flow of oil
to the well occurs through the fracture [2].

Modelling of the filtration of oil in fractured reservoirs is also of interest from the point of view of
application of hydraulic fracturing. Hydraulic fracturing is currently one of the most effective methods
to increase oil production [3]. Therefore these days especially relevant to study of the filtration process
in the reservoir with various faults, hydraulic fractures (HF) and impermeable boundaries.

This paper discusses the modelling of the fluid flow process to a well in the presence of cracks
(inclusions) of varying permeability, studies the impact of such inclusions on the nature of the fluid
flow process to the production well. The task is modified by the representation of cracks in the section
view of zero thickness but finite conductivity and by the difference of pressure above and below the
section.

2 Problem Formulation

Let us consider a plane stationary flow of incompressible fluid to the vertical production well in an
isotropic porous medium. This process in the plane (x,y) is described by the equation of
incompressibility and the Darcy's law of filtration [1]:

divV=0; V=-(k/u)gradp, )

where V(x,y) is the velocity vector of fluid filtration, p(x,y)is the pressure in the liquid, x is the fluid
viscosity and k is the permeability of oil reservoir by thickness h.

In the works of other authors the high permeable area is usually represented by ellipse [3]. In the
reservoir with the external boundary of radius R. at the point M(x,y) is placed the production well of
radius ry with a flow rate Q. Inside the external boundary there is a crack with length 2I and thickness
20 (o<<I) and permeability kr. Let us consider the crack is oriented along the axis X, and its center
coincides with the origin plane (x,y).
In the paper, published early by Astafev and Fedorchenko (2007) [4], the problem was sold with
assuming that the pressure is the same on the upper and lower banks of the crack. In this paper we
consider the case with the difference of pressure.
3 Problem Solution
Suppose the crack is oriented along the x-axis, and its center coincides with the origin of the plane
(x,y). Next we assume the borehole at the point zo, well flow rate Q, the radius of the drainage area Rc
and well radius r.

Then, the flow potential can be represented in the form:

27kh 2
D(2) = Z=p(2) = In(z-2,) + > c, 2" 2
(2) o p(z)=In(z-z )+n:OC z @)

where ¢, is unknown coefficients in the expansion in a Laurent series of the disturbance caused by the
presence of reservoir heterogeneity and decaying at infinity.
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Because of d<<I, it was proposed [5] to replace the ellipse with semi-axes | and ¢ by straight-line
section of zero thickness (-1<¢=x/I=<I).Then the fluid flow in the fracture can be modeled as the
following additional boundary conditions on the cut:

ag1-E2 iRe(cb+ —®)=Im@" -D"),
ds (3)
BoJ1-E7 Ci:lm(CD* +®7)=—Re(®" -D");
where ao=(5k:)/(Ik) and So=(6k)/(Iks)..
We will look the function @(z) in the form, as @(z)=®1(z)+®.(z), such that Re®:"(z2)=Red;(2);
Im®.*(2)=-Im®1"(2); Re®,"(z)=-Red, (z); Im®,"(z2)=Ima, (). Then the conditions (3) will be as:
ag1-E° iRe(CD*l) = Im(d ™),
3 (4)
BoJ1-E? §Im(®*z) = —Re(®"?);

Then, inserting function Zhukovsky z=I(v+v?)/2, exterior of the section (—I<x<I, y=0) maps on the
exterior of a unit circle |v|=1, the potential (2) in a new variable v can be written as:

D) =In@ —vy) + S a v, 5)

where Iv(z)=z++z° 1%, W(z,) =2, ++/25 —1%, [v|>1, @, is new unknown coefficients in the
expansion in a Laurent series of the disturbance in a variable v caused by the presence of reservoir
heterogeneity and decaying at infinity.

Consider that Re(iz)=-Imz, and Im(iz)=Rez, the system (4) can be rewritten in the form:

Im(aov do —(D+1] =0,
dv ©6)
Re(ﬁovdq)—z—d)*zj = 0.
v

It remains to split ®(v) into even and odd functions, that is, to find ®,(v) and ®,(v). Let us
consider a special case Re<15+—RecD‘ and Im®*=-Im®'. So, if v =e'’, we can rewrite (4) in the form:

D(0) = In(-v,) z (vo) "(cosné +isinng) + Za (cosn@ —isinno), (")
D(=0) = In(—v,) - i (vo) "(cosn@—isinng)+ 3 a, (cosnd +isinne). ®)

For general case, when v, = p,-€ and a, =al® +ia!”, the potential flow in will be as:

®@)=ziz+Inp, +i60— ! Zp, e 4 Z(ar(f‘) +iaPyy " =
n

n=1 n=1
={Inp, +iz- icosn@ +iar§“’v‘“}+ i[ao zsmn@ +Za(ﬂ) } 9)
n-1 NP, n-1 -1 NP,
Let find a!*’ and @'’ from the condition (6):
a(a)zn-ao—lcosne_ a» N By 1M.
" , " n-fy+1 npg

(10)

n-a,+1 np,
If we substitute (10) in the equation (2), we will find:
D) = In(v—vp)+ 3| L =1COSNG -y mlsinng |, o, (11)
ol N-a+1 npg n-fy+1 npy

The nature of fluid flow to the wellbore at different locations of the crack and the well for different
values of the fracture conductivity Fcp=ao are shown in Fig. 1 and Fig. 2 [6].
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4 Conclusion

In this work the formulation and solution of the problem of fluid flow to the well at the presence of a
crack of different conductivity Fcp has been done. More general boundary conditions was considered
taking into account pressure difference above and below the section. For different values of Fcp and
various well-crack locations the nature of the fluid flow to a well has been analyzed.
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Formation of a Hybrid of Electroacoustic Waves in Piezoelectric Layered Composites
Avetisyan Ara S., Mkrtchyan M.H.

Taking into account the possibility of excitation and propagation of electroactive elastic shear and plane deformation waves in

individual piezoelectric crystals, a discussion of possible layered composites schemes allowing the formation of a hybrid of

these acoustic waves is proposed.

The report explores:

i) Formation of a hybrid of unidirectional electroactive elastic waves along the interface between layers in a piezoelectric
composite,

ii) Formation of a hybrid of unidirectional electroactive elastic waves in a periodically transversely inhomogeneous, layered
piezoelectric composite,

iii) Formation of a wave hybrid of electro-acoustic waves when a simple electro-acoustic wave passes through a surface without
acoustic contact between two different piezoelectrics.

The conditions for the possible formation of a hybrid and the characteristics of their propagation in the layered composites of

piezoelectrics of the 6mm class and 6m2 class of hexagonal symmetry are discussed.

Introduction Layered-inhomogeneous piezoelectric composite waveguides are widely used in modern
high-precision technologies, as transducers, filters or resonators of electroacoustic wave signals. When
an electroacoustic wave of one of these types propagates in a layered piezoelectric composite, with a
non-acoustic contact between adjacent layers, part of the wave energy through the accompanying
oscillations of the electric field seep into the adjacent layer, exciting an electroacoustic wave of another
typeiniit.

It was shown in [1] that, depending on the crystallographic symmetry of piezoelectrics in their sagittal
planes, it is possible to excite separated from each other a two-component electroactive pure shear wave,
or a three-component electroactive plane deformation wave. Studies show that joint (simultaneous)
propagation of these separated waves (hybrid) is possible in layered-inhomogeneous piezoelectric
composites, with non-acoustic contact between adjacent layers [2—4]. In the formulation of the problems
of investigating the issue of joint propagation in a piezoelectric composite of separated two-component
electroactive waves of pure shear and three-component electroactive waves of plane deformation,
allowing the formation of separated fields of antiplane and plane elastic deformations, the sagittal planes
of piezoelectric materials of the layers are combined as a common coordinate plane.

Basic equations, boundary conditions and material ratios of the linear theory electroelasticity are
recorded in [1].

1. Propagation of a hybrid of electroactive unidirectional elastic waves in a piezoelectric composite
[4]

We consider the propagation of high-frequency electroelastic waves in a two-layer piezoelectric body
assigned to the Cartesian coordinate system Oxyz . The crystallographic sections and orientations of the

crystallographic axes of the strip materials
are compared with the Cartesian coordinate
system Oxyz so that in the coordinate plane

x0y of the adjacent layers €,(X,Y,2) and

10:00w(x, v. ) 0(x, v, 1)}

X Q,(X,Y,2) there are separate electroactive
waves of antiplane and plane deformations,
respectively (fig.1).

Due to the conjugation of the electric field on
the surfaces of the crack the oscillations of

. . . . the electric field, accompanying the wave

Fig. 1 Propagation pattern of a normal electroelastic wave signal . . . .
in adjacent piezoelectric half-spaces without acoustic contact signal of one type in the first r_nedmm, leak
through the wvacuum gap into another

piezoelectric medium. In the second medium, another type of electroelastic wave is also generated (and
vice versa) {0; 0; W, (X, y,1); @ (X, Y, )} 0 {u,(X, Y.1); V(X V,1); O; ¢,(X, Y, 1)}

In the case of the propagation of high-frequency electromechanical waves, for which the wavelength is
much less than the thicknesses of adjacent layers, when ALl min{h;h}, the equations of
electroelasticity, together with the boundary conditions on the mechanically free surface y =0, as well

faex, 1) v(x, v) O (x, 3) }
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as with the damping conditions deep into thick layers from the common surface of non-acoustic contact
constitute the complete boundary-value problem of the two-layer piezoelectric composite. From the
formulating mixed boundary-value problem, it is obvious that the unidirectional elastic waves of an

electroactive shear in the layer €,,(X, y) and plane deformation in the layer Q,,(X,Y) as solutions of
the system of quasistatic equations of the electroelasticity can by presents in the form
w, (X, Y,t) = A exp(—ka,, (@,k) - y) - exp[i(kx — wt)]

0,(%,y.1) = [ C,exp(~ky) + (&2 /) A exp(kay,, (0,k) - y) |- expli(kx - )]
U,(x,y.1) = A exp[ka,, (@.k) - y] +a,,C,, explka,, (,k) - y] ] -expli(kx — at)]
{BV exp[ka,, (k) - y]+
Vz(x’ Yat) =

(1.1)

+b,, A, exp[ka,, (@,k) - y] +b,,C, exp[ka,, (@,k) - y]

(X, y,1) =[ C, exp[kal, (@,K) - Y]+, A, exp[ka, (@,k) - Y] |- exp[i(kx — at)]
The permissible values of the phase velocity, as in the case of Gulyaev-Bluestein wave, have the form
n(w,K) = o/k <C,.
From the solutions (1.2) it is obvious that the components of the induced electroelastic wave in the

second piezoelectric are damped along the depth of the second thick layer in the zone of permissible
phase velocities, when

n(a),k)<min{czt/\/§3; o cz,*-\/l—g§(1+l92)194} if (2 —9c?)>0 (13)

or C, 1—93<77(a),k)<C2,*-\/1—;(22(1+192)94 if @ -9c?)<0 (14)

From the conditions for the existence of electroactive waves of the Rayleigh type (1.2) it follows that
such waves in a medium can exist only in the case of a small value of the piezoelectric effect

2 2 2 2 2 2 2 2 2 2
X2 < (Cl(l)C1(3) - Cl(z) (01(3) + 04(14)))/(:4(14) (Cl(S) + (Cfs) + Cz(14))) .
Substituting the decaying solutions (1.1) and (1.2) into the boundary conditions, we obtain the dispersion
equation of electroelastic hybrid of R&GB waves in the following form

Cw — 5(12 _ Cou 1 02uCyu Oz (1.5)
- 2 2 2 2 :
%y, (51(1)/‘93(32,)) (‘95 + e1(1)C¢u ) (el(l) + 195a11(/7) (‘95 + el(l)c(pu ) (el(l) + ‘95au<p)
From the form of dispersion equation (1.5) it follows that it has a solution in the case of permissible
wave signal frequencies at which the dispersion function in the second piezoelectric takes on values

C(pu 1 qZUC(pu q2¢ )
[(‘95 e, ) (e + 9561“(,,)}/((195 vefc,,) (62 + 35%)] <(e@/eD)1-7) (@)

2. Propagation of a hybrid of electroactive unidirectional elastic waves in a transversally
inhomogeneous periodic piezoelectric composite [3]
Let us consider the propagation of electroelastic 1D normal waves in transversally inhomogeneous

} -expli(kx — ot)] (1.2)

periodic piezoelectric medium, which is consists of alternating infinite platesC, (X,Y,Z) and
Q,.(X,Y,2) made of piezoelectric crystals. (Fig. 2). The medium Linear sizes of these plates towards
Oy and Oz are much larger than the wavelength of the propagating high-frequency wave. Above,

nell™ is the number of the repeating cell of two sub-layers with section
Q,(%Y)=Q,, (X, Y)UQ,(XY) in xOy plane, where
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Q,(x,y)U{xel0,a]; ye(—o,+x0)}; Q,(xy)I{xe[-a,,0]; ye(-wx,+x0)}. (2.1)
For the sake of definiteness, we
assume that in xOy plane, the

material of layers with sections
Q,(X,y) allows separate excitation

and propagation of electroactive
> elastic shear, while the material of

layers with sections Q, (X, y)

allows separate excitation and
propagation of electroactive plane
stress-strain state.

Fig. 2 Transversally inhomogeneous periodic composite waveguide with non-

_ In the layer with sectionQ, (X, Y), for
acoustic contact between sub-layers

an electroactive unidirectional elastic
waves’ hybrid the system of one-dimensional quasi-static equations of anti-plane electroactive
deformation will be solved

WY /ox* = —’C2 - W, DY foxt = (e /). WY Joxt (2.2)
And, in the layer with section Q,,(x, y) , the system of one-dimensional quasi-static equations of plane
electroactive deformation will be solved

(6°U,/ox*) =(-o*/C}. ) U,; (8V,/ox*) =(-a?/CL )V,
(0@, /ox*) = (e /) (67U, /ox)

Here, CJ. =(1-9,(c%/c) - 71+ 9,))(c/p,) is the speed of longitudinal electroactive

(2.3)

wave, szt = c(z)/p2 is the speed of transverse elastic wave in the piezoelectric in 6m2 class. It is
evident from the expression of the longitudinal electroactive wave speed C7. that for values of the
electromechanical connection coefficient satisfying
22>1-[(€? +c2)(C? +cP)/[c? (P +c? +c?)], the extension stiffness becomes negative.
This is possible in case of relationc?¢? > ¢? (cfg) + cﬁ)) , because then, 0 < 72 <1 always holds.

In non-acoustic contact surfaces free of mechanical stresses the electric field conjugacy conditions are
satisfied:

@,(0,y,t) =D,(0,y,t), D, (a,y,t) = uxD,(-a, Y1) (2.4)
el(Fl;) dVVl(O, y’t) —81(1) dq)l(()! y1t) — el(f) dU2(01 y1t) —81(12) chZ(O' y’t)’ (25)
dx dx dx X
dwW, (a,,y,t do,(a,vy,t du,(-a,,y,t do,(-a,,y,t
e 1(;1( y )—51(1) 1(;1( y ):ﬂ'(el(lz) z(dxz y )_81(12) z(dxz y )j (2.6)

The following eigen lengths of vibrations correspond to wave forms in sublayers Q, (X, Y) and
Q,,(xY): k(w),, =nz/a, andk(w),, =k(w), =nz/a,.

The dispersion equation solution of propagation (frequency filtration) of hybrid of electroacoustic waves
can be represented as

1 [1-cos(wa,/C,.)] +[1-cos(wa,/C, )]
(@) = (a, +a,) areeos 2[1-cos(wa,/C,)]-[1-cos(wa,/C,.)]

2.7)
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Alw) In the particular case when the
propagation of electroactive SH-
waves in piezoelectric medium with
system of infinite cracks is
0.008 considered, the dispersion equation
for determination of phase velocity

0.010

0.006 .
has a simpler form
0.004 (ak) (1+cosz(a)a1/(fn))
o o cos(ak) = :
0.002
T Py 2c0s(w2,/C,)

It follows from this equation that
electroactive SH-wave can
propagate in this case as well. The
solution of this dispersion equation
for wavelengths is obtained as

Mw) =273, .[arccos[(1+ cos(wa,/C,))) /(2cos(wa, / Clt))ﬂl (2.8)

Despite the case of homogeneous space (when space without periodic cracks), in this case zones of
forbidden frequencies occur (use Figure 3).

3. The emergence of a wave hybrid of electroacoustic waves when they pass through a surface
without acoustic contact between two different piezoelectrics [2, 5]

The transformation of the electro-acoustic wave signal at non-acoustic contact interface y =0 between

Fig. 3 Zones of allowed (and forbidden) lengths A(w) of electroelastic
shear wave

N

o b J
NSy B
Piezoelectric W P 2) (x,3.1) 2 Piczoelectric A
Gmm

Gmm i
o7 (x. 1)

Piezoelectric

6m2

Piezoelectric

(/’m(-"-‘\l’) 6m2

| VY (x,.1)
U™ (x,,1)

—

0" (x,y.1)

|I"(‘\‘._|'.I)
U (x,3.1)

>

Fig.4 The scheme of the reflection and refraction of an Fig.5 The scheme of the reflection and refraction of an
electroelastic P wave at the interface of two piezoelectrics electroelastic SH wave on the surface of two piezoelectrics
with non-acoustic contact with non-acoustic contact

the piezoelectric half-space of the symmetry class 6m2 (y <0) and the different piezoelectric half-
space of the symmetry class 6mm (y > 0) is considered as shown in Fig.4 and Fig. 5. The polarization

axes of the both piezoelectric crystals are chosen so that they are parallel to the coordinate axis0z .

From given schemes of reflection and refraction of electroacoustic wave signals at the non-acoustic

contact of the interface of two piezoelectric media (Fig. 4 and Fig. 5) it is obvious that formations of

qualitatively different packets of wave components are possible.

i- In one case, we can have the reflection and transmission of a P type electroelastic wave at the non-
acoustic surface between the piezoelectrics of the symmetry classes 6mmand 6m2 (Fig. 4).

ii- In another case, we can have the reflection and transmission of an electroelastic SH wave at the non-

acoustic surface between the piezoelectrics of the symmetry classes 6mmand 6m?2 (Fig. 5).
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-- .. — the angle of the incident electroacoustic

wave - %o
—— the angle of the longitudinal component of the
reflected electroacoustic wave of plane

deformation - o,

— —the angle of the shear component of the
reflected electro-acoustic wave of plane

deformation - a.,

.... the angle of the shear component of the
refracted electro-acoustic wave of anti-plane

deformation - 3,

Fig.6. Behavior of the angles of the reflected (types P and SV) electro-elastic waves and the refracted electroelastic SH
wave in case of an incident plane P wave at the interface between two piezoelectrics with non-acoustic contact.
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Fig. 7. The behavior of some amplitudes of the reflected and refracted electroelastic waves in case of a plane P wave
incident upon the interface between two piezoelectrics with the non-acoustic contact.
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Effect of deformation-heat treatment on the mechanical behavior of the graphene-nickel
composite

Baimova J.A.*, Safina L.R., Krylova K.A.

The effect of deformation-heat treatment on the mechanical properties of the graphene-nickel composite has been studied using

the molecular dynamics method. Crumpled graphene is considered as a matrix for a composite material, and nickel
nanoparticles - as a filler. It was found, that results, obtained at different temperatures from 1000 K to 2000 K during
deformation-heat treatment does not significantly differ. Thus, 1000 K is enough for fabrication of the composite. All structures
have approximately the same mechanical properties after hydrostatic compression at different temperatures. The rupture of the
structure of crumpled graphene containing nickel nanoparticles occurs much later than that of pure crumpled graphene. It is
shown that metal atoms increase the strength properties of the composite.

1. Introduction

Currently, the development of nanotechnology poses a new challenge to obtain nanoscale structures
with improved electronic, thermal and mechanical properties, for example, composite materials.

One of the promising areas of research in the field of obtaining new composite structures with improved
mechanical properties is the creation of composites based on carbon material and metals [1-3]. It was
shown that some metals, such as Ni, Pt, Pd and Ti, can easily attach to carbon polymorphs and form a
single structure [4-5]. Metal nanoparticles, which themselves are of great interest [6-8], can be covered
with graphene flakes or enclosed in short nanotubes [9], and then form a three-dimensional composite
structure.

In particular, a large number of works are devoted to the study of composites based on Ni and graphene
[10-15], since the addition of graphene to a nickel matrix can significantly improve the properties of the
resulting material. For example, Ni improves the mechanical properties of carbon nanotubes [5]. It is
shown that the addition of graphene increases the Young's modulus of the material [10] and its strength
[11]; improves corrosion resistance [12] and tribological characteristics of the material [13]. Besides the
mechanical characteristics, the addition of graphene also has a good effect on other physical properties.
The work [15] shows the possibility of obtaining better quality supercapacitors by combining Ni and
carbon structures.

In this work, the effect of deformation-heat treatment on the mechanical properties of the graphene-
nickel composite is studied using the molecular dynamics method. To identify the effect of deformation-
heat treatment, three temperatures (1000, 1500 and 2000 K) are considered.

2. Simulation details

In order to obtain a composite material, the structure of crumpled graphene is considered as the matrix
of the composite, and nickel nanoparticles as the filler. Fig. 1 shows the initial structure of crumpled
graphene containing nickel nanoparticles. Such a structure is created from a short carbon nanotube
(11, 11) by removing a part of atoms along the z axis. Next, the resulting folded graphene flake (Fig. 1,
shown on the right), with the length | = 13 A and diameter D = 14 A, is filled with nickel nanoparticle
of a diameter d = 9 A. The graphene structure filled with nickel nanoparticles is arbitrarily rotated and
repeated four times along the X, y, and z directions, respectively. The bulk structure consists of 19196
atoms, of which 16138 are carbon atoms and 3008 are nickel atoms. All the simulations are conducted
using LAMMPS package with the AIREBO interatomic potential for the description of interaction
between carbon atoms. For Ni-Ni and Ni-C interaction, simple pair Morse interatomic potential is used
with the parameters for Ni-Ni proposed in [15] and for Ni-C proposed in [16, 17]. Equations of motion
for the atoms were integrated numerically using the fourth-order Verlet method with the time step of
0.1~fs. The Nose-Hoover thermostat is used to control the system temperature.

Annealing at 300 K is applied to the initial structure. Further, the strain-controlled hydrostatic
Compression, ex = &y = &7 = ¢, IS applied to the computational cells at temperatures 1000, 1500, and
2000 K with the strain rate £ = 0.01 ps™. To study the mechanical properties of the obtained composite,
uniaxial tension is applied with the & = 0.005 ps™™.
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Fig. 1. Initial view of the structure of crumpled graphene containing nickel nanoparticles (left), and a
single element of crumpled graphene containing metal nanoparticles - rolled graphene flake (right).

3. Results and discussion

In work [19], it was shown that to create a homogeneous composite material it is better to use annealing
of the initial structure before compression, since with an insufficient angle of rotation of individual
elements, the structure has anisotropic properties, which is not very desirable for a composite material.
Thus, the original structure is kept at 300 K for 20 ps before compression. This procedure is conducted
to avoid the occurrence of anisotropy of the material. In structure at the end of exposure, single graphene
flakes resemble capsules with metal nanoparticles. Then instant pressure is applied to eliminate large
voids. The next step is hydrostatic compression at different temperatures (T = 1000, 1500, and 2000 K),
which should activate the formation of new chemical bonds between graphene flakes. In addition, at this
temperature, nickel nanoparticles will melt, since the melting point of a nanoparticle is about 1360 K
[20]. It should be noted that this temperature range is rather far from the melting point of graphene
(about 5000 K) [21,22]. This will lead to a better distribution of Ni atoms in the composite structure. As
was established earlier [2], at zero temperature, hydrostatic compression does not lead to the formation
of a composite. Despite the high density of the compressed material, in the process of stretching, the
graphene flakes return to their original state.

Fig. 2. Structure of crumpled graphene containing nickel nanoparticles in pores during hydrostatic
compression.

As an example, Fig. 2 shows the structural changes under hydrostatic compression at
T =1000 K. As can be seen from the figure, before hydrostatic compression, graphene capsules
with nickel look more rounded, but under the action of temperature and pressure they become
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flatter, as a result, metal nanoparticles are evenly distributed over the graphene sheet. The
structure after hydrostatic compression has the following dimensions: a = 45 A; b = 45 A;
c=47A.

Uniaxial tension is applied to the compressed material to determine if a composite has been formed.
Fig. 3 shows the deformation curves under uniaxial tension of structures formed at different
temperatures. As can be seen from the curves, hydrostatic compression at different temperatures in the
range from 1000 to 2000 K does not have a particularly large effect on the strength properties of the
composite material. All curves are approximately in the same range. However, it is important to pay
attention to the degree of tensile deformation. Structures can withstand large degrees of deformation and
it is important to note that ultimate strength has not yet been reached. Hence, we can conclude that under
these conditions it is possible to obtain a durable and plastic composite material.

In addition, metal clusters are removed from the compressed structure to reveal the effect of nickel
nanoparticles. Then, uniaxial tension is applied to the crumpled graphene. In Fig. 3 it can be seen (black
curve), that a rather loose carbon structure will not have such outstanding properties. Even at a degree
of deformation of 0.6, the ultimate strength of the structure is reached. Despite strong covalent bonds
between neighboring unit elements of crumpled graphene are formed, destruction of the structure took
place.

A
& 100-
O
N’
~ 80 -
o
60 -
40 -
—e—CGat1000 K
20 - —s— CG-Ni at 1000 K
—e— CG-Ni at 1500 K
—a— CG-Ni at 2000 K
0 I % I " T * T 4 T = T ' T Y T " 1
00 02 04 06 08 1.0 12 14 16
gxx

Fig. 3. Stress-strain curves after uniaxial tension of the composite obtained by hydrostatic compression
at 1000 K, 1500 K and 2000 K, as well as for the structure of crumpled graphene formed by compression
at 1000 K.

Fig. 4 shows the structures in the process of uniaxial tension for different degrees of deformation,
obtained by hydrostatic compression at different temperatures. The figures confirm that there are no
noticeable differences between the structures formed at different temperatures. Hence, it can be
concluded that in the temperature range from 1000 to 2000 K, a sufficient number of new chemical
bonds appear between adjacent flakes, which are responsible for the strength properties of the composite.
Despite the fact that nickel nanoparticles are connected to the graphene flake by weak van der Waals
forces, they make the structure more plastic. Plasticity is achieved due to the fact that metal clusters
occupy an equilibrium position in the graphene cavity at the centers of the hexagons. When uniaxial
tension is applied, defects appear in the graphene flake as the effect on the material increases. However,
covalent bonds between adjacent graphene flakes, as well as metal atoms bound by van der Waals forces
to graphene, resist external influences. The graphene flake begins to unravel at the site of the first defect,
forming carbon chains of different shapes and lengths. Until the carbon particles of the composite break
into separate short carbon chains, the structure will stretch.

In addition, the structure of pure crumpled graphene obtained by hydrostatic compression at a
temperature of 1000 K is considered. Fig. 5. shows a comparison of two materials: (a) the structure of
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the composite depicted without metal nanoparticles, and (b) the structure of pure crumpled graphene
before and after stretching. As can be seen from the figures, the structure obtained from rolled graphene
flakes filled with nickel nanoparticles stretches almost two times more than pure crumpled graphene. In
pure crumpled graphene, when covalent bonds with neighboring flakes are broken, the pore size
increases with increasing impact on the material, and at this point the structure is destroyed. Hence, it
can be concluded that nickel nanoparticles improve the mechanical properties of the graphene-nickel
composite.

(a) T=1000 K

(b) 7= 1500 K

e=0  £=06 -

Fig. 4. Snapshots of the composite structure obtained by hydrostatic compression at (a) 1000 K; (b)
1500 K; (c) 2000 K during uniaxial tension.

(2) (b)

E=0 &=10.82 E=0 E=1.6
Fig. 5. Snapshots of (a) a composite structure without nickel nanoparticles, as well as (b) crumpled pure
graphene before and after uniaxial stretching.
Conclusions
In this work, the effect of deformation-heat treatment on the mechanical behavior of the graphene-nickel
composite by the method of molecular dynamics is investigated. It was found that the composite can be
obtained at elevated temperatures higher than 1000 K. No special differences in the structures obtained
at different temperatures were observed. It is shown that nickel nanoparticles increase the strength
properties of the composite and the structure withstands large degrees of deformation, whereas in pure
crumpled graphene, rupture occurs much earlier.
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Reinforcement of Polymer Composite Materials by Titanium Dioxide Nanoparticles
Synthesized in Plasma Discharge under Ultrasonic Cavitation

Bulychev N.A., Kolesnik S.A.

Epoxy resins are often used as polymer matrices in functional and structural composites due to
their good heat resistance, durability, as well as good electrical, chemical and mechanical properties.
However, the area of application of such materials is often limited due to their fragility and poor
toughness. One of the ways to overcome these problems is to improve the properties of epoxy matrices
by introducing a solid filler into the polymer matrix. A new approach in the field of nanotechnology
proposes the use of fillers in the nanometer size range, since nanofillers have a large surface area,
which makes them chemically very reactive and helps them to better bond with the matrix.
Nanoparticles embedded in a polymer matrix are attracting increasing interest due to the unique
mechanical, optical, electrical, and magnetic properties exhibited by such polymer composite materials
and can significantly improve them. These property improvements are dependent on the volumetric
content of the filler as well as the type and characteristics of the nanofillers.

Nanofillers of a metallic or other inorganic type can be considered as excellent candidates for
hardening polymer matrices. Due to their chemical inertness, low toxicity, photocatalytic activity, high
refractive index, and other beneficial properties, titanium dioxide (TiO2) nanoparticles have attracted a
great deal of attention of many researchers and are used in the food, paint and varnish industry, etc. A
number of studies have shown that the introduction of TiO2 nanoparticles improves some properties of
polymer materials. However, the process of interaction and the mechanism of hardening of epoxy
resin using nanoparticles is still obscure and not fully understood. There are few works on epoxy
polymer composite materials with TiO2 nanoparticles; therefore, it is prospective to obtain new
examples of such polymer composite materials and study their physical and mechanical properties,
since due to the presence of TiO2, it is possible to use such polymer composite materials in
biomedicine, as bactericidal and photocatalytic surfaces.

In a range of previous studies, the possibility to initiate the specific type of plasma discharge in a
cavitating liquid has been shown as well as the application of such discharge for the synthesis of
nanomaterials with controlled properties.

Since it was found that the acoustoplasma method allows to synthesize nanosized particles of metal
oxides with the controlled shape and narrow size distribution, the aim of this work was to obtain and
study the properties of aggregation and sedimentation stable dispersed systems of titanium dioxide
nanoparticles with an average particle size less than 100 nm, with the same shape and narrow particle
size distribution.

Further observations of nanoparticles suspensions showed that they have high aggregative and
sedimentation stability and do not grow larger over time, but can form composite associates when
applied to a substrate.

As a result of the further experiments, epoxy polymer composite materials based on titanium dioxide
nanoparticles in the form of opaque blue-gray films were obtained. The composition and structure of
epoxy polymer composite materials were studied by scanning electron microscopy. In a polymer
composite material containing 2% TiO2 nanoparticles, agglomerations of particles are observed, and
therefore the average diameter increases from 30-50 nm to 70-90 nm.

In following physical and mechanical tensile tests, the efficiency of filling the polymer matrix with
TiO2 nanoparticles was monitored according to the following parameters: tensile strength (Rm, MPa),
elastic modulus (E, GPa), and relative deformation (e, %). The test included control samples not
modified with titanium dioxide and samples of polymer composite materials with different contents of
TiO2 nanoparticles. The size of the samples was 10x90 mm, the thickness was 0.08 mm. The tensile
test speed was 2 mm/min. The samples were securely fixed in rubberized clamps and a load was
applied until complete destruction. Fracture occurred in the middle of the sample. After carrying out
all the necessary tests and calculations, diagrams of the dependence of strength, modulus, and
deformation on the concentration of TiO2 nanoparticles were obtained. As shown in Fig. 5, the tensile
strength drops sharply at concentrations of TiO2 nanoparticles higher than 3 wt.%, which is possibly
associated with secondary processes of agglomeration of TiO2 nanoparticles. Therefore, working
concentrations of TiO2 nanoparticles should not exceed 3 wt.%.
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Thus, it was demonstrated that mechanical properties depend on the concentration of TiO2
nanoparticles. The values of the elastic modulus and tensile strength are maximum at a nanoparticle
concentration of 3 wt.%. The relative deformation increases with increasing concentration up to 1
wt.%.

As a result of these studies, polymer composite materials based on epoxy resin and titanium dioxide
nanoparticles have been obtained by introducing synthesized nanoparticles into epoxy resin at the
stage of its curing, and the effect of nanoparticle concentration on physical and mechanical properties
of obtained polymer composite materials has been investigated. The physical and mechanical
properties of epoxy polymer composite materials have been investigated. It is shown that the
introduction of 1 wt.% of TiO2 nanoparticles leads to an increase in the relative deformation by 35-40
%. The maximum tensile strength values are achieved at a concentration of 3 wt.% TiO2. The increase
in the elastic modulus is 20-25 % at TiO2 nanoparticles concentrations was observed above 1 wt.%.
Improved mechanical properties indicate the formation of strong interfacial interactions.

This work has been carried out with the financial support of Russian Science Foundation, project
No. 20-19-00395.
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Displacement and Stress-Strain Fields Comparison of Particle-Reinforced Timoshenko Beam
with Uniform and Non-Uniform Distribution of Particles

Chopuryan S. S., Khurshudyan As. Zh.

In this paper, we study the influence of the particle distribution on the displacement and stress-strain fields of axially
compressed particle-reinforced Timoshenko cantilevered beam. Governing equations are obtained by means of the multiscale
method. More specifically, we first obtain the beam equations in the microscale where the beam is represented as a
continuum strengthened with spherical inclusions. Then, the beam equations at the mesoscale are obtained by decreasing the
scale parameter to O, where the beam is represented as a continuum with point inhomogeneities. The comparative analysis
based on simulations show that in the case of uniformly distributed particles, the normal displacement and the tangential
stress are smaller compared to that for non-uniformly distributed particles. However, the normal stress is larger in the case of
uniformly distributed particles.

1. Introduction

Contemporary production engineering provides extended opportunities to process materials with
arbitrarily fine microstructure. In other words, almost arbitrary solution provided by material, structure
and topology optimization of a given sample can be realized with high accuracy. For a review of
corresponding technologies and the opportunities they provide, see, [1]. At the same time, material
modelling is also under great development and metamaterials with more and more useful target
properties are proposed. One of the most frequently used methods of material modelling is the so-
called multiscale method [2] linking the structure and behavior of materials at different scales.

In this paper, we are going to consider particle-reinforced materials having wide applications in
many areas of applied engineering [3]. Most of existing studies on particle-reinforced materials aim to
estimate or exactly calculate the so-called effective properties (see, e.g., [3-16] and references therein).
These effective properties depend on particle distribution, volume fraction, material characteristics.
Since the distribution of particles affect the value of the effective properties of the composite, a natural
problem arises: are there optimal distributions of particles leading to effective properties of the
composite changing in a required range? In [13-15], the dependence of the effective properties on the
particles distribution is made explicit, thus, making possible to answer the equation above relatively
easy. It is already a fact that the uniform distribution of particles may not always be optimal [17].

This paper is the first step in that direction and our aim is to figure out the differences of uniform
and non-uniform particle distributions in the case of Timoshenko beam. More specifically, we
consider a Timoshenko beam with uniformly distributed particles and particles distributed randomly
according to the well-known Weibull distribution. The beam equations are then simulated to illustrate
the displacement field and stress-strain state of the beam and compare them with each other. The
analysis shows that the normal displacement and tangential stresses decrease in the case of uniformly
distributed particles, whereas the normal stress increases.

2. Beam Equations at Microscale and Mesoscale

We begin with the microscale description of the beam. We consider a beam of constant,
rectangular cross section occupying the domain B={xeR,0<x<1,0<y<h,0<z<h,}, which

N
is reinforced by a finite number of balls b* ::Ubﬁ — B with center X,, and radius r, of the n"
n=1

ball. Here, ¢ = r/min(h_l,hz), is a scale parameter allowing to zoom in or zoom out the scale at
which the beam is studied. The volume fraction ¢, of the balls remains constant for all values of ¢.

The beam is cantilevered at one and it is subjected to an axial force F at its other end.
Following to [16], we accept the following hypotheses.

Assumption 1. By =B\ Db is connected.

Assumption 2. Both b® and B are isotropic, linear elastic, homogeneous and free of all types
of defects and voids.
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Assumption 3. During the deformation of the beam, particles do not interact mechanically,
meaning that for any n, =n,, by Nb; =J.

Assumption 4. Infinitesimal strains are considered such that for any n #n,,
g < dist(brﬁl,bﬁz). Here, ¢; are the components of the strain tensor of the beam, dist(--)

measures the distance in R,

g s
Figure 1. Schematic representation of the beam with uniformly and non-uniformly distributed balls

In [16], the microscopic beam equations are obtained as follows:

0 ow* ow 0 op ow*

— B (X)| ——¢° ||=0, F—+_—| E5 (X +KEs (X)| —=-¢° |=0, (1
ax{’(“’()(ax (DH ox ax{Z()ax}Kl ()[ax (”} 0

where x; =

K .
, W, ¢°, k and v are the normal displacement, slope, shear factor and
2(1+v)

Poisson ratio of the beam, E (X jz ES(x,y,2)dA, k=0,2, E°(xy,z)= b;(Bc(x y,zZ)+

+Ep;(bg (X, Y, Z), E° and A are the Young’s modulus and cross-sectional area of the beam, E, and

E, are the Young’s moduli of the bulk material and particles, respectively, X is the indicator

function of B;.
It has been shown in [16] that the mesoscale beam equations when ¢ — O are as follows:

el w W 01012 |, g0y o |
aX{KlEO(X)[ x (oﬂ 0, F x| ox {EZ(X) x }rKIEO(X){aX go} 0, (2

where E, are defined exactly as E;, but using the following expression for E°:

EV, &
Eo(x,y,z):(1—¢p)Eb+¢p- ?\l Zé(x—xm)é(y—y0n)§(z—20n).

3. Results of Numerical Simulation

In order to carry out a comparison of the normal displacement and stress-strain state
components for uniformly and non-uniformly distributed particles, we perform a simulation based on
the beam equations (1) and (2). More specifically, we consider the solution of (1) for ¢ =0.075, 0.05
and when ¢ — 0, we use the solution of (2). For the sake of simplicity, we consider the case when the
beam is made from copper, whereas the material of the particles is made from steel. Results of
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comparison are represented in Figures 2-4 below. In the first case, the particles are distributed
according to the Weibull distribution.
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Figure 2. Distribution of w* for uniformly (a) and non-uniformly distributed particles (b)
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Figure 3. Distribution of o, for uniformly (a) and non-uniformly distributed particles (b)
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Figure 4. Distribution of o, for uniformly (a) and non-uniformly distributed particles (b)

Evidently, from the corresponding values of the quantities shown on plots above it follows that as
¢—0

s s 0
GXX O-XZ \I O-XZ )

e[

0
2ot

4. Conclusions

This paper deals with a cantilevered Timoshenko beam subjected to an axial force. The beam is
reinforced with a finite set of balls of fixed radius. At this, two cases are considered. First, when the
particles are distributed uniformly and second, when the particles are distributed non-uniformly
according to the well-known Weibull distribution. Our aim is to compare the main characteristics of
the displacement field and the stress-strain state of the beam. To this end, we carried out simulations in
both cases and presented the results graphically.

In particular, we have established that, in absolute values, the normal displacement and the
tangential stress of the beam are smaller in the case of uniformly distributed particles, while the
normal stress is smaller in the case of non-uniform distribution of particles.
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Constructive Formulas for Maslov’s Canonical Operator
in a Neighborhood of Caustics

Dobrokhotov S.Yu., Nazaikinskii V.E.

We discuss expressions for Maslov’s canonical operator in a neighborhood of caustics in the form of special functions of
a composite argument. These expressions permit rapid and efficient computation of wave processes.

2n
Let Ac R, ,

the embedding being given by the parametric equations X=X («), p=P(«), and let &, € Abe

be a Lagrangian manifold in the phase space with coordinates (X,,..., X, Pyy---, P,

a focal point, i.e., a point such that detoX (a)/0a =0at o =¢,. Then, in a neighborhood of the
caustic point X, = X(¢,), Maslov’s canonical operator [1] on Ais given by a k-fold rapidly
oscillating integral, where k =n—rankoX(a)/oa|,., . However, if ais a generic focal point in

the sense of [2], then there exists a Lagrangian equivalence reducing A in a neighborhood of «,to a
normal form from the list in [2] (let us denote it by L), and an associated transformation (which
essentially amounts to a change of variables followed by the multiplication by a rapidly oscillating
exponential) locally reduces the canonical operator on A to the canonical operator on L. The latter
can be computed in terms of the special function associated with L and its derivatives, and hence we
can replace the rapidly oscillating integrals in the representation of the canonical operator near generic
caustics by finite expressions involving special functions of a composite argument. To obtain efficient
formulas for computing the canonical operator with the use of technical computation systems such as
Wolfram Mathematica and MatLab, it remains to indicate “good” formulas for the computation of the
above-mentioned Lagrangian equivalence and the coefficients in the representation of the canonical
operator on L via the special function and its derivatives. Such formulas were presented in [3,4] for
the simplest A, (fold) and A,(cusp) Lagrangian singularities, which arise as generic singularities
starting from n=21and 2, respectively. In the talk, we will also consider the case of n=3. Note that
rapidly oscillating integrals with degenerating and/or coalescing stationary points (also known as wave
catastrophes) have been extensively studied in the literature (e.g., see [5,6], where one can find further
references). We will also discuss the relationship between the results of these studies and our
formulas.

Here we explain the main ideas in more detail, using the cusp singularity as an example and
following [4] (where one can also find all the references).

1. Asymptotics associated with the standard cusp A,. The standard Lagrangian singularity A,is
defined by the germs at the origin of the projection (X, p) — X of the Lagrangian manifold L given
by the parametric equations

x=X(a)= (4 —200a,,2,),  p=P(a)=(a, ),
where X=(x,X,), p=(p,P,), and a=(a,a,) =(p,, %) . (There is also another kind of this
singularity differing by the sign of 4« in the first equation, but its study goes along the same

lines, and we omit it) We equip the manifold L with the standard volume form
du=do, Adea,, and then Maslov’s canonical operator on L is given by the formula
izl

€ © i(pttx,pZ+x
[KEA](x)=WLOe““’1 R Ay, X, )y

Here A= A(«) isafunctionon L. If A(a) =1, then this formula just gives the Pearcey function
P(y,z) = f gl gy
more precisely,
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ei71/4 X X1
[KC]-](X) = (27[)1/2 hY4 P hle TRl

The Pearcey function is well tabulated, and so, from the computational viewpoint, this expression for
[K[1](x) is clearly better than the original integral. However, we would like to obtain integral-
free expressions for the case of an arbitrary (smooth, well-behaved at infinity) amplitude
A(Py, X,) . Set d(p;,X) = Py +X,p; +xp;; then

oD oD oD
a(plix)z Py &(pl’x)z p121 a_pl(plix)=4H(p11X)f

where
1 1
(P X) = P+ 5 %Pt 7%
Is a monic polynomial in p, with analytic coefficients. Let us artificially treat A as a function

of three variables (p,,x) =(p,, %, X,), even though it is actually independent of x,. Then, by
Malgrange’s preparation theorem, this function admits the expansion

APy %,) =T1(p, X)g(py, X) +ij(x) plJ

with smooth coefficients g and p;. We substitute this expansion into the formula for the

canonical operator, integrate by parts and differentiate as appropriate and obtain
I7r/4

h _ @ X, Xy
[KLA](X) (2 )1/2 h1/4 [:00( ) (h]_/z ’ h3/4 l( ) h1/2 ! h3/4
142 oP ¢ X,
—ih 2(X) h1/2 ! h3/4 )] O(h)

so that it remains to compute the yet unknown coefficients p;(x) . First, let us present the
expressions for these coefficients in the domain D lying in the lower half-plane {x, <0}
bounded by the branches of the caustic 27x’ =-8x}. In the domain D, the polynomial
T1(&, x) has three roots & =&, (x) given by

33/ 2

V4 1 X,
—*aq,, =—alcCoS ———~.
3 P BT o)

In terms of these roots, the expressions for the p;(x) in D read

_ o AG(X), %) (X)&n (%)
A00= 2 00
A (%), %,)(& (X) + £,(X)) _ v Al (%), %,)
G G )
where (k,l,m) is always a cyclic permutation of (1,2,3). The expressions outside D can be
found as follows. Let

Q(x) = (%)3 + (%)2’ £(X) = (Q1/2(X) _%)1/3 _ (Ql/2 x) +%)1/3.

Now we arbitrarily continue p,(x) and p,(x) from D to the entire R as smooth functions of X
(see below) and set

2
& (x) = (_§ Xz)ll2 Cosp, @ ,=

p(X) =~

Po(X) = AE(X), X,) = AL (NE(X) = p, (X)&7 (%)
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in R*\_D. There is a theorem in [4] stating that a smooth continuation of p, and p, is always
possible and then the last formula gives a smooth continuation of p, . However, the caustic bounding
D has a cusp, so it is not immediately clear how to construct such a continuation in practice. The
simplest procedure is as follows. Let us lift p,, from D to L using the mapping 7:a— X(a).
The preimage of D is the domain 7 (D) ={(«,,a,): @, <—6a;} bounded by the smooth
nondegenerate curve o, =—6¢; . The lifts p; ofthe p,, j=1,2, can be continued across this

curve as smooth functions by standard methods. In particular, a continuation with n-1
derivatives continuous across this curve (where n is arbitrary) can be obtained by the formula

n-1 n .
P (al’aZ) - Z(k +1](_1)kpj (a11_6a12 _k(az +60‘12))1 a, = —60{12, 1=12,
k=0

n
where (k) are the binomial coefficients (see [4] for details and explanations). Note that 7 is

a one-to-one mapping between L\ 7 (D) and R*\ D, so that the continuations of the lifts
give well-defined continuations of the p; themselves. Again, there is a theorem in [4] stating
that these latter continuations will be smooth.

The above construction covers the case of the standard cusp.

2. Asymptotics associated with a generic cusp. As was mentioned in the introduction, the
method we use to obtain constructive formulas in this case is to reduce a general Lagrangian
manifold A with a cuspidal singularity of the projection to the standard manifold Lby a

Lagrangian equivalence. Let LcT*R"; and AT R2. A general Lagrangian equivalence
has the form [2]

x=f(y), p=((%(y))*)'lq+%f(f(y)),

where x = f(y) is a diffeomorphism, ®(x) is a smooth real-valued function, q=(q,,q,) are the
variables dual to y=(y,,Y,), and the star stands for transposition. If we find such an equivalence
taking L to A, then we obtain the canonical on A from that on L according to the rule

[K2AI() = e[ AI(y(9),[det 2 () +O(h),
which is an easy consequence of the standard formula for the change of variables in the canonical

operator. (Here y = y(x) is the inverse function of x = f(y).) Combining this rule with the formula

in the preceding section for the canonical operator on L via the Pearcey function and its derivatives,
we obtain the desired constructive formula for the Lagrangian manifold with a generic cusp. The only
remaining thig for this scheme to work is that we need a constructive formula for ® and f .

Let D, just as before, be the domain between the branches of the caustic for the standard cusp and let
D be its counterpart for the generic cusp in question. Then f must diffeomorphically map D onto
D (more precisely, we should speak of sufficiently small neighborhoods of the respective
cuspidal points.) Here we only describe the construction of f and ®of on D; the

continuation to a full neighborhoods of the origin can be obtained by methods similar to the
ones discussed in the preceding section, and we omit the details, which can be found in [4]. In

each of the domains D and D, there are three branches of the action function corresponding
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to three sheets of each of the respective Lagrangian manifolds over these domains. We denote
these branches by

.,(Y), 7, (¥), 75(y), yeD;  S,(x),5,(x),S,(x), xeD;

the numbering of branches is assumed to be chosen in a consistent way (i.e., branches with same
numbers correspond to sheets to be taken to each other by f ). Now the system for f has the form

7, () =7 (y) =S, (f (¥)) =S, (f (¥)),

73(Y) —7(y) = S; (£ () =S, (F(¥)),
while ®(x) can be found upon solving this system of equations by the formula
d(x)=S,(X)-7,(f*(x)), xeD.
Again, the paper [4] contains theorems guaranteeing the existence of appropriate
continuations of f and @ thus constructed into a full neighborhood of the cuspidal point and
provides constructive formulas.

The work was supported by the Russian Science Foundation under grant 21-11-00341.
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On the influence of the active medium on the delayed fracture of a cylindrical shell using a
fractional linear creep and long-term strength model

Fomin L.V., Fomina Yu.V.

Delayed fracture of a long thin-walled cylindrical shell is studied during creep, under an unsteady complex stress state, taking
into consideration the influence of an active ambient medium. The influence of the ambient medium on creep and delayed
fracture of the shell is determined by diffusive penetration of the media elements into the materials of the shell. With the help
of Yu.N. Rabotnov’s kinetic theory, times to fracture of such a shell are determined for two unsteady loading programs. One
of the programs is implemented by way of an isolated action of the internal pressure and axial tensile force sequential in time,
the other — by a combined joint action of the internal pressure and force at the first loading stage, while at the second loading
stage, there acts only the tensile force up to the moment of fracture. The time to shell fracture is determined using a fractional
linear creep and delayed fracture model where the tensile strength of the material at the appropriate temperature plays the role
of ultimate stress. To take into account damage accumulation during creep and determine the criterion, before fracture, scalar
and vector damage parameters are used, while the components of the vector damage parameter are associated with the space
of principal stresses. To estimate the speed of the diffusion process, an approximate method for solving the diffusion equation
based on the introduction of a diffusion front is used. The impact of the ambient medium on the time to fracture is taken into
account by introducing a function of the integral average concentration into the determining and kinetic linear-fractional
relationships. Comparison of the times to fracture using the scalar and vector damage parameters is carried out. Special
features of using a linear-fractional model to describe long-term fracture processes are determined.

1. Introduction and problem statement

Forecasting durability of materials and structural elements under long-lasting high temperature
loading in the presence of an active ambient medium is an extremely important problem to ensure
reliability during the entire operational life. This study is based on Rabotnov’s kinetic theory of creep
and creep rupture [1]. Consider a long thin-walled cylindrical shell without bottoms with the radius of
the middle surface R and wall thickness H . Let this shell be under the action of tensile axial force P
and internal pressure Q. The shell is in an active medium. In this study, two programs of unsteady

loading are considered, one of which (a) will be implemented by means of a separate, sequential in
time action of internal pressure and axial tensile force, the other by a combined joint effect of these
pressure and force at the first stage of loading, while at the second stage only the force continues to
operate up to fracture. A diagrams (a) and (b) of the loaded shell is given in Figure 1.

0 P Q P

a) | b)
Figure 1. Shell loading programs (a) and (b).

2. Approximate method to solve the diffusion equation

To analyse the diffusion process of the active medium into a thin-walled cylindrical shell, an
approximate method for solving the diffusion equation is proposed, based on the introduction of a
diffusion front propagating from the shell surface [2]. Due to the small curvature of the shell wall, one
can consider such a diffusion process as a process in a flat plate, which occurs symmetrically due to
the geometric symmetry of the flat plate relative to the middle surface and the symmetry of the
boundary conditions and diffusion characteristics. The considered approximate approach allows
dividing the entire cross section of the shell into perturbed (where the medium has already penetrated
into the material) and unperturbed areas (where there is no penetration of the medium yet) and then
track the boundary between these areas in time. The time dependence of the concentration of the active
medium in the shell material is approximated in the form of a polynomial, furthermore, the boundary
and initial conditions are satisfied exactly, and the diffusion equation is satisfied integrally in the entire
cross section of the shell.
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In the future, to analyze the effect of an active medium on the time until the destruction of a
typical element, a dimensionless integral average concentration €, (') will be used, which is obtained
using the indicated approximate method and has the form:

L T at 0<f<1
C,(T)=[c(z,¥)dz= (¥3) ~ ~
; 1-(2/3)-exp[-(1/4)(T-1)] at T>1
Dimensionless variables are introduced here
Z=2z/H t =48Dt/H? c=c/c, ,

where z is the coordinate along the thickness of the typical wall (z=0- on the median line of the

cross section of the shell), t is the time, c, is the constant concentration at the boundary of the

material of a typical element and the external active medium, D =const is the diffusion coefficient.
The monograph [2] shows the results of a numerical experiment, which shows a comparison of
the corresponding concentrations of the active medium ¢€(X,t) and the integral average

concentrations C, (t_) obtained as a result of the exact (expressed in series) [3] and approximate

solutions according to the proposed method, taking into account the introduction of a diffusion front.
The closeness of the approximate solution to the exact one is less than 5 percent, depending on the
choice of the degree of the polynomial of the desired approximate solution.

Taking into account the fact that the experimental creep curves and times to fracture have, as a
rule, a significant scatter at the same mechanical stresses and temperatures, the effect of a slight
deviation of the integral average concentration of the active medium on creep and long-term strength
in accordance with an approximate solution in comparison with the exact solution is perfectly
acceptable.

3. Fractional linear creep model
The active medium effect is taken into consideration by introducing into fractional linear [4]
constitutive equation of the function of cumulative average concentration of the active medium

f(c, (T)) in the material of the shell
b= Aleu/(on =,))- T (€. (1)), (1)
where P, - creep strain rate intensity, o, - stress intensity, o, - short-time strength limit at given

research temperature, f (Em(t_)) - function of cumulative average level of concentration ¢, (T) of the
ambient medium elements in the shell [5], A - material constant.
The function f (Em (t_)) is introduced into the Kinetic equations. The kinetic equation given a
scalar damage parameter is assumed to have the following form
o=dw/dt =C(0,/(0, —0,))-f(C,(T)), w(f=0)=0, o =a)(t_=t_(0*):1. (2)
Kinetic equations for vector damage parameter £ [6, 7] are as follows

. _ |C-(o; -0,))-f(c, (t)) at o, >0
Qi ZdQI/dt — (O'I/(O'b O-I)) ( m( )) O i=Z, 0 , (3)
0 a o, <0
where €, - damage vector projection on i - th axis of the coordinate system, z -longitudinal
coordinate, @ - circumferential coordinate
Q=(Q,) +(Q,) . Qf=0)=0, Q" =Q(T =1,)=1 - fracture criterion. (4)

4. On the expediency of using the vector parameter of damage

At present, there is an insufficient amount of systematic experimental data on creep deformations
and long-term strength under arbitrary unsteady complex stress states. The design and implementation
of such experiments is, as a rule, a rather difficult task. An analytical review of such works known to
the author of the article is given in [8]. It should also be noted that the random nature of the
accumulated damage when the type of complex stress state changes.
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The question arises as to how to take into account the accumulation of damage in the process of
creep. The scalar damage parameter can be used adequately only in a number of cases. To determine
the components of the tensor parameter of damage, it is necessary to search for a sufficiently large
number of material constants and functions, carrying out complex setup experiments. According to the
author of the article, for modeling the long-term destruction processes, it is optimal to use the vector
parameter of damage accumulation.

It should also be noted that the vector approach makes it possible to simulate long-term strength
and determine the times to fracture both with a constant position of the main axes and with a change in
the orientation of the main axes of the stress-strain state, and even when such a change in the
orientation of the main axes is repeated many times. So, for example, in [9, 10], the results of known
tests of tubular specimens at constant axial stress and constant or alternating shear stress are
considered. Experiments show that a cyclic change in the sign of shear stresses leads to a significant
increase in the time to fracture. To describe this effect, a kinetic approach was used [6, 11] with a
vector parameter of damage. The application of this approach leads to good agreement between the
experimental and theoretical values of the times to fracture.

5. On determining the parameters of the model equations

In describing the creep process for a wide class of metallic materials, power-law and fractional-
linear creep models are used. Material parameters are determined based on the processing of the
experiment. An experiment is a tensile creep test of a standard sample made of a material whose
properties are to be studied. As a result of the experiment, a family of creep curves is obtained, each of
which is obtained at a certain mechanical stress o . To determine, the second sections of the family of
creep curves are used - the sections of steady-state creep on each curve of the family. The short-term
strength limit o, at an appropriate temperature is determined by a known standard method. The values
of the material constants will generally depend on the particular material selected and the test
temperature.

The parameter in equation (3) is determined in a similar way, while the experiment is carried out
in a neutral medium. The effect of the active medium in equations (1), (2) and (3) is taken into account
by introducing a function f (¢, (T))=1+a-c, () into the specified equation, the definition of the
constanta is described in detail in [5]. For example, when determining the long-term strength of
samples made of low-carbon steel (Research and experimentation by I. A. Oding and Z. G. Fridman
about role of surface layers during delayed fracture of metals under creep condition), taking into
account the diffusion of oxygen into the samples from the active medium, the value a=9.5 was
obtained.

The characteristic C of the material (in equation (3)) is determined on the basis of equating the
values of the theoretical and experimental times to fracture in the creep test of a standard sample in a

neutral medium. The theoretical time to failure T~ is determined by kinetic equations (2) and (3) to the
damage » and Q value to the value @ =1 and Q" =1 respectively, in this calculation, the value of
f(C, (T))=1 is taken to be equal to one.

It should also be noted that to solve the model problem, some model values of the specified
material parameters can be taken.

6. Results of calculations and conclusions
As a result of the calculation, dimensionless times to fracture were obtained for separate and

combined loading programs using the scalar damage parameter T =0.614 and using the vector
damage parameter T, =0.817. The ratio of times to fracture is £=1, /t =1.33. Thus, the time to

fracture when using the vector damage parameter is greater than the time to failure obtained when
using the scalar damage parameter.

Under the selected condition P =27R*Q, the times until the destruction of the cylindrical shell in
separate and combined loading programs are the same. This is true for both scalar and vector damage
parameters. With such P =27R’Q a dependent on each other setting of external loads, dimensionless
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parameters C =(o,H —RQ)/(RQ) and P=P/(2zRHo, —P) must satisfy the condition CP =1.
When the external loads under consideration are set independently, the dimensionless parameters C
and P are set independently of each other.

The conducted research shows the difference in the mechanisms of damage accumulation during

prolonged high-temperature loading. The result obtained confirms similar results obtained by the
authors of [12] in the study of long-term unsteady loading of a plate in mutually orthogonal planes. In

the specified work [12], the ratios of times to fracture T, /T, depending on the ratio of the values of
bending moments, are in the range T, /T =1.15 — 1.39.
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Vibrations of a Plate of Inhomogeneous Thickness

Grigoryan H.F.

In this paper we investigate the vibrations of plates inhomogeneous in thickness based on the Kirchhoff hypothesis. A
solution of the particular problem is given.

Let the elastic plate in the Cartesian rectangular coordinate system occupy the domain 0 < x <
a,0 <y <b,—h, <z < h; and the Young's modulus E, the Poisson's ratio v, and the density of the
plate material p are the functions of the z coordinates.

For vibration problems of thin plates, according to Kirchhoff's theory, the following system of
equations can be obtained [3]:

ByAp = m2¥ (1)

CAp = m%2 PR

tZ !
DA? Pw _ kpZg =
w + m atz §0 - q,
where

h1 ZZE dZ ’ (2)

—h; 1-v2

C= fhlvzd K= f
K? h
= fh21+vd ,D=D0—?,m=f_;2pdz.

The boundary conditions with respect to the function ¢, y, w on the edge of the plate x = const
have the form:

hard sealing-

P40, =0,w=0,%=0, @3)
hinged fastening-

;—x(‘;—f+%)=o,3—‘;’—%=o,w=o,227‘f=o, @)
sliding contact-

Ergt=0g (- =05 =0pT- k(343 =0 ®)

Let's consider an example: it is required to find solutions to the system of equations (1) for free
vibrations of plastic with hinged edges x = 0, x = a, y = 0 and sliding edges of the edge y = b.

Then the boundary conditions of the problem, taking into account (4) and (5), will have the form:
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3 2
Z(2+2)=0,22-2L=0,=0,025-K(22+2) =0 for y=b. 6)

oy \ox = dy "9y  ox ay 6_313 dyz\ox  dy

9 (0p , 0P\ _  do 0P _ _ ?w _ —-0-

a(—x+5)—0,E—E—O,W—O,axz—O,forx—O,a. (7)

9 (3 ¥\ _ 29, 9% _ _g 2w_ _

ay(ay ax)—0,6x+ay—0,w—0,ayZ—O,fory—O. (8)
From the second condition (6), ‘;—‘; = Z—fis defined and is supplied to the first condition, which

leads to the equality Ay = 0 on the boundary y = b. According to the equation for v, it follows from
(1) that yw = 0 for y = b. Then from the second condition in (6) we obtain Z_;? =0.

Finally, for condition (6) we have:

99 _ g = Mw_ w4, 9% (39 | Y\ _
oy = 0.=0,55=0, D75 K6y2(6x+ay)_0’ C))

on the edgey = h.

For x = const, supplying the second condition (7) to the first condition, we obtain A¢p = 0, and from
the first equation (1) it follows that ¢ = 0, Z—;’j =0 ,Z—f =0.

Condition (7) is converted to the following expressions:

%w
dx2

0=02=0,w=02Y=0,forx=0;a (10)
ox

and for the condition (8) in the following expressions:

2w

- 6_¢=0W=o,37—0,fory=o. (11)

_O’ay , = =

For g = 0, the solutions of system (1) that satisfy the boundary conditions (9), (10) and (11) have
the form:

¢ = elont Yn=1¢n (¥) sind,x,

T

P =e¥nt ¥ b, (y) cosd,x, where A, = % (12)

w = ellnt Yn=1/n () sin A,x.

To determine the functions ¢,,(y), ¥, (y) and £, (v), we put (1) in (12). Finally, for w2, £2 and n2,

the following expressions are obtained:

2 _ n?m?c(a®+b?) ., _ n?m?By(a?+b*) 5  n?m?D(a?+b?)

wp = $n = M = g (13)

n a?b?m a?b?m a?b?m
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Finding Coefficients in the Problem of Cylindrical Shell with a Cutout

Kashtanova S.V., Rzhonsnitskiy A.V.

The cylindrical shell with a circular hole under three types of boundary conditions is considered: an axial tension, internal pressure
and torsion. A new mathematical approach that allows reducing an infinite system and finding unknown coefficients for the
deriving stress is offered. This approach lifts classical mathematical restrictions for curvature parameter. The comparison of
analytical and numerical results by collocation method is described.

We consider a cylindrical shell of radius R and thickness h with a circular hole r, under different
boundary conditions. The main parameter that is responsible for ratio between geometric
3 (1-v2)
4Rh
leads us to the plane problem. In addition, function ® =

,v — Poisson’s coefficient. Note that limit transition while § — 0
Eh
8B2%R
displacement and stress function, E — Young’s modulus. The connection between stresses and stress

function is

characteristics is g% = r¢ -

w — iU is used, where w and U are

02U 02U
T Txy _ 6y2 _ayax
(Txy Ty)_ 92U  9*U |

_ayax ax?

median surface stress can be expressed as o = T /h.

The government equation of the problem reduces to
2

AAD + 8if? o 0
lﬁ W =
with follow three types of boundary conditions:
1. axial tension P at infinity along x-coordinate
— atinfinity T, =p,T,, =0, T, =0, w=0;
— at the boundary of the hole in polar coordinates (r,9) — free edge
Trrlr:ro =0, Trﬁlr:ro =0, Mrlr:ro =0, err:ro =0;
2. uniform internal pressure q, (@ = q"zﬂ :
- T, = q;Ty = Zq;Txy =0;
or (in polar coordinates) 2T, = q(3 — cos 29); 2T,y = q sin 29; 2Ty = q(3 + cos 29)
— at the boundary of the hole in polar coordinates (r,9)

— _ _ _ Y070,
Trrlr:ro =0, TTﬁlT:To =0, MT|T=T0 =0, Qr|r=r0 -2
3. torsion
o M
— atinfinityT, =0, T, =0, Ty =1, T= —
or in polar coordinates T,- = 7 sin 29, Ty = —tsin29, T,y = Tcos29

— at the boundary of the hole in polar coordinates (r,9)

Trrlrzro =0, Tr19|r=r0 =0, Mrlrzro =0, errzro =0.
The solution offered by authors can be written in the next form (for case 1, 2 and 3 respectively):

2 [ee]
® = —i%+ Z(an +iby) - fo
n=0

2 20x? ®
¢=—i%—i qz +Z(an+ibn)-fn,
n=0

CD=iTxy+Z(an+ibn)-fn,
=0

n
where for | and Il types of boundary conditions we have
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g(rn 0)

fo@,9) =
and for 111 type

fulr,9) = z G(r,n,1) - sin 219,
=1

In its turn

gtrm ) = (D

g(T, n, l) = (_1)

HP(( + )

HiP (1 +DB)
[t e (1 + DBr)

HOP((1+0)B)

+Zg(r n,l) - cos 219

(]n+21((1 + l),B’T) + Jn- 21((1 + l)ﬂr))

=0,1,.

0,1, e, 00

(nar (L + DBT) = Jsaa (1 + 087))}

[00)

The main accent of the work is the method of finding unknown coefficients a,, and b,, from the system
with an infinite number of equations that we get from boundary conditions of the stresses problem. We
proved that one equation is a linear combination of four others that helped us to solve the system. For
all types of boundary conditions, the matrixes of the system are received. All systems have the same
structure and were reduced to finite systems.

SYSTEM FORTYPE I AND I

n - _

0 1 2 3 S |sz|8%2

X~ L |3~ L >

Im Re Im Re | Im Re Im Re 5 =
0 [ £3(0,0)] £5(0,0)[ £5(1,0)] £5(1,0)] £5(2,0)| £5(2,0)| t5(3,0)| t5(3,0) ag | 0 0

0 | £.(0,0)] £4(0,0)] £,(1,0)] t4 (1O £4(2,0)| £4(2,0)] £4(3,0)| £,(3,0) by | 0 |1682%¢
11900, g0 | g1,V | gL D 9D | 92D | gB1D)|g(B1) ay _Z %
119'01)| g'(01)] g'(LD)| g’ (LY 9'(2D)| 9’2 D] g'B1D)| g'B.1) b, _g %
1] t5(0,1)] t3(0,D)] t5(1,1) t5(LD| 32D D[ G D] 66,1 a, | 0 0
1] 6,000 t,0,D] (LD o, (L,D) t2 2D t22.D| .3 D] .3 DN b, | 0 0
219(02)]9(02)] g(1,2)| g(1,2)] 9(22) | 9(22)| 9(3,2)| g(3,2) az | 0 0
214'02) g'(0,2) g'(1,2) g’(1.2)| 9'(2,2)| 9'(2,2)] 9'(3,2) g’(3,2)| by | O 0

ts(n,D) = i(-4Pvgm,D+vg' (nD+g" (D)

ty(n,0) = (121 g(n, 1) = (L + v+ 422 - )g' () + g™ (0, D))

(—42vim D +vi(m D+ §" (n 1)

G0 =1 (1212 g, D) — (L +v+422 - ) () + 3" (D)

From these systems, all coefficients are uniquely found for each case and our results are in 100%
correspondence with results received by collocation method in work [4].All mathematical restrictions
to the model were lifted and our model is applicable in the range of 0 < 8 < 4 that goes from

mechanical sense [1].
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SYSTEM FOR TYPE Il

n c _—
s |3 3
¥ | £

Im Re Im Re Im Re Im Re 5 =

1[0 60D | &R LD EGH] 66D | e | fa@ a, | 0

le.anLan L) RO LG [ LG | @) | fd1) b, 0

11g11) | g1 | g21) | 21 gaBY | §B1) | §41) | g(41) a, _%

NIAD | g@)| g2 | gD IBD|gdBD| g AD| g'(4%1) b, —T

2 | t5(1,2) | £3(1,2) | £5(2,2) | £5(2,2) ) £3(3,2) | £5(3,2) | £3(4,2) | £5(4,2) as 0

2 (5,02 | 02 [ 522 L2632 [6.32) [ .(42) | f.(42) b 0

21g(12)| g2 |g@22) | §22))gB2) | §B2) | §42) | §42) ay 0

214'L2)|g'(12)| g 22| gD 9B2)| gB2)| g'(“42)| g 42) by 0

ts(m, D) =i
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On Contact Interaction Between the Infinite Sheet and Three Elastic Stringers with Finite
Lengths through Adhesive Layers

Kerobyan A.V.

This paper considers the problem for an elastic infinite plate (sheet) which on parallel finite parts of its upper surface is
strengthened by three finite stringers, two of which are arranged on the same line, having different elastic properties. The
stringers parallel each other are located asymmetrically with respect to horizontal axis of the sheet and deform under the
action of horizontal forces. The interaction between the infinite sheet and stringers takes place through thin, uniform elastic
adhesive layers having other physical-mechanical properties and geometric configuration. The problem of determination of
unknown stresses acting between the infinite sheet and stringers is reduced to a system of Fredholm integral equations of
second kind with respect to unknown functions, which are specified on three finite intervals. It is shown that in the certain
domain of the change of the characteristic parameters of the problem this system of integral equations can be solved by the
method of successive approximations. Particular cases are considered, the character and behavior of unknown stresses are
investigated.

1. Statement of the Problem and Obtaining the System of Integral Equations. Let an elastic
infinite plate (sheet) which is defined in generalized plane stress state ( XOy is its average plane) with

small constant thickness h the Young’s modulus E and the Poisson’s ratio v, of its upper surface
along at y=b(b>0) and y=-d(d>0) parallel lines, on the [a,b ], [a,,b,](a, >b) and

[cl,dl] finite intervals, respectively, is strengthened by tree finite stringers, modulus of elasticity
equal to E, for xe[a,b](b>a), E, for xe[a,b,](b,>a,) and equal to E, for
xe[c,d;](d, >c,). It is supposed that the stringers having rectangular cross-sections with small
areas F, =b'h, F,=bh,, F,=bh,, respectively, where bf(bf <«<b —ai) , by (b; <<b, —az),
by (b <<d,—¢,), are the widths of the stringers and h, (j :1_3) are their small constant
thicknesses. The interaction between the infinite sheet and stringers is realized through thin, uniform,
elastic adhesive layers with Young’s modulus E,, Poisson’s ratio v,, and small constant thickness
h, . The problem is to specify the law of distribution of unknown stresses acting between the sheet and
the stringers, when concentrated horizontal forces B, P, and Q are applied at one end points of the

stringers x=Db,, x=Db, and x =d,, respectively, and are directed to parallel along the Ox axis.

It is assumed that for the stringers, the model of uniaxial strain state in combination with the
model of contact along the line is realized [1-4], and for the adhesive layers there are the pure shear
conditions [2]. In the case of such assumptions, it is accepted that only tangential (shear) stresses act
between the sheet and stringers [1, 2].

With such assumptions, let write the horizontal displacements u, (x,b) and u,(x,—d)of the

points of the infinite plate (sheet) as in [1], in the following form:

13,1 1% 1
u,(x,b)= — j[|n|x—s|+CJ pl(s)ds+ﬁj(ln—+cj p,(s)ds+

! s .
d, '
+7zA* E|:(N(x—v)+C)q(v)dv,
U, (x,—d)= L T - +c (v)dv+iT(N(x—s)+C) (s)ds+
2 _7Z'A*cl |X—V| q ﬂA*a P 12)
' 1.2

+7r],-A* T(N(X‘S)JFC) p, (s)ds,
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when tangential (shear) forces with intensity p,(Xx), p,(x) and q(x) act on the [a,,b ], [a,,b,]
and [cl,dl], finite intervals of its upper surface along y =b and y =—d parallel lines, respectively,
where pl(x):bfr(l)(x,b), T(l)(X,b) is the shear stresses, acting on the [a,,b] finite part,
p, (x)=b;z? (x,b), 7% (x

q(x)=b;z¥ (x,~d), ¥ (x,~d) is the shear stresses, acting on the [c,,d,] finite part, Cis
arbitrary constant and

2
N(x)=In 1 _ x(b+d) . 4Eh 1+

Jerbray Krrdf T @)BEv) ey

Now, assuming that each differential element of the adhesive layers is in a condition of pure shear
[1, 2], the following contact conditions are obtained:

,b) is the shear  stresses, acting on the [az,bz] finite part,

¥ (x)-u (xb)=kp(x), asx<h, (L3)
u®(x)-u (x,b)=k;p,(x), @ <x<b,, (1.4)
u®(x)-u,(x,~d)=k;a(x), ¢ <x<d,, (1.5)

where ki =h, /bG, j =13 G =E, 12(1+v,), Gyis the shear modulus of adhesive layers,
u?(x)=u®(x,b), u?(x)=u®@(x,b) and u®¥(x)=u®(x,~d) are the horizontal
displacements of the points of the stringers at y=b and y=-d parallel lines, on the [ai,bl],
[a,,b,] and [c,d,] finite intervals, respectively, p,(x)=b7"(x,b)=bG " (x,b),
p, (x)=b;z% (x,b) =BG P (x,b) and q(x)=b;z® (x,~d)=0;G, /% (x,-d), 7V (xb),
72 (x,b) and ¥ (x,~d) are the shear deformations of the adhesive layers, on the [a,,b,], [&,,b,]
and [c,,d, ] finite intervals, respectively.

Further, taking into account the above assumptions [1-4], the equilibrium differential equations
for the stringers on the [a,,b |, [a,,b,] and [c,,d,] finite intervals will be written in the following
form:

d2u®  p(x)

- 1 S X S ) 16
2,.(2)
d u2 _ pZ(X)’ a2 < XSbZ’ (17)
dx E,F,
du® q(x)
= , <x<d, 1.8
dX2 E3F3 Cl 1 ( )
which, by virtue of (1.3), (1.4) and (1.5), can be written in the form:
dzu®
oo U () =—u(xb), & <x<b, (L9)
2,.(2)
ddl:(z —y2u® (x)=—p2u,(x,b), &, <x<b,, (1.10)

294



dzu®

—a?u® (x) = —a’u, (x,—d),

c, <x<d,,

111
dx? (111)
where we have also the following boundary conditions:
&) @)
du du | _R 1 (1.12)
dx dx ‘ EF
X=a, x=by
(2 )
du _p, - _P , (1.13)
dx dx ‘ E,F,
X=a, x=b,
©) ®)
du”) _, du _Q (1.14)
dx ‘s dx | . EFR

Here »*=1/KEF,, 2=1/KE,F, o?=1/KE,F,.

The solutions to the boundary value problems (1.9) and (1.12), (1.10) and (1.13), (1.11) and
(1.14), respectively, we obtain in the form:

b
u(l)(x):u((,l)(x)+7fIG1(x,s)ul(s,b)ds, a <x<b, (1.15)
;
u? (x)=ul? (x)+77 [ G, (x,s)u,(s,b)ds, a, <x<b,, (1.16)
u(‘°‘)(x):u((,3)(x)+ozzjK(x,v)u2 (v,—d)dv, ¢ <x<d,, (1.17)

where u” (x), uf’ (x)and ul? (x) are the general solutions of the homogenous equations

corresponding to equations (1.9), (1.10) and (1.11), respectively, with the boundary conditions (1.12),
(1.13) and (1.14), respectively, and have the following form:
P, cos h[;/j (x-a )]

Qcosh[a(x—c,)]
¥;E,F;sin h[yj (b, —a;)

(i) _ '
us” (X) aE,F;sinh[a(d,—c,)]

] (i=12), ul’ (x)=

In equations (1.15), (1.16) and (1.17), G, (x,s) (j =1,2) and K(x,

1 cosh[ (x- )]cosh[yj( )]

7sinh| (b, -a,)] cosh[ 7, (x—-a;)|cosh[ 7, (s=b;)], x
K (xv) = 1 {cosh[a x—d,)]cosh[a(v-¢,)], x>V,
7 asinh[a(d,~¢)]|cosh[a(x~¢,)|cosh[a(v-d,)], x<v.

Further, without going into details we only note that by virtue of (1.15) - (1.17), according to
(1.1), (1.2) and (1.3) - (1.5), finally we can obtain the following system of integral equations:

) are Green’s functions [5],

G;(xs)=

x)+5fﬁf M, (x.t)e, (t)dt+5fT M, (x.t)e, (t)dt+

[ o

h
+§12J.H1(X,T)l//(1')d2'= f0(x), o <x<p,
=
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®, (x)+5§? M, (x,t)o, (t)dt+522ﬂf M, (X,t) e, (t)dt +

“ ” (1.18)
+§§IH2(X,T)W(r)dr= fo(z)(x), o, <X<pB,,
&
_2’71 _2ﬁ1
v (x)+81 [R(x7)y (z)dr+81 [T (xt)p,(t)dt+
= 2
_Zﬂz
+51IT(x,t)¢2(t)dt:q0(x), E<x<n,
where
@(x)=ap, (ax), ¢, (x) = ap, (ax), y (x) = aq (ax),
o,=a,la, p=bla a,=a,/a p,=bla &=cla n=d/a,
b.=bla, d.=d/a 62 =alzk'A*, &2 =alzk]A*, &1 =al k. A*,
1 f 1
M, (x,t):lnm—a;/f(!Gj (ax,as)lnmds, i=12,
. (1.19)

H,(x,7)= Nl(x—r)—ayijj (ax,as)N,(s—7)ds, j=12,

&

h
—aazj K (ax,av)In LY

R(x,7)=1I \
(x,7)=1In J ]

x|

A
T(x,t):Nl(x—t)—aaz_[K(ax,av)Nl(v—t)dv,
1 ~ K’(b*+d*)2
X2+ (b, +d.)’ X +(b.+d.)

N(ax):ln§+N1(x), N, (x)=In

0 ()= PJ.a?/j cos.h[a;/j (x-a; )] i_12 qo(x):Qa?cosh[aa(x—cfl)].
sin h[ayj (,Bj—aj)] sinh[aa(n,~4)]
2. Investigation Solvability of the system of Integral Equations (1.18). Now let write the
system (1.18) in the following form:
p+Ko=y,, (2.1)
where

2 fO(l) 512k11 512k12 é‘lzkm
o=|o |, v,=| t?| K=|5%, 5%, 5k

27721 27722 Y2723 7

v 0o Sk, ik, oik,,
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ol P2 n
koo, = [ M, (x )@, (t)dt, ko, = [ M, (xt), (t)dt, ki = [ H, (x 2y (7)de,

a

a1

A B2 n
K, = [ M, (1)@, () dt, Ky, = [ M, (x,1) @, (1) dt, k= [ H,(x,7)y (7)d7,

o a

k,p, = TT (xt)g, (t)dt, k,p, = ﬁfT (xt) g, (t)dt, ky :T R(x,7)y(r)dz. (2.2)

a1

Yi
Further, consider operator equation (2.1) in Banach space with elements y=|Y, |, where

Ys
V() el (e, B), Y,(X)eL (. 5), Y.(x)eL, (& n,) and with norm:
IV =l I3l ol - L@ 8))s 32,2 and Ly (&), are the spaces

of square integrable functions, specified on the intervals (aj,,Bj), j=12, and (51,771), respectively.
Then operational equation (2.1) can be solved by the method of successive approximations, if
K[ <1, where

I = o5 (I el ol 5 (bl e+ D) 85 (Tl e+ o )

Therefore, the condition ||K|| <1 will be satisfied, if

3 (el + kol <3 2 (el + ol +kal) <2 82 (Kol +ka 4 IKal) <2 @)

Further, we determine the values of &, &, and 5. parameters, for which the conditions (2.3) will
be satisfied.
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Inhomogeneous transversely isotropic space under influence of concentrated power and
temperature sources

Krywyi O. F., Morozov Yu. O.

Explicit expressions are obtained, for the components of the vector of fundamental solutions for a piecewise-homogeneous
transversely isotropic space under the action of concentrated normal and tangential forces as well as stationary heat sources.
The stress fields in the plane of the connection of half-spaces are investigated.

To reduce problems for a piecewise-homogeneous transversely isotropic space containing internal
and interphase defects to a system of two-dimensional singular integral equations, it is necessary to
have fundamental solutions for this medium. The presence of such solutions makes it possible to
determine the stress field in the vicinity of defects, such as inclusions and cracks, which makes it
possible to correctly set the boundary conditions.

Using the approach of [1-9], the problem of constructing fundamental solutions is reduced to the
matrix Riemann problem on the part of variables in the space of generalized functions of slow growth

J'(R®). An exact solution of the latter was obtained, which has allowed to receive the fundamental

solutions in an obvious type for a piecewise-homogeneous transversely isotropic space in the presence
of concentrated forces and heat sources.

1. Problem statement. Let in an inhomogeneous space composed of two different transversely
isotropic half-spaces, completely linked in the planez=0, at an arbitrary point M;(x,,Y,,2,)

concentrated force P=(P,, P,,P;), and at an arbitrary point M,(x,y,,z;) stationary sources of heat.
The Elastic-deformed state of space is described by the vector

\ ={Vk (Xi y’ Z)}k:ﬁ ={Gx ! cSy’ Gz ] Tyz ! sz ! Txy’ u’ V’ W} (1)

Based on the equations of equilibrium and the generalized Hooke's law, with respect to the
components of the vector Vv, the following matrix differential equations are obtained

D[z,0,,0,,0,)v=F, V,FeJ(R® (2)

Here we use the notation

D, O
D= _; DSTXS , FT =R +RT R ==6(X—X, X=X, X=X)||R, B, Py, Oy
0
T . Sl O3><3
F. :5(X_X1’X_XvX_Xi)”les’ﬂlTvﬂzT!ﬂaT’Om”’ S= 0O s |
3x3 2
o0 0 0 0 o0, 0, S; S S sy 0 O
Dy=|0 0, 0 0, 0 o, S;=|Sy Sy Su| S,=[|0 s, Of,
0 0 0,0 0, 0, O Si3 Si3 Ss 0 0 s
0,=2, 0,-9, 5,=2 =0(2)s;; +0(-2)s,, S — the coeffici f th lized
1S5 2—5, 3= Sg =0(2)s,; +0(-2)s, S, — the coefficients of the generalize

Hooke's law, respectively, for the upper z >0 and lower z <0 half-spaces; O, , — zero matrix of

dimension 3x3, B =0(2) B +60(-2)B., B — thermal expansion coefficients, T — temperature
concentrated heat source, capacity Q.
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Complete adhesion of half-spaces corresponds to the condition of equality to zero the next
jumps in the plane z=0:

{(o,) (1) (1) (W) (V)" (W) =0 3)

To solve the boundary value problem (2), (3), we go over to the space of generalized functions

of slow growth S'(Rg) and, given the linearity of the equation (2), vector Vv is represented as
follows

V=V,+V., (1.4)

where the vector v, describes the stress and displacement fields in a piecewise homogeneous
transversely isotropic space in the presence of a concentrated force P and the absence of a stationary
heat source, vector Vv, field describes the stresses and displacements in the absence of body forces and
the presence of a stationary heat source.

The components of the vector v, and V. are obtained using the results of the work [1-9], as a
result, for the components of the vector v, the representations are obtained

Rlon (Dln e 0(‘1nm
o, =Q{-2( —)+ H+
Z \/r +(&, |z z,))* \frf+(én2+&ozl)2 ;m-lJr +(&,2+E,2,)

R1*2n 2 Blnm
+ZF’9“{20 PN 5 AP SR SADI

2 |Z O|Rlln _ z ZBl,n,m+ZOBl,n,m
P e R G e

Q{Z R +E|2-2)) " & 0, +E2+E2))Y
PTG, |z 2|4+ G 2= 2)7) AT B[z + Elzo] + I + (B2 + E02)?)
(X‘an(r +(E_, Z+§m20) ) V2 (_1)j_1511(r02 "'(§;|Z_Zo|)2)_j/2
P'8281i + 2 + 2\1/2
Zlm—l((i |Z|+§ |z0|+\/r2+(é Z+k<€D 20)2)}+JZ—1: : {(§0|Z_Zo|+(ro +(E,~o|z_zo|) )]/ ’
L CDB (R + (G2 +82)) 3409, i{ Bonm (5 + (62 + £,2,)°) 2
Gz 2) + 12 + (&7 + &2, (a 2]+ B [z + P + Bz + 6020

2,2,n(r0 +(&n|z_ 0|) )_]/2 21n 2 Btnm
|z—zo|§;+\/r02+(§n|z—zo|) b 3{Z(r + (&[22, ng_‘l(r +(&,2+8,7,) )3/2}

S Rgn(rz"‘(é |Z_Zo|)2)71/2 2 O)Zn(r +(g.~ Z‘*‘Eozo) )7]/2
=9,Q{

z(& 2= 20|+ {15 + (&2 2,)) "% (&2 + &[] + T+ B2+ Eze))
(_1)J 1S11(ro +(E.'o|z_zo|) ) 2

2 O o (12 + (8,2 + E,20)2) 2
- P a1811' + 2 + 2\1/2
gé(g 2]+ &, 2| + 12 + (.2 +E, 20)2)}+§f i {(§o|2—zo|+(ro +(& |z2-2,)%)" "
L (1 PR + (g2 + Eyzg)) ™ R, (17 + (&, |7 2,))")™?
029, Z{ +
(E:oz"“toozo)"'\/r +(§OZ+§OZO) n,m=1 |Z 0|§ +\/I’ +(&, |Z_Z |)
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*

Bg,n,m(ro2 + (Enz +émzo)2)71/2 21n
+(En|z|+<im|zo|)+\fr02+(Enz+<§mzo) Vi 3{Z(r +(&, |7 2,)%)*? -

+ i 2 v Bq"n'T 2 }

s (17 + (8,24 8,20))

Stress and displacement fields in the plane of connection of half-spaces. Putting in the fundamental
solution z =0, we obtain the distribution of normal and tangential stresses and displacements in the
plane of connection of half-spaces in the case when a concentrated force acts P =(P,P,,R,) at an

arbitrary point M, = (x,, v, 2,) , as well as stationary heat sources at the point M, = (x;,»,,z,) .

o, =0Qf ZJr 3

Qy

®,
TGy Jr2+<éozl) -1\/r +(&2)

2 8,2,

P Bln 32 3 3/2°!
2P 2B e Z(r +(a zo) )
_g Q{i R +(E&2)) ™ 0B+ (E2)) & a6 +(52)) ™
2]+ E2))  Golzo| 2+ (Eoze)) T Colzo| -+ (Bze))
2 91.(_1)34«02+(gzo)2)‘531 2 sz-an(r02+(&nzo)2)2 2 AL (X—X,)
-y {-6, 1 8,y 2 =
; it E|2o]+ 1 + (E2,)° T (&0 |20+ + (E020)? ) Z(r +(8020)%)*
S Rgn(r2+(§ 20)2)_1/2 _ o, (1y +(Eo Z,) ) : OLG(r +(E:' Z,) D

=9,Q{
z(é 2]+ P+ E2))  Golzo] R+ (E2)?) nl(a 2|+ 2+ Ez)?)

: 9, (-} +(§Zo)2)_531 2, 9,,B,, (7 +(€,2,)°) 2 - 0
5 Z Z ALY =Yo)

-2.P _81 2 32
121: it E|zo]+ 1 + (E2,)° " i (G20 R+ (E020)° ) 7 (1 +(6,20)7)7

CONCLUSION

The fundamental solutions of the problem of thermoelasticity for a piecewise-homogeneous
transversely isotropic space were constructed in an explicit form, which made it possible to study how
temperature affects the stress distribution in the plane of compound of materials. In particular, it is
shown that the inhomogeneity of the thermoelastic characteristics of the medium is essentially floating
on the stress distribution in space
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Non-Newtonian Hele-Shaw Flows
Logvinov O. A.

Averaged models of the flows in a Hele-Shaw cell for power Ostwald — de Waele fluid and Bingham — Shvedov fluid
with finite yield stress are proposed. In the frame of such models, the problems of radial and frontal displacement
of these non-Newtonian fluids from a Hele-Shaw cell are considered.

Introduction. Flows in a Hele-Shaw cell are the flows of a fluid between two parallel plates
separated by a small gap. Hele-Shaw cells are frequently used to simulate seepage flows in porous
medium. Of a particular interest is a problem of viscous fluid displacement from a Hele-Shaw cell by a
less viscous one entering the cell. Hele-Shaw flows of a linear viscous (Newtonian) fluids have been
studied thoroughly. Seepage flows of fluids with strong non-Newtonian rheological properties are of
better importance for applications. Many oils exhibit non-Newtonian (shear-thinning) behavior.
Hydro-fracturing fluids (propping agents) practically are nonlinear viscous, have yield stress and even
some elastic properties.

Hele-Shaw Models. Averaged model of linear viscous (Newtonian) fluid flow in a Hele-Shaw
cell is derived by integration of three-dimensional Navier — Stokes equations for incompressible
viscous fluid over a direction perpendicular to the cell plates (over a gap) [1]. Similar averaging
procedure can be conducted for the fluids with non-Newtonian properties.

For Ostwald — de Waele fluid, viscosity is a power function of the second invariant of strain rates
tensor. Hele-Shaw model for such a fluid takes the form:

o(p) _ 4(21+1) e o(p) _ 4(21+1) ()

> 5 oy | 5
(1a)
() =m- ()" <S>=Z[% ”@] +[a@<;>+aéxv>] (1b)

where (u),(v) and (p) — averaged velocity components and averaged pressure (u) — averaged
viscosity, 6 — a gap between Hele-Shaw cell plates, | — dimensionless power law index, m —
dimensional constant often called a consistency, 15?/4(2l+1) — effective (dependent on the
properties of filtrating fluid) permeability of a Hele-Shaw cell.

Let us note, that in Newtonian case, for which | =1, effective permeability becomes 02112
Wherein, fluids with | <1 are called shear-thinning (pseudoplastic, viscosity is decreased with strain
rates), fluids with | >1 — shear-thickening (dilatant, viscosity is increased with strain rates).

For Bingham — Shvedov fluids with finite yield stress t, >0, Hele-Shaw model can be derived

similarly:
<u>:_6<p> 5|, 47? 3r,

+ =—
X 12u 53‘grad<p>\ 5‘grad<p>\

(22)

C C

oy 12u|  5°|grad(p) Sgrad(p)|

(V)= o(p) &2 . 473 3r,

(2b)
The main difference between system (2) and classical Newtonian Hele-Shaw model is explicit
dependency of averaged velocity components on averaged pressure gradient.

Generalized Hele-Shaw models (1) and (2) are closed by averaged continuity equation:
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Displacement Problems. Let us consider two displacement problems — radial displacement for
Ostwald — de Waele fluids and frontal — for Bingham — Shvedov fluids. Corresponding idealized
problem statements are given on fig. 1. The fluids in both cases are treated as poorly miscible —
dimensionless Peclet number tends to infinity. As a consequence, stabilizing mechanisms — surface
tension on the interface and molecular diffusion are absent in the system. However, characteristic size
of viscous fingers generated as a result of instability will be produced without these stabilizing factors.
The reason lies in an action of viscus normal stresses on the interface, providing interface stability. Let
us note, that linear stability analysis for non-Newtonian fluids with viscous normal stresses accounted
is conducted for the first time.
We begin with a radial case for power fluids: infinite region is filled with displaced fluid, a
displacing one enters the cell with a source of constant volume rate Q > 0. We will carry linear

analysis of current displacement front position R, (t) stability to infinitesimal disturbances (fig. 1b).
The motion of both fluids is described by averaged Hele-Shaw model (1) and (3) in polar coordinates
(r, gp). On the interface — on the disturbed front r = f(go,t) — the equality of normal velocities (as
for ideal fluids) and equalities of full normal stresses (as for viscous fluids) are set:

d
=50 (W), =(W), =55, (6,,), =(620),

(4)
Let me explain the conditions (4). Formally, averaged Hele-Shaw equations (1) and (3) are of the
first order, therefore boundary conditions should correspond to the case of ideal fluid. For an ideal
fluid, a dynamical condition of normal stresses equality on the interface is reduced to simple equality
of pressures. However, in reality both fluids are viscous — viscosity explicitly appears in equations of
motion with a friction force of a fluid against the plates of a Hele-Shaw cell. The fact, that the fluid is
viscous, can be reflected in boundary conditions by taking into account viscous normal stresses.
Mathematical correctness will not be violated — there are still two boundary conditions as for an ideal
fluid.
Equations (1) and boundary conditions (4) are linearized near undisturbed solution:

Q 1 Qt 1/2
u*=u*=——-—, R=R(t)=] =
Y N § () )

dp * m. Q li 2|i_1 ( Q jh—l( 2 jll—l -
! -1 = F_m | —— el ’ :1, 2
dr K, (msj e "\ 278 r !

Linear stability analysis leads to dispersion relation between dimensionless wave number n,
determining the disturbance, and the growth rate @ of this disturbance:

E(pt)=Se” cos(ng)
1+2le —M (1+2l,¢,)

(1,/1,)M (1+82(n2 —aﬁ))—(lll Il)(1+gl(n2 —a+))

In relation (5), following notions are used:
Ggomk( o V¢ &k 5
mK,\7zR%s ) " (2 +1)(L+1)RL T (21, +1)(1,+1) R

act act
L =a,+(,-1)n*, I,=a_+(I,-1)n?

w=-1+

()

act

303



d v

1
fluid1 | fluid 2 sl
u P . fluid 1

: y
X C E(tp)
x=&(y1)
x=0

fig. 1. Idealized two dimensional displacement problem statements:
(a) frontal displacement (b) radial displacement

Constants «, >0 and «_ <0 are two (real) roots of quadratic equation
o +(2-2+(1-1)n*)a+n* (20> -5l +2)=0
Dispersion relation (5) is presented in dimensionless form. The actual (undisturbed) radius R,

of the interface is chosen as a length scale and UO:Q/(ZﬁR 5) — as a velocity scale.

act
Dimensionless parameter M isa generalization of common viscosity ratio M in Newtonian case for
the case of power fluids. It can be shown, that the condition M >1 presents necessary and enough
(generalized) condition of the interface stability loss. Parameters & and ¢,, in turn, are the
generalized form of stabilizing geometrical criterion ¢ in Newtonian case for the case of power fluids.
For analyzing relation (5), I will fix parameters § =1mm, R, =2mm, Q=10"mm®/sec

and the consistencies of fluids m, =10 kg/(sec**-mm), m, =5.10kg/(sec**-mm). The

results for the case when the displacing fluid is Newtonian |, =1, & =0.041 are presented on fig. 2.
For curve (1) both fluids are Newtonian. The curves (2) and (3) correspond to shear thinning displaced
fluids: 1, =0.95 and I, =0.90 respectively; curves (4) and (5) — to shear thickening fluids: I, =1.05

and |, =1.10 respectively. The values of destabilizing parameter M and stabilizing parameter ¢, are

given in the legend.

The main tendency for a shear thinning fluid is that with decreasing power law index the number
of the fastest mode is increased, as a consequence, the number of viscous fingers also rises. For shear
thickening fluid with increasing of power law index the number of viscous fingers is decreased. At the
same time, the cut-off wave number is also decreased — all disturbances with higher wave numbers are
damped. These tendencies are held for the cases when the displacing fluid is also power.

Let us turn to frontal displacement of Bingham — Shvedov fluids: in a left half plane there is a
displacing fluid, in a right half plane — the displaced one (fig. 1a). Cartesian coordinate system is
related with undisturbed interface position (line X =0) for all time moments. Undisturbed interface is

propagating with constant velocity U, . The motion of both fluids is described by averaged Hele-Shaw
model (2) and (3) for Bingham — Shvedov fluid in Cartesian coordinates (X, y). On the interface

X = §( y,t) boundary conditions (4) are set.
The undisturbed solution has the form:
dp, *

* _ *
u*=u,*=U,, i

=C*=const<0, i=12
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fig. 2. Dispersion curves (5) for the case of power fluid.
The displacing fluid is Newtonian for all cases: |, =1, & =0.041.

Curve (1) correspond to pure Newtonian case: |, =1, ¢, =0.041, M =500.

The displaced fluids on curves (2) and (3) are shear thinning; on curves (4) and (5) — shear thickening:
(2)-1,=0.95, & =0.039, M =837, (3) - |, =0.90, &,=0.038, |\7| =1406,
(4)-1,=1.05, & =0.043, M =299, (5) - |, =1.10, &, =0.045, M =180.

Constants C, * are satisfied to algebraic equation of the third order:

0 (H?
R R

The dispersion relation between dimensionless wave number k determining the disturbance, and
the growth rate @ of this disturbance, has the form:

(C,*-C,*)yM -C,*C,*k

* * 2 * *
/_L MC, * MC kuc +I\/l\/_l\/lAC:]

A=1+(21C*) | i=12

Dispersion relation (6) is presented in dimensionless form. A gap o is chosen as a length scale

(6)

and velocity of the interface U, — as a velocity scale. Both yield stresses rgi), i =12 are scaled as
12U,/6 .

Dispersion curves (6) are presented on fig. 3 for the case when one of the fluids (for the curve 1,
both fluids) is Newtonian. Two main tendencies can be seen. If the displacing fluid is Newtonian —
curves (2) and (3) — with the increasing of yield stress of displaced fluid, the number of viscous fingers
also increases, growth rate arises. And if the displaced fluid is Newtonian — curves (4) and (5) — with
the increasing of yield stress of displacing fluid, the number of viscous fingers is decreased, growth
rate goes down. To such an extent, that after a yield stress is overcoming some value, the displacement
becomes absolutely stable (curve 5).

If both fluids have non zero yield stresses, specified tendencies are held.
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fig. 3. Dispersion curves (6) for Bingham — Shvedov fluid.
Curve (1) corresponds to pure Newtonian case. For curves (2) and (3) only displacing fluid is Newtonian.
For curves (4) and (5) — only displaced one.
Viscosity ratio for all cases M =100 .

Conclusions. The solution of radial displacement problem of power Ostwald — de Waele fluid
from a Hele-Shaw shows that for shear thinning fluid with the decreasing of power law index, the
number of viscous fingers is increased, and for shear thickening fluid with the increasing of power law
index, the number of viscous fingers is decreased. The solution of frontal displacement problem of
Bingham — Shvedov fluid with finite yield stress from a Hele-Shaw shows that with the increasing of
yield stress of displaced fluid, the number of viscous fingers is increased, the growth rate arises and
with the increasing of yield stress of displacing fluid, the number of viscous fingers is decreased, the
growth rate goes down. To such an extent, that after a yield stress overcomes some value, the
displacement becomes absolutely stable.
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Application of Polyether Ether Ketone in Total Cervical Disc Arthroplasty: A Review
Niranjan Y C, Shankar K, R Velmurugan R

Cervical disc arthroplasty (CDA) is a surgical procedure where a degenerated or damaged cervical disc is removed
and replaced with an artificial disc in levels C3/4, C4/5, C5/6, and C6/7 of the spine. Cervical disc replacement
promises improvement for the patient compared to more conventional fusion surgery. Commonly used disc replacement
devices are Ultra-high-molecular-weight polyethylene (UHMWPE) with cobalt-chrome alloy (CoCr). The problems
associated with the available total disc replacement devices are wear and the biological response to the wear debris in-
vivo. UHMWPE and metal wear particles can cause an inflammatory reaction and promote foreign-body granulation tissue
response, leading to the implant's failure in-vivo. Considering these effects, there exists a need for revising the material in
CDA. The use of Polyether ether ketone (PEEK) as an alternative material to UHMWPE have shown less wear when used
as a self-mating surface in CDA. The current study reviews and reports available literature on PEEK as alternating
materials for cervical disc replacement.

1. Introduction

Back pain is the most common cause for disability which has a high penalty in socioeconomic
consideration for the individual aged less than 45 years [1]. A well-known cause of back pain is
intervertebral disc degeneration [2]. The Intervertebral disc is the largest mobile part of the three-joint
complex (two vertebrates connecting disc and facet joints), responsible for motion in the spine [3].
The main reason for abnormal motion in the spine segment and biomechanical instability leading to
chronic spinal pain is degenerative disc disease (DDD) [4]. The degenerative disc effects are
alterations in shape, volume, structure, and composition of both annulus fibrosus and nucleus
pulposus, leading to alteration of the spine's mechanics [5]. The spine can be divided into three parts:
cervical, Thoracic, and Lumber [5]. Lumbar and cervical discs are subjected to high degeneration
compared to thoracic due to motion associated with them. In the year 2000, a study in the UK reveals
that 12 to 35% of the population are affected by disc degeneration, 10% of these become chronically
disabled. Among these, about 20% are teens affected by DDD before their second decade of life,
showing mild signs of degeneration [5]. The approach to DDD is to restrict motion between spinal
segments by fusion surgery [1]. Fusion immobilizes the painful spine segment by encouraging bone
growth across the immobilized levels [6]. The immediate loss of functionality after fusion resulting
from movement restriction promoting graft union [7]. Fusion may heal the pain but tends to increase
the rate of degeneration and cause alteration in the spinal motion of the adjacent segment [8]. Other
consequences of fusion surgery include loss of viscoelastic disc properties, immobilization, risk of
allograft transplantation, Pseudarthrosis, reoperation and plating complications [7].

2. Cervical Disc Arthroplasty (CDA)

Removing the degenerated disc in the spine's cervical region and replacing it with a synthetic artificial
implant is known as Cervical Disc Arthroplasty (CDA) [5]. Figure 1 demonstrates the procedure
involved in CDA. Retaining the natural motion, restoring the disc height and flexibility after surgery
are the primary aims of CDA [9]. Clinical evidence shows, after cervical disc replacement, the patient
felt free and painless [9]. Most disc replacement devices are of the ball on socket design [10]. Clinical
data reveals that the ball on socket design likely to maintain ROM and relieve pain [10]. For decades'
polymers, metals and ceramics have become the primary members for bearing surfaces in total joint
arthroplasty [11]. Alternative bearing surfaces currently include ceramic-on-UHMWPE, ceramic-on-
ceramic, metal-on-metal (MOM), and metal-on-Polymer (MOP) [12].

(B) == : ¢
Figure 1: Procedure involved in CDA A) Sizing, B) Slot Cutting C) Disc Placement (Used with
permission, PEEK Biomaterials Handbook, Second Edition) [13].
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3. Polyether ether ketone in CDA

Polymer joint replacement has the advantage of low friction and moderate shock absorption [14]. In
Europe polyethylene has been used as a material in total disc replacement (TDR) since 1980 [15].
MOM devices have been introduced and gained popularity as an alternative to MOP to reduce the
polymer wear rate of polymer core and prevent particle-induced osteolysis. However, MOM cervical
discs lead to metal wear debris in vivo and lack shock absorption [14]. Ceramic-on-ceramic (COC)
joints performed well, but the low fracture toughness of ceramics can lead to the occasional fracture
incidence in vivo and can lead to revision surgeries [16].

The majority of patients suffering from DDD are between 30 to 50 years of age compared to the total
joint replacement of about 70 years of age, where wear debris and durability of UHMWPE is a big
concern [17]. As a result, the disc devices must last longer than the joint replacement devices [18].

anterior

lateral (R)

Figure 2: PEEK on PEEK ball on socket NuNec cervical arthroplasty system. [19] (Used with

permission, Biotribology, Elsevier publications)
PEEK has proven to be an excellent alternating material with well-established biocompatibility,
excellent biostability, chemical resistance, radiation resistance, and mechanical characteristics [20].
PEEK was introduced as a fusion device in 1990 for spinal instability and DDD. PEEK also has a
record of being used in interspinous spacers and PEEK rods for pedicle screw-based-lumbar fusion
systems. In the year 2001, Food and Drug Administration (FDA) has approved the utility of PEEK as
a fusion device, and by 2010 PEEK has covered about 65% of the market as fusion devices [6].
Recently PEEK has been used as a bearing material due to its excellent mechanical properties and
biocompatibility [21]. Figure 2 shows the available PEEK on PEEK ball on socket NuNec CDA
system.

4. Biological Response and Cytokine Effect to Wear Debris

Wear and corrosion are the two leading causes of disc failure in vivo due to biological and chemical
reactions [8]. Particles are generated from the prosthetic devices due to fretting, wear and/or
fragmentation [14], which are generally unavoidable [22]. These particles can cause an inflammatory
reaction and promote foreign-body granulation tissue response [14]. The inflammatory response may
lead to pain, osteolysis, pannus formation, and implant loosening. About 75% of the implant loosening
is due to aseptic osteolysis caused by wear debris [14]. The biological response of UHMWPE debris
can trigger a foreign body granulomatous response and stimulate bone resorption [23][24]. Bone
resorption leads to technically challenged revision surgery, an added economic burden, more
importantly, pain, and significant risk to the patient [25]. Revision surgery carries considerable risk to
the major anterior vessels and is a potentially life-threatening procedure [26]. In vitro experiments
show that the UHMWPE particles increase pro-inflammatory cytokine and mediators interleukin 1§
(IL-1pB), interleukin-6 (IL-6), tumor necrosis factor-o. (TNF-a), and prostaglandin E2 (PGE2), and
phagocytosis of particles. In vivo experiments have also shown cartilage degeneration, meniscus, and
synovitis after UHMWPE particle injection to Wistar rat models [27].

PEEK is a material of proven biocompatibility. The biocompatibility tests show that PEEK clears all
ISO-10993 tests. Biodurability tests confirm that the PEEK material is noncytotoxic, with no
degradation, muscle necrosis, marked inflammatory responses, or any other significant changes [10].
Wear particles of the most common PEEK composite, carbon fiber reinforced Polyether ether ketone
(CFR-PEEK), will not raise a severe inflammatory response [28]. Animal studies on the baboon model
have shown no change in disc height between preoperative and postoperative for the study period of
12 months [10]. Histology shows no inflammatory behaviour along with the vertebral endplate [10].
Cytokine analysis has shown no evidence of cellular apoptosis, giant cell reaction, or other significant
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pathological changes [10], [23]. In vitro experiments suggest that the possibility of aseptic loosening
and immunoreaction caused by PEEK and CFR-PEEK particles from the cervical disc prosthesis is
minimum [17]. James Hallab et al. [24] have studied the biological response to wear debris of PEEK
optima. The results show that PEEK optima particles are more biocompatible than the UHMWPE and
XUHMWPE (crosslinked UHMWPE) of the same particle size and dose. Charles-H Rivard et al. [29]
have conducted in vivo experiments on 24 female New Zealand white rabbits to study PEEK particle's
compatibility in the spine. PEEK powder was suspended in 0.9% saline and injected into the spinal
canal of thoracic T10 sites and lumbar L3 sites. Before injection, rabbits were operated on with the
spinal implant at respective sites. Histological findings have shown moderate inflammatory response
of the dura mater at 1week postoperative, became moderate to mild with particles limited to the dura
mater and the surrounding connective tissue after four weeks of surgery. At 12 weeks post-surgery,
inflammation reactions were observed, and the particles were limited to the dura mater. The spinal
cord tissue (nerve cells) did not develop any adverse secondary response to the particle injected during
the observation period. The histology of the dura mater to the PEEK particle suggests that PEEK is
harmless to the nerve roots and spinal cord. Thus PEEK can be used as a bearing material in the spinal
implant. To study the clinical and radiological outcome of single and multiple level Anterior Cervical
Disc Replacement (ACDR) using PEEK on PEEK (POP) system, Lakkol et al. [30] have considered
31 patients with radiculopathy/myelopathy. Pain and function were evaluated by a visual analogue
score for the neck (VAS-NP) and arm pain (VAS-AP). Neck disability index (NDI) and SF-36
questionnaires were completed. Disc height and segmental angular correction (SAC) were measured
on radiographs for pre and postoperative conditions. Average follow-up of six months has shown a
mean VAS-NP improved from 7.27 to 3.93 and VAS-AP from 7.27 to 3.4 (preoperative to
postoperative). Mean SF-36 enhanced from 32.21 to 40.22. All patients were found to have functional
improvement for NDI. There has been an improvement in SAC from 5.4° to 8.0° for 1-level, 3.1° to
7.5° for 2-level, 8.4° to 9.4° for 3-level and 5.8° to 26.7° for 4-level ACDR. The author suggests that
the clinical and radiological outcomes are similar to other types of ACDR reported in the literature.
POP-CDR also allows safe use of MRI during follow-up with fewer artefacts giving it an edge over
other systems. In another clinical and radiographic outcome of ACDR, Likkol et al. [31] considered 36
patients with radiculopathy/myelopathy who failed to respond to conservative measures. The patients
are treated with NuNec™, a POP-CDR (Pioneer Surgical Technology, USA). Eight patients had
received ACDR at 1-level, 15 had 2-level surgery, 12 had 3-level surgery, and 1 had a 4-level surgery.
At the mean 14.25 months follow-up, mean NDI improved from 49.35 to 33.78, VAS-NP from 8.16 to
3.65, VAS-AP from 7.32 to 3.12 SF-36BP from 29.15 to 37.18. The authors have given that the
NuNec™ discs are statistically significant in the outcome measures, and NuNec™ discs preserve
global cervical spine ROM and improvement in FSU ROM despite single or multiple levels of ACDR.
NuNec™ ACDR also gives excellent quality MR images during a postoperative assessment. The
author reports that the NuNec™ ACDR device is safe, effective, and has added design benefits. Turner
et al. [32] have considered 33 patients who has undergone 44 POP NuNec™ cervical disc replacement
for myelopathy and radiculopathy and reported two years of follow-up clinical data. They suggest all
clinical outcomes have improved in two years of follow-up. Their results suggest that both myelopathy
and radiculopathy group patients may clinically benefit from ACDR, and these benefits are being
maintained for longer in patients with radiculopathy. The patient group demonstrated higher
heterotopic ossification (HO) at baseline and follow-up, with 10.8% of operated levels showing grade
3 or 4 HO at baseline and 53.3% after two years. This progression is statistically significant. The
author indicates that this may result from the mechanical features of the NuNec™ device or an
iatrogenic response to bone drilling. The reoperation rate at two years in this cohort due to HO was
6.7%. The authors suggest that the high 6.7% may be a consequence of the small sample size, which is
only related to 2 patients and suggest reoperation of 6.7% due to HO being not higher than the range
of reoperation rates (4%-9%) in anterior cervical disc fusion.

5. Conclusion

PEEK as a biomaterial is not a new concept. PEEK has already been used as a fusion device in spine
surgery. There exists a PEEK on PEEK disc replacement device in the market (Nubac®).
Biocompatibility tests confirm the compatibility of PEEK in vivo. Available clinical reports/studies
are also favourable for the use of POP arthroplasty devices. The wear performance of PEEK can
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further be improved by fiber reinforcement. With the addition of carbon fiber to PEEK, a notable
reduction in wear is observed in the available literature. Both PAN and PITCH carbon fibers can be
reinforced to the biomaterial PEEK to improve wear performance. When the CFR-PEEK is tested for
wear over a range of materials, the study of available literature indicates that CFR-PEEK (PAN) as
self-articulating bearing surfaces provide lesser wear rates than any other combination of materials in
the available literature.
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Stress analysis of composites with interfacial bridged cracks and damaged zones

Perelmuter M. N.

Stress analysis of composite structures with bridged cracks and damaged zones is performed with the direct boundary
integral equations method in axisymmetric formulation. It is assumed that: a) the crack faces interact in some zones behind of
a cracks edges (bridged zones); b) these zones width can be comparable to the whole crack size; c) adjacent parts of the
structure can be connected by mechanical ligaments (including interfaces ahead of cracks edges) and the relative
displacements of these parts can occur under the loading (these zones consider as damaged zones). The boundary element
software to solve axisymmetric problems of elasticity was developed. The results for different properties of composite
materials and bonds are presented. Applications to modeling of cracks self-healing have been considered.

1. Introduction. Analysis of cracks growth in composite materials and in adhesive joints using models
of a crack process zone (cohesive or bridged) includes the problem of displacements and stresses
computation in crack process zones and in vicinity of crack edges. In this paper the bridged crack
approach is considered as a crack process zone model. This approach it is assumed that the stress
intensity factors do not vanish at a crack tip. The problem of displacements and stresses analysis for
bridged cracks in homogeneous infinite media was considered in [1-2] (planar problem) and [3]
(problem with axial symmetry). For bridged interfacial cracks between two semi-infinite plates the
problems were solved in [4-5] by the singular integral-differential equation method (planar problem).
In the last two decades a number of papers were devoted to the application of the boundary element
method (BEM) to computation of the stress intensity factors (SIF) for cracks on bi-material interfaces
in finite size structures, see, for example, [6-8]. In all these papers interaction between crack surfaces
was not assumed nor considered. Only few papers have been directed to analysis of bridged cracks in
finite size structures, [9-11]. The main objective of this paper is the stress analysis of composite
structures with bridged cracks and damaged zones with the direct boundary integral equations method
in axisymmetric formulation.

2. Bridged interfacial crack. To characterize the bridged interfacial crack model let us consider a
plane crack of radius R on an interface of two dissimilar elastic materials, Fig.1. The layer of width
d , adjacent to the crack front, is the bridged zone of this crack. In this zone the crack faces interact
with each other; this interaction restrains the crack opening. To describe mathematically the
interaction between the crack surfaces, it is assumed that there are bonds between the crack faces at
the bridging zone of the interfacial crack. The tractions in these bonds restrain the crack opening and
decrease the SIFs. It is assumed that the deformation law of these bonds, which is generally nonlinear,
is predefined. The stresses (the bond tractions) Q(s) appear under the external loading action in the

bonds between the faces of the bridged interfacial crack placed at the boundary between different
materials. These tractions Q(s) have (in particular, in the simplest case of an uniaxial tension) the

axial t,(s) and radial t.(s) components (s - is the radial coordinate along the crack radius, in the case
of Fig.1, s=r):

Qs)=t,(s) -t (s), i*=-1 )

The crack faces in the bridged zone are loaded by the axial and radial stresses, which are numerically
equal to these components of tractions.

The interfacial crack opening in the bridged zone, u(s), can be written in the form similar to (1)

u(s) =u,(s)=iu.(s), u,(s)=u,(s)—u,(s), U, (s)=u;(s)—u(s) (2)

where u;,u, and u_,u, denote the displacements components of the upper and lower crack faces.
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The relation between the crack opening and the bond traction (the bond deformation law) depends on
the physical nature of the bonds and their properties. The general form of the spring-like bond
deformation law can be written similar to [4-5]

u(s) =c,(s,o)t,(s) —ic, (s, o)t (s), Cz,r(S,0)=¢1,z(S,G)EE, o=t/ +t] @)

where the functions ¢, and c, can be considered as the effective bond compliances in the axial and
radial directions, ¢, are dimensionless functions used for the description of non-uniform behavior of
compliances over the bridged zone, H is the linear scale being proportional to the thickness of the
bonding zone, E, is the effective elasticity modulus of the bond, o is the modulus of the tractions
vector of bonds. Note that the second formula in (3) presents the compliances of linear-elastic bonds if
the functions ¢ depend only on the coordinate s. In particular, the compliances have a uniform
distribution over the crack bridged zone if the functions ¢ are constants.
The SIF for interfacial cracks can be defined on the basis of asymptotic relations for the crack opening
and the stresses in the polar coordinates system p,& with the origin at the crack edge (see Fig.1).

The crack opening is the difference between displacements of the upper (=) and lower
(@ =-x) faces of the crack and according to [12] for an interfacial crack between two semi-infinite
plates with axial symmetry it can written as

1 1 :
. (Ki +KZJ(K'HK") p(r) Ina At
uz(p)—i—lur(P): 2(1+2|ﬂ)COSh(ﬂ'ﬂ) \/;(Bj ' ﬁzg, a:,le‘f‘,ule (4)

where K, and K, are the SIF for an interfacial crack, u,(p) and u,(p) are the components of the
crack opening, « and S are the bielastic parameters, «,, =3—-4v,,, v;, and g, are Poisson's ratios

and the shear modulus of jointed materials 1 and 2, D is an arbitrary length to normalize the distance
p in (4). Relation (4) for the crack opening has an oscillatory behavior as p — 0 and this means that

the crack faces near its front are overlapped. If the tension loading is predominating, the size of this
zone is very small. Within this model framework we assume that the lengths of the overlapping
regions are much less than the crack bridged zone width.

The asymptotic of the stress field in a neighborhood in front of the interfacial crack edge (6=0) is

[12]
. iB
0. (p)+ic, (p):m@ )

J2zp \D

which also has an oscillatory behavior in a small zone in front of the crack edge.

The SIF modulus is defined as
K =KZ+K? (6)

and it can be found from relation (4) for the crack opening behind the crack edge (K,) and also from
relation (5) for the stresses ahead of the crack edge (K )

K, (o) - 2D Zﬁ(u;ful), K.(0) =25 oL+ 5% @

u

In formulas (7) the values u,,u, and o,,,o,, are defined at the position s behind or ahead of the crack

edge, respectively. These formulas are used for computation of the SIF module from numerical results.
The crack opening along crack bridged layer and the stresses ahead of crack edge, which are used

in formulas (7), can be determined semi-analytically or numerically in the case of an infinite region
with bridged crack between two different materials under a uniform external loading. Detailed results
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for these problems are presented in [4-5]. For structures of finite size with bridged cracks and spring-
like bonds deformation law which is similar to (3) the crack opening along crack bridged zones, bonds
stresses and stresses ahead of crack edge can only be determined numerically.

3. Boundary element formulation for bridged interfacial crack. The modeling of bridged
interfacial cracks is based on the multi-domain BEM formulation, [13]. Within this approach, direct
boundary integral equations (BIE) for elasticity problems are used for each homogeneous sub-region
of the structure. The supplementary boundary conditions at the interfacial boundaries and at the
bridged zones of cracks are introduced and used to eliminate additional variables on joint boundaries
of sub-regions.

For axisymmetric elasticity problems without body forces the direct BIE for any sub-region of the
structure is given by [14]:

¢; (P)u;(P)=J[ Gy (a. p)r(a)t (a)~Fy(a.p)r(a)u; (a) S (a), i.j=r.z (8)
where I" is the line which vrvhen rotated about axis symmetry z, generated the axisymmetric surface
S(dS=27drI'), the kernel functions G;(q,p),F;(q,p) are displacements and tractions in the
direction | at field point q, due to unit ring load in the i1 direction, applied at source point p. The
expressions of the kernel function G; (a, p) can be derived by integration of the fundamental solution
for three-dimensional case over an axisymmetric ring for radial and axial loads and the expressions for
kernel function Fij(q, p) are calculated by differentiation respect to r and z according to stress-

displacement relations in cylindrical polar coordinates. The coefficient cij(p) in Eq. (8) depends on

local geometry of the boundary at a point p, for a smooth boundary it is c; ( p):0.55ij , [14]. If the
point p lieson z -axis then must to consider limiting relations of the axisymmetric kernels.
Go : 1 : 1 : 1
KoK —1- d/t=025
f i I . —2- 4d/r=050
3- d/t=1.0
z 1,00 4
L1, V1
— d - 4— d —b% 1 1
e . 3 y 0,75 4
| 2
2R > J
\
L2, V2 0,50 —
1 ilu I 025 3 : , , ) , ; —
Fig. 1 Circular interface bridged crack, d is the Fig. 2 SIF versus bonds stiffness, variation of the
bridged layer width bridged layer width

The displacements continuity and the tractions equilibrium supplementary conditions at the interfacial
boundaries without cracks are the following

uik(p):uif(p)a tik(p):_tif(p) (9)

where k and f are joint sub-regions numbers, u,(p) and t;(p) are displacements and tractions

components at the boundary point p.

The relationships between bond tractions and displacements difference of the upper and lower crack
surfaces (the crack opening) at the crack bridged zone can be written in the following generalized form
(the bonds deformation law)

314




t,.(p)=x,(p,o)u,(p) x, (po)= = m(p,a)% (10)

_1
c..(p,0)
where t, (p) and u, (p) are the components of tractions vector and crack opening (see (2)) in the
local coordinate system connected with the axial z and radial r directions at the point p and
belonging to the sub-region with number M, where M =min(f,k), c, (p,o) are the compliance

and szr(p,a) are the stiffness of bonds depending on the distance from the crack edge, o is the

tractions vector modulus at the current point p, and y,, = (4751'2)‘l , see (3).

The boundaries of all sub-regions of the structure are subdivided into quadratic isoparametric elements
for numerical solution of the BIE (8). For the interfacial crack displacements and stresses asymptotic
modeling the special crack tip elements are used. For any point at the interface of joint sub-regions or
at the interfacial crack bridged zone 4m nodal unknown functions (m =2 for axisymmetric problem)
need to be defined. The multi-domain BIE formulation provides 2m equations, and the auxiliary
equations are generated for the remaining 2m unknown functions (m from the continuity condition
and m from the equilibrium condition across the jointed parts of subregions for cases without bridged
zones, see (9), or m from the equilibrium conditions and m from the bond deformation law (10) for
bridged zones of interfacial cracks). The displacements and tractions are regarded as nodal unknowns
on jointed parts of sub-regions whereas the displacements of the upper and lower crack surfaces are
regarded as nodal unknowns on interfacial crack bridged zones and the additional tractions are
eliminated by substitution of the bond deformation law (10) into BIE (8).

4. Numerical results. The algorithm of numerical solution BIE system (8) for structures with bridged
interfacial cracks and the SIFs computation were implemented as the computer code for axisymmetric
problems of elasticity. The quarter-point boundary elements with tractions modification [15] were
used. The SIF module and K, , are calculated according to the following relations [1]

K, =271 ﬂ/t‘f +T2, K, =T 271, K, =T2zL
where L is the length of boundary element jointed to the crack edge, t,, are the tractions computed at

the crack edge.
To verify the described BEM algorithm the problem for circular interface crack (radius R) between
two half-space under internal pressure o, was considered. The computation was performed for the

finite cylindrical region divided into two subregions (R, / R=10), R, is the external radius of the

region. In Table 1 numerical results are shown with comparison to the exact solution [I16]. The
numerical results have an error lower than 3%.

Table 1. Nondimensional SIF for the circular interface crack, K; = Zam/R/rc

G,/G, K, /K K, /K
[11] BEM [11] BEM
1 1.0000 1.0200 0.0000 0.0000
4 0.9979 1.0015 0.1315 0.1367
10 0.9960 0.9849 0.1809 0.1855
25 0.9948 0.9751 0.2052 0.2085
100 0.9941 0.9693 0.2186 0.2209

Dependencies of the SIF modulus vs relative bonds stiffness were computed for finite cylindrical
region divided into two subregions (R, / R =5) under external tension. A circular interface crack is
placed at the materials interface. Results for different width of the bridged layer d and for material

parameters ”2M=5, v, =v, =0.3are shown in Fig.2. Bonds stiffness in the radial direction was

assign zero («, =0). Relative bonds stiffness in the axial direction is defined for E, = E, as, (see (10))
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5. Closing. The computation of the bridged stresses and the SIF module analysis is the first step in
bridged cracks growth modeling. Analysis of bridged cracks growth can be implemented in the frame
of the nonlocal criterion of bridged cracks growth [4] which can be easily incorporated into the
developed boundary element code. The bridged crack model can be used also to model cracks self-
healing assuming that the self-healing process is the result of the crack bridged zone formation.
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Graphene Flakes as a Storage Cavity for Nickel Nanoparticles

Safina L.R., Baimova J.A., Krylova K.A

The possibility of storing nickel nanoparticles in pores of crumpled graphene flake is studied using the molecular dynamics
simulation. A single element of crumpled graphene - a rolled flake filled with nickel nanoparticles of different sizes is
investigated. The behavior of the hybrid structure is studied at various temperatures. It is shown that a graphene flake easily
covers the nanoparticle, but the interaction dynamics strongly depends on the nanocluster size. Small nanoclusters are easily
bent by rigid graphene flakes, while the largest ones retain their shape. It is expected that such structures, consisting of Ni
nanoclusters and graphene flakes, can be further used to obtain a composite material with improved mechanical properties.

1. Introduction

Graphene is capable of enhancing the performance, functionality as well as durability of many
applications. The one-atom thin structure can serve as the platform for other materials especially since
the graphene layer can be bent or crumpled. Extensive studies have been carried out in recent decades
to investigate the crumpling behavior of thin sheets like graphene, by both theoretical and
experimental methods [1-4]. It was shown that crumpled structures can have excellent compression
and aggregation-resistant properties [5-9]. Crumpled graphene can be used for the production of new
supercapacitors [10]. However, one of their new and important applications is that of a natural
container for other atoms.

In this work, in order to investigate the possibility of storing nickel nanoparticles in the pores of
crumpled graphene, a single element of the carbon structure - a rolled graphene flake filled with nickel
nanoparticles of different sizes is considered. The behavior of the hybrid structure is studied by
atomistic simulation at different temperatures. For the carbon—nickel system, room temperature
(300 K) and temperature close to the melting point of Ni (1000 K) are chosen. The dynamics of the
structure is studied during exposure for 20 ps.

2. Simulation details

To study the interaction between graphene flake (GF) and atomic nanocluster, an initial structure
composed of the GF of one size (Nc = 252) and atomic clusters of different sizes (N = 21; 38; 47; 66;
78) is considered. One graphene flake is filled with the above given different sizes of nickel
nanoparticles. The maximum size of the nanocluster is chosen so to almost completely fill the cavity
of the graphene flake.

GF with the nanocluster is exposed at 300 K and 1000 K for 20 ps to study the dynamics of
nanocluster inside. Previously [11], it was shown that the melting temperature of the Ni nanocluster is
about 1300 K. Thus, in the present work, the highest considered temperature is 1000 K. At this
temperature, Ni nanocluster is close to melting but not melted yet, even for the smallest nanocluster,
which consisted of 21 atoms. Initially, Ni atoms were packed into the face-centered cubic lattice.

To describe the interatomic interaction between Ni—Ni and Ni—C, Morse interatomic potential is used
with the parameters De = 0.4205 eV, R. = 2.78 A and b = 1.4199 1/A for Ni-Ni [12]; and
De=0.433 eV, Re = 2.316 A, b = 3.244 1/A for Ni-C. The parameters of the Morse potential for
describing the interaction of nickel and carbon atoms were recently proposed using ab-initio
simulation [13,14]. The Adaptive Intermolecular Reactive Empirical Bond Order potential (AIREBO)
is used to describe the interatomic interactions between carbon atoms.

The simulation is conducted using a Large-scale Atomic/molecular Massively Parallel Simulator
(LAMMPS). Equations of motion for the atoms were integrated numerically using the fourth-order
Verlet method with the time step of 0.2 fs. The Nose—Hoover thermostat is used to control the system
temperature. The periodic boundary conditions are applied in all directions, however, the simulation
box is much bigger than the size of GF filled with nanocluster.

3. Results and discussion

In Figure 1, potential energy as the function of exposure time at 300 K (a) and 1000 K (b) for five
types of nanoclusters is shown. It is found that the total potential energy of the system is saturated to a
practically constant value at the end of the equilibration process, indicating that the system reached
equilibrium and a stable state. All the changes in the energy curves correspond to some structural
changes. The longest time of stabilization at 300 K is found for Niz (5 ps). Curves for nanoclusters of

317



close diameter are almost the same. Graphene flake with Niss and Nis7 reach the equilibrium state at
about 4 ps of exposure, while the GF with Niss and Nizs reach equilibrium state at 3.2 ps. The bigger
the diameter of the nanocluster, the less the equilibration time. This can be explained by the mutual
arrangement of the nanocluster and GF. For a small nanocluster, the distance a is two times higher
than for the biggest one which means that the time required to attach the nanocluster by the graphene
flake is longer. For nanocluster Nizs, 3 ps is enough for GF to fully cover the nanocluster, while for
Ni21, not only coverage took place, but also the further crumpling of the flake with the changing of the
round shape of nanocluster.

At higher temperature (1000 K), again a strong correlation between equilibration time and the size of
the nanocluster was found. For GF with Niy nanocluster, the transformation was fast since the
temperature was close to the melting point and the nanocluster can be easily destroyed. Temperature
fluctuations facilitate the crumpling process and the appearance of new bonds between the edges of
GF. For bigger nanoclusters, the temperature slightly affects the time of equilibration. Again, the same
values of equilibration time were obtained for Nisg and Nis; (about 4 ps) and for Nies and Ni-s (about
3.2 ps). However, temperature decreases the total potential energy of the system.

=1700 - 21 atoms —=—47 atoms
> 1750 —=+—38 atoms —=*— 66 atoms
) —+— 78 atoms

stability region

(a) at 300 K (b) at 1000 K
0o 1 2 3 4 5 6 7 0o 1 2 3 4 5 6 7
L, ps 1, ps

Fig. 2. Structure of crumpled graphene containing nickel nanoparticles in pores during exposure.

As an example, in Figure 2, the potential energy is shown as a function of exposure
time for the Ni21 (a) and Nies (b) nanoclusters for exposure at 300 K (blue line) and 1000 K
(red line). Corresponding snapshots of the structure of a GF filled with a nanocluster at
different time of exposure are also shown. It is found that the total potential energy of the
system is saturated to a practically constant value at the end of the equilibration process,
indicating the system has reached equilibrium and a stable state. All the changes in the energy
curves correspond to some structural changes. Bigger the diameter of the nanocluster, the less
the equilibration time. This can be explained by the mutual arrangement of the nanocluster
and GF. For a small nanocluster, distance between nanoparticle ad the side of the flake is two
times higher than for the biggest one which means that time required to attach the nanocluster
by the graphene flake is longer. At high temperature (1000 K), again a strong correlation
between equilibration time and size of the nanocluster is found. For GF with Niz1 nanocluster,
the transformation is fast since the temperature is close to the melting point and the
nanocluster can be easily destroyed. Temperature fluctuations facilitate the crumpling process
and the appearance of new bonds between the edges of GF. For structure with Nies, the
temperature slightly affects the time of equilibration. However, temperature decreases the
total potential energy of the system.
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Fig. 2. Potential energy as the function of exposure time for Ni2: (a) and Nigs (b). Corresponding
snapshots of the structure of GF filled with nanocluster during exposure at 300 K (bottom line of
snapshots) and 1000 K (upper line of snapshots). Carbon atoms are shown by violet and nickel atoms -
by green.

Conclusions

Molecular dynamics simulation is used to study the dynamics of graphene flakes filled with the metal
nanoclusters. The obtained results can shed the light on understanding the possibility of using
crumpled graphene as a storage media from the point of single flake behavior. It was found that
cavities of crumpled graphene (the structure consists of crumpled graphene flakes) can be used as
containers for metal nanoclusters. A graphene flake can easily cover nanocluster, however, the
dynamics of the interaction strongly depend on the nanocluster size. Small nanoclusters can be easily
bent by rigid graphene flake, while the biggest conserve the shape. Such a structure, composed of Ni
nanoclusters and graphene flakes, can be further used to obtain composite material with improved
mechanical properties.
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Analytical prediction of low-velocity impact response of titanium/composite laminates
Sharma A. P., Velmurugan R.

Titanium-based fiber metal laminates (FMLs) are high-temperature materials, mainly used in
aerospace structures, which often experience impact damages. Four FML layups with unidirectional
glass/epoxy layers and titanium alloy Ti-6Al-4V sheets of different thicknesses are fabricated,
exhibiting dispersion of metallic layers across the thickness of FMLs with the same total metal layer
thickness. The low-velocity impact behaviour of thin circular clamped FML plates before the first
failure of glass/epoxy layers for a hemispherical impactor striking at the center is derived analytically
using a mass-spring arrangement. Delamination as internal damage is considered. The deflection to
delamination, maximum deflection, maximum load, and total impact time of the plates are computed.
Moreover, the estimated time history of impact load of FMLs is in good comparison with experiments.

1. Introduction

Hybrid composite materials comprising layers of metal bonded to layers of the fiber-reinforced
composite are fiber metal laminates (FMLs). This new family of materials includes aramid fiber
reinforced aluminium laminates (ARALL), carbon fiber reinforced aluminium laminates (CARALL),
glass fiber reinforced aluminium laminates (GLARE). High bearing strength, resistance to impact, and
easy reparability are exhibited by metals, which when combining with composites can considerably
increase laminates’ mechanical properties [1]. However, a hybrid titanium composite laminate
(HTCL) exhibiting capability to operate at long lives (> 10, 000 h), fatigue resistance being superior,
and tolerance to damage at temperatures up to 350 °F is considered explicitly for the development of
future high-speed aircraft [2]. This is because titanium exhibits higher resistance to creep than
aluminium alloy [2-4]. In this case, well-known FMLs based on aluminium such as ARALL, GLARE,
and CARALL have limitations with in-service temperature and tolerance to damage. Henceforth, the
development of HTCLSs is being executed to meet such obligations [5, 6].

Vlot [7] has reported that damage to a smaller extent is exhibited by GLARE 3 than carbon/PEEK
having the same thickness or areal density. Vlot [8] has reported that the force-time and displacement-
time functions of GLARE calculated by a nonlinear elastic impact model well follow the experiments.
Abatan et al. [9] have investigated that the analytical solution for impact on hybrid laminates agrees
with finite element analysis. The results predicted by classical plate theory are relatively accurate to
shear deformation theory. Tsamasphyros and Bikakis [10] have shown that for a GLARE 2-2/1-0.3
plate, the predicted static load-indentation curve and first failure matches well with experiments.
Moriniére et al. [11] have reported that the major mechanisms of impact in FMLs may be revealed by
integrating the classical laminate theory into an energy-balance model, supporting the purposes of
design. Sharma et al. [12] have investigated that the ballistic limit velocity of titanium-based FMLs
predicted by the wave propagation model is within 12 % of experiments.

It is noted from the above studies that the low-velocity impact (LV1) resistance of titanium-based
FMLs has not been predicted using analytical modelling, particularly before the first failure of
glass/epoxy layers. The thickness of total metal layers and overall FMLs exhibiting arrangement of
layups viz. 2/1, 3/2, 4/3, etc are not maintained the same. The present study focuses on this direction.
To execute this, four different FML layups are fabricated using Ti-6Al-4V sheets of dissimilar
thicknesses and glass fiber reinforced epoxy (GFRP) layers. The predicted force history and energy
absorption of FMLs will be compared with experiments.

2. Problem formulation
A thin clamped circular FML plate having radius « and thickness h is considered. A

hemispherical impactor tip of radius R, mass M  and Kinetic energy being initial E, is used to

deform the plate centrally. High aspect ratio «/h is presumed to have small shear deformation and
local indentation. A polar coordinate system is applied at the plate origin. The boundary conditions
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fulfilled by the plate lateral displacement w are w=0, ‘Z_W:o(r:a). The principal energy
r

absorption mechanisms before glass/epoxy layers fracture are deformation and delamination,
implying, E =E,_ +E, where E E, . E, are total energy absorption, deformation

abstot def del abstot ?

energy, and delamination energy of specimen, respectively.

3. Theoretical formulation

The LVI is simulated in three stages using a spring-mass model. During the initial stage, the plate
is started to deform by the impactor, until composite layers delamination. The corresponding
differential equation of motion is

(Mg +m)Wy+ Py + (K, + K )W, + K ,we =0 (3.1)
where the load during loading is

P.(W,) =P, +(K, + K )W, + K ,w;

(3.2)

m, is the effective mass of the plate reported in Ref. [13]. The coefficients of Eq. (3.1) are [10]
(3.318+2.906In &) (D,; + D,, ) +(—8.124+1.938In ) Dlz} 1

+(14.758+3.876In &) D, ?

P, =4M,,, K, =[
o

K =0.576(N, +N, )+0.734N, , K, =[0.62( A, + A, )+0.412( A, +2A36)]%

where extension and bending stiffness of the composite laminate are denoted by A; and D; . Bending
and membrane stiffness of the laminate are designated by K, and K . In-plane forces and moments
are quantified in Ref. [12]. The initial conditions are

W, (0)=0  w,(0)=v (3.3)
The second impact stage initiates following deflection to composite layers delamination wg and
completes at maximum plate deformation w,™* . The differential equation given by Eq. (3.1) is also
effective. The initial conditions are

W, (0) =W W, (0) = Wi (34)
where w,, is the velocity beneath the impactor following delamination. The third impact stage

initiates from the w™ and completes when the falling load comes to zero. The corresponding
differential equation of motion is

(Mo"‘me)wo"'Po"'(Kb"‘Kml)(zwo_wgqax)"'szWg:0 (3.5)
where load during unloading and initial conditions are

I:’U (WO):P(J+(Kb+Kml)(2WO_W(r)naX)+Km2Wg (36)
W, (0) =wg™ w,(0)=0 (3.7)

The differential Egs. (3.1) and (3.5) and the initial conditions by Egs. (3.3), (3.4) and (3.7) frame three

problems having distinct initial value, demonstrating physical impact event. Initially, w,w,, ,

wy™>, to be determined, following solving of differential equations of motion. Successively, the
(P,t) curve can be calculated.

and

4. Experimental method

Titanium alloy Ti-6Al-4V sheets and unidirectional (UD) E-GFRP layers are used with titanium-
based FML. Greater stiffness, strength, corrosion, and creep resistance than aluminium alloys at
elevated temperatures are displayed by the titanium alloy (Ti). Four dissimilar titanium-based FML
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layups displaying the identical overall metal layer thickness are manufactured by hand layup technique
and  compression  molding. They include [T6/0/90/90/0/T6], [T3/0/90/T6/90/0/T3],
[T4/0/90/T4/90/0/T4] and [T3/0/T3/90/90/T3/0/T3], denoted by 2/1-0.6, 3/2-0.3(0), 3/2-0.4 and 4/3-
0.3, with thicknesses of 3.1 mm, 3.37 mm, 3.3 mm and 3.41 mm, respectively. In this case, T3, T4,
and T6 denote 0.3 mm, 0.4 mm, and 0.6 mm thick titanium layers, and 0 and 90 indicate UDGFRP
layers with fibers positioning along 0° and 90° directions. The classification particulars of FML layups
are designated in Ref. [14]. Specimens of 100 x 100 mm? size are cut from the manufactured plates of
350 x 350 mm? size using a band saw to execute LVI tests. The fiber volume fraction of composite
layers is obtained at around 50 %. A drop tower impact system is employed to perform impact tests.
The signal is measured by a load cell placed nearly the impactor holder’s head. An ASTM standard
D5628 (FA) is considered for specimen testing [15]. A specimen holding fixture with a circular
opening of 70 mm diameter is utilized. The diameter and entire mass of a hemispherical steel impactor
are 16 mm and 8.132 kg. FMLs are subjected to LVI tests with energy levels of 30 J, 45 J, and 60 J
and corresponding velocities of 2.7 m/s, 3.3 m/s, and 3.8 m/s. During the experiment, the impact
force-time history and impactor velocity ahead of impact are recorded.

5. Results
5.1 Material properties of FML constituents

The equations of motion before glass/epoxy layers failure as stated above are resolved by an
iterative scheme. The projectile initial velocity is first supposed with the projectile and panel
deflection and velocity calculations. The static tensile properties of FML constituents are reported in
Tables 1 and 2 of Ref. [12]. The fracture and interlaminar properties of glass/epoxy can be found in
Ref. [12].

5.2 Transient response of Ti/GFRP plate

Fig. 1 illustrates the load-time curves of FMLs 2/1-0.6, 3/2-0.3(0), 3/2-0.4, and 4/3-0.3 obtained
from predictions with both M & B and M only. In this figure, the load during the loading and
unloading stages is calculated by Eqgs. (3.2) and (3.6), respectively. Time is obtained from velocity and
displacement using numerical integration. Moreover, the corresponding load-time curves of FMLs
measured from experiments are shown. On observing Fig. 1, it is evident that the FML impact load is
at first zero (as the deformation of the plate has not happened initially) and starts increasing (as the
plate is deformed steadily by the impactor), till it reaches its highest value. From this location, the
force starts reducing (as the unloading stage initiates) and remains to drop, till it reaches zero and the
impact event is concluded. The curves obtained from experiments and theoretical predictions are
found to be in good agreement, as indicated in Fig. 1. For the above-mentioned FMLs sequence to
follow, the maximum load obtained from experiments and predictions with both M & B and M only is
11.3 kN, 10.4 kN, 10.7 kN, 10.2 kN, and 11.1 kN, 11.0 kN, 11.4 kN, 10.9 kN, and 11.4 kN, 10.5 kN,
10.8 kN, 10.3 kN, respectively. This suggests that the predictions of maximum load are to be within 2
%, 7 %, 7%, 8 % and 1 %, 1 %, 1 %, 2 % of experiments for FMLs with both M & B and M only,
individually. Further, time to maximum load acquired from experimental data and theoretical
estimates of FMLs with both M & B and M only is 2.8 ms, 2.8 ms, 2.9 ms, 3.1 ms, and 2.3 ms, 2.2 ms,
2.3 ms, 2.1 ms, and 2.6 ms, 2.4 ms, 2.5 ms, 2.4 ms, respectively. Thus, the difference between
experiments and predictions of time to maximum load is 23 %, 26 %, 28 %, 44 % and 8 %, 18 %, 18
%, 29 % for the same FMLs order with both M & B and M only, separately. Furthermore, the total
impact duration obtained from experimental results and analytical calculations of FMLs with both M
& B and M only is 5.7 ms, 5.4 ms, 5.5 ms, 5.6 ms, and 4.2 ms, 4.0 ms, 4.0 ms, 3.8 ms, and 4.5 ms, 4.3
ms, 4.4 ms, 4.3 ms, correspondingly. This indicates that the variation between experiments and
calculations stands at 35 %, 34 %, 37 %, 47 % and 25 %, 25 %, 26 %, 31 % for FMLs with both M &
B and M only, consistently. Overall, this infers that the load-time curves measured from experiments
are to be relatively good with predictions for FMLs with M only than FMLs with both M & B in Fig.
1. This suggests that the membrane strain energy plays a significant part in load-time calculation than
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bending strain energy. FML 2/1-0.6 shows the higher maximum load, FML 4/3-0.3 the lower load and
both FMLs 3/2 transitional values. The time to delamination, time to maximum load, and contact
duration seem to be lower for FML 2/1-0.6 and higher and comparable for the other three FMLs.

Experiment — — = Calculation M & B -+++---+ Calculation M only

Experiment = = =Calculation M & B «+s=eee+ Calculation M only
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Fig. 1 Force history of the FMLs at 30 J impact energy

The energy absorption obtained from energy-time curves of FMLs with both M & B and M only is
compared with experiments in Fig. 2. In this case, FML 4/3-0.3 exhibits higher energy absorption,
FML 2/1-0.6 the lower value, and both FMLs 3/2 the in-between values at different impact energy
levels. This is because FMLs 4/3-0.3, both 3/2 and 2/1-0.6 exhibit more, fewer, and the least
metal/composite interfaces, resulting in more, intermediate, and less delamination, individually and so
the energy absorption. The predictions well follow the experiments with an average error to be within
28 %, 31 % and 16 %, 17 % and 11 %, 13 % for FMLs with both M & B, M only at energy levels of
30 J, 45 J, and 60 J, respectively.
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Fig. 2 Energy absorption of FMLSs at increasing impact energy levels

6. Conclusions

The low-velocity impact response of FML plates for a hemispherical impactor is predicted using
the mass-spring arrangement. The impact load-time curves obtained from calculations are consistent
with experiments for FMLs. In this case, FMLs with M only exhibit a good match with experiments
than FMLs with both M & B. This suggests the substantial contribution of membrane strain energy
over bending strain energy. FML with outermost, fewer, and more metallic layers display the higher,
intermediate, and lower maximum load, respectively, and vice-versa for contact duration. Further, the
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predicted energy absorption is found to be in good comparison with experiments at different impact
energy levels. In this case, FML with more metallic layers exhibits more energy absorption, succeeded
by FMLs with fewer and outermost metallic layers.
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