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PA3ZBUTHE UJIEA H.X. APYTIOHSHA B COBPEMEHHOM MEXAHUKE

Man:xupos A. B.

Ob6cyxnaetca BiausHue uaedl akagemuka HAH PA H.X. ApyTioHfHa Ha COBPEMEHHYIO MEXaHUKY M HX pa3BUTHE B
HayKe CeroJHsIHero Jus. I[1oapoOHO 00CYXAAI0TCS TPH OCHOBHBIX HANPABICHHS €r0 HAyYHOW NEATENbHOCTH. DTO TEOpUs
BSI3KOYIIPYTOCTH WJIM HOJI3YYECTH, MEXaHHKa KOHTAKTHBIX B3aUMOJACHCTBHH M MEXaHMKA PACTYLIMX Tel. Pa3BUTHE TEOpHH
BSI3KOYIIPYTOCTH TECHO CBS3aHO C MACSIMHU CTApCHHUs U HEOAHOPOAHOTO cTapeHus. HoBble HampaBiIeHHs! pa3BUTHS MEXaHUKH
KOHTAaKTHBIX B3aHMOJCHCTBHI 00yCIIOBIEHB! KOHIECTIMSIMH MHOKECTBEHHOTO KOHTAKTa Tl U JUCKPETHOTO HapallBaHMUS.
MexaHHKa pacTyIIuX TeJ Pa3BUBAaETCs HA OCHOBAHUN COBPEMEHHON IeOMETPHH M UCIIONB3YEeT MOHATHS U3 (GU3UKH U XUMHH.
OTH HanpaBJICHUs UMEIOT Pa3HOOOpa3HBIC NMEPECCUCHUS] U MOPOXKAAIOT HOBBIC 3a/lauM, aKTyaJbHbIE KaK C TOYKH 3PEHHUS
(yHIaMeHTaIbHOW HayKW, TaK M C TOYKH 3pEHUs pa3sHOOOpa3HbIX HPHIOKEHHH. Pa3BUTHE KaKIOro HampaBlICHUS
WUTIOCTPUPYETCS. TTIOCTAaHOBKOW HOBBIX 3a/iay, JEMOHCTpauuell 3()(GEeKTUBHBIX METONOB MX pEIlICHUS U (OPMYIHPOBKOIL
HOBBIX MEXaHNYECKHX 3P (PeKTOB.

23 Hos10ps 2012 roga ucnonasercss 100 et co THS POXKIAESHUS BBIIAIONIETOCS YUYEHOTO-MEXaHHUKa,
OopraHu3aropa HayKd M BBICIIETO OOpa30BaHUs, BHIHOTO TOCYAapCTBEHHOTO M OOLICCTBEHHOTO
NesITensl, OJHOTO M3 OCHOBaTeNled HAyyHOW IIKOJbI MEXaHMKH B ApMmeHuu, akagemuka AH
ApMCCP/HAH PA Haryma XadatypoBudua ApyTIOHSHA.

H.X. ApyTroHsIH, TOTOMCTBEHHBIN apMSHCKHA WHTSIUTUTCHT, TIOMYYny OnecTsiee oOpa3oBaHuE B
Mockse u JleHuHrpange, riae MOJ BIHSHHEM KPYyIHEHIIMX YYEHBIX-MEXAHMKOB TOIO BPEMEHU —
B.I'. 'anepkuna, A.U. Jlypee, E.JI. Hukonam — Hadajma CKIaIbIBaThCS €ro Hay4dHas cyap0a H
pacKpbIBaTHCA 3aJI0’)KEHHBIM B HEM OTPOMHBIN TBOPYECKUM MOTEHIIUAI.

OH 3ammTHi KaHOUAATCKYIO auccepTanmio B 1941 r. Bcero 3a HECKOJBKO JAHEH OO Hadana
Benukoit OTedyecTBeHHON BOMHBI, KOTOPYIO MPOWIEN OT NEPBOTO 0 MOCIETHETO THS.

Ero mepmeie paborbl Hawama 40-x To/OB OBLIM IIOCBSINEHBI KPYUYEHHIO W W3THOY YIPYTHUX
MPU3MATHYECKUX CTEPKHEH MMOIUTOHAIBHOTO IOTIEPEeYHOTo ceueHus. VM ObUT TpeiokeH MeTox
pelIeHnsT TaKoro Kpyra 3afad, OCHOBAaHHBIM Ha CBEICHHHM HUX K OECKOHEYHBIM CHCTeMaM
anreOpanyeckux ypaBHeHHU. [lomydeHHBIE B STOM HampaBleHMH HAYyYHBIE PE3YNbTAThl OBLIH
00001IIeHBI ¥ TTOBITOXECHBI B dHITHKIIONenndeckoit MmoHorpaduu H.X. ApyTtronsHa u b.JI. A6pamsaa
”Kpyuenue ynpyrux ten” (1963 r.).

CBoil mepBblii HayuHbId BKJIag MupoBoro ypoBHA H.X. ApyTIOHSH BHEC B MEXaHUKY
nedopMupyeMoro TBEpAOro Tena, paspaboraB coBmecTtHo ¢ [.H. MacnoBeiM B koHIle 40-X TOIOB
TEOPHUIO TON3ydecTH OeToHa. M3yuyuB pe3ynbTaThl AKCHEPUMEHTOB MO HArpy>KeHHIO 00pasloB M3
0eToHa, OHM YCTaHOBHJIM, YTO B BONPOCAX MPOYHOCTH, JOJATOBEYHOCTH, YCTOWYMBOCTH U Pa3pyLICHUSI
OCTOHHBIX WH)XCHEPHBIX COOPYKCHHH HEOOXOIWMO yYWTBHIBATH CBOWCTBA, OOYCIIOBJICHHEIC
MOJI3YYECThI0 M 3aBHCHMOCTBIO (DM3MKO-MEXaHMYECKUX CBOMCTB MaTepHaIOB OT BPEMEHH, T.e.
ctapeHneM. Kak rokasany JanbHEHIINe HKCHepUMEHTAJIbHbIE MCCIEAOBAaHUS IIEJIOT0 psifa yU€HBIX,
3TH CBOWMCTBA OKAa3aJIMCh MPUCYIIN HE TOIHKO OETOHY, HO M MOJIMMeEpaM, IIacTMaccaM, KOMIIO3HUTaM,
TpyHTaM, IePeBy U MHOTUM APYTHM MarepuaiaM. [1nogorBopHsM nToroM padotsl H.X. ApyTroHsHa
B 3TOM 00JacTH cTajia HOBas TEOPHS MOJI3YyUECTH CTAPEIOIIMX TEJ, KOTOopas TaKkKe BOIIJIa B HAYKY IO
Ha3BaHUEM Teopuu nonsydectd MacnoBa—ApyTioHsHa. B 1949 r. B MockBe B IHCTUTYyTe MeXaHUKU
AH CCCP oH ¢ 01eckoM 3amuTHI JOKTOPCKYIO JWUCCEPTAIMI0 HAa COWCKaHWE YYEHOH CTereHU
JIOKTOPA TEXHUYECKHUX HAayK, B KOTOPOH ObliIa H3JI0KeHa HOBAs TEOPHS MMON3YUYECTH.

OyHaameHTanbHble  pe3yabTatel  H.X. ApyTIOHSHa 10 TEOpHUM MOJ3Yy4ECTH CTaperoluX
MaTepuanoB (Ipexzae Bcero OeToHa) ObuUTH 00O0OIIEHH B ero MoHOrpadguu “HekoTopbie BOIPOCHI
Teopun non3ydectr” (1952 1.), KOoTopas crajna mepBoil KHATo# 1o 3To# TeMatuke He Toiabko B CCCP,
HO W B MHpe. OJTa KHHra B TeUEHHE IECSITUIIETHH OCTaeTcs HACTONBHON KHHUIOW JAJSi MHOTHX
MOKOJICHUH Hay4HBIX paOOTHUKOB M WH)KEHepoB-uccienopareneil. OHa mepeBesieHa U OMyOJIMKOBaHA
B Anrnuu, ®panuuu, Kurtae, a otaenbHbie ee riaaBbl — B ['epmanuu, [lonbiie u Pymbiaum.

Xopomo wu3BecTHBI paboTel H.X. ApyTioHsiHa B 00JIacTH yCTAaHOBHBIICHCS HEITHHEHHOM
MOJI3Y4YECTH U IUIACTUYHOCTU CO CTENEHHBIM ynpouHeHueM. [Ipennoxenssiii um B 1959 r. npuHmn
cynepno3unuy 0000MEHHBIX MePEeMENISHHIA BIIEPBBIC TO3BOIMI IMOTYYHTh HHTETpAbHBIC YPaBHEHUS,
MpUOMIKEHHO OINKMCHIBAIONINE CIIOKHBIE HEIMHEHHble KOHTaKTHBIE 3aJadd, a peHIeHHs OJTHX
ypaBHEHHUH B 3aMKHYTOM BHJI€ CTAJIM MEPBBIMU MPUOMMKEHHBIMU PELICHUSIME CTOJIb CIOKHBIX 3a7a4
MexaHuku jaedopmupyemoro TBEpmoro Tena. [IpuHnm cynepro3unun 000OIMIEHHBIX TepeMeleHH



HIMPOKO IPUMEHSIICA M NPUMEHSETCS B HACTOsAIIEe BpeMs Kak OOuH M3 3(QeKkTuBHBIX crocoOoB
WCCIIEI0BAaHNs HEJIMHENHBIX 3a/1a4.

C nauvana 60-x mo cepenunbl 70-x rr. H.X. ApyTioHSH 3aHUMall BBICOKME T'OCYAAapCTBEHHBIC
noctsl. Tem He MeHee, OH POJOJIKaJl 3aHUMATHCSI HAYKOM, yIesil OCHOBHOE BHUMaHUE KOHTAKTHBIM
3aja4yaM TEOPHH YNPYTOCTU U TIOJI3YYECTH. YBICUEHHOCTh MCCIIENOBAHUSIMH B O0JACTH MEXaHUKH
KOHTaKkTHBIX B3aumojeiicteuii H.X. ApyTioHsH coxpaHua Ha Bcio ku3Hb [1-30]. OcHOBHEIE Hzew,
M3JI0)KEHHBIE B YKa3aHHBIX paboTax, pa3BUBAIOT €T0 YYCHUKU. JTO HIEH MHOKECTBEHHOTO KOHTAKTa,
MHOXXECTBCHHOI'O HEOJHOBPEMEHHOTO KOHTAaKTa, 3aJaud AJsl HEOAHOPOJHO-CTapeIoIInX Tel, 3aJauu
JTUCKPETHOTO HapaluBaHus U Jp. B kauecTBe mprMepa MOKHO NMpUBecTH padoThI [31-45].

B cepennne 70-x H.X. ApyTIOHSH CymIeCTBEHHO OOOOIIMI U Pa3BUII CBOIO TEOPHIO MOJI3YyUECTH
CTapeIOLNX TeJ, BBEAS IOHATHE BO3PACTHOH HEOIHOPOIHOCTH, KOTOPAs NPUHIUIHAIBLHBIM 00pa3oM
OTIIMYAETCS] OT KOHCTPYKIIMOHHONW HEOJHOPOTHOCTH. Takas HeOJIHOPOIHOCTh BO3HWKAET BCIEICTBHE
MOCTENEHHOTO BO3BEJCHUS MM H3TOTOBJICHHUS 3/IaHUM, COOpY)KEHHM, NeTanedl MallluH U JpyTux
negopmupyembix Ten. OCHOBHBIE IIOJIOKEHHMS STOW TEOpHHM U3I0XKeHsl B MoHorpadgum H.X.
ApyTtionana u B.b. Konmanosckoro “Teopus nomsydectn HeogHopoaHbix Ten” (1983 r.). B kuure
H.X. ApyTtionsiHa u A.A.3eBuHa “PacuéT CTpOUTENBHBIX KOHCTPYKIMH ¢ yuéTroM nonsydect’ (1988
r.) 3Ta Teopus Oblla HCIIONB30BaHA ISl PELICHUS MPUKIATHBIX 3a7ad. Mogelb BA3KOYNPYIoro
HEOJHOPOIHO-CTAPEIOLIET0 Tejla aKTMBHO HCIIOIb30BAIaCh U Jajee MPU HCCIEeI0BAHUN KOHTAKTHBIX
3a7ay, CHHCOK KOTOPBIX OOCYKAajcs BhIIIE, W TPH HCCIECAOBAHUU IIPOLECCOB HApallMBaHUS
nehopMUPYEMBIX Tel (K CIIHCKY COOTBETCTBYIONIUX paboT oOpaTuMcs aanee).

[IpencraBnenus, nonoxeHuble H.X. ApyTIOHSSHOM B OCHOBY TE€OPHH HEOIHOPOIHO-CTAPEIOLIUX
TeJ, €CTECTBEHHBIM 00pa30oM MPUBEIH €ro K MBICIH O HEOOXOJUMOCTH PA3BUTHUS MaTeMaTHYECKOMH
MoOJenu TBEPHOro AeQOpMUPYEeMOro Tena, KOTOpOoe pAacTéT BCIEACTBUE MPHUTOKA HOBBIX
MaTepUaNbHBIX 3JEMEHTOB K ero moBepxHocTH. B konme 70-x — Hawame 80-Xx UM OBUIM pPa3BHUTHI
OCHOBBI HOBOI'O HAy4YHOIO HAamNpaBJEHHs — MEXaHUKH pacTyIUX Ted, KOTOpas II03BOJIET
3 PEKTUBHO MOJEIUPOBATH MIMPOKUI KPyr HHXCHEPHBIX 3a/a4, TEXHOJOTMYECKUX MPOLECCOB U
NPUPOAHBIX sABIeHUH. OCHOBHBIC YPaBHEHHS M T'paHMYHBIE YCJOBUS KpPAaeBBIX 3alad MEXaHUKH
pacTylux Tel, TaK e KaKk M MexaHuueckue 3((eKTsl, IPUCYIIUEe TAKUM TejaM, MPUHIUINAIbHBIM
0o0pa3oM OTIMYAIOTCS OT KiaccuueckuxX. WX m3yueHue sBIseTCd M TEHeph UYpe3BBIYAIIHO Ba)KHOM
npobiemMoii, obematomeld OoOJbIIME TEPCIEKTUBBI Kak C TOYKA 3peHHs (OPMYIUPOBKU
(byHOaMEeHTaNbHBIX pE3yJbTaTOB, TaK M C TOYKH 3PEHUS MCIOIB30BAHUS B Pa3HOOOpa3HBIX
MIPUIIOKEHHSIX.

[Mony4yennsle H.X. ApyTIOHSHOM H €ro Y4YeHHKaMH B 3TOW O0ONacTH Hay4yHbIE pe3yJbTaThl
MPEJICTaBIIEHBI B MHOTOYHCJICHHBIX HAyYHBIX Tpynax [46-66] u B clemyromux MOHOTpadusix:
H.X. Apytronsia, A.Jl. JIpo3noB, B.3. HaymoB “MexaHuka pacTyIIUX BS3KOYIPYTOIUIACTHICCKUX
tern” (1987 r.); H.X. ApytionsiH, A.B. MamxkupoB “KoHTakTHbIe 3agaun Teopun nonzydecta’ (1990,
1999 r.r.); H.X. ApytionsH, A.B. Mamxupos, B.D. HaymoB “KoHTakTHBlE 3agauyud MeXaHHKHU
pactymux Tex” (1991 r.). Mexanuka pacTymux Tel OypHO pa3BHUBaeTCs B HacTosiiee Bpems. M3
OCHOBHBIX COBPEMEHHBIX paboT B 3T0i obnacT otMeTHM [66-120].

3acnyru H.X. ApyTioHsiHa mepes OTE€4eCTBOM U TOCYJIapcTBOM OTMeueHbl opeHoM KpacHoii
3Be3/1bl, opAaeHamu OtedecTBeHHOU BoiHEI | u Il crenenu, opaenom JleanHa, opaeHOM OKTAOPBCKOMA
Pepomtoninu, opaenom TpymoBoro KpacHoro 3mamenu m memansMu. Ero Tpyasl HaBceraa BOILIH B
COKpPOBUIIHUILY MHUPOBOM IMBHJIM3ALMM, & €r0 MMs CTajJo B OJWH pPAJ C MMEHAMHU BBLIAIOIUXCS
nestenedl Hayku XX BeKa - JOCTOMHBIA HUTOT JOJITOM M SPKOM >KHU3HU 3aMeuyaTelbHOro y4EHOTrO,
rpakJaHWHAa U YEJI0BeKa.
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HECTAIIUOHAPHAS 3AJAYA TEIVIOTPOBOJHOCTH
JJISA PACTYIHEI'O IITAPA

Manxuposn A.B., JIbiueB C.A., ®enoroB U.A., FO6ep C.B.

PaGoTa nocBsleHa UCCIIEI0BAHUIO IBOJIIOLMH TEMIIEPATyPHOTO MOJIs B pacTylueM Iape. OnpeesseTcs: 3aK0H JBIKEHUS
pacTyuiei MOBEpXHOCTH, IPH KOTOPOM PELICHHE HAaualbHO-KPAeBOH 3a1auH TEILIONPOBOIHOCTH MOKET ObITh MPEICTABICHO
B 3aMKHYTOM BHzE. CTPOUTCS CIEKTp JIMHEHHOro quddepeHInaIbHOTO 0NepaTopa, IOPOKIAEMOro 3a1aueH.

1. BBeaenme. HexkoTopble NpUPOIHBIC SBICHUS W TEXHOJOTHYECKHE IPOIECCH], TaKHe Kak
KpHCTAIIM3aLUS, IEKTPOIUTUIECKOE OCKICHHUE, JIa3epHOE HANbUIeHHE, (OPMUPOBAHUE OCATOUYHBIX
MOPOJ, COMPOBOKAAIOTCSl YBEIMYCHHEM MAacChl TBEPABIX TN 3a CYET NPUCOEAMHEHMS K HX
MOBEPXHOCTH JOMOJHUTEIBHOIO MaTepuana. M3ydeHneM 0ObEKTOB, POCT KOTOPBIX OCYIIECTBIISIETCS
MTOCPEICTBOM NPUTOKA BEIIECTBA M3BHE, 3aHUMAETCS MEXaHHWKa PacTyIuX Tel (CM., Hampumep, [1] —
[5D.

B paMkax naHHOH TeopuM yk€ IPOBOAMIOCH MCCIENOBAHME TEMIIEPATYpPHOIO IOJI PACTYLIErO
CIUIOIIHOTO U ToJioro mmiapa [6]. B aToit pabore mpu MOCTPOSHUH aHAIUTHYECKOTO PELICHHUS aBTOPHI
npeHeOperaoT WICHOM, COIEpXallliM CKOPOCTh JBWKEGHHUS MOABM)XKHOW rpaHuubl. Ilpu gocratouno
MaJIBIX CKOPOCTSIX MOBEPXHOCTH POCTa MOJIY4YEHHOE pelleHHE OOecleYrnBACT JOCTATOYHO BBICOKYIO
TOYHOCTb. B oOmem cny4ae, Korja 3akOH JBFDKCHHsS PacTylIed IOBEPXHOCTH OIpPEAEIseTCs
TEXHOJIOTHYECKHM MPOLIECCOM, He YAAa&Tcsl MPeACTaBUTh pPEUICHWE HavyajdbHO-KpaeBOM 3amaud B
3aMKHYTOH (hopMe.

B Toii j)xe paboTe MpeatokeH METO/T, TTO3BOJISTFOIIII CBECTH NCXOMHYIO HaYaIbHO-KPaeBYyIO 3a1aqy
TEIUIONPOBOMHOCTH K 3amade Komm a1st OecKOHEYHOH CBSI3aHHOW CHCTEMBI OOBIKHOBEHHBIX
muddepeHIanbHbIX ypaBHEHUH, KOTOpas pemaercss NpUOMKEHHBIMA MeToaamHu. OnHako ais
OLIEHKM IIapaMeTpoB cuéTa, 00ECHeUNBAIOIINX TPEOyEeMyI TOYHOCTh M KaueCTBEHHOE COOTBETCTBUE
YUCJICHHOTO PCIICHUA aHAJIUTHYCCKOMY, HCO6XO):[I/IMa OTiIaiIKa BBIYUCIWUTCIBHOTO aJIrOpUTMa Ha
W3BECTHBIX TOUHBIX PELICHUSX.

[Ipu ompenenéHHBIX pexkuMmax pocTa 3azavya Komm Ui CBS3aHHOM CHUCTEMBI BBIPOXKIAETCS B
[I0CJIEJOBATEIbHOCTh HECBSI3aHHBIX OOBIKHOBEHHBIX AN((EpeHIHANbHBIX YPAaBHEHUH € 3aJaHHBIMU
HaYaJIbHBIMHU YCJIOBHAMH. DTO MO3BOJISIET OCTPOUTH paclpeiesieHIe TEMIIEPaTyphl B pacTyILeM mape
B 3aMKHyToH ¢opme. llomydeHHble peuieHHsT MOTYT OBITh HCIONB30BaHBI JUIS HCCIIEIOBAHUS
Ka4eCTBECHHBIX OCOOEHHOCTEH IpoLecca TEIUIONPOBOLHOCTH, a TAKKE U TECTUPOBAHUS U OTIAJIKU
BBIYMCIUTECIBHBIX aJITOPUTMOB. HeHBIO HaCTOHHleﬁ pa6OTBI ABJSICTCA ITOUCK TaKUX pe].[IeHHﬁ.

2. TlocTaHoBKa 3aJa4M TEMJIONPOBOJHOCTH VISl pacTymiero mapa. PaccmarpuBaerca map
pamuyca Rg, cocrodmuii U3 OJHOPOJHOTO HM30TPOIHOTO JIHHEHHO-YHPYroro MarepHana, KOTOPBIH
XapakTepusyercs: Ko3()(GUIMEHTOM TEIUIONPOBOAHOCTH A, IUIOTHOCTBIO ) M TEILIONPOBOAHOCTHIO MPH
MOCTOSIHHBIX JAedopMmauusix ¢,. PacmpeneneHue Ttemmeparypbl B HadalbHBII MOMEHT BpEMEHHU
W3BECTHO M YAOBJICTBOPSICT YCJOBUIO LEHTPaJbHOM cummerpuu. llycThb B HavajabHBIH MOMEHT
BPEMEHH K ITOBEPXHOCTH IIapa HAYMHAIOT IPUCOCIUHATLCS c(hepUIecKre CIIOU BEIEeCTBA OCTOSHHOM
TOMIUHLL, uMetomme Temmepatypy' T,. JlOMONHUTEbHBIH MaTepHan CBOGOIEH OT HANpSKEHHH U
UACHTHYCH OCHOBHOMY Tely. B pesyibraTe mprcoeanHeHHs BEIIECTBAa PaguycC IIapa U3MEHSEeTCs 10
u3BecTHOMy 3akoHy R(t), rme t — paccmarpuBaeMblii MOMEHT BpeMeHH. Ilpenmoraraercs
OTCYTCTBHE TEIUIOOOMEHA MEXy IIIapOM M OKPY>KaroIeH Cpeoi mocie 3aBepIIeHNs POCTa.

Bgeném cheprdeckyro cucteMy KOOpAWHAT, HaYall0 KOTOPOM COBMAIaeT ¢ eHTpoM mapa. Kaxmoit
TOouKe OyIeT COOTBETCTBOBATh TPOiKa KoopauHar (v, €, ¢). B cury eHTpaqsHOW CHMMETPUH 3a7a9n
TeMIIepaTypHOe Moiyie OyJeM OIHUCHIBaTh ABAXAbl AuddepeHIupyeMol MO KaKAOMY apryMEHTY
¢dyrkumenn T(r,t). Ilone Temmeparyp yIOBIETBOPSET YPaBHEHHIO TEILIONMPOBOIHOCTH, KOTOPOE B
cdeprueckoil cucreMe KOOPAMHAT € y4€TOM LEHTPAIbHON CUMMETPHUU OyAET BBIIIACTD CIEAYIOIINUM
obpazom [7]:

! 371ech 1 manee O TEMTIEPATYPOit TOHUMAETCS H3GHITOYHAS TEMTIEPaTypa
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o _ 9231(?"2 ﬂ), rae  a= |> (1)

at e dr or Caf
COOTBETCTBYIOIIECE HAYATHHOE YCIIOBHE OYIET UMETh BU:
T, t) =0 = To(r) 2

rae Ty (r) — dyHKums, xapakrepusyolas HadalbHOE pacrpeieeHue TeMIIepaTyphl B LIape.

Bynem momarate, 4TO B IpoLIECCe POCTa TEMIIEpaTypa Ha pacTyllied MOBEPXHOCTH OyIeT paBHA
TeMIepaType MPUCOEIMHAEMBIX CIOEB>. DTO TO3BOIAET 3aIHCaTh IPAHAYHOE YCIOBHE HAa BHEITHEHl
MOBEPXHOCTH CJICIYIOIIMM 00pa3oM:

T(?‘: E) I'r'=a[:'5) =T, 3)
UroOpl HavaJgbHO-KpaeBas 3aJadya TEIUIONPOBOAHOCTH HMEJa €IMHCTBEHHOE pELICHUE, CIexyeT
JonoNHUTH ypaBHeHus (1) — (3) ycnoBueM orpaHHUE€HHOCTH TeMIIEPaTyphl B LIEHTPE I1apa.

3. IlocTpoenue peumenusi B popMe ceKTPaJABLHOro pas3iioxkeHus. /s TOCTpPOCHUS pelIeHNs B
(opMe CIIeKTpaJIbHOTO pa3liokeHUs: HeoOxoaumo mpuBectH 3amady (1)—(3) x BuIy, B KOTOPOM
KpaeBble YCIIOBUS OKa3aJuCh Obl OMHOPOAHBIMU. C 3TOM LIENIbI0 BBOIATCS Oe3pa3MepHbIe IEPEMEHHBIE
f u f, Ge3pasmepHas Temneparypa @ u mapamerp, XapakTepU3yIOIIMil IBIKEHHE TPAHMIBI mapa &,
olpeesnsieMble CIEAYIOINUM 00pa3oM:

R REE
~ T s  a®t r—rie o r:
F=l, i=2  g= 5(&)=l—lﬁo : @

Ry’ Rz’ RGN
rae Ry — paauyc 1mapa B HadaldbHbIE MOMEHT BpeMeHHU. YpaBHeHus (1) — (3) B HOBBIX IEPEMEHHBIX

(4) OymyT UMeTh CIeIyIONTUi BUI:

de _ 1 & Y e A 0 n — & Ly  —
ﬁ -f‘z aF (?" ﬂf‘), Q(r:t)lt=0 - @O(P)r Q(r:t)l-rF:};[:E} - G: (5)
rae @¢(#) — pacnpenernerne 6e3pa3MepHOil TEMITEPaTypbl B HAYAIBHBI MOMECHT BPEMEHH:
oy _ Tolf)—TE
Bo(F) = QT‘T
Jlnst nepexoa K pUKCUPOBAHHOW 00JaCcTH NepelIEM K HOBBIM ITIEPEMECHHBIM:
E = E F=—
_ ! £(e)
3anmaya (5) B nepemennbix (F, £} 3anumercs cnenyrommm o0pasom:
fo_ £ di®I0, L3 (:200) y
at  XE at ar ' rR2Her\  arl’ (6)
OF, D)z = 0o(7),  O(F E)p—r = 0. (7

YpaBuenue (6) B o0meMm ciaydae HE JOIMYCKaeT paslelicHHe NepeMeHHbIX. OmHako, mpH
BBITIOJTHEHUHU CIIEAYIONIETO YCIOBUS:
af (t
E(E)—= ‘TU B = const. 8)
paszeneHue IMepeMEeHHBIX BO3MOXKHO, ‘ITO HOSBOHHGT HaM CTPOWMTH peIIeHUEe 3a7add B (opme
passoxkeHus o coocTBeHHbIM QyHKIuAM. [Tpu stom, Gpynkius & (E) ¢ yuétom ycnosus (8) ¥ 3aMeHbI

(4) umeert BUA:
§(B)=y1+B8,
a ypaBHeHHe (6) 3amuIIeTcs ClIeIyoIuM 06pa30M'
A+ =22+ (3+E)% ©)
at 6"#"2

IIpaBast wacte ypaBHeHus (9) ¢ TpaHWYHBIMH YycioBuUAMHU (7) ompeaensieT JIUHEHHBINA
i depeHanbHbI onepaTop

— 2 ﬁ@} 3?:]
Alx(F)] = 31"2 (f‘ + 2 / arl
OTIpEICIEHHBI HA MHOXKECTBE OTPaHWYCHHBIX (PYHKITUH, HHTCTPHPYEMBIX C KBaJpaTOM Ha OTpe3Ke

[0,1] u oOpamaromuxcst B Hyns npu # = 1. Oneparop A[x(F)] sBasercs caMoCONpsHKEHHBIM U
MOJIOKUTETHHO OMPEIEIEHHBIM OTHOCHTEIBHO CKAISPHOTO MIPOM3BEICHHS

? B o6mem crydae, TeMIiepaTypa Ha TIOBEPXHOCTH PocTa Gy/IeT paBHa HEKOTOPOiT 23(heKTHBHOI TeMIepaType, KOTopas OTJIHIAeTCs Kak OT
TeMIepaTyphbl IPUCOEMHAEMBIX CJIOEB, TaK H OT CpeiHel TeMIepaTyphl BOIN3H TIOBEPXHOCTH OCHOBHOTO TejIa. O{HaKo, IPH ONpeAeEHHBIX
YCIOBUSX (HAIIpUMeED, €CIIU POCT HIPOUCXOIUT B cpejie C OOIBIION TeINIOEMKOCTEIO) BCE 3TH TPH TeMIepaTyphl IPHOIU3UTEILHO PABHEI
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1 g
(), 22 (7)) = _[‘Q 11 (P o (F)ite s dF

Y UMEET IUCKPETHBIN CIEeKTp. JTO MO3BOISIET MPEICTABUTH PEIIeHNE 3aa9i B JOPMe CIIEKTPAITBHOTO
Pas3IoKEHHS IO COOCTBEHHBIM (DYHKIIHSM

0= Z‘?f:l anf)fffn(f)s (10)
rae i, (F) — pemenne 3anaun ltypma-JInyBuiuIs KoTOpast B HEPEMEHHBIX 3aIHILETCS CICTYFOIIM
o0pazoM:

[ (2 )], "
[ (@ lpool = +oo,  W(@lpg =0 (12)

Pemienne ypaBHenusi (11) MokeT OBITh TpPEACTaBIEHO B TEPMHHAX THIIEPTEOMETPHUECKON
bysxum 1 Fy (.. [8]

11 728
_#2py |, iR\ EnT o
Yl = 1Py (T3 -50) + (f, - ) (13)
W
rne €; m (3 — KOHCTaHTHI WHTETPHpPOBaHMA. | unepreomeTpudeckass (QyHKIUS MOXKET OBITH
npejcTaBieHa B BUIC psija:
@)zl Ay 3 #2
Filaibiz) =Eao S22, iR (25-0F) (14)
(Blgk! #=0

W3 ycrnoBusi OrpaHMYEHHOCTH COOCTBEHHBIX (yHKuMii ciexyer, uro Cs = (. Iloxcrasmss
HaiineHHoe perienue (13) B kpaeBoe ycioBue (12), momydaeM HabOp TpaHCUEHACHTHBIX ypaBHEHUI
IUIs1 ONpeieTICHUs] COOCTBEHHBIX 3HAYSHUH onepaTopa A:

lFl(‘*“ -%)=0, nen.

Takum 00pa3om, coOcTBeHHBIE (YHKUIMH omeparopa A MOryT OBITH ONpEAENeHbl ¢ TOYHOCTHIO 0
KOHCTAHTBI:

Y (F) = €1 1F1 (?’ % —fi—g)-

HOCTOHHHYIO Cj_ HaxoauM M3 yCJIOBUSA HOPMUPOBKHU!

2
z g
TNGIEN (fflﬁ (%:2:-2L ) Fles dF=1. (15)

Wnterpain, npucyTcTBytomuii B ypaaeHu (15), B o0mieM cirydae He yaaéTcs OTBICKATh B 3aMKHYTOM
Buae. OqHaKo, TOCKONbKY GyHKuus Y, (F) sBisieTcst mpOCTOit TOUKO# ClIeKTpa JIMHEHHOTo oepaTopa
A, e¢ Hopma wMoxeT OBITh HalilcHa C WCIOJNB30BaHHEM TEOpPEMBI, MpUBeAEHHOH B [9].
HopmupoBaHHbIe cOOCTBEHHBIE (PYHKIMN 6y;1yT MMETh CIeNyIOINNA BU:

W 3 2
f?{}ﬂ.( ) _NC‘I g} lFl( 1o Tg !

NGB = [ (i—g“ﬁau(ﬁi N,

[Tpou3BoaHAS TUMEPTEOMETPUYUCCKON (DYHKIMH MO TIEPBOMY apryMEHTY BBIUHCIACTCS MOUICHHBIM
muddepenupoBanreM psina (14):

] =315
alFl(ﬂibiz) En_(} e 82% )

Bk
Jlnist HaXOXKJCHUST KOOPAMHATHRIX (QYHKIMIA noacTaBuM pasznoxenue (10) B ypaBHenue (9), B
pe3ynbTaTe 4ero UCXoqHasi HadaJbHO-KpaeBas 3a/iaya cBeJIETCS K MMOC/Ie0BaTeNbHOCTH 3a1a4 Kormm:

(L+8DS2= 1,0, 0,0 =0V, (16)

0
rie 951} — TIPOEKLMSI HAYaJIbHOTO Paclpe/eieHus] TEMIIEPaTyphl Ha 3JIeMEHT OPTOHOPMHUPOBAHHOTO
Oazuca tfh,:

) _ 1 e ("Ln 2, *‘2?)
(O —_fo ) B s ) e " dr.
3anava Komm (16) nmeeT cienyroliee perieHue:

_An
0, =0 (1 + pE)F,
16



KOTOpOE€ TIO3BOJISIET IIOCTPOUTH pacmpesesieHne TemieparypHoro mois 1o (10). OcymecTmiss
oOpaTHBII MEpPexo]] K IepeMeHHBIM (1, 1), HaxoIuMm pemeHHe MCXOIHON HaYalIbHO-KPaeBOoH 3a1aun

(0} z
_ @y O ah 7 Ay 8, __T°F (=,
T ty=T®}¥> NE;LM@}( } 1Fy (g 2’ 4R§El+§‘€)) +F

3ametum, uro upu [ — ( nonyquﬂoe pemenue OyaeT B CWIYy  aCHMITOTHKH
TUIIEPTeOMETPUUECKONl (PYHKIMK M TEPBOrO 3aMEYaTelIbHOTO Tpeesia CTPEMHUTHCS K H3BECTHOMY
PEIICHUIO 33J]a4i TEIUIONPOBOIHOCTHU IS IIapa (PUKCUPOBAHHOTO pajnyca C KPaeBBIMH YCIOBUSIMHU
tuna Jupuxie:

7 B0 —Antgs T 2.2
_ ey oo V2B e nlginr/d,) @ _ mtn
T(?‘,E)—TC)Em=l - +T®@, 2, = RZ "

]

4. Anaau3 pe3yJabTaToB. Tak Kak pacrpejielieHHe TEeMIIEpaTypHOTO IOJS B PacTyIIeM IIape
cTpoutcs B (hOopMe CHEKTPaIbHOTO pAa3IOKEHHS, MEPBBIM IIarOM B IOCTPOCHWHU pEIIeHHS OyaeT
OTBICKaHHE CIIEKTpPa pacCMaTpUBAEMOTO JHHEHHOTO omeparopa. Ha puc. 1 mpencraBineHbl rpaduku
CcOOCTBEHHBIX (PYHKITHI JIMHEHHOTO orepaTopa A.

15 gir) -

Puc.1.

Jns wmccnmenoBaHms OCOOCHHOCTEH TeMITEpaTypHOTO TIONS pPacCMOTPHUM Ciydail, Koriga B
HaYaJbHBIH MOMEHT BPEMEHH TeMIlepaTypa BO BCEX TOUYKax Ilapa OJMHAKOBA. Toraa 3BOJFOIHS
TEMITEpaTypHOTO OISl TpH (DUKCHPOBAaHHOM 3HAYCHHH Mapamerpa [f mpencraBieHa Ha puc.2(a).
CpaBHeHHE paclpe/e/icHH TeMIIepaTypsl MPU Pa3NYHBIX 3HAYCHHSAX mapamerpa [f B HEKOTOPBIN
(hUKCHPOBAaHHBIN MOMEHT BPEMEHH MPEICTABICHO Ha pHcC. 2(0).

Puc. 2.
Pabora BeimmonHeHa npu nogaepkke rpantop POOU N 11-01-00669-a, 12-08-01119-a, 11-08-
93967-I0AP _a.

17



JIUTEPATYPA

1. ApytronsH H.X., Mamxupos A.B., Haymos B.3. KonTakTHbIE 3a1aun MEXaHUKU PACTYILUX TeEIl.
M.: Hayka, 1991. 175 c.

2. Mamxupos A.B., [lapmun JI.A. HapamuBanue BI3KOYIpyroro mapa B EHTPaIbHO-
cuMMeTpuaHoM cunioBoM mone// 3. PAH. MTT. 2006. Ne 1. C.66-83.

3. Jlerue C.A. CBsi3aHHas qUHaMHUYecKas 3aiada TepMmoBszkoymnpyroctu// M3s. PAH. MTT. 2008.
Ne5.  C.95-113.

4. JlsrueB C.A., JIprueBa T.H., MamxupoB A.B. Hectannonapusie konebanus pactymei Kpyrioi
mwiactuabl// Uzs. PAH. MTT. 2011. Ne 2. C.199-208.

5. JIeraeB C.A., Mamxupos A.B., KO6ep C.B. 3aMKkHyTBIE pemIeHnsT KpaeBhIX 3a/1ad CBA3aHHOU
tepmoynpyroctu// 3B. PAH. MTT. 2010. Ne 4. C.138-154.

6. Kysnenos C.U., Mamxupos A.B., ®engotoB U. 3agaya TennonpoBoIHOCTH AJISl pacTyIIero mapa //
Uzs. PAH. MTT. 2011. Ne 6. C.139-148.

7. Hopankwuit C.B. Teopus ynpyroctu. M.: Mup, 1975. 872c.

8. 3aitueB B.®., [TonsHun A./l. CipaBoYHUK TI0 OOBIKHOBEHHBIM JU(PPEepeHIHATBEHBIM YPaBHEHUSM.
M.: duzmataut, 2001. 576¢.

9. Cenmrxkuit F0.9., JIsrues C.A. OmnpeneneHnue HOPMEI siep KOHEYHBIX HHTETPATBHBIX
npeoOpazoBaHuil U UX NpwiiokeHus // V3B. By3oB. Maremaruka. 1999. Ne 8. C.60-69.

CaejieHus1 00 aBTOpax:

MamnxupoB Anexcanap BuaanumupoBuu — 3aB. nabopaTopuell MOIENHpOBaHHS B MEXaHUKE
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MOCTPOEHUE ITPUKJIATHOM TUHAMHWYECKON MOJEJA MAUKPOIIOJSAPHBIX
OPTOTPOIIHBIX YIIPYI'UX TOHKHUX BAJIOK ACUMIITOTUYECKUM METOAOM

Maprapsan JL.M.

B nmanHoif paboTe B TOHKOH INpPSIMOYTOJBHOH O0OJIaCTH paccMaTpUBAEeTCsl HadallbHO-TPAaHWYHAs 3ajada IUIOCKON
JMHEHHON MUKPOIOJSIPHON TEOPUHM YIPYrocTH [uisi opToTpomHOM Oanku. Cuuraercs, 4YTo oOllee HanpsHKEHHO-
1e()OpMHUPOBAHHOE COCTOSHUE MOXKHO Pa3/IelIMTh Ha BHYTPEHHIOKO 33/1auy U IOrpaHCiIon (10 KOOpJUHATaM M 110 BPEMEHN).
ACHUMNTOTHYECKHM METOAOM TOCTPOEHa BHYTPEHHSIS OHOMEpPHAs 3a1a4a 1 IOTPaHCION 10 KOOpAUHATaM U 1o BpeMeHu. Ha
OCHOBE CpaIMBaHHs BHYTPEHHEIl 3adaun M yKa3aHHBIX MOTPAHCIOEB OINPEACNICHBl COOTBETCTBYIOIINE TPAHUYHBIE K
HavaJbHBIC YCIOBHA. B nTore moctpoena Matemariudieckast MOJENb MUKPOIOJISIPHBIX OPTOTPOIHBIX YIPYTUX TOHKUX OallOK ¢
HE3aBUCHMBIMHU HOJISIMH NIEPEMENICHIH U BpalleHNH U 000CHOBBIBACTCSI COOTBETCTBYIOIIAsT MOJEINbF MUKPOIIOJSIPHEIX OalloK,
IIOCTPOCHHAs] HA OCHOBE METO/1a TUIIOTE3.

1. BBeneHue. ACUMITOTHYECCKHI METOJ B KIIACCHYSCKON TEOPHH TOHKHUX O0OJIOYEK, MIACTHH H
0anok pa3BuT B paboTax [1-4] u Apyrux. ACHMOTOTUYECKHI METOJI B TEOPUH MHUKPOTIOJISAPHBIX 0aloK,
mIacTHH W 000J0YeK pa3BUT B pabotax [5-7]. B pabortax [8-11] Ha oOCHOBE KadeCTBEHHBIX
pe3yIabTATOB ACUMITOTHYECKOTO METOJa HWHTETPUPOBAHUS TPAHWYHBIX 3a7ad  TPEXMEPHOU
(IByMEpHOI1) MUKPOTIOJISIPHOM TEOPHUU YIPYTOCTH B TOHKHMX 00JacTSIX c(hOpMyJIMPOBaHbI aIcKBaTHBIC
TUIOTE3bl W TIOCTPOSHBI OOIIME TEOPHH MUKPOIIOISPHBIX YIPYTUX TOHKUX OO0O0JIOYEK, IUIACTHH
(6amox). B pabote [12] pa3BUT acHMNTOTHYECKUI METOJ pabOTHI [5] M3ydeHHUS TPaHUYHBIX 3a11a4
IJIOCKOM MUKPOMOJIAPHON CTaTUYECKON TEOPUHU YNPYTOCTH IS M30TPOIMHOTO MaTepuana B TOHKOH
MPSIMOYTOJILHOW 00JIACTH, TOCTPOEHA ACHMITTOTHYECKH TOYHASI MOJEIh MUKPOITOJISIPHBIX H30TPOMHBIX
YIPYTUX TOHKUX 0aJloK 1 000CHOBaHAa COOTBETCTBYIOIIAS MaTeMaTHYECKash MOJIENb, TIOCTPOSHHAs Ha
ocHOBe MeToa runotes [8]. B manHoi paboTe pa3BUBaeTCs aCUMITOTHYECKUHA TOAX0[ padoTs [12]:
ACHMIITOTHYECKAM METOAOM TIOCTPO€Ha MaTeMaTH4YecKash MOJelb IWHAMHKH MHKPOIIOISIPHBIX
OPTOTPOIHBIX YIIPYTUX TOHKUX OAlOK C HE3aBUCHUMBIMH IOJISIMH TIEPEMEIICHUN W BpaIICHUA U
00OCHOBBIBAETCSl COOTBETCTBYIOIIAsI MOCIh MUKPOIOJISIPHBIX 0allOK, TIOCTPOCHHAS HA OCHOBE METO/1a
runotes [11].

2. IlocTpoeHue BHYTPEHHEr0 UTEPANMOHHOIO npouecca. OCHOBHbIE YPABHEHUSA NMPUKJIATHON
MoAeIH JUHAMHMYECKOr0 W3ruéa MHKPONOJSIPHON OPTOTPOMHON YNpPyroi TOHKOH Oajaku ¢
HE3aBHCHMBIMH TOJISIMH TepeMellleHHii U Bpamenuii. bynem paccmatpuBaTh MPsIMOYTOJIBHUK
(0<x,<a,-h<x,<h) Kak IUIOCKOE YNPyroe MHKpOHONsIpHOe Teno. OCHOBHBIE YpaBHEHUS,

TpaHUYHbIE U HadaJbHBIE YCJIOBUS IUIOCKOM JMHAMHUYECKOW 3aJadll MHUKPOIOJSPHONH TEOopUH
YOPYTOCTH JJIs1 OPTOTPOITHOTO MaTepHaja B IPSAMOYTOJIbHON 00JacTu npuBeaeHsl B pabore [11].
IIpeanonoxkuM, YTO BHICOTA NPSIMOYTOJbHHMKA Majla [0 CPaBHEHHIO C €ro JUIMHOH, T.e.

h . . .
2h<<a, O =—<<1-O0CHOBHOM MaJblii TC€OMETPUUECKHI mapaMeTp 3aaaud. llpu BBeIACHUH
a

HaAJeXKalux MaciuTaboB A KOOPAMHAT W BPEMEHH AMHAMHYECKHE YPaBHEHHMs IUIOCKOW 3a1adu
HECUMMETPUYHON TEOPUH YIPYTOCTU MPUHUMAIOT (pOpMY, B KOTOPBIX MAaIIbIid MapameTp OyIeT CTOSTh
nepe HEKOTOPBIMH TIPOU3BOIHBIMY, T.€. ITOyYUM CHHTYISAPHO-BO3MYIIEHHYIO C MAJIBIM TTapaMeTPOM
0 HayalbHO-KpaeByl0 3ajady. lIpm mMOCTpoeHMM BHYTPEHHETO WTEPAlMOHHOTO IIpolecca B
YKa3aHHBIX JBYMEPHBIX IWHAMHYECKAX YpaBHEHHSX MepernéM K Oe3pasMepHbIM BETUYWHAM U
BBIMOJIHUM 3aMEHY HE3aBUCHMBIX I€PEMEHHBIX — KOOpOMHAT X;, X, M BpeMeHH I cleayromum

obpazomM:
Xy X, t o N} = G — Hiz = U+ |
=—, =—, T=— t :5 — |, Oijj = —, i — T, U'Z—, |=— 21
PR t, |° ¢ VT A T, T a 5¥ ph? &

31ech BEIMUMHA 0 XaPaKTEPHU3YyeT M3MEHSAEMOCTb HalpsSKEHHO-1e(OPMHUPOBAHHOIO COCTOSHHUS BO
BpeMeHH. B urore momyunm Oe3pasMepHBIE CHHIYJSPHO-BO3MYIUEHHBIE C MajbIM HapamMeTpoM o
ypaBHeHus. PemeHne Takum 00pa3oM IONy4E€HHOH CHCTEMBl YpPaBHEHUI OTBIIIEM B BHUIE
ACUMIITOTHYECKOTO pa3iokeHNs (BHYTPEeHHEE aCUMIITOTUYECKOE Pa3IoKeHHUE)

= S S
Q=57)5°Q%, 2.2)
rac Q — HaIps’KCHUS (CI/IJ‘IOBLIC u MOMCHTHLIe), NEePEMECIICHUA U MOBOPOT, ( — HAaTypaJbHOEC 4YMCIIO,

KOTOpOC Id  pPa3jiMYHbIX  BCJIIMYMH  Pa3HOC U OINPCACIACTCA W3 YCJIOBUA  IMOJTYUCHUA
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HerOTHBOpG‘{I/IBOﬁ pCKyppCHTHOI‘/'I CHUCTEMBI ypaBHeHI/Iﬁ B ACHUMIITOTHYCCKHUX l'[pI/I6J'II/DKCHI/I$IX; S—
HOMEp aCHMITOTHYecKoro mpubmmkeHus. B ciydae 3amaum u3ruba OpsSMOYTOJIbHUKA ISt
BEJIMYMH @, K, TONTy4nM CIeayIoIIne 3HAYCHUS:

o=-1, k=2, q=10 T UL A 2.3)
1 o2, O12, U2, fl3, O

PaCCMOTpHM HCXOOHOC HpI/I6J'II/I)KeHI/Ie S =0 11 BHyTpeHHeFO I/ITepaLII/IOHHOFO Hpouecca. II.H;{
HepeMeH.IeHHfI, CBOGOI[HOFO HOBOpOTa, CHJIOBBIX U MOMCHTHBIX Hapr{)KeHHﬁ HOHyLH/IM CHeI[yIOH_[He

BBIpa)KCHI/Iﬂi

_ 0 _

UZ( —U (5 T) w3(0):a)3(0)(§,2_), ul(O):§W1(O)(§JT)7 (2.4)
(0) 0 (0) A LA 0 ©0)_ ALA 0 (0) () 8212(0) oC 2 6282(0)
v, =|l-ws+ L7 O 21 178 S O12 §, on ' =|- + 20 > ¢,

A, Ag — A78 AP — 78 o¢ A, or
0 0
_ (0) _ (0) 0 0 2~ (0)
O_ B 00 _ ) (g, 0 _ _&_(o O_ ()J+|p00 0 a“ 2.5
Hiz azA“ o0& Hiz (fa )a Hos o¢ 12 21 A, 2 ¢,(2.5)
— o AnAg A [aw® 0 ] A0 o 0
on =—1" = —03") |+-2 062" =01 (g‘g,r),
Ay Ag og Agg
. . (2.6)
_ 0 0 (0) (0) 2 A2, (0)
011(0)20'11(0)4/: 0'11(0)2 A“Azz 61// A12 —8012 +pCO 0 U22 <,
A1 1 Azz o0& Azz o Al 1 or
0 (0)
0 (0) 2 2 ~2.(0)
o = A on 402 L ¢ 9o £ 0 ||, 2.7)
2 o¢ A, or

3nece Ay, AL, Ay, Ayl Ay, Ay, Bge— ynpyrue ko3(hGHIHMEHTH! MEKPOIOISIPHOTO OPTOTPOIHOTO
Mmarepuana B IUIOCKOH 3amaue. Benmnmuuna o, B ¢dopmyine (2.7) mpuBeleHa B pa3MEpHOM BHIE.

®Gopmynbl (2.4) XapakTepU3YIOT KHHEMAaTUKy JeQOpMallyd 110 BHYTPEHHEMY HTEPAllMOHHOMY
nporieccy. OHH TOBOPSIT O TOM, 4TO B Iporiecce AehopMaIui HOpMAIbHBIN K CpeTHEH JTMHUU TOHKOTO
NPSMOYTOJIHUKA JJIEMEHT OCTAeTCsl MPSIMBIM, HO HE MEPIEeHAUKYISPHBIM K ae(OopMHpPOBaHHON
cpenHeit ymHWMU. Kpome TOro, CBOOOAHBIN TOBOPOT TOYEK MPSIMOYTOJILHUKA HE 3aBUCHUT OT
HIOIIEPEYHON KoopauHaTel X,. B paborax [§8,11] 3T0 mosjoxeHue NPHUHATO Kak KHUHEMAaTHYECKas

TUTIOTE3a JUIS TIOCTPOEHUS TIPUKIIATHOW ONHOMEPHOW MOJIETN MHUKPOIOJSAPHBIX H30TPONHBIX H
OPTOTPOITHBIX YIPYTUX TOHKUX OayioK. B yka3aHHBIX paboTax 3Ta rurmoTe3a Ha3BaHa 000OMIEHHON Ha
MUKPOIOJISIPHBIA  cilyyall KuHeMaTudeckod rumnore3oi TumomeHko. Ha ocHoBe mnoiayyeHHOro
pe3yibTaTta, €CId BBECTH YCpPEHHEHHBIE YCWIMS W MOMEHTH [8, 11], B wWrore mpuxommMm K
OJIHOMEPHBIM JIMHAMHYECKAM YpPaBHEHUSM MOJEIM MHKPOIOJSPHBIX OPTOTPOMHBIX OaloKk ¢
HE3aBUCUMBIMHU TIOJISIMH MIEPEMEIICHUN U BpAIllCHUI:

YpaBHEHUS IBIKEHMUS:

oM 2h3 azw ON
N, ——L=h(X*=X")- L = +Y ) +2 ,
21 ax ( ) atz 8X (Y ) ph tz
oL | OZQ | 29
2 +N,-N,,=—(M*"+M7)+2lh
OX,

CoOoTHOIIIEHUS YIIPYTOCTH:

A, h? _
N, =C7; 0, + €05, Ny =Cply + 0y, Ly =dgekys, My, =D Ky, +A_12T(Y+ +Y ) (2.9)
22
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FCOMeTpI/I‘-ICCKI/Ie COOTHOUIICHHUSA

oW 0Q oy

I,=—-Q,, I, =y, +Q,, k,=—2, K, =—L. 2.10
12 ox, 3 21 =¥ 3 13 ox, 11 ox, ( )
B COOTHOIIGHUSIX  YIOPyrocTH (2.8) BemmuuHBI  C,y,Cgq,Cqq,0¢q, D)y, — XKECTKOCTHBIC

XapaKTePUCTUKHU OaJTKH:

2h% A A, - AL
Cyr = 2hAs;, Cgg = 2hAg, Cog = 2hAq, dg = 2hBye, Dy, = 3 HAQ; = 2.11)
22

OTMeTHM, 4TO TOSTyueHHast cucteMa ypaBHeHui (2.8)-(2.11) NOJHOCTHIO COBMAAET ¢ OCHOBHBIMU
YPaBHEHUSMHU TPUKIAIHON OJHOMEPHON MOJENA TUHAMHKH MHKPOIOJSPHBIX OPTOTPOITHBIX TOHKHX
0aJoK, MOCTPOCHHOM Ha ocHOBe MeTona rumote3 [11]. Pasnuna nums B Tom, uto anst M,, B pabote
[11] momywena dopmyna M, =D, K,,. Oro pesymprar Toro, uro B 3akoHe I'yka cuioBoe
HanpsDKEHUE O,, MNpeHeOperaeTcs OTHOCUTENBHO CHJIOBOTO HAINPSXKEHUS O, KOTOpOE €cTh
M3BECTHOE MPEATIOIOKEHNE B TECOPUHN U3rnda 0ajok.

3. IocTpoeHue MOrpanHcioeB MO0 KOOPAMHATAM M BpeMeHH. CpaniuBanue acCHMITOTHYECKUX
pazio:kenuii. I'paHuyHble M HayaJbHble YCJIOBHMS NPHUKJIAIAHOH MOJeJHM MHKPONMOJISPHBIX
0asiok. /st momydeHus TPaHUIHBIX YCIOBHH 711 OMHOMEPHBIX ypaBHeHUH (2.8)-(2.11) mpukinanHoit
MOJIENTd MUKPOTIOJNAPHBIX OaloK 0oOpaTuMcs K HM3YYEeHHUIO KpaeBBIX YNpyrux siBieHud. s sToro
BBeJEM B YpaBHEHHs IUIOCKOM AMHAMHYECKOH 3aJadd MHKPOIOJSpHOW Teopuu ynpyrocta [11]
cienyromue mpeoOpa3oBaHUs KOOpAMHAT X,, X, (w11 OokoBoro kpas X, =0), Bpemenn t u
neperéM K 0e3pa3MepHBIM BETHYHUHAM 10 CIEAYIOUUM (QOopMyIaM :

_ Xl _ X2 _ t t _50} h ___ _ O-ij - _ /ui3 __ _ ui I__ I 3 1
51_?’ g—?, T=— |l =0 —| O'IJ——A > ERYN ui=—, =% .2 (3.1
t Co 11 11 a 6" ph
Pemenne mpeoOpa3oBaHHON TakuM 00pa3oM CHCTEMBl ypaBHEHHH OTHIIIEM B BHIE
aCUMIOTOTUYECKOIr0 Pa3IOKEeHUs

R=5%Y 5°R®, (3.2)

rae R — m00as u3 BenMUHH paCCManHBaCMOfI 3agauu; y — LCJII0€ YHCJI0, KOTOPOC XapaKTCPU3YyCT

WHTEHCHBHOCTH MOTPAHUYHOTO CIIOSI; N3MEHSEMOCTh @ HANPKEHHO-Ie(OPMHUPOBAHHOTO COCTOSHHS
BO BPEMEHH JOJDKHA COOTBETCTBOBATH 3HAUEHHWIO JUISI BHYTpeHHEH 3amaun. Takum oOpazom, st
BEJIMYUH Jg, @, K TIOITydnM:

Xoy =X Xuy =X Xo =X+ Ko =2+, 0=-1, k=-2. (3.3)

[Toce moxcranoBku (3.2) (¢ yuérom (3.3)) B mpeoOpa3oBaHHYIO CHCTEMy Oe3pa3MEpHBIX YpaBHEHUI
IJIOCKOM 3a1a4ud MKPONOJIIPHOW TEOPHM YIPYTOCTH NPUXOJUM K CHCTEME YPABHEHMI MOIPAHCIIOS B
ACUMIITOTHYECKUX TPHOIMKEHHUSIX. MOXHO TMOKa3aTh, YTO PEIICHUE MMOTPAHCIOWHON 3a/layd UMeeT
OINpeaENEHHbBIE CBOICTBA, KOTopHe B MCXO/JHOM NpHUOIIKEeHUN S = 0 BBIpaXaroTcs Tak:

[ou(e =0Ms =2~ jdgja u

a 2
j;n(s)(e;l=o)d§=jd§T(Elz(s‘”—_ e, - lpc“ jd4j8w3 dé;,

L A ) — e Ipc,2a’ b t0%w,
f“’s()(flzo)dsz—“JdCI(Uﬂ( U -ou ”)fldfﬁ p;° Idéj O _edg,  GY
-1 - 66 -

2
66 or

A77§88AA78 J‘lu S(f )dé’— 77'2?;‘78 78 J’ldgj sldégl

Ié,dé,ja U1 dfl Agg pCO J’ qa U2252 £de,
A, or

Fu“)(eﬂ =0)d¢ +
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Lou,© A771 u,”
[ (g =0 + 2 [ X2 (£ ~0)dg =0.

o¢ Asg e} 94,
B pesynpTare cpammBaHHA BHYTPEHHETO U IOTPAHCIOWHOro pazioxeHud mni S=0, c
UCIIOJIb3bIBAaHUEM CBOUCTB (3.4) morpaHcios, MOJIy4aloTcsl TPaHWYHBIE YCIOBHUS IS OJXHOMEPHBIX
ypaBHeHwuii (2.8)-(2.11) MPIKpOHOJIHpHBIX Oaoxk:

3arpy>KEHHbIN Kpaii: l\/l11 J.Xz(pldxz , le I@zdxz , L13 \n0 J.(p3dX2, (3.5)

3alIeMIEHHBIN Kpal: |, _ x-0 =0, Q3|X =0 3.6)
h

LIAPHUPO-ONEPTHII Kpaii: M11|xl=0 = I X0,0x, , wf,_,=0, L13|Xl=0 = I(p3dX2. (3.7)
: “h

Jns mosrydeHHsl HAYalbHBIX YCIOBHH JUIS CHUCTEMBI OJHOMEpHBIX ypaBHeHuit (2.8)-(2.11)
MOCTPOMM TIOTPaHCIONW 10 BpemeHH 1, cumras t=0 cBoero poja TpaHHIEH, W BBOJUM
MOTPAHCIIONHOE SIBJIEHWE OKOJIO ATOW TpaHuipl. Ha oOCHOBaHMM Takoro mnoaxoja  BBEAEM B
paccmorpenue pononHutTenbHoe HJIC, mMeromee mo BpeMeHH OOJNBINYI0 U3MEHAEMOCTh U Ty Ke
M3MEHSEMOCTh 110 KOOpJMHATaM, KOTOPYI0 HMeEeT BHYTpeHHss 3amgada. Takoe HJIC BwI3bIBacT
BBICOKOYACTOTHBIE KOJE€OaHWS 10 TONIMUHE Oanky, Hambolee OTYETIWBO TMPOSABISAIONIEECS B
HepeXOI[HBIﬁ MOMCHT BPEMCHH OO0 YCTAHOBUBHIUXCA AWHAMUYCCKUX HBHCHHﬁ, OIpeaAcCIAE€MbIM I10
TEOpUU BHYTpeHHeH 3amaun. BBeAéM B ypaBHEHUs IUIOCKOH 3a/layd MUKPOIOJSPHONH TEOpUHU
YOPYTOCTH JUII OPTOTPOITHOTO MaTepuana mpeoOpa3oBaHHUs KOOPIAMHAT W BPEMEHHU W TEpeHsieM K
Oe3pazMepHBIM BenmmuuHaM 1o Gopmyiam (2.1). Pemenne nmpeoOpa3oBaHHONW TaKHM 00pa3oM CHCTEMBI
oTeiiieM B BuAe (2.2), TAe IS BeIMYMH @, K, ( Ha OCHOBE HEKOTODPBIX OINPEAEIISIOINX

TpeOOBaHHI HMEeM::
0 U, U, @ ;
35 M3
w=0 k=-2, q= R (3.8)
1 Ol11,02,02,012, iy
[Tocne noacranoBku (2.2) (c yuérom (3.8)) B mpeobpa3oBaHHYIO CHCTEMY Oe3pa3MEepHBIX ypaBHEHUH
IUIOCKOW 3a7a4d MHUKPOIOJSIPHON TEOpHM YNPYTOCTH JUIS OPTOTPOITHOTO MaTepHayia MOIyYuM

0,0 5,0 4, ©

OTOCJIIbHBIC ypaBHeHI/Iﬂ FI/IHep6OHI/IT-IeCKOFO TUIIA IJI9 BEIWYUH U] ,CO3 . CI/IMBOHI/I‘-ICCKH B
NUCXOJHOM ACUMIITOTHUYCCKOM HpI/I6HI/DKeHI/II/I 9THU ypaBHEHI/Iﬂ MOXEM 3aIIucaTthb B CHCI[YIOHICM O6HI6M
BUEC:

o’u 1 d%u
oc?  al oz
rae a— KOS(l)(bI/IL[I/IeHT, BLIpa)KaIOH.[HﬁCﬂ qepe3 pryFI/Ie KOHCTAHThI MaTepI/IaHa HpHMoyFOHLHI/IKa

0,0 15,0 4, ©

(BTOT KOS(l)(I)I/II_[I/ICHT MIPUHAMACT pPaA3HbIC 3HAUCHMUA I BCIIMYMH U

=0, (3.9)

). B ucxomnom
npubImKeHnn K ypaBHeHusM (3.9) cieayeT NpUCOEAWHHUTH OAHOPOJHBIC T'PAHWYHBIC YCIOBHUS Ha

TCNTRICN

¢ ==1. [locTpous o0IIHEe peNICHHS TTOYICHHBIX TPAHUYHBIX 3a7a9 (OTASIBHO I Ui

W TPUMUCHIBAsT WX OCHWUISIMOHHBIA XapakTep, Ha OCHOBE CpAIUBaHUS C BHYTPEHHUM
UTEPAIMOHHBIM TIporieccoM mpu S =0 TONyYuM HadanbHbIC YCJIOBHS JJIsi OJHOMEPHOW CHCTEMBI
ypaBHeHHi (2.8)-(2.11):

| _Lpty o oy, _1jo/| L OR
S A A N | ey 2\, o), S
h h
1 ow 1
W _E_jhfz(xl,xz)dxz, Al _E_jhlzz(xl,xz)dxz, (3.10)
h h
1 o0 1
Q3|t:0 :EI¢3(X1’X2)dX25 6t3 . —hjq)3(X1,X2)dX2.
—h t= —-h
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Takum 00pa3oMm, Ha OCHOBE aCHMITOTHYECKOTO METOJa IOCTPOEHA MPHKIAaIHAs MOJEIb ANHAMHUKH
MHUKPOTIOJIAPHBIX OPTOTPONHBIX YIPYTHX TOHKHUX OaJOK ¢ HE3aBUCHMBIMH TIOJIIMH TEpEMEUICHUN U
BpalleHui: ypaBHeHUsl OBMkeHHs (2.8), ¢usmueckue cootHomeHus (2.9), (2.11) reomerpuueckue
cootHomenus (2.10), rpannunsie ycnoBus (3.5) (mubo (3.6), (3.7)) u HavanpHBIe yenoBus (3.10).
[loctpoeHHass Mojenb TOJHOCTEIO OOOCHOBBIBAET —AHAJIOTMYHYIO MOJENb  MHKPOIOJISPHBIX
OPTOTPOIIHBIX 0allOK, HIOCTPOSHHYIO Ha OCHOBE MeTo/a runote3 B padore [11].
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HECTAIIMOHAPHASI 3AJIAYA 3AJIEYUBAHMS TPEIUHBIL, IBUKYIIENCS C
NEPEMEHHOM CKOPOCTBIO
Maprtupocss A.H., Innynn A.C., laBTaH A.B.

Jla/Tcs aHAIMTHYECKOE pEIICHHE 3aJadd O 3aJI€YMBAHUM TPEIIMHBI, ABIDKYIIEHCS C MpPOU3BOIBHOI CKOPOCTBHIO,
HCCIIEIyeTCsl XapaKTep KPUBBIX MpoLecca 3aJICUMBAHUSL.

1. AHauTHYecKOe pelleHue 3a/1a4H.
PaccmarpuBaeTcst HecTalMmoHapHas CMENIaHHAs 3a/ada Il MOJYIUIOCKOCTH, KOT/Ia TOYKa
paszena TpaHUYHBIX YCIOBHHM JBIDKETCS C TEPEMEHHOH CKOpOCTHIO. PaccmatpuBaercs
noTyOecKOHeYHasl TPEIlMHa, B KOTOPOM, HaunHas ¢ MoMmeHTa ¢ =(, UMeeTcs MOTOK IKUAKOCTH C

NPUMECSIMHU, U Kpall KOTOPOH ABMKETCS 1O IPOU3BOJIBHOMY 3aKOHY X =/ (t) B rpannuHbIX ycaoBuUsIX

YUYHUTHIBAETCS HAPAIMBAHWE TPAHUIbI TPEIIMHBI U IOKA3aHO, YTO HA Kpae TPEUIMHBI, T.e. NpH
x —> ((1) ocobeHHOCTEl HE MMEeTCs.

B cayuae HymeBoil CKOpPOCTH IBWXKEHHSA Kpas TpPEIIMHBI 3ajada HapalliBaHWUS TPaHUIIBI
TPEIIMHBI aHATUTHYECKH U YUCICHHO HCcliefioBaHa B [6], C 00CYKIEHUSAMH BO3MOXKHBIX IPUMEHEHUH
pe3yNbTaTOB K TE€OTePMAIIbHBIM, TEXHOJOTHYECKHUM, OWOJNIOTUYECKMM TpelMHaM. Bwmecte c Tem,
MPEJICTABIIIET WHTEPEC W3yYEeHHE COOTBETCTBYIONIMX 3aJad 3aJICYMBAHHUSA TOIOOHBIX TIOJOCTEH H
pa3IoMOB, Ha3bIBAEMBIX B [6], YCIOBHO TpemMHaMH, KOTAa, KpOMe IMOTOKa (JIfoMaa B HUX HMMEEeTCs
JIBUKCHHAE CaMOT0 Kpas pas3iioMa C IPOU3BOJIBHOM CKOPOCTBIO, MPUYEM, TMOJOOHOTO pOjAa 3ahadu
paccMaTpHUBaIKCh B pa3HbIX BapuanTtax B [10], [11], [12].

PaccmoTtpuMm cienyromyio 3afady, KOrja rpaHiYHbIE YCIOBUS UMEIOT BHL ( y= O):

crxy=0,—oo<x<oo; V=0,x>0(t)
_ 1.1)
K(a*-2b’ : (
F, u+§ U, (Kap, ce | — 0 H(x—8)H(1—1),x < (1), & < ((x)
ot P, EN P, o p,

TIeE E(t)—saKOH IBWOKEHUS Kpas TPEeIUHBL, K — KO3(QQUIMEHT HapalluBaHUS TPAHUIIBl TPEIIHHEIL.

Ilpu t =0 umMeeMm HyJeBbiC HAYAIbHBIC YCIOBHS. 3HAUYCHHUSI TEPMOYMPYTHX U TEPMOAU(P(Y3HOHHBIX
noctossHHBIX B (1.1) maéres B [6], [10], [11]. Pemienne ypaBHeHHH TEpMOYNPYTOCTH MPH YCIOBHAX
(1.1) wumercas wmeromom cBeptok [7], [9], [12], mpuwuém, I BEpTUKAIHLHOH KOMITOHEHTHI
MepeMeIeHNs TPaHUIIbl TPEIIUHBI oydnTes [12]

V(x,t)=%Re(A(lu+112)+121+122+123+124), (1.2)
a S ; . _|uth
e Inzj@(h)fﬂ(u) () ot \/1_ln P (Ll—l)H[a—Ll]dudh
! b u(x—§)+(f(t{')—§)[L]+hlz] 2uth (p]+\/:+£l b
a ‘\/ﬁ u+1
112:j‘F4()\/MT1\/T27— 1 -1 Nu-1 1 ( )du +
!

u-T 2Ju+1 ‘\/T+1+\/u+1

T u-—1

u+1

z : 0, - _
+iF ()| L L)) T R H(Ly-1)H | L~ 1L, |du
A (u-T)x-8)o, 2u+l \/u+1 ! b
' P N
u-—1L,
a T+h 1
a _
L, =[F (h) Linjonfi-tf, "’l*/? H(L 1)+ 2 NIzt | NTZINT R gyl
1 o Nh+1| 1-¢'h 2 \/T+h+1 h+1
T-1
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T+h B u+h
T—alb \u—afb

P bu=a)(b7-a)(T+) p
]23:!E(h)!5(u) (a-+#b)(T—u) iEN \/T+h +J uth (1_I*)H(T_b]dudh
T—alb \u-afb
@ a [T+h [u+ h
124:—]jF3(h)jF4(u) S DTamE-y ln‘ r-1_ ”_I‘H(I—Ll)dudh

+

(h+1)(T -u) 2Ju+h ‘\/T+h u+h‘

T-1 u-—1
7%d (a_/b,u)\/ﬁpz(u) Qi o :(;/b—u)\/u—l(u—T)Fz(u)’
F*’”W[ (=)o) ]wh A (T (e T
i) [, i ) o
Etn A= 5@, = " 7Ln: " > :19 =h> =1- 2 ) rac
(i) h, T e(:ﬂ)-g% e [ P T
F () = - BT;Z/bZJFZ(IiZ_KB)”zﬁTBz/a_ : G (),
n\/(ﬁfzz+2K2;K3u2BIl32] +(C“l3§)z(%(l3f)zf%uzj (1.3)
- l?’l‘gz/bz4'2(1(271('3)”261‘[32/Z
Fy(u)= ( ) G (u),

“\/ pi e+ uZBIBZJ +(c2—6§)2(%(ﬁr)2— < j

a

_ ;3 2 2 2 52 2
1a/b ?JC —1+2(K2_K3)C Ve -1 ?_C dC_ (1.4)

G (&) =Exp o j arctg = >
f ao
(k(€ —1)—[(2(;2)[2(;2 —ZzJ e

H (x)— enuanyHas ¢ynkous. Kak sugno u3 (1.2), mpu x — E(t) 0COOCHHOCTEN HEe MMEeTCs, 4TO B

JIPYTHX 337a4aX CTAaTHKH U AWHAMUKA U3BECTHO W3 pemieHuit padot [6], [12], [13].
JUnst 3aeuuBaHMs TPEIMH, JaBaeMoro ypasHeHnem b =0, b=b, + V(x,t), MoJly4yaeM ypaBHEHHUE

IUIs  TIpollecca  3alleYnBaAHMSA x(t) , KOTOpPOE pEIICHO YHCIEHHO JUIsi 3aJaHHBIX KOHCTAaHT
C,=10;a=10°cm/sec, a/b=3K,=0,8K,=03;:=10"; £=0;b,=10%107;102;10"
a,;=10.889; «a,,=%8.736i, oTkyna MOXHO B IUIOCKOCTH X, HOCTPOMTbL rpaduk mporuecca
3aJeYMBaHUsA Ul PA3NMYHBIX 3HadeHudt b, mnpm i,/ p, = 1072, C,=10;a=10’cm/sec,
alb=3%K,=0,8K,=03t=10"5=0;5,=10"; o ; =+0.889; o, , =+8.736i .

Jst mpumepa pacemotpuM cinydait by = 0.01cM, Torna momyuntes rpadux

=

Lararal
o k
»

favata Sl 0,02 0,04 0,06 0,08 0,1 012t
peLwiw )

L 2

-0,02

r 1

Puc.1. Kpusas 3aBucuMOCTH KOOpAUHATHI X (l ) 3aJIeuNBaHMs TPEIIUHBI IPH bo =0,0lcMm
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2. IlppuMeHeHNe MeTO1a HeJIMHEHbIX BOJIH K HCC/IeJOBAHUIO BEPOSATHOCTEH CTOXaCTHYECKHUX
IIPOLIECCOB.

JUId cTOXacCTMYECKNX MapKOBCKHX IMPOLECCOB X, ! MEPEXOAHAsl BEPOSTHOCTh p(lo, Xy, 1, x)
OT 3HAYEHUs CIY4YaiiHOW BenmumHbl & =X, B MOMEHT [, K BenuuuHe & =X B MOMEHT [
onpenenseTcs ypasueHnneM Konmoroposa—OiHmTeitHa—Pokkepa—IInanka—Pemest [1]

Op  Oap N 1 0°bp

o ox 2 o

rae a(x,t) Ha3bIBAETCA CKOPOCTBIO MEPEHOCA, B HAllled TEPMUHOJOTUHU [14] CKOPOCThIO THMHEUHBIX

2.1)

BOJHBI BEPOSITHOCTH, b(x,t) ectb kodp¢unueHt auddysun. a (x, t) XapakTepu3yeT CKOPOCTh
YHOPSI0YEHHOTO H3MEHEHHS MPOoIlecca B BUIE CpeHEeH KPUBOH X = )_c(t) , Ha3bIBAEMOT'0 TPEHJIOM, b

XapaKTepu3yeT OTKIOHEHHe & = X OT TpeHIa )_c(t). BBens ocpenHeHHbIE IO P BeNWYUHSI [ 1]

o0 0

f(t) = jxp(to, Xy, £, x)dx, )T(to) =X,, E(t) = Iap(to, Xy, 1, x)dx (2.2)

—00 —00

mudpdepenuupys  (2.2) mo ¢, wucnomb3ys (2.1), Tocie UWHTETPUPOBAHUS IO 4YacTsIM U
P(ty, o0, 1, x) =0, momysmm [1]

2

dx (Ax)

E:a(x,t), b(x,t):T

YTO ONpaBABIBACT BLINICYKA3aHHBIC COO6pa)KeHI/I$I O TPCHAC U OTKJIIOHCHHUN Ax ot HETO, b(x, f) €CThb

(2.3)

CKOPOCTh OpayHOBCKOTO NBIKEHHUs [1]; mpu 3TOM, HaWIsS OCPETHCHHBIEC BEIMYUHBI )_c(t) u Ax u3

SKCIICPUMCHTAJIBHBIX JaHHBIX, MOXXHO OIIPCACIATH HpI/I6HI/I)KeHHO aunb.

B yactHOM cityuae a(x,t) =a,+cx, a,, c=const, a(x,t) =a, +cx(t) ;a1 ¢ =0, Te.

IPSIMOTO TPEH/A, x(t ) =q,t,ams a,= 0 sKcTOHEHIIMATBHBIHA TpeHa Oyaer x(t ) =e”.

MO>HO BBECTH OZHOMEPHYIO (PYHKIHIO BEPOSITHOCTH

o0

P(t,x)= IP(to,xo)p(tO,xo,t,x)dxo (2.4)

—o0
kortopast [1] Takke ynosnersopsiet (2.1) u HauanbHOMY ycinoBuio P (to, x) =P (t, x) .
Kak u B BosmHOBOU nuHamuke [14], ecTeCTBEHHO B OKPECTHOCTH CpeOHEl KpHUBOM Mpolecca,

TpeHIa X = Y(Z) , TIPENICTABIIAIONIETO BOJIHY BEPOSTHOCTH, YIE€CTh 3aBUCHMOCTh CKOPOCTH BOJHBEI d

/ v
ot camoro peuieHuss P = P (t,x)—PO, T.€. Y4€CTh HEIIMHEHHOCTh B YKa3aHHOM ypaBHeHUH uisi P .

Mgl nojaraem, 4To UMeeTcs IpeaBapuTeNbHas JJAaTeHTHas 00JIacTh MajbIX M3MEHEHHH mpoliecca, Iae
pemenne xaotuuno, Tam P =P, P, =const u B CHly CHMMETPHYHOCTH MOXHO cuutath D, =1/2

[14],[15], a nmamee mporecc MmepexoAuT B 00JacTb OONBIIMX HM3MEHEHHWH mapaMerpa X K
caMoopranmu3anuu [4].

B atoii obnactu Gombrmx )_c(t) u dx (t)/ dt mpouecc GAM30K JeTepMUHHPOBaHHOMY [2].

YuuTeiBas 3T0, MOXKHO B HETMHEHHOH 3a7ade BEIOpATh I KodddumueHTa
a=a,+LP (2.5)
2

rae d, =const ecTb CKOpPOCTb JIMHEWHOH BONHBI B IIpeABapUTENbHONH obmacTH, ) =const —

HEJMHEWHBINA KO GHUIHUEHT, KOTOPBIN OMPEAEISIETCS IKCIIEPUMEHTAIBHO.
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/ vy
Torma, yuuteiBast, uto i P B nuHeliHOM ciydae uMeeT Mecto cHoBa (2.1), MOXHO B
vy / .
HEJTMHEHHOM CIIyYae OIsATh B3ATh st P ypasuenue (2.1) ¢ ya€rom nobasku Buza (2.5)

oP  0aP' 10°bP' OP oP' ,OP' 10°bP'
—_—=- +t—— —=—a,——yP—+-——

Ot ox 2 ox ot ox ox 2 ox
2

B obnactu Gobuux 3Hauenmii X, dx/df, Tae OTKIOHEHHS OT TpeHma (Ax) MaJbl B CUITY

(2.6)

b

3HAUYUTENFHON JeTepMUHALIMN MPOLIecca, MOKHO MPHONMKEHHO, KaK U B BOJTHOBOW MexaHuke [14],
npereOpeys M Hy3nOHHBIM WIEHOM B (2.6) U TOTy4IHTCS

OP' OP' oP'

—:—ao——]/P’— (27)
ot Ox Ox

T.€. HEIMHEWHOE YpaBHEHHE Ira30BOM TMHAMUKH, PEIIaeMOe METOI0M XapaKTepucTuk [14].
Jtst THOIAYIHBIX 337249 o0pa3yeTcsl yAapHas BOJIHA BEPOSATHOCTH [14], Bepeau KOTOPOi B CHITY

HayalbHEIX ycnoBuii, P’ =0, a mo3amu Hed onpesenserca P’ = P'(t) U3 YCTIOBHUH Ha yJapHON BOJHE

[14]. B gacTHOCTH, TIONyYaeTCs ISl HAKJIOHA yIAapHOW BOJIHBI xzx(t) M3BECTHOE U3 BOJHOBO

JTUHAMUKU COOTHOIIeHUE [14]

% = a, +%P’ 2.8)

Kak BunHo, (2.8) naer 3Hauenune a u3 (2.5), yToOBI CPaBHUTE C (2.3), MOTYyUEHHOTO B TMHEHHON
3aJa4e, MOXKHO TIOBTOPUTh T€ K€ BBIKIAAKH M HEJIWHEHHOW, B3sBb B (2.1) HETMHEWHBIH
koaddurment (2.5).

Torma nony4uTcst ¢ ya€tom p (t, + oo) =0,

d [ Oop ° Oap ° y %

—=\|x—dx=|x|-——dx=||a,+=P |pdx=a,+ | =P'pdx 2.9
drjwaz £(axjd£(°z "sz 29
Brauane, kak u B [14], cuuraercs uTo, mockombKy (2.9) ecTh cpeaHee 3HauyeHme P, P'(l)

AacTCA pCUICHHUEM Ha yz[apHof/'I BOJIHC, TOrla MOJIYIUTCHA C y‘léTOM ao ~ 0,
d)?(t)zZP,( ) @zdf(t)’dx(t)zizp’(t)’ y>0 (2.10)
a2 e di T odi 2

npu4éM, B TPETbEM YpaBHEHHH H00ABJICH 3HAK

[

JUTsL yOBIBAIOIIMX YacTeil KpuBOi puc. 1,

W OKOHYATEJIbHO, U3 HAKJIOHA AKCIEPUMEHTAJIBbHOM KPUBOM Mpouecca X = )_c(t) MOXHO ONPEACIIATh
/ o /

napametpsl ¥, P' coornomenuem (2.10). JIpyroit moaxox cOCTOUT B MPEANoaokeHud, uro P ectsb

BEPOSITHOCTH TPOLIECCa, ONMCHIBAEMOI0 INIOTHOCTBIO P, P = OP'/ ox .

Torma mpu B3ATHIX JOIyIIEHUSX CHOBa MMEOT Mecto (2.7), (2.8), Tombko B (2.5) HyXHO %

3aMEHUTH ¥, TIPH 3TOM, yxke (2.9) maér
ﬂ _7 P’
dt 2

I HCIOJb30BAHO, YTO P'(z‘,—oo)zO, U 0003HAUEHO P'(z‘,oo)zP'(t,x) I OONBIINX X B

2.11)

paccMaTpuBaeMoOi 00JIaCTH.
C nmomompio MeToJa HENTWHEWHON JWHAMUKA BOJNH [3], TO YyKa3aHHBIM rpadukam,
MIPEACTABIIIONINM CpPEAHUE KPHUBBIC IMPOIECCOB 3AJICUUBAHUSA M B TO KE BPEMs YIapHBIC BOJHBI

BEpOATHOCTEH  CIy4aiiHBIX —TPOIECCOB, MOKHO pemath ypasuenue dx/dt ~yP'[/2, rtne
P'=P-PF,,P,~0.5 a P—ectb BeposTHOCTb, npuuéM, ypasHenue (2.11) mns Basoe Gonblumx y

naet s P’ 6nuskue pesynbTarhl.
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Tak xak ISt MAKpPOCKOITMIECKIX TPEIINH, PACCMaTPUBAEMBIX B JJAHHOH paboTe, MPOIecChl MOXKHO
CUYUTATh TIOYTH JCTCPMUHUPOBAHHBIMU, MOXKHO JIJISI MAKPOCKOITUYECKUX Pa3MEPOB ITUPHHBI TPEIIIUHEI

(puc.1) B wuHTEpBase IO t(O; 0, OOICeK.) npeanonoxkute P=1,P'=0.5 u MOXHO HOIy4HTH

dx/dt =+4-10° m/cek., torna y =1.6-10*m/cex. Jlns b, =0,00lcM naxke B yka3aHHOM y3KOM

unTepBane no ¢ dx/dt Gyner B 10 pa3 Menblue, U 115 ykasanusix ¥, P'=1/20, T.e. npouecc Gonee

XxaoTn4eH. Takue e pe3yNbTaThl MOMYYaloTCs W JJs BCEX JAPYTHX Tpa(uKOB MHUKPOCKOIMYECKHX
pa3MepoB IMIMPHHBI TPEUIMHBI. 37eCh HCIONB3yeTCd METOJ YAAapHBIX BOJH BEpPOATHOCTH B
paccMOTpeHHE KPHUBBIX HPOLECC 3aJCYMBAHUS TPELIMHBI, YTO MOXET ObITh NPUMEHEH K OOpaTHBIM
IIporeccaM reHepalu MaKpOCKOIMYECKUX TPEUIMH IMYyTEM M3Yy4EHHsI KPUBBIX MPOLECC IEPEXona OT

MaJjblX MUKpPO- U ME30TPELIUHbI A0 MakpoTpewmuHnsl [16]. KcraTw, dx/ dt =%400 M/ CEeK. Ha puc.l,

4TO GIM3KO CKOpOCTH BONH Penes, a mnst b, = 10 cm dx/ dt =12 M/ CEK., 4TO Koppenupyer ¢ [8],

/i TMHEWHOW Teopuel MoKa3aHo HaIW4Ke ObICTPOM U MEIUICHHOM BOJIH ISl TPOLIECCOB B TPEILUHE.
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OB YCTOMYUBOCTH NPAMOYTIOJIbHOM IJIACTUHKHA, OFTEKAEMOM
CBEPX3BYKOBBIM IIOTOKOM I'A3A

Maptupocsu C.P.

B nuneiHol nocTaHOBKE HCCIENyeTCs yCTOMUYNBOCTh TOHKOW yIPYToi NpsSMOYTOJIbHOM MIACTUHKH MOCTOSSHHON TOJIIIIMHBI C
OJTHAM CBOOOIHBIM M TpeMs IIapHUPHO 3aKpEIUICHHBIMH KpasMmu. [lnacTiHka oOTeKkaeTcsi CBEpX3BYKOBBIM MOTOKOM ras3a B
HANpaBJICHHU OT CBOOOJHOTO Kpas K IPOTHBOIOJIOKHOMY MIAPHHPHO 3aKpeIvieHHOMY kpaio. C IOMOIIBIO YHCIICHHO-
aHAJIUTUYECKUX METOJIOB aHalIM3a II0Ka3aHa BO3MOXKHOCTb BO3HMKHOBEHHUS KaK [JUBEPreHLUM IUIACTMHKH, TaK H
JIOKQJIM30BaHHOI JMBEPreHIIMM B OKPECTHOCTH CBOOOJHOTO Kpas IUIaCTHHKHU. HalieHa KpuTHYecKas CKOPOCTh IIOTOKa,
KOTOpasi CyIIECTBEHHO 3aBHCHUT OT ko3 duienTa [Iyaccona u 0T OTHOCHTENBHOI ITMHBI M INUPHHBI MITACTUHKH.

1. PaccMoTpuM MpSMOYTOJILHYIO TOHKYIO YIIPYTYIO IUIACTHHKY, KOTOpas B JACKAPTOBOU CHUCTEME
xoopaunat OXyz 3amumaer obmacte 0<X<a, 0<y<b, —h<z<h. JlekaptoBa cucrema

koopaunar OXyz BwiOupaercs Tak, uto ocu OX u Oy nexar B IJIOCKOCTH HEBO3MYINEHHOM

miacturky, a ock OZ mepneHauMKy/IApHa K IUIACTMHKE M HalpaBleHa B CTOPOHY CBEPX3BYKOBOIO
MOTOKA ra3a, 00TEKArOLIETO IIACTUHKY C OJHOM CTOPOHBI B HanpasieHuu ock OX ¢ HEBO3MYIIEHHOM
ckopoctbio V . Teuenue rasa OygeM CUMTATh IUIOCKMM M MOTEHIMAIBHBIM. A Takke OyJeM CUMTATh,
YTO IUIACTUHKA HE MOJIBEpKEHA IEUCTBUIO YCUIIUMA B CPEIUHHOM MIIOCKOCTH.

ITycte kpomka X =0 mmactunku cBoGomHa, a kpomku X=a, Yy=0 wu Yy=Db wapuupuo

3aKpEIUICHBI.
BrIsicHUM ycIOBHSA, TTPH KOTOPBIX HapsIy C HEBO3MYIIEHHOW (GopMol paBHOBecHs (HEM3OTHYTas
TUIaCTMHKA) BO3MOKHA HCKpHBICHHAas (opma paBHOBecus (M30THyTasl IUIaCTHHKA), KOTIa H3THO
TUTACTUHKU 00YCIIOBIIEH COOTBETCTBYIOIIMMU a3pPOJUHAMUYECKUMH HArPy3KaMHU.
B mpenmonoxeHHM CHpaBeMTUBOCTH THNOTe3bl Kupxroda wu «mopmHeBod Teopum» [1]
middepeHmanbHoe ypaBHEHHE U3TH0a TNIACTUHKY OMKCHIBAETCS COOTHOIIEHHEM [2 ]

o'w o'w  o'w ow
Dl —F+2——=+—=5|[tapyY —=0,w=w(Xx,y). (1.1)
OX ox oy~ oy OX
3pece W=W(X,y) — mporu6 TOYeK CpPEAMHHON MOBEPXHOCTU IUIACTUHKH; P, — IUIOTHOCTBH

HEBO3MYIIEHHOIO IOTOKAa Tra3a, @, — CKOPOCTb 3ByKa B HEBO3MYILIEHHOW raszoBoil cpexe; D —

MUWIMHAPUYCCKAad JKECTKOCTD IJIACTUHKHU Ha M3ru0.
FpaHI/I‘lHLIC YCJI0BUA B IPUHATBIX HTPEATIOJIO0KCHUAX OTHOCUTCIIBHO crocoba 3aKPCIIJICHUA KPOMOK
HUMCIOT BU

2 2 2 2

OW, oW _o, 2[9W, 5 y)TW]_0, x=0; (12)

OX oy OX\ OX oy
o’w

w=0, =0, Xx=a; 1.3
v (1.3)
2

w=0, aWZO, y=0u y=b; (1.4)

ayz
rae vV — xo3ddunuent Ilyaccona.

TpeOyercst HaliTH 3HAYCHUS KPHUTUYECKOH CKOPOCTH MOTOKA Taza V, , IpU MPEBBIMICHUH KOTOPBIX

BO3HMKAeT OWBEPreHTHAasi HEYCTOMYMBOCTH: HEBO3MYILIEHHass (opMa paBHOBECUS IUIACTUHKHU
nepectaéT OBITh yCTONHYMBOHM, a CTAaHOBUTCS YCTOMYMBOM wH30rHYTas ¢opma. VHBIMH ciloBamu,
TpeOyeTcs ONpeeuTh 3HaueHust napamerpa V , Ipu KOTOPIX BO3MOXKHbBI HETPUBHAJILHBIC PEIICHUS
middepennmansaoro ypasaenus (1.1), ynoeneTBopsitoiiye rpaHudHbM yenoBusiM (1.2) — (1.4).

g HaXxoXKJIeHUs pelIeHus TIOCTaBIEHHON 3a/1auM yCTONYMBOCTH IUIACTUHKU CBEAEM €€ K 3amaue
Ha cOOCTBEHHBIE 3HAYCHUS AJIs1 OOBIKHOBEHHOTO (P QepeHIHATBEHOTO YPaBHEHHUS.

Oo6mee pemenne ypasHeHus (1.1), yaoBmerBopsitomiee rpaHUIHBIM yeinoBusaM (1.2) —(1.4), 6yaem
WCKaTh B BUJIE
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w(x,y):icn exp(r,px)-sin(A,y), A,=mnb™. (1.5)

n=1
IToncrasmsts Beipaxkenue (1.5) B ypaBuenue (1.1), moiaydaem xapakTepUCTHYECKOE YpaBHEHHE
p*-2p*+alp+1=0, o’ =a,pVD'A’, a’>=0. (1.6)
IloBenenne xopued ypaBHeHus (1.6) B 3aBucuMocTH OT mapamerpoB 3amaum (1.1) — (1.4)

nmopoOHo uccnenoBaHo B padore [3]. Kopau xapakrepuctudeckoro ypaBHeHus (1.6) onpenensiroTcs
BBIPOKEHUSIMU

(3]
A2(q, +1 -1
p1‘2=_—(2 )J_r\/ﬂqu—l—q‘T, p,<0, p,=<0; (1.7)
J2(q, +1) . -1
Ps4 = (C; )il\/ q12_1+q12 ;

, o, >=0.

31ech 0, — €TMHCTBEHHBIH JIeHCTBUTENILHBIN KOPEHb KyOHMYECKOrO ypaBHEHHs
6

a
q3+q2—q—1—?”=0, o) =a,p, VDA . (1.8)
W3 mpencrasnenus ypasHenus (1.8) B Buze
8-(1+q)(q-1)=a,. (1.9)
. o 1 af
U TONOXHTeNbHOCTH e auckpumuHanta Q =, (E+ﬁ) cllelyeT, YT0 KyOHMUecKoe ypaBHEHHUE

3 o v
(1.8) nmpu ycnosun «, >0 unmeer oxuH JEHCTBUTENBbHBIH KOpPeHb (], M Tapy KOMIIIEKCHBIX

conpspKEHHBIX KOpHS [3] . [Ipu aTOM,
g > 1. (1.10)

2. O6mee pemenne (1.5) nmuddepenunansHoro ypaBHeHuss (1.1), B cCOOTBETCTBHH C
BBIIICH3IIOKEHHBIM, MOJKHO TIPEJICTAaBUTh B BUIE

w(x,y) =Y {C,exp(,p,x)+C,,exp(L,p,x)+ 2.1)
n=1

+exXp(A,0x) - (Cpyco8( A, BX ) +C, sin(A,Bx))} -sin(A,y), A, =nnb”,
e p;,i= m — KOpHHU XapaKTepHuCcTHIecKoro ypaBHeHus (1.6), onpenensembie BeipaskerusMu (1.7);

C.., k=1,4 — npousBosbHbIE OCTOAHHBIE.

[loxacrasmsist Belpaxkenue (2.1) B rpanmunsle ycioBua (1.2) u (1.3), momyuaeM OJHOPOAHYIO
CHCTeMy anreOpaMdecKHX YpPaBHCHMIl OTHOCHTEIBHO INpoM3BONbHBIX moctosuHbix C ., . [anee,

IpUpaBHUBAA HYJIIO OIPCACINUTCIIb nonyquHoﬁ CHUCTCMBI, IOJIydacM CleaAyromiee AUCIICPCUOHHOC
YpPaBHCHUEC OTHOCUTCIILHO q — €IMHCTBEHHOI'0 JCHCTBUTECIHLHOTO KOpHA YpaBHCHUA (18) .

F(q,y,n,v)= (2.2)
=—8152exp(—znny\/M)[z(q+1)(q+\/ﬁ—v)—u—v)z}

BB, [2(q+1)(q—Jcﬁ7——v)—(1—v)2}+

+B, exp(-7nv4/2(q+1)){[(49° +2a—-1)y/2(a—1) - (29° ~4g+1)|/2(q +1) -
“2((29-1)2(a+1) - ay2(q—1) v +(/2(q+1) +/2(q—1))v* [sh(nnyB, )+

+4B,(q +1)\/ﬁ-chnny81}cos(nny82)+

+exp(—nnyy/2(q+1) ){B,[-( 49> +2q-1)y2(q—1) - (29° —4q+1)\2(q+1) -
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“2((20-12(q+1) +ay2(q—1) v +(y2(q+1) =2(a—1) )v* |ch(mnyB, ) -
—6(q° —1){Jg’ —1-shrnyB,}sin(xnyB, ) =0,

rIe

y=ab", ye(0,0); (2.3)

Bl(q):\/«/q2 -1-0.5(q-1), Bz(q):\/«/q2 -1+0.5(q-1), g>1. (2.4)

3aMeTHM, 9TO 31IeCh W Jajiee B TEKCTE B 0003HAUCHHM JACHCTBUTEILHOTO KOpHS ypaBHeHHS (1.9)
UHJIEKC “1” omyIIeH.
U3 Beipakenuii (2.4) cnenyer, 4To

B,(q)>0, B,(q)>0 mupuscex q>1. (2.5)

Jlerko mokasarb, 4TO ITUCIIEPCHOHHOE ypaBHEHHE (2.2) B MPEaeIbHBIX CIydasX, B KOTOpeix Y — 0

(b—>o0)n y— o0 (a—>00), COOTBETCTBEHHO, TPHBOJUTCS K BUILY

lexp —Esa —Cos £sa+E =0,y—>0; (2.6)
2 2 2 3

2q+1)-(q=+a* =1=v)=(1=v)*=0, y > o0 (2.7)

e S° = OpOVD’1 WJIH, B COOTBETCTBUU C oO0o3HadueHmIMH (1.5), (1.6), (2.3) u cootHOomIeHneM (1.14),

sa=TmNy,/2q. (2.8)
MoxHO TOKa3aTh, YTO JUCHEPCHOHHOE YypaBHEHHE (2.6) B TOYHOCTH TakKoe XKe, KaKk W
JHUCIIEPCUOHHOE ypaBHEHHE, IMOJNyYEHHOE MNP HCCIEIOBAHWU 3aJa4d CTaTHYECKOW YCTOMYHBOCTH
yumanénHoi miactuakn (0<Xx<a, —oo<y<oo) B ycinoBuM OOTEKaHHSA €€ CBEPX3BYKOBHIM

[IOTOKOM I'a3a B HalpaBJIeHUH OT cBOOOAHOro Kpas X =0 K MapHUPHO 3aKPEIUIEHHOMY Kparw X = a.
[epsebiit kopenb ypasuenust (2.6) V., 4, =0, T.e. HeBo3MywEHHAs HopMa paBHOBECHS yIMHECHHOM

TUTACTUHKHU SIBJISIETCS M3HAYAIBHO 10 OOTEKaHUsSI CTATHYECKH HEYCTOMYHBOM.

Ypasuenune (2.7) B TOYHOCTH COBIAAAET C MUCIIEPCHOHHBIM ypaBHEHHEM, MOJIYYEHHBIM B paboTe
[3] mpu wW3ydeHWHW SBICHUS JIOKAJW30BAHHOW IUBEPTCHTHON HEYCTONYHBOCTH, BO3HHKAIOUICH B
OKpecTHOCTH cBOOOoaHOrO Kpas (X =0) ymnpyroi moiay0ecKoHeYHOM mIacTUHBI-0J0CH (0 <X <00,
0<y<b), oOrekaemoili CBEpX3BYKOBHIM IIOTOKOM TIa3a BJOJb MOJYOECKOHEUHBIX LIAPHUPHO

3aKpEIUIEHHBIX KPaeB B HampaBlieHuH oT cBo6oaHoro kpas (X =0). Ipu 3ToM KpuTHYIECKast CKOPOCTh

noroka Vg,

OonpmuM ko3 dunmentom [yaccona v.
B coorBerctBum ¢ o6o3nauenusmu (1.5), (1.6) u cootHomenueM (1.9), 3HaUeHHE KPUTUYECKOU
CKOPOCTH TOTOKA, IPUBOJISIIEE K JUBEPTEHTHOW HEYCTONUNBOCTH, OMPECITSICTCS BRIPaXKCHUEM

Vcr.div = 2\/ Z(q _1) (q +1) ’ Tc3r]3|:)(a0pob3 )_1 ’ (2.9)
W, YIUTBIBas o0o3HaueHue (2.3),
Vew =22(a-1)(q+1)-ny’'D(apa’) - (2.10)

OTcroga 04eBHIHO CIEAYET, YTO AUBEPreHTHas (opMa MOTePH YCTOHUYMBOCTH BO3MOXKHA TOJBKO B
cimydae, Korja chpaBeuBo ycioBue (2.9): (>1, (— HCHCTBUTENbHBI KOPEHb KyOMYECKOTro

3aBUCHUT OT KOB(l)(bI/ILII/ICHTa HyaCCOHa: OHa MCHbBLIIC B IUIACTHHAX M3 MATCpHUAJIOB C

ypaBHenus (1.9).
Takum o00pa3oMm, aHanM3 YCTOWYMBOCTH IUIOCKOH (OPMBI IUIACTUHKH B MNOTEHIUAIEHOM

CBEPX3BYKOBOM TOTOKE CBOJMTCS K HCCIICIOBAHUIO ypaBHeHUs (2.2).
3. C momomipl0 YMCIEHHBIX METOIOB aHalM3a HaiieHbl NepBbleé KOpHU ( ypaBHeHHS (2.2),

COOTBETCTBYIOIINE Pa3INMYHBIM 3HaueHusM kodddunmenta Ilyaccoma vV u mapamerpa Y e(O,oo),
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ompenensiemoro BeipaxkeHueM (2.3). IlomcrtaBmas momydeHHble 3HadYeHUs (| =( B COOTHOLICHHS

(2.6) wmm (2.7), momydaeM COOTBETCTBYIOIIME 3HAYEHMs KPUTHYECKOH ckopoctH motoka Vi g .,

NPUBOJAIIME K JMBEPIreHTHOH HEYyCTOMYMBOCTH: TIpU 3HAYEHMAX cKopoctH mnotoka V =V .

HEBO3MYILCHHAsi (opMa paBHOBeCHs IUIACTHMHKM IepecTaeT ObITh ycToWunBoi. Hekoropsie

-1 3
pe3yIbTaThl pacyeToB — 3Hauenus Vg, - D (aopoa ), COOTBETCTBYIOIIME PA3IMYHBIM 3HAYCHUSIM
V H Y, IPeICTaBJICHHI B Ta0I. 1.
Otmerum, uro ais Beex VE(0,0.5) u ye(O,oo) HauMeEHbIlIee 3HAYCHHUE CKOPOCTH ITOTOKA

AOCTUTACTCS MPU 3HAYCHUU n=1.

B pesynbrare pacuéra ObLIO ycTaHOBICHO, uTo HpH Beex Y € (0,00) kpuTHdeckas ckopocts Vo, g

-1
3aBHMCHUT OT BEJIMYMHBI Koo uumenta [Tyaccona V M OTHOLIEHHS CTOPOH Y = @b~ mpsMoyrosibHUKa:

KpUTHYECKas CKOpOcTh V, MEHBIIIC B IUIACTHHAX M3 MATCPHAIIOB C OOJBIIUM KO3((HUIUSHTOM

rdiv
[Tyaccona Vv, a c Bo3pacTaHWEeM Y 3Hau€HHE KPUTHUECKOW CKOPOCTH pacTeT (Tadm. 1).

Tabmuma 1
v 0.125 0.25 0.375 0.5

Y

1-107* | 0.365-10° | 0.332:10° | 0.294-10° | 0.265-10°°

1107 | 0.365-107 | 0.332:107 | 0.294-107 | 0.265-107°

1-10" | 0.365 0.332 0.294 0.265

5.10" | 14.95 13.51 10.78 9.06

310" | 80.47 60.09 46.75 35.95
1.0 | 523.52 157.17 101.04 70.21
12 | 613.53 320.01 19487 | 133.24
1.5 980.85 595.82 38836 | 269.25
1.8 | 169590 | 992.19 695.13 | 440.55

2.0 2598.09 1382.02 953.54 604.31

—1 )
B cimydae mocTtaTOYHO IJIMHHBIX IUIACTHHOK (y:ab S0.000I) 3HAUCHUE KPUTHYCCKOM

107 3 \-1
ckopocTH, puMepHo, nopsiaka V,, 4, #1077 D(a,p,@° ) ,a ¢ yMeHbLICHHEM Y CTPEMHUTCS K HYJIO.

D10 o3Havaet, uro npu 3HadeHusx Y < 0.0001 moBenenue oOTekaeMoOil B CBEPX3BYKOBOM IMOTOKE
raza MpsSMOYTOJbHOW IUIACTUHKH TPHUMEPHO TaKOe JKe, KaK W yUIMHEHHOH mimactuHku ¥ —> 0

(b — 0): B 060ux ciaydasx HeBO3MYIIEHHAS (OPMA PABHOBECHS MIACTUHKM, ABJISAACH M3HAYAIBLHO JI0
00TEeKaHUS CTAaTHYCCKH HEYCTOMYHNBOM, OCTACTCS TAaKOH Ke M ITPU O0TEKaHUH € TTOTOKOM Tasa.
Haunnast ¢ y =2, 3HaYeHUs] KPUTHYECKUX CKOPOCTEH MOTOKA, Hali/IecHHbIE B JaHHOH paboTe s

pa3iauuHbIX 3HaueHUil ko3¢ ¢uimenta Ilyaccona Vv (tabin.l), mepecuutanneie 1mo Qopmyie (2.9),
MPUMEPHO PaBHBI 3HAYCHUSM KPUTHYECKHX CKOPOCTEH MOTOKA, MOJNyYEHHBIX B padore [3] mpu
WCCIICIOBAHNY 3a/1a4¥ JIOKAIM30BAHHOW JTUBEPTCHIMH TUIACTHHBI-MIONOCH. TeM CcaMbIM, HauyWHAs C
Y = 2, npsAMOYTOJIbHAsS IUIACTUHKA B TMIOTOKE ra3a TepsieT CTATHYSCKYI0 YCTOHYMBOCTD TIPH CKOPOCTSIX

MOTOKA, PaBHBIX KPUTUYCCKUM CKOPOCTSIM, IMPU KOTOPBIX HAOIIOAAETCS SIBJICHUE JOKATH30BaHHOMN
JTUBEPTeHIINY B OKPECTHOCTH CBOOOHOTO Kpasl MOTyOeCKOHEYHO IIIACTHHBI-TTOJIOCH! .

Takum oOpa3oM, B cioydae, KOT/a IMUPHUHA TUTACTUHKY MPEBOCXOAWT €€ JUINHY Ooyiee 4eM B ABa
paza, TIOBEACHHWE MPSMOYTOJBbHON TUIACTUHKH B TIOTOKE Ta3a aHaJOTUYHO IIOBEICHUIO
MoJTyOeCKOHEUHOW TJIACTUHBI-TIONOCHI: HAOJMIOAaeTCsl SBICHHE JIOKAIM30BAHHOW JUBEPTEHTHOM

32



HEYCTOMYMBOCTA B OKPECTHOCTH CBOOOJHOTO Kpas IIACTUHKHU. llpm 3TOM, KpUTHYECKHE CKOPOCTH
MOTOKA, MPHUBOJAIINE K CTaTHYECKOM MOTepe YCTOWYMBOCTH, MPUMEPHO paBHBI M 3aBUCAT OT
koaddunmenta Ilyaccona. Kpurnueckass CKOpOCTh MOTOKA MEHbBLIEC B IJIACTUHKAX W3 MaTepHajoOB C
6ompmuM kodd¢ummenTom I[lyaccona. A B cirywae, Korja OTHOIIEHHE MIMPUHBI IUIACTHHKH K e

4 o
JUIMHC TOpAAKa 10" u MCHBIIC, TO MOBCACHUC NPAMOYI'OJIbHOU TJIACTUHKU B CBEPX3BYKOBOM IMOTOKE
ra3a Tako€ K€, KaK U ITIOBCACHHC 00TeKaeMoi y):[J'IHHeHHOﬁ IJIACTHUHKMU.

JUTEPATYPA

1. MHnpromwmH A.A. 3aKOH IUTOCKMX CEUEHHUH MPH OOJBIINX CBEPX3BYKOBBIX CKOPOCTSIX !l
IIMM. 1956. T.20. Ne 6. C.733-755.

2.  bonorun B.B. HekoHcepBaTHBHBIE 3aauuM TEOpUHM YIPyro yctorumBocTH. M.: Hayka. 1961.
329 c.

3. Belubekyan M.V., Martirosyan S.R. The Localized Instability of the Elastic Plate-Strip
Streamlined by Supersonic Gas Flow// 3. HAH Apmennu. Mexanuka. 2012. T.65. Nel.C.29-
34.

Caeaenusi 00 aBTope:

Maptupocsn Crenna PasmukoBHa — kannuaat (pu3-MaT. HAyK, CTApIINI HAyYHBIA COTPYTHUK,
WNuctutyT mexannkun HAH Apmennn, EpeBan, Apmenus (+374 10) 524890
E-mail: mechinsstella@mail.ru

33



3AJAYH YCTOMUYUBOCTHU COCTABHOM BAJIKH CO COCPEJOTOYEHHOM
MACCOU

Muxkaeasn A.O.

PaccmatpuBaroTcs 33124y yCTOWYMBOCTH COCTABHOM Oalku CO COCPENOTOYEHHOH Maccoi M cxaTod Ha CBOOOJHOM
KOHIIE MJIM Harpy3Koi ¢ HEM3MEHIEMbIM HAIIPABJICHUEM, WM CIIEIIEN HAarpy3KoH.

[Mono6ueie 3amaun paccmaTpuBauch B pabotax G.E. Lee and E. Reissner u JI.A.MoBcucsHa.

CocraBHas 0Oajka COCTOWT U3 ABYX YacTell MMEIOMIMX pa3Hble M3THOHBIE KECTKOCTH. OMUH KOHEN OalKW MIapHUPHO
3akpeuiéH. B Mecte paspmena Ganky Ha JBe YacTH IOCTaBJIeHA ITOJBIDKHAS omopa. B o0omx ciydasx ompenemnsercs
KpPUTHYECKast CHIIA.

B TpeTheM ImyHKTE paccMaTpHBAeTCsl 3ajadya CO COCPENOTOYEHHOM Maccol mpu ciensmiei Harpyske. B artoil 3amaue
onpenenseTcs KpUTUYeCKas Harpyska JUBEpreHTHOM HeyCTOMUMBOCTH, a Juld OIpEAENCeHUs KPUTHYECKOH Harpysku
(aTTepHOI HEYCTOWYMBOCTH PAacCMATPUBAIOTCS YacTHbIE Ciy4yad. Ilocie 3TOro CpaBHHUBAIOTCS 3HAYCHHS KPUTHICCKOM
HArpy3Kd TUBEPreHTHON U (IaTTepHON HEYCTOWYHUBOCTH.

1. 3agaya ycTOHYMBOCTM COCTaBHOH 0aJIKM, CXKaTOil HArpy3koi ¢ HeH3MeHsIeMbIM
HANIpaBJICHHEM.
YpaBHEHUS yCTOWIUBOCTH COCTABHOM OalTku MpUHUMAIOTCs B Buze [1]:

dfy  _d%w;
Dy ——+P—7 =0, (1.1)

N
o, dxt F dxd % .z

T.C. MPEANOJaracTcs, 4To B PCaJIbHOM YPAaBHCHUU YCTOI‘/JI‘II/IBOCTI/I npeHe6pera10TcsI HHepHHOHHLIﬁ
YJIEH U CHUJIBI OT BHYTPECHHETO U BHCUIHETO TPCHUAA.
B paCCManHBaeMOﬁ 3aa4€ rpaHUYHBIC YCIOBUA IPUHUMAIOTCS B BUJC:

¥=—08; I-t"j_':—-?} = I-'l"ll f=br=1 £1.3)
=0 WD) = Wal0) = G ED) = W5 (0, Dy C0) = D5 (0), (1.4
i d s

=g " = a = — =1, '
x=a; W lal=0 s Tt -+ & T 0 {1.5)

-b D1 0 D2 a

s ECECECELET S L E L e T r T f—»
mr 947;9 P X Puc.1

Pemas ypasuenus (1.1), (1.2) u ynosnerBopsisi rpannyHbiM yeioBusaMm (1.3), (1.4), (1.5), nomyduum
cucteMy ypaBHeHMH. IlprupaBHUBas 1€TEpMUHAHT CUCTEMBl YPAaBHEHUH HYIIIO, MOJYYUM CIEAyIOLIee
TPaHCLIEHACHTHOE YpaBHCHHE!

yo-boot Fa tar ab = Fitan ab — «b), f1.60

F
T === —; S=—
e ¥ ot w ot g &'

Uto0n1 u3 ypaBHeHUS (1.6) onpeneTnTh KPUTHIECKYIO HArpy3Ky, pACCMOTPUM YacTHBIN CITydai.
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IMycts ¥ =1 w @+ H=¢C=FCaNST , Te. mmHa Ganku OCTaércs HEM3MEHHOH. MeHseM TONBKO
MOJIO’KEHUE TTOIBIKHON OTIOPHI, T.€.MEHAEM 3HA4YEeHHS a 1 b.

Mpuy=1 @=F, a u3 ypaBHenus (1.6) momyyaem

cchtan ab = tan aa (tan ab — ab), £1.7)

3HavyeHus a U b, MPH KOTOPBIX OTMPEACIACTCS KPUTUIECKAs HATPY3Ka, MPUBOIATCS B HIDKECIICTY FOIICH
TabauIE:

a/c b /e P.c* /D,
0.99 0.01 250063
0.84 0.16 3.00094
0.69 031 3.90883
0.54 0.46 5.05781
039 0.61 6.62788
024 0.76 8.44328
0.09 091 9.68346
0.03 097 9.85079

Kaxk nokaseBaroT pacy€Thl U KaK BUIHO U3 TaONHIIbI, F MOHOTOHHO BO3PAcTaeT (CM. puc. 2):

c? Py
Dy
2 o
///
24674—
‘ ‘ b
0.2 0.4 0.6 0.8 c Puc. 2

2.3a1a4a yCTOHYMBOCTH COCTABHOM 0aJIKH, CKATOI c/ieAsieil HAarpy3Koii.
YpaBHEHHUS YCTOMYMBOCTH cOcTaBHOU Oanku mpuHuMmatorcs B Buze (1.1) u (1.2).
I'pannunbie ycnoBus npuHumarorces B Buae (1.3) u (1.4) u emé npuOaBisoTCs caeayOnHe yCIOBUs:
2
X =d; I'-E'I“ = ﬂl —_— ﬂl El'l
D WD=0 @

Pemast ypaBrenus (1.1), (1.2) u ymosnerBopsisi rpaanuHbiM yenoBusam (1.3), (1.4), (2.1), noxydnm
cucrteMy ypaBHeHMH. IIpupaBHUBas NeTepMUHAHT CHCTEMbl YPaBHECHHMN HYIO, IOJIY4YHUM CIEAYIOIIee
TPaHCIEHACHTHOE YpaBHEHHE!

35



. i
Dig=btaneh =0 => ab=mn => FR= HLF

3.3amavya ycTOHYMBOCTH COCTABHOM 0AJIKH €O COCPEIOTOYEHHOI Maccoi NpH ciaeasei
Harpyske.
YpaBHeHHUs1 YCTOHYUBOCTH cOCTaBHOM Oanku npuHuMatotcs B Buzae (1.1) u (1.2).
I'pannunsie ycioBus npuHumarotces B Buae (1.3) u (1.4) u emé npubaBisioTcs cIeayOUIe yCIOBUS:
e 2 a2
x=a; Wial=0 D—"=m—" 3.1
’ 2 (@) =0, By edx? q@e= @1

Pemas ypaBuenms (1.1), (1.2) u ymoBieTBopsis rpanndHbiM yceioswusaMm (1.3), (1.4), (3.1), momxydum
cucreMy ypaBHeHui. IIpupaBHMBas AETEPMUHAHT CUCTEMBl YPAaBHEHUI HYIIIO, ITOIYYUM CIEIYIOLIEE
TPaHCIEHACHTHOE YpaBHEHHE!

— D bert F3an ebtan fasin fa — Dy dec? 72 tan ek cozfa + F2bwm ten ach tan fa —
—F*bw*mtan abtan fa cozfa + Fhw?mtan abein fa — fPbwamtan ab —
—fradwimatan fa + Flaw*mtan abtan fa =0 (3.2)

[Tpu m = 0 nomyuyaem

Dy be f3%an ab [tan fa 8ln fa + cozfal = 0. {3.3)
W3 ypaBuenus (3.3) momydaercs
ab=mn => Fg= ﬂlgi: , £3.4)

KOTOpPOE COBIMAMACT C 3aa4ei YCTOMINBOCTH COCTABHOMN OAITKH, CYKATOM CISASIICH HArPy3KOM.
W3 ypaBuenus (3.2) o4eBHIHO, YTO MUHUMAJbHAs KPUTHUYECKAs Harpyska, MpUBOIIAs K
nuseprentHoi (g2 = @] neycroituusoctu, OymeT

i we
a=+ B Bl = Di3z {3.5)
U3 ypauenwus (3.2) momydaem
oF = D ber® ftan ab [tan Sa 2in fa + cozfal 3.6)
~ m[btan «b [tan fa — Fa] + atan fa [tan ab — ab]] '
MuHuManbHasi KpUTHYECKast Harpy3Ka, MPUBOASAIIAst K (pIaTTepHOM {2 —* 3} HeyCTOWINBOCTH,
MOTYYaeTCsl U3 CIEAYIOIIEro YPaBHeHHUS:
btaneh [tan fa — fal + atanfa [tan ab — ab] = 0 {3.7)
Jng HaxoKIeHUs] KpUTUYIECKON Harpy3ku (praaTTepHON HEYyCTOWYMBOCTH, U ypaBHeHus (3.7)
paccMOTpUM YacTHBIE CIyYau:
1.Ilycts & — @
U3 ypaBrenus (3.7) momydaem
ab?atan fa
tan fa— fa=— {.:xgéﬂ £3.8)
(a0 + )
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W3 ypasuenus (3.8) cuenyer, uro npu & =+ I moxyuqaem

3 3 Sme
tanffa=fa == ﬁ:}-zrr == Fm—ﬂgqﬁz.

PaccmoTpuM yacTHbIi ciyyaid, korna & = & u Ly = Uy, Torna nonyunm  F, b= ﬂ_ P

{3.9)

OTCIO,[[a CICAYCT, UTO KPUTUYICCKAA HArpys3ka ,Z[I/IBCpFGHTHOI/I HCYCTOI/I‘II/IBOCTI/I HaMHOI'O MCHBIIC

o pd g
dnarrepuoit F, « B, .

2Ilycte §F—=@.

W3 ypauenus (3.7) momygaem

B
taneb—-ab= Mﬁﬂ:{ mrgb
3& I;Fcz + ELI

W3 ypasuenus (3.10) cnenyet, uto npu F = 0 nomydaem

3 b
tnagh=gbh =2 ::E-E‘l:irr =7 FEE,:EJLE.

£3.100

P3.11)

OTCIO,[[a CICAYCT, UTO KPUTUYICCKAA Harpyska ,I[I/IBCpFCHTHOﬁ HCyCTOﬁ‘IHBOCTH HaMHOI'O MCHBIIC

Lo i
narreproit F, # Fy .
3Ilycts c=Fu &a=D0.

W3 ypaBHenus (3.7) nonydaem
fanch[tanah — &b] = 0.

U3 (3.12) momyuaetcs

280

ab¥314 => El=D—r

OrTcrona cnenyer, 4To KpUTHUECKask Harpy3Ka AMBEpreHTHON HEeyCTOWYMBOCTH COBIAAAET C
KPUTHYECKOH Harpy3koil (piaarTepHON HEyCTOWYHBOCTH FK';; = PEg .
41lycts = n .
y Fub=—1
W3 ypauenus (3.7) momygaem
£4ed :|
100 100

CEx
tin —— [tan . — we)] - mdan e [tsn

2
100" 100

N3 (3.14) momygaetcs

20,07
o 448 => F‘*’_ﬂl

£2.12)

(3.13)

(3.14)

(3.15)

OTCIO,[[a CICAYCT, UTO KPUTUYICCKAA HArpys3ka ,Z[I/IBepFGHTHOI/I HCYCTOI/I‘II/IBOCTI/I HAMHOTO OOJIbIIIe

o nF ©
narreproit £, > Ep
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OCECUMMETPUYHASA KOHTAKTHASA 3AJAYA C BEPTUKAJIbBHBIM
KOHEYHbIM IWINHAPUYECKUM PA3ZPE3OM

Munacsaua A.D.

JlaéTtcst mocTaHOBKA M pelIeHHe OCECUMMETPUYHON KOHTAKTHOW 3aJayd O LITaMIle Ha TPaHMIE MOIYIpPOCTPAHCTBA C
LUINHIPUYECKUM BEPTUKAIBHBIM Pa3pe30oM.

PaccmarpuBaeTcs ocecMMMETpUYHAs KOHTAKTHAs 3ajiada TEOPHH YNPYTOCTH JUIS HU30TPOITHOTO
MIOJIYTIPOCTPAHCTBA, OCIA0JICHHOTO IWIMHAPUIECKAM pa3pe3oM C paamycoMm ,,a”, Paspe3 umeer
KOHEYHYIO0 UINHY ,,C” (¢ur.1). Ha rparnie momynpocTpaHcTBa MPHIIOKEH KECTKUI KPYTIIBIA IITaMIT
C TPOM3BOJILHBIM OCHOBAHHEM, PaJWyC KOTOPOTrO OOblIe paanyca LWIMHAPHYECKOTO pas3pesa

(b > a) (¢ur.1).
[Ipeamnonaraercsi, 4T0 OTCYTCTBYET TPEHUE MEXKJTY IITAMIIOM U MOIYIPOCTPAHCTBOM BHE IITAMITA

U B pa3pe3e OTCYTCTBYIOT BHEIIHUE ycwinsa. Ha BepTHUKaIbHONM NMOBEPXHOCTH BHE LUIMHAPUYECKOTO
paspesa 3aiaHbl YCIOBUSA IIOJIHOTO KOHTAKTA.

dur. 1

OOuiee pelleHHE OCHOBHBIX ypaBHEHUIH TEOPHHM YNPYTOCTH B OCECHMMETPHYHOM Cllydae B
LHWINHIPUYECKOH cUCTeME KOOPAMHAT UMEET B!

62 18 0’

AND=0; A= ——+—
8r rar 0z
2
2GU=—(3
oroz

82
2GW:|:2(1—V)A—§:|®+C

2
c, = i A—a— ) )
0z or?
0 0°
—|(2-V)A—— | D
Oz = az( V) 0z°
(o] i( A—lijcb
* oz ror
2
T, = g (1- V)A—a— )
82

[locraBnennas 3anada, Kak M3BECTHO [8], CBOAUTCSA K ONPENEICHUIO OMTapMOHHYECKUX (DYHKITUI
D, (r, Z) s munmHapa uo O, (I’, Z) — UIA TIOJIYIIPOCTPAHCTBA C MIJIHHIAPUYECKONH BBICMKOM,
KOTOpBIE B paccCMaTpUBaeMOil 3a/1adue yIOBICTBOPAIOT CIEIYIOUIUM I'PaHUYHBIM YCIOBUSM, 3aIaHHBIM
Ha TPaHMIIe TTOTYNIPOCTPAHCTBA, U YCIOBUSIM ITOJIHOTO KOHTaKTa BHE pa3pesa
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ul(r,0)=f(r);0<r<a U (r,0)=f(r); a<r<b )
r

T
o' (a,z)=0 (a,z) =1 (a,2)=0 0<z<c 2
Uf')(a,z):U(z)(a z) Ugl)(a,2)=U()(a Z) C<z<w

T(r?(aaz):T(r?(a,Z); s,"(a,2)=0,"(a,z)

burapmonndeckas (GYHKIUS IS [MIHHIPA WINETCS B BHAE CyMMBI MHTEerpajgoB ®Oypbe u psga
®ypre—/lunu [1]'
(r,z) J.[A, (aa)+arB (a)l,(ar)]sin(az)da +
3)
+Z(Fk+/1szk)e’mJ_0(lkr) 0<r<a, 0<z<ow
k=1
a Ul TIOJyIIPOCTPAHCTBA C LMJIMHIPUYECKON (IOJIOCTHI0) BBIEMKOM — B BHJE CyMMBI MHTErPAOB
®ypre u Bebepa [5]:
(r,z) J-[AZ K, (ar)+arB, (a)K, (ar)]sin(az)da +
4
+j/1[A(ﬁ,)+ﬂzB(/1):|e"“W0(ﬂr)d/l a<r<ow, 0<z<wm
0

rae W, (X)— ¢ynkius Bebepa.

W, (4r)=1J,(4r)Y,(2a)-Y,(4r)J,(1a) (n=0,1)

Boruncnsem ¢ nomomsto (3) u (4) mo oObyHBIM (hOpMyJiaM MEPEMEIICHUs U HampsbkeHus [8] u
YAOBJETBOpsieM TpaHWYHbIM ycnoBusM (2). Torma 3amada mpwBOAWTCA K CHUCTEME 3 TapHBIX

WUHTETPAIBHBIX YPABHEHUN.
B pesymbrare uX pemieHUs Bce HMCKOMblE (YHKIMH BBIPAKAIOTCS 4Yepe3 HEM3BECTHOE

nepeMeIIeHre (p( ) BHE IITaMNa W MOJy4aeTcs ypaBHEHHE

6]
\/t —r’

[Monyuaem MHTErpabHOE ypaBHeHHE THITA PpearonsMa BTOPOTo pojia OTHOCHTENBHO S (t)

js ) dy +¥(t) (6)

Snpo K(y, ) COIEPKUT WMHTETpaibl 0T KoMOuHanuu becceleBhIX M IKCIMOHCHIHMATbHBIX

GYHKITHIA.
Hwmest B BUAY aCHMIITOTHYSCKHE pasiioskeHns QyHKIi beccens [2], momydaem

fIk (vt <1
b

3HAYUT, UHTErpaibHOC YypaBHEHHWE (6) MOXHO PEIIUTh METOAOM IOCIEIOBATEIbHBIX
npuOmmKeHni. J{anee MOXXHO OINpenenuTh BCe MKOMbIE (YHKIMU, HATPSDHKEHUSI M TepEeMEIIeHUs 10
M3BECTHBIM (popmyitam [8] OyAyT ompeeneHsl B II000# TOYKE MOIYIPOCTPAHCTBA ¢ MUIUHAPUICCKOM
BHIEMKOH. HanpsKeHus 1101 IITaMIIOM UMEOT KOPHEBYIO OCOOEHHOCTh B Touke I =D .

o (r0) = () o
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roe F (r) — runepreoMeTprudeckas GyHkius [aycca, W( I’) — perymnsapHast GyHKITUS OTHOCHTEIBHO I

CBA3b MEXIY YCHINSIMH, ACHCTBYIOIINM Ha IITAaMII, U UX OCAAKOH omnpenensercs mo GopMyiaaMm

b
P =2j<yZ (r,0)rdr )

0
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O NIEPUOJIUYECKOM 3AJJAUE KOHTAKTHOI'O B3AMMO/JIENCTBUS
MPAMOYTOJIbHUKOB CO CTPUHTEPAMU C YYETOM ®AKTOPA CTAPEHUS
Mup3osn C.E., Akonsin B.B.

B nocraHoBke TeopuM MOI3y4YeCTH HEOJHOPOAHO HACIIEACTBEHHO-CTAPCIOLUIMX TEl paccMaTpUBAacTCs 3ajada Julsd
[OJIOCHI, KOIJla B OJJHOM IIE€PUOJE COAEPHKHUTCS MNPSMOYIONBHUK, KOTOPBIM BJIOJb BEPTUKAIbHBIX KPOMOK YCHJICH JBYMS
OJIMHAKOBBIMHM CTPUHIEpaMM U IOJBEpraercs ACHCTBUI0 CUMMETPUYHBIX HOpMalbHbIX cui. Haxopjsmuiics B ycloBHSX
IUIOCKON  JlepopMariuu  MpSAMOYTONIBHUK, IIPU TIOMOIIM CTPHHTEPOB MOABEIIEH HAa HEPACTSHKUMBIX JIGHTaX K JBYM
HETIOJIBYKHBIM TOYKaM. IIpu pasmuuHbIX BS3KOYNPYTMX XapaKTepPUCTHKaX NPSIMOYTONbHMKA M CTPHHTEPOB, MPHHUMAs
JomymeHust MemaHa Uil CTPHHTEPOB, HMCCIEAYEeTCSl HAIpsDKEHHO-Ie(GOPMHUPOBAHHOE COCTOSHHE MpPSAMOYToibHUKA. [Ipn
YKa3aHHbBIX MPEANONIOKEHHAX 337a4a CBOJWTCA K PEHICHWI0 CHUCTEMbI OECKOHEYHBIX CHCTEM JIHMHEHHBIX HWHTETPaNbHBIX
ypaBHeHHIT BonbsTeppa BTOporo poja 1 IMHEHHBIX areOpandeckux ypaBHEHHH.

TexHomorusi BO3BEACHUSI W M3TOTOBJICHHS MHOTHX KOHCTPYKLIUH W3 CTapelollUX MaTepHalioB
HEpa3pbIBHO CBS3aHA C MPOLECCOM MX AWCKPETHOTO WJIM HENPEPBIBHOTO HAPAIIMBAHMS 3JIEMEHTAMU
MaTepuaiga ¢ Pa3IMYHBIMU BO3pacTaMH. Takue MaTepHajbl XapaKTEepU3yHTCA TeM, YTO B XOIE€ HX
HapallMBaHHA Pa3IMYHbIC JIEMEHTHI 3THX TEN M3TOTaBIMBAIOTCS B pa3Hble MOMEHTHI BPEMEHH, a 3TO
3HAYMT, YTO BO3PACT MaTepualla TAKUX TEJl 3aBUCUT OT MPOCTPAHCTBECHHBIX KOOPAMHAT.

H3BecTHO, YTO TEOpuUs MON3Y4YECTH HEOJHOPOAHO HACIIEACTBECHHO-CTAPCIOIIUX CPEH, MPEIIOKEH-
Has H.X. Apytionsnom [1,2], Haubosiee TOYHO OTpakaeT (UIUKO-MEXaHHMUECKHUE IPOLIECCHI,
NPOMCXOAAIINE B Telax M KOHCTPYKIMSX, HM3TOTOBICHHBIX M3 CTApEIOIIUX Pa3sHOBO3PACTHBIX
BA3KOYIIPYT'HX MaTepPHAaJIOB.

[lapamiensHO € pa3sBUTHEM MaTeMaTHYECKOH TEOpUH BI3KOYNPYTOCTH M TEOPUH TMOJI3YyUECTH
HACJIeICTBEHHO-CTAPCIOLINX Cpel] Pa3BHBajach TEOPHsl KOHTAKTHBIX M CMELIAHHBIX 3334 C y4ETOM
¢akropa nmomsyuectu [3,4].

B nmanHo# paboTe B IIOCTaHOBKE TEOPUM IOJI3YUYECTH HEOJHOPOAHO HACIEICTBEHHO-CTAPEIOLINX
ten [1] paccmarpuBaercs HampsDKEHHO-AC(HOPMUPOBAHHOE COCTOSHHE TEPUOJAMYECKON CHUCTEMBI
NPSMOYTOJIEHUKOB, KOTOPBIE YCHJICHBI CHMMETPHUYHO IO CBOMM BEPTUKAIBHBIM KPOMKAM CTPHHIE-
paMu, IIpU NMOMOIIM KOTOPBIX NMPSIMOYTOJIBHUKH IOJBEIICHbI Ha HEPACTSKUMBIX JIEHTaX K HETIOJBHK-
HBIM TOYKaM.

B Takoii mocTaHOBKE 33/1a4H, €CITH OTPAaHUYUTHCS PACCMOTPEHUEM OCHOBHOTO MEPUOa, MPUXOAUM

K IUIOCKOM 3amave i TPSIMOYTOJbHUKA [—l <x<L0<y< b], YCUJIEHHOTO 1O Kpasm X = *|
CTpUHIepamMu JuIMHBI D 1 Manoi Tommuaer h .

Jlns cTpuHrepa, Kak OOBIMHO, NPUHMMAETCS H3BECTHOE pomylieHue Memana [5] o ToM, 4TO
CTPUHIEp B BEPTHKAIBHOM HAIPABIEHHU PACTATHBAETCSA WM CKMMAETCS KaK CTEPKEHb, HAXOIICh B
OJIHOOCHOM HANpsDKEHHOM COCTOSIHUH. KpoMme TOro, BBHIY CHMMETPHUHM, 31€Ch NPHMHUMAETCS TAKKE,
YTO MEePEMEIICHNUE B 30HE KOHTAKTa B TOPU30HTAILHOM HAMPABICHUU PaBHO HYIIO [6].

ByzseM cuMTaTh, 4TO Ui MAaTE€PUANOB IPSIMOYTOJLHUKA U CTPUHIEPOB KO3(D(PUIMEHTHI HONEpeY-

HOro cxatus Ui ynpyroit nedopmamuu v, (t) u mebopmaunn nomsydectn Vv,(t,T) oxuHAKOBBI U
nocrosHHbL: V, (1) = v, (t,7) = Vv =const.

TpeOyercst OnpenenuTh 3aKOH paclpelelieHds HOPMalbHBIX M KacaTelbHBIX HAIpPHKEHUH Ha
JIUHUH COSIUHCHUS CTPHHIEPa C IPSIMOYTOIBHUKOM, €CIIM B MOMEHT BPEMEHH T, K HPSIMOYTOIbHUKY
Ha KpoMke Y =D mpunoxena cummerpuanas orHocurenbHo ocu Oy HopmanbHas Harpyska P(X,t).

Ha ocHOBe caenaHHBIX HpCL[HOJ'IO)KGHI/Iﬁ IMMOCTaBJICHHAd 3aJada AJid CTPUHICPA MATCMATUYCCKU

bopmynupyercs B BUIE COOTHOIICHHH
2

. 1-v to1(s,t)
t) = Dy t)y=—L1=-Lf—22L
U (.0 =0, &(y,t)=—=[1-L] j ey (1)

rue ul* (y,t) — nepemermenne, ag})(y,t)— oceBas jaedopManus CTpuUHrepa, T.e. aedopmanus B

(2)
BEPTHKAILHOM HarpasicHuu. Jlegopmanys ke IPaHHYHBIX TOYCK MPSIMOYIOJbHHKA €, (t,y) na

JUHAH KOHTAaKTa BBIpaXkaeTcs popmynoit
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2
r*(s,t) ds_l—v2 -] R*(t,y)
E,(t,y) b E;(t,y)

1— 2 b
£2(t, y) = bV2 [1—|_2]jctg2—b(y—s)
b

L [Y (t)] = j Ei*(T)Ki*(t’T)Y (t)dr, Ei*(t’ y)=E [t +Xi (Y)a] )
Ki* [t,r, y] =K [t +Xi(y)aT+Xi(y)]a %i(Y)=1(y) -1y, T, =const (i=1,2)

3mecy K/ (t, T, y) , (i=1,2)— usBectnbie smpa nomsywectu [1], R ( Y, S) — HENpepBIBHAS 110
000MM apryMeHTaMm (QyHKIUS, XapaKTepHU3yIollas yIPyro-MIHOBEHHOE HANPSUKEHHOE COCTOSHHE
IpSIMOYTOJILHHKA, E, (t, y), (i=1,2)—momynu  ynpyrocru, T (t, y), (i=1,2)- Bo3pactsl
MaTepuasoB, a ‘E(X,t) — HEM3BECTHBIE TAHTEHIIUAILHBIE KOHTAKTHBIE HAIIPSIKEHHUS.

3aMeTHM, 4YTO Ha JIMHUU COCAMHCHHA CTPUHICPA C NPAMOYTIOJIbHUKOM HOJIKHBI YAOBJICTBOPATLCS
YCJIOBUA KOHTAKTA:

U (Y, ) =uy(y,1), ey, ) =7 (v,t) (x==l, 0<y<h, t>1)) 3)
IIpu 5TOM, U3 yCIIOBHA PAaBHOBECHUS CTPUHIEpa UMEEM

b

[x(s,hds =T (t) )

0
rae T (1)— cuna HaTsbkeHus B JIeHTaXx.

J4 3 YCJ10BUs paBHOBCCUA BCEM CHCTEMBbI HaXOAUM
|

2T (t)=jp(s,t)ds )
0
Teneps u3 ycnouii koutakra (3), ¢ yu€rom (2) (4) u (5), And omnpeneneHUs HEU3BECTHBIX
KOHTAKTHBIX TAaHTEHIIMATBHBIX HATPSHKECHUH TOTYYHM CIEAYIONIYI0 CUCTEMY YpaBHEHHH, COCTOSIITYTO
13 OCCKOHEYHOW CHCTEMbl JIMHEHHBIX ajireOpanvyeckux YpaBHCHHA W CHHTYJIAPHOTO HWHTETPO-
TUQhepeHITUATEHOTO ypaBHeHI/I}l'

X, (t) = i ALY, (t)+ Z B X, (1) + N, () (6)

[I—L‘;M ctg” =g/ (5,1)dg =, (t)[1- L om0+ R (.0 %)

-7

A€ UCIIOJIb30BaHbI 0003HAYCHHUS:

b
X (1) = 2”‘% [ o(s.t)sinp,sds

(b _0-VDEImb
R RO e

Ry (n.t) == Ry(hm/mt), 2, (n.) = (hy /),
LO[Y(1)]= j E’(H)K'(t,0)Y (n)dt, (i=0,2)

a Y, (t) —peuwenne cuexyromeii OeCKOHEYHOI JIMHEHHON anreOpaHMvecKod CHCTEMBI IS

MpAMOYTOJIbHUKA!
Y () =Y ALY, 1)+ Z B X, (H)+ N (8)
n=1
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OTMETUM TPU 3TOM, YTO KOI(PQPUIIHEHTHI Aﬂ')p(t), Brgi)p(t), N, (), (i :1,2) Mo CTPYKType
AHAJOTUYHbI TPUBEAEHHBIM B [7].

HuTerpo-muddepennmansaoe ypaBaerue (7), coriacHo (4) u (5), JOIHKHO paccMaTPUBATHCS TIPH
T'PaHUYHBIX YCIIOBHAX

2
o(-mt)=0, (p(n,t)=f. 9)

3ameTuM, 4TO B ypaBHEeHUU (7) OMEpaTophl MO MPOCTPAHCTBEHHON W BPEMEHHOW KOOpIUHATAM HE
pas3eNsIoTCs IPYT OT APYra U K 00CyKaaeMoH 3a1aue He MPUMEHUM NPHHIUI BonbTeppa.
Pemenne ypaBaenus (7) mpu ycinoBusax (9) mpeacTaBuM B BuAe 0ECKOHESTHOTO psiaa

(p'(&,t):izn(t)cosné (-n<&<m), (10)

rie Z,(t) (n=12...) — HeusBecTHbIe KOI(PULHEHTHI, 3aBHCSIIME OT BPEMCHH M MOJJICKAIINEC

onpeﬂeneﬂmo.
Hcxons n3 mociaenHero NpeACTaBICHUS W YIUTHIBas yCIoBus (9), cpa3zy HaXOauM
Tt 1
Z,(t)=—==—| P(x,t)dx. (11)
(=== j (x,)

I
Janee, mo m3BecTHOW Tporieaype [8], ypaBHeHue (7), mMocie HECIOXKHBIX BBIKIAIOK, CBEIEM K
OecKOHEYHOH crcTeMe JIMHEHHBIX HHTErPalbHbIX YpaBHEHUI BonbTeppa BTOPOTro poga OTHOCHUTENBHO

HemsBecTHbIX KoddouuuentoB Z (1) (n=1,2...). Ilocme HECIOKHBIX NpeoOpasoBaHMH JIs

ompenenenus X (t),Y, (t) u Z (t) (n=1,2...) momyunm cucreMmy OECKOHEUHBIX CHCTEM JIHHEHHBIX

MHTErpaJIbHBIX ypaBHeHUi BonbTeppa u anredpandeckux ypaBHEHUH CIEIyIOLMIEro BUAA:

Y, (t+ > DOY, 1)+ FOX 0+ ENZ ()=al(t)
n=1 n=1 n=1
X,0)+). DAY, 1)+ > FEOX )+ > ERZ () =a(t)
n=1 n=1 n=1

0 © 0 o t
Z,()+> DOY, )+ FIX ()+D EQZ (t)+ Zj K (t,dr=ag’(t) (12).
n=1 n=1 n=1 n=l 7,

g uccrnenoBanus cucteMsl (12) Ha peryssipHOCTh 3aMETHM, YTO SJIpa dTOW CHUCTEMBI SIBIISIFOTCS
koo unmentamun @Dypbe KBagpaTHUYHO CYMMHPYEMBIX (GYHKLUHUH, TO3TOMY, CIEAyS H3BECTHOM
MeToauke [9], MOXKHO TMOKa3aTh, YTO cHcTeMa OECKOHEUHBIX cucTeM (12) KBa3MBIIOJIHE pEryJspHa,
npu4éM, mpu O6onpmux [ cBOOOIHBIC WIEHBI CUCTEMBI MMEIOT MOPANOK yOBIBaHHS HE MEHEE 4eM

1/ p. CnenoBarensHo, Ui pemeHust cucTeMbl (12) MOXKHO HMCIIOIB30BaTh METOJ MOCIIEI0BATEIBHBIX

MPHOTIKEHUH.

Jnst BBIAEIEHUS OCOOCHHOCTH KOHTAaKTHBIX HANpSOUKCHWH Ha TpaHWIAX KOHTAaKTa CTPHHTEpa C
NPSIMOYTOJIEHUKOM MOYKHO BOCIIOJIB30BaThCsl ACHMIITOTUKON Hen3BecTHBIX [10], Bxomsamux B Oecko-
HEYHBIE CHCTEMBI, U BEIYMCIIHUTH ITIaBHBIC YaCTH PSIIOB B BEIPAKCHUSX HATIPSDKCHUH.

JIUTEPATYPA

1. ApyTtionsiH H.X. HekoTtopble 3amauu T€OpUH HON3YYECTH Al HEOAHOPOIHO-CTAPEIOMINX Tedl.
// N3B. AH CCCP. MTT. 1976. Ne3. C.153-164.

2. ApytionsH H.X., Konmmanosckuii B.b. Teopust momsydectn HeogHopoAHbIX Ten. M: Hayka,
1983. 336c¢.

3. ApyTtionsH H.X., ManxupoB A.B. KonraktHeie 3amaun Tteopuu nonsydectu. Epean: 1999,
320c.

4. Anexcanapos B.M., Mxurapssa C.M. KoHTakTHbIE 3a7auu A7 T€A ¢ TOHKUMU HOKPBITUAMHU U

npocnoiikamu. M.: Hayka, 1983. 488c.

44



10.

Melan E. Ein Beitrag zur theorie geschweisster verbindundungen. //Ing. Archiv, H.2, Bd. 31932,
s. 123-129.

Buffler H. Der spannungszustand in einer geschichteten seible. /ZAMM. 1961. Bd.41. Ne4.
S.158-180.

AxomnssH B.B., Mupszosan C.E., Mxurtapsa C.M. O KOHTakTHOM B3aUMOJIEHCTBHHM MEXIy
MPSIMOYTOJILHUKOM U JBYMSI OTMHAKOBBIMH CTPHUHIepaMH ¢ y4éToM (hakropa crapenus. / B c0.:
“CoBpeMeHHbIC MPOOJIEMBI TEOPUH KOHTAKTHBIX B3ammozercTsuii”. Epesan: Mzn. HAH PA,
1996. C.33-45.

Hastsa 3.A., Mxutapsa C.M. O AByX KOHTaKkTHBIX 3aJadyax Kpy4YeHHUS LMIUHIPOB IpH
TTOMOIIH IMIIMHAPUIECKUX 000JI0UEK C y4E€TOM MX BS3KOYNpYyrux cBoucTB. // M3B. AH Apwm.
CCP. Mexanuka. 1984. T.37. Ne3. C.3-17.

Mup3zosan C.E., Mxutapsa C.M. O HEKOTOPHIX 3aa4aX KOHTAKTHOTO B3aMMOAEUCTBUS MEXIY
0ECKOHEYHBIMH CTPUHIEpaMH M MOJIOCAMH C YYETOM HEOAHOPOJHOCTH CTAPEHUS MaTEepPHAaJOB.
//N3B.AH Apm. CCP. Mexanunka. 1981. T.34. Ne5. C.27-40.

I'punuenko B.T. PaBHOBecHe 1 yCTaHOBUBIIUECS KOJICOAHUS YIIPYTUX TNl KOHEUHBIX Pa3MEPOB.
Kues: HaykoBa nymka, 1978. 264c.

CaeleHHs1 00 aBTOpPAaX:

Mup3osn Caak E3HukoBu4 — K.-M.H., c. H. ¢. UHCcTHTYTa Mexanuku HAH Apmennn
Axapec: 0019, Epesan, np. Mapmana barpamsina 24°

Tena: (+37410) 568188

E-mail: mechins@sci.am

AxonsiH Bazranym BenunxanoBHa — x.-M.H., H. ¢. UacTHTYyTa Mexannku HAH Apmennn
Axpec: 0019, Epesan, np. Mapmana Barpamsaa 24°

Ten: (+37410) 568188

E-mail: mechins@sci.am

45



N3Irub PACTYIIEHN BSA3KOYIPYTI'OM KPUBOJIMHEMHOM BAJIKH

Muxun M.H.

B pabote uccnenoBana 3aga4a U3ruda JUis pacTyLIero BA3KOYIPYroro craperoero rena. McciaeayoTess Tpu OCHOBHBIX
srana JehopMUPOBaHHS TeNa: 10 Havalla Hapall[uBaHus, B IPOIIECCE U MOCIIE OCTAaHOBKH pocTa. [IpesioskeH MeTo/ pelieHus,
OCHOBaHHbIH Ha UCIIOJIL30BAHUH (DYHKIMU HAIPSDKCHHUIL.

HpCﬂHOJ'IO)KI/IM, 49TO B HyJ'ICBOﬁ MOMCHT BPEMCHU U3 CTAPCIOLICTO BA3KOYIIPYIOro MaTepuajia
M3rOTOBJICHA Oajka Hl , IIJIOCKOE€ CEYECHUEC KOTOPOIro napaajiC/ibHOC OCHOBAHUAM NPECACTABIIACT coboii

KOJ‘ILL[GBOf/i CCKTOpP C BHYTPCHHUM paanyCOM al 1 BHCHIHUM panyCoOM bl . HyCTL KOJ‘ILLIGBOI\/'I CCKTOp
T
Q, :{(r,€)|a1 < erl,OSHSE}

3aJlelaH  Ha TOpIe (6’272'/2) ¥ u3rubaercs ToOmepeyHod Cwiod  P(f), TPUIOKEHHOW K

HE3aKpeIuIEHHOMY Toply. ['panunmy mnonepeuHoro ceudeHus €2, obo3Haumm L, . Jlo MomeHTa
3arpykeHust 7, OOKOBasi HOBEPXHOCTb OANKK CBOOOIHA OT HANPSKEHUI.
B MoMmeHT BpeMeHHu 7, > 7, K O0KOBOH MOBEPXHOCTH OaJKM HauMHAETCS MPHUTOK BemlecTBa. [Ipu

9TOM, HOBBIC NPHpAIIMBAEMbIC JIEMEHTH HE HANPSDKEHBI 1 MOMEHT MX M3TOTOBJICHHS COBIIAJIACT C
MOMEHTOM H3TOTOBJICHUSI OCHOBHOTO TeJa.
O6o3HaunM 4epe3 L(t) rpaHuIly ToriepedHoro cedeHus (2(¢), KOTOpas M3MEHSETCS C TeUeHHEM

BpeMeHHU. [3MeHeHHe rpaHuibl L(f) BHOJHE ONpEAeNseTcs 3aJaHHeM 3aKOHOB HM3MEHEHHS
BHYTPEHHETO U BHEIIIHET0 PaJUycoB, T.€. 3aaHueM IByX ¢yHkuuid a(t) u b(t). IIpu atom, a(r))=aq,,
b(r,))=b n L(r))=L,, Q(r,)=Q, . I'panuny L(f) MOXHO HpPEACTABUTH B BHIE L(t)zLU UL*(t) ,
rae L'(¢) — rpanuna pocra, K KOTOpOil B pacCMaTpHBACMblii MOMEHT BPEMEHH OCYILECTBIACTCS
npuTOK Matepuana, L, (¢) — rpanuua, Ha KOTOpoii 3aJ1aHa Harpy3Ka.

Bynem cunrath, uto rpannua pocra L'(f) He sarpykaercs B Ipouecce HapaiuBaHus. B arom
Cllyyae 3aJaBacMblii Ha HEH MOJHBIM TEH30p HANpPSHKEHWH COTNAacOBAaH C HYJIEBHIMH BHELIHMMU
cuinamu. byneM Takke cuuTaTh, YTO MOMEHT IPUIIOXKEHHS HArpy3KH K IPUPALIMBAEMBIM DJIEMEHTAM
7, (r, @) coBmazaeT ¢ MOMEHTOM UX IPHCOCAMHEHHs K pacTylieMy Teiy 7 (r,6).

B MoMeHT 7, > 7, HapaluBaHue 0ajJKu NPEKpaIaeTcs, U ¢ 3TOro MOMEHTa OHO 3aHUMAeT 001acTh
I, =11 (1'2) C IIONEPEYHBIM CEYEHHEM €2, =Q(z'2) , UMEIOIIUM rpanuny L, =L(z'2) . IIpu sTOoM
a(r,)=a,, b(r,)=b,.

KpaeBas 3aaua 1719 OCHOBHOI'O (HEpPACTYLIEr0) BA3KOYIPYIOro CTaperoLIero Tejla Ha MHTEepBae
BPEMEHHU [ € [TO,Tl] MIPECTABIISAET COOON TPAJUIIMOHHYIO 3a/1a4y BA3KOYNPYyroctu. E€ MOXXHO pemunTh
U3BECTHBIMU METOAAMM, HAIIPUMED, IIPH IIOMOLLM PUHLUIIA COOTBETCTBUS.

HavanpHO-KpaeByro 3ajauy IJIs HENpPEpHIBHO pacTyllell BA3KOyNpyroil Oaiku Ha HHTepBaie
BPEMEHH [ € [71,12] cocTaBlAtoT [1-4]:

YPaBHEHHUS PAaBHOBECHS

agrr + l ao_r& + o-rr B 0-99
or r 00 r
00, N 100, o

+2—2=0,
or r 06 r

=0,
(M
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os

o ij
cooTHoweHnss Komm mexay ckopocrsivu aedopmauuit D =a—j U CKOpPOCTSIMH
4

6ui/.
Ui/' = -
' Ot
0 0
p =% p L% b p _1f10v. 0v vy}
or rol r 2\r 00  or r
YPaBHEHHUS COCTOSIHUS
o-rr = G(I + Nrn(r,@))[(K + l)grr + (K _1)869]’

O =G +N_ (K -De, +(K+1Degl,
T, =2G(1 +N_ ))&,

TO’ (F:H)GQI’
7,(r,0) = .

T (r,0), (r,H)eQ(t)\Ql,

) E(1) 1
L+N_ o) ==L, ) 2G()=—=, K= ’
( 10(;,6)) ( ,0(,,9)) () 1+v 1-2v

Lf()=[f(OK t7)dr, K (t7)= G(r)%[G"(T) +o(t,7)]

KpacBOC yCJIOBHUC Ha HeHO,[[BPI)KHOfI T'paHuLe
b(t)
0=0: [ o,dr=PQ,,
a(t)
HayaJibHO-KpPaeBOE YCIIOBHE Ha pacTylIei IpaHuIle
r=a(t),r=a(t): o,(r.0,t)=0;(r.0)(t=1"(r.0)),

* *

O-rr = 0-7'6 = O’

nepeMeIIeHu

2

3)

“4)

)

rae G =G(t) — MofyIb ynpyro MrHoBeHHoii aepopmaruu npu casure, K, (£,7) u @(,7) — sapo

MOJI3YYECTH U Mepa TOI3YUYECTH MPHU CABUTE COOTBETCTBEHHO, | — TOXIECTBEHHBIN omepaTop. Brime
B psifie OYEBUIHBIX CIIyYaeB apryMEHTHI OMyIIeHbl. byaem oryckarh ux U fajiee, BOCIIPONU3BOIS JIUIIIH

B ClIy4asix, KOraa uX OTCYyTCTBHUE MOXKET 3aTPYyAHUTL TIOHUMAHUC.

OTnMYUTENBHBIMA OCOOCHHOCTSIMHM HadalbHO-KpaeBoil 3agaun (1)-(5) ans HapammBaeMoro Tena,
BBIBOASIIMMU €€ 33 paMKH KJIACCHMUYECKMX 3aJad MeXaHUKH Ae()OpMHpPYEeMOro TBEPIOrO Telna,
SBIISIFOTCS: CIIeNU(HUYEcKOe HayalbHO-KpacBoe yCIOBUE HA pacTyIlel TpaHulle; HapylIeHne yCIOBUH
COBMECTHOCTH JedopManuii B 0071aCTH, 3aHUIMAEeMOM JOMOJHUTEILHBIM TEJIOM, M BHIITOJHEHUE JHLIb
€ro aHajora M aHajiora cooTHoIeHnH Komm B CKOPOCTSIX COOTBETCTBYIOLIMX BEIWYHH; 3aBUCUMOCTD

OIpeIeIAIOINX COOTHOLIEHUH OT PyHKIUH 7, (r, 9) , KOTOpasi MO>KET UMETH Pa3pbIBbI IEPBOTO poja.

Ob6o3Hayast O'l.(/). =(l- Lro(r’g))O'ijG’l , IpeoOpa3yeM 3a1auy HapalluBaHUS BSI3KOYIPYTo Oaliku C

onpenensromuMu  cootHomennsmu (1)-(5) k 3amade HapaluBaHWs YIPYTOTO Tea, OMHACHIBAEMOTO

3aKk0oHOM I'yka

0 0 0 0 0 0 0
oo, +laar9 + O, —Opg 00,, + 1 0oy, )

o =0, +2210 =,
or r 00 r or r 00 r
p =9 p 100 v o, 1100 0v) by
T " roe0 " 2\re0 o 1)

0

ol =(K+e, +(K-1g,, oy =(K-1)e, +(K+1)g,,, o=

b(t)
0=0: [ obdr=P@),
a(t)
r=a(t),r=a(): S,=S,=0,

rr

2¢,,,

(6)
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[IpeoOpasyeM HavaTbHO-KpacByIO 3amady (6) K KpaeBOW 3amade OTHOCHUTENIBHO CKOpOCTed
nedopMmalii, CKOPOCTEeH MEepPeMENICHU M CKOPOCTEH ONepaTOpPHBIX HampspkeHud. [las 3Ttoro
npoaudQepeHIpyeM 1o t ypaBHCHUE PABHOBECHUS U YPaBHEHHUS COCTOSHUSI. /)i BBIBOIa TPAHUYHOTO
yciIoBUs Ha rpanuue L (f) mojelcTBYeM OIepaTopoM JMBEPIeHIMM HAa HAYAIbHO-KPaeBOE YCIOBHE
Ha TIOBEPXHOCTH POCTA.

B nTore mony4nMm crienyouryro KpaeByo 3a1aqy:

A N 108, N S, =S, _0, oS, N 10S,, +2£:0’

or r 00 r or r 00 r

p =% p L% v p _1f10v. 0v v}
or rog r 2\r 00 or r

Srr = (K + l)grr + (K - 1)8949’ SHH = (K - l)grr + (K + 1)8993
0,0 =2¢,, S, =00, o1, (7)
b(t)

0=0: [ 8,dr=00),

a(t)

dP'() _ 1 0P'(0), ¢ OP()daNtT) Pl (r 0))8600,10(1”,9))
dt  G(t) ot or ot o ot ’

70 (r,0)

o) =

*

r=a(t), r=a(t): o,(r0,0=0,(r0)(1=7"(r0)), o, =0,=0,

rr

KpaeBast 3amaga (7) coBmamaer mo ¢GopMe ¢ KpaeBOH 3amadell TEOPUH YIPYTOCTH C
napameTpoM ¢ . Ee pemieHne MOXET ObITh MOCTPOCHO JHOOBIM 3()(EKTUBHBIM B TEOPHU YIPYTOCTH
AHANTMTUYECKAM WM YHCICHHBIM METOJOM. PellieHHe WCXOMHOW HavaJbHO-KpacBOW 3a/iauu

HApALMBAHKs BS3KOYIpyroro crapetoutero tena (1)-(6) npu ¢ €[7,,7,] MOXHO BOCCTaHOBUTH 3aTEM
o popmynam
0,(r,0,7,(r,0))

o, (r,0,1)=G(t) G (r0)

1+ j R (t,7)dr |+

7o (¥1,X;)

t T
+ [ [8,0n0.0+ [ S,(n0.9)dsR (1,7) |dz (8)
7o (7,0) 70 (7,0)
t
u,(r,0,0) =u,(r,0,7,(r,0)) + j v,(r,0,7)dr.
70 (7,0)
rae R, (¢,7) — pe3onbBeHTa sapa K, (¢,7) .

OcCHOBHbIE COOTHOIICHMSA 33Aa4M IS T€JIa, HAPALIMBAHUE KOTOPOI'O MPEKPAIlEeHO, UMEIOT BU
(1)-(5), rme orcyTcTBYET ycnoBue Ha Tpanulie pocta. OHa npuBoautcs K Buay (7), mpudeM GopmyIsl,
[0 KOTOPHIM BOCCTAHABIMBAIOTCS WCTHHHBIC XAaPaKTEPUCTHKHU HaNPSHKEHHO-Ae(OPMHPOBAHHOTO
COCTOSIHHS, COXPaHSIOT BHI (8).

Jnis perienus kpaeBoil 3agaun tumna (7) 10CTaTOYHO PacCMOTPETh (PYHKIMIO HANpsKeHUH Dpu
B BUJIE

F(r,0)= f(r)sind . ©)
N3 oOmero Ourapmonmdeckoro ypaBHeHHs AAF =0 mnomyyaercs OOBIKHOBEHHOE
muddepeHuuansHoe ypaBHeHue aist GyHkuun f(r):

5 2
o id 1Y,
dr= rdr r

obliee peleHye, KOTOPOro UMeeT BH/L
f(r)=A4r +B/r+Cr+Drlnr.
Torza, UCTIONB3ys FPAHMYHBIE YCIOBHUS, HAMIEM COOTBETCTBYIOIINE KOMIIOHEHTBI HATIPSKEHHIA
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. 3
r r

g - Q[r_ @)+ “2(”’)2“)}111 0

3
r r

5, 22[3r O+ “2‘f)b2(”jsm 0
T (10)

2 2 2 2
a@®)+b(t) a )b (t
_9f, CWR0 SO0,
T r r

T(t)= a’ t)—- b? )+ (a2 (t)+ b? () In(b(t)/ a(t)).

[lommydaemble COOTHOIICHHS TIO3BOJISIFOT TPEACKA3bIBATh TaKWE OPTaHWYECKH TPHUCYIIHE
pacTyImuM TejlaM SBJICHHS, KaK BO3HUKHOBEHHE OCTATOYHBIX HANPSDKCHUU TOCIIE CHATHS Harpy3ok,
MOSIBJICHUE B HApAIIMBAEMOM TeJie TOBEPXHOCTEN pa3pblBa HANPSDKEHUM, 3aBUCUMOCTD HAMPSHKEHHO-
1e(OPMUPOBAHHOTO COCTOSIHUS BSI3KOYIPYTHX TEJ OT CKOPOCTH HX POCTA.

ABTop 6marogaput A.B. MamxupoBa 3a IOCTaHOBKY 33Ja4d ¥ TIOMOIIb.
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O PEHIEHUU 3AJAYHN KPYUEHUA YIIPYT'OI'O TIPUBMATHYECKOI'O
CTEP)XHs C IIOIIEPEYHBIM CEYEHHUEM B BUJIE HEPABHOBOKOI'O
YI'OJIKA METOJOM I'PAHUYHBIX HHTETPAJIbHBIX YPABHEHUI

MxpTtusin M.M., MkpTtusin M.C.

W3pectHas 3agaya H.X. ApyTionssa [1] o kpyueHHU ynpyroro Npu3MaTHYECKOro CTEPKHS C IONEPEUHBIM CECUCHUEM B
BHUJIC HEPABHOOOKOIO YToJIKa 37IeCh PACCMATPHUBAETCSI C TOUKH 3PEHUs IIPUMEHEHHS K Heil MeTO/1a TPaHUYHBIX MHTETPAIBHBIX
ypaBuenuii (T1Y).

Jns pemieHusl TOCTAaBICHHOW 3aJayd CHadaja BBIBOISITCA ONPEHCIAIONINE HHTErPabHBIC
YpaBHEHUSI, HCIIOIb3YsI U3BECTHOE NMPEJCTABICHUE TapMOHNYECKOH (pyHKIMU BHYTpH 00IacTu 4epes
e TpaHWYHbIC 3HAYCHHUS, U TPaHUYHbIC 3HAYCHUS HOPMAJbHON MPOM3BOAHOW HAa KOHTYpE OOJIACTH.
IIpy 5TOM Ha OCHOBaHMHU W3BECTHOM CBSI3M MEXIy HHTerpanom Tuna Komw u morapudmudeckuMu
MOTEHIHAJIaMU IIPOCTOTO M IBOMHOIO CJOEB, a TAK)KE HAa OCHOBAaHMM WM3BECTHBIX pe3ynapTaros H.U.
MyCXGJII/IIHBI/IJ]I/I O TIOBCACHHUHM HWHTErpajia THIla Komm B6JII/I3I/I YIJIOBBIX TOYCK Ha KOHTYpE,
MIpeJIeNbHBIM TIEPEX0A0M BBIBOJUTCS ONMPEIEINAIONIEe TPAaHUYHOE HHTETPAIbHOE YPABHEHUE KPaeBBIX
3aja4 A7 ypaBHeHus Jlamnaca B ciay4ae pacCMOTPEHHOM 001acTi. B 5ToM ypaBHEHHH yKe OTpakeHbI
BKJIQJIbl YTJIOBBIX TOYEK.

Hanee omnpegensoomee MY B COOTBETCTBUM €O CMELIAHHOW TPAaHUYHOM 3ajaded Jus
paccMOTpeHHOH 00J1acTH AUCKPETU3UpyeTcs. B pesyibraTe, NOIy4atoTCsl COOTBETCTBYIOLINE CHCTEMBI
JMHEHHBIX YPaBHEHMH, IPUYEM, YIJIOBbIC TOUKHM- BEPIIMHBI JAHHOW O0JAaCTH BKJIIOYAIOTCS B UHCIIO
y3J10B.

1. MHoTHEe OCHOBONOJNATAOIINe PE3yJbTaThl MO HCCIEIOBAHUIO OOIIMPHBIX KJIACCOB 3afad O
KPYYCHHH OJHOPOIHBIX W KYCOYHO-OJHOPOIHBIX CTEP)KHEH HM3JIOXKEHBI B MOHorpadusax [1,2]. 3aech
paccMOTpUM  3aJa4y O KpPYUYCHHUHU YHOPYyroro mnpu3MaTU4YECKOTO CTCPXKHA IMOJIUTOHAJIBHOI'O
MONIEPEYHOT0 CEUEHHS B BUIE HEPaBHOOOKOTO yronka (¢ur.1)

A Y
C
b M(e,d)
S
u d
O >
a X
®ur.1

Monyne caBura crepykHs 0003Ha4uM uepe3 4 . HampaBum ock OX 1O TOPU3OHTANBHOW HIKHEH
cropoHe obnacreir S, a oce Oy — 10 BepTUKAIBHOM JICBOW CTOpOHE 3TOM obnactu. [Jlanee, kak B [2],
B 001acTh S BBEIEM rapMOHUYECKYIO (DYHKIIUIO

O(x,y) = p(x,y) +xy, (1)
rae @(x,y) — dyHKums kpydeHus B obnacté S, mpuuéM, OHA TaKKe SIBISETCS TapMOHHUYCCKON

(¢yHKIME B COOTBETCTBYIOLIEH obOnactu. i1 KacaTeNbHBIX HamNpsHKeHWH B 3TOW 3ajqadye UMeeM
cieayoomme GopMyJIbL:

X =tu 8—(o—y s Y =1u a—(ﬂ+x , )
ox oy

50



rac€ 7 — InOoCTOAHHAaA CTCIICHDb 3aKpy4YUBaHUA.

Tenepb 3aluIIeM pa3peraaromnee ypaBHCHUC U COOTBECTCTBYIOIIUC T'PAHUYHBIC YCIIOBUA 3TOH
3a1a4u:

2 2

Zx?+27?:0 ((x,y)eS); 3)
8220 (y:b,OSxSc); a;():2)/ (sz,OSySb);

oy ox

a;():0(yza’,a—cﬁxﬁa);8;1)22)/ (x=c¢,b-d < y<b); 4)
oy ox

oD

5:0(y:0,03x£a); %:2)/ (xza,OSySd);

[locne naxokaeHus: pemieHus cucTeMmbl (3)-(4) ONMpenensioTcss OCHOBHBIE —XapaKTEPHCTHKH
oOcykaaeMoil 3amaun: (QYHKIHIO KpydeHHs, KacaTelbHble HampspkeHus 1o ¢opmynam (1) u (2),
COOTBETCTBEHHO, M JKECTKOCTH IPH KpydeHuu D 1o dopmyie [2]

op _ 09
D= X+ +x——y—— |dxdy .
(4504520322 iy
Tenepr mpuMeHsis pe3ynbTaTsl padoThl [3] k cucteme ypaBHeHwmi (3)-(4), TOTy4YHM clieayoliee
onpexesaroniee [ MY ans atoi 3agaun:

(9 ¥(8)=y(0) _
HD(c) l ~ {arctg[ ) x(©) }} D(s)ds

()

- j In/[x(s) = x(o) +[3(s) - ()T %ds (oe0.1])

e 1 — BHYTpeHHss K S HOopMaib Ha KOHType L, a [— jiuHa KoHTypa.
Taxum oOpa3oM, ocTaBlIeHHAs rpaHUYHas 3a7a4ya HeliMana cBOAWTCS K PEILICHHUIO YPaBHEHHS

(5). TTocne HaXOKICHUS PEIICHUS Ha TPaHsAX 00acTu S pelnieHune B Kak0i TOUKe 007IaCTH HAXOAUM
TI0 cITeayrorei Gpopmyre:

cD(MO)z—len(ljaiDdﬁl cpiln(ljds;
2ry r)on 27rL on r

r=\J[x(s) = X(o) +[¥(s)~ ¥ .

2. Hcnonb3ys NOJYYEHHBIE pPE3yJbTaThbl, MOCTPOMM pelleHue 3anauun Helmana s
00J1acTH, TpaHHUIIA KOTOPOH SIBIISETCS JIoMaHas JIUHUS (ur. 2). Pemienus 3Toi 3a1a4u MOCTPOUM
mo wusBectHod ™eromuke H.M  KpeutoBa u H.U.BoromoGosa [4]. [lannas 3agaua u3 (5)
MaTeMaTH4ecKu QOPMYIIHPYETCs B BUJIE CIEIYIOIIEr0 HHTETPaIbHOTO YPaBHEHHS:

(0 y(s)=y(0) _
yD (o) }[ B {arctg {—x(s) o) }} D(s)ds =

; (6)
= [ JIx($) = x() +[1(s) - (o) w(s)ds (o <[0.1]).

n3BecTHas (pyHKIMSA, rIes— OyroBask KOOpAMHATA, HPUUEM,

3necs [=2(a+b), a ‘//(S)=g£ -
n

Hadano orcuéra §— touka M (c,d), a HanpaBiieHHEe HA KOHType BbIOEpPEM B CTOPOHY BO3paCTaHHs

nmapaMerpa § Tak, YTOObI BHyTpEHHHE TOYKH 00JacTH HaXOJWJIKCH B JIEBOM CTOPOHE KOHTYypa IpH eé
obxoze.
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Ilpu cpaenaHHBIX  MPEANOJOXKEHUSIX  TNapaMETPUUYECKHE  ypaBHEHUS  ATOM  JIOMaHOM
x =x(s),y = y(S) 3anuCHIBAIOTCS B BUJIE:

A Y Ay
c r
3 A
b V/ M(C:d) k V/ N(r,p)
//lt//‘d //L//
O gl > O ” >
a X 1 x
dur. 2 ®ur. 3
c 0<s<b-d;
b—d+c—s b—d<s<b-d+c
0 b—d+c<s<2b—d+c;
x(s) = . (7)
s—2b+d-c 2b—d+c<s<a+2b-d+c;
a a+2b—-d+c<s<a+2b+c;
2a+2b+c—s a+2b+c<s<2a+2b.
s+d 0<s<b-d;
b b-d<s<b-d+c;
2b—d+c—s b—d+c<s<2b—-d+c;

y(s) = : (8)
0 2b—d+c<s<a+2b—-d+c;
s—a—-2b+d-c a+2b—-d+c<s<a+2b+c;

d a+2b+c<s<2a+2b.

Hdanee nns uucneHHOro pemeHus ypaBHeHHH (6) BBenéM ciepyromue Oe3pasMepHbIe
KOOPJIMHATHI U BEJIMUUHBIL:

£=2 =250 =1 ) = 2D Gy = D) g,
a a a a

a

7(E) = p(aé) = 8“1’;“5 ) _9%C) 5ey= yat),
n op ©)
bop Cog oy 121200 oy,
a a a a a

Torna ypaBHeHue (6) mpeoOpasyercst K BULY

. ym-3& |l 5 _
(D) j - {afctg{)_c(n) s }}Cb(n)dn =

In[¥(7) - X(E)F +[F(n) -FETFopdn  (£e[0.]]).

(10)

S ~
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B Bennuunnax (9) HavanpHas 061acTh S, KOHTYp KOTOPOH OmuchiBaeTcs ypaBHeHusMH (7) U

(8), mpeobpazyercs B obmacte (2 (dur. 3), ypaBHEHHsS KOHTYpa KOTOPOTO B Oe3pasMepHBIX
BCJIIMUMHAX UMCCT BU

q 0<n<k-r;
k—rd+q—-n k—-r<n<k-r+agq;
_ 0 k—r+q<n<2k-r+gq;
x(n) = n-2k+r—gq 2k—r+q<n<l1+2k—-r+gq;
1 1+2k—-r+g<n<l+2k+gq;
2+2k+qg—n 1+2k+qg<n<2+2k.
n+r 0<n<k-r;
k k—r<n<k-r+gq;
_ 2k—r+q—-n k—r+q<n<2k-r+gq;
Y=y Yk—rtq<n<le2k-r+q
n-1-2k+r—gq 1+2k—r+qg<n<1+2k+gq;
r 1+2k+q<n<2+2k.

ITpoMexyTOK HMHTEIpPHPOBaHUS B ypaBHeHHMH (6) pasmenum Ha mecTs wacteit [/ L] (i=1,6),

ImoJjaras
/ 2N, k—p+r—I
[,=0,1 =1 =2(1+k); [, = L (k—p): ], =k—p+rtPr"=h.
0 6 ( ) 1, 2N1—1( D)1, p N, -1
2N; -1 2N, -1

2k+r+1-1,
N, -1

5

[, =2k+r+1+

2

rne N,,N,,N,;,N,,N;, N, — Hanepén 3aJaHHBIC HaTypaibHble uhcna. OTMETHM, YTO HPHU TaKOM

pa3zeneHuy IpPOMeKyTKOB MHTEIPUPOBAaHHUE ECTUTCA Ha LIECTh YacTel, IPUTOM, TIEpBbIE MATh U3 HUX
COZepKaT YTJIOBBIE TOYKHM paccMmarpuBaemoil obnactu. Ilpm sTmx o6o3HaueHusx ypaBHeHue (10)
3amuIIeTcs B cneayomei gpopme:

O PN 10 o 02X | B
7 (E)D(S) Z J. on {larctg { ) —7(&) }}@(n)dn -

= [ n\Ix) - FOF + 7o) - TP wmdn  (§e[0.]).
Teneps BBenEM 0603Haqu;;IﬂI

=

an

”

An(r) —
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31ech 3HAYCHUSAM 771(\,’_) (r =1,5) cooTBETCTBYIOT YIJIOBBIE TOUKHM IpaHuisl o0iactu. Tenepb u3 (11)

no u3BectHomy metony H.M. KpeioBa u H.H. boronto6oBa [4] mpuném k crepyromeii cucreme
JTUHEWHBIX anredpandeckux ypaBHeHu# (JIAY):

" AU(V)

_ 6 N | A P —( )_—( (k)) _
(NGB (70 — 9 Jarct yu yn[:|ch(r)=
SRR Y J 577{ g{—m)_m}“) 1 ®01”)
LA
6 N, ’7(/")+Mzm
=200 [ WmIEm x0T 136 - T dn () ); (12)

(i=LN,; k=16).

B 3axmouenue otMetuM, uro Kodddummentsr JIAY (12) BeIpaxkaroTcs onpenciéHHBIMU
WHTETpajlaMH, KOTOpPbIE BEIUUCIIAIOTCA aHATUTHYECKUMHU METOAaMHU.

Paborta BemonmHena B pamkax rpanta 11-2c450 T'ockoMuTera Mo HayKe MUHHCTEPCTBA
oOpa3oBaHus U Hayku PA.
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K YCTOMYUBOCTHU MPSIMOYTOJIbHOM
IIJIACTUHKH U KPYT'OBOI'O KOJIBIIA

Moscucsn JLLA.

Hccnenyercst ycTOMYMBOCTh NPSIMOYTOJIBHON IIACTUHKM U KPYIVIOBOIO KOJIbLA C HAINOJHMTENIEM IpPU CHIOBBIX U
TeMIepaTypHbIX BO3IeHCTBUAX. I KOblia U3ydaeTcs TakxkKe 3ajjada yCTOMYMBOCTH 110 BO3CHCTBUEM JKECTKUX LITAMIIOB.
OmnpefeneHsl KPUTHUECKUE TAPAMETPl — MTHOBEHHBIE U JTUTEIbHBIE (YIPYTOCTb—BA3KOYIPYTOCTb).

1. HpﬂMOerHBHaH IJIAaCTUHHKA HaXOAWUTCA B IIOCTOAHHOM TEMIICPATYPHOM IIOJIC tO n Ha

BHEIIHUX TUIOCKOCTSAX JEHCTBYIOT TPOTHUBOMOJIOXKHO HANpPaBICHHBIE CIBHTAIOMINE HATPSKEHIS
UHTEHCHBHOCTRIO S [1.2]. Ilo HampaBIeHUIO 3TOM OCH Kpas IUIACTHHKU HEMOABHKHBI U MO3TOMY

BO3HMKAET CXKUMAIOIIEE YCUIINE Eh(xTO, a S BHI3BIBAET IepepesbiBarolee ycuaue Sh .
YpaBHEHHUS YCTOMYUBOCTH TaKOW TUTACTUHKHU OyAyT:
82u+1—v82u+1+v o’V S(I—Vz)azw_
ox’ 2 oy’ 2 oxoy E ox’
1+v du +1—v62v+82v 5(1—V2)62W_
2 oxey 2 ox° oy’ E  oxoy
o’u o’v o’w
DA*w+Sh—+Sh +Ehat,—-=0
OX oxoy OX
Ha KpasaX MIAaCTUHKU HMCIOTCA YCJIOBUS, KOTOPBIC JONYCKAIOT PCIICHUC (1 . 1) B BUJC
U=0UsinA Xsinp, Yy, V=VcosAi Xcosp,y

0

0 (1.1)

. . mn nm (1.2)
W=WsinA _Xsinp Yy, A, =—, A, =—
a b
Kom6unanust S u t), mpu KoTopoii BO3MOXKHA IIOTEPst yCTONYNBOCTH —
E’h? 2
S$*(1-v?)+ E’aty = ————(A7 +17) (1.3)
12(1-v*)A;
MuyHHUManbHOE COOTHOILIEHUE JEHCTBYIOLIUX BO3ACUCTBUI, BBI3BIBAIOLIUE IIOTEPIO YCTONYMBOCTH,
Oyzer (n =1, mb= a)

E’h’n’
S*(1-v*)+E’at, =———— 1.4
( ) 0 3 (1 _ V2 )bZ ( )
B YaCTHOCTH, IIPpH pa3aciIbHbBIX BO3,Z[CI>'ICTBH$IX
h*r? Ehr
ot = SK S 1.5
( O)Kp 3(1_V2)b2 p \/g(l—Vz)b ( )

I[J'IH Bf[3K0y1'Ipy1"01>i IUIACTUHKHA MTHOBCHHBIN MOAYJIb E JOJDKHBI 3aMCHHUTDH EOO H, €CJIM TOJIBKO IIpH

BO3JICHCTBUM TEMITEPATYPhl €€ KPUTHYECKHE 3HAYCHHUS OJMHAKOBBI, TO YK€ NMPH HAIMYMH S OHH
Pa3INYHBL

2. llunuugpuyeckoe KOJBIO CO CIUIOIIHBIM HAMOJHUTEIEM HaXOAUTCS B CTAllHOHAPHOM
HEOJHOPOJTHOM TEMIIEPAaTypHOM IOJIe U MOJBEpPracTcsl BHEIIHEMY JTaBICHUIO MHTCHCUBHOCTHIO ( (B

[3] u3yyanach yCTOMYMBOCTh MPU OJHOPOJHOM TeMIIEpaTypHOM mosie). Tak Kak TOJIIMHA KOJIbLA
TOHKas1, OyieM Mpearnonarats, YTo TeMIeparypa 110 TOJIINHE HE MEHSETCS U eCTh
t=t, +1t,cos20 (2.1)

Torna Temneparypa B HalOJIHUTENE OyaeT
2

t=t,+t, I;—cos 20 (2.2)

2
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B cOOTBETCTBUY C BHENTHUMHY BO3ACHCTBUAMH (YHKIHS HanpspkeHus HadaasHoTro HJIC Oymet

®° = A, +B,r” +(Ar’ +B,r*)cos20 (2.3)
HanpspkeHust u panuanbHOe epeMenieHre B HalloJTHUTENe —

o) =2(B,~ A, c0s20), ,=2|B,+(A +6B,r*)cos20 |, of, =(A,+38,r*)sin20

0 2 3 r2 (24)
u, = E—{BO (1=v,)r —[(1+V0) Ar+2v,B,r ]cosZG} +o,r| t, -t WCOSZ@
0

3neck O, — K03 GHUIHMEHT TMHEHHOro pacupenus U V, — koadduuunent Ilyaccona marepuana

HAIIOJIHUTCIIA.
YPaBHeHI/Ie CTAaTUKW HAYaJIbHOT'O COCTOSAHUA KOJIbIIa —
o’ 1M’ M o
+— =0, ———-T R=R°(g+0o,(R
® R o0 o’ (a+oi(R)
3 2
T=E + 2 ) Engr, mo = EX OV
R a0 12R* 06

B mpeamnonoxeHnu, 4To Ha JIMHUM pasjena aByx cpex I = R umerorcs ycnous
o _ 0 _
G,,=0, U =W, (2.6)

(2.5)

HEOGXOXMMOT0 JUTSl JabHEHIEro yermmms T uMeeM
T __ q(1-v,) + e — o)ty + 9o+ vy t, cos
Eh EX, X, 3X,

31ech

20 2.7)

X1=e+y(l+vo), X2=3e+y3(3—vo), e=%, Y:%

B cucreme ypaBHeHUH BO3MYILEHHOIO COCTOSIHMSA IEPBOE YPAaBHEHUE COXpaHSAET BHUJI NEPBOTO U3
(2.5), aBoT BTOpOE OYIET

2
d '\f —TR+£(T°@j—chr(R):0 (2.8)
00 ool 00
DOYHKITNS HATTPSDKCHHSI 711 JAHHOTO COCTOSIHHASI UIMEET BH/T
® = [ (A" +B,r")cosmo-+(Cor™ +D,r™)sin6 | 2.9)

HGpCMeH_ICHI/IH B KOJIBIC TAKKE MPCACTABUM B BUJIC TAKUX PATOB:

W= Z( f" cosmO+ f ¥ sin me), V= Z(\y;ﬁ) sinmO -+ cos me) (2.10)

Tak kak Mpy HAIMYUK HAMIOJHUTENICH MOTEePsl YCTOHYMBOCTH MPOUCXOIUT B BUJIC CYMM OONbIIuX M,
TO B BBIpakeHHU (2.9) mepBBIe WICHBI MOYKHO OITyCKaTh. [IpW OTHOPOMHBIX BO3MEHCTBHUIX (tl = 0)
rapMOHHMK OyJieT onHa [3]. Berumcnsas cCOOTBETCTBYIONIUE BEIUUUHBI U yIOBJICTBOPSS YCIOBUSM THIIA
(2.6), n1s o, (R) HOJTyYHM

E m’ -1
o (R)==Y—— (fVcosmo+ f?sin0 2.11
r( ) RZm:Zm—1+V0(m " ) @1D)
YuuteiBas (2.8)—(2.11), ans onpeneneHus KPUTHYSCKUX BETHUUUH TOTYYUM CUCTEMY
| I 2 m _
[Ey m? (m* =1)+Y,m*+Y, | -5 [(m+2) f,.,+(m-2)f,,]=0 (2.12)
31ech MPUHATH 0003HAYCHHUS
1-v, e(a,—a)
Y — _ 3 0 + 0
=X X

q o, E , e m -1 9o+ 7’0,
t, Q=—1, gl =—y', Y, = oLy, =22 Yoy
o Q=g G = = T T e,

1 1 kp
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B Tabn.l mnpuBeneHpl KPUTHYECKHE 3HAYEHUS pr s pasnMuHBIX €,y u i mpu
0 s
t,=100"C, o =2-10 , Vo =0,5.
rpas.

. 0
B kaxmoit kimerke mepsele cTpoku coorBerctByor t =0, a Bropsie — t =25"C. B ckoOkax

IMPUBEACHBI HOMEpPA I'NIaBHBIX I'ApPMOHUK.

Taomuua 1
1
/7 200 300 400
e
10 42.71 101.1 187.8
47.17  (6) 105.6  (9) 1923 (12)
. 135.7 320.1 626.2
5.10 1405 (11) 3342 630.5  (29)
Tabnwuia 2
e 107 10°
k
t, =t =0 33.90 157.1
! t =0 36.97 187.8
t,t,#0 42.41 192.3
t, =t =0 2742 129.3
0,75
t =0 29.72 152.3
t,t #0 34.14 156.8
t, 1 =0 21.01 99.30
0,5 ‘

’ t =0 22.54 114.7
t,t #0 27.00 119.7

B ciyuae, Korja mMaTepuai HAlOJHUTENS BSI3KOYNpPYIUil, B OKOHUYATebHbIX (GopMynax E momxen
6bih 3amenen Ha E, =KE, B Tabn.2 mpusenensi smauenns kpuruueckux Q mis K=0,75 u
k=0,5.

U3 npuBen&HHBIX TaOJIUIl BUJHO, YTO HAIMYUE TEMIIEPATYPhI, KAK BUIHO M U3 BhIpaxeHus (2.7), Tak
KaK O, >0, yBennuusaeT 3Hauenue Q. W U BA3KOYNPYTOTO HAIOJHUTENA yMEHbIIEHHE
MOCJIEZIHETO HEJMHEWHO 3aBUCHT OT K .

3. 3,[[601» YKC€ paCcCMOTpUM yCTOﬁ‘IHBOCTL KOJIbIAa Mo ImTaMIiiaMu — OHO HaXOJHUTCA 110 ,Z[eﬁCTBPIeM
2n OJHMHAKOBBIX (CI/IMMCTpI/IIIHO paCHOJ’IO)KCHHLIX) JKECTKUX M TIIaAKUX IITaMIIOB. OHH UMEIOT OCh

CHMMETpUHM, paauyc KpuBm3HbI R/, M cocpemoToueHnsie cuiabl P meiictByror mo 5Toit ocu n

HampaBlieHbl K IIEHTPY Kpyra koibla. llpeamomaraercs, 4To KOJBIIO HAaXOTUTCS B OJHOPOJTHOM
TEMIIEPaTypHOM IT0JIEe ¥ TPEHHE MEXTY KOJBIIOM H IITAMITAMH OTCYTCTBYET.
[Ipou3sBens 0OBIYHBIE TPOIICTYPHI JUIT HEU3BECTHOTO AABJICHUS MO/ ITAMIIOM, MOTYyYuM [4]:

q=p[C,—C,+1-1]chBO+C,—(1-1) A= ﬁ=qR2
b ’ ’ R EJ
R k2R2Gh R Y% R2 % G-D
C=C—, pP=—-2" (C = 0, —o)o, C.=— [qd
=Coy B="5 - C SinelJOICOS( —o)e, C, y !q ¢
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T _
B KkauecTBe KOHKpPETHOrO mpumepa B3sito N =4 (91 =Zj Tunuunas 3aBucuMocts 0, or

npuBesieHa Ha prc.l. 3Haku £ mepen A yKas3bIBalOT PACIIONIOKEHHE IIEHTpPA IITAMITa 10 CPABHEHUIO C
HEeHTpOM Koiblia. Kak u ciegoBano 0kxuaaTh, IPU OJHOM M TOM e CHJIe MHTepBaj KOHTAaKTa IITamIa
C KOIBLOM MpPH MOJIOXKUTEIBHOM A OOJbIE, YeM TPU OTPUIATENBHOM. IIpH paccMOTpeHHH

BSI3KOYTPYTOCTH MaTepualia BEIPaKCHUE (1 — X) JIOJKHO OBITh 3aMEHEHO (1 - )(1 — 7») .

45
y 4
40 =75 7
35 7
30 r==02 /
25 7
20 -7
1(5) S/~ =02
5 4/
O [ I I I T
0 0,00 002 003 004 005 006 007
Puc.1
_ R?
B tabm. 3 npuBemensl 3HaueHus P = PE—J, KOTOpBIE  BBI3BIBAIOT HHTEpBal

KOHTaKTa

COOTBETCTBEHHO, KOT/Ia MaTepHal YIPyTHid ¥ KOTAa JUTUTEIbHBIH MOYJIb COCTABIISICT COOTBETCTBEHHO
0.75 1 0.5 OT MTHOBEHHOT'O MOJTYJIS.

3Hayenue 0 — B paguaHax.

Tabawma 3
0.2 -0.2
0 1 0.75 0.5 1 0.75 0.5
1 6.169 4.625 3.084 9.250 6.945 4.625
2 6.590 4.945 3.295 9.885 7.414 4.942
3 7.052 5.284 3.525 10.58 7.935 5.288
4 7.372 5.663 3.779 11.34 8.501 5.668
5 8.003 5.867 3.936 11.77 8.792 5.884
_ 2
Jlinst u3yueHus 3a1aum ycToiunBocTy npeacraBum J u T =T — B Buze psAaoB
Za cosmo , T = ZC cosmo , [BShB@ +( 1+7\,):|

m=0

:1|.|>

vl

a
m_l_ 2

m=4

k, k=

shBG cosm@, + mchPO, sinmo, + (C -1+

B oxoHuaTensHOM BHJE YPaBHEHHE YCTOWYMBOCTH OyAeT

+ +—
00" 00° 00

peuieHrue KOTOPOro nuiem
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o'w  o°w a(f@j=0,

00

B BUIE

=]

(3.2)

(3.3)

(3.4)



W=i f,cosno,

(3.5)
n=0
Toraa ajid onpeaCiCHUA KPUTHICCKUX CUJI ITOJIYUUTCA CUCTEMA
2n(n2 —1) f,—(2¢, —C )nf, =D m(C, o —Cpon ) fn =0 (3.13)
men
B 1a0:1.4 npuBeaeHb 3HAUCHUS F_’KlD JUISE pa3IAYHbIX 3 1 A .
Tabnuua 4
A 0.1 -0.1 0.2 -0.2 -1
B
75 3.037 3.711 2.669 4.049 6.749
150 3.256 3.980 2.895 4.342 7.236
300 3.329 4.068 2.959 4.438 7.397

Kak BHUIHO M3 T36H.4, KpUTHUYECCKad CuJia JJid MOJOKHUTECIIBHBIX A MCHBIIEC, YEM JIA OTPULATCIIbHBIX.
HJ’IH BA3BKOYIIPYTroro marepuajia 3HAUYCHUC JIUTCIIbHBIX KPUTUYCCKUX CHJI MOKHO IMOJY4YUTH U3

BBIIIETIPUBEAEHHBIX 3HAYCHUH YMHOKEHHUEM Ha COOTBETCTBYIOLIMN KO3 ULIMEHT.
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CILTABBI C AMATBIO ®OPMbI: PEOHOMHBIE CBOMCTBA U YCTOMYUBOCThH

Moguan A.A., Cuiabuenko T.JI., Knumos K.10., Kazapuna C.A.

OnwucaHpl SKCIEPUMEHTAJIbHBIE JaHHBIE, COTJACHO KOTOPBIM CIUIaBel C mamsateio Qopmer (CIID) obmamator
peoHoMHBIMU cBoiicTBamu. IlpuBeneHs! nBe moxenu peonoMHoro mosexenust CII®. HccnenmoBan BOmpoc O BIMSHHR
peoHoMmHbIX cBoicTB CII® Ha ycTOHYMBOCTS.

1. VHuKanpHBIC CBOMCTBA CTUIaBOB ¢ MaMAThI0 (hopmsl (CIID) cBs3aHBI ¢ TPOUCXOIANTAMHA B
3THX MaTepHhajax TEepMOYNpPYTUMH (a30BBIMH M CTPYKTYpHBIMH MpeBpallcHUsMH. Tepmoyrpyrue
(a3oBble TpeBpalleHUs] CcUUTAIOTCS 0e3an((y3HOHHBIMH MpPOLECCAMHU, IMO3TOMY MEXaHHUYECKHE
CBOWCTBAa ATHX MaTEPHAIIOB OJDKHBI OBITh CKIIEPOHOMHBIMHE (HE 3aBUCSIIMMU OT MaciiTaba BpeMeHH).
B [1-3] npemnoxeHa ckiiepoHOMHasT MoJienb HenwHeHoro aedopmupoBanms CIID npu ¢da3oBbXx u
CTPYKTYPHBIX TPEBpAIEHHUSX W COOTBETCTBYIOIIME OIPEICISIONINE COOTHOLICHHUS, HOCSIIUE IS
nedopmanii ”HKPEeMEHTAIBHBIH XapakTep. B [3] mokazaHo monokeHHe 00 akTHBHBIX MpOIEccax
MPOMOPIIMOHANBHOTO HATrpPYXKEHHsI, CIeAys KOTOPOMY ISl MPOIECCOB, COCTOSIIHUX M3 KOHEYHOTO
YHCIIa JTAINOB MPSIMOTO B 00paTHOrO ()a30BOTO MAPTEHCHTHOTO MPEBPALICHHUS, COMPOBOKIAFOIINXCS
WIN HET CTPYKTYPHBIMU MeEpexoJaMH, B cly4ae OTCYTCTBHS pasrpy30K M MPONOPLHOHATBLHOM
W3MEHEHUHM KOMIIOHEHT JIeBHATOpa HANpPsKEHWH, a TakKe TIPH BBITOJHEHHH HEKOTOPBIX
JIOTIOJTHUTENILHBIX TIPEIIONIOKEHHI OTHOCUTEIBHO MaTepUallbHBIX (QYHKIWH, Ui AeGopMUpOBaHUsS
CII® copaBeanuB aHanor AeQOpMAlMOHHOW TEOPHM IUIACTUYHOCTH, BBIPXKAIOUIMKCS B BHIE
KOHEYHOU CBS3HM MEXITy HaNpsHKeHUSIMU, 1eopMaIiusiMi U rapaMeTpoM Ga3oBOro COCTaBa BUIA

3o,
gij = SOqSij +E?qu(P(Gi) (1-1)

B (1.1) ¢&,— ¢asoso-crpykrypHas aepopmauus, &,— nuHelHas aepopmanus 0OBEMHOrO

a¢dexra mpAMOro MapTEHCUTHOTO TMpEBpaIleHU, ¢ — 00bEMHAS JIOJIT MapTEHCHTHOHN (Da3kl, 51;;_
1
ij

JACIbTa KpOHeKepa, O; ,0;,— JCBHAaTOp MU HHTCHCHUBHOCTb HaHpﬂX(eHHﬁ, Pp— HapamMeTp,

KOPPETUPYIOMNN ¢ MHTEHCHBHOCTBIO KpUCTAIIIOTpadudecKoi nedopmanum (Ha3oBoro MpeBpamieHus,
¢(0,) — byHKUUS pacmpeneNeHNs] HHTCHCUBHOCTH MHUKPOHANPSUKEHUH B IIPEICTaBUTEIEHOM 00BbEME

CII®. Crnenyer ormeruth, uTo M1 OombumHcTBa CII® ¢, <<&,. lloaTomMy, HMXe NepBBIM

criaraeMbIM npaBoi yactu (1.1) mpeHeOperaercs Mo CpaBHEHHUIO CO BTOPBIM CIaracMbIM.

2. TlomoxkeHWS O CKJICPOHOMHOCTH MexaHuwdeckoro moBeneHuss CII® mnpuaepkuBaroTCs
OOJNIBIIMHCTBO MCCIeNoBaTeNlel 3TUX MaTepuaioB. Habiromaemble B HEKOTOPBIX OIBITaX BPEMEHHBIE
3¢ PeKTh 0OBIYHO OTHOCAT 32 CUET MAKPOCKOMMYECKOW W MUKPOCKOIMYECKOW HE W30TEPMUYHOCTH,
3aBHCHMOCTH OT BPEMEHH IpOIecCOB TeruioooMena obOpasioB u3 CIID ¢ oxpyxaromeii cpenow,
PEOHOMHOCTH TIpoIiecca TEIUIONPOBOAHOCTH. UTOOBI MOHATH, SBISETCS M M3MEHEHHE TeMIIEPaTyphl
CII® co BpeMEHEM €IUHCTBEHHOH NMPUYMHONM PEOHOMHBIX CBOMCTB 3THX MaTepHasoB, NPOBEACHA
Cepusl 3KCIIEPUMEHTOB, B KOTOPBIX TeMIlepaTypa Obula paBHOMEPHO pacipenenieHa mo odpasuy u He
MEHSJIaCh CO BPEMEHEM. OJTO OBUIM IKCHEPHMEHTHI IO KECTKOMY H30TEPMHUYECKOMY HarpyKEHHUIO
00pa31oB U3 HHUKEIWJa TUTaHA B PEKHME MAPTEHCUTHOW HEYNMpPYrocTH (OJHOOCHOE PaCTSKEHHE) C
Pa3InYHBIMU CKOPOCTSIMH JBHKEHHUSI aKTUBHOTO 3aXBaTa; MSTKOMY H30TEPMUYECKOMY CTYIIEHUATOMY
Harpy)kKeHUIO W pas3rpy3ke oO0pasloB M3 TOr0 Xe Marepuaja B pPEXHUMax Kak MapTEeHCUTHOH
HEYNPYTOCTH, TaK W CBEPXYINPYTOCTH; ONBITHI HAa pEIaKCAllMI0 HANPSKEHWH Mocie >KECTKOTo
M30TEPMUYECKOT0 HATPYKEHHS CKATHEM KOPOTKHUX O0pa3loB B PEXHME MAapTEHCUTHON HEYNPYTrOCTH
U (pukcanuy BeTUYMHB! JOCTUTHYTOH MOJHON AeOpMAaLMM; OMBITH IO MOTEPU YCTOHYUBOCTH HPHU
C)KaTHH 00pa3IoB, HATPYKAEMBIX B PEKHUME MApTECHCUTHON HEYIIPYTOCTH C Pa3IMYHBIMU CKOPOCTSMHU.
Bo Bcex ompITax U30TEPMHUYECKUN PEXHM U PABHOMEPHOCTD pacIipefelieHrs] TeMIIepaTyp o o0pasiy
KOHTPOJIMPOBAJIACH HECKOJIBKUMH TepMOIIapaMHt, 3aKpeIIEHHBIMU Ha 00pasLe.

YcraHoBieHO, yTO (hopMa IuarpaMmsl KECTKOTO M30TEPMHUUECKOTO Harpy>KeHHst 00pas1oB u3
HUKEJIHJIa TUTAHA PacTsHKEHHEM 3aBHCHUT OT CKOPOCTH JIBWKEHHSI aKTHBHOTO 3aXBaTa: YeM BBIIIE 3Ta
CKOpPOCTb, TEM MEHbIIasl AedopMalusi COOTBETCTBYET TOMY K€ 3HaueHHIo HanpspkeHus [4]. Ilpu
MATKOM CTYIEHYaToM HarpyxeHuu oOpasnoB u3 CII® mocie KaXaoro ckauka HaNpPSKEHUS
HaOmronaeTcss poct nedopMalmii co BpeMEHEM IIpH IMOCTOSHHOM HANpsSHKEHWH W MOCTOSIHHON
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temneparype. Cpasy mocie JOCTaTOYHO OOJBIINX CKauYKOB HANpspKEeHUS HaOII0AaeTcss MrHOBEHHBIN
CKa4yOK HEeympyrux nedopMariuii, mocjie 4ero aeGopmanuu pacTyT CHadajga ¢ Ype3BbIUaliHO BBICOKOM
CKOPOCTBIO, TaK YTO ACHUMITOTHKAa 3aBUCHUMOCTH TpupamieHus nedopmarnuii Ag OT BpeMeHH !,
MPOILEANIET0 OCHe CKauKa sl MAJIBIX BPEMEH OJIM3Ka K KOPHEBOW:

Ae~ B "7 2.1

C TeyeHHEM BPEMEHH CKOPOCTh Ae(OopMalu yMEHBIIACTCs, a caMa BEIMYMHA JiehopMalliu
ACHMIITOTHYECKH CTPEMHUTCS K HEKOTOPOMY TMpeAeidbHOMYy 3HadeHuto. CHCTeMaTWdecKHil pocT
nedopManuy mpekpaniaeTcs MpUMEpHO 4epe3 1 yac mocie ckayka HampsokeHnd. Takum oOpaszom,
HaOmogaeMbIi 3 (EeKT BeCbMa IMOX0XK Ha SBJICHHE OTPAaHUYCHHOMW MOJI3YyYECTH, OJHAKO HAOIIIOIAeTCs
OH NpPU KOMHATHBIX TEMIIEPAaTypax, COOTBETCTBYIOLIUX MapTeHCUTHOMY cocTosiHuio CII®. ITpupoct

nedopmanuii co BpeMeHeM Ag' Ha KaxkIoi CTyHNEHH MPOLECcca CPABHUM 10 BETHYUHE C MTHOBEHHBIM
CKauykoM nedopmariiii, COOTBETCTBYIONINM NaHHOMY CKauKy HampspkeHuil Ao . Ilpu ommHaKOBBIX

BEIMYMHAX HANpPSOKEHUH 10 ckayka BenumuumHa Ag’ pactér ¢ poctom Ao . Ilpu 0gMHAKOBBIX

BemMuMHax Ao BenumuMHa Ag’' TeM BblllE, YEM MEHbLIE 3HAYEHME KacaTeJbHOTO MOMYJIS,
COOTBETCTBYIOIIIEE HAa JUarpaMMe MapTEeHCUTHON HEYNPYTrOCTH 3HAYEHHIO HANPSHKEHUS, IPU KOTOPOM
pactét nedopmarusi.

IIpu MArkoM CTyHmEHYaTOM pasrpy3ke I0CIE HAarpyXeHUss B PEKUME MapTEHCUTHON
HEYNIPYTOCTH PEOHOMHBIX 3(PQEKTOB He HaOM0AaeTCs. AHAJOTHMYHBIC KCIIEPUMEHTHI Ha MATKOE
CTYIIEHYaTOE HArpyKEHUE U pasrpy3Ky MPOBEIECHBI B PEXKUME CBEPXYNPYTOCTH, T.€. H30TEPMHUECKOTO
mporecca, IMPOMCXOASINEro IpU  TEMIIEpaType HadaJlbHO — AyCTECHUTHOIO COCTOSIHMSL U
COIPOBOKIAIOLIEr0Cs BbI3BAHHBIM POCTOM HAIPSKCHUHN NPSIMBIM MaPTECHCUTHBIM [IPEBPALLIECHUEM [IPU
Harpy’>XeHUH W OOpaTHBIM MapTEHCHUTHBIM IpEeBpaIlleHHEM NpU pasrpys3ke. 31ech NpU Harpy>KeHUU
OMATh HAOIIOAaeTCs Mocie KaXJI0Tro CKadka HallpsDKEHUH SBIEHHE OrpaHWYeHHOM monsydectd. Ilpu
pasrpyske, B OTJIMYUE OT PEXKMMA MAPTEHCUTHOW HEYNPYTOCTH, B JAHHOM CIIy4ae IIOCIE Ka)I0ro
CKa4YKOOOpa3HOI'0 yMEHBIIEHHUS HANPSDKEHUH HaOM0AaeTCsl yMEHbLICHUE (C 3aTyXaoLed CKOPOCTHIO)
nedopmanuii co BpeMEHeM IIPH [TOCTOSHHBIX HAIPSDKEHUH U TeMIIepaType. DTO OTIMYHUE CBA3aHO, MO-
BUAMMOMY, C T€M, YTO B JaHHOM ciydae NPOUCXOIUT Heymnpyroe aehopMupoBaHUe (BBI3BaHHOE
nasieHueM HanpsbkeHuid oOpaTHoe (a30Boe MpeBpalleHne), TOTAa Kak pasrpy3Ka Mocjie HarpyXeHus B
peXuMe MapTEHCUTHON HEYIIPYTOCTH OJH3KA K YIIPYTOM.

JIBOHWCTBEHHBIM K TOJI3Y4ecTH siBJsieTcsl d(Q(deKT penakcaluy HanpspKeHHHA. DTO SIBICHHE
TaKke oOHapy>keHO B 00pa3lax U3 HUKenuaa TUTaHa. Kpyrosble IMIMHAPEI TUaMETPOM OCHOBaHHMS 4
MM H JUIMHOM OT 12 10 6 MM Harpy»aiuch B JKECTKOM PEXHME CKaTUEM C PA3NHYHBIMU CKOPOCTIMHU
JBHKEHHs aKTHBHOIO 3aXBaTa J0 HANPSDKEHUS O, IOCIIE Yero MOJ0XKEHHE 3aXBaTOB (PMKCUPOBAIOCH

M HaOJIOANIOCh W3MCHEHHWE HampshkeHus B oOpasie. OOHapyKeHO, 4TO NpH (UKCUPOBaHHBIX
TeMIIepaType U MOTHON NedopMalliy HanpsHDKeHNEe yOBIBAJIO CO BpeMeHeM CHadalla ¢ O4eHb BBICOKOH,
HO TIOCTENEHHO YMEHbINarolencss ckopocTbio. [IpumepHo yepe3 1 yac MOHOTOHHOE yMEHBIIIEHUE
HaIpsDKEHUH Ipekpainanock. 1Ipu npodynx paBHBIX yCIOBUSX CKOPOCTb MAJCHUs HANPSDKEHHUNA U cama
BEJIMYMHA MaJeHUs1 AC yBEIWYHMBAINCH C POCTOM CKOPOCTH INPEABAPUTEIBHOIO HarpykeHus. Urto
KacaeTcsl 3aBUCHMOCTH BEIMYMHBI A0 OT 3HAY€HH O, TO OHA SABJISETCI HEMOHOTOHHON M HMEET

MaKCHMYyM B TOYKE, TJIe KacaTelIbHBIH MOJYJIb Ha JUArpaMMe CHKATHs COOTBETCTBYET MUHHUMATBHOMY
3HaueHuto. Beanunna Ao Moxer gocrurars 8% oT o, .

3. [IpeanoskeHsl 1Be MOMENH Ui onrcanust peoHoMHBIX cBoricTB CII®. CornacHo nepBoit u3
HUX CYIIECTBYET KJacC NpeAeNbHO MeAJeHHBIX mporeccoB nedopmuposanusi CIID, xoropsie
SIBIISTIOTCSL CKJIEPOHOMHBIMU. J[J151 OTIMCaHMS 3THUX MPOIIECCOB MOTYT OBITh MCIIOJIb30BaHbl YIIOMSIHYTHIE
BBIIIIE ONPENENSIONINe COOTHOLICHUsT MOoeHn HenuHeliHoro aedopmupoBanus CII® npu dazoBbix u
CTPYKTYPHBIX IpeBpamieHusx [1-3].

Hwuxe n1s KpaTKOCTH OJHOMEPHBIM BapUaHT CKIEPOHOMHBIX ONPEAENAIOMINX COOTHOLIECHUMN
TUTSI TIpEIEITBHO MeICeHHBIX TporieccoB B CIID Oymer 0603HAYATHECS Kak

5:‘//1(%0') (31)
rae w(q,o) sBiIfeTcs, BOOOIIE TOBOPS, (YHKIIMOHAIIOM HUCTOPUM M3MEHEHHUS CBOMX apryMeHTOB. B

CITy4ae BBHIITOJHEHUS YCIOBUH TOJI0XKEHHS 00 aKTUBHBIX MPOIleccax MPOIOPIHOHATIHFHOTO HATPYKEHHS
BMecToO (3.1) MOKXHO 3amucaTh
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€=p,qp(0) (3:2)
Ecmm peus unér 00 MCHBITAHUAX B PEKAME MApTEHCHTHOM HeymnpyrocTH, korma CIID Haxomures B
MOJTHOCTHI0 MAPTEHCUTHOM COCTOSIHUH, TO B (3.2) ciemyer moJokuTh g =1.

I[J'IH MpouecCCOB MpPOUCXOAAINIUX C OOBIYHBIMH CKOpPOCTAMU NpeyIaracTcsa OIPCACIIAIONICC
COOTHOIICHUC

e=kly(q.0)— ) (33)
rIIe BBEAECHO 0003HAUECHIE
x mpu x>0
(x)=

Cytb cootHommenus (3.3) cBOOUTCS K TOMY, YTO JJsi BechMa MeEMJIEHHBIX TporeccoB £— 0 wu,

0 mpu x<0

cornacHo (3.3) € > y,(q,0), T.e. onpeAeNsIONIee COOTHOIIEHUE Ul 3TUX IIPOLECCOB CTPEMUTCA K
OTIPEIEIIIONIEMY COOTHOIICHHIO IS TpeebHO MeIeHHBIX mporeccoB (3.1). Coornomenue (3.3)
aQHAJIOTUYHO BS3KO-TUIACTHYECKUM  OMPEICSIISIONUM COOTHOIIeHusiM. Hanuume omneparopa <x>

oTiau4aeT cooTHoIeHne (3.3) oT mpeanoKeHHOTro B [5], 4TO MO3BOJSET pacHpOCTPaHUTh MOJETh Ha
Clly4aii pa3rpy3KH, KOT/Ia MOXKET BBIIOJIHATHCSI HEPaBEHCTBO & > ,(q,0).

B pamkax momenu (3.3) MOTYT OBITH OMHCAHBI YIIOMSHYTBIC BBIINIE PEOHOMHEIE 3((DEKTHI,
HabOmronaembie B CIID, a iMeHHO, 3aBUCUMOCTD (DOPMBI JUarpaMMbl MApPTEHCUTHON HEYIIPYrOCTH OT
CKOpPOCTH Harpy»KeHUsl, sSIBJIeHHE OTPaHUYEHHOH MON3yYecTH MPH MATKOM CTYNIEHYATOM HArpyXeHUU
B peXHME MapTEHCHUTHOW HEYNPYTOCTH WIH CBEPXYNPYTOCTH, SBJICHHE pETaKCcallid HAaIpsHKEHUH.
OnHako, HEKOTOpble OCOOCHHOCTH 3TUX 3(dekToB B pamkax momenu (3.3) nubo BooOIIE HE
OTIMCHIBAIOTCS, OO OMHUCHIBAIOTCS KAayeCTBEHHO HempaBwibHO. Tak, mozens (3.3) He ommchIBaeT
MTHOBEHHBIE CKA4KH HEYIPYTuX aedopMariuii, COMPOBOXKIAIONINE IOCTATOYHO OOINBIIME CKAYKH
HaANPSHKEHUH TIPU MATKOM CTYNEHYAaTOM HarpyXeHuu. J[eHCTBUTENhHO, CKauKOOOpa3HOe yBEIMIeHHEe
HaNpsDKEHUH MPUBOAUT, coriacHo (3.3) Iuib K yBETHUSHHIO CKOpOCTH Aedopmanuii, KoTopas UMeeT
KOHeuHoe 3HadeHne. Kpome Toro, pemenue (3.3) ans mpolecca mocie CKadka HaIpsDKeHUH, Koraa
HalpsHDKCHUE TIOCTOSHHO W PaBHO O WMEET BHJ g—go:(Wl(q,a)—go)(l—exp(—kt)), rne &,—

HavaJbHOE 3Ha4YeHHe JedopMalliii mepe cKaukoM HampspkeHuid npu ¢ = (0. Pa3maras 3KCIIOHEHTY B
PSA W OTpAaHMYMBAsACH JBYMS UWICHAMH, MMOJy4aeM JIMHEHHYIO aCHMIITOTHKY pocta aedopmanuii co
BpEMEHEM TI0CIIe CKauKa HaIllpsHKeHNH

&~ &y =kily,(q.0)~ &) (3:4)
B TO BpPeMs KakK COTJIACHO 3KCIEPUMEHTAJIBLHBIM JTaHHBIM 3Ta aCHMIITOTHKA Oyke K KopHeBo# (2.1).
Kpome Toro, ompenenéHHble TpPyAHOCTH BO3HUKAIOT IPH ONHCAaHWKM B pamkax moxenu (3.3)
JUarpaMMbl  KECTKOTO HAarpyXeHusi ¢ (UKCHPOBAHHOW CKOPOCTBIO JedopManuii B pexXUMe
MapTEHCUTHON HEYNPYTOCTH.

4. YtoOBl JUKBUAMPOBATH ATH HECOOTBETCTBHUSA, MpEAIaraeTcsi BTOpas MOJAETh PEOHOMHOTO
noBenenusi CII®, B pamkax KOTOpO#l JAenaeTcs MpennoiokKeHHE O CYIIECTBOBAHMH JABYX KIIACCOB
CKIIEPOHOMHBIX TIPOIIECCOB — MPEACIHHO MEAJIEHHBIX H MPeAeIbHO OBICTPhIX. [IpenensHo MeIeHHbIM
COOTBETCTBYeT II0 TpekHeMy coorHomeHne (3.1), a mpemenbHO OBICTPEIM — COOTHOIICHUE
e=y,(q,0). [dns mnpoMexyTOYHBIX CKopocTell aedopMmauuii mpeanaraercs ONpenesIouee

COOTHOLICHUC
PR ACR 4.1)
&— l//z (qa O-)

CyTb 1aHHOTO NPEUIOKEHUS CBOAMUTCS K CledyromeMy. Ecinu cTpeMuTcs K Hy0 YUCIUTENb
npaBoil yactu (4.1), TO ecTh mpolecc CTPEMUTCS K NpeAeibHO MEAJIEHHOMY, TO corjacHo (4.1)
CKOpOCTh AedopMany CTpeMUTCs K Hymo. Eciu ke K HyJIr0 CTpEMHTCS] 3HaMeHaTelb PaBoi 4acTu

(4.1), TO ecTh MPOLIECC CTPEMHUTCS K MPEACIbHO ObICTpOMYy, TO, cornacHo (4.1), é—>oo. OauH u3

YaCTHBIX BapuaHTOB Mojienu (4.1) CBOAMTCS K TOMY, YTOOBI CUMTATh MPEebHO ObICTPhIE TPOLIECCHI
yuCcTO yrpyrumu. B aTom cirydae B (4.1) He0OX0AUMO MOJOKHUTH
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¥,(q,0)=0 (4.2)

I/I3BeCTHO, 4TO 4 AMHAMHUYCCKOI'O YHNPYTO-IUIACTHUYECKOro IMOBCACHUA AJIFOMUHHUEBBIX U
HEKOTOPBIX JAPYTUX CIUIAaBOB 3aBHUCHMOCTH IIpeJieNla TEKYy4eCTH OT CKOPOCTH JehOpMHPOBAHHS
COCTOWT W3 JIByX BeTBed. OHA COOTBETCTBYET BeChbMa MEJIEHHBIM IPOIECCaM M OTpa)kaeT CIalyro
3aBHCHMOCTD Mpejieiia TeKYy4eCTH OT CKOpOCTH JedopMupoBaHus. Bropas momydaercst ajisi BEICOKHUX
ckopocteld aedopmanuii M TOKa3bIBaeT BEChbMa pPE3KUH POCT rpaduka 3aBUCHMOCTH IIpeneia
TEKY4eCTH OT CKOPOCTH Ae(opManuii, MOJIOKEHHE KOTOPOTO OIM3KO K BepTUKaIbHOMY. Moaens (4.1)
¢ ycmoBueM (4.2) COOTBETCTBYET IPEIITOJIONKEHHIO, KOT/Ia TEPBBIA M3 ITUX TPadUKOB CUHUTACTCS
TOPU3OHTAIBHBIM (TIApAJUICNILHBIM OCH CKOpOCTel jaedopmaruii), a BTOPOW — BEPTHUKAILHBIM
(mapaiiensHBIM OCH TIPEJIENIOB TEKYUYECTH).

Mogens (4.1), B orimuume ot momenu (3.3), eCTeCTBEHHBIM 0O0pa30M OIMCHIBAET CKAdKH
HEynpyrux jaedopmanuii mpu ckaukooOpa3HOM POCTE HANPSKCHHUU, MPOUCXOJAIINE B Clydae eCiu
MIHOBEHHOE YBEIMUCHUE HANPSIKCHHI NPU HEM3MEHHBIX Je(hopMaIisaX MPUBOAUT K OOpaIleHUIO B
HyJIb 3HaMeHaTens npaBoi yactu (4.1). B ciyuae, ecnu npu 3HaueHun AeopMaIuu &, HampsHKeHHe

CKaUKOM MEHsIeTCSl OT BEIMYHMHBl O, AL KOTOpOH &, >W,(q,0,) M0 3HaueHus o,+Aoc, s
KOTOpOro &, <y,(q,0,+Ac), TO MTHOBEHHBIH CKadoK (ha30BO-CTPYKTYPHBIX Aedopmanuii paBeH
Ae=y,(q,0,+Ac)—¢,. llpu »sTOoM, acumnToTHKa pocTa Aedopmanuii co BpeMEHEM IpH
MOCTOSIHHOM HAIIPSDKEHWW TIOCNIE €ro CKadka, Kak HETPYAHO BHUAETh, ompexaensercs (opmynoi

Ag = \/ Zkz‘(l//1 (9,00 +A0)-w,(q,0, + AO')) , T.e. COOTBETCTBYET IKCIHEPUMEHTAJbHBIM JAAHHBIM

(2.1).

5. B [6] skcnepuMeHTaNBFHO YCTAaHOBIEHO, YTO (ha30BbIE NPEBpAIIEHUS MOTYT CIIYXKHTb
TIPUIMHON TTOTEPH yCTOMIMBOCTH dIeMeHTOB u3 CIID. Mojgenu moTepr yCTOHIHMBOCTH IJIEMEHTOB W3
CII®, ocHOBaHHBIE Ha CKJIEPOHOMHBIX OIPEIENSIONIUX COOTHOWIEHHUSIX U1 ITHX MaTepUalioB, U
pelIeHus] COOTBETCTBYIONUX 3ajay JUisd CTEpPKHEH W IJIacTWH omyOsiukoBanel B [2,3,7,8] u np.
Bo3nukaer Bompoc 0 TOM, Kak BIHAET YUYET peoHOMHBIX cBoWcTB CII® Ha pe3ynbpTaThl pelIeHUs
COOTBETCTBYIOIIMX 3a]a4 ycToWdnBocTr? M3BECTHO, UTO 3a/1a4M yCTOMYMBOCTH ISl AeHOPMHUPYEMBIX
TBEPIBIX TeJI, 00JaAI0MIUX PEOHOMHBIMH CBOWCTBAMH, JIEJIATCS Ha J1Ba Kinacca. K mepBoMy oTHOCSTCS
MPOOJIEMBI TSI IMHEHHO-BA3KOYNPYTUX TeJ, OOJNAJarONIUX CBOHCTBOM OTPaHWMUYEHHOW MOJI3YYeCTH.
3/1eckr UMeeT CMBICH TTOCTAaHOBKA 33/1a4l YCTOWYUBOCTH 10 JIAIMyHOBY Ha OECKOHEYHOM BPEMEHHOM
WHTepBaje, 1 KPUTHYECKAs CHUJIa OIpPEeeNaeTcsl 3HaUeHUEeM JITUTEIFHOrO YIpyroro Moayist. Bropoit
KJlacc mpoOJeM KacaeTcs Tell ¢ HeTMHEWHOW HeOrpaHMYEHHO! MOJI3yUYecThI0. 371eCh peub MOXKET UATH
He 00 yCTOWYMBOCTH Ha OECKOHEYHOM BpPEMEHHOM HHTEpBajie, a 00 OIpeaeleHHHd BPEMEHH 10
MoMeHTa moTepu ycroiuumBoctu. [loBenenue CIID sBnsercss cyry0o0 HETMHEWHBIM, OIHAKO IPH
MATKOM CTYIIEHYaTOM HAarpy>K€HHM OTH MaTepuanbl JIEMOHCTPUPYIOT SIBICHHE OTPAHUYEHHOM
nonsyuyectd. Bo3HUKaeT BOIpoc 0 TOM, K KAKOMY KJIACcCy — NEPBOMY HJIM BTOPOMY OTHOCSITCS 3a1a4yu
YCTOWYHMBOCTH, YUHUTHIBAIOIINE peOHOMHBIE cBOMcTBa CIID.

C 1enpro 0TBETa Ha ATOT BOMPOC OBLT PEeLIEH psiA NPOCTEHIINX MOJAENBHBIX 3a1ad. B mepBoit
U3 HUX PACCMOTPEH BEPTUKAIBHO PACIIONOXKEHHBIA >KECTKUM CTEP)KEHb, HI)KHUUA KOHEL KOTOPOTO
ONMpAaeTCs Ha IIApHUP M KOTOPOro 3aBUCUMOCTh yTIja IIOBOpPOTAa OT MOMEHTa HJIEHTUYHA
3aucumoctu (3.3). K BepxHeMy KOHIy MPWIOXKEHA HaIpaBiIeHHAs BEPTUKAILHO BHH3 CHJIA
¢uKkcupoBaHHOH BenMUYUHBL. OTpenensercss yCTOWYMBOCTH OIMCAHHOIO BBINIE TPUBHAILHOTO
COCTOSIHUS CHUCTEMBI. 3ajaya pellajach B PAa3IMYHBIX IIOCTAHOBKAX, BKJOYAs JUHAMUYECKYIO
MOCTaHOBKY 3aa4u 00 ycroiunBoctyu 1o JlamyHoBy. [loka3aHo, 4To B JaHHOM ciydae MpaBoMEpHOMH
SBJISIETCSl TIOCTAHOBKA 3a/laul YCTOWYMBOCTH Ha OECKOHEYHOM BpEMEHHOM MHTepBajie. Kpuruueckas
CUJIa OINpEAENIeTCS 3HAYEHUEM KacaTeNbHOI'O MOJYJIS, BBIUKCICHHOTO IO JUarpaMMme MpenesibHO-
MEJJIEHHOI'O ITpoLecca.

PaccmoTpena 3amadya 00 yCTOWYMBOCTH INAPHUPHO 3akperuiéHHoro crepxHs u3 CIIOD,
Harpy»aemMoro npoAoJbHON CKMMAIOIIEH CUIION B peXUME MapTEHCUTHOM Heymnpyroctu. Martepuan
CTEp)KHS TIOMUHHSACTCS OTNpeesiionemMy cooTtHomennio (3.3). Mcmomb3yercs THIOTe3a INIOCKHX
ceuenuil. [lonydeHo cienyromiee BbIpakeHNE A KPUTUYECKON JJTMHBI CTEPXKHS L depe3 BEIHMYUHY
CKUMaromen cuiasl P
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EJT’
O = P (o P ) G:D

3necy J, F'— MOMEHT WHEPLMHU | TUIOMIAIh ITOTIEPEYHOTO CEUSHHS CTePXKHs, F — MOIyIb YIIPYTOCTH

CII® B mMapTeHCHUTHOM (Da30BOM COCTOSIHHMH, IMTPUXOM oOo03HaueHa mpom3BoaHas. CormacHo (5.1),
KPUTHYECKOE COCTOSHHE CTEpXKHsS OMpeJesisieTcs 3HAaueHHeM KacaTelIbHOrO MOJIyJisi MaTephaia

-1 < o
[pD(P'(G)] , HAUACHHOI'O B TOYKC IMOTEPU YCTOMYHMBOCTU IO AUArpaMME MPCEACIIBHO MCAJICHHOI'O

Harpy>kKeHusl.

HccnenoBan Bonmpoc 0O BIUSHUM CKOPOCTH HAarpyKeHHsl Ha KPUTHYECKYIO Harpy3ky MOTepH
YCTOMUYMBOCTH, OHpeleIsieMyt0 ¢ YY4ETOM peoHOMHbIX CBOMCTB CII®. g Bcex pel€HHBIX 3aaad
YCTaHOBJIEHO, 4YTO Takas 3aBUCHMOCTb OTCYTCTBYeT. JIeHCTBUTENBHO, KPUTHUYECKHE HArpy3Ku
OTIPEETIAIOTCS KacaTelIbHBIM MOMYJIEM, BBIYHCIEHHBIM II0 JAWarpaMMme IpeleilbHO MEJIEHHOTO
MpoleCcCa, a CaMH TaKHe MPOIECCHI MO0 MPUHATOMY MPEINOIOKEHHUIO ABISIOTCS CKIEPOHOMHBIMH, T.€.
OT CKOPOCTH Harpy>k€Husi He 3aBUCAT. Te3uc 00 OTCYTCTBMU 3aBUCHMOCTU BEIMYMHBI KPUTHUECKHX
Harpy30K OT CKOPOCTH Harpy>KeHHUs TOATBEPKAEH B SKCIIEPUMEHTAX.

Paboma svinoanena npu gunancosom cooevicmeuu PODOU, npoexm Ne 11-01-00503 u PLIT
«Hayunvle u nayuno-nedazocuueckue kaopvl unnosayuoruou Poccuu na 2009-2013 200v1», npoexm
T'KNel6.740.11.0132.
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N3BPAHHBIE INPOBJIEMbI HAHOMEXAHUKU
Mopo3zos H.®., Cemenos b.H.

[Mpn m3yueHnn HaHOpPa3MEPHBIX OOBEKTOB HEOOXOANMO YUUTHIBATh BO3pacTalolIee BIMSIHIE NOBEPXHOCTU. PaccMoOTpeH pan
KJIACCUYECKUX 3a/lad YNPYTOCTH JUli HAHOPa3MEPHBIX CTPYKTYp € Y4€TOM IOBEPXHOCTHBIX HAIPSIKEHUH U IPOBEAEHO
CpaBHEHME C KJIACCHYECKMMH pe3ysbTaTtaMu. MccieioBaHo BIMSIHUE yYeTa MOBEPXHOCTHBIX HANpsDKeHUH Ha 3 dexTHBHYyIO
KECTKOCTh HAHOIIOPHUCTOTO CTEPKHS U HA YCTOMYMBOCTD IIIACTUHBI C KPYTOBBIM BBIPE30M IIPU PACTSIKEHHU.

CrapToBbIM rogoM 11 HaHoMexaHuku B CaukTt-IlerepOypre moxuo cuntath 2000 rox, korma JKopec
WBanouu AsndéEpor cran HoOeneBckum naypeatom. TpaauiimoHHO TpoBeaéHHbIe Toraa B CaHKT-
[leTepOypre nekuu, MOCBAMEHHBIE STOMY COOBITHIO, BO3OYIWIM OONBIION HAy4YHBIH WHTEpEC K
HAHOIIPOOJIEMaTHKE Yy MHOTHX YYEHBIX, B TOM YHCIE, U Yy MEXaHHKOB. V3ydeHne MexaHMYecKhX
CBOMCTB TBEPIBIX HAHOOOBEKTOB MOKA3aJI0, YTO Y HHUX CYIIECTBYIOT T€ € MPOOJIEMbI, Kak U Y
O0BEKTOB TPATUIMOHHBIX Pa3MEpPOB: MPOYHOCTh, pa3pylIeHuE, Je(EeKTHOCTh, OTCIOCHUE,
YCTOWYHMBOCTh W, CIIEAOBATENBHO, ISl TNPEACKAa3aHWs WX TOBEJSHHs HEOOXOIMMO HCIIOIb30BaTh
TEeOpeTHYeCKrne Mojelr. ECTEeCTBEHHO IS MEXaHWKOB BHIOpATh KIIACCHYECKHE MOJENN H3yYeHUS
MaTepUAIOB U KOHCTPYKIIMH, COOTBETCTBEHHO MX MOAM(HIIMPOBAB, W MEPBOM MPOOIEMON SBISCTCS
oTIpeZieNieHNe OCHOBHBIX MmapameTpoB — moaynis FOura m kosddurnuenra Ilyaccona. Hexoropsie
pe3ynbTaThl, Kacarolluecss HEOJHO3HAYHOCTH B ompeneneHun Moxyns MOHra mns mamoro wumcna
ATOMHBIX CIIOEB, MpUBENEHHI B [1,2].

O noBepxHoCTHBIX 3P deKTax

MHorue HaHOMaTepuanbl 00NAAA0T (GU3NIECKUMH CBOWCTBAMH, CYIIECTBEHHO OTIIMYAIOIIUMUCS OT
CBOMCTB OOBIYHBIX MaTepHayioB. OmHUM #3 OOBICHCHWH O3THX OTJIMYHN SBIIACTCA HAIMIUC
MOBEPXHOCTHBIX 3(PPEKTOB, POb KOTOPHIX JJIsl HAHOPA3MEPHBIX CTPYKTYP MOXKET OBITh YPE3BBIYANHO
BEJIMKA II0 CPaBHEHUIO C KJIAaCCMYECKOM MEXaHMKOH. Mozenplo, YUYWTBHIBAIOIIEH CBOMCTBA
MOBEPXHOCTH, CIYKUT TEOpHUsl yOPYrOCTH C IIOBEPXHOCTHBIMU  HampsbkeHusMu — [3-7].
[ToBepXHOCTHBIE HAMNPSOKCHUSI T SBISIIOTCA OOOOIIEHMEM IOBEPXHOCTHOTO HATSHKCHUS,
W3BECTHOIO B TEOPUM KANWUISIPHOCTH, HAa cliydall TBEPABIX Tel. B e€ pamkax Hapsmy c
TEH30POM HAIpsLKEHUM @, onpenenéHHOM B 00bEMe Tena V U Ha ero moBepxHocTd £}, Ha rpaHULe
Tela WM €€ YaCTH JCHCTBYIOT MOBEPXHOCTHBIC HANPSDKCHUs T. TeH30p T 0000IIacT M3BECTHOE B
TUAPOMEXAHUKE CKaIPHOE IIOBEPXHOCTHOE HATSHKEHUME Ha ciydaid TBEpABIX Ten. BBeneHue
MIOBEPXHOCTHBIX HAIPSKEHUI MO3BOJSET ONMCATh XAPAKTEPHBIM IJI1 HAHOMATEpPHAJIOB pa3MEpPHBII

a¢dexr.

MatemaTudeckre HCCIeOBaHHS TOBEPXHOCTHBIX HANpsDKEHUH B TBEPIABIX TellaX M IKUAKOCTAX
BocxomaT K paboram Jlammaca, FOnra, ['mb0ca u ap., cM., Hampumep, 0030psl B [8,9]. YpaBHeHUS
paBHOBECHSI M KpaeBble YCJIOBUSA UL JIMHEHHO YIPYroro Tela C IOBEPXHOCTHBIMH HaNpsDKEHUSIMU
uMmeroT Bun [3-8]:

V-ot+pf=0 6V,

Ulg, =g, R ﬂ'lgf =¢ (B e—V: 1o =¢. (1

B (1) o — nanpsbkenusi, V —TpexMepHBIH omepaTop Habyia, p — IUNIOTHOCTh, f — MacCOBBIE CHIIBL,
7 —BEKTOD HOPMalM K MOBEPXHOCTH Tema, £ =8F =Q;UQ; UGy, na g 321aHbI
NEPEMELICHUS tg, Ha £dp NEHCTBYIOT CHIBL (p, a Ha Ly  TaKKe [EHCTBYIOT IOBEPXHOCTHBIE
HanpsOKeHUsI T, Wg — TIOBEPXHOCTHBIM oOIeparop TrpaaueHTa, CcBs3aHHBIE ¢ W (opmyoit
¥e= ‘?—ﬂ;—z, Z — KOOpJIMHATa, OTCUMThIBaeMas MO HopManu K moBepxHocTd £l. TeH30phl

HanpsDKEHUH U MOBEPXHOCTHBIX HanpspkeHuid B (1) gatorest popmynamu:

o= = Lire + 2pue,
fe (2)

|5

T=— =154 + A Atre + 2p¢,

o

&
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W =W((s)= %/’Lfrs+ [E €,
£ = e(u) %E?u +Pu'},

U = U(g) = 1ytree -+ %.f{sf"rzs-‘r- e g,
&= e(u) =2 ((Vstis) A+ A~ (Vstis)T),

3)

“4)

31ech € — MOBEPXHOCTHBIH TeH30p AepopMauuii, g = U|g, — BEKTOp mnepememieHuii Ha Qg
A=I-n@®mn, I — TpéxMepHBIi eIMHMYHBIA TeH30p, [| W p — moctosHubie Jlame, ¥ u pf —

MMOBCPXHOCTHLIC YINPYTrUe€ MOAYJIN (aHaJ'IOl"I/I MOBCPXHOCTHBIX MOCTOAHHBIX .HaMC), Ty — OCTAaTOYHOC
MMOBCPXHOCTHOC HAIIPAKCHUC.

I dekTUBHAN JKECTKOCTH HAHOMOPUCTOTO CTEPIKHSI

3agaya 0 pacTsHKEHUM JIMHEHHO-YIPYToro NpsSMOJIMHEHHOTO CTEPKHSI C KPYTOBBIM CEYEHHEM paluyca
R. Bynem cuMTath, YTO MapajuIeNbHO OCU CTEPXKHS PACHOIOKEHBI T TIOP LMJIMHIPUIECKOH (HOPMBI C
OJIMHAKOBBIMHU PaJUyCaMH I, CyMMapHas IUIOIa b TONEPEYHbIX CEUEHUI KOTOPIX paBHA

§ =mnr?. (5)

IlycTe Ha TOpLHAX CTEpKHS MACUCTBYET PAaBHOMEPHO paclpeneiéHHas Harpys3ka, CTaTH4YECKU
sKBUBaJIeHTHas: cuinaMm P. O0o3HaunB momyns FOHra marepuana crepxkHs uepes FE, sdpdekruBHbIN
IPOJIONIBHBIH MOJYIIb CTEPIKHS € opaMu Ey MOXKHO BBIPa3uTh Kak:

E; =E(1— @), (6)

rae @ = §/F — nopucrocts, F = ®R? — monuas mwiomans cedeHHs: CTEPHKHS, BKIIOYAS ILIONIAIb
nop. O4eBuaHO, 4TO 3(HEKTHBHBIA MPOJONBHBIA MOAYIb CTEpP)KHs ¢ mopamu Eg He 3aBHCHT OT
KOJINYECTBA COIACPIKALIMXCS B HEM IIOD, a TOJIBKO OT CyMMapHOH IUIOLIAN UX MOTIEPEYHBIX CEYCHUI.
DddexTUBHBINA MOIYIb YIPYTOCTH C yU4ETOM MOBEPXHOCTHBIX HAaNpspKeHuit Eg nmeer Bua

B! = E(1— @} + E; "T‘= E: +E, Ef:““. (7)

ik ¢ yaérom (5)
B =E(l— @) + B 22 8
) @ & 2-\-“5.5“?1 . (8)

3nech Ey = F..f€.x > (¢ — TOBEpXHOCTHBIM aHasor monmyis HOHra, mmeromuii pasmepHocts H/w,
oz €z — TPOJOIBHBIE KOMIIOHEHTHI HANIPSKEHUH ¥ TOBEPXHOCTHOMN AedopmMariu.

Taxkum oOpa3oM, yU€T MOBEPXHOCTHOTO 3 (eKTa MO3BONISIECT MOIYUNUTh 3aBUCUMOCTh 3((HEKTHBHOTO
MOJLyJIsl YIIPYTOCTH CTEPXHs ¢ nopamu E; or KonmmyecTsa mop 7. [Ipu 5TOM, MajJeHbKOE KOJHYECTBO
mop OONBIION IIIOMIANN TOTEPEYHOTO CEYEeHUs OCHa0IsIeT CTep)KeHb (ero >KECTKOCTh CTaHOBUTCS
MEHbIIE JKECTKOCTH HW30TPONMHOTIO MaTepHajia CTEp)KHS), HO MpU TOH K€ CyMMapHOH Iuiomanu
MOTIEPEYHBIX CEUSHHUH MOp, CTEP)KEHb CTAHOBUTCS TeM XKEcTUe, YeM OOIbIIe MOp OH CONEPKUT (UeM
MEHBIIIE PaTHyC IOP).

Inockas 3a1a4a 11 KPYroBoro OTBepCcTUs B HAHOIJIAcTHHe (3agaya Kupia)

Eme omma 3amaga, paccMOTpeHHas B paboTe, IEMOHCTPHUPYIOIIAas, 4YTO Y4YET MOBEPXHOCTHBIX
HANPSOKCHU OKa3bIBaeT CYIIECTBCHHOE BJIMSHMEC HAa MEXaHHUYCCKUE CBOWCTBA HAaHOOOBEKTOB —
TUTOCKAs 3ajlada Jijisl KpyroBOTO OTBEPCTHS B HAHOMATepHale.

PaccMoTprM COOTBETCTBYIOIIYIO 3a7ady TEOPWUH YIPYTOCTH: MyCTh YIPYTasl IIOCKOCTh C KPYTOBBIM
BBIPE30M pannyca R HaXOAWTCS MOJ IEHCTBHEM OJHOOCHOTO pacTsKEHHS Ha OECKOHEYHOCTH (3a1ada
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Kupima) BenmuuuHBl P U JONOJHUTENBHBIX MOBEPXHOCTHBIX HampshkeHuil. OOBEMHBIE COOTHOLICHUS
MMOBEPXHOCTHOH [3,4] 1 00BEMHON IMHEHHON YIIPYTOCTH B CIIydae IJIOCKOH aedopMaIiui CBOIATCS K

Cop =05 + (Ao +2u5)e5,, 033 = 0 + Leeg,,
ﬂr@WE;{ -+ zﬁ)ﬁ'@qﬂ -+ ﬁﬁ'ﬂ-p T = Ef:{r + Zju}sw + ':I'E‘q;:rq;:rr ) ©
Crg = 28y Oz = .f{{:sw + sw}.

3nech (r, @} — MoOJspHAs cUCTeMa KOOPIHMHAT C IEHTPOM, COBIAJIAIONINM C IICHTPOM Bblpe3a ﬂg -
OCTaTOYHOE IIOBEPXHOCTHOE HAMNPSKEHUE, OTBEYAIOLEe HEHArpy>KEHHOMY Teily, crqw u 55
OKpY)KHBIE TIOBEPXHOCTHBIE HANpPSDKCHHS M Ae(OpMAlMH, O3z — HOPMANbHAs K IUIOCKOCTH
KOMITOHCHTA TEH30Pa MOBEPXHOCTHBIX HAIPSDKCHUH, Fy; U £; — KOMIIOHCHTBI TCH30POB HAIPSDKCHUIH
u nedopmaruii B 00bEMe, Ac U fig — MOJYJIH TOBEPXHOCTHOHN yNPYroCTH, aHAJIOTUYHBIC TTOCTOSTHHBIM
Jlame [ u p1 it 00BEMHON H30TPOITHOM YIIPYTOCTH.

KpaeBsie ycnoBust Ha TpaHuIie Beipesa T = K OyAyT IMETh BUJ:

.::rﬁ_——;iE 0, .:rW+Ra—;§E 0, T=R, (10)

a ycJIoBHs Ha OECKOHEYHOCTH B JIEKApPTOBOM CHCTEME KOOpAUHAT (X, = T co8 &, X, = rsiné)k:
Im o ow=0 Um_,0;,=0 (ij=12} spave im0y, =p, (11)

Pemms 3amauy (9)-(11) METOIOM KOMIUTEKCHBIX ITOTCHITHAIOB, TOMYyYHMM IS BHEITHOCTH Kpyra
=R [11]

o) = 2T+ E[1- (L Tamg) o+ (1 + (3 - s ) cos2e].
arwcr,qa)=—ﬁ—?§%+;[1+(1—%}%—(1+(3—%}f4)mw¢] (12)
Tﬂs,l:?",ﬁfl)=—§[l+%+ (3—%}T4 sin2g.

3nece M = (g + 2uc}f28, b = (3 —v).

PaBencTBa (12) moOKa3bIBAlOT XapaKTepHYIO Ui HAaHOMAaTEpHaJIOB 3aBUCHUMOCTh HAIPSDKEHUH OT
pasmepa otBepcTusi. Kpome Toro, u3 paBeHctB (12) cnemyer, uto npu M I» (f y4€T MOBEpXHOCTHBIX
HanpsOKeHUM yMEHBIIaeT KOHLEHTPALMIO HANpsDKEHUH B OKPECTHOCTH BbIpe3a. AHAJIOTHYHOE
JeficTBHE OKAa3hIBAET OCTATOYHOE MOBEPXHOCTHOE HATPSKEHHE @F, KOTOPOE MO CYTH SBISETCS
TTOBEPXHOCTHOM SHEpTHUeH, HeoOX0UMOH i1 00pa30BaHMs ¢IUHUIIBI TTOBepXHOCTH. Hampumep, miis
kyOuueckux  MetamioB M~(L0™2 — 10~%)m, ¢3~1H/M [5], u B 3ToM ciydae NpH pajgmyce
otBepcTHs @~10 HM mepBoe ciaraemoe Bo BTOpoi m3 dopmyn (12) umeer nopsmok 100 Mlla. A
3HAQUUT, MpPH 3HAUYCHUSIX HaNpsHKeHUH Ha OeckoHeyHocTH P = 100 MIla, Bkiag ocTaTOYHBIX
HaNpSKEeHUH ¢§ B HANPSKEHHOE COCTOSHHE PAHMIIBI OTBEPCTHS CPABHUM CO BKJIAZOM OJHOPOIHOTO
HaNpsHKEHHOTO COCTOSTHHS, CYIIECTBEHHO YMEHbIAs KOHIIEHTPAIMIO HampsyKeHWH BOIHM3M BBIpE3a.
3T0, B YaCTHOCTH, O3HAYAET, YTO HAHOMATEpHall ClocOOEH HECTH CYLIECTBEHHO OOJBIIYIO0 HArpy3Ky
JI0 MOMEHTA TIOTEPU yCTONUHUBOCTH.

YceToiiunBOCTh 0€CKOHEYHOW TUIACTHMHBI ¢ KPYTOBBIM OTBEPCTHEM C YYETOM MOBEPXHOCTHBIX
3¢ dexrTon

B camom nene, Bocmombzyemcst sHeprerndeckum MetogoM C.II. TumorneHko Ui ompeaeneHHs
KPUTUYECKOT0 HAMpPSDKEHHSI, IPU KOTOPOM HACTyIAaeT HOoTepsl IIOCKoH (hopMbl ycToitunBocTH [13]:
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U ="12
o p3mw p
U= ;.f.;; .[R [(aw}? — (1 — v)Llw, w)]r dr de,

h p2m pw ey 2 1 fawy 2 B G
2h k& [gWT(EJ +€rw;(£) M ]‘i dep.

rae U — nmoTeHnuaibHas SHeprus nedopmarun u3rnda, T — paborta ycunuid B CpeJUHHON TITOCKOCTH
TUTACTUHBI, HAKOTMBITUXCA K MOMEHTY TIOTEPH yCTONYMBOCTH, Ha JOTOJHHUTEIHHBIX MTEPEMEIICHHSIX,
BBI3BAHHBIX BBHIMyYWBAHHEM, W — MPOTHO BBIMyYEHHOH IUIACTHHBI, U —Kodduuuent [lyaccona,
D = ER®f12(1 — v}? — nunuuapuyeckas KECTKOCTD IIACTUHBI, i — €& KECTKOCTS,

(13)

£(w,w) =2

lé‘”wﬂw_i_ 1 *wd*w 1 [ Pw 2_1_ 2 #w l(é‘wr
rér? dr ride? dr? ri\grog rigrde ri\dg

PasbickuBast QyHKIMIO mporuba B Buge W(r, @)} = L 1 f(:o&gﬂ U ompenenuB KO3QOUIHEHTH a;

W3 TPAaHUYHBIX YCJIOBHUH, C MCIOIB30BaHUEM (OpPMYI (20) MOJIyYMM BBIPAXXECHUE U1 KPUTHUYECKOU
Harpysku P

or > BLISLIBaIOH.Ieﬁ OoTepro YCTOP'I‘{I/IBOCTH, C y‘léTOM IMOBCPXHOCTHBIX HaHpSI)KeHHfI Ha

OTBEPCTHH.
B Tabn. | mpuBeaeHB! KPUTHYECKHE HArpy3KH P, [0 OTHOLICHMIO K KPHTHYECKHM HArpyskam 6e3

y4ucTa MOBCPXHOCTHBIX HANPSIKCHUU Pcr clas

mapametpos 3amasm: R =15nm, E=10"N/m?, 65 =IN/m, M =5-10"m, v =1/3

I pa3JIAYHBIX TOJIIWH IJIACTUHKHU IAJI CIICAYIOMIUX

Tabnuma 1
h 0.5 nm 1 nm 10nm
o)
© P 0.4879 0.6534 0.7080
cr_clas

Takum o00pa3zoMm, Y4Y€T TIOBEPXHOCTHBIX HANPSHKEHHH TNPUBOAUT K 3aMETHOMY YBEIHYCHHIO
KPUTHYICCKUX HATrPYy30K.
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PE3YJIbTATHI UCCJEJIOBAHUI JJIUTEJIBHBIX JE®OPMAIIMOHHBIX
IMPOLECCOB CJOUCTBIX JEMIIOUPYIOIIUX 3JIEMEHTOB
AHTUCEHCMHMYECKOI'O ®YHJIAMEHTA

Mxurapsn . A.

Anamm3 PE3yJIbTaTOB I/ICCHCZ[OBaHI/Iﬁ JUIUTCIIBHBIX IIe(i)OpMaIII/IOHHLIX mpoueccoB € y'léTOM CTap€Hud MaTCpuajioB
TMO3BOJIAIOT CACJIaTh BBIBOJA O BO3MOKHOCTHU HUCIIOJIB30BAHUSA 3TUX 3JIEMEHTOB ISl PCHICHUS MHKCHEPHBIX 3a1a4. HpI/I 9TOM, B
Ka4€CTBC KPUTCPpHSA OLECHKHU HaAEKHOCTHU KOHCprKL[I/Iﬁ MOJKHO NPUHATH HE3HAYUTECIBHOC BIUSAHUE UIMTCIBHOI'O CXKaTUs Ha
MOBCJICHUEC MHOT'OCJIOMHBIX PE3UHOBBIX NNOAYHICK, apMHUPOBAHHLIX METAJUNIMYECKUMU IIJIaCTUHKaMH

3amuTel 30aHUH U COOPYXEHUH OT Pa3pyLIMTENbHOTO BO3ICHCTBUS 3€MIIETPSICEHUS MOXKHO
JOCTUTHYTh, UCXOZsl U3 NPHUHLUIA IPHCIIOCOOTNBAEMOCTH KOHCTPYKIMH K CEHCMHUYECKUM CHJIaM C
MPUMEHEHHEM PE3NHO-METAIUTMYECKUX MOYIIEeK aHTHCcecMudeckoro ¢pyHnamenTa [7].

Bo mHOrumx crpaHax, B pailoHax C BBICOKOH CEHCMHUYHOCTBIO, B KadeCTBE AHTHCEHCMHUYECKUX
3JIEMEHTOB, B (pyHIaMEHTaX NMPHHUMAIOT aMOPTU3UpPYIOIKE OJOKM B BUIEC (PUKIMOHHBIX MOIYIIEK
U3 TIONMMEpPHBIX MaTepuanoB. [lpuuém, ceiicMom3oisinus, Kak HauOosiee 3(EKTHBHOE CPEICTBO
3alIUTHl 3IAHUKA OT 3eMJIETPSICEHHH, YK€ BHEApPEHA B MPAKTUKY CEHCMOCTOHMKOTO CTPOHMTENBCTBA
[8,9]. Hapsmy ¢ 3TuM, IIMPOKOE PAaCHpPOCTPaHEHHE IOJYYHIH CIOUCTBIE PE3WHO-METAIIMYECKHE
onopsl  cericMomzosiiun (CPMOC) [6].

OnbITel Ha MOJENBHBIX Toaymikax (®PpaHuus) mHOKaszand, 4TO apMHUPOBAaHHAs HEONPEHOBas
MOJyLIKa ICHCTBYET KaK MSTKas TOpPU3OHTAJIbHAs MPY)KUHA W TPH 3EMIICTPSACCHUAX C YCKOPCHHEM
rpyHta 1o 0,5g npoucxoauT auib nedopMalis pe3HHOBON HOAYIIKH 0€3 CKOJIbXKEHUS (PPUKIIMOHHBIX
IIJIaCTHUH.

[Ipu Gojnee cUIBHOM 3eMIIETPSCEHUH, KpoMme JedOopMalid PEe3WHOBOHW MOAYIIKH, NPOUCXOAUT
CKOJIB)XKEHHE (DPUKIHOHHBIX IJIACTHH, B PE3yJIbTaTe Yero 3aHue KoueOseTcs paBHOMEPHO 10 BBICOTE
U He pa3pyraercs. 37ech BaXKHO OTMETHUTb, YTO MPU YCIOBUAX BepTUKaIbHOTO AaBieHus oT 20 o 100
KI/CM, CKOpOCTH ckonbkeHus 0.2-1M/cex, HeoOX0uMO, YTOOBI CBOMCTBA M paboune XapaKTepHUCTUKU
aMopTU3UpYIoIero 0J0ka, Ko3(hGUINEHTa TPEHUs, CTAaTUYECKUE M ITUHAMUYECKUue KO3((HUIMEHTHI
OCTaBaJIUCh 0€3 M3MEHEHMS B TEUEHUE BCETO CPOKa CIIy>XObI yCTaHOBKH, Hopsiaka 40 ner. B cBsazu ¢
9THM, BO3HUKAET MpobiIeMa IKCIIEPUMEHTAIbHBIX METOJIOB U3yUeHHS Je(POPMAaTHBHOCTH U IPOYHOCTH
9THUX 3JIEMEHTOB IIPH PA3JIUYHBIX YCIOBUSAX HArpy KEHUs U HANPSLKEHHOTO cocTosHU [5,7].

Y4uThIBas 3TO, a TakXke TOT (PaKT, YTO B KOHCTPYKLMAX MaTepHajibl OOBIYHO IIOABEPraroTCs
CIOKHOMY HAIpsDKEHHOMY COCTOSIHUKO IIPM  Pa3iM4YHBIX YCJIOBUSAX HAarpyKE€HUN, OYEeBUIHA
HEOOXOJMMOCTh HAKOIUICHUS] ONBITHBIX JaHHBIX O MEXaHHYECKOM COCTOSHHM TOJIMMEPHBIX
MaTepHaNoB.

[IpeacraBiseT HWHTEpeC HCCIEAOBaHUE Je(OPMALUOHHBIX CBOWCTB CJOUCTBIX 3JIEMEHTOB
00pa3LoB cOOPOK-MOAYIIEK U3 Pa3HBIX KOMOMHALMI MOJMMEPOB, MpeJHa3HAYeHHBIX AJS padOTHl B
YCIOBUSAX MJIMTEJIBHO NEHCTBYIOIIMX BBICOKMX naBieHWd. [Ipu 3TOM, Oonblnoe 3HAYEHHE HMEET
HCCIIEIOBAHUE IPOLIECCOB NMOTEPU YCTOHUUBOCTH 3JIEMEHTOB KOHCTPYKLUI, B KOTOPBIX YUUTHIBAIOTCS
cBoiicTBa mon3ydectu Martepuana [1]. Hapsmy ¢ 3TuM, moBeAeHHE KOHCTPYKIIMH U3 MOJUMEPHBIX
MaTepHajoB B pEaJbHBIX YCIOBUSAX OKCIUIyaTallMd B 3HAYUTEIBHOW CTENEHH ONpeAessieTcs
Gu3MUECKNMH CBOMCTBAMHM MAaTEpUANIOB, 3aBUCAIIMMHU OT UX CTPYKTYPbl M H3MEHSIOLIMMUCS BO
BpEMEHH B pe3yjbraTe (QH3MYECKHX M XHUMHYECKUX ImporeccoB. CrenoBarelsHO, TpodiieMa
YCTaHOBJICHHUS TaAPaHTHIHBIX CPOKOB X PabOTOCHOCOOHOCTH MpuoOpeTaeT ocoboe 3HaueHue. Tak Kak
JeMnupyromume IEeMEeHTH JODKHBI HAXOAUThCA B YCIOBHUSX MOCTOSIHHO AEHCTBYIOIIMX IaBJICHHM,
TO B KOMIUIEKCE MCCICAOBAaHUN, NPOBOAMMOM HaMH, BXOAWI BOIPOC H3YYEHUS MOI3y4YECTH
ApPMHUPOBAHHBIX MMOJMMEPHBIX CJIOUCTHIX ONBITHBIX 00pa3loB, MPeIHa3HAYCHHBIX Ul HCIIOJIb30BAHUS
B KauecTBe AeMI(HUPYIOUIMX 3JIEMEHTOB MOZ (YHIAMEHTaMH COOPYKCHMH NPH CEHCMHUYECKHX
BO3neHcTBHSIX [S].

OTrMmeTnM, 4YTO TmpoOJieMa MPOTHO3MPOBAHUS TOBENCHUS KOHCTPYKLUMH W3 TOJUMEPHBIX
MaTepHajoB Ha MPOAOCJDKHTEIBHBIA CPOK CHIYyKObl Ha OCHOBE JIa0OPAaTOPHBIX HCIBITAHUN
OTPAaHWYCHHOW JUTUTEIHPHOCTH pPacCMOTpeHa HeomHokpaTHo [2,3]. Hapsmy ¢ 2TuM, OCHOBHEIE
MMPEAINTOCBUIKM TAaKOT'0 IMPOrHO3UPOBAHUA 3aKJIHOYAIOTCA B TOM, UTO BPEMA U TEMIIEpaTypa CBIA3aHBL
JpYT C ApyroM IepeMEHHBIMHE, OMMCHIBAIOIINMHE BA3KOYNPYTHE CBOHCTBA TOJIMMEPOB.
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CornacHO COBpPEMEHHBIM IIPEICTABICHUSAM pa3pyLICHHUE ITOJIMMEPHBIX MAaTEpPHAJIOB BBI3BIBACTCS
TepMO(QIYKTAIMOHHBIM IPOLIECCOM, Pa3BHBAIOIIMMCS BO BPEMEHM W 3TOT IPOLIECC TECHO CBSA3aH C
YIOPYTHM U BA3KOYNPYTHM Ae(hOPMHUPOBAHUEM.

OmbIThHI TOKA3bIBAIOT, YTO Pa3pyLICHUE PE3UH IIPU Ae(opManuu IPOUCXOAUT BCETa B pe3yibTaTe
BO3HUKHOBCHHS TIEPCHANPSHKCHUN Y MUKPOAE(EKTOB M MOCIEAYIOIEro MPOPACTaHUsl TPEIUH. DTO
MoJIOXKeHUe, CcHOpMYIMPOBAaHHOE CHayala CIyd4aeM pas3pylIeHHs XPYINKHX MaTepuanoB, 3aTeM
MOJTYYHJIO INUPOKOE MPHIIOKEHHE K MOJMMEpPHBIM cucteMaM. CrenoBaTesibHO, Al OOJNBLIMHCTBA
MOJIMMEPHBIX MATEpPHANIOB 3aJada IPOTHO3UPOBAHMS [JOJITOBEYHOCTH CBOJUTCS K BBISBICHHIO
PEOJIOTHYECKHX XapaKTePUCTHK MaTepraia U UX 3aBUCUMOCTH OT HalpsHKEHUH U TeMIIepaTyphbl.

Hcxonst u3 3T0T0, ONBITHBIE 00pa3Ibl MHOTOCIONWHBIX noaymiek | u Il cepuii ckoMOMHUPOBaHKI U3
OTHENBHBIX CJIOEB HAWMpPUTA, OTPAHUYEHHBIX C JABYX CTOPOH METAUIMYECKHUMH JIATYHHBIMH WM
CTAIBHBIMU IUIACTHHKAMHU, C TOW pasHuIel, 9To oOpasmbl Il cepum UMEIOT BHYTpPEHHHH CIIOM
apmupoBanusi. O6pasupsl 111 cepun ckoMOMHUPOBAaHBI U3 AMOPTU3ALMOHHON PE3UHBI U AMIOMUHHEBOM
IJTACTUHKU.

B xonme skcniepuMeHTOB [5] KpaTKOBpPEMEHHBIM U JUIMTEIHHBIM HCHBITAHHUAM MOJIBEPTAINCh TPH
cepur 00pa3LOB B PEKUME OJHOKPATHOT'O M MOBTOPHOTO HArpy>keHus (Tabdm.1).

Taobmuua 1
o Tonmuna O6mee Pa3smepsr 06pasmos
oy COCTaB-
~ g HanMEHOBaHME MATCPHAJIOB 15110 KOJINYECTBO B MM
E [a0} . .
= é COCTaBJIAIOILINX CIIOEB ———— CIIOEB FR—. TOIIHHa
O 8 B IIT.
B MM
AJIIOMUHHUEBBINA JTUCT 1.0
Haupur 7 cnoiHbIA 11.0 9
I P v 70 x 70 1341
AJIOMUHHUEBBIN JTUCT 1.0
AJITOMHUHHUEBBIN JTUCT 1.0
Hawupur 3 cnoitHblit 5.0
I AJIOMAHHUEBBIN JTUCT 1.0 9 70 x 70 13+1
Haupur 3 cnoiinsiit 5.0
AJITOMHUHHUEBBIN JTUCT 1.0
AMopTH3aoHHas pe3nHa 10.0
I PTH3AMHORHAA P 3 70 x 70 1341
AJIOMUHHUEBBIN JIUCT 3.0

OmeITHBIE 00paslbl MOAYIICK aMOPTH3HMPYIOMETO OJIoKa celcMHYecKoro (QyHIaMeHTa HWMEIOT
pasmepsl 70x70 MM, TommuHy 13 MM.

[lomydeHnHble paHHBIE TOKAa3aJM, YTO TPH WCCICJOBAHWUU JIIUTEINBHBIX JehOpPMAIIHOHHBIX
MPOIIECCOB, OOpa3lbl MOJBEPTaNCh Pa3HBIM YpPOBHSIM HarpyxeHwidl. Kpome Toro, He3aBHCHMO OT
THTIA O0pa3lloB, BJIMSHUE BO3pacTa HCIBITAHUM Ha AeopMupoBaHuEe HE3HAUUTENbHO. [Ipu 3TOM,
CYLIECTBEHHOE BIUSIHHE Ha U3MEHEHHE JedOopMalul OKa3bIBAa€T KOJIWYECTBO IOBTOPHBIX
Harpy>keHUH. [Ipy MOBBIIEHUN KOMWYECTBA IIUKIOB HATPY)KEHWH yMEHBIIAeTCs KaK ympyras, Tak H
ocraTtouHast aedopmarus. 3mech BaXXHO OTMETHTB, YTO OIpeneieHrne aedopMaruii IMOIHMEPHBIX
MaTepHaIoB HECKOJIBKO CIIOKHEE BCIIEACTBUE OOJBIION Pa3HUIIBI BETUYMH BCeX BUIOB AcopMmaruii 1
MOCTENEHHOTO WX HapacTaHUs MPH KaXI0H cTyneHn Harpy3kd. [Ipu 3Tom, cyas mo JaHHBIM Tabd. 2,
BO BCEX CIIly4asx HeoOpatumble aedopMaruy MEPBUYHOTO HATPYKEHHS OOJbIIe HEOOpaTHMMBIX
nedopmanuii TOBTOPHOTO HArpy>KeHHs [5], T.e. OCHOBHBIE OOpaTUMblE H3MEHEHHS B CTPYKTYDE,
MPUYUHCHHBIC HATPY3KOH OIpPe/IeIEHHON BETHYMHBI, 00pa3yroTCs Jaxke MPU MEPBUYHOM HATrPyKEHUH
MaTepuania.

OnbITH MMOKA3aJIM, YTO BIUSHUE CTPYKTYPHBIX U3MEHEHUH, CITyKaIllMX TPUYNHON BO3ZHUKHOBEHHS
HeoOpaTUMBIX JeopMallvii, HEOAHMHAKOBO CKa3bIBACTCS Ha JeopMallid B Pa3HBIX KOMOMHAIUSAX
CIIOEB TMONMMMEpHBIX MatepuanoB [5]. CremoBaTelbHO, TMOBTOPHBIE LHKIBI HArpy3KU-pa3Tpy3KH
0o0pa3IoB TMPHUBOAAT K TIOCTOSHHOMY HaKaIDIMBaHWIO Heynpyrux aedopmarumii. OnpHako, B
3aBUCHUMOCTH OT CXEMBl apMHUpPOBAHUs, YIpyras M OCTaTO4YHas AcopMalyd pe3Ko OTIMYArOTCS.
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HesnaunrensHoe wu3MeHeHHWe nmedopMariiii TPOUCXOMUT B oOpasiiax, OTIUYAIOIIMXCS TOJIBKO
MEXCIIOWHBIM apMUPOBAHUEM.

Tabnuua 2
Jledopmarmn € X 10™ 1pu OXHOKPATHOM M TIOBTOPHOM Harpy>XeHHUH,
= HCIIBITAHHBIX B pa3HBIX B03paCTaX
g E = z T = Smec. T = TMmec. T = 18mec.
5} 1)
2| 858l g8 [ 1 1 I 1 1 I 1 1
T |O=0|Ax UMK | TUKA | UMK | UAKAT | UMK | OUKIT | OUKIT | LUK
1 2 3 4 5 6 7 8 9 10 11
1 |1 yop. | 120 | 66 | 126 | 90 | 133 | 73 | 111 | 99
Octa- | 55 | 77 | 150 | 13.6 | 114 | 133 | 129 | 123
TOY.
2 |1 ymp. 9.0 9.5 7.3 8.3 8.3 4.8 5.8 5.9
Octa- |16 | 100 | 131 | 122 | 123 | 11.6 | 106 | 103
TOY.
3 |10 ymp 4.8 5.8 6.1 7.3 10.5 4.2 5.2 4.5
O -
T 06 | 141 | 142 | 142 | 123 | 166 | 129 | 125
TOY.

Jannble Taba. 3 MOKa3bIBAIOT, YTO BO3PACT MCIBITAHHS CYIIECTBEHHO BIHUSICT HA CHIDKCHHE
MOZYJIsI yIPYTOCTH 00pa3LoB.

Tabmmra 3
Cepust Moy b YIPYrocTH ONBITHBIX 00pa3ios B MIla npy MCIIBITAHMY Pa3HBIX
OTBITHBIX BO3pACTOB
00pa3noB T = 5Mmec. T = Tmec. 7= 18Mmec.
I 103 100 46
11 119 134 141
111 85 80 52

Ecnm Bo3pact uchbeiTanuid 006pas3noB T = 7 u 18 mecseB NpUBOAIT B HAUPUTOBBIX oOpasuax |
CepUM K MAACHUI0O MOXYJNA YNPYrocTd, cOOTBETCTBEHHO 3 M 50% IO OTHOIIEHHIO K MOAYJIIO
YOPYTOCTH 00pa3LoB, UCIBITAHHBIX NPU T = 5 MecAues, To B obpasumax Il cepuu, oramyarommxcs
TOJIBKO MEXCJIOWHBIM apMHUPOBaHHEM, HA00OPOT, NPOUCXOOUT IOBBILIEHHE MOIYJS YIPYTOCTH
cootBeTcTBeHHO 21 m 18.5%, yKa3pIBasg mpu 3TOM Ha MOBBIMIEHHE KECTKOCTH MOJOOHBIX 00pa3IoB.
IIpu »TOM, y pe3uHoBbIx 00pa3ioB III cepun, HCIIBITAHHBIX B AHAJIOTHYHBIX YCIOBHX, HAONIOJaeTCs
HE3HAUMTEIbHOE MOBBIIIEHHE JKECTKOCTH, TNpuUMepHO 4%, W pe3Kuil chaa 3HA4eHUs MOAYJII
YOPYTOCTH. DTH JaHHBIE YKa3bIBAIOT BJIMSHUE BO3PAcTa Ha M3MEHEHHUe AedopmManuy oOpa3LoB BCex
cepuil. Ilpm 3TOM, BO3pacCT WUCHBITAHUS OKa3bIBaeT OOJIBIIOE BJIMSHHE HAa HU3MEHEHHE
negopMupyeMocTr 00pa3loB pa3sHbIX cxeM apMupoBaHus. [loa BEICOKMM JaBlieHHEM HaOIogaeTcs B
9TUX KOHCTPYKLHUSAX W3 MOJMMEPOB M3MEHEHHE (DU3MKO-MEXaHMUECKHX CBOWCTB, XapaKTepH3yeMoe
YMEHBIIEHHEM €ro J>KEeCTKOCTH, BO3HHKHOBEHHMEM OCTAaTOYHOH aedopmanuu, HW3MEHEHHEM BHIA
nedopMaIMOHHBIX KpUBBIX. Hapamy ¢ »TuM, moJl BIMAHHEM CTapeHHs Yy HOJMMEpPOB CO BPEMEHEM
MIOBBIIIACTCS MIpeJesl MPOYHOCTH U CONPOTHBIsEMOCTh aAedopmupoBanuto. Ilpu stom, crapeHue
Ka4eCTBEHHO OJMHAKOBO JEHCTBYET Ha BEJIMUYMHY Ae(opMaluy M0JI3y4ecTd U 4eM cTapee Marepual,
TeM OOJBIlIE €ro COMPOTUBIEMOCTh JAedopmupoBanuoo. OJHAaKo, Xapakrep AchopMUpoBaHUs
MOJIMMEPHBIX 00pa3oB UMEET KadeCTBEHHOE OTIMYNE IJIsl pa3HbIX apMUPOBAaHMM, YKa3bIBast Ha Oonee
HECYILYI0 CIIOCOOHOCTh ATHX KOHCTpYKIMH. Kpome Toro, pesyibTaTbl UCHBITaHUS HA JUIMTEIBHOE
CXKAaTHe TIOKA3bIBAIOT, YTO CIIOMCTBIE OJIEMEHTHl HMEIOT 3HAYUTEIBHO MEHBIIYIO BEIUYHHY
MOJI3y4eCTH. DTU KOHCTPYKIUH, COCTABICHHBIE U3 MOJIMMEPOB C Pa3HBIMU CBOMCTBAMM U C pPa3HOM
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CTPYKTYPOH, apMHUPOBAaHHBIMU METAJUTMYECKUMH MEXCIIONHBIMHU TIJIACTHHKAMH W3 I[BETHBIX METAJJIOB
Y CTaJIA, KOTOPHIE CIIOCOOCTBYIOT MOBBITIICHHUIO XKECTKOCTH PIIEMEHTOB M CPOKaA CITY KOEI.

Pemienne Bcex 3TUX BOMPOCOB, CBSI3AHHBIE C HKCCICAOBAHUEM MOJ3YYECTH TMOJIUMEPHBIX
3JIEMEHTOB, B OKOHUYATENFHON (pOpME JAr0T BO3MOXKHOCTH IIPOTHO3MPOBATH JTOJITOBEYHOCTH TTOAOOHBIX
3JIEMEHTOB Ha MPOTHKEHHOCTH cpoka ciayxObl. Hapsmy ¢ 3TuM, NOJIy4YeHHbIE SKCIIEpUMEHTANbHbIC
JIAHHBIC YKa3bIBAIOT Ha 00JIEe BBICOKYH) HECYIIYIO CIIOCOOHOCTh KOHCTPYKIIMH MHOTOCIOHHBIX
MOIyIIIEeK U3 HAUPUTA, APMUPOBAHHBIX METAITHYECKUMHU MEKCIIONHBIMU TUTACTHHKAMH.

Pe3ynbpTaThl IIUTEIBHBIX UCTIBITAHUM MOJT BEICOKON HArpy3KOM, C y4ETOM CTapeHHUs MaTepHasoB,
MO3BOJISIOT CHAENaTh BBIBOJL O BO3MOXHOCTH WCIIONB30BAHMS OJTHUX DJIEMEHTOB [UIS PEIICHUS
WH)XCHEPHBIX 3a/1a4 HANPsHKEHHOTO COCTOSIHUS KOHCTPYKIUH MO TUTEIHHO JEHCTBYIONINX BEICOKAX
naBieHusx. [Ipu aToM, B KauecTBe KPUTEPHS 7Sl OLIEHKH HAJEKHOCTA KOHCTPYKINH MOYKHO MPUHSTH
HE3HAYNUTCIBbHOC BIIMSHHUC OJIUTCIIBHOI'O CXaTUsA Ha ITOBCIACHHC KOHCTp}IKLII/Iﬁ TUTIAa MHOTOCJIOMHBIX
MOAYLIEK, APMUPOBAHHBIX METANIMYECKUMU IIJIACTUHKAMHU.

JIUTEPATYPA

1. Apytionsss H.X. Hexoropsie Bompockl Teopun mnonsyuectu. M.—JI.: T'ocrexteopuznar, 1952.
323c.

2. HWnprommma A.A., Orubanos [1.M. Mexanuka moaumepoB. 1966. Ne6. 828 c.

3. Kaprun B.A.., Cnomunckuii I'.JI. //JJAH CCCP. 1948. 62 c.

4. Hazapo A.I. O mexanmueckoMm moaoOmm TBEPABIX nedopmupyemsix Ten. Epesan: Mzn. AH
Apm.CCP. 1965. 217 c.

5. Mxwurapsa J.A.  HccnemoBanue neOpManMOHHBIX CBOWCTB CJOUCTBIX JAEMI(QHUPYIOLUIHX
JIIEMEHTOB  aHTHceHcMmuyeckoro Qysaamenrta. //Co.nayu. TpymoB WIUWC HAH PA.
r.I'rompu. 1998. C.102-107.

6. Hepcucsu T.3. [lytn ymydmieHUsT TEXHOJIOTHH W3TOTOBJICHUS CIIOMUCTBIX PE3WHO-METALUTHICCKUX
orop ceficmounzousinuu. //CO. Hayd. Tpynos UTMUIC HAH PA, r.I'rompu, 1998, ct. 108-112.

7. laxcyBapsa H.JI., Oranecsn H.JI. O B0O3MOXHOCTM NPUMEHEHHS YIOPYTUX MNOAYIIEK IS
TIOBBINICHUS CEHCMOCTONKOCTH 31aHui. //Haydansie coobmenus, Beim. 7, AUCM, Epesan 1966.
C.113-138.

8. Melkumian M. G. Base Isolation Retrofit Project in Armenia. Workshop on use of Natural Rubber
Bearings for Seismic Isolation on Structures, Jakarta, 24-26 October 1994.

9. Melkumian M. G., Zadoyan P. M., Arzumanian V. G., Vardanian G. Kh., Nersessian T. E. Design,
Manufacturing, Testing and First Application of Seismic Isolations Bearings in Armenia. —
Proceedings of the Fourth International Conference on Civil Engineering. Department of Civil
Engineering, Sharif University of Technology, Tehran, 1. R. Iran, May 4-6, 1997. Vol. 1. Pp.
306-312.

Caenenne 00 aBTope:

Mxurapsin Jlojiopec AracmeBHa — KaHJ. TeXH.HayK, CTapIIMi Hayd. coTpyaHUK WHcTuTyTa
reo(M3UKY 1 WHXXEeHEpHOH ceticmonoruu uM. A.Hazaposa HAH PA r.['rompwu.
Ten.: (374 93) 89 60 47 . (374 055) 110 112; E-mail: avetisyan_lusine@bk.ru

73



O KOHTAKTE MEXK1Y BECKOHEYHbIM CTPHHI'EPOM U YHPYFO?I
IHOJYBECKOHEYHOMH IIJIACTHHOMU C BEPTUKAJIBHOU TPEHHIMHOU

Mxurapsn C.M.

B pamkax u3BecTHO# (pu3mueckoii Mogenu MenaHa OTHOMEPHOTO YIPYroro KOHTHHyyMa CTPHHTEpa pacCMaTpUBACTCS
KOHTaKT MEXIy OCCKOHEYHBIM CTPHHTEPOM C YIPYrod moNyOeCKOHEUHOH IUIACTHHOM, colepikameld BepTHKAIBHO
BBIXO/AIIYIOCS OJHUM KOHIIOM Ha CTPUHIEp TPEIUHY KOHEUHOH JUINHBL.

B 3amagax KOHTaKTHOTO B3aWMOJEHCTBUS CTPHHTEPOB C MACCHBHBIMH J1e(DOPMUPYEMBIMA TEIAMH,
COJEPKAIIMMHU TPEIIUHBI, TOAXOAAUINM BHIOOPOM B3aHMHOTO PACIOJI0KEHHUS CTPUHTEPOB U TPEIIUH,
a TaKKe MX XapaKTEPHBIX MapaMeTpPOB, WHOTZA MOYKHO JOCTHYb yMEHBIIEHHS K03()(UIMEHTOB HH-
TeHcuBHOCTH HamnpsbxeHui (KMH) n, TeM caMbIM, IpeIOTBPaTHTh UX pacipocTpadHerue. [loaromy uc-
ClIe/IOBaHME TAKUX 3a/1a4, YYHThIBatomiee dQ(EKThl B3aNMOBIUSHHAN JIByX Pa3IMYHBIX THUIIOB KOHIIET-
PaTopoB HANPSHKEHUH, TIPEACTABISETCS aKTyalbHBIM. B 9TOM HanpaBieHuH yKakeM Ha padotsl [1,2].

B mnHacrosmeii paboTe NPUBOMWTCS CHCTEMa OMPEICNSIONINX CHHTYJSIPHBIX WHTETPaTbHBIX
ypaBuenuit (CHY) paccmaTpuBaeMOW 3aJadd, YKa3bIBaCTCS METOJ[ €Tr0 PEMICHUS, BBIYHUCIIIOTCS
KacaTeJbHblE KOHTAaKTHbIE HampspbkeHus noj crpuHrepom, KWH B KOHLEBON TOYKE TpPELIUHBI,
PaCIoJIOKEHHOU B yIPYrod IUIaCTUHE, PACKPBITUE TPILKUHEL. PaccMaTpuBarOTCs YaCTHBIE CITy4au.

1. Tlycth oTHec€HHas K MPaBOW MPAMOYTOJbHOM cucteme koopaunat OXy ympyras moiy6ec-

KOHEYHas MJIaCTHHA BBICOTHI (ToMmuHbl) Nu Momyns ynpyroctn E 3aHMMaeT HWXHIOW TOMyIIOC-
kocth Y <0 u Broab ocu OY comepkar BEPTUKAIBHYIO TPEIIUHY = {X =0,-l<y< 0}. [ycts
Jlajiee TUIacTUHa Ha cBoel rpanuie Y =0 ycuieHa GECKOHEUHBIM YNIPYTHM CTPUHTEPOM C MOIYJIEM
ynpyroctu E n miomansio nonepeusoro ceuenns A, npuuém A =h,-d,, rae h,— Beicora ceue-

Hus, a O — ero mmpuxa. CanraeM Takoke, 9T0 Ha rpadi Y = N, cTpHHrep HarpyXeH CHMMETPHYECKH-
MH KacaTeJIbHBIMHM CHJIAMH MHTCHCHUBHOCTH T, (X): T, (—X) =-T, (X) (—oo< X<oo), a Ha Oecko-

HEYHOCTH — COCPELOTOYCHHBIMH, OISATh CUMMeTpHdyeckumu, cuwiamu P u P, (F’_OO = POO). Obpa-
[asACh K IUIACTUHE, OyJe€M CUMTATh, YTO OHa Ha GeckoneuHoctu nmo ocu OX pacTsruBaercss paBHO-
MEpHO pacIpeleNéHHBIMA CHJIaMHU HHTEHCUBHOCTH O, a Ha Oeperax TPEUIMHBI () JEHCTBYIOT HOp-

MaJIbHBIE K HUM DPa3pbIBAlOIIME M paBHbIC IO WHTEHCHUBHOCTU CHIIBI p(y). Tpebyercs ompenenuTsb

KacaTelbHbIe KOHTaKTHBIC HaIpPSOKCHUS L(X) MO CTPUHTEPOM, IUIOTHOCTH JHUCIIOKAITUH Oeperon

tpemuabl, KUH 1 packpbITHE TPEUTUHEI.
UroOb1 BeBecTH ompexaenstomiee CUY omucanHo# 3amaun, HEOOXOIUMO, YUUTHIBAS CHMMETPHIO

3a/1ay¥, B MOJIAPHON CHUCTEME KOOPAMHAT (I’, 9) C MOJIOCOM B Hadalie KOOPAUHAT U MOJISPHON OCHIO,

COBIAJIAIONIYI0 ¢ OTpunaTensHoi mosocsto OY , st ynpyroro kimHa 2 = {0 <r<ow; 0<9< Tc/ 2}
[IOCTPOUTH PELIECHUE CIEAYIOLIEN CMEIaHHON T'PaHUYHOM 3a1a4u:
Tr8|9=n/z =T (I’) (0 <r< OO); GS|9=T:/2 - Tr9|9=o =0 (O <r< OO);

09|9:m=—p(r) (0<r<l); u3|9:0=0 (I<r<o). (1)
3nech T,4, Oy— KOMIIOHEHTHI HANpPsKeHHH, a Ugy— KOMIIOHEHTA IIepEMENICHUH B OKPYKHOM

HaIllpaBJICHUU. BBO,Z[SI B paCCMOTPCHHUC ITOJIOBUHY IINIOTHOCTHU ):[I/ICJ'IOKaI_[I/Iﬁ Ha 6eperax TPCHINHBL

du, (0,r) fo(r) (0<r<l);

dr 0 (r>1);
pelleHre TOM TPaHMYHOW 3a/Ja4d MOCTPOUM NP TIOMOLIM MHTETPAILHOTO mpeobpaszoBanus Men-
nuHa. Jlasee cuuTas, 9TO IUIACTHHA HAXOJUTCS B 000OMEHHOM IUIOCKOM HATPSKEHHOM COCTOSIHHH, a
B COOTBETCTBUH ¢ Mozenbio Menana [3] h,,d, < |, na ocHoBanuu pemrenns 3aaqu (1) o n3BecTHOI

MeToauKe [4], MOIydnuM CIIeIyIONTyIo cucteMy onpenesormux CUY onmrucanHO# BRI 3a1a9H:
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4 diur_(u)du 4F  ux B
nE h'([ u? —x? +n.([(u2+xz)(p(u)du—
- EA {d:[osign(x—s)t_ (S)dS—LSign(X—S)t+(s)ds (0<x<w) @

%j[ u —(U_S)u](p(u)dw%%ofm:—o—p(s) (0<s<l)

u*-s>  (u+s) 0 (u2+sz)2

OTKY/Ia OTIPEIENSIOTCS HEU3BECTHBIE QYHKIUU T_ (X)(O <X< oo) u (p( I‘)(O <r< |) . 3nech d —mm-
puHa (aKkTUYecKoi KOHTaKTHOH 30HbI, mpuuém 0 < min(hs,ds), U YYTEHO YCJIOBHE COBMECTHOCTH
neopMaruii cTpuHrepa 1 IacTHHbI Ha Geckoneunoctn: o/ E =P, /EA,.

Tak kak BBHJy CUMMETPHUH M yCJIOBHS KOHTaKTa Uy (0,0) =0, T0 QpyHKIMS (p(r) JOJKHA YIOB-

JISTBOPSITH YCIIOBHUIO
|
J’cp(u)du=0. 3)
0

Ecin xE€cTKOCTh CTpHHrepa HpeHeOpexkuMo Mana, MoxkHO nonoxuts EA =0, u Torna nepsoe

YpaBHCHUE CHUCTCMBI (2) 0TIIagacT, a BTOPbIM YPaBHCHHEM, I10J1arad B HEM T_ (X) = 0, OIIMCBIBACTCA

3amaya 00 ympyToi moiy0ecKOHeYHO! IIIaCTHHE ¢ BEPTUKAIBHON TPEITHHOW KOHEUYHOH IITHUHEI [S].

Eciu e B (2) monoxuts | =0, To otmanér BTOpoe ypaBHEHHE 3TOW CHCTEMBI, @ OCTABIIAMCS
MEPBBIM YPaBHEHUEM OIHCHIBAaeTCA 3ajada O KOHTaKTe OECKOHEYHOTO CTPHHIEpa CO CIUIONIHOM
YIpyToi MoyO6ecKOHEYHOM MIACTUHOM MPHU X CHMMETPUIECKOM HarpyKeHHH.

Teneps B cucreme CUY (2) dyHkuuto t_(X) Ha WHTEpBaJ (—O0,0) MPOAOJIKUM HEUYETHBIM

obpa3zoM, a (GYHKITHIO (p(u) Ha WHTEpPBaJ (—l,O) MIPOTOJDKAM YETHBEIM 00pa3oM. B pesymbTate,

IIOCJIC BBCACHUA 663paBMepHLIX KOOpAWHAT U BEJINYUH
_ /I = _d _n.(18)
E=x/l, n=u/l =5/, T(&)—Ehr(li), 1, (&)= =

0, (&) =0(18), »=IhE/4EA, p,(&)=p(IE)/E
cuctemy CVY (2) mpeobpaszyeM k BUIY:

, o,=0/2E,

LT sian(n- 1 g, ()dn _ o<t <a
n_{[ﬂ_é—i—n%mgn(n &)}(n)dn+njl (§2+n2)2 =f(§) (—o<&<wm)
“)
! 3n/[g]+&2)si % ir(n)d
1![ L Chis i)flg““’]%(mdmisignaj T _g(e) (r<ge)
ma s (lg+l) T (gn)
1€ BBCIACHBI 0003HaYEHUS:
f(g)=2 [ sign(n—&)x,(n)dn, g(&)=-2[20,+p,(&)]signt. 5)
[Ipu 3TOM, ;:OCJIOBI/IG (3) mpeobpazyercs B yciaoBHe
[ @ (n)dn=o0. ©6)
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2. Jlna pemenus cucteMbl (4), m3 e€ NIEpBOrO YpaBHEGHWS TPH  TIOMOIIM HWHTETPAIHHOTO

npeoOpazoBanus Oypbe onpeneniM QpyHKIHIO I(E_,) Y TIOJTyYeHHBIN pe3yibTaT MOJCTaBUM BO BTOPOE

ypaBHeHHe (4) B pesynbTate, mpuaém K clieayromieMy oauHapHoMy onpenerstomemy CUY 3anaun:

J‘(Po n)dn 27»IM (&), (n)dn=h(g) (-1<&<1) @)
ag]=2)(1-an)e “EMde, 7 °d
M, (&,7) _51gnéj afd-2)( 2K4|-c>|c) ’ L(é’n):_J;OK(n_V)(QZVJr\;)z;

®)
267 f (n)(3n2 +é2)dn
T (g
K(t):T%:sin(ZM)Ci(2M)—cos(27\t)si(ZM);

0

h(&)=g(&)- —%signaf L(&n) f(n)dn,

rae Ci(X) u Si(X)— W3BECTHBIC WHTETpallbHble KOCHHYC u cuHyc-pyHKuuu. Pemenue CUY (7)

JIOJDKHO YIOBJIIETBOPSTH YCIOBHIO (6), @ KOHTAKTHBIE HATIPSKCHHUS T(&) BEIpaKaroTcs GopMyIioit
1201 1 b E(m*-¢)
T(§)=— || ——-2AK(n-¢& }f n)dn+— +2AN (&,m dn ()
@=L k-9 e znjl(m) ( )] ()

= (1-am|)e ™ sin (o) do

Ecim h(&) u3 (8) — renprepoBckas (PYHKIUS Ha OTPE3Ke [—1,1], to pemenne CUY (7)-(6) uz-

(0 <E <)

BECTHBIM METOJIOM [5,6] MOYKHO CBECTH K PEIICHUIO CHCTEMBI JIMHEHHBIX alTeOpandecKux ypaBHCHUI:

;Z“_A;Krmxm—a (HW); a,—{h(sr) (r;ljzl\:ﬂ;;l); X, =X, (2m);

L{ 1 —Z}LMO(Qr,nm)} (m:l,ZM, I’=1,2|\/|—1)
o= T]m_ar (10)
1 (m=2M, r=2M)

2M

1’]m=COS(2;nNTInj (m:m), arzcos(%j (r=1,2M—1).

3peck &, U 1, — U3BECTHBIC YEOBIIICBCKUE Y3IIbL.
3. PaccMoTpuM Ba 9aCTHBIX ClIydas HAIPYKEHUS CUCTEMBI CTPUHIep—IIIIaCTHHA.

I. 0=0 wu, crmenosarensuo, P, =0, p(r)EO, r+(x):P[6(x—a)—8(x+a)] (a>0),

rie 6(X)—I/I3B6CTHaH nenbra-pyukmus Jupaka. B ciaydae 3THX cOCpEOTOYCHHBIX cuJI TI0 (5)

g(g)=0u (&)= {%‘) (_(Ef:)c) (c=a/l; p,=P/2EA).

A 1o (8) u (9) B TaHHOM YacTHOM clTydae
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oc|§| )sm C)efa‘i‘doc

h(g)= —ﬂ[%rctg%— Czj—ééz + 2ksign§j ] (-l<g<1); D

T a(21+o)
__ P8 sin(ac)sin(ag)da N
r(é)— n{l it 4%! (27»+0c) }
Lple(n =€) (12)
+_n_jl € n) +2AN (&) @, (n)dn (—0<&<0).

Ormerum, uto (yHKmuu h (i) u T(&) m3 (11)—(12) merxko MoryT OBITh BBIPaKEHBI depe3
pemieHue nuHeHoM cuctemsl (10).
II. r+(X)EO (—oo< X<oo), p(l’)EO, c#0. B 3TOM ciydae
f (&) =0, h(i) =g (i) ==-40,8, a B ¢opmyne (12) mis T(i) OCTaeTCs TOJNBKO BTOPOM
UHTETPAIBHBII YICH.

PaccMOTpHM Terepb BaKHBIH 4aCTHBI Clydaii abcosoTHO skécTkoro crpuarepa: E, =oo. Toraa

A =0 u nonaras T, (X) , P,, G paBHbIME HyITIO, TI0 (5) OyneM numets ( (i) =-2p, (&)signé. Tornma
CIHY (7)—(8) nmpumer Bun

%i%=—2po(ﬁ)sign§ (-1<g<1). 03

PaccmarpuBas Gonee 9acTHBIA ciydaid, koraa P, (?;) = P, =const, pemenne CUY (13) mpm yc-

noBuH (6) momyuum B Buze [7]:

4po L 2P, 1+41-¢ l<E<
¢, (€)=- T 1[ i J (-1<&<1). (14)

Orcroaa oueBraHO, uTo B Touke & =0 pemenne CUY (13), korna P, (&) = P, = const, obnanaer

Jiorapu(MUYECKON OCOOCHHOCTBIO. DTO 0OCTOSITEILCTBO BCeraa OyIeT yMETh MECTO, €CIH IpaBas
gacte CUY (7) pynkuus h(&) U BTOPOi HTerpai B jeBoi dactu B (7) B Touke & =0 Oyayt umersb

pa3pbIBEI HempepbIBHOCTH. [1o3ToMy, uTOOB!I B 3THX ciaydasx k CUY (7)—~(8) npu ycioBuu (6) MOXKHO
Obu10 MpUMeHUTH MeToA pemerus CUY [5,6], HeoOXonuMo MpeaBapUTENbHO B YKa3aHHBIX (PYyHKIHAX

BBIACIUTD TC UX YaCTH, KOTOPBIMH 06}’CHOBCH3 HOI‘apI/I(l)MH‘ICCKaSI 0COOEHHOCTh peHICHUA (PO (&) B

touke & = 0. Hcxons u3 atux coobpaxenuii, B CUY (7)—(8) monoxum

No(&an): Mo(aan)_Mo(Oan): h, (&): h(‘i)_h(+0)a Co =%j. Mo(&an)(po (n)dﬂ;(15)

B pC3yJIbTATC YC€TO NCXOAHOC CHY moxeM 3ammcaTh B BHUIC

1 d 1
%J‘l%_z—jsignﬁ‘[ N, (& n)p, (n)dn =h, (&)signE —2q, sign§ (-1<&<1) (16)

L e e 2

0 2A+0

Janee mpuanmas Bo BHuManue (14), pemenne CUY (16) mpencraBum B popme

1
Gy == [an(+0)+4e ] (-1<Em<1)
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_ 80,M _ 44, 2%1 1+41-¢° 1 0. (17
0o (&) =w,(&)+ " —5v,(¢) n\/l—ﬁz [ \/1 ]( <g<1),(17)

e y, (&) "y, (g), yéTHBIE QYHKIMYU — pemenus caenyromux CUY:

1 ewe(m)dn 26 . :
;_1%_?51@1&}:‘;No(g,n)\yk(n)dn:hk(g)mgn& (-1<&<1; k=0,1), (18)

YJIOBIETBOpsIfomuMe yclnoBusM tumna (6). 3xeck Gpyrkuus h, (Z;) onpenenena B (15), a pynxums h, (Z;)

BBIPAYKAETCS MHTErPAIIOM
h (&)= l%{ﬁ[ln(uﬂ)—lnhﬂ—l}dn (-1<&<1). (19)

Teneps k CUY (18)—(19) MoxHO TIpMEHHUTH METO[ [5,6] M MX CBECTH K CHCTeMaM JIMHCHHBIX
ypaBHenui tumna (10), monaras mpu 3ToM

e)/\1-2, v, (8)=0,(e)/1-¢ (-1<g<1).

KHWH omnpenensiercs mo gpopmyie

K== Jim [\2r(x-Do(x)]. K, :;—%:_[go(m%g(l)_ﬂ}

T T

a 6e3pa3MepHOe PACKPBITHE TPEIUHBI — POPMYIIOH
1

@, (&) = [ signnsign (&—n)g, (n)dn,
-1
rae @, (&) onpenensercs mo (17). Ipu nomouw (17) u3 (15) M0oKHO HalTH MOCTOAHHYIO C,.

B cnydae KoHEYHOr0 CTpUHTEpA MOMYyJaIOTCSI AHAIOTUYHBIC PE3YIbTATHI.
Pabota BrImTOTHEHA B pamMkax rpaHTa 11-2¢450 ['ockomMuTeTa 110 Hayke MHH. 00p. ¥ Hayku PA.
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O T'IJIPABJIJMYECKOM PACYETE YCTAHOBPIBHJEFICH ONJIbTPAIIUHN
KHUIKOCTHU B IIOPUCTOM MHOI'OCJIOMHOM I'PYHTE

Mxurapsan C.M., Tokmagxsu O.B.

PaccmarpuBaeTcst miockas 3amada 00 ONpeNeleHHH OCHOBHBIX TH/PABIMUYECKUX XapaKTEPUCTHK YCTAHOBHBIIEHCS
(GUIBTPAnMH KUAKOCTH B IIOPHCTOM MHOTOCIOHHOM I'PYHTOBOM MAacCHBE, KOT/Ia C BEPXHEH I'PaHHI[BI MAaCCHBA JKUIKOCTD C
oInpeIeNIEHHON CKOPOCTBIO BIIPBICKUBAECTCS. BO BHYTPh IPYHTA.

OmnpeneneHne OCHOBHBIX THAPABIMYECKAX XapaKTEPHCTUK yCTAHOBHBIIEHCS (puUIbTparun
XKHUJIKOCTH B TIOPHCTBIX TPyHTax: IOTEHLHANT CKOPOCTEH, 3aKOHBI pacIpelleNieHusl NaBJIeHUH WU
CKOpOCTEH, pacxoabl >KUAKOCTH Yepe3 Ce4YEeHHs TIPYyHTa, LIMPOKO MPHUMEHSIOTCA B pacuérax
THAPOTEXHUUIECKUX COOPYKEHHUH, MPEACTABISIIOT TCOPETHICCKHI U MpaKTHIeCKuii nHTepec [1-3].

B Hacrosmeit pabore B MOCTaHOBKE TEOPUH YCTAaHOBUBIIEHCS (QHIBTPALINHN KHUIKOCTH, IOCTPOCHO
TOYHOE PEeLIeHUE TIOCKOH 3a1aun (QUIbTPAaUK KUAKOCTH B COCTABHOM MHOTOCIOHHOM TPYHTOBOM
MacCHBE, COCTOSIIET0 W3 MPOU3BOJIHHOTO KOHEYHOTO YHWCIIA OJHOPOJHBIX CIIOEB, KOT/Ia C BEpXHEH
TpaHUIBl MacCHBa JKHAIKOCTH C OMPEAENEHHONW CKOPOCTHIO BIPBICKMBAETCS BO BHYTpPh TPYyHTa, a
HWXHASA IMOBEPXHOCTh MacCCHBa BOJOHCHIPOHUIIAEMA. Hpez[naraeTcsi METOAHUKA [JIsI BBIYHCIICHUA
YKa3aHHBIX THAPABIMYECKUX XapaKTEPUCTHK U PacCMaTPHUBAETCS YACTHBHIM cirydaidl. OTMETHM, 4TO
WHBEKINHA JKUJIKOCTH, XHMHUYECKHX PACTBOPOB M KHUIKHX YAOOpEHHH B TOYBY HCIIONB3YETCS B
MpakTUKe 00pabOTKH U OPOIICHHS CETbCKOX03IHCTBEHHBIX yToIuii [4].

1. IIycTh mpH IJIOCKOM TE€YEHMH HUJAKOCTH B TPYHTE, OTHECEHHOM K IMpPSIMOYTOJBHOW CHUCTEME
koopauaar OXy (oce Oy HampaBjieHa BHH3), HIMEEM KYCOYHO-OJHOPOJIHBIA TOPHUCTHIA TPYHTOBOM

maccus {2, COCTOSIINIA U3 NPOU3BOJIBHOTO KOHEYHOTro yucia N cinoés (mosoc) o, ( p=1, n) :

Qz{cop} wpz{—oo<x<oo, h <x£hp} (h, =0).

p-1 —
Bynem cumtath, uto P -biii cnoiéi o, seicorst H =h —h_ ( p=Ln, h = 0), obnamaer
ko> dummentom Gurstpammu K . [TycTs aee ¢ BepXHeil rpaHHUIIbI IPYHTOBOTO MacchBa Y = 0 i

¢ e€ YacTH B BHJIE CHCTEMBI OTpe3KOB L :{y =0, [ap,bp ]} KUIKOCTh C 33JJaHHON BEPTUKAIHHOU

CKOPOCTBIO 'V, (X) BIPBICKUBAETCS BO BHYTPh MHOTOCIOHHOTO TPYHTa, & €ro HWKHss rpans Y = h,

BOoJOHETIpOoHUIIaeMa. [Ipu STUX YCIOBHUSX BBIBEAEM OIPEACISAIONINE YPaBHEHHUS IOCTABICHHOMN
3a/1a4uH.

C 9Toit 1embIo CHAaYana I IOJIOCH! M ) 3amuiieM 3akoH Japen [1,2]

oh oh P —
(p) _ _ P (p) _ _ P (p) _ _ p __P_ —
v =—k 5 = " v =k, > h, (X, y)= p y(p_l,n) (1)

(p)

rae Vv,

u V(yp)— COOTBETCTBEHHO, TOPU3OHTAILHBIE U BEPTHKAILHBIE COCTABJISIONINE CKOPOCTH
dbunsTpammu B ©,, h =h (X, y)— mbe3oMeTpuyeckoe napienue, P (X, y)— JaBJeHHe B M, a
Y,— YJeNbHBIN Bec KMIAKOCTH B ®,. B p-oif monoce o, (pzl,n), BBOJI B PacCMOTPEHHE

TIOTEHIHAT CKOpOCTel ¢, =@, (X, y) =—k,h, (X, y) , o (1) 6yem umets

0 0
W=Ze V=T ((xy)eo,) @
OX oy
IMoxcraBisis Tenepb (2) B ypaBHEHHE HEpa3pbIBHOCTH, HPUAEM K ypaBHeHuio Jlammaca st
0, (X,y).PemeHHe 9TOTO ypaBHEHHMs Ha rpaHuiax coctasHoro rpynra Y =0 u Y =h momkuo

YAOBJICTBOPATE 'PaHUYHBIM YCJIOBUAM!
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99,
oy

" YCJIOBUAM KOHTAKTA Ha JIMHUAX CTBIKA IIOJIOC (Dp i O]

=0 (xeR) 3)

vo(X) (xeL mm xeR); 09,
0 XxeR\L R=(—oo,oo); oy

y=0 y:hn

P+ 3aKJIIOYA0IUMUCA B PABCHCTBC ILaBJ’ICHI/Iﬁ

Y BEPTUKAJIHHBIX KOMIIOHEHT CKopocTeid [1]
& 8(p p _ a(P p+l1
k ol o

p
VYyurteiBas rpaHuyHble ycioBus (3) u BTOpble ycnoBHs (4), AN OmpeleNeHus MNOoTeHIHaia

= Pout (p:l,n—l, —oo<X<OO) 4)

2

y=y,  PHly=h, y=hy

CKOPOCTEii B II0JI0CE (), PACCMOTPUM CIIE/yIOLIYIO0 TPAHHYHYO 3a1a4y:

o', 0°¢ P
(%)
o 0
o0y :Vp—l(x)’ 9Pp :Vp(x) (—oo<X<oo)
6y y=h,-1 8y y=h,

rae v, :V(y”) (m), npUueMm, VO(X)— 3ajaHHas QyHKIHUS, Vn(X)EO, a Vp(X) (p :l,n—l)—

moka Hew3BecTHbIC (QyHKIMH. Pemenme 3amagn (5) MOCTPOMM TpH TIOMOIIHM HHTETPATHLHOTO
npeoGpasoBanust Pypbe 10 KOOPAMHATE X , A/t 4ero B ), BBEAEM TpaHChopMaHTsl Dypbe:

o, (hy)= T 9, (xy)e™dx (p=Ln), ¥,(x)= Tvp(x, y)edx (p=0,n-1,)

—00

B tpancdopmantax Pypne 3agaya (5) npeodpasyeTcs K BULY

d’, —\. do do
-2’9, =0 (h,_ <y<h, p=1n); i =V, (L), b
dy2 p ( p p ) dy yoh i p-1 dy b,

=V, (7“) (6)

Pemenne rpannynoii 3agaum (6) npeacrasinsiercs GopMyoit (hw1 <y< hp)

3, (1Y) ={T,eh[A(y=h,. ) |-, ch[2(y=h, )]} /ash(2H,) (p=T.n) %)

Hanee epBoe yCJIOBHE “4) 3amuIleM B TpaHCOpMaHTax Dypse

6p/kp‘y=hp =6p+1/kp+l

YCIIOBHIO. B PE3yIbTATEC, IMOCJIC MPOCTHIX HpeO6paSOBaHHI71 OTHOCHUTCJIIbHO HCU3BCCTHBIX (I)yHKLII/Iﬁ

v (p =1Ln —1) U noTpedyem, 4ToObl petienue (7) yaoBIETBOPSIIO 3TOMY
=p

vV, =V, (k, hp) MOJIYYUM CIEAYIOIIYIO ONPEIEISIOIyI0 CUCTEMY KOHEYHO-Pa3HOCTHBIX YpPaBHEHHH

BTOPOI'o opsaka:

a,v,,—(b,+b,,, )V, +a,,v,, =0 ( p=1n —1), (8)
rAC MPpUHATHI 0003HaYCHUS
a, =1/ksh(AH,), b, =cth(aH,)/k,, H,=h,~h (p=1n-1). )

[ocne pemenust cucremsl (8)—(9), QpyHKINH @p (X, y) MOJHOCTBIO onpexaeisitoress mo (7), a
dynkuMH @, (X, y) — ¢opmynoit obpatHoro mpeoOpazoBanus Dyppe. 3aTeM M0 QYHKIHIM
9, (X, y) ( p= I,_n) MO’KHO BBIYMCIIUTH YHOMSHYTBIE BBIIIE THAPABIMYCCKUE XapAKTCPHUCTHKH.

Cucrtemsl (8)—(9) cBenéM K KOHEUHO-Pa3HOCTHBIM YPaBHEHUSM ITEPBOTO TOPSIKA, TToJIaras

a,v,, —bpvp =0,; 8,V —bpjp =X (p = l,n—l) (10)

Torna cucrema (8) mepeiaer B cucreMy
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c)p+Xp+1=O(p=l,n—l). (11)

Takum oOpa3om, pemreHue paccMaTpHBaeMOW 3aJaddl OKOHYATEIHHO CBOAMTCA K DEUICHHIO
KOHEYHO-Pa3HOCTHBIX ypaBHEHUH mepBoro nopsiaka (10)—(11).

2. PemieHusi OmpenensrOIUX KOHEYHO-PA3HOCTHBIX ypaBHeHHMH (10) MOCTpOMM H3BECTHBIM
MeToaoM [5], u kak B [6], mepBoe ypaBHeHHE (10) IpeacTaBuM B BUIC

v =[1—P(p)]Vp_1+Q(p)(p:1,n—1), P(p):(bp—ap)/bp, Q(p)=-w,/b,. (12)
CHayana peWwMM  OJHOPOJHOE ypaBHEHHE: V, :[l—P(p)]Vp_1 (pzl,n—l),KOTopoe
3aITHIIEM B Pa3BEPHYTOM BHIE V, = [1— P(l)]VO, v, = [1— P(Z)]Vl,... v, = [l— P( p)]Vp_l.

HeprMHO)KaH MOYJICHHO 3TH PpaBCHCTBA, NOJYUYCHO PCHICHUE OJHOPOJHOI'O YPAaBHCHUA B BUAC

Vp:VOﬂEI—P(j)] (p=1n-1). (13)

Janee I/ICXO,I[S{ u3 (13), MeTo10M Bapraliy HaXoJIUM pelleHrne HeOJHOPOJHOTO ypaBHeHus (12):
— . J . _
—ZA Sio +C— (p=Ln-1) A =kth(2H), C, :Hch(xH,) (i=Ln). a4
i p r=

Takum xe o6pasoM pemrenue Broporo ypaBHenus (10) ¢ yuérom (11) mpencrasnsercss popmyaon
n-1 D. n-1

— 1 PE—

v, =Y B, o, (p=Ln-1) B;=kpsh(2H ), D;=]Jch(rH,,). (15)
i=p p r=1

Tenepr mnpupaBHuBaeM BbIpakeHus (14) wu (15), 4YTO OTHOCHUTENBHO HEWU3BECTHBIX

O; ( j=Ln-— 1) MPUBEAET K CICAYIOMICH CHCTEME JTMHEHHBIX alreOpandecKuX ypaBHECHUH:

A —(o + ZB J” i (p=1n-1). (16)
j=1 Cp
[Hanee moctymus COBepIHeHHO AaHAJIOTUYHO clelaHHoMy B [6], cuctemy (16) mpeobpasyem B

CHCTEMY C JIEBOH YaCThIO TPEYTOJIBbHOW MaTpPUIIBL:
n-1

p
,Z::‘ijwj:gp (pzl,n—l) g, = X, A,,0,/C,

j=1

S —

C2
L, ={Ajcj—C—ij+l (j=l,p—1 . A, (i=») a7
j

“ 1 o
Yro6bl onpenenuTs X, , PelIeHHe CHCTEMBI IIPU IPaBOil 4acTH g(pL paBHOU BEKTOPY—CTOIOIY

U3 P CTPOK C eIuHHIAMH, 0003HAYMM dYepe3 0)(1.1) (J :l,n—l),a MpY MPaBOi 4YacTH g(pz) :C;f

(2)

uepe3 ;" . Toraa pewenue cucrems (17) Bipasutcst hopmysioi

0, =70 - X, 0\ (j=1,n—1). (18)

[oxcrasnss teneps (18) B Boipaxkenue X, u3 (17), Haxonum

n-1 n-1
X, = {Voz Ain ‘D(jl)/cj }/{1 T Z Ain ‘”(12)/(:1}
i=t j=l1

Cucrema nuHEeHHBIX ypaBHeHUil (17) momyckaeT TOYHOE aHaJUTHYECKOoe pelieHue. B camom fere,

BBEJIEM B PACCMOTPEHHE JIEBYIO TPEYrojbHyI0 Marpuiy L = ( ij) (j =Lp; p=1Ln —l). Torna

aNIeMeHThI 00paTHO# Matpuil M = (M Bi ) L™ onpexensorcs hopmynamu:
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MJle/Lii’ M, =0 (p<J M, ZL MrJ/Lpp p>j)'

W3 3Tix paBeHCTB 31eMeHTsl M oj 0OPATHOM MaTPHIIBI L™ mocrenoBaTenbHO ONpeeNsIOTCs.
3. PaccMOoTpuM 4acTHBINA Cilydaid JABYXCIOHHOTO TpyHTa (n = 2). B »sTom ciygae u3 (17) cpasy
ompenenutcs M, a 3areM u3 (14) mmu (15) onpenenutest v, depes V), (Vz = O). IIpu aTOM, 00pa3sl

®Dypbe TOTEHIMANOB CKOPOCTeH @, (k, y) ( p=1, 2) onpenensarcs o (7). B pesynbrare,

9, (k,y)z—m {ch[A(h —Yy)]V,—ch(y)¥,} (0<y<h) (19)
, (%, y)==[chr(h,—y)]V, /Ak,sh(rH,) (h <y<h,) (20)
v, =kysh(%H,)¥, /[ ksh(tH,)ch(XH,)+ksh(XH,)ch(xH,)]  (H,=h). (21)

Tenepr ucxons u3 (19), BeiBenem muddepeHnmanbHoe ypaBHEHHE (QIIBTPAUU JKUIKOCTH B

TOHKOM IPYHTOBOM CJIO€ (), = { 0<y<h, —o<x< oo} .C atoit nensio (19) 3anumiem B Buze
aksh(Ah,)G, (r,y)=ch(ry)v,—ch[A(h - y)]¥, (0<y<h)
¥ B OTOM DaBEHCTBE Lejble (DYHKIUU KSh(Khl ), ch(ky) u ch [k(hl - y)]pa3J'IO)KI/IM B PSIBL,

2
OrPaHMYMBAsICh B HAX WICHAMH mopsiaka A~ . B pe3ynbrate Oyaem umMeTh

k2, (A y) =¥, (x)—vo(x)ﬂéxzvl o)~ _2y)2 A9, (h)  (mo<h<oo).

Otcrona mpu nomomu ¢opmysiel oOpatHoro npeoOpasoBanusi Pypre moydyum ciepyrouiee
oObIKHOBeHHOE IHdepeHnanbHoe ypaBHEHHE, OIUCHIBAIOIIEE 110 TPUHITOW TOYHOCTH IPOIECC
¢bunpTpanMy B MaTepUaJbHOM BOJIOKHE IPYHTA C OPAUHATON Y HEepBOro ciosi IpyHTOBOTO MacCHBA!

ik, 4%, /" = v, () =v, (X)+(y*/2)v; (X)=((h = y)" /2) v (x) (=0 < x < 0);0< y <y (22)
Teneps u3 (22) ipu Y =0 u Y =N, cooTBeTCTBEHHO, HAXOUM (—oo <X< oo)
hlkldz(po/dx2 =V0—Vl—(h12/2)vg; (23); hlkldchl/dx2 =V0—Vl+(h12/2)V;; (24)
Jlanee B (23)-(24) coepumm npenenbbie nepexomsl N, — 0 K, — o0 rakum 0Gpasom, uToGbl
senmumnna N K, , Ha30BéM €& Momynem dunbTpanuu rpyHTa, OcTaBanach MOCTOSHHOI. B nrore

d 2
KF(I;]:VO—VI (K=hk,0<y<h) (25)
OTUM ypaBHCHHEM OIHCHIBACTCS MOJENb (DUIBTPAIUU KUIAKOCTH B TOHKOM TPYHTOBOM CIIOC
MPEACTaBISOMIAs aHAIOr HM3BEeCTHOM Monenun Menana [17] cTrpuHrepa B 3ajadax KOHTaKTHOTO
B3aMMOJICHCTBHS TOHKOCTEHHBIX DJIEMEHTOB C YIIPYTHMH MAaCCUBHBIMU TEIaMH [8].
AHanornyHoe ¢ (25) ypaBHeHHE MOYKHO TOYYUThH JUIsI BTOPOTO CI0S TpyHTa, ucxons u3 (21).

OO6pammasch K BEPTHKAIBHBIM CKOPOCTSIM Ha KOHTakTHOH muamu Y =N, u3z (21) mo dopmyme
obGparHoro npeobpaszosanus Dypbe Mosyuum (k =k,/k, —o<x< oo)
K(X):I sh(AH,)cos(Ax)dA
5 ksh(AH,)ch(Ah )+sh(Ah)ch(AH,)

Jns ynpomeHus >TUX (OPMyJl PacCMOTPMM Clydaid, Korjga Vv, (X) =V8(X) , TOe S(X)—

=—j (|x=5]) v, (s)ds; (26)

¢ynkuus Jqupaka. Torna mocne BBegeHus: 0e3pa3MepHBIX BEINYUH

a=2Ah,, &zx/hla 8:Hz/hla {]1({;)=hlvl(hl§)/va

¢dopmynsl (26) TpuUMyT BHJ
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()oK h9ees(2)da
v(8)= T ;[ ksh (18)cha +shach (18)

OO0cynuM cieayrone YacTHeIe cirydan Gopmyitsl (27).

27

1) Oycrs k =1, T.e. K, =K, n, cnenosarensno, rpyntossiii maccus onHoponen. Torma, mocne

Bhuncnenns uarerpana K (&) ([9]. b—mna 3. 981. 5, cTp.518) momyunm
V, (&) =sin (n8/5+1)/2(8+1){ch[ n&(5+1) |+cos[ 78/ (8+1) ]} (—o0 <& <o)
2) Hyers k <1, re. K, <K, . B aToM ciyuae MoxeM 3anmcars
ksh (03) _ 1 {1_ tha } ~k th(ad)
k-sh(ad)cho +shoach(ad) chal tho+kth/ad

Torma o hopmyie (27) Oynem nMeTh

“th(ad
f/l(i)z%'[%o(;)cos(a&)da (-0 <& <o),

0

sha

3) Teneps mycts K > 1,. 1.e. K, > K, . B aT0M Cityuae
ksh(ad) 1 kth(ad) 1 1  sha
k-sh(od)cha +shach(a8)  cho tho+kth / ad " cho K ch’ath (o)

CrnenoBatenbHo, 10 (27)
1 1 7 thacos(a&)

w(e)s 2ch(nE/2) 7ks choth(ad)

B obmeM ciy4ae Ui BBIYHCICHHS Ge3pa3sMEpHOM BEpPTHKAIBHOW CKOPOCTH V, (&) HMeEEM

o (—o<E<o)

dopmyity (27), pu MOMOIIM KOTOPOIi MOXHO IIPOBECTH YHCICHHBIN aHAIN3 V, (7;) .
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OCOBEHHOCTH PYCJIOBBIX CIBUTI'OBBIX TEUEHUM
N UX MATEMATUYECKHUE MOJIEJIN

Hanoaun K.A.

B pabore o6cyxaaroTcsi 0COOCHHOCTH TEUSHHUS BOJIBI B IIPOTSHKEHHBIX PYCIIOBBIX TOTOKAX M MOAXOBI K MX MOJEIHNPOBAHHMIO.
PaccMaTpuBaroTcss MOJIENIbHBIE YPaBHEHUS, KOTOpPbIE ONHCHIBAIOT TEYEHUE B PYCIOBBIX MOTOKAX KaK IIPOCTPAHCTBEHHO
TPEXMEPHBII IPOLECC, IPU 3TOM OHHU CYIIECTBEHHO NPOLIE MOJIHBIX TPEIXMEPHBIX ypaBHEHUH. B oTimune oT ocpenHEHHBIX
ypaBHEHHH, paccMaTpUBaeMble PEXYLHPOBAHHBIE MOJENH YUYUTHIBAIOT IPOCTPAHCTBEHHYIO CTPYKTYpY TEUEHHs, UTO
MO3BOJISIET HCCIIEOBaTh BIMSHME (GOpMBI AHA M OEperoBoil JIMHUM pycla, a TAakKe HEKOTOPBIX BHEMIHUX (HaKTOPOB
(HampuMmep, BO3AEHCTBHE BETpa) HA OCOOCHHOCTH TCUCHUSI.

1. OcoGeHHOCTH PYCIOBBIX MNOTOKAaX. bonbinoe pa3HOOOpa3we eCTECTBEHHBIX BOJOTOKOB HE
MO3BOJISIET PACCUMTHIBATH Ha aJ€KBATHOE M B TO K€ BPEMs BBIYHCIHTEIHHO 3PPEKTUBHOE ONMCAHUE
TakuX OOBEKTOB B paMKaX €IWHCTBEHHON MaTeMaTHYECKOHW MOJENH, OCHOBAaHHOW, HallpuMep, Ha
MIOJHBIX YpaBHEHUSAX THAPOIMHAMUKHU TypOyJeHTHOro notoka. [IoaToMy BechMa akTyalbHOH 3amaueit
SBISICTCS  TIOCTPOCHHME  YMPOINEHHBIX MaTEeMAaTHYeCKUX MOJIeNei, KOTOphle MAaTeMaTHYCCKU
000CHOBAaHHO YUYHTHIBAIOT CYIIECTBEHHBIC OCOOCHHOCTH PACCMATPUBACMBIX CIIBUTOBBIX TCUCHHH.
Hanmpumep, MHOTMM peKaM CBOWCTBEHHBI CIIOKOWHOE MEUIGHHOE TEUYCHUE, 3HAYMTENbHAs
MPOTSHKEHHOCTh C1a00 MCKPHBICHHBIX YYACTKOB, a TAKXKE OTHOCHTEIBHO Malias riyOHHA pycia 1o
CpaBHEHHIO ¢ ero mmpuHOW. CpeqHsisi CKOPOCTh TEUCHHsI PaBHUHHBIX PeK OOBIYHO HE TMPEBOCXOIUT
1 M/cex, a OTHOLLICHHE XapaKTEPHOH TIyOHHBI K XapaKTEPHOW IIHPUHE pyciia KoieOeTes B mpeenax
or 0.1 mo 0.005 [1]. Tako#l pycioBOW NOTOK HE CTOUT CYUTATh OOBIYHBIM HECTAIIHOHAPHBIM
TPEXMEPHBIM TEYCHUEM, XOTSI B CHJIy MHOTHUX NMPUYHH €ro HEe BCErJa MOXHO PacCMaTpUBaTh Kak
CTallMOHAPHOE ¥ OJTHOMEPHOE WIIH IByMEPHOE TEUCHHE.

EcrecTBeHHBIE BOIOTOKH BCErJa SBISIIOTCA TypOyJNCHTHBIMH, TO3TOMY JI00as, Haxke camasi
VIPOIICHHAS MAaTeMAaTHUECKass MOJENb JOJDKHA YYUTHIBATH TYpOYJIEHTHOCTh TeueHHs. B 3amauax
OKpY’Kalollel cpellbl UCIONB30BaHHUE CIIOKHBIX MOJIENIeH TypOYJICHTHOCTH OKAa3bIBaeTCsl HE BCerna
omnpaslaHHbIM [2]. [ToaTOMY ISt pyCTIOBBIX IOTOKOB MOKHO OTPAaHHYUTHCS TIPOCTEHITMMU CIIOCOOaMU
yuéTa TYypOYJNEHTHOCTH B CIBUTOBOM TCUEHHHM C BO3MOXKHOCTBIO KAIMOPOBKH MapaMeTpOB IO
UMEIOIMMCsL JTaHHBIM. B pabote [3] mokazaHo, 4TO NpH ONpeAEiEHHBIX YCIOBUSIX YIPOIICHUE
MaTeMaTHYeCKOH MOJENU TUAPOJUHAMUKH MPOTHKEHHOTO c1ab0 MCKPUBICHHOTO PYCIOBOTO MOTOKA
MOXeT OBITh OCHOBaHO Ha METOJE Majioro mapamerpa, CBS3aHHOTO C TeoMeTpueil 00IacTu TeYeHusl.
Tako# Moaxoj MPUBOAUT K PEKYPPEHTHOU MOCIICAOBATEIBHOCTH MOJCIBHBIX 3a/1a4, pelias KOTOpPhIC
MOYKHO, ITPH HEOOXOJMMOCTH, MOBHIIATH TOYHOCTH MoJenupoBanus. C Apyrol CTOPOHBI, IEPExXo]] K
OCpPEITHEHHBIM  BeNWYMHAM  Ja€T  BO3MOXKHOCTh  IOHM3UTh  Pa3MEPHOCTh  BO3HUKAIOIIMX
MaTeMaTHYeCKUX Mojened, a moadop Kod(h(UIMEHTOB TMO3BOJIAET MPOBECTH HUX KAIHOPOBKY U
COTJIaCOBAaTh C MMEIOIIIMMCS SKCIIEPUMEHTAILHBIM MaTEPHAIIOM.

2. 0O0mme ypaBHeHHUsI B 0Oe3pa3MepHBIX MNepeMeHHbIX. PaccMoTpuMm mnpoTskEHHBIT Hu ciabo
WCKPUBJIEHHBIA Yy4YacTOK pYCJIOBOIO TEUEHMs, TPAHMULBI KOTOPOTO BKIIOYAIOT TBEpOOE U
HETIPOHHUIIAEMOE VI JKUAKOCTH IHO, CBOOOIHYIO IOBEPXHOCTh, BXOJAHOE M BBIXOAHOE ceueHue. Ha
CcBOOO/IHOM TOBEPXHOCTH MOTOKA 3aJaHa BHELIHSAS CHJIa, OOYCIOBJICHHAs, HallpuMep, IEHCTBHEM
BETPa, KOTOPYIO CYUTAEM MOCTOSHHOM.

BBeném npsMoyrosibHble JeKapTOBbIC KOOPAUHATHI (X, V,Z) TaK, 9TOObI IIOCKOCTh X) OKa3aaach Ha
MIOBEPXHOCTH IOTOKA, & OCh Z ObUIa HampaBjieHa B CTOPOHY AHA MOA yriaoM (@ K Beprukaiu. Ocb x
HalpaBUM BJIOJb HAIPaBICHUS YKJIOHA IIOTOKa, a OCb ) — OT JIeBOro Oepera K NPaBOMY

MNCPINECHAUKYJISIPHO OCH X. Hauamo KoopauHaT pasMECTUM B COOTBCTCTBUM C BXOJAHBIM CCUYCHHCM
paccMaTpuBaACMOr0 Yy4aCTKa Ha OAMHAKOBOM PACCTOSSHUU OT 6CpCFOB. BXO,Z[HOC 1 BBIXOJJHOEC CCUCHHA

HaxomsTcs B miockocTsix X =0 u x = L, cOOTBeTCTBeHHO, i L, — OmpefesnsieT IpoTsHKEHHOCTh
paccMaTpuBaeMoro yd4actka MoToka. IlycTh CBOGOJAHAsS MOBEPXHOCTH OIUCBHIBACTCSA YPaBHEHHUEM
z=&(x,y,t), tne &(x,y,t) — HeusBecTHast QyHKIHMSA. Bymem cuurtarh, 4TO JIOXKE MOTOKA 3a/aeT
cootHomrerne z = h(x, y), rae h(x,y) — u3BecTHas U A0CTaTOYHO Tiajakas Gpyukiws. Torma Gepera
MOTOKA ABJSIOTCA IPOCTPAHCTBEHHBIMH JIMHUAMH, TOYKA KOTOPBIX HMMEIOT  KOOPIMHATHI
(x, I(x,0), h(x,l(x,0))) n (x, r(x,?), h(x,7(x,{))) m1s 7neBOro M MmpaBoro Gepera COOTBETCTBEHHO.
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Oyukmmu Yy = [(x,t) u y =r(x,t) vaxomsrcs u3 ycnosust h(x,y) = &(x, y,t) Ha OCHOBE TEOPEMBI
0 HesiBHOM ¢yHkimu. OueBHAHO, YTO B I000W MoMeHT Bpemenu ¢ mnpu [(X,t) <y <r(x,t)
BBITIONTHEHO ycnmoBue h(x,y) > &E(x, y,t). 3anumem ypaBHeHHs: PeliHOmbICA I HECKHMAEMOU

XKHUJIKOCTH, 3aMKHYTbIC Ha OCHOBE THIOTE3bl byccuHecka oTHOCUTENBHO Oe3pa3sMepHBIX IEPEMEHHBIX.
B kauectBe smHeiiHOro Macmraba IO COOTBETCTBYIOIIEMY HAINPaBJIECHUIO X, }V U Z TIPUMEM
XapaKkTepHyIo NIUHY L, IHpuHY Ly u rry6uHy L, mortoka. Beném mapamMeTphl MEIKOBOIHOCTH

&=L,/L, n nporsuxénnocry & =L, /L, moroxa (omn mpeanonaraiorcs Manbivu). Pasinanbre

KOMIIOHGHTBI BEKTOpPa CKOPOCTH HOPMHpPYEM, HCIONIb3ys pasHble MacmTabbl. Ilycts U,

XapakTepHas CKOpPOCTb B HAlPaBICHHM X. 3a MacmTab CKOPOCTH B HAIpPAaBICHHUH ) HPUMEM
U,=06U,, a B nanpasnennu z, coorserctsenno U, =&U, =&oU,. B kauectse maciuraba

2 o
M3MepeHus AaBieHns yno6uo npunsts pU; , Bpemenu — L, /U . D10 o3navaer, 4to uncio Diinepa

nu uymucno Crpyxans s paccMaTpUBaeMbIX CIBUTOBBIX TEYEHWH paBHBl eOUHMIE. Takoe
NPE/IOI0KCHNE BBIMOIHACTCS IS IMHPOKOr0 Kilacca PycioBbIX MOTOKOB. Ilycts f — 3amaHHbIi
BEKTOp TIOBEPXHOCTHBIX HaNpsKEHWH. Ero KOMIIOHEHTBI HOPMHPYEM B COOTBETCTBHH C
HIPEACTABICHUEM

f=(fcosy,,of cosy,,edf cosy.)

rae HanpaBJIAOINE KOCUHYCHI CBSA3aHbl COOTHOIICHUEM

o5 og

COS =——CO0S +—=CO0S
V= gy SOV 5008y

VYpaBuenus PeifHonbaca Mg HECKHMMAEMOM >KHIKOCTH OTHOCHTENBHO Oe3pa3sMepHBIX NepeMEHHBIX
MPUMYT BUJ

ou ou’  ouv  ouw op 1 [ 0( ou 2 0 Ou
0| —+ + + =—&80—+—|—|v—|+te —|v— |+
o ox oy Oz ox Reloz\ oz oy\ oy

+&°8° ZE(VG—u]+ﬁ(v@j+g(v8—w] +Fr'sing
ox\_ oOx) oy\ ox) o0z\  ox

2
52 @+8uv+6v +6\2w :_gé’_p+5i(g( 6v)+

V_
o0 oOx oy Oz oy Re\oz\ o0z
+&? 9 V@_u +2i v@ +2 V@_w +52522(v6—uj (1)
ox\ Oy oy oy) oz\ oy ox\  Ox
2
g2o? 6_w+8uw+8vw+8w :—a—p+35L i(v@j Q(V@jﬁ-
o ox 0oy 0z 0z Re\ox\ o0z) oy\ oz
+2£(va—wj+azi v +8282£(va—wj +Fr ' cos
oz\ Oz ov\ oy ox\ Ox
ou ov ow
—+—+—=0
ox 0Oy Oz

3nech BBeneHsl uncino Opyna Fr=U % /(gL,), aucno Peitnonsaca Re = pU, L, /n u 6e3pasmepras

(GyHKLUS BA3KOCTU V, YUMTHIBaroUIas TypOyJleHTHOCTh TeueHHs. [lockonbky B ompeneneHue yucia
PeiiHonpaca BxoauT 3HaueHHEe Kod(duuueHTta TypOyJICHTHOW BA3KOCTH 7], BBIYMCICHHOE Ha

MOBEPXHOCTH MOTOKA, 3HAYE€HUE (PYHKIUK V HA MOBEPXHOCTH TOTOKA JOJDKHO OBITH PABHO 1.
['paHn4HbBIE YCIIOBHS Ha TBEPAOM JHE Z = h(X, ) UMEIOT BH]I

u=v=w=0 2)
85



Ha cB00O/IHO# MOBEPXHOCTH TOTOKA NpH Z = &(X, ),¢) KMHEMATHYECKUE W IUHAMHYECKHE YCIOBHUSI

HMEIOT BUI:
a—C"EJru%Jrv%—w:O 3)
ot ox oy
—&dRep 2% 6_u+826_u%+8252 6u6§+@%_@ "
8x 0z oy Oy Ox Ox Ox 0y Ox
5 ) ) 172
+€35K' 52%4—6—2& a—ngcos(//x 1+g2 % +5252(%j
ox~ oy~ )ox oy ox
orepZE gl HOE LOVOE B 2wl “
oy oz oy Gx 8y oy Oy Ox Ox
D) By 1/2
+&%K 52 f 9% |2 =oFcosy | 1+¢ (85) +8252(6_§j
o’ ay oy oy Ox
Rep+ 8 ou 05 8\/85 8_w +8358_w8§ 538w8§
0z Ox 62 oy 0z oy Oy ox Ox

2 2 2
—£’k| & % % =e0 F %coswﬂtﬁcosw 1+¢° % -I-SZSZ(%j
ox> oy’ Ox Oy ! Oy Ox

3necy k=3 (nU x)_1 — KalWUIAPHBIH NapaMeTp; Yribl ¥/, M I/, ONpEJENAIoT HanpapjcHue, a

mapamerp F = fL_(nU, )_l — MHTEHCHUBHOCTb BETPOBOI HArpy3KH.

Jlns 3aBepieHnsT KOPPEKTHON MTOCTAaHOBKH KpaeBOW 3amavd I ypaBHeHWH (1) Hamo Takxke 3aIaTh
Ha4YaJIbHBIC YCJIOBUA U YCIIOBHA BO BXOJHOM M BBIXOJHOM CECUYCHUAX.

3. Knaccupukanusi Mogeseii pyciaoBbIxX noTokoB. bespasmepnsie ypasaenus (1)-(4), cogeprkamune
mapaMeTpsl € U 0, MO3BOJIIIOT MOJYYaTh PasiMYHbIe MaTEeMaTHYECKHE MOJEIH PYCIOBBIX MOTOKOB.
s sToro TpedOyercst ONpeleNuTh CBA3b MEXIy I1apaMeTpOM MEJNKOBOJHOCTH & U HapaMeTpoM
MPOTSHKEHHOCTH O B COOTBETCTBHU C TIPEATIONIOKCHUSIME O XapaKTepe paccMaTpPHBAEMOTO CABUTOBOTO
TedeHud. B Tabmnuiie nmpuBeleHbl pa3InYHbIE BapUAHTHI CBA3M MEX]y MapaMeTpamu, KOTOPBIE MOTYT
OBITH UCIIOJIB30BaHbI IS XapaKTEPUCTHKH PYCIIOBBIX IIOTOKOB.

Tabanma. Kinaccudukanys MaTeMaTHdecKiX MoJIeNield TOTOKOB

Tun Moxesin MOTOKa E 0 3amena B (1)-(12)
1 Menkuil NpoTsKEHHBINA o(1) O(e) E=0
2 | OueHb MENKHN TPOTHKEHHBIN 0(9) o(1) =052
3 | Menkwuii cuibHO POTXKEHHBIN | 0(1) o(&) S=¢%
4 Menkuii MMPOKHUNA TTOTOK o(1) o(1) o=1
5 I'my©oxuit npoTsAxKEHHBIH o(1) o(&) e=1
6 CymiecTBEHHO TPEXMEPHBII o(l) o(1) e=0=1

Hanpumep, Moiemns menko2o npomsasicéHHo20 nomoxka BO3HUKAET U3 TPEATIOI0KEHUS, YTO TapaMeTPhI
& ¥ 0 ABIAIOTCS MaJbIMU OJHOIO IOPSAKA. JTO O3HAYaeT, YTO INMPMHA 3HAYMTEIBHO MPEBOCXOIUT
riyOWHYy TIOTOKA, MPUYEM paccMaTpPHUBAETCsl TEUCHHE Ha yJacTKe pycia, JIUHA KOTOPOTO BO CTOJBKO
K€ pa3 MPEBOCXOMT IMHUPHHY MOTOKA, BO CKOJILKO pa3 IIMPHHA TPEBOCXOAUT Tiryouny. Cuurast € v 0
MajJbIMU TapamMeTpaMU Pa3HbIX MOPAIKOB MaJOCTH, MOMYyYUM YpPaBHEHHs, OMUCHIBAIOIINE MeEIKULl
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cunbro npomsicénnviiic nomok (0 =o0(g)) wim ouenv menxuti npomsxcénnviti nomok (€ =0(0)).

BapI/IaHTLI, Korga JiMib OJWH H3 NapaMETPOB MABJIKACTCA MAJIbBIM, OTBCYAIOT CllydasM 2./2)/60](‘020
}’lpomﬂ.?fCéHHOZO nomoka u MejlKo2co WuUpoKoeo nomokd. 3aMeTI/IM, 4YTO OTKa3 OT HNPCAINOJOKCHUA O

MaJIOCTH KaK rapameTpa &, Tak | IlapaMeTpa o, MPUBOIHUT K OOBIYHBIM TPEXMEPHBIM YPABHEHHSAM.

4. PenyuupoBaHHble TpéxmepHble Mojeau. JlanbHelInee OCHOBBIBAECTCS HAa TOM YCIOBUH, YTO
BEJIMUMHA CllaraeMbiX B ypaBHeHUsX (1)—(4), 3amucaHHBIX B Oe3pa3sMEpHOM BHIE, OINpEAeIseTCs
CTOAIIMMH TIPH HHX Tapamerpamd. JIns HENW3BECTHBIX BEIMYMH W WX IPOM3BOMHBIX 3TO
obecrieunBaeTcss BEIOOpOM MaciiTaboB, a aist GopMbl pyciia (B MCXOJHON TeoMeTpuu) Tpedyercs
BBITIOJTHEHUE YCIIOBHI, 03HAYAIOMINX CIa0yI0 UCKPUBIEHHOCTh IOTOKA

oh =0(&0), oh =0(¢)

ox oy

Hamuuune w™amoro mapaMerpa B ypaBHEHMSX [IO3BOJISIET NPUMEHUTHh TEXHUKY Pa3JIOKEHUA
HEU3BECTHBIX BEIMYMH B ACHUMITOTHYECKUE PSABl U CBECTH HCXOJHYIO0 HEJIMHEWHYIO 3aJady K
PEKYPPEHTHOM MOCeI0BATEIbHOCTH JIMHEMHBIX HaYallbHO-KpaeBbIX 3ajad. [Ipu sToM, ypaBHEHUS IS
[JIaBHBIX YJIEHOB MOXXHO PacCMaTpUBaTh KakK yHNpPOIIEHHBIE MATEMATUYECKUE MOJIENH, OMUCHIBAIOIINE
COOTBETCTBYIOIIHIA THII PYCJIOBOTO MOTOKA (OyaeM MX Ha3bIBATh OA308bLMU MOOEIAMU), & YPABHCHHUS
JUTSL IOCJIEYIOIIUX YJIEHOB — KaK YPAGHEHUsI NONPABOK.

Beinuiiem 0a30Bble MOAETH IS BapuaHTOB 1-5 W3 TaOmuIbl KiIacCU(pHUKAIMK MOTOKOB. BBenaém

. -1
rpaBuTannoHHbli mapametp G =Fr  cosq@ wu mapamerp ykmoHa [ =tg¢. [us wmenkoro
MPOTSKEHHOT O MIOTOKAa NMEEM

op 0 ou ou

_:G’ :0’ — — |==R G], - =-F x> :0 5
. P|Z: £ > 14 o e 2z, cosy “|z=h ®)
9 v@ :_Rea—p, ov =-Fcosy,, v| =0 (6)
oz\ &z G =

@z_a_u @ R W|7 = ; 8_§+u|7 %+V|7 %—W|7 =0 (7)
0z ox Oy z=h or  Feox oy

YpaBHEHUs IS OYCHb MEIKOTO NPOTSDKEHHOTO M MEJIKOTO HIMPOKOTO IMOTOKOB OTIUYAIOTCS OT
MOJIETH MEIIKOTO MPOTSHKEHHOTO MOTOKa (5)-(7) NMHUIIe ypaBHEHHEM Ui TOMEpedHOr ckopocTH (6),
KOTOpOE HaI0 OpaTh B BHIIE

o ov

—_— V_
oz\ 0z
VYpaBHEHHST MEIKOTO CHIIBHO MOPOTSHXEHHOTO TOTOKAa oTiauyartcs ot wmoxenn  (5)-(7)
JIOTIOJTHUTENTFHBIM YCIIOBHEM Ha JIAaBJICHUE, a TAKXKE YpaBHEHUEM JIJIs TIONIEPEYHON CKOPOCTH

=0

é’_p:(); 9 V@ I—RGG%
oy oz\ Oz oy
rae QpyHKIHs E (x, y,t) —nompaBka mopsiika & K popme cBo6oaHO#M rpanuisl & = &(X,1).
VpaBHeHus TI1yGOKOT0 MPOTSHKEHHOTO TIOTOKA C IIOCKON CTAllMOHAPHOM cBOOOAHOM rpanuteit & = 0
HUMEIOT BUJ
a_p:()’ 8_p:G’ p| —OZO
oy oz =
i Va_u +£ V@ =—ReGI, a_u =—Fcosy,, u|7 =0
oy\ oy) oz\ oz 0z|,-¢ z=h
o> | (ov ow o> | (ov ow)| o|a( ou) o ou
— | V| —+— | |+2 Vi———||=—|=—|V—|——=—|Vv—
072 6y2 0z Oy oyoz| \ody oOz ox|oy\ 0z) oz\ Oy
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ow Ov ou ov
—+t—_—=-7. | =-Fcosy,, w

- = 0, v|
0z Oy ox 0z|,_¢

z=h W|Z=h =0

z=0 -
5. 3aki0ueHue. YpaBHEHUS YIPOMIEHHBIX MAaTEMATHICCKUX MOJICICH PYCIOBBIX TTIOTOKOB BBIBOISTCS
nmyTeM OOOCHOBaHHBIX MAaTEMATHMYECKUX MPeoOpa3oBaHMii OOLIMX ypaBHEHWH T'HIPOJUHAMUKH
HEC)KUMAeMOW KHJKOCTH. OJTO TO3BOJSET MpHIATh MaTEMaTHYECKHUH CMBICI  CHIETaHHBIM
MIPEAOIOKEHUAM (HAIIpUMEp, YCIOBHIO CIab0H HMCKPHBICHHOCTH pycCla), NaTh KIacCCHU(MHUKAIHIO
MMOTOKOB W COOTBETCTBYIOIIMX MOJENEH, a Takxke (popmanm3oBaTh 00JIacTh MX MPUMEHHUMOCTH. B
OTIIMYME OT PACHPOCTPaHEHHBIX M OOMICTIPUHSITHIX OCPETHEHHBIX MOjelNel, TNpeiaraeMele
peayIpPOBaHHBIE MO PYCIOBBIX MOTOKOB YYHUTHIBAIOT MPOCTPAHCTBEHHYIO CTPYKTYpPy TEUEHUS,
YTO TIO3BOJISIET UCCIENOBATh BIHsIHUE (OPMBI THA M OEperoBoil JTMHHU PYCla, a TAaK)Ke HEKOTOPBIX
BHEIIHUX (DAaKTOPOB (HAmpuMep, BO3JCHCTBUE BETpa) Ha OCOOEHHOCTH TeueHWs. B kauectBe
MaTeMaTHYeCKHX MOJelNiell PyCIOBBIX MOTOKOB MpeuiaraeTcs Oparh ypaBHEHHs IJIsl CTapIIUX YJICHOB
ACUMIITOTUYCCKOI'0 PAa3JIOKCHHA HCU3BCCTHBIX BCIIMYUH B PAAbI IO MapaMETpy MCIKOBOAHOCTHU (I/IJII/I
MPOTSHKEHHOCTH), KOTOPBIM  CUMTAeTCs MajbiM. OTH MOJCIM Ha3BaHBl  Oazogvimu. Ilpu
HEOOXOAMMOCTH, PE3yJbTaThl MOTYT OBITh YTOYHEHHI MYTEM pEIIeHWs YpPaBHEHUN IS TOMPAaBOK,
00pa3yomux peKyppeHTHYIO ITOCIeI0BATEIPHOCTh KPAaeBhIX 3aad.

Hpe):[naraeMLIe MO/JCJIIBHBIC YpaBHCHUA OITMCHIBAIOT TCUCHHUC B pPycCi10BOM ITIOTOKE Kak
MPOCTPAHCTBEHHO TPEXMEPHBIN MPOIECC, MPU ITOM, OHH CYIIECTBEHHO IMPOIE MOJHBIX TPEXMEPHBIX
ypaBHeHUH. /{11 MENKNX MOTOKOB YPaBHEHUS MOTYT OBITh IIPOMHTETPUPOBAHBI SIBHO, & TIOJISI CKOPOCTH
Y JIaBJICHUS BBIPAXKAIOTCS uepe3 (QYHKIIMIO BO3BBILICHHS CBOOOIHOW MOBEPXHOCTH. T.0., onpeaeacHue
TUAPOJUHAMHYCCKUX TIOJIEH CBOJUTCS K HAXOXKACHUI0O (YHKIMU BO3BBINICHHS CBOOOIHOM
MoBepXHOCTH. [103TOMy Ba)XHO BBISCHHTH, MOXXHO JIM CUHTAaTh CBOOOIHYIO IMOBEPXHOCTh IOTOKA
CTalMOHApHOW W IIocKoil. OOmMH OTBET OKa3bIBA€TCS OTPHUIATEIHHBIM, HO TPH ONpeAeTEHHBIX
YCJIOBHSIX M T€OMETPUHU pyciia 3TO Bo3MOkHO. (Hampumep, mpu OTCYTCTBUU YKJIOHA, WU B Clydae
JAMHHAPHOTO IOTOKA TMOCTOSHHON TIyOMHBI B IUIOCKOM KaHalle WJIM B KaHaje MPSMOYTOJBHOTO
cedeHus ). ATIpHOPHOE MPEATIONOKEHNE O CTAITMOHAPHOHN U IIOCKOHW CBOOOIHON MMOBEPXHOCTH ITOTOKA
JIOTTYCKAET MOJICNb MEJIKOTO CHJIBHO MPOTSIKEHHOTO M MOJIEIb TIIyOOKOIr0 MPOTSIKEHHOTO MOTOKOB. B
STUX MOJENSX MPOJOJbHAS CKOPOCTh OMPENENSETCS HE3aBHUCHUMO K3 CaMOCTOSTENBHON KpaeBoil
3aJa4d. 3aMeTHM, YTO JJI OTBETa HA MHOTHE MPAKTUYECKHA BaXKHBIE BOIPOCH! (HAIIPUMEP, O pacxoe
JKUIKOCTH) TOCTATOYHO 3HATH JIUIIIH BEJIMUUHY TPOJAOIHHOU CKOPOCTH.

[IpuBneuenue runote3sl byccuHecka U MCTONB30BAHHBIM MOIXO0J K BBIBOJIY MOJAEIBHBIX YpaBHEHUI
MO3BOJISIIOT ~ TTONYSMITUPUYECKH YYHUTHIBaTh TYpOYJIEHTHOCTh TIIOTOKA, BBIOMpas Kod(dummeHT
TypOyJEHTHON BS3KOCTH V, HCXOAS U3 COOTBETCTBHUS IMOIY4YaeMOM CKOPOCTH HMEIOLIUMCS

OKCIIEPUMEHTANBHBIM JaHHBIM [3]. Ilpm »ToM, BuA OQYHKIIMH V MOXKET OBITH JOCTATOYHO
pou3BOJIbHBIM. TpebyeTcs JHIIb BBIMOJHEHHE YCIOBUS V =1 Ha MOBEPXHOCTH MOTOKA M yObIBaHHE
(BMeCTe CO CKOpPOCTBIO) IO HANpaBICHHIO KO IHY. Takxke, Mpu MOCTOSHHON BsiskoctH (V =1)
pe3yAbTaThl TOJHKHBI COOTBETCTBOBATH JJAMUHAPHOMY TCUEHHIO.
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MYJIbTUAACHHUIVIMHAPHASI MOJIEJ/Ib OKOJTOCKBA’KHHHOT'O HPOCTPAHCTBA
JJIs1 OIIMCAHUS 3BOJIIOIUMA ®U3NYECKUX ITIOJIEU PA3JIMYHOU ITPUPOAbI

Ha3zaposa JI.A., Hazapos JI.A., nos M.U., Exsnos U.H.

Pa3paborana 00bEMHAsT MO/IEIb, ONKCHIBAIONIAS YBOJIIOIMIO FEOMEXaHNYECKUX M TUIPOIMHAMUYECKUX TI0JIeH 1pu OypeHuu
riy0okux ckBakuH. [okazaHo, 4TO NpH ONpeeNEHHOM COOTHOIICHUH HMPOYHOCTHBIX CBOMCTB MOPOJ, NaBJieHHs OypoBOTrO
pacTBOpa U BEIMYMHBI €CTECTBEHHBIX TOPU3OHTAIIBHBIX HAIPSIKEHHUI B OKOJOCKBaXXMHHOM IPOCTPAHCTBE MOTYT BOSHHKATh
30HBI HEOOpaTHMBIX JedopManuii, OKa3bIBAIOIINE CYLIECTBEHHOE BIMSIHHE Ha IIOKa3aHUSA NPHOOPOB Treo(U3NUEcKOro
UCCIICOBAHMS CKBAXKUH, YTO HEOOXOAUMO YUUTHIBATh IPH HHBEPCHU KAPOTAXKHBIX TaHHBIX.

1. BBenenne. HeoTheMIIeMBIM 3J€MEHTOM COBPEMEHHBIX TEXHOJIOTUH OypeHHs W OKCIUTyaTalud
pa3BeOYHBIX M JOOBIYHBIX CKBAKWH SIBISETCS OWAarHOCTHKA MOPOJHOTO MAacCHBa KOMILIEKCOM
reopU3NUECKIX METOJOB, MO3BOJISIIONMAs HE TOJBKO ONPENESNIUTh MPOAYKTHBHBIE MHTEPBAIIBI, HO U
JIaTh KOJHMYECTBEHHYIO OICHKY (MIBTPAlHOHHO-EMKOCTHBIX IMapaMmeTpoB Iacta. MHTepmnperarus
KapOTaXXHBIX JaHHBIX MPOBOAUTCS C HCIOJB30BAaHMEM THAPOAMHAMHUYECKOTO MOAETHUPOBAHHS
mporecca (QUIAbTPAIIMM B OKOJOCKBAXMHHOM mpocTpaHcTBe [1]. C yBenuveHueM TIyOHHBI IO
JeCTBHEM MPHUPOJHOTO TOJIA HANpsDKEHUH B OKPECTHOCTHM KOHTYpa MOTYT BO3HMKAaTh 30HBI
HeoOpaTUMBIX NeopMariiii [2], B KOTOPBIX CYIIECTBEHHO MEHSFOTCS HE TOJIbKO MEXaHHUYECKUE, HO U
¢unpTpanmmonHeie [3] CcBOWCTBa MOPOJ, YTO HEOOXOIWMO YYHMTHIBATH TIPHU OIHMCAHWU IIPOIECCOB
MaccoIlepeHoca U MHBEPCUHU JAaHHBIX HCCIEI0BAaHMS CKBaKHH.

2. [TocTaHOBKa M MeTOAMKA pemieHMs 3agadyu. [IyCTb TOPU3OHTANBHO-CIOUCTBHIM KOJUIEKTOpP B

MoMeHT BpeMeHH ! =( MrHOBEHHO BCKPBIBACTCSI BEPTHKAIBHOW CKBaXHHOH pamuyca F,. Ilpu
OypeHMH Ha peENpeccHM, KOrJa JaBlIeHHEe B IUIacTe p, MeEHblIe JAaBlIeHUs Ha 3aboe p,, B
OKPECTHOCTH CKBaXHWHBI (DOpMHpyeTCs HECKONbKO 30H (puc. 1). bymem momarats, 4to 007acTh

pa3pymeHI/H71 F BO3HHUKACT, €CJIM BBIIIOJHCH KpI/ITepI/Iﬁ TpeCKa T=7,, TAC T — MaKCHUMaJIbHOC

KacaTCJIbHOC HAIIPSKCHUE, T — IMPCACI IPOYHOCTH NOPOA HA CABUT.

I ayposoil pacmsop
ﬂ ZHHUCIaA KopKa
- JOHA KOTLMATNALUN

4 ona paspywenus

5 JOHG NPONEKROSERURA

NOPOOHBIT MACCHE
(KeLTexmop)

O CREaNCuna

Yo,

Puc. 1. TunmmaabIe 30HBI B OKPECTHOCTH CKBAXKUHBI ITPU OYPEHUHN HA PEIIPECCHH.

JedopmupoBaHue cpelibl ONHUCHIBACTCS YIPYTOIIACTHYECKON MOEIBIO [4], BKIFOYArOIIEH:
YpaBHEHHUS PAaBHOBECHS
1

divE+®=mVp;, (1)
cootHomeHus Ko it Maisix pedopmartuit

D=05Vi+ViT); @)
3akoH I'yka ams ynpyrux obnacteit

=AU (D)E+2uD*,; 3)

kputepuii Tpecka [uist onpeneNeHuss 00JacTeld pa3pylIeHUs W YCIOBUE aJIUTUBHOCTH TpUpPAIECHHHA
nedopmaruii
AD =AD® +AD? @)
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! 1
rae X, D u E —rensopsl HanpspkeHuit, nepopmannii u enuanynsiii; O = (0,0, 02) u u — BekTOpHI
IUTOTHOCTH MacCOBBIX CHJI W CMCLICHHUH; [ ,—TepBblii MHBapHaHT; A, (1 —mapamerpsl Jlame; p—
IUVIOTHOCTh; g — YCKOPEHHE CBOOOIHOTO MAJCHUS; M —IOPHCTOCTD; P — AaBleHHE (IIFOH/Ia; HHICKCHI

[IPebl €c_ 9

e’ u “p” 03HAYAIOT YNPYTYIO U IIACTUYECKYIO COCTABJISIOLIHE.
[Ipouecc nByx(azHOU QHUIBTpallMd B OKOJOCKBRXWHHOM IPOCTPAHCTBE OMHMCHIBaeTCsS [1]
CHUCTEMOM, B KOTOPYIO BXOJIST:

ypaBHEHHsI COXPAHEHHUS MaCChl (mS,) , +div vlvn =0; Q)
r k

3akoH Jlapcu w, =——k,Vp; (6)
n

3aBHCUMOCTb TIOPUCTOCTH OT JaBieHUS [5] m=my(1+ fBp); (7)

a TAKKE YPABHEHUsI POCTA TIIMHUCTOU KOPKH B(6,z,t)=8(iW,), (r,,9,2,1) (8)

U CoJleriepeHoca (mCSy) , + div(Cvlvl) =0, )

rae  (7,0,z)— UMIMHAPUYECKHE KOOPAMHATHI, S, —HACBIIEHHOCT, 7 -0i ¢azoil (n=1,2;

I

a

S, +8, =1); k — abcomoTHast mporHHIIaeMocTh; k, =S,” — OTHOCHTENIbHAS IPOHUIIAEMOCTD; W, —
CKOPOCTB; 7], — BSI3KOCTB; [3 — CXKMMAEeMOCTb CKeJleTa KOJUIEKTOpa; B — TOIIMHA IIHHICTON KOPKH;

C— conénocts (Macca coieif, pacTBOPEHHBIX B eIMHHIE 00bEMA BOABI); O ,d, — IMIUPUUCCKHE
KOHCTaHTHL. 11151 cucteMsl (5)-(9) popMynupyroTcs HaYaIbHbIE

p(r,0,z,0)=p., S,(r,0,2,0)=S,,, B(0,2z,0)=0, C(r,0,2,0)=C,
U TpaHUYHBIC

p(rO,H,z,t) =Pb> p(rc,ﬁ,z,t) =Pe>

S (ry,0,z,t) =1, 8,(r.,0,z,t) = S,, C(1y,0,z,t)=C,, C(r.,0,z,t)=C,

ycnoBus (7, — paavyc 30HBI BIMAHMA CKBaXuHbI [1]), a nna cucremsl (1)-(4) TonbKo rpaHuyHbIE

ycnoBus (puc. 1):
¢ Ha KOHTYpE CKBaXHHBI ' = I, 2, =(1-mp,,Z,,=2,.=0;

2 .2 -
¢ mpury<<r X, =oycos"@+o,sin"0,% ,=050c,—-0,)sin20,%, =0
(Uh U Oy ~MUHUMAJIbHOC 1 MAaKCUMaJIbHOC I'OPU30HTAIbHBIC HAIPSXKCHUS B IIPUPOJHOM HOJ'IC).

st omucaHusi 3aBUCHUMOCTH a0CONIOTHOW MPOHUIIAEMOCTH OT HAINPSOIKECHUN HCIOIH30BaTNCH
SKCIIEpUMEHTANbHbIC JaHHbIE [2], alIpOKCUMALMsI KOTOPBIX MO3BOJIWIIA OTYUYUTh COOTHOIIEHHE

k= ko[k'™ H(ry =)+ k,H(r 1)1, (10)
rne H — pynkuusa Xepucaiina, ke =0.7-08u kp =0.2-0.4 — sMOupUYECKUE KOHCTAHTHL.

Uucnennas peanmu3arus moaenu (1)-(9) ocymecTBisiachk Mo ciaeayomei mporeaype:

1) cucrema (5)-(7) cBoamnacek K YpaBHEHHIO OTHOCHUTENBHO JaBIICHHS, KOTOPOE peIaloch
KOHEYHO-Pa3HOCTHBIM METOJIOM MIEPEMEHHBIX HAIIPaBICHUH [6], MOIUPUIIMPOBAHHEIM C yIETOM (8);

2) mony4yeHHOE pachpeiesieHHe NTaBICHUH IOACTABISUIOCH B MpaByio 4acth (1) u Meronom
KOHEUHBIX 371eMeHTOB 13 (1)-(4) onpeaensiiuch HanpsDKeHUs U KoHpuryparms F

3) mo (10) HaxoAMIIOCh U3MEHEHHE TPOHUIIAEMOCTH;

4) m3 (5), (6) u (9) onpenesINCh BOJOHACHIIIICHHOCTS U COJIEHOCTh B 30HE MPOHUKHOBEHHUS.
3. OcecumMMeTpUYHAsi MOJEJIb CJIOMCTOr0 KOJUIEKTOpa. B paBHOKOMIIOHEHTHOM TOJI€ BHEIITHHX

HanpsKeHu (O = 0),) 00IacTh paspyllleHUs B TOPU3OHTAILHOM CEYEHUHM HMMeeT (GopMmy Kpyra

(pammyc 7:), TIOATOMY 3ajada CTAaHOBUTCS OcCecMMMeTpu4yHOW. Ha mpumMepe omHOW W3 CKBaXHH
KoransiMckoro MecTopokIeHus yIiIeBOJ0POI0B (BEpXHsIsA TPaHHUIIA TUTACTa PACIoNIoKeHa Ha TIIyOnHe
2518 M) paccMOTpUM BJIHSHHE 30H pa3pyIICHHWS Ha DSBOJIONUI0 THIPOIWHAMUYCCKHAX IIOJICH M
JUHAMHKY POCTa TIIMHUCTOM KOpKHU. B Tabn. 1 nmpuBeneHsl OCHOBHBIE MapaMeTphl MOJIENH, OCTAIbHBIM
MPUCBANBAJICh TUITUYHBIC 3HAYCHISI, XapaKTEePHBIE IS paCCMaTPUBAEMOM 3aIeHKH.
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Ta6mmma 1. UncoBbie 3HAaYCHMsI OCHOBHBIX ITAPaMETPOB MOJICTTH M pa3Mep 30H pa3pyIIecHUsI.

Ne cost | 1I 111 v \% Vi1 \41i
MOIITHOCTD, M 1.0 3.2 0.8 5.6 34 2.2 3.8
my 0.205 0.213 0.170 | 0.203 | 0.189 | 0.174 | 0.164
P, Kke/m’ 2450 2490 2100 2420 2245 2390 2375
S 0.298 | 0.291 0.700 | 0.349 | 0.423 0.468 | 0.606
ko, mD 43.65 87.62 11.00 | 33.91 10.72 8.80 6.14
Ty, MIla 10 10 12 10 12 12 12
I+, CM 19.45 19.52 16.02 19.65 16.18 16.20 16.25

Ha puc. 2 moka3aHo W3MEHEHHE TOJIIMHBI TJIMHUCTOW KOPKM BO BpeMeHH 0Oe3 yuéra (a) W ¢
yuérom (b) 3oub1 I npu k, =0.8 u k, =0.4. MoxHO 3aMeTHTb, 4TO BO BTOPOM CJIy4ae BEIHINHA

B 3amerHo MeHbIe, 4TO HEOOXOAMMO YUYHMTBHIBATH MPU HHTEPIPETAIUU JAHHBIX KaBEPHOMETPHH,
TTOCKOJIBKY TOJIIMHA TIMHUCTOW KOPKU CIYKUT OJHUM M3 WHIUKATOPOB HATUYHS MPOIYKTHBHOTO
WHTEpBaJia: B OKPECTHOCTH BBICOKOMPOHUI[AEMBIX YYaCTKOB IjlacTa B yBeIMUYHBAETCS, YTO XOPOIIIO
BHJTHO Ha pUC. 2 (TOHOM OTMEUYEHBI MPOILTACTKH C HU3KOW a0COTFOTHON MPOHUIIAEMOCTHIO).

LM
2519 @ ! ) ]
1213 |6z frs| 244 1 1)z |6 li2lis|24a M

111
v

2553 |ECHGERS St 1] I

J
ST

| ( ( il { (( §
2538 | B, an | B, mm
4 (]

7 8 9 100 1 2 3 4 5 6 7 8 9 10 i 02 03 o4 0E 06 070 02 03 4 os wh 07

Ha puc. 3 mpencrasneHo pacnpeneieHne BOJAOHACHIIIEHHOCTH B 30HE TPOHUKHOBEHUS (TPaHULIBI

30H pa3pyIICHHS MMOKa3aHbl IMITPUXOBBIMHU JIHHUSMHU) Yepe3 CYTKH IMOCIe BCKPHITHS Tiacta. OTMETUM
HEKOTOpbIe 0COOCHHOCTH 1O S :

oo
»

-

I I

Puc. 2. Puc. 3.

¢ TOpU BO3HUKHOBEHHM 30HBI Pa3pylUICHHS CKOPOCTh MPOHUKHOBEHHWS (uibTpara OGypoBOTO
pactBopa B tract ymensinaercs Ha 20-30%, ocoOeHHO B HU3KOMIPOHHUIIAEMBIX 001aCTsX;
¢ BOIM3U KOHTPACTHBIX 10 INPOHUIAEMOCTU I'paHULl UMCIOT MECTO BBICOKUC T'PAaIWCHTBI, HO B
OKPECTHOCTH CPEIUHHBIX CEUCHHI TMPOIIACTKOB PACIPEACICHHE BOJOINPOHUIIACMOCTH
JIOCTATOYHO OJHOPOJHO MO Z , YTO JaéT OCHOBAHUE UCIOJIL30BATh JaJice ABYMEPHBIC MOJCITH
JUTSL KCCIICIOBAHUS TIPOIIECCOB DBOJIIOIUN B TOPU3OHTATIBHBIX CEUCHUAX MOJICIIH.
4. PacnpeneneHue BOJOHACBHINIEHHOCTH M JJIEKTPHYECKOr0 CONMPOTHBJIEHHSI B  30He
NMPOHUKHOBEHUSI TPH HEPABHOKOMIIOHEHTHOM T0JI€¢ BHENIHUX TOPH30HTAJIBHBIX HANPSKEHUIA.
MHOTHe MECTOPONKICHHS YTIIEBOJOPOIOB PACIIONIOKEHBI B PETHOHAX € HETHUIPOCTATUUECKUM TIOJIEM

NPHUPOJHBIX HaNpskeHuil [7] o # 07, , KoTopble Oy1eM XapakTepu3oBaTh KoddduineHTaMu 60KoBoO-
ro ormnopa: ¢, =0,/ 0, u q4,=0y /oy (0}, = pgz — NMUTOCTAaTHYECKOE JaBICHUE Ha TIyOHHE Z ).

JLATamun (1947) moka3an, dYTO 30Ha pa3pylIeHHs B  OKPECTHOCTH  OTBEPCTHS B
HEPaBHOKOMIIOHEHTHOM I10JIe BHEIIHUX HAIMPSKEHUH MMeeT (OpMY SIUIMICA, KOTOPHIA MOITHOCTBIO

OXBAaTbIBACT OTBEPCTUE, €CIIN O U Oy Pa3IUYIAIOTCA HE3HAYUTEIIBHO, B IPOTUBHOM CiIydac 30Ha F
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JIMIIb TTPUMBIKAET K CKBa)XHHE (HEMOJHBbIA 0xBaT). PaccMoTpuMm, Kak KoH(urypamus F Biuuser Ha
pacrpesiefieHle UCCIIEIYEMBIX T0JIei B OKOJIOCKBRKHHHOM ITPOCTPAHCTBE.

Ha puc. 4 mnpencraBieHsl HM30JMHUM BOJOHACBILICHHOCTH S, HpH f =48 4 B XapaKTepHOM

TOPHU30HTATIBHOM CEYCHHH MOJCIU MPH MOJHOM (@) W HemomHoM (b) oxBare (koHTyp [ mokaszaH
IITPUXOBOH JHHMEH). 31ech OTYETIMBO BHIHO, YTO HE3HAUUTENIbHOE YMEHBIIEGHHE ¢, TPHUBOIUT K

Ka4€CTBCHHOMY M3MCHCHHUIO paClpCaACICHUA Sl . [IpA HCTIOJIHOM OXBAaTC€ BO3HUKACT SIPKO BhIpa’KCHHAA

AHU30TPOIIUS B HAIIPABJIICHUN ,E[Cf/iCTBHﬂ MaKCUMAJIbHOI'O T'OPHU30HTAJIBHOTO HAIIPSDKCHUS Oy .

q.=0.55
q,= 0.70

LX) ha

(%}

054

044 LE}

34 3

aTh

0.1

Puc. 4. Pacnpe/:[eneHI/Ie BOAOHACBINICHHOCTU B OKPECTHOCTU CKBAKMUHBI.

MeTo/1 3JIeKTPHIECcKOro KapoTaka CKBaKHH OCHOBAH HA PETUCTPALIMH YACIBHOTO HIEKTPUIECKOTO
compotuBiicHUst () OKOJOCKBaXHHHOTO MPOCTPAHCTBA 30HIAMH Pa3InYHOM JinHbl. Bemnunna (2
CBSI3aHa C TUIPOJIMHAMHYCCKHMMH ¥ T€OMEXaHMYCCKHMH [apaMeTpaMHi MOJICIH 3MITUPUYCCKON

. 2 2
dopmymoit Apun [8] Q=A/ (m C(S, +S5) ), rie A — KOHCTaHTa, XapaKTepu3ylollas, B
OCHOBHOM, TIeTporpapuyecKie 0COOEHHOCTH KOJUICKTOPA.
Puc.5 wumoctpupyet pacnpenencane Q (OM-M) ISt yCIIOBUii, aHATIOTHYHBIX TAKOBBIM pHC. 4.

T @ 4= 0.62 | ,.] ® q,=0.55
q,=0.70

\ q." =0.70 h____\ g
ilb—__—‘j‘\ 0161 j

—

44 LEE

| AN
| -~ l":l

074

i s 06 ny L] o1 0nr 03 LX) ns LX) 0T

Puc. 5. M3onuHNN yAETHHOTO AJIEKTPHYECKOTO COMPOTHBIICHHUS B OKPECTHOCTH CKBaKUHBI.

3necp Tak Ke, Kak W A BOJOHACHIIIEHHOCTH, HMEET MECTO KadyeCTBEHHOE OTJIWYHE B
pacrpezeneHusix {2 : MpU HEMOJIHOM OXBATe BBICOKOOMHAS 30HA CMEIIACTCsI B HAIIPABJICHUH JICHCTBHS
MHMHHUMAJIEHOIO TOPU30HTAIBHOIO HANPSHKEHHUS O, B IIPUPOIHOM IIOJIE.

Takum 00pa3oM, TOKa3aHO, YTO reOMeXaHMYeCKHid (PakTop OKa3bIBacT CYIIECTBEHHOE BIMSHHE Ha

MOBCACHUC TUAPOAVMHAMUYCCKUX U IBJIICKTPHUUCCKUX MoJICH OKOJIOCKBaXKHUHHOM IMPOCTPAaHCTBE:
HE3HAYUTCIBHOC pa3IMiIUC B BEJIMUYNHC OPU3OHTAJIBHBIX KOMIIOHCHT IIPUPOJHOTO MOJIA HaHpH)KCHPII?I
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MOXXET IPUBECTH K KaUeCTBEHHOMY M3MEHECHUIO TTOKa3aHUU MPHUOOPOB TeOPU3NICCKUX HCCIICTIOBAHII
CKBaXXHH. DTO BBI3BIBACT HEOOXOAMMOCTH BHECEHHUS KOPPEKTHB B MPOLEAYPY HHBEPCHM JaHHBIX
KapoTaxa JUIsi KOJMYECTBCHHON OLEHKU (UIBTPAIIMOHHO-EMKOCTHBIX MapaMETPOB MPOIYKTHBHBIX
IJIaCTOB.

PaboTa BBIMOTHEHA TpU YacTUYHON (PUHAHCOBOW mMommepkke WHTErpallioOHHOTO MPOEKTa
CO PAH Ne 89 u Poccuiickoro @onna @ynnamentanbubix McenenoBanuii (mpoekt Ne 10-05-00736).
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HAMNPSKEHHO-TE®OPMUPOBAHHOE COCTOSIHUE JIBYX NEPECEYEHHBIX MO/
YI'JIOM IOJIOC, HAXOAAINUXCA B I1IOJIE CHJI TAXKECTH

Oranecsn 9. K.

B nose cun TsxecTH paccMaTpUBaeTCsl TENO, OTPaHUUCHHOE JIByMs I10JIOCAMM M HaxOAsIIeecs B IOJIOKEHUH, KOrza
JIMHYS TIEPecedeHHs] STHX II0JIOC INEepIEeHIVKYIJISIpHAa K HaNpaBJICHHUIO BEKTOpa COOCTBEHHOro Beca. [Ipeamonaraercs, 4To
TEJI0 COCTOMUT M3 JBYX pa3MYHBIX MaTepPHUaNIOB, KaXKAbIH M3 KOTOPBIX H30TPOIEH M OJHOPOAEH, a BEPXHAA IoJloca
MOJTHOCTBIO 3amieMiIeHa. ['paHuIlbl TOJI0C COEANHEHBI MIIOCKOCThIO0. IIpenonaraercs Takxke, YTO KOHCTPYKIMS HAXOIUTCS B
TUTOCKO-1€()OPMHUPOBAHHOM COCTOSTHHH, 9YTO IO3BOJISIET PAcCMaTpHUBaTh BMECTO BCETO Tella €0 CEYEHHE IUIOCKOCTBIO,
HEePIEeHIUKYJIIPHOM K JMHHUM TEepecedeHHs Moyoc. DTO cedeHHe MMeeT (OpMy TPEeyroibHHKA, MPUIEM, KOTJa MIMpHHA

0
110JIOC OJUHAKOBA, 3TOT TPEYTOJIbHUK SABJISCTCA paBHO6e,Z[peHHI>IM. PaCCManI/IBaeTCH 3HA4YCHHUE yIJja (p = 90 . HonaraeM,

0 0
4YTO IPU U3MEHCHUU yIJjla OT (P = 0 J0 (P = 45 KOHCTPYKIUsSL COCTOUT U3 IEPBOIoO Mar€puajla, a oCTajbHas 4acCTb

COCTOUT U3 BTOPOro MaTepuaina. Takoe ke 3HaueHHE MMEET YroJl BEpIIUHbI TPEYrodbHUKA, KOTAa IUPUHBI II0OJOC Pa3HBIE.
3amada penieHa MeTOIOM KOHEUHBIX aneMeHToB (MKD) [1].

B cootBercTBUE ¢ mporenypoit MKD mepemenienust B 1000l To4ke 3aeMenta e 3amarorcs

BEKTOPOM

{7} =[Ny M
{6} = ff,- 2)

3mece N, N, N, ssnsores Qpynkumsmu popmbl.

Ecnu u3BectHhI nepeMenIcHus, To )Ie(bOpMa]_[I/II/I 3aIllMChIBAOTCA B BUJC

(e} =[B] (o} o)
(o} =[D]{e) @

a HalIpSAKCHUA — B BUJIC

D=K| v 1-v 0 5)
0 0 (dA-2v)/2
rne K=FE \ (1+v)(1-2v).

VY3510Bbl€ CHIIBI, CTAaTUYECKH SKBUBAJICHTHBIE pACHpeleiaCHHBIM II0 3JIEMEHTY HarpysKawm,
MPEACTABISIIOTCS B CIEAYIOIIEM BUIE:

(FY ={FFF, | =[M] +{F} (©)
[M] =[[[B] [D][B]ds ™

SIBJISIETCS] MATPULIEH KECTKOCTH JIEMEHTA, a

{F} =—[[[N"]{P}ds )

©CTh BEKTOP Y3JIOBBIX CHJI, 00YCIIOBJICHHBIX pacIpeleICHHBIMUA Harpy3KaMHu.
Bo Bcex ciydasix TpeyroibHHK ObLI pa30uT Ha 72 TPEYTrOJNIBHBIX 3JIEMEHTA C IIECThIO CTEIECHIMHU
cB00OMBI U ¢ 49 y3MOBBIMU TOYKaMU. JIMHUM pa3OMeHHs B3ATHI MapajuIeIbHO CTOPOHAM HCXOIHOTO
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TPEYroJIbHUKA. JlokanbHBIE KOOpAWHAThI B3ATHI MNapajlyICJIbHO JIMHUAM r100aJTbHBIX KoopauHaTt, a
Ha4dajia KOOPpAMHATHBIX CUCTEM B3ATHI B BEPIIMHAX 3JICMCHTOB.

[lepexons oT nOKanbHOW (MECTHOM) CHCTEMBbI KOOPIMHAT K 00mIei (rmobanpHoil) cucteme [1],
COBOKYITHOCTh YPaBHEHHI PaBHOBECHS MOKEM IPEJICTABUTH B CIEIyOme Gpopme:

(M8} +{F}, =0

Wi B popme

[M]{8} = {P} ©)
B mpow3BoNBHON TOYKE DJJIEMEHTAa CMEIICHHUS allpOKCUMHUPYEM JIMHEHHOH QYHKIMEH OT
KOOpAWHAT

U,=a +a,x+a,y

U . =a,+tax+agy

Y
X m lﬁ\w
<LlTm s 014_7
L 12 Il
. © 10k é_ P
J 3 8-—7/274
E ¢ [——
ym l C4:~/—/.4
A QE_/:?i
X II2|\4|Ié\léllllu\Il\zll:llallll6
Puc.1 Puc.2

B cooTBeTcTBUM C TpolLieAypOil METOJa KOHEYHBIX JJIEMEHTOB B 3TOM ciiydae (QyHKIHMH (opMBbI
B3SIThI B BUJIE

Ny =(a, +bx+c,y)/2s, (k=1i,j,m)

371eCh S, — IJIOIIAIb TPEYTOJIbHUKA.

OCHOBHOE BHHMAaHHE YJIEICHO BOMPOCY U3YYCHHS M3MEHEHHSI MaKCHMAaIIbHOTO ¥ MHHHMAJIbHOTO
3HAYCHHS HANPSDKCHHS B KAKAOM ODIeMEHTe. HemaloBaXHOC 3HAUCHHE HMEIO0 W H3YuYCHHUE
V3MCHCHHS 3HaKa STUX HAIMPSDKCHHH, T.€. B KAKMX DIIEMEHTaX KOHCTPYKI[MH OH MOJIOKHTEJICH, U B
KaKnX — OTPHIATENeH. A TaK)Ke BBIYHMCIICHBI HATIPSDKEHHS Ha CTBIKE IBYX MaTepUajoB.

3ajaua pelieHa B JBYX BapHaHTax — KOTJa MaTepuasibl OJMHAKOBBI M Korja pasHbie. Puc.3
COOTBETCTBYET CIIy4ar0, KOrJa ¥ MaTepualbl, ¥ IIHPHHBI MOJIOC OJMHAKOBbI. Ha puc. 3 mokasaHo
M3MCHCHHE TIEPEMEIICHHUSI TOUCK BEPILIHH JIEMEHTOB Ha TOPH30HTAIBHON JIMHHUH, TAPAIIICIBHON OCH
x e CD | juist snadenwii yraa @ = 90° . U3 rpaduka BUAHO 9TO, KOTIA C 3aIIEMISHHOI CTOPOHBI
TPEYTrOJTbHUKA BUTACMCS IO 3TOMY CEUYEHHIO, rpaduK pe3Ko MOAHHUMAETCS Ul KOMITOHCHTHI
nepemerienust mo ocu OX M Pe3ko Omyckaercs Uil KOMIOHeHThl mo ocu (y, T.e. 3Ta 30HA
Hanbonbliero w3rnba KOHCTPYKuMH. B 3amaue i Marepuana  B3sST Moayidp FOHra

E, =E, =960000 xe/cm’, momyms Iyaccona — v, = v, = 0.2, a wiotHocts — 0.0005 e /ca’ .
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Puc.3 0325 Puc.4

-035

Ha puc. 4 MMpeACTABJIICHBI Fpa(I)I/IKPI HU3MCHCHUA MNCPEMCHICHUA TOYCK BCPIIMH JJICMCHTOB Ha
BepTI/IKaJ'IBHOI‘/'I JIMHHH, HapaﬂﬂCHLHOﬁ oCH Oy JIMHHUH, HpOXOI[iIH.ICfI 4gepe3 TOYKY M , IpHU TE€X KEC
3HAUCHHUAX OCTAJIbHBIX BCJIMYWH, UTO U HA PUC. 3.
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0.254
0223
0.207
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0.178

0161
0145

Q.13
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0015 0.093

0.079
0.062
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Ux
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-0.005

001
F -0.048

-0.06

-0015
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-0.072

Puc.5 Puc.6

p AT T Tl

-0.025

~0.03

[TogcunTansl MakCHMMalbHblE W MHHUMAJIbHBIC 3HAYCHUS I[IOJHOTO HANPSUKCHUS Ui BCEH
KOHCTPYKIMH. JImd KOHCTPYKIMH, cocTosmedi u3 omHoro Matepuana: E, =E,=0.96,
vi=v,=0.2, MakcuMmanbHOe 3HaueHHe HampsokeHus paBHo 1.0548, munumansHoe — 0.0000298, a
. . 0
yroj HakjJIOHa OT BEPTHKAJIBHOW OCH IO HANpaBJIEHHIO 4acoBO# crpenku paBen O =-45,18".B

ciydae, Koraa KOHCTPYKLIHS COCTOUT u3 pasHBIX MAaTepHaIoB:
E, =0.16, E, =0.56, v, =0.1, v, =0.15, makcumanbHOe 3HAa4eHHE HANPSKCHHS CTAHOBUTCS

0
paBubiM 0.0278, muaumansaoe — 0.00000569, a yron HakimoHa pasen @ =—64,66" . I'paduku 5-7
COOTBETCTBYIOT CJIydYar Ijis pasHbIX MarepuanoB. Ha puc. 5 mpeacraBieHbl TpaQUKd M3MEHEHHs
HOPMaJIBHOTO HATIPSUKEHHS M KAcaTelbHOrO Hampsikenus 7, Ha cedenun x=0.5 wucxommoro

TpeyroibHMKa, KOrJa  HWKHMA  Martepuan  Oomee  KECTKMM, YeM  BEpXHUH, T.e.
E,= 056, E,=0.16, v,=0.15, v, =0.1. TI'paduku ©Ha puc.6 TPEACTABIAIOT H3MECHEHHE

nepemeriennst Ha guaun Y =0.5. Ha puc.7 npencrasieHsl rpagukd W3MEHEHHsS HOPMAaJIbHOTO
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HanpsoKCHUA O y

M KacaTCJIbHOIrO0 HaNpPsOHKCHUA T

xy

Ha cedyeHun JmHuu CD  ucxomgHOro

TPEYrojibHUKa, a Korja HIDKHUAHA MaTtepual bouee HOHaTHHBBIﬁ, qeM BCpXHHfI, T.C. KoOrjga

E, = 0.16, E, =0.56, v, =0.1, v, =0.15.
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Hwxe npuBeneHa tabimia MakCHMaNbHBIX ¥ MHHUMAIBHBIX 3HAYCHUH HANPSHKEHHUS B KaXIOM
BBIOpaHHOM 3JIEMEHTE.

1. 3enkeBuu O. K. MeTox KOHEUHBIX 2JIEMEHTOB B TeXHHKEe. M.: Mup, 1975. 541c.
2. Karp S.N., Karel F.C.J. The elastic field behavior in the neighborhood of crack of arbitrary
angles. / Comm. Pure and Appl. Math., 1962. V.15. Ne4.
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MaKC 0.027836 10.000120 [0.001166  |-0.001232 |0.000310  [0.000953 [0.016100 [0.003549  (0.000993
MUH -0.001385 -0.000927 |-0.000400 [-0.007408 |-0.001646 |-0.000540 |-0.000618 |-0.005177 |-0.001392
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KOHTAKTHAS 3AJTAYA JIJII COCTABHOM IJIACTUHBI C JIBYMSI
PA3ZHOPOJIHBIMHU ITIOJTYBECKOHEYHBIMU CTPUHI'EPAMUA

Oranucsan I'.B.

B paboTe paccmaTpuBaeTcsi KOHTaKTHas 3a7ada Il yOPYrod cOCTaBHOHM (KyCOYHO-OZHOPOIHOM) OeCKOHEUHOH miac-
THHBI, COCTOSIIEH U3 IBYX CHEIUICHHBIX MEKAY CO00I BIOIH 00IIEH MPAMOIMHEHHON TPAHUIIBI TOTYOECKOHEYHBIX TIACTHH
C Pa3IMYHBIMH YHIPYTHMH CBOWCTBAMHM, yCHWJICHHOH ABYMS HAaXOJSIIMMICS Ha OJHOW JMHHH Pa3HOPOAHBIMU YIPYTUMH II0-
TIyOECKOHEUHBIMH CTPUHIEPAMH C Pa3IMIHBIMU IIPSIMOYTOJIBHBIMH ONEPEYHBIMH CEUEHHSIMHE, KOTOPBIE ITapaJLICIIbHb THHAN
Pa3HOPOIHOCTH YKa3aHHBIX MOyOeCKOHYHBIX IUIacTHH. [locTaBieHHas KOHTAaKTHAs 3a1a4da c(OPMYIHPOBaHA B BU/IE CHHTY-
JIIPHOT'O MHTETPaJIbHOIO YPaBHEHUS C SIAPOM, COCTOSILUM U3 CUHTYJIAPHOM U peryisipHoit yacteil. IIpu nomomu neiicteu-
TEJILHOTO 000OUIEHHOT0 MHTErpalIbHOro IpeobpazoBanus Dypee, 9TO MHTErpajbHOE YpaBHEHHE NMPUBOAUTCSA K (DYHKIHO-
HAJIPHOMY YPAaBHEHHIO OTHOCHTEJIBHO TpaHC()opMaHTOB Pypbe HCKOMBIX (YHKLMI MHTEHCUBHOCTEH TaHI€HLMAIbHBIX KOH-
TaKTHBIX YCHJINH ¥ 1eopMaluy IPOMEKYTOUHOIO KOHEYHOTO HHTEPBaJIa MEXIy Pa3HOPOIHBIMH YIPYTHUMH HOJIyOeCKOHed-
HBIMH CTpHHTepaMH. Jlanee MoKa3aHo, 4TO peHIeHHe 3TOro (PyHKIIMOHAIBHOTO YPAaBHEHUS! CBOAUTCS K PEIICHHUIO CHHTYIISP-
HOTO MHTETPATBbHOTO YPAaBHEHHSI OTHOCUTENBHO Ae(OpMAIH MPOMEKYTOYHOTO KOHEYHOTO HHTEPBaa MEX/Iy Pa3HOPOIHBI-
MH yIIPYTUMH HOJTyOECKOHEUHBIMHI CTPUHI€PAMH, SAPO KOTOPOTO COCTOUT M3 CHHIYIISIPHOM M PeryJSIpHOH dacTeil, pereHne
KOTOPOH CBOANTCS K PEIICHUIO KBAa3UBIIOJIHE PETYISIPHON OECKOHEYHON CHCTEMBI JIMHEHHBIX aIreOpandeckuX ypaBHEHHUH.

1. IlycTh ynpyTwid CIDIONTHOW M30TPOITHEIN JIUCT B BHIEC TOHKOW OJHOPOIHOHN COCTaBHOM (Kycod-
HO-OJJHOPOJIHO}) OECKOHEYHON IUIACTHHBI MajoOl MOCTOSHHOM TONIMHBI /1, COCTOAIIEH U3 IBYX

CIETUIEHHBIX MEXIy COOOW BIOJIb OOIIEH MPSAMOJIMHEWHON TPaHUIIbI MONTyOECKOHEYHBIX IUIACTHH C
pa3IUYHBIMH YIIPYTUMH CBOMCTBaMH, Ha JnHuH Y =a (a>0) cBoeil BepxHel MOBEPXHOCTH yCHIIEHA

JIByMsI pa3HOPOJHBIMH YIIPYTUMH MOJYOSCKOHEYHBIMU CTPUHTEPAMH C JOCTATOYHO MAJIBIMH ITOCTOSH-
HBIMH TIPSIMOYTOJBLHBIMU TIONIEPEYHBIMU CeueHUsMHU. CUUTAeTCs, YTO PAa3HOPOJHBIC MOTyOeCKOHEU-
HBIC CTPUHTEPHI HKECTKO CIEMIICHBI K BEpXHEH MonyOecKOHEUHOH TIIaCTHHE, MapalieIbHbI TUHUU Pa3-
HOPOJIHOCTH YKa3aHHbBIX MOJTYOCCKOHEUHBIX TIACTUH M UMEIOT OTJIMYHBIC OT HUX YIPYTHE CBOUCTBA.
3amava 3aKJIOUacTCsl B ONMPENSIICHUU 3aKOHAa pachpeieSicHUs] WHTCHCUBHOCTH TaHTCHIIMATBHBIX
KOHTAKTHBIX YCHJIHMH, NEHCTBYIOIMUX BIOJb JIMHUM KPEIUICHUH YIPYTHX MOTYOCCKOHEYHBIX CTPHH-
TepPOB C YHPYrol COCTaBHOU (KyCOYHO-OTHOPOMHON) OSCKOHEYHOW IIACTHHOW, KOTIa KOHTAaKTHPY-
rolas napa (IIacTuHa-CTpUHrep) nehOPMUPYETCS COHAMPABICHHBIMU M COCPEIOTOUCHHBIMU CHJIAMH

PS(x — d)S(y — a) (d > 0) u QS(x + b)S(y - a) (b > 0) , TPWIOKEHHBIMU Ha KOHI[AX CTPUHIE-
POB ¥ PAaBHOMEPHO PACHPEIENEHHBIME TOPU30OHTAILHBIME PACTATUBAIOLUIUMH HAIPSHKEHUSAMH [OCTO-
SIHHOI HHTEHCUBHOCTH G|y, ICHCTBYIOIINMH Ha GECKOHECYHOCTH COCTABHOM OECKOHEYHOM IIACTHHBIL.

B paccmarpuBaeMoil KOHTaKTHOW 3aJade OTHOCHUTENBHO PasHOPOAHBIX YNPYTHX MOTyOEeCKOHEY-
HBIX CTPUHTEPOB MIPUHUMAETCS BO BHUMaHHE MOJIe]h KOHTAKTa 10 JuHMH [1-5], TO ecTh mpemanonara-
€TCsl, YTO paclpesielieHne WHTEHCUBHOCTEH TaHT€HLMAIbHBIX KOHTAKTHBIX YCHIINH COCPEIOTOYEHBI
BIOJb CPEAHUX JIMHUN KOHTAKTHBIX YYacTKOB, a Ui YIPYTrOM COCTaBHOH OECKOHEUHOHW IIACTUHBI
CUHTAETCSI CIIPABEIITMBON MOJIENb 0000MIEHHOTO TIOCKOTO HAPSHKEHHOTO COCTOSTHUS.

3meck, Mo yCIOBHAM 337add MOAYJIH YIPYTOCTH U IIIOMIAIN ITOTEPEYHBIX CEYeHUH PasHOPOIHBIX
YIPYTHX TMOIyOECKOHEUHBIX CTPUHTEPOB ONPEACISIOTCS CICTYIOMIMU (GOPMYJIAMH:

{Bs (x):Fy (0)}=0(x =) EQ: FO V0 (= =b) [ FP} (co<x <o), (1)

rae G(u) — eIMHWYHAS CTyleH4YaTas QyHKmus X3Bucaina, a Eg"); F é") =const (n =1; 2).

OOpamasicb Terepb K BBIBOAY pa3pelIaloNINX YpaBHEHHH MMOCTAaBICHHOW KOHTAKTHOW 3aJadvd,
3aMETHM, YTO B TOPU30HTAIBHOM HAIIPABICHUHU CTPUHIEP PACTATHBAETCS MU CKUMAETCSI, HaXOIsICh B
OTHOOCHOM HAampsHKEHHOM COCTOSSHWHU. Toraa, Ha OCHOBE BBIIIECKA3aHHOTO, TU(QepeHIrnanIsHoe
YpaBHEHUE PaBHOBECHS 3JIEMEHTOB Pa3HOPOAHBIX YIPYTHX MONYyOECKOHEUHBIX CTPHHIEPOB, 3alKCaH-
HOE B 0000IIEHHBIX (DYHKIHAX MOKHO IPEACTABUTH OJHUM YPaBHEHHEM, 3alIMCAHHBIM B BHIE!

(2) (2)

17 15
U (x)= —W:[OG(S—X) r(dl) (s)ds—ﬁ_wﬁ(s—x)tf) (s)ds+
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Pe(d—x) N QO(—b—x) . %

(-0 < x <), (1.2)
EVFY  EQFP E
KOTOPOE yIOBIETBOPSET CICIYIONIMM I'PAHUYHBIM YCIOBUSAM U YCIOBUSIM Ha OECKOHEUHOCTH:
___ P @ . _%
US (d +0) - Egl)Fél) > US( b 0) - Egz)Féz) ’ US (ioo) - E’ (1.3)
a TaKXKe yCJIOBUSM PAaBHOBECHS Pa3HOPOHBIX YIIPYTHUX MOTYOECKOHEYHBIX CTPHHICPOB:
-b )
I 2 (s)ds=0-0, (a); Ir(l) (s)ds=P+F, (b). (1.4)
w d
OtmetnM, uro B hopmynax (1.2) u (1.3) ObUTH UCITOIB30BAHBI CICAYIONINE 0003HAUCHUS:
Uy (1) =0(x—d) B8 (20) gy dis” () (=00 < x < )
x)=0(x—-d)———= —x-b)—— - X )
s dx (1.5)
) (%) =0(x—d)t (x); ) (x) = 0(—x b)) (x); 1(x) =1} (x) + ) (x).
EOFD EQF®

3nech B hopmymax (1.1) — (1.5) F) = Z cou Q)= G, — T€ CUJIBI, KOTOPBIE BOSHHUKAIOT

E
1 2
B Pa3HOPOIHBIX MOYOECKOHEUHBIX CTPUHIEpax MpH X —> +00 U X —> —o0; ug) (x; a) u ug ) (x;a) -
TFOPU3OHTAJIBHBIC NEPEMEIICHNA TOUCK CTPUHTEPOB HA JIMHUU )Y =d TPU d <X<OHu-—w<x< —b,
1 1)_(1 1
T( ) (X) = dgv )T( ) (x, a) , IJIC T( ) (x, a) — TAaHTCHUOMWAJIBbHBIC KOHTAKTHBIC HAIIPSXKCHUA Ha JIMHUN y =da
1 2 2) (2 2

npud < x <0, dfg) — MMPHHA 3TOr0 CTPUHIEPA; 2 (x):dg )7(2) (x;a), rae ?) (x;a) — TaHICH-

(2)

LIMAJIbHBIC KOHTAKTHBIC HAMPSOKCHUS HA IMHUM Yy =a npu —o0<x<-b, dg’ —umpuna sroro
1 2 1 1), (1 2 2),(2
CTpHUHTEpA; Eg) u Eg ) — MOJIYJIH YIIPYTOCTH, FS( ) za’g )hg) u Fé ) :dg )hg ) — IUIONIA/H TIoTIepey-
. 1 2
HBIX CEUCHHUIA, a hg) u hg ) — BrrcoTsr CTPUHIEpPOB NpH d < X <0 U —00 < X < —b, COOTBETCTBEHHO;

P u O — MHTEeHCHBHOCTH COCPETOTOUYCHHBIX CHII, 8(u) — u3BecTHas aenbTa-¢pyHkuus Jupaka.

C npyroéi CTOPOHBI, IJisi TOPU3OHTAIBHON JIeopMalui BEpXHEH yNpYyrod MmoryOecKOHEHYHOH
IUTACTHHBI COCTAaBHOM OECKOHEUHOH IJIACTHHBI, KOTJa Ha JUHUU )= d AEHUCTBYIOT TaHICHLIUAJIbHBIC

KOHTAKTHBIC YCHUJIUA C MHTCHCUBHOCTAMU T(l) (.X) (d < X<OO) u T(2) (.X) (—00 <x< —b) , UIMECM:

hlU(x;a)+hlg(x;a):%J'Lix+K(s—x)}t(s)ds+%co (—oo<x<oo). (1.6)

—00

31ech BBEACHBI CIICIYIONTHE 0003HAUCHIS:

.. (2) (- _
U(x;a)ze(x—d)du (X,a)+6(_x_b)du (x,a);dzz (k 1)(1+v)’
dx k(3—v)+1+v
du(l)(x'a) du(z)(x'a) 2(1{—1)(1+v)2 (47
g(x;a):—e(x—d)—’+9(x+b)—’; dy = )
dx dx (3—v)|:k(3—v)+1+v]
2 2
K(u): dyu . 8a2d2u +2a d3u(u—12a ) _ AE _&’

u? +4d (uz+4az)2 (L¢2+4az)3 ! (3-v)(1+v)’ ‘= u

g k(3=v)[k(3=v)(1+v))+2(1-v)(1=v,)]-(3=v,)[8-(3-V)(1+V)]

b (3-V)[k(B-v)+1+v][3-v, +k(1+v,)]
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1 2 o o
rac u()(x,a) u M( )(X;Cl)—I‘OpI/IBOHTaHLHLIC NEpEMCIICHUS TOYCK BCPXHCU HOHY6GCKOH6‘{HOI/I

IUTACTUHBI HA JIMHUK Y =@ Tpu d< X <00 u —0 <X < —b; (E; u; V) u (El; [T Vl)—MO,[[yJ'II/I

yIPYyroCcTH, MOIYJH cABUra U Koddhdurmentsl [Tyaccona maTepuaia moay0ecKOHEUHbIX IUIACTHH.
Tenepb, UMes B BUIly YCIIOBHE KOHTAKTa U(x;a) = Ug (x) (—oo <X <oo), u3 (1.2) u (1.6) mo-

Jy4UM CJEAYIOLIee CHHIYJSIPHOE HHTErPalbHOC YPAaBHEHHE OTHOCHTEIBHO HEHM3BECTHBIX TaHICH-

o 1 2
MUAJIBbHBIX KOHTAKTHBIX YCUIIMHU C MHTCHCUBHOCTAMUA T(d) ()C) nu TE] ) (X) (—OO <x< OO) .

0 (oo}

Jlmmsn ek (50 [ (e [|

+7u2n9(s—x)+K(s—x)} r§72> (s)ds =
S—X

= klnPe(a’ —x)+k2nQ9(—b—x)+ nhlg(x;a); A, = % (n = 1,2) (—oo <x< oo), (1.8)
Eg Fg
rZie HHTerpaisl ¢ sapoM Komm npy § = X TpakTyrOTcd B CMBICJIE UX INIaBHBIX 3HadeHHH 1o Komm.
Taxkum 00pa3om, perieHue paccMaTpUBAEMON KOHTAKTHOHM 3amavd TPU MPUHATHIX BEHIIIE MPEI-
TIOJIOKECHISIX CBOJIUTCS K PEIICHUIO CHHTYJISIPHOTO MHTErpanbHOTo ypaBHeHus (1.8) ¢ smpamu, cocto-
ALIMMHU U3 CUHTYJISIPHOW M PETYJISIpHON YacTel, Mpu HamuuuK ycinoBui (1.4).
2. C uenpio pelieHds CUHTYJSPHOTO WHTErpalibHOro ypaBHeHUs (1.8) mpu Hamm4mu yCIOBHMA
(1.4), npumennm K ypaBHeHuto (1.8) nmedicTBUTENBHOE 000OMIEHHOE MHTETpalIbHOE IMPeoOpa3oBaHue
®Dypbe, ociIe HEKOTOPBIX aNredpandeckux BBIKIAJ0K, OTHOCUTENBHO TpaHchopmaHToB Dypbe QyHK-

i T(dl) (x), TE)Z) (x) ng(x;a) (—o0 < x <o0), momyunm creayromee (yHKIHOHANBHOE ypaBHEHNE:
[7‘1 +o] + /_\(|G|)]ﬁgl) (o) + [7»2 +o] + 1_\(|c5|)]?152) (o) =ichig(c;a)+ f (o), (2.1)
(-o<o <),

KOTOpO€ JOJDKHO YIOBJIETBOPATH YCJIOBUSAM paBHOBecHs cTpuHTepoB (1.4), SKBHBaJEeHTHBIMH
YCIIOBUIO

T(0)=P+0+F -0, (2.2)
3/1ech caenanbl CIeIyIonue 0003HAUCHHUS:

/_\(|0|) = (—d1 +2d,alo|-d;a’c? )|0| el f (o) =APe™ + 1,0e”, (2.3)

> T icx -1~ 1 T —ixc

A(G):F[A(x)]:J;A(x)e dx; A(x):F I[A(G)}:%OOA(G)e do,

raec (—oo <0 <™ ) — CIIEKTPANbHBIN TapaMeTp npeobpasosanus Dypee, a F [-] — omeparop Dypne.
Pemas dhyaxkumnonanpHOe ypaBHeHHE (2.1) ipu Hammauu ycinoBus (2.2), OTHochenLHo?(G) TTOJTYIHM:
=) N =
(o) = (A =y )—2 (o) , Miog(sia) . J(o)
Mol +A(lof) 2 +[o+A(ol)  21+[o]+A(|o])

Ecnu Teneps npumeHuTs K (2.4) obpatHoe npeodpasoBanue Dypre, mocie HEKOTOPBIX anreopau-
YECKHX BBIKJIAJOK U MOJIB3YsICh (OPMYII0i CBEPTKH, OTYUUM CIEAYIOIIEE HHTETPaIbHOE ypaBHEHUE:

(-o<o<®). (24)

t(x)=(A —1,) TB(x—s)rgz)(s)ds—hlTB'(x—s)g(s;a)derp(x) (—oo<x<om). (2.5)

3mech apo u CBO60,I[I::I€ YJICHBI UMEIOT cnez(yro_:;nﬁ BH/I:
1 7  edo 17 cos(ox)do
B(x)=2—n.[—= I— (—oo<x<oo), (2.6)

A +|o|+A(|o]) n <A +o+A (o)

—0
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=0, PB(x—d) +0,0B(x +b); B'(x)=dlzix).

1 % f(o)e™do

(=215 £|<3|+x(|c|)
A |

(2)

1
Teneps, UMest BBUJLY, UTO ’[(d) (x) =0 mpu —0<x<-b, T, (x) =0npu d < x <o u nonaras,

uto —b < X < d, U3 UHTErpaIbHOrO ypaBHEHHUs (2.5) OTHOCUTEILHO Je()OPMAIUH TPOMEKY-TOTHOTO

KOHEYHOT0 MHTEpBaJIa MEXy Pa3HOPOAHBIMH YIIPYTHMH I10JTyOECKOHEUHBIMU CTPUHIEPAMHU MOIYyYUM
CIIEIyIOLIEE UHTETPAIBHOE YPAaBHEHHE IIEPBOTO pPoJa:

d
hl.[B’(x—s)g(s;a)dS:p(x) (-b<x<d). (2.7)

b
Takum 06pa30M, peUICHUC paCCManHBaCMOfI KOHTAKTHOH 3aavy IpU NPUHATBIX BBILIIC IIPEAIO-
JIOXKCHHUAX CBCJIOCH K PCHICHUIO UHTCIPAJIBHOI'O YPABHCHUA IICPBOT0 poJa (27) 3[[6(3]5 Hago OTMCTHUTB,

YTO CTPYKTYpa PEIIEHHs] HHTETPATLHOTO YPaBHEHHs epBoro poaa (2.7) 3aBucur ot sapa B’ (x - s).

3. [lpuBeném penieHWe HHTETPANBHOTO YpaBHEHUs MepBoro poaa (2.7) K SKBHUBAICHTHOMY
CUHTYJISIPHOMY HHTETPAIIBHOMY YPABHEHUIO, SIAPO KOTOPOrO COCTOUT M3 CHHTYJISIPHOM M PEryJsipHOR
yacTel, pelieHne KOTOPOH MPUBOAUTCS K PEIICHUIO KBAa3UBIIOJIHE PETYJISIPHON OCCKOHEYHON CUCTEMBI
JIMHEHHBIX alreOpandyecKuX ypaBHEHUWH. [l 3TOH menu ucclieyeM MOABIHTErPAbHOS BhIPAKCHUE

B'(x) , onpenenéaroe hopmyroii (2.6). Tak kak CIipaBeqTUBO CIIEIYIONIEE TOXKIACCTBO:
ic _io B iG/_\(|G|)

M +lol+A(Jol) - %i+[of - (%,+]of)[ 2 +|o]+A Jo])

1 TTOCKOJIbKY TIPH |c5| —> 00 UMEEeT MECTO CIIeTyIolIee aCHMITOTUYECKOE IPECTaBICHHUE:

_ic =isgnc— +zsgncz (| J (3.2)
c

A +|G|

(-o< o<o). (3.1

TO TIOCJI€ NMPHUMEHEHUs1 00paTHOTO npe06pasoBaH1/I;1 ®ypre k (3.1) 1 B cuiIy CBOMCTB MHTErpajioB
®ypse, s B'(x)npn |x| — 0 monyunMm cremyroliee aCHMITOTHYECKOE TipeacTaieHue [3,7]:

B'(x):%E-%sgnﬁﬁ(x)-ze(x)} (33)
rae GyHkumn R (x) u R (x) OIPEENAIOTCS CIAEAYIOMUM 00pa3zoM (\u (x)—m3BecTHas nen-GyHKuMs):

o n+1 201
Xl 1 ) [\V(2 )+ln—+ |X X|J,

2n |X1x| 2-(2n)

(3.4)

00

j lGA |G|) do _I oA (c)sin(ox)do
"2 (o el) [k ol A (ol)] 4 O+ o) o+ A(0)]
YunteiBas acuMrrorudeckoe rnpenctaBienue (3.3) Ha ocHoBe (2.7) s onpeneneHus g(S;a)

MOJIy4YUM CIIELYIOIIee CHUHTYJIPHOE UHTETPAIILHOE YPAaBHEHUE NIEPBOTO POJA, SIIPO KOTOPOTO COCTOUT
U3 CHHTYJIIPHOU U PETYJISPHOM 4aCTEU:

%T[)Lix—%sgn(s—x)+Ié(s—x)—R(s—x)}g(s;a)ds:—p}g;) (—b<x<d). (3.5)

IIpeacraBuM HEW3BECTHYIO (YHKLUIO g(s;a) B (hopme paznoxeHUs: OECKOHEUHOro psAa Io

MHorouwieHam YeObliIeBa epBoro poja ¢ HeusBecTHbIME Koo durmentamu X, (n=0;1;2;...) [2-6]:
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2s+b—-d
a)=—— his)|, h(s)=———: |h(s)<], (3.6)

[loacraBnsst 3HaUCHUE BBIPAKCHUS g(s;a) u3 paznoxeHus (3.6) B (3.5) u MOCTYyNUB aHAJTIOTHYHBIM

o0pa3oM Kak B paboTax [2-6], M3BECTHBIM CIIOCOOOM MMONYYHM CIICAYIOIIYI0 KBAa3HBIIOJIHE PETy-
JSPHYI0 OECKOHEUHYIO CUCTEMY JIMHEHHBIX alreOpanuecKnX ypaBHEHUH OTHOCHTENIFHO HEW3BECTHBIX

koadpuuuentoB X, (n=1;2;3;...):

Xm+ZA X, =a, (m=1,2;3;...). (3.7)

nm
3meck sipa Mpu HEU3BECTHBIX M CBOOOIHBIE YICHBI OMPEEIITIOTCS CIEeTYIOMUMHI (OPMYyTaMHu:

2(d+b IIW M (s—x)T, [h(S)]U,H [h(x)]dsdx,

1-4*

nm

4 2 _ 192
o, ——W.[)p x)J1-1* (x)U,, [h(x)]dx Xo4,,  (mm=123.), (3.8

M(s—x):R(s—x)—R(s—x)—%sgn(s—x),

rne 7, (x) u U, _,(x)— mHorouiensl YeOblieBa IIepBOro U BTOPOTO POJOB, a X, — HEH3BECTHBIH

kod(pummenT, onpenesronics u3 ycaosus (1.4).
B KkoHIle OTMETHM, YTO TOCHIE peueHHs OeCKOHeYHOW cucTeMbl (3.7) HEeM3BEeCTHbIE TaHTCH-

1 2
LHAAJIbHbIE KOHTAKTHBIE YCUIIUS r( ) (x) u 1:( ) (x) OTIPENEIISITCS] U3 MHTETPATBHOTO ypaBHEHUS (2.5).
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Ob OJJHOM KOHTAKTHOM 3AJIAUE JJI51 YIIPYTOM COCTABHOM BECKOHEYHOMN
IIJIACTUHBI C IBYMSI YIIPYTUMHU KOHEYHBIMU CTPUHTEPAMH

Oranucsx I'.B., Berinapsu A.A.

B pabore paccmaTpuBaeTcs KOHTaKTHAs 3a7ada Uil YIPYroi COCTaBHOU (KyCOYHO-OTHOPOIHON) OECKOHEYHOI miac-
THHBI, COCTOSIIIIEH M3 BYX MOIyOECKOHEUHBIX IUIACTHH C PA3IMYHBIMU yIPYTUMHU CBOMCTBaMU, CHEIUICHHBIX MEXTy coOoi
BJIOJIb OOIIEH NPSIMOIMHEHON I'paHUIBI, Ha CBOCH BEPXHEH MOBEPXHOCTH YCHICHHOH NBYMsI KOHEUYHBIMU YIIPYTHMH CTPHH-
repaMu, KOTOpBIE PacloJIOKEHBl Ha Pa3HbIX CTOPOHAX pas3/ielia YKa3aHHBIX MMOJTyOeCKOHEUHBIX IUIACTHH M NPpUBAapeHs! (IpH-
KJIEEHBI) K 9THM I10JyOeCKOHEUHBIM IIacTHHAM. [Ipenmosnaraercs, 4To OAMH U3 CTPUHIEPOB MapaJUIesieH, a APyrol IepreH-
JUKYJISPeH K JTMHUKM Pa3sHOPOIHOCTH MOIyOECKOHEUHBIX IJIACTHH, UMEIOT pa3sHble yIPyrue CBOIMCTBA U IUIOMIAAU MOMeped-
HbIX ceueHuil. KoHTakTupylomas napa (miactuHa-cTpuHrep) AeopMHUpyeTcs: COCPEIOTOUYSHHBIMU CHIIAMH, TPHIIOKEHHBIMU
K KOHLIAM CTPUHIepoB. 3a1aua chOopMyIMpOBaHa B BUE CUCTEMbI CHHTYJIAPHBIX HHTETPAIbHBIX YPABHEHUI P ONpE/eNeH-
HBIX YCJIOBUSX, AJpa KOTOPBIX COCTOSIT U3 CUHTYJISIPHOM M peryJssipHoil yacteil. Jlanee, sta cucrema pemaercst npy MOMOLITH
M3BECTHOTO MAaTeMaTHYECKOTO amiapaTa OPTOrOHANBHBIX MHOTOWIEHOB YeOblmieBa, KOTOpOE MPEBPAIaeT CUCTEMY CHHTY-
JISIPHBIX MHTETPAJIBHBIX YPABHEHHH B COBOKYITHOCTH KBA3MBIIOJHE PEryJISIPHBIX OECKOHEUHBIX CHCTEM JIMHEHHBIX anreOpau-
4eCKHUX ypaBHeHUH. [TomydeHsl (opMyIIb U1 ONIpeeNICHUs] HOPMaJIbHBIX HAIIPSDKEHUI B YIPYTHX KOHEUHBIX CTPHHIEpax.

1. [lycte ynpyruil CIIOMIHONW M30TPOMHBIHN JIMCT B BUAE TOHKOW OJHOPOAHOM COCTaBHOH (Ky-
COYHO-OTHOPOIHO#) OECKOHEUHOW MIACTHHBI MAJOW MOCTOSHHOM TOMIIMHBEI N, cocTosimei U3 ABYX
CIIETUICHHBIX MEXIy c000#l BIONb OOIIeH MpSIMOIWHEHHON TpaHUIBI MOTyOEeCKOHEUHBIX IUIACTHH C

pa3IMYHBIME YIIPYTHME cBolicTBamy, Ha otpeskax D<y<d (b;d >0) u —b, <x<d, (b,;d, >0)
maanit X =0 u Y =—a (&> 0) cBoeii BepxHell MOBEPXHOCTU YCUIIEH IBYMSI PA3IUYHBIMA YIIPYTHMH

KOHEYHBIMH CTPUHTEPAMU C PA3IMYHBIMU NPSIMOYTOJIHHBIMU MONIEPEYHBIMU ceueHUsAMU. [Ipeamnonara-
€TCsI, YTO CTPUHIEPHI JKECTKO CLEIUICHH K YIPYTMM TNOTYyOSCKOHEYHBIM IUIACTHHAM, HAXOHISATCS Ha
Pa3HBIX CTOPOHAX JTUHUH Pa3HOPOIHOCTH MOTyOEeCKOHEYHBIX IJIACTHH, MPUYEM, OJMH M3 CTPHHTEPOB
napajuiesieH, a Ipyroi neprneHAnKYIIsIpeH K JINHUH pa3/elia yKa3aHHbBIX [T0JTy0eCKOHEUHBIX IIACTHH.
Hama nenps 3akitouaercs B ONpeAeTeHUH paclpeeleHnii NHTEHCUBHOCTENH HEM3BECTHBIX TaH-
TeHIIMATbHBIX KOHTAKTHBIX YCHJIMH B/IOJIb TUHUHA KPEIDICHUA YIPYTHX KOHEUYHBIX CTPUHTEPOB C YIIPY-
TUMH TTOTyOECKOHEUYHBIMH IJIACTUHAMHU W HOPMAJIBHBIX HANPSKEHHH, BOZHUKAIOIUX B YIPYTHX KO-
HEYHBIX CTPHUHTEpax, KOrjna KOHTaKTHpyoulas napa (IiacTuHa-CTpUHTep) AeOopMHpYETCS COcpeno-

touennsiMu crtamn QS(X)3(y —d) u PS(x—d,)3(y + @), npuiioxkeHHBIMH Ha KOHLIAX CTPHHTEPOB.

3mech, 4TO B paccMaTpUBaeMOil KOHTAKTHOH 3ajjade OTHOCHTEIHHO CTPHHTEPOB NMPUHUMAETCS
MOJIETh OJTHOOCHOTO HANpPsDKEHHOTO COCTOSIHUA B COUYETAHHMH C MOJIENBI0 KOHTAaKTa 1o nuHuH [1-3], a
JUIE YOPYTOH COCTaBHOM OCCKOHEYHOHN IUIACTHHBI CUMTACTCS CIIPABEIJIUBONM MOJAETh 00OOIIEHHOTO
TJIOCKOTO HAIPSHKEHHOTO COCTOSTHUS, Oiaroaps 4eMy oHa aeopMUpYeTcs KaK TUIOCKOCTb.

OO6pamasce Teneph K MOMYYCHUIO pa3pellarolinX yYpaBHCHHHA paccMaTpHBAaeMOW KOHTAaKTHOU
3aJ]aui, HETPYIHO BUAETh, 4TO MU(QepeHIUaTbHbIE YPaBHEHHSI PAaBHOBECHS dJIEMEHTa YIPYIHX KO-

HCYHBIX CTPUHTCPOB, 3allMCAHHBLIC B 0606U_IéHHI:IX (I)YHK]_[I/DIX, 6y,£[yT HUMCEThb CJ'IC,E[YIOH_II/Iﬁ BUL:
d

v (0;y) 1 Q
s \ V) _ _ 1
y 2E§1)FS(1)!sgn(n y)T (n)dszS’FS’ (b<y<d), (1.1)
d
dul” (x;—a) 1 ¢
s > _ _ ) _
= 2ETE j sen(u=x)e U)ot oo (B sxsd). 02)
KOTOPBIC COOTBETCTBCHHO YAOBJCTBOPAIOT CICAYIOIINUM I'PaHUYHBIM yCJIOBUAM!
v (Oy) . Oy Q 03
dy y=b+0 dy y=d—-0 Egl) FS(I)
dul? (x;—a) o dul? (x;—-a) P 4
dx o dx CEVRR” 49
x=—by+0 x=0dy—0
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Y YCJIOBHSAM PaBHOBECHS YIIPYTHX KOHEUHBIX CTPHHTEPOB:
d d
jt(l)(n)dn=Q; J- T(z)(u)dU=P. (1.5)
b b,
Jlerko Bumets, uro Ha ocHoBe (1.1) m (1.2) HOpMalbHBIE HANpPSHKEHUS, BO3HUKAIOIINE B

YOPYTUX KOHEYHBIX CTPUHTEPaX ,MOKHO OTPEAETUTH CIEeIyIOIINM 00pa3oM:
d

Wiy L o0 Q

o, (0;y)= 2Fs(l)‘t!‘sgn(n y)t (n)dn+2Fs(l) (b<y<d), (1.6)
1 @ P

@ (y_a)—_ _ () _

o, (x;—-a)= 270 _J;Osgn(u X)1 (u)du+2Fs(2) (-b, <x<d,). (1.7)

3neck B popmynax (1.1) — (1.7) Vgl) (0; y) 5 ugz) (x;—a)— BEPTUKAJIbHBIE U TOPU3OHTAIILHBIE
IepeMeIeH s TOYeK CTpHHrepoB Ha otpeskax D<y<d u —b, <x<d, mmauit X=0 u y=-a;
7 (y) = ds(l)r(l) (O; y), rie 1) (O; y) — TaHTeHIAIbHBIE KOHTaKTHBIE Hanpsbkenust npu b <y <d

uann X = 0; ’C(Z) ( X) =d 3(2)’[(2) (X; —a) ,rae ’C(Z) (X; - a) — TaHI¢HIIUAJIbHbIC KOHTAKTHBIC HANpPsHKCHUS

npu —b, < X< d nmuHnn y = -a; Es(l) u Egz) — MOJyJIY yIIPYTOCTH, Fs(l) = ds(l)hs(l) u Fs(z) = ds(z)hs(z) -
IUIONIAM TIONEPEYHBIX CequHﬁ,ds(l)H ds(z) — IIMPHHEL, a hgl) u hgz) — BBICOTBI CTpUHIepoB; Q u

P — wHTeHCHBHOCTH COCpPEOTOUCHHBIX CUIT; SEN T — M3BecTHAs eAMHNYHAS CHTHYM-(QYHKIIHUSL.

C mpyroii CTOpOHBI, UM€sl B BUJY BBIIIECKa3aHHOE, IJIS1 BEPTHUKAJIbHON M TOPU3OHTAIBHON Je-
dhopmanmii ynpyroi cocTaBHOU (KyCOYHO-OTHOPOIHOM) O€CKOHEYHOM IIACTHHBI, KOTrna Ha moiaybec-
KOHEYHBIX IUIacTHHAX B otpe3kax D<y<d u —b, <x<d, muamit X=0 u y=-a, aeiicrByior

1 2
TaHTEHIIMANbHbIE KOHTAKTHBIE YCUIIHNS C MHTEHCUBHOCTSAMU 7 ( y) u )(X), nmeeMm [4,5]:

v (0y) 1 1 1t
hl#:;.’:{ﬁ“r Kll(n,y):|'f(l)(n)dn+;-.. Klz(u;y)T(z)(U)du (0< y<OO), (18)

7b0

du® X;—a) 1 T 1 1 d
e )ﬂ [ufxwzz(u—x)}‘”(u)dwﬂ Koy (X)) (m)dn (x| <oe). (19)
b

0

HpI/I 9TOM 3JCCh BBCJACHBI CIICAYIOMINC 0003HAYCHUS:

d d - d.u 2(d,a+d.y)u(a+

K“(n;y)z —- zn(n 3y)’ KIZ(U;y):_ 2 : 2 ( : Sy) (2 2 y),

n+y  (n+y) u’+(a+y) [u2+(a+y) }
B T B ool A ™
u\h7)= x> +(a+n) 2 2P ’ _(3—v)(l+v)’

(a+n) [x +(a+n)]
2 2ba’u(u® -12a’

Kzz(u):_ 2b1u 4 8b,a"u . 5 u(u : ); |- 4E, ’ (1.10)

u”+4a (u2+4a2) (u2+4a2) (3-v,)(1+v,)

K(3-v)[k(3=v)(1+v,)+2(1=v)(1-v,) |- (3= v,)[ 8- (1+V)(3-V)]

(3=v)[k(3=v)+1+Vv][3=v,+k(1+V,)]

b

d =d (kyv;v,)=
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(k=D 4(1+v,)
dz =d2(k,\/)— 3—V)[k(3—\/)+1+\/:|’ d4 =d4(k,V,V1)— (3_V)[3—v1+k(1+\/1)]’
B L 8v(3—v1)+8k[2—v1(1—v)] _ N
ds=dz(k’\’=\’1)_(3—\;)|:k(3—\/)-1—1+v][3—\/1+k(1+\/1 ] k=2 D
~ ' 4(1+v) 4k[1 V ) k(l Vl)(3 V)]
d; =d;(kiv)= (3-v) [k 3-v) +1+v] (3-v,) [k 3 v) +1+v][3 v +k(1+v, )]

I-k)(1+v 1 1
2:[3(_\, +)£(1+‘V)l)],bl—d (k V5V j,b3:d2(E;vlj;bS:d{?vl;v);@:ds(?vl}

rae V (0 y) u U (X; - a) — BEpTUKAIBHBIC M TOPU3OHTAIBHBIC TIEPEMEIICHUS TOUCK MOTYOCCKOHEY-
HBIX TUIACTHH Ha JMHUAX X =0 u Yy =—-a; (E, K, v) Hu (E1 SH, VY ) — YIpyTHE XapaKTE€pPUCTUKH BEPX-
Hell ¥ HUKHEH MONyOeCKOHEUHBIX IUIACTHH COOTBETCTBEHHO; E u E1 — MOAYJIM yHpyrocTu, lu WU, —

MOAYJIA CABUTA, a V U Vl - KOI—)(I)(I)I/IL[I/ICHTBI HyaCCOHa MaTcpuajioB HOHY6CCKOHG‘{HLIX IIJIaCTHH.

3IIeCB CJICOAYET OTMCTUTDH, UYTO KOHTAKTHBIC YCJIOBHA HaA JIMHUAX erHJ'IeHI/Iﬁ YHOpyrux KOHEYHBIX
CTPHUHICPOB C YIIPYTUMHU HOJ'Iy6eCKOHG‘{HI:IMI/I I1aCTuHaMu UMCIOT CJ'ICI[yIOI_LII/Iﬁ BUL:

av) (0;y) v (0;y) du® (x;—a) du®(x;-a)
dy - dy dx - dx

Teneps, yuntbiBasi koHTakTHBIE ycnoBus (1.12), Ha ocuoe (1.1), (1.2), (1.8) u (1.9) orHOCH-
TENBHO PACTIPE/ICTICHU HEM3BECTHBIX TAHTCHIIUABHBIX KOHTAKTHBIX YCHIIUA C WHTCHCHBHOCTSIMH

(b, <x<dy). (1.12)

(b<y<d);

0 (y)(b<y<d) mu % (x) (-b, <x<d,), KoTOpEIe SBISIOTCS OCHOBHBIMH HEH3BECTHBIMH

(YHKIMSIMA paccMaTpUBaeMOll KOHTAKTHOW 3a/layd, MOIYyYUM CIEAYIOUIYI0 CHCTEMY CHHTYISPHBIX
HMHTETpanbHBIX ypaBHeHHH (CUY) ¢ sapaMu, COCTOSTITUMH U3 CI/IHrynﬂpHop“I U pEryJIApHO# YacTeil:

¢ 1 _ AQ
—J. +—sgn(n-y)+ Kll(n,y) ( Jdn+— I Ky, (us y) ( )Jdu=—=,
mTyln-y 2 2

_bO

(b<y<d), (1.13)
d d,
%_E Ky (s x) " (n)dn+%:[ [uljJr%sgn(u -x)+K,, (u- X)}:(z) (u)du= %,
(—b, <x<d,), (1.14)
hl h,
rie A EOED A= Bk a uHTerpaisl ¢ sapamu Komm B Toukax =Y u U =X B cHCTeMe

CHY (1.13) u (1.14) TpakTyrOTCS B CMBICIIE MX TJIaBHBIX 3HaueHui mo Komrm.

Taxum 00paszoM, pelreHne paccMaTpuBaeMOl KOHTAKTHOM 3aJadd TIPH MIPUHATHIX BBIIIC TIPE-
MOJIOKEHUSIX cBoAuTCA K pemeHuto cuctembl CUY (1.13) u (1.14) mpu Hanuuuu ycnosuii (1.5), ¢ aa-
pamu, COCTOSIIIMMH M3 CHHTYJISIPHOM U PETYIISPHOI YacTei.

2. C nenpio pemenus cucteMbl CUY (1.13) u (1.14) npu Hammumu ycioBuit (1.5), mpeacraBum

1 2
HEU3BECTHBIE (PYHKINUU 7 (n) u T )(u) B QopMe pas3siokeHHsT OECKOHEYHBIX PSIOB IO MHOTOYJIE-

HaM YeOblieBa IepBoro pojaa ¢ HensBecTHbIMU Kod(pduuuentamu X, u Y,, COOTBETCTBEHHO [2-6]:

nbd

TP SR
) () = l—pz(n)nz(;ann[p N} p(n) ===

p(n)| <L, 2.1)
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1 = — _2u+b,—d,
)ngm[g(wl 0=

IToxcraBiisst 3HaYCHMS! BBIPAXKCHUI 7 (1’]) u % (u) u3 pasnoxenuit (2.1) u (2.2) B cucremy CUY

(1.13) m (1.14), moNB3ysCh CIETYIONTNMH CIICKTPATLHBIMI HHTETPATBHBIMI COOTHOIIICHUAMH [4-7]:

e) (u

g(u)|<1. (2.2)

0; =0,
1 T”I:h(t)] dt:{ " (a<x<b),
zdt=x fi-p(t) U, [h(x)]; n=1,2,3,..
1 b, 0; n-m,
— JI=h* (W, [h(H)]U,,.[h(t)]dt=1b-a e (n,m=123,..), (2.3)
.a 4 ] - ’

rac Un—l (t) — MHOrowieHsl YeObIeBa BTOpOTO poAa, U MOCTYIIMB aHAJIOTUYHBIM 06pa30M KaK B pa-

0oTax [2-6], MOMyYNM CIEIYIONIYI0 COBOKYITHOCTh KBAa3HBIIOJIHE PETYISPHBIX OCCKOHEYHBIX CHUCTEM
JUHEHHBIX anre0pandecKux ypaBHEHUH OTHOCHTENIBHO Hen3BeCTHIX Koddduimento X, u Y, :

Xm+iﬁmxn+iBann—oc
Y +zcnm n+anm n_

3nech sapa MpU HEU3BECTHBIX M CBOOOHBIC UICHBI COBOKYMHOCTH OSCKOHEUHBIX CHCTEM JIMHEHHBIX
anreOpandecKux ypaBHEHUH (2.4) ompeAeNsaroTcs 1o ciaeayomuM GopMyam:

(m=1,2,3,...). (2.4)

A1m:ATm+A22; C _C +Cnm’ Agg:_k(d_b)Jnm; Cﬁ;z:_xl(b0+d0)Jnm’
T T
oy =ap + Xeal) +Yals ol =-By; B, =BY +YBY + XBLs By =Dy,

A:m=n2(;_b) j :pz y)Kfl(HQY)Tn[p(n)]Uml[p(y)}dndy; o

4 “IF

2P
B =
nm (d b)

n(b0 +d0)’

Kpy (uy)T,[9(u) ]V, [ p(y)]dud; Y, =

c - mm)jhi S (u=x)T,[9(u)]U,, . [9(x)]dudx,

4 1-9%(x)
O *do)_Jb: !' N ), (0T, [p(n)]U,..[9(x)]dndx, 2.5)

0, m=l1, —M; m=1, 0; m=1,
(1 _ 2 — _A () —
o = o =— + =
" 2 ey, O A A(d-b) P CLp—
2 Joms M1, 2
T
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Am(by+dy) | 0; Im—n|=1,
B =—Can+1 " ‘; ) 3, = am[1+(-1)""|
+
1Mo 0 .
———Jo> M#L, [(m+n)2—l}[(m—n)2—l]
T
Tak xak MHTCHCUBHOCTHU pacnpeaciicHusd HEU3BECTHBIX TaAHICHIMAJIBHBIX KOHTAKTHBIX YCI/IJ'H/Iﬁ npea-

CTaBJICHBI B BUie OecKOHEUHBIX psioB (2.1) u (2.2), To Ha ocHOBe (1.6) u (1.7) HOpMaJbHBIE HapsDKE-
HUl, BO3HUKAIOLINE B YIIPYTUX KOHEYHBIX CTPHHTEPAaX MOXKHO ONPEICIUTh CICAYIOMINM 00pa3oM:

. d-b —5—& X,
G(Xl)(O;y):%[g+arcsm p(y)}—mJl—p (y)ZTUn_l[p(Y)] (b<y<d), o

S

P T . b +d = Yn
G(XZ)(X;_a):nF—s(z){E-i_arcsmg(x)}_ ;Fs(z)o ll_gz(x);FUn_l[g(x)] (-b, <x<4d,).(2.7)

Wrak, pelienne noCTaBIeHHOW KOHTAKTHOM 3a1a4y IIPU IPUHSTHIX MPENNOTI0KEHUSIX CBEJIOCH K
PELICHUI0 COBOKYITHOCTH OECKOHEYHBIX CHUCTEM JIMHEHHBIX anreOpanueckux ypaBHeHHH (2.4) c sa-

; |m=n|#1.

pamu A ,B, . ,C. . u D, ucBobogubiMu wienamu o, f3,,, onpenemnstonmecs Gopmynamu (2.5).

B koHIIE OTMETHM, UTO HCCIIEIOBaHNE COBOKYIMHOCTH OECKOHEUHBIX CHCTEM JIMHEHHBIX anreo-
pandeckux ypaBHeHu# (2.4) B CMBICIIE €ro KBa3UBIIOIHE PETYIISIPHOCTH, MOXHO MTPOBOIUTH aHAJIOTHY-
HO, Kak B pabortax [2-6], MMOCKONBKY peryJIsIpHBIC Sapa CHHTYISPHBIX HHTETPATBHBIX YpaBHEHUH
(CHY) (1.13) u (1.14) co cBOMMM YaCTHBIMHU NMPOU3BOIHBIMHU KBAJIPATHYHO UHTETPUPYEMbIe (DYHKIIUH.
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HNCCIEJOBAHUE JUHAMUYECKUX ITPOHECCOB HA OCHOBE AHAJIN3A
JUHAMMUKHU OJUHOYHOI'O CIIEKJIA

OcunoB M.H., Uekmene A.H., Illernos FO./I.

B paGore paccmartpuBaeTcsi NMpUMEHEHHE OJMHOYHBIX CIIEKJIOB ISl HCCIENOBAHHS AWHAMHYECKUX HOPMAJbHBIX
HepeMeIeHUH IEMEHTOB KOHCTpyKumid. IIpeuiokeHa onTuueckas cXeMma Ul peallM3allid HpeaIaraeMoro crocota
u3MepeHuil. PaccMoTpeHbI orpaHiueHNs, HaKJIaJpIBAEMBbIE Ha TpeJIaraeéMylo ONTHYECKylo cXeMy. JlaHa oleHKa Juana3oHa
U3MEPEHUH BEIMUYUH NEPEMELLIEHUHN.

1. BBenenne. Pa3BuTre TEXHUKH CTaBUT 33[ady MOBBIIICHHUS HAAEXKHOCTH CO3IABAEMBIX M yKe
paboTarommux 3JIEMEHTOB KOHCTPYKLHM, MOJIBEPKEHHBIX JAMHAMHYECKMM Harpys3kam. Baxneitiei
COCTABISIIOIICH HaIEKHOCTH SIBISETCS COOTBETCTBHE NPOYHOCTH U BUOPOCTOHKOCTH MaTepuaoB
KOHCTPYKLHMHA HpeABsIBIAEMBbIM TpeOOBaHUAM HKCIUTyaTanuu. CylecTBYIOIIME PacdETHBIE METOZbBI
IIPOTHO3MPOBAaHUSA HE IO3BOJISIIOT B IOJHOM Mepe Y4YECThb BCE pEAlbHBIC YCIOBHs OJKCILIyaTalllH
KOHCTpyKumid. Jlmg  oOecriedeHust  TpeOyeMbIX  HapamMeTpoB  KOHCTPYKLIMH  HEOOXOIUMBI
9KCTIIEPUMEHTAJIbHBIC HCCIENOBAHUS MPH AMHAMHYECKMX M CTaTHUECKMX Harpyskax. OTo TpeOyeT
pa3paboTKH H3MEPUTENbHBIX CPEACTB, IIO3BOJLIIOIIMX IIOJNyYaTh KakK KadeCTBEHHbIE, TaK U
KOJIMYECTBEHHbIE JaHHBIE TPH 3TUX Harpy3Kax.

Onrtryeckre OECKOHTaKTHBIE METOABI HCCIICAOBAHUN B HACTOSIIEE BPEMs MPHOOPETAIOT BCe OOJIBIIYIO
HAy4YHYIO U NPHUKIAJAHYIO0 3HAYMMOCTh. BECKOHTaKTHBIE METOMABI HE OKAa3bIBAIOT BIWSHUS HA MPOLECC
MPOBEJCHNUSA OSKCIIEPUMEHTAIbHBIX HCCIEIOBAaHUM, YTO NPUBOAUT K TOBBIIMIEHHUIO TOYHOCTH H
JIOCTOBEPHOCTH TOJY4YaeMbIX pE3yJbTaTOB. 3HAUMTENBHBI WHTEpEC BBI3BIBACT IPUMEHEHUE
Hepa3pyLIAIoMUX HHTEPPEPOMETPUUECKUX METONOB Ul MCCICIOBAaHUS TUHAMHUYECKUX IPOLIECCOB,
IPOMCXOMSIINX B 3JIEMEHTaX KOHCTPYKLHUH, K KOTOPHIM Ha COBPEMEHHOM 3Tane HEeoOXOOuMO B
MEPBYIO OYepelb OTHECTH TOJNIOTPaUUECKYIO U CIIEKI HHTEPPEPOMETPHIO.

Onrtryeckrue, B TOM 4YHCIE M Ja3epHble MHTepPEpOMETphl TPEOYIOT BBITIONHEHHS psiia YCIIOBHH,
OTPaHMYMBAIOIIMX WX IPUMEHEHHE: OTpPaKalollas HCCleayeMas IIOBEPXHOCTh MAOJDKHA OBITh
OINITUYECKHU TNAIKOH; TpeOyercss kEcTKas B3aWMHAas FOCTUPOBKA JJIEMEHTOB ONTHYECKOH CHCTEMBI.
Crnenyer Takke OTMETHTB, YTO HHTEPPEPOMETPUUECKHE METOIBl MPU MPAKTUYECKOM MPHUMEHEHUU
TpeOYIOT HCIONB30BaHUS J1a3epOB € OONBLION AJMMHOM KOTEPEHTHOCTH, 4YTO HAaKJIaAbIBaeT
JIOTIOJIHUTEINIBHBIE OTPAaHWYECHHYS IIPH HCIIOJIb30BaHUY JaHHBIX CUCTEM B PEAIbHBIX YCIOBUSX.

Xopouio H3BECTHO, YTO NMPUMEHEHHE KOT€PEHTHOTO H3IY4YeHHUS B MHTEpPEPOMETPUH NPUBOIUT K
BO3HMKHOBEHHIO COOCTBEHHBIX IIIyMOB, KOTOpBIC HA3bIBAIOTCS CIEKI MIyMaMHd, HPUBOISIIUX K
YMEHBIIEHUIO YyBCTBUTEIBHOCTH M TOYHOCTH M3MepeHHH. Kpome Toro, cmekn miyM NpUBOIUT K
OTPaHUYECHHIO U3MEPEHHS] MAKCUMAaJIbHOTO 3HAYeHUS MTEpEeMEIIeHUH.

B nanHoii paboTe paccMaTpuBaeTCsi IPUMEHEHHE CIEKII IIyMa ISl PETHCTPAllid MaJIbIX HOPMaJIbHBIX,
KaK JTUHAMHUYECKUX TaK CTATUUECKHUX, IEPEMEIIEHUI HCcCleayeMoi TOBEPXHOCTH 00BEKTa B OOIBLIOM
Juarna3oHe U3MEPSIeMbIX BEJIMYUH IepeMeneHHH.

2. O0pa3oBaHue cneKJ-cTPYKTYP. [Ipu ocBemeHun 1a3epHbIM KOT€pEeHTHBIM HCTOYHUKOM CBETa
ONTUYECKH LIEPOXOBATON MOBEPXHOCTH 3a CUET PacCesiHHS B MPOCTPAHCTBE OOpa3yeTcsl CIOXKHAs
nHTEepPEPECHIIMOHHAS KapTHHA, Ha3bIBacMas CIIEKI CTPYKTYPOH (C aHTIHMICKOTO speckle — TATHO,
3epHO). XapaKTepHBIH BUJ] CTIEKJ CTPYKTYPHI IIpeACTaBeH Ha puc. 1.

OO0pa3oBaHNe CHEKJI-CTPYKTYphl MOXHO OOBSCHHTH CleAyromuM oOpa3soM [l1]: kaxkmas Touka
OIEpOXOBATOM  MOBEPXHOCTHM  HPH  OTPAKECHUH
JA3epHOTO H3IMYYCHUS MOXET OBITh IpeJCcTaBiIcHa
WUCTOYHUKOM BTOPHYHBIX CQEPUUYECKUX BOJIH CO
ciydailHbIM pacnpeaeneHueMm ¢a3. Hatepdepenuus
3TUX BOJH B TIPOCTPAHCTBE U 0Opa3yeT CHeKII
CTpyKTypy. Pa3nuuaror 1Ba BHIAa CHEKI-CTPYKTYDp:
00BEKTHBHBIE — OOpa3OBaHHbIE B INPOCTPAHCTBE 3a
cu€T mHTepdEpEHITNH MHOKECTBA OTPAKEHHBIX JIyUCH
OT IIEPOXOBATON MOBEPXHOCTH, KOTOPBIE MOTYT OBITH
3aperUCTPUPOBAHBI HEMOCPEACTBEHHO 0€3 ONTHYECKON
cucteMbl Ha (QoromaTeprare W CYOBCKTUBHBIC —
Puc. 1. ®ororpadus CreKkiI-CrpyKTypbl o0OpazoBaHHBIC u 3a(hUKCUPOBAHHBIE Ha
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(oTomaTepuaie C TIOMOMIBIO ONTHYECKOW CHCTEMBI B IUIOCKOCTH W300pakeHUs WCCIeAyeMOn
LIEPOXOBATON IOBEPXHOCTH.

Pa3smepsl criekiioB B 0OBEKTUBHBIX U CYOBEKTUBHBIX (TIPU PACCTOSIHUU JI0 UCCIEAYEMON MOBEPXHOCTH
MHOTO OOJIBITIEM (POKYCHOTO PACCTOSHHSI ONTHYCCKON CHCTEMBI) CIICKI-CTPYKTypax (IIPOI0IbHBIE —
L v noniepeunbie — H) OLIEHUBAIOTCS 110 U3BECTHBIM opmyJiam [1]:

L= @.1)
o
=122, 2.2)
[24

rae A — ANMHA BOJHBI JIA3€PHOIO M3JIyYCHMs, MCHOJIB3YEMOIO Ml OCBELICHUS MCCIEoyeMOi
MOBEPXHOCTH; (. — OTHOUIEHHWE JHMaMeTpa OCBEIIEHHOW 00JacTH HCCielyeMOol IMOBEPXHOCTH K
PacCTOSIHUIO OT HCCIEAyeMOW MOBEPXHOCTH A0 TOYKH pPErucTpanuu crekia (0ObeKTUBHAs CIIEKII-
CTPYKTypa): o — OTHOLICHHE AWAMETpa BXOJHOH amepTyphl K (OKyCHOMY PACCTOSHHUIO ONTHYECKOM
CUCTEMBI (CyOBhEKTHBHASI CIICKII-CTPYKTYPA).
JluHaMHUYecKHe TMPOLEcChl, BO3HHKAIOIINE Ha MOBEPXHOCTH HCCIEAYEMOTro OOBEKTa, MPUBOIAT K
W3MEHEHUIO IapaMeTpOB CIIEKI CTPYKTYpbl B IPOCTPAaHCTBE M BO BPEMEHM, UYTO CBS3aHO C
n3MeHeHueM (as3pl OTpaxXEHHBIX BTOPUYHBIX cdepuueckux BojH. Clie0oBaTenbHO, MO AHAIU3Y
MPOCTPAHCTBEHHO-BPEMEHHOTO TIOBE/ICHUS CIEKI-CTPYKTYP MOXKHO OIPENeNIUTh AWHAMHYCCKHAE W
CTaTUYECKHUE MPOLECChI, MPOUCXOIAIINE C UCCIIEyeMON TOBEPXHOCTEHIO.

3. Ilpeasiaraemoe pemenue. [TapameTpamu Crieki CTPYKTYpPbl, U3MEHSIIOUTUMHUCS B IPOCTPAHCTBE
W BO BPEMEHH, SIBIISIOTCS: MIPOIOJILHBIC M TIONIEPEYHBIC pa3Mephl; pacipeae’cHue HHTEHCUBHOCTH.
OneHuM BO3MOXKHOCTh H3MEPEHHS ITUHAMHUYECKMX M CTaTUYECKHUX IPOLIECCOB, MPOUCXOIAIMIUX C
HCCIIelyeMOi MOBEPXHOCTBIO, 32 CUET U3MEHEHUSI TPOCTPAHCTBEHHBIX Pa3MEPOB CIIEKIIA.
W3 Beipaxenuit (2.1) u (2.2) ciemyer, 9To pa3Mepsl CYOBEKTHUBHBIX CIICKJI-KAPTUH HE 3aBUCAT OT
JUHAMHUKH HCCIIEAYEMOH MOBEPXHOCTH, T.K. 00 — KOHCTaHTa, M, CIEIOBATEIbHO, CBA3aHBI TOJBKO C
XapaKTePUCTUKAaMH ONTHYECKOH cucTeMbl. Takum 00pa3oM, CyOBEKTUBHBIE CHEKI-CTPYKTYpBI HE
MO3BOJIIIOT PETUCTPUPOBATH EPEMELICHUS UCCIIELyEMOM MOBEPXHOCTH 3a CUET U3MEPEHUs Pa3MEpoB
cuekna. C Jpyrodl CTOPOHBI, perucTpanus CyOBEKTHBHOW CIEKI-CTPYKTYPBI ITO3BOJSIET KECTKO
NpUBS3aTh TOYKH HCCIEAYeMOH IIepOXOBAaTONH IOBEPXHOCTH K CAMOH CIEKJI-CTPYKTYpe W TaKke
YBEJIMYNUTh HHTCHCUBHOCTD PETHCTPUPYEMOI CIICKII-KapTHHBI Ha (POTOJETEKTOPE.
[MpoBenémM aHAIOTHYHYIO OLICHKY Ui OOBEKTUBHBIX CHEKIIOB. [IpyM AMHAMHYECKUX MEpEeMEICHHSIX
UCCIIeyeMO TIOBEPXHOCTH M3MEHEHMS pa3MepoB CHEKJIa il OOBEKTHBHBIX CHEKI-CTPYKTYP
coryacHo BeIpaxeHHsM (2.1) u (2.2) OyyT onpeaensThes CIeAyIONMMA COOTHOIICHUSIMU:

2
I :“(F;A"), 3.1
= 1’22}”(’”;&’) , 3.2)

TJie 7 — pacCTOSIHUE OT HCCIEeNyeMOH MOBEPXHOCTH JO TOYKH PETHCTPAllMU CIeKia; +Ar — BennduHa
MIePEMEIICHHSI HCCIeAyeMO ITOBEPXHOCTH; [ — AWaMeTp OCBEIMEHHON 00JacTH HCCIeayeMokt
MOBEPXHOCTH.

W3 ananmmza Beipakenuii (3.1) u (3.2) cinexyer, 4To MONEpevHbI U MPOJOIBHBINA Pa3Mephl CIieKa, MPH
MEePEeMENICHNAX HCCIeIyeMOl TTOBEPXHOCTH, Oy/leT MEHATHCS Ha OYEeHb MAyl0 BEJIIMYHMHY, TaK Kak
Ar/r—0 Tpu pealbHBIX YCIOBUSAX M3MepeHmid. CienoBaTenbHO, KaKk U B ClIydae ¢ CyObEKTUBHBIMH
CHEKJIaMH, OTPEeACTUTh AWHAMUKY HWCCIEIyeMOW TOBEPXHOCTH 3a CUET W3MEpPEeHHs pPa3MepoB
O0OBEKTUBHBIX CIEKIIOB TAK)KE MPAKTHYECKH HEBO3MOKHO.

PaccMoTpuM BO3MOKHOCTH ONpe/IelIeHUs] THHAMHUKHI UCCIIeAyeMON TTOBEPXHOCTH 33 CUET PETUCTPAIUH
VM3MEHEHHS] HHTEHCUBHOCTH CIIEKIIa.

V3MeHeHne WHTCHCHUBHOCTH CIIEKJIa CBS3aHO C W3MEHEHHMEM ero (aspl, KoTopas 3aBHCHUT OT
W3MEHEHHUS] ONTHYECKOTO IMyTH MpPU CMEIICHHH HCCIEeNyeMOW MOBEpXHOCTH. V3MeHeHHe 3Ha4YeHUs
¢daspl criekiia Ha +x(2n+1), (rme n=0,1,2,....) IPUBOANT K W3MCHCHHWIO WHTEHCHBHOCTH CIIEKJa OT
MUHHMAJIBHOTO 3HAYEHHS JI0 MAKCHMAIILHOTO HITH, HA000POT.

Hns peructpanmu u3MeHEHHUs (as3pl crekia HeoOXOTUMO HCIONb30BaHHUE OINOPHOTO JIa3epHOro
M3Iy4YeHsI, KOTOPOEe HAKJIAIbIBACTCS HA CIIEKII-CTPYKTYPY, B pe3yibTare 4yero o0pa3yercsi BTOpUIHast
nHTepdEPECHIINOHHAS KapTHHA B BHJIE TIOJIOC (pHC.2).
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[[luprHa BTOPUYHBIX HWHTEPPEPEHIMOHHBIX TOJIOC d
OTIpe/ieTIsieTCs XOPOIIO U3BECTHBIM BhIpakeHHeM [2]:

- (3.3)

. ©
2 —
sin( 5 )

rae O — yroi CXOKICHHUS MEXIY OIMOPHBIM JIa3epPHBIM
U3JIydeHHEM M CPOKYCHPOBAHHBIM  PaCCESIHHBIM
JIa3epHBIM U3JyYCHHUEM, 00pa3yIOIIUM CIICKI CTPYKTYpY
B IUIOCKOCTH  (POTONETEKTOPa,  PETHCTPHPYIOIIETO
M300paKeHUE UCCIICYyEMOM TOBEPXHOCTH.

Hnst  >pdexTHBHONH perucTpanud JAWHAMHKH — CIIEKIT
CTPYKTYpPBl ~ HEOOXOAMMO  BBIIOJHUTH  CJEXyIOIINe
YCIIOBUS: HIMPHUHA MOJI0C BTOPHYHOMN
uHTEpHEPCHITHOHHON KapTHHBI JIOJDKHA OBITH
COrJIacoBaHa C pa3MepaMH CIICKJI-CTPYKTYpBI, & TaKke C pa3MepaMd YyBCTBHUTEIBHOTO JJIEMEHTA
¢doTomerexTopa.

Jlnst cormacoBaHMsl pa3Mepa CIEKJIa C pasMepaMd YyBCTBHTEIBLHOTO 3JeMeHTa (OTOAETEKTOpa
HEO00XO0IUMO, YTOOBI BBIOIHSIOCH CIICIYIOIIEee COOTHOIICHHE:

Hz>h, (3.4)

Puc.2. ®ororpadus BropuuHON
HHTel’)(heﬂeHlH/]OHHOﬁ KanTUuHBI

rzie 4 — MaKCHUMaJbHOE 3HAYCHUE U3 Pa3MEPOB TyBCTBUTEIHHOTO JIEMEHTa (POTOAETEKTOpA.
BeinonHeHne NTaHHOTO YCIOBHUSI JIOCTHUTAETCs MOAOOPOM IMapaMeTpa o ONTHYECKOH CHCTEMBI, Kak
CIIeAyeT U3 BeIpaxkeHus (2.2).

Jnst Toro 4To0Bl 4yBCTBUTENBHBIH 2JIEMEHT (POTOAETEKTOPA CMOT pa3InyaTh U3MEHEHUE (asbl CIeKII-
CTPYKTYphl HEOOXOJMMO, 4TOOBI IIMPWHA BTOPUYHBIX HHTEP(EpPEHIMOHHBIX TOJNOC Obuta OoJblle
MaKCHUMaJbHOTO 3HAa4YeHUS M3 pa3MEpOB UYyBCTBHTENBHOTO OJJIEMEHTa (OTOAETEKTOpa, TO €cTh
BBIMIOJTHSUIOCH CIIEIYIOIIEe COOTHOIICHHUE:

d>h, (3.5)

Takum oOpa3oM, BbInonHeHHE ycnoBuid (3.4) u 3.5) IpUBOAUT K TOMY, YTO HHTEHCUBHOCTH CIIEKIIA,
Kak LeJoro, OyJeT MEHATHCS OT MHHUMAIBHOTO A0 MAaKCHMAJIBHOTO 3HAYEHHsI B 3aBHCUMOCTH OT
KOJIeOaHHI UCCIIeTyeMOH MMOBEPXHOCTH.

4. Peanm3anus mpeajaraeMoro pemeHusi. Peannzanus [gaHHOTO cnoco0a perucTpariu
KoJIeOaHUI HccaeqyeMol MOBEPXHOCTH MOJ BO3ACHCTBHEM aKyCTHYECKOTO CHIHaja Ipensaraercs
OCYILECTBUTH IO ONTHYECKOU cxeme, Ha puc.3. C moMolpio onTH4eckor cucteMsl JI2 mepoxoBaTas
MOBEPXHOCTh HcchemyeMoro oobvekrta O, OcBemIEHHAs Ja3epHBIM HM3ITydeHHeM, (OKycHpyeTcs Ha
npudope c¢ 3apanoBoit cBs3pio (I[I3C-marpuma). [lomuepkHéM, YTO, Kak OTMEYanoCh BHIIIE, B
riockocTtr [13C-MaTpuisl pukcupyercst u300pakeHre 00BeKTa, MOKPBITOE CHEKIAMH, YTO TI03BOJISET
HaOII0aTh OOBEKT C MPUBSA3KON CIIEKJIOB K KOOPAWHATAM HCCIIEyEeMOil ITOBEPXHOCTH.

Tak kak crangaptHele [I3C-martpumbl  He  SBISIOTCS B CTaHJAPTHOM — HCHOJHEHHUH
OBICTPOACUCTBYIOIIMMHU (POTOAETEKTOPAMH, KOTOPHIE CIOCOOHBI PETUCTPUPOBATH TUHAMUKY CIIEKIOB
B KHJOTEpLIOBOM  JHama3oHe, TO B
ONTUYECKON cxeme TpeJIaraeTcs
HCIIOJIb30BaTh JIOTIOJIHUTENBHO
osicTponelicTByromuit - poronerexTop DI,
MTO3BOJISAIONININ  aHATM3UPOBATh JUHAMHKY
CIIEKJIOB B KHJIOTEPLIOBOM [uamasone. Jlis
BBIIEJICHUS  OJMHOYHOTO  CHEKJa, ¢
nmoMompo  gemmtens J[2  m3oOpakeHume
CIEeKJIa HampaBiseTcs Ha BXOAHON Topel
onTtoBojokHa OB2, BbIXOmHON  TOpen
KOTOPOTO COTJIacOBaH c
OBICTPOICHCTBYIONTUM (hoTomeTeKTOpOM
®Jl. [InameTp CepALECBUHBI ONTOBOJOKHA

Puc.3. Onruueckas cxema perucTpalnyu nepeMenieHui
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OB2 nmomkeH OBITH COTJIACOBAH C IMONEPEYHBIME Pa3MepaMH CIIEKJIa, TO €CTh JOJDKHO BBITIONHATHCS
cooTtHomieHue (6). JlaHHOE yCIIOBUE TOCTUTACTCS UCIIONH30BAHUEM CTAaHAAPTHBIX ONITHYECKUX CHUCTEM.
Jnst co3maHus OMOPHOM BOJNHBI ¢ moMoIlubio aemutens J[1 wacte usmydeHus ot Jnazepa JI
HampaBiseTcss B onToBoiokHO OBI1, BBIXOMHOW TOpem KOTOPOTO TaKXe COIVIACOBaH C
obicTpoeicTByOmUM (hoToaeTekTopoM DJI. BEIX0IHBIC KOHIIBI ONTOBOJIOKOH COBMEIICHBI, & TOPIIbI
pacrmoyiaraloTcsi B OQHOU II0ocKocTU. BrixomHnoe uznyuenue u3 ontoBojokon OB1 u OB2 co3naer B
MPOCTPAHCTBE CIEKI-CTPYKTYPY, MOKPHITYIO BTOPUYHBIMH HHTEP(PEPEHIIMOHHBIMU ITOJIOCAMH, KaK
ommcaHo BoIte (puc. 2). beicTpoaeicTByromuii poromerekrop @/ pacnonaraercs Ha pacCTOSTHUH [ OT
Top1oB onToBoJiokoH OB1 u OB2 takum 06pa3om, uToObI BEIMONMHSUTHCE yeoBus (3.4) u (3.5).

5. Teopernuecknii aHaau3 pacmpenesieHUs] WHTEHCHBHOCTH. PaccMoTpum o0pazoBaHue
pacrpeneseHUs] HHTCHCUBHOCTH B OAWHOYHOM CIIEKJIE NMPH BBITONTHEHMH ycioBui (3.4) m (3.5) mus
MpeiaracMoid  ONTHYECKOM CXeMbl. MCrosib3ysi KOMIUIEKCHYIO (opMy 3amucu  JUis  BEKTOpa
SIEKTPUUECKOM HANPSHKEHHOCTH  DJICKTPOMArHUTHOTO TOJSI, 3aluIlIeM 3HAYCHUSI BEKTOPOB
ANIEKTPUYECKON HampspkEHHOCTH Ha ¢oroaeTrekrope PD uis BONH, TpONIEOIIX Yepe3 oba
ONTOBOJIOKHA B CJIEIYIOIIEM BUE:

o i(kg—wt+p)

E =Ee , (5.1)

- o i(kg—wt+

E, = E ") (5.2)
rae EO — BeKTOp aMHHI/ITyHBI 3HeKTpI/IquKOﬁ HaHpH)KéHHOCTI/I 3HeKTpOMaFHHTHOFO T10JI51

(mpenmosaraeM I YIPOIIEHUS PAacdéTOB, YTO OHA OJMHAKOBA B O0OMX OMNTOBOJNOKHAX); k=27m/A —
BOJIHOBOE YHMCIIO; (»— KPYroBasi 4acTOTa JIA3epHOTO M3ITydYeHUs; () — HadayibHas (asa, KoTopas Takxke

CUMTACTCS OJMHAKOBOM NI 00OOUX ONTOBOJOKOH; X; — PACCTOSHUE OT Ja3epa A0 (POTOACTEKTOpa IO
onrroBosiokHY OB1; x; — paccrosiHHe OT Jazepa 10 GOTOMETEKTOpa 1Mo oNTOBONIOKHY OB2.
Paccrostaue ot nazepa 1o ¢poronerekropa 1o ontoBoiokHy OB2 mpeacTaBuM B CIIEAYIOIIEM BHIE:

X, =ry+r2Ar, (5.3)

TZie Fp — paccTOsTHUE OT Jia3epa A0 ucciaeayeMoi mosepxHocTu O; » — B TaHHOM CIIydae pacCTOSHUE OT
HCCIIeTyeMO TTOBEPXHOCTH 110 (poToeTeKTopa mo onToBoiokHy OB2.
Tak kak QoTOAETEKTOP (UKCUPYET HWHTEHCHBHOCTb, TO paclpelesieHHe WHTEHCHUBHOCTU B
HHTEePPEPEHUMOHHON KapTHHE OJMHOYHOTO CTIEKJIa 3alUILIEeTCs B CISAYIOEM BUC:

1 (x, t) =

— O VI - ?
(B, +E,) (B +E,)| ~2E{1+coslk(x, —r, —rF24r)]} . (5.4)

IJic BEepXHHU HHICKC (+) O3HAYaeT, YTO BEKTOPHOE 3HAYCHUE OJJICKTPUYCCKON HANPsK/HHOCTH
ANIEKTPOMArHUTHOTO TIOJIS SIBJISICTCS] TPAHCTIOHMPOBAHHBIM M KOMIUIEKCHO COTIPSIK/HHBIM.

Kak cnemxyer m3 BeIpakeHus (5.4) W KaKk OTMEUajOCh BBINIC, HHTCHCHBHOCTh OAMHOYHOTO CITEKJIa
MEHSETCS. OT MHHUMAJIBHOTO JI0 MAKCUMAJILHOTO 3HAYCHMSI PU M3MCHEHUH 3HA4YeHUs (pa3bl CIeKIa Ha
+(2n+1), (roe n=0,1,2,....), KOTOpas CBA3aHa TUHAMHKON MOBEPXHOCTH, TO €CTh C U3MEHEHUEM Ar BO
BpEMCHU.

W3meHeHne WHTEHCHBHOCTH OIMHOYHOTO CIIEKJa Ha Bxonae (OTOIETeKTOpa Impeodpazyercs B
M3MEHEHHUE BBIXOJHOTO HANPsHKCHHS (POTONETEKTOPa, KOTOPOE, UCXONs U3 BhIpaxeHus (5.4), MOKHO
3amnucaTh B CICAYIOIIEM BHJIC:

u(t)= A+ Bcos[p(0)—o(?)], (5.5)

rac u(t) — BBIXOJHOC HAIIPAKCHUC Ha (I)OTO,I[GTGKTOPC; A — mocTossHHAsS COCTAaBJIAIOIIAd HAIIPAKCHUA
CMCIICHHUSA Ha BBIXOJAC 3H€KTpH‘ICCKOfI CXCMbI, KOTOpasa CBA3aHa C ycpe,[[HéHHBIM 3HAYCHUEM
HU3MCHCHUA HHTCHCUBHOCTH  OAMHOYHOI'O CIICKJIA, B - aMIlIuTyJla  MOJIC3HOI'O BBIXOHOI'O

HaIlpsXKCHUA, KOTOpasd OIPCACIIACTCA IapaMEeTpaMu OIITO3JICKT OHHOM CXEMBI 0 :kXJ—I"()-I" -
b b

HavYaJbHOE 3HAYEeHHWE pa3HOCTH (a3 MeXIy ONOPHBIM H3IIYYCHHEM M PACCEIHHBIM JIa3epHBIM
M3Iy4eHUEeM, OOpa3yIoIIMM CIEKI CTPYKTYypy, KOTOPOE MOXET MEHSITBhCS B 3aBHCUMOCTU OT

HayaJbHBIX YCJIOBUH M OCTAaeTCSl MOCTOSHHBIM B MPOLIECCE M3MEPEHUM; (p(t) =+2kAr — n3MEeHEHUE
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¢da3pl B OIUHOYHOM CIIEKJIE, CBS3aHHOE C HM3MEHEHHEM ONTHYECKOIO IYyTH IPHU AWHAMUYECKUX
CMEIIEHUAX UCCIETyEeMOil TOBEPXHOCTH.
W3 ananusza ¢popmyinsl (5.5) BUIHO, 4TO H3MEHEHHE BBIXOJHOTO HAaNpsDKEHHUS (OTOAETEKTOPA 3aBUCUT

OT u3MeHeHHs (a3bl (p(t), XapaKkTepu3yIolell TUHAMMKY CIeK/Ia” CBA3aHHYIO C TepeMelleHHuEM

HCCIIEyeMOM TOBEPXHOCTH. Tak Kak HHTEHCHBHOCTb CIEKJIa MEHAETCS OT MHHHMMAJIBHOIO [0
MaKCHUMaJbHOTO WJIM HAo0OpOT, TO COOTBETCTBEHHO M BBIXOAHOE HampsDKEHHE ¢ (OTOAETEKTOpa
MEHSETCS OT MUHUMAIIBHOTO 3HAUCHUS — U(2) i, 1O MAKCUMATBHOTO 3HAYCHUS — 1(1) 0 VIITH HAOOOPOT.
6. Ouenka auanazoHa wusMmepenmii. V3 anammza eipaxenuit (5.4) m (5.5) cmemyer, utO
W3MCHEHHE BBIXOJHOTO HAINPSKEHHS OT MHHUMAIBHOTO [0 MAaKCHUMaJbHOTO COOTBETCTBYET
CMEIEHUIO HCCIIeLyeMON IIOBEPXHOCTU Ha BEJINUMHY, PaBHYIO A/4.
Torma, mpu nmepeMeIIeHnsx MOCTOSHHOTO HANpaBieHHUs — He 3HAKONIEPEMEHHBIX — Ul ONpeAeIeHHS
BEJIMYMHBI [TOJTHOTO TIEPEMEIICHUS TOCTaTOYHO ONPEACIUTh KOJMYECTBO M3MEHEHHH WHTEHCUBHOCTEH
CHeKJa OT MAaKCUMaJbHOTO [O MHUHHMMAaJbHOro. IIpM 3HAKONEpEeMEHHBIX NEPEeMELICHUsIX, 4YTO
COOTBETCTBYET BUOPOAKyCTHUYECKHM CHUTHAJaM, XapakTep BBIXOJHOTO CHTHasla (POTOETEKTOpa UMEET
0COOEHHOCTH.
Anamu3 BeipakeHuit (5.4) u (5.5) moKa3wIBaeT, 4TO MpH KOJNEOAHUAX UCCIEAYEMOU MOBEPXHOCTH C
aMIUTUTYIaMHd MEHBIIIE WIH PaBHO A/8 BBIXOTHOE HaNpsDKeHHE (OTOMETEKTOpAa COOTBETCTBYET opme
KosilebaHmii 3Tol moBepxHocTH. [Ipn ammmuTymax xojeGaHHWN UcciexyeMoll moBepXHOCTH Oonee A/8
BBIXOJHOE HampspkeHHe (oTolIeTekTopa He OyIeT COOTBETCTBOBAaTh (opMe KomeOaHui 3TOH
MIOBEPXHOCTH, YTO MOTpeOdyeT pa3paboTKH AOIMOJIHUTEIBHOTO JITOPUTMa PACIIU(POBKH BBIXOJHOTO
curxana GpoToaeTeKTopa.
s peructpaunu KonebaHuii 6e3 JONOTHUTENHHONH 00pabOTKM BBIXOHOTO CUTHANA, KaK CIEAYeT U3

BhIpaxkeHus (8), He0OX0AUMO BHIOpATh (p(O) paBHBIM §(2n+1) (rme n=0,1,2,....). larnHoe ycmoBue

03HAYaeT, YTO B HAYAJbHBI MOMEHT U3MEPEHHI BBIXOJHOE HAIMpsDKEHHE ¢ (HOTOMETEKTOpa JOJIKHO
OBITH YCTAHOBJICHO TaKUM 06pa30M, yTOOBI €ro 3HAaYeHHE COOTBETCTBOBAJIO BEIMYHMHE paBHOfI
(U(t) max - W) min)/2, TO ecTb u(0)=A. DTO IOCTUTAETCA COOTBETCTBYIOIIUM W3MCHEHUEM (a3bl
omopHOro mydyka. I[IpW OSTUX YCIOBUSX AaMIUIMTyJa H3MEPSIEMbIX KOJeOaHUH wuccieayeMoi
MTOBEPXHOCTH OYAET COOTBETCTBOBATH BEIMUNHE, pABHOU A/8.

7. 3akaouenne. B gaHHON pabore paccMoTpeH crmoco0 perucTpalud  aKyCTUYeCKOH
WHPOPMAIK C HCIOJIH30BAHUEM aHAllM3a JUHAMUKU CHEKI-CTPYKTyp. [IpoBenéH Teopernueckuit
aHaM3 yCIOBUH, HAKIAIBIBAEMBIX HA CIIEKI-CTPYKTYPHI ¥ (POTOJETEKTOP, KOTOPBIE HEOOXOUMBI JJIs
ONTUMAJILHOTO ~ pEIIeHUs] TIOCTAaBICHHOW 3afauyd. [IpeMMyIlIecTBO TpemaraeMoro crocoda
3aKJII04aeTcss B TOM, YTO €ro HCIOJb30BaHHE HEe TpeOyeT TIIATeNbHOH FOCTUPOBKH 3JIEMEHTOB
ONTUYECKOW CHCTEMBI M TIO3BOJIICT YACTUYHO U30aBUTHLCS OT MOMEX.
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K 3AJIAYE KOJIEBAHUM IIJIACTUHKU B NPOJOJbHOM MATHUTHOM IIOJIE
IMansau A.A.

B mpencraBneHHOH cTaThe penraeTcsl 3ajgavya MarHUTOYINPYTMX KojeOaHud Juisl muiacTuHkM. Ha ocHoBe Teopun
Kupxropa u TEOpUM MarHMTOYNpPYrocTH TOHKHMX TeJ TpEXMEpHas 3ajaya MarHUTOYNpPYIMX KoyieOaHWil CBOIUTCA K
JIBYMEPHbIM ypaBHeHusIM. OJHaKo, B 3THUX YpPaBHEHUSX COJEPIKATCS TAaKXKE HENW3BECTHbIE 3HAYEHHS KOMIIOHEHT
HaNpsHKEHHOCTH MarHUTHOTO TOJISL HA JMIEBBIX ITOBEPXHOCTAX INTACTUHKH. UTOOBI HAaliTM HEM3BECTHBIC 3HAYCHHS, HY>KHO
PELINTh ypaBHEHUS >ICKTPOJMHAMUKH IJISI OKpY)Karomed IIacTHHKY cpexabl. [losToMy, 3agada KoneOaHWi IUIACTHHKA
ocTarcsl MPOCTPAHCTBEHHOW. JIJIi OKOHUATENBbHOIO CBENCHUSA TPEXMEPHOH 3ajaud K ABYMEPHOH IpeiiararoTcs ABa
IIPOCTHIX MOAXO0A!

— IPUHUMAETCS, YTO IIOBEPXHOCTHBIC 3HAYECHUS KOMIIOHEHT HANpPsDKEHHOCTH MAarHUTHOTO IOJS MOXKHO ONpPENesIUTh
COTJIaCHO MOJIETIM HJIEaIbHOTO NPOBOJHUKA;
— IPUHKUMAETCS, YTO TTOBEPXHOCTHBIE 3HAYEHHSI KOMITIOHEHT HANpPsHKEHHOCTH MAarHUTHOTO OJIS PAaBHBI HYJIIO.

Ha ocHoBe rumore3sl Kupxropa u  runote3sl MarHutoynpyroctu ToHkux Tten, C.A.
Awmbaprymsiaa, I'.E. barmacapsssa m M.B. bemyOeksna [1] paccmaTtpuBaeTcs 3amada KoJieOaHMit
IUIACTUHKKA B MPOJOJIHHOM MAarHuTHOM mojie. J[js Toro, 4roObl HE paccMaTpUBaTh ypaBHEHHE
AJNIEKTPOJIMHAMUKY JUISI OKPYKAIOIIeH Cpelbl IUIACTHHKH, TMpeiaraercs Oojiee MPOCTOH IMOAXO/I.

HpI/IHHMaeTCH, YTO IMOBEPXHOCTHBIC 3HAYCHUSA KOMIIOHCHT HaprDKéHHOCTI/I MargouTHOT'O ITOJIA h1+’

h , hy u h, MOXHO OnpeaennTh COrNacHO MOZEIH UICAIBHOTO IPOBOAHMUKA.
1. Ilycte ympyras HW30TpONHAs IUIACTHHKA C MHOCTOSHHOW TOMIMMHON 2h ¥ KOHEYHOU
3JICKTPOIIPOBOAHOCTHIO 0 HAXOJUTCS BO BHEIIHEM IIOCTOSTHHOM MaruutHoM none H =( H,,, H ,,0).

[Imactuaka B mexkapToBO# cucreMe KoopauwHaT 0Xyz pacroioXeHa Tak, YTO CPEeIUHHAs IIOCKOCTH
IUTACTUHKHU COBIAJaeT ¢ TNIOCKOCTHIO 0Xy.
YpaBHEHUE ABWKEHUS IS IUIACTUHKHA UMECT BHI;

_ U
dive + R = (1.1)

e

VYpaBHEHHS dIEKTPOTUHAMUAKH UMEIOT BH/I:
- Ar - oh .. . Arx -
roth =—j, roté = —ﬁ—, dive =—p, , divh =0 (1.2)
c c ot &
R=EGxi) (1.3)
C

MarepuaibHble ypaBHEHUS, BbIpaKarollMe 3akoH ['yka A HM30TPOMHOrO Teja, HMEIOT
CJEAYIONIUI BUI:

o, =(A+2u)g; + 0,48, (1.4)
a nedopMaItiy U IepeMeeHUS CBA3aHbI COOTHOIICHHUSIMHU:
1 oU. aU.
£ =—(—L+—1) (1.5)

I
T2 o, ox ;

31ech 0; — KOMIIOHEHTBl TEH30pa HAIpSHKEHUs, &; — KOMIIOHEHTBI TeH30pa jAedopmaruu,
R — moHpepoMoTopHast cuia (00bEMHas cuia), s — BEKTOp HANPSHKEHHOCTH MAarHUTHOIO IIOJI,
¢ — BEKTOp HANpPSDKEHHOCTH DIICKTPHYECKOTO MONS, ; — TOK MPOBOAMMOCTH, L — MarHWTHas
IIPOHULIAEMOCTbD, € — CKOPOCTh CBeTa, U — BEKTOP IEepeMEeLIeHus, £ — MIOTHOCTb.
K ypaBnenusm (1.2), (1.3) u (1.4) He0oOX0AUMO PUCOEAUHHUTD (PYHKIIUOHAIBHYIO CBSI3b!

- -~ l1oU -
j=0@+-——xH) (1.6)
c ot
FpaHI/I‘IHBIe YCJI0BUA HA JTULCBBIX ITOBEPXHOCTAX IMIIACTUHKU Z = +/h umeroT BHU:
() _ (e _ ()
o, =0, uh,=h, e, =e e, =¢ (1.7)

VYpaBHEHHUS 3TEKTPOJUHAMUKY [Tl OKPYKAIOLIEH Cpebl
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e 1089 1on? . . .
roth® === — rote =—— ot dive® =0, divh'® =0 (1.8)
c Ot c Ot

2. Jlng TUIACTMHKU CYMTAeTCs CIpaBeIMBOM rumote3a Kupxroda, corimacHo KOTOpO# s
MEPEeMEIICHU KaKOH-TMOO0 TOYKM IUTACTUHKW TIONydYarTcs BbipaxkeHus (2.1) u rumotesa
MarHUTOYMPYTOCTH TOHKHX TeJ, COMIACHO KOTOPOW, HOPMANBHBIA MO OTHOUICHUIO K CPEAMHHON
IUIOCKOCTH  IUJIACTUHKH, KOMIIOHEHT BO3MYIIEHHOTO MArHUTHOTO TIOJsl M TaHTCHIUAJIbHBIC
KOMIIOHEHTHl HE MCHSIOTCS 10 TOJNIIUHE TUTACTUHKU. AHAIMTUYECKH NPUBEAEHHAS THIIOTE3a
3aIMCBHIBAETCS CIISAYIOMUM 00pazoMm (2.2):

Ul(xvy’zvt):U(xayaf)_Zaw(x—’y’t)’ Uz(x,y,z,t):V(x,y,t)_ZaW(x—’y’t) u

Ox 0y
U, (x,y,2,1) = w(x, y,1) (2.1
€ ZQ)(X,)/’,I), ¢, :l//(xayat) > h3 =f(x,y,t) (2.2)

st 33124 MarHUTOYNIPYTUX KojieOaHWi B IPOJOJIBHOM MAarHUTHOM IoJie U3 ypaBHeHHH (1.2) umeem

[1]:

oy dp uof of 4no u ow_ hy —h,
T2 0, ———(¢——H02—)=#
Ox Oy «c¢ Ot oy c c ot 2h
of 4no i ow h —h
—+ (v +—H, —)=; 2.3)
Ox c c ot 2h
rue h; =hy |y, hy =h/ __;, hf =h/,_, nh =h T
KomnoneHTst h1 5 h2 ONPEIESIOTCS U3 YPABHEHUI:
h, +h, of 4no 7 ow
hy=—=—"2>+z| —- (p——H,—)
2h Oy c c ot
B+ h of 4no ow
hy :¥+z(l+—(w+ﬁH01 —)j (2.4)
2h Ox c c ot
YpaBHEHUS TIaHAPHBIX KOJICOAHMIA:
H 2
R L L (—C (i(hz+ U hf)D -227
Ox Ox dy cG 87o \ Ox oy G Ot
2
AV + 9 i(a_U+ 6_V) + %(L(i(h; +hy) - i(hl+ + hl)j) _re I: (2.5
oy Ox oy cG 8o \ ox oy G ot
YpaBHEHUE MOTIEPEYHBIX KOIEOaAHMIA:
2 2
2 2huoc Y7 ow h 0 0 ow
DA% - (Hoz(p—Hm!// ~=(H; + HOZZ)—+—(—(H02F)——(H01F)jj +2ph——=0,
c c ot 3 \ox oy ot
0 0 0 0 0 l+v
Oox Oy «cot ox Oy 1-v

Hlects ypaBuenuit (2.6) (2.5) u (2.3) ABASAIOTCA IBYMEPHBIMU YPAaBHEHUSMH OTHOCHUTEIHHO
mectyu UcKoMbIX GyHkuwit: U, V, w, ¢, w u f (oT X, y, t). OqHaKo, 3TH ypaBHEHHUS COAEPIKAT TaKKe

- _
HEU3BECTHBIC MOBEPXHOCTHBIC 3HadeHus f, h , h, u h, . Jlns TONHOTO 3aMBIKAHUS CHCTEMBI

YpaBHEHUH HEOOXOIUMO pacCMaTpUBaTh TAKXKE YPaBHEHUS JJIEKTPOAMHAMHUKHM B OKpY’KaroIliel
wractuHKy cpene (1.10) ¢ coOTBETCTBYIOIIMMH TOBEPXHOCTHBIMU YCIOBUSMH. TakuM 00paszom,
HECMOTPS Ha TO, YTO YpPaBHEHHS OTHOCHUTEIHHO MCKOMBIX (YHKUMH SBISIOTCA ABYMEPHBIMH, 3a7adya
KOJICOaHMI TIIAaCTUHKN OCTAETCS MMPOCTPAHCTBEHHOM [1].

3. lna OKOHYATENbHOTO CBEJCHHA IPOCTPAHCTBEHHOM 3a7jaud MAarHUTOYIPYTHX KojeOaHuit
TUTACTMHKU OBUTM MpPEIJIOKEeHbl pasziuyHble moaxoasl [1-5]. B HacTosmel cratee mpenpiaraercs

o - o+
Oouee MpoOCTOU MOAXOA. HpI/IHI/IMaeTCSI MPEATIOIOKECHNUEC, UTO MOBECPXHOCTHLIC 3HAYCHUA h;, h , h2 n

h2_ MOJKHO OIIPEACINUTh COTJIACHO MOJCIN UACAJIbHOTO ITPOBOAHUKA.
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CortacHO MOJIeNH MICATLHOTO TMPOBOJIHUKA JISl YCTAHOBHBIIMXCS KOJICOAHUH BO3MYIIEHHOE
MarHuTHOE I0JI€ OIpPENEsIeTCs CIeayrommumM oopazom [2,3]:
E:rot(f]xf]) 3.1
N3 (2.1), c ya€rom (2.1, 2.2), cenyror:

0 ow ow
h=—| HU~H,V ~z| H,—~H, —
oy ox oy

0 ow ow
h, =—(H01V—H02U—Z(HOI ——H,, —D (3.2)
Ox oy Ox
N3 (2.3) cnemytor:
_ 0 _ 0
h'+h =2—(H,U-H,V) , hy +h, =2—(H,V -H,U)
oy Ox
_ 0 0 0 _ 0 0 0
W=k = —2h—(H02 X m, —Wj W —h = —2;;—(1{01 X m, —Wj (3.3)
oy Ox Oy ox Oy Ox

[ToacranoBka (3.3) B (2.5), (2.6) u (2.3) NpUBOAUT K IIECTH IBYMEPHBIM YPAaBHEHHUSAM OTHOCHUTEIHEHO
uckombix ynkuuit U, V, w, f, ¢ u w. Ilpu 3TOM, OKa3bIBaeTCs, YTO ypPaBHEHUS IJIAHAPHBIX
KoJIe0aHU ITACTUHKA OTIEINSIOTCS OT ypaBHEHUS H3TUOHBIX KOJIeOaHMA.

YpaBHeHUS TIaHAPHBIX KOJCOAHW UMEIOT BU;

o (oUu ov o'U
AU+ 9| v e Eg2av -y H,ar =2
[7) ox oy TG G G ot
o (oU oV 4
av 49 | AN sy - Py b A = 22 (3.4)
dy \ Ox dy 7G G G ot’

YpaBHeHUs IIaHAPHBIX KosieOaHuii (3.4) COBMANAIOT C YPAaBHEHUSAMH IUIAHAPHBIX KOJCOAHUH st
UJICANBHOTO MPOBOJIHUKA [4].
YpaBHEHHUS NOTIEPeYHBIX (M3TUOHBIX) KOJeOaHUH:

2 2huc u 2 2\ oW n (o 0 o'w
o W+_(H02¢’—H01‘//—_(H01 +Hoz)_Jr_ —(HuF)=—(HyF) | |+2ph—-=0 (3-5)
c c ot 3 \ax oy ot
0 0 0
oy %o HY _, (3.6)
Ox Oy «c¢ Ot
0 4ro ow 0 ow ow
g (?‘iHoz_)*'_(Hm__Hoz_):O
y ¢ c at ox dy ox 3.7
%‘*_4”0-(‘// i[_] 6W)+i(HOZa_W_HO]6_Wj:()
ox c c ot oy ox oy
4. U3 cuctemsl (3.7), uckimovast pyHKIUU @ U |/, TIOTydaeM:
7, ow c [of 0 ow ow
p-—H,—= —t | Ho———Hp—
c ot 4z \ 0y Ox oy Ox (41)
Y7 ow c of 0 ow ow
y+—H; —=- —t | Ho—Hoy——
c ot 4zo \ Ox Oy ox oy

[oncrasmnsst 3HaueHMs @ U i B ypaBHeHUs (3.5) — (3.6), momydaeM cucTeMy ypaBHEHHHA
OTHOCUTENHHO PYHKIIMH W H f :
2 2
2 ph of of 2 0w 2 0w 0w
DA"w——| Hyy—+ Hy ——Hy —5 — Hoyy —5+ 2Hy Hyy — |+
2z oy ox Oy ox Ox0y

(4.2)

61 X’ ot

ul o 82w 82w e (8° f o’
T Ha T Heo T |” —>+—|=0
¢\ ot oxot oyort 6)6 ay

B cucreme (4.2) nis Momeny UaeaabHOM MPOBOASIIEH Cpebl mpeanoaraetcs (6 —> o), 9To AaéT.
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Hh ow Fa ,uh foa Foa & &
DA w—2—((H2 Hgl)ay +( 5, HZ) +4H01H02M) [ng 5t Hy = o 2tz AW+2ph8t—;V:0 (4.3)

VYpaBHenue (4.3) oTiuyaercss OT ypaBHEHHS nonepeqHHx (u3ruOHBIX) KoJe0aHWH WAEaNbHOTO

2 2
MPOBOAHUKA OTIMYUEM BTOPOIO qﬂeHa“_”( H o + H02 0 ;V +2H, Hy, 0 W)
2z 17 Ox0y

Jns cucremsr (4.2) paccMOTpUM CiIydail, Korma KojieOaHUsS HE 3aBHCAT OT KoopAwHatel y. Torma
cuctema (4.2) 6yner umeTs cienytonuii Bua (4.4):

w5, w\ wh . dtw ow
D 0 — Ho—7

—_— _H JR—
ot 2 e %ad) 3 o o

w ¢ 0
£ g‘Hm_ - _{:0
c\ ot Oxot 4o Ox

Pemenus cucremsl (4.4) Oyaem uckats B Buze (4.5):

w=Aexpi(wt—kx) f=Bexpi(wt—kx) (4.5)
IToncranoBka (4.5) B cucremy (4.4) mMpUBOIUT K CHCTEME OTHOPOJHBIX aITreOpandecKux

YpaBHEHUH OTHOCHUTENHLHO MPOM3BOJBHBIX A W B mist Toro, 4ro0bl cucremMa UMela HEHYJIEBOE

pelieHre, HeoOXOAMMO U JOCTaTOYHO, YTOOBI JCTEPMHHAHT CHUCTEMbl ObLI PaBEeH HYJIO, 4TO MAET
(4.6):

o' —ipo’ —(Q +Q} -} o+if(Q) - Q%) =0, (4.6)

4.4

272 4 2 2 2 272 2
k Dk KH, K G+ E)H
me et 0r =2 o M g KGN,
0 1

4uroc 2ph

, =

4mp 1270
PaccmoTpum ciyuaii, korna Hy, = 0, cienoBatensHo, Qg =0 u nomyuum (4.7):
o' —ife’ —(Q) +Q Jo+ifQ; =0 (4.7)
5. PaccmotpuMm ciyudait, korna b’ =h =h; =h, =0. B 3ToM ciyyae riaHapHble KOneOaHHS He

3aBHCAT OT MarHuTHOro mnois. U3 cucremsr (3.7), ucknrodas QyHKIMH ¢ W I/, yYUTHIBas, 4YTO

h' =h =h, =h; =0, noxyaum (5.1):

H ow 0
o="H,, F
c ot 4ro Oy (5.1
Y7 ow c Of
=g 27 _ e
v Mot 4ro ox

[oncrasnsas 3Hauenue (5.1) B (3.6) u (3.7), NOMyYNM CHUCTEMY ypaBHEHHH OTHOCUTENHHO (YHKIUI
waf (52):

,  Hh o q ow
DN'w—— Hyy — +Hoy — | +2ph— =
2w\ & o o
) , 52
u(oF Fw  dw) o (&f Ff (52)
|\ T Ha e || v 7 |70
Aa ea o) w\a &

Ecmm B cucreme (5.2) 6 —> o0, a U3 BTOPOTO YpaBHEHUS OINPEAEITUTH f W TOJICTAaBUTHL B IIEPBOE
ypaBHeHI/Ie TIOJIyYUM
> ) &w 82w
- 01 +
27r

ow
DA*w e — +2Hy, Hy, My] 2ph— =0 (5.3)

VYpaBuenue (5.3) oTiamyaeTcs OT ypaBHEHHUS MONEPEYHBIX (M3rHOHBIX) KOJICOAHWM MJIS MACATHHOTO

67 Ox oy Ox0y

3 2 2 2
h 2 0 2
NPOBOJHUKA OTCYTCTBUEM ——| H, — 0w S o, Aw .
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6. VYpaBHEeHHE TONEpEYHBIX (M3TMOHBIX) KOJEOAHWH I HIOCATHHOTO TPOBOJAHHKA HMMEET
cnenytomtuit Bug (6.1):

2 2 3 >
DAzw—ﬂ(Hg a—;V+H3262—;v+2HOIHOZa—Wj+£ sziﬁbljliz—ZHmHmi AW+2pha—;}=O (6.1)
V4 ax 104 dy) 6 ax 1% axoy or
Pemenus ypaBuenus (6.1), (5.3) u (4.3) OyzneM uckaTh B BHJIE
w=w, expi(wt—kx—k,y) (6.2)

[Moacrapisist 3HaveHwst w B ypaBHeHus (6.1), (4.3) u (5.3), Oynem uMeTh:

2 2 Vik +V, k) h?
AN h — (k) + k3 )+ %+ h—(le2 — kW) (6.3)
kP+ k> 31-v?) k2 + k? 3
2 22 VE-V2) (k2 —k2)+ 4V, kk 2
kza) - ch i (k12+k22)+( 2 I )( 22 12) LEUILS +h—(k1V2—k2V1)2 (6.4)
C+ky 3(0-vY) ki +k; 3
2 2p2 Vik, +V,k,)
o _ch (k12+k22)+%’ (6.5)
kP+ k> 3(1-v?) k2 + k;
H E 2EW
rue Vizzu(izl,Z), 02:—,D:—2.
4o Yo, 3(1—v)

Ecn B npubmmkennn h’ (k! +k;)<<1, B ypasnenun (6.3) npeneGpeus h3_2 (kV, - k,v,)? 1O

2
cpasrennio ¢ (Viki + 7.k, )" | nogyunm conanenue ¢ ypapaenueM (6.5).
kl+k;
Cosnagienne ypaBHeHus (6.3) ¢ ypaBHeHHEM (6.4) TOTYy4UTCS JHLIb B TOM clydae, Koraa KojaeOaHus
HE 3aBUCAT OT KOOPJMHATHI y U KOMIOHEHTa MaruuTHoro nonis H, =0.
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TPEIIMHA C HEJJMHEMHBIMUM CBA3SIMHU B KOHIIEBO OBJIACTH
HA I'PAHULE PA3JEJIA MATEPUAJIOB

IepeabmyTep M.H.

PaccmoTpena MeToauKa pemeHus HeJIMHEWHOH CHCTEMBl CHHTYISIPHBIX MHTErpo-aud(depeHIMaIbHbIX YpaBHEHHH IpU
HaJIMYMU B KOHIIEBOW 00JIACTH TPELIMHBI CBsI3eH ¢ HEeNMMHEHHOW nuarpamMmoi nedopmupoBanus. [IpencTaBieHbl pe3ybTaThl
YHUCIICHHBIX 3KCIEPUMEHTOB IO HCCIIENOBAHUIO CKOPOCTU CXOJMMOCTH HTEPAllMOHHOTO TPOIECcca PELIeHHs B 3aBUCHUMOCTH
OT BHJa KPUBOii Ae(OPMHUPOBAHUS CBSI3CH.

1. CesBu Mexnmy OeperamMu TpEUIWHBI B KOMIIO3WIIMOHHBIX MaTephaliaXx W aJre3MOHHBIX
COCAMHEHHAX, OOpa30oBaHHBIC MOJKPEIUIIONIMMH BOJIOKHAMH WM CJIOEM aJAre3uBa, CACPKUBAIOT
pasBuTHe pazpyuieHus. OTOT 3(dekT ycuiamBaeTcsi MpH BO3pACTaHHM pasMepa YacTH TPELIMHBI,
3aHATOW CBS3SIMH (J1ajiee — KOHIIEBOW o0iacTu TpemuHsl). Ecnu ammHa KOHIEBOM 001aCTH TPEIIUHBL
HEe SBJSETCA Majol MO CPaBHEHHWIO C pPa3MepPOM TPEUIUHBI, TO MPHOIMKEHHBIE METOIBl OIEHKH
TPEUIMHOCTOWKOCTH, OCHOBaHHbIE Ha PACCMOTPEHHH TPEIIWHBI C MaJlol KOHIEBOW O0JIaCThIO,
HENPUMEHNMBI. B Takux ciydasx HEOOX0IUMO MPSIMOE MOJCIHPOBAHHUE HAMPSHKEHHOTO COCTOSHUS B
KOHIIEBOW 00JIaCTH TPEIIMHBI ¢ yU9ETOM Ae(POPMAMOHHBIX XapaKTEPUCTUK CBA3EH.

OnHa 13 BO3MOXKHOCTEH MOJAEIMPOBAHMS KOHILIEBOW OOJACTH TPEHIMHBI COCTOUT B PACCMOTPEHHU
e€ Kak 4YacTd (NMPOTOJDKCHHUS) TPEIIMHBI M B SBHOM NPWIOKEHHMH B KOHIEBOHM 0O0JAacTH K
MOBEPXHOCTSM TPEIIMHBI CHJI CIETUICHUS, CASPKUBAIOMMX €€ pacKpbITHe. Pa3inyHble BapHaHTHI
TAKOW MOJENM TPEUIMHBI HWCIOJb30BAINCH PaHee I aHalM3a XPYMKOro M YNpPYyromiacTHYECKOTro
paspyleHuss OJHOPOAHBIX TEN B MPEANOJOKEHUH, YTO HAmpsDKEHHS B BEPUIMHE TPEILUHBI
OTpPaHUYEHBI, YTO SKBUBAJICHTHO PABEHCTBY HYIO KO3 (PHUIIMEHTa HHTEHCUBHOCTHU HanpshKeHnH. Ecim
mporecchl 1eOpMUPOBAHUS W pa3pylIeHUs] B KOHIIEBOH OOJACTH TPEMIMHBI BKIIIOYAIOT B ceOs
HECKOJIBKO (PM3MYecKHX MEXaHW3MOB, KakK, HampuMep, B KOMIIO3MIMOHHBIX MaTepHaiax WIn
aAre3MOHHBIX COEIMHEHUSX, TO B TaKHX CiIydasx Ooyiee 3(QQPEKTHBHBIM SBISETCS HCIOIB30BaHUE
MOJIETH KOHIIEBOW 00JaCTH C CHHTYJISIPHOCTHIO HANIPSDKEHUH B BEPIIMHE TPEIIHHEIL.

MogenupoBaHue  TPEUIMHOCTOMKOCTH  KOMIIO3WUIIMOHHBIX  MAaTEpUalloOB M aATe3HOHHBIX
COCAMHEHHUH Ha OCHOBE MOJENN KOHIIEBOI 001aCTH TPELIMHBI COCTOUT U3 TPEX OCHOBHBIX STAIOB!

a) ompeeNieHNe 3aK0Ha 1e(pOpPMHUPOBAHNUS CBsA3EH B KOHIICBOW 00JIACTH TPEIIWHBL,

b) ananm3 HaMPsHKEHHOTO COCTOSHUS B KOHIIEBOH 007aCTH TPEIIMHEL;

C) aHajM3 NpPEAETbHOr0 PAaBHOBECHUS TPCIIMHBI C YYETOM BO3MOXKHOCTH IPOABHKECHUS

BEPIIMHBI TPEUIWHBI U Kpasi KOHIIEBOW OOJIACTH MPH ACWCTBUU BHEITHUX HATPY30K M yCHITHH,

BO3HUKAIOINX B CBA3SX.
Onpenenenue HaNpsHKEHHOTO COCTOSIHUS B KOHIIEBOW OOJIACTH TPEIIMHBI CO CBSI3SIMH  SIBJISIETCS
B)KHEHIIUM 3TaioM MOJenupoBaHus. [Ipy ncnoiap30BaHMM HEMMHEWHBIX 3aKOHOB Ae(OpMUpOBaHUS
CBs3el W pa3Mepe KOHIIEBOH O0JIaCTH, CPAaBHUMOM C pa3MepoM TpEUIVHBI, pelleHne 3alaqyd 00
oTpeieNIeHHH HaNPSHKEHHO-Ie(OPMUPOBAHHOTO COCTOSIHUSI B KOHIIEBOW O0JIACTU TPEUIMHBI CBOIUTCS
K YWCIICHHOMY pEIICHHI0O HEJIMHEHHON CHCTEMBl CHHTYJSPHBIX HHTErpo-anddepeHInalbHbIX
ypaBHEHUI, KoTopas umeet Buz [1-3]

m+W + ( G (s,t)f.()dt=Z ,j=1,2 1

L= W (5,00 f )+ [ Gsnf,(di=Z(s)  (,j=12) (1)
1-d/t

rae ¢ — MoNyAjduHA TPEUUHbI, d — JJIMHA KOHIIEBOW 00JIaCTH TPEUIUHBI, MApaMeTp & 3aBUCUT OT

HAYaJIbHOM KECTKOCTH CBI3EH U KECTOKOCTEH MaTcpUuajioB
El (k+1 k,+1
&= +
2rH p, Hy

T, (s,0)

2)

3necs E, — HayaubHbI MOXyJb YHPYrocTH cBsi3ed, [ — NMHEHHbIN pa3smep, MPONOPLUOHAIBHBIN

TOJIIIMHE 30HBI HEOJHOPOJHOCTH HAa Y4YacTKE COEIMHEHMs MaTepuanoB, k , =3-4v,, (miaockas
aedopmanua) win k, =(3-v,,)/(1+v,,) (II0CKOe HANPSKEHHOE COCTOSIHUE), V,, H [ ,—

koaddurentsl [lyaccona u Moayiu ciBura marepuaiioB nmomodiacred 1 (y>0) u 2 (y<0), (puc.l),
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_ 2 2 .
0 =./q, +q; — Moflyb BeKTOpa ycunuii B cBa3ax. Hemssectnsie dynkumm f;, B ypasHenuu (1)
CBSA3aHBl C HOPMAIbHBIMH ¢, M KACaTeNbHbIMH ¢, YCWIUSIMH B KOHLEBOH OOJaCTH TPEILIMHBI

cieayoomum obpasom [1,2]:

Si(s)=ify(s) =

q,(s)—iq,(s) (1—S)iﬂ Btk 3)

Jl-s I+s 2r wk,+ 4,
Beipakenns st dynkumit 7, (s,0), W, (s,0), G, (s,1), Z,(s) npusenensl B paborax [1,2]. Otmernm,
urto Anpo G, (s,t) sBAseTCs CUHTYJsApHBIM, a Oyukuuu T,(s,0), W, (s,0) 3aBUCAT TaKKe OT

nojatiauBocTu cBszed. Ilocnme pemeHust ypaBHeHus (1) ycwiusi B CBSI3MX ONPEACIAIOTCS U3
cooTtHoteHus (3).

2. VYpaHenus (1) mpencraBisiror co0Ooill cHCTEMY HENMHEHWHBIX HWHTErpo-auddepeHanbHbIX
ypaBHenuii (CHUIY) c cunrynspasiMu sigpamu tana Komm u MoOryT OBITH pelleHbl TONBKO
yucineHHo. [Id MX pelleHus HCIONB3yeTCsl KOJIOKAallMOHHAas CXeMa C KyCOYHO-KBaJpaTHYHOU
anmpoKCUMaIiiel Hem3BeCTHRIX QYHKITNH. i1 muckpern3anuu ypaBHeHus (1) ygacTok, comepskantuit
CBSI3M B KOHLEBOW OONACTH TpPEIIMHBI, TOApa3feiseTcss Ha OJHOMEPHBIE KBaJpaTHYHbIE
M30MIapaMETPUYECKHE KOHEYHbIE dyeMeHThl. HemsecTHbie (yHkumm f(s) anmpoKCHMHUPYHOTCS

pas3yio’KeHHEM II0 KyCOYHO-HENPEPHIBHBIM KBaApaTHYHBIM monuHoMaM. OOXoas mocienoBaTelIbHO
y3JI0BbI€ TOYKH M BBIIOJNHAS HWHTEIPUPOBAHUE HA 3JIEMEHTAaX C Y4ETOM CHHIYJLSIPHOIO IIOBEICHUS
nojpIHTEerpanbHol GpyHkyy B (1) (MeToAMKa HHTErpUpOBaHMS OmKcaHa B paborax [1, 2]), momydaem
n3 ypaBHeHus (1) cucteMy HeNWHEHWHBIX anredpanyecKux ypaBHEHHH (TIpH HaJIWMYUHM HEIWHEHHBIX
CBsI3€H B KOHLIEBOW 00JIaCTH TPELIUHbI) Ul ONPENEIECHUsI HEN3BECTHBIX y3/I0BBIX 3HAYEHUH (QYHKLIUU
S;(s). Junst pelieHus HENMHEHHOH CUCTEMBI HCIONB3YETCsl MTEPAUMOHHAs CXeMa, aHAIOrHYHas

METO/y TEepeMEeHHBIX MapaMeTpoB ynpyroctu [4], B ¢opMe MeTona KacaTelbHOW MOAATIMBOCTH.
[lepBBIii mar UTEPAMOHHOTO MPOLIECCa COCTOMT B PElIeHUH ypaBHeHHs (1) A NUHEHHO-ympyrux
cesazeil. Ilocnenyromue nTepanyy BBIIOJIHAIOTCS B TOM CIydae, €CJIM Ha 4acTU KOHLEBOH 00JacTH
Tpewunsl u(x)>u, , TA€ U, — 3HAYCHUE PACKPBITUS TPELIUHBI, TP KOTOPOM IIPOUCXOIUT MEPEXO] OT

JIMHEHHOTO K HEJIMHEHHOMY 3aKOHY Je(hopMUpOBaHUs cBs3ei. D (eKTUBHAS MMOJATIMBOCTh CBS3CH B
MpoIleCcCe pEIIeHHs SBISETCA MEPEMEHHOW BJIOJNb KOHIIGBOM OO0JACTH TPEIIUHBI W 3aBHCHUT OT
BEJIMYMHBI MOJYJSl BEKTOpa YCHJIMHA B CBS3SX, IMOJNYYCHHOTO HAa MPEJbUIYINEM IIare perieHHs.
Brruncienne 3¢ (eKTHBHOM MOAATIIMBOCTH BBIMOJHACTCS MOA00HO ONPEACICHHUIO CEKYIIIET0 MOIYJIS B
METOJIe¢ TMEePEeMEHHBIX MapaMeTpoB ynpyroctu. [Ipomecc mMocCHeIoBaTENbHBIX —MPHOIMKEHUIA
3aKaHYHMBAETCS, KOTJ/Ia YCHIIUS B CBS3SX, MOJMYUYCHHBIC HA JIBYX TMOCIEI0BATEIBHBIX UTEPAIUIX, MAJIO
OTJIMYAIOTCS IPYT OT ApYyTa.

3. PaccMoTpum MoOjeNb TpPEUIMHBI C KOHIIEBOW OOJIACThIO HAa MPHUMEpPE aAre3UOHHOTO
coeauHeHus Metawia (Monynb ynpyroctw FE, =13577la) u noauMepa (MOZyIb YHPYTrOCTH

E, =251Tla) npu HenuHeilHOW kpuBOH nedopMUpOBaHUs CBsI3eld B KOHIIEBOM 00JACTH TPELIUHBI.

[lonaraem, 4TO Ha TpaHMIE pasjela MaTepUaloB CYLIECTBYeT TpemmHa MIuHE 2/ =10"m ¢
KOHIICBOM 00JacThiO, 3alOJHECHHOW CBS3SMH, C HEIHMHEHWHOW amarpaMmou aehopMHUPOBAHHS
(HayanbHBIA MOYNb YIpYyroctd cssedl E, = E,). Pacupenenenus ycwnuil g, BHOJIb KOHLEBOH

obmactu TpemuHsl onpenessitoress 3 pemenns CHUAY (1), npuu€Mm uis cBs3el C HEIMHEWHOM
quarpaMMoil  1eOpMUpOBaHUSl peIIeHHE 3aBUCHT HE TOJBKO OT MapaMeTpa OTHOCHUTEIBHON
KECTKOCTH cBsi3el & (cM. (2)), HO M BHJa KpUBOH AeopMHUpOBaHUs CBsi3el. Bo MHOTHX MpaKkTHYeCKU
BXHBIX CIy4asXx KpHUBYIO Ae(OPMHPOBAaHHS CBA3EH MOXHO NPEACTaBUTh B (opMme OMIMHEHHOH
3aBUCUMOCTH [2, 3]

u(s)/ cy(s), 0<u(s)<u,,
ucr O-Cl’
o= IZON N RO N | A i O
CB (Sm )(77 — 1) um um m cr m m

rne cy(s)— HayagbHas I[OJATIUBOCTb CBsI3€H, IepeMeHHas (B oOLieM cilydae) BJIOJIb KOHIEBOM

obmactu TPCUIUHLBI;, U, — 3HAYCHUC DPACKPLITUA TPCUIWHBI, IMPU KOTOPOM HNPOHUCXOAUT IICPEXOH OT
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JMHEHHOTO K HEIMHEHHOMY 3aKOHy Je(OopMHpOBaHUS CBs3ed; O, — MaKCHMAaJIbHOE YIPYroe

HaIIpsDKCHUE B CBA35X, COOTBCTCTBYIOIICC PACKPBITHUIO TPCIIUHBL U, ; U, — HPCAC/IbHAS BBITSKKA

cr

CBS3U, IPH KOTOPOM IIPOUCXOAUT €€ pa3phiB; O, — HANPSDKEHHS B CBSI3H IIE€PEJl Pa3phIBOM.
[IpencraBieHHble HIXKE pE3yNbTaThl PAacYETOB IOJyYeHBI B TPEANONIOKEHUH, YTO HadalbHas
MOJIATJIMBOCTh CBS3€H MOCTOSHHA BJIOJIb KOHIIEBOM OOJIACTH TPEUIUHBI U ONPEICIAETCS BhIPAKESHHUEM
(cM. neranu B paborax [1-3])

L H

cp(s)=¢, > G =— (%)

E, l
IIe C,— OTHOCHTENbHAas IOJATIMBOCTh CBs3ed. 3HAaueHME DPACKPBITUS TPEIIMHBL, NPU KOTOPOM
NIPOUCXOJUT M3MEHEHHE 3aKOHA Je(OPMHUPOBAHHS CBs3€l, NPUHMMANOCH paBHBIM u, =107 m.

Bununeiinbie 3aBucumoctu Buja (4) mpu u, =107m, n=2 u 5=0.5 upejcTaBieHsl Ha puc.2.
OTMeTHM, 4YTO JUIsI KPHUBBIX YHPYTOIUTACTHYECKOro Ae)OPMHUPOBAaHHS CBA3CH C YIPOUYHECHHEM
CXOAMMOCTh HUTepalronHoro mnpomecca pemenus CHUJ/Y sBasercs mocrarouno Osvictpoi (5-20
uTepauui B 3aBUCUMOCTH OT TOUHOCTH).

Hwuxe mnpuBeneHsl HEKOTOpblE YHCIEHHBIE pe3yNbTaThl aHalNW3a CXOAMMOCTH HWTEPAllHOHHOTO
npouecca pemenust CHUJLY. B mpouecce pacuéToB OblIH (UKCHPOBAHBI: MApaMETp, OMPEesTIOni
u3MeHeHne KpuBoil nedopmupoBanus cesseit u, =107 m, a Takke NOJATIMBOCTb IIPH YIPYrOM
nedhopMupOBaHUN CBsI3CH (maganmpHas TTOTATITUBOCTH )
cy=¢,({/E,)=0. 1(0.5 . 10’3m/25 -10° Ha) =2-10"m-MIla™'. MakcuManbHOE yNpyroe HampsiKeHue

B CBSI35IX IPU 3TOM COCTaBJISIET
u, -7 -15 -1
c,=—2=10"m/2-100"m-Ila~ =50MIla (6)
CB
B mpouecce pacuéToB BapbUpOBANIUCH IapaMeTpbl: 1) BeNUMUMHA BHEIIHEH HArpy3kH O ;

u(‘)"

2) mapaMeTpbl OMITMHEHHOW KPUBOH JeopMUpoBaHus cBszeit (cM. (4)) n=—=L, o= Ger
m m

B pamkax nmpuHATON MOZAENH pa3Mep YacTH KOHIEBOM OOJIAaCTH TPEIIMHBI, B KOTOPOH CBA3M
IeQOpMUPYIOTCS MO HEJIWHEHMHOMY 3aKOHY, 3aBUCHT OT HAdalbHOW MOJATIMBOCTH CBsized. Ecim
HayaJlbHasl NOJATIMBOCTh IOCTOSIHHA BJOJIb KOHLEBOW 00JAaCTH, TO yNpyrue HalpsDKEHHUsl B CBA3SX
MaKCHMAaJbHbI Ha Kpalo KOHILEBOH obnactu [1,2]. 3aBUCMMOCTh yNpyruX HampsDKEHHH Ha Kparo
KOHIIEBOM 0O0JIacTH OT pa3Mepa KOHLEBOW 00JacTH TPELIMHBI IS YKa3aHHBIX BHINIE HapameTpoB
MaTepuaioB M CBs3el mpuBeneHa Ha puc. 3. HanpsokeHus nocturaror HanOonbLIeld BETHYHHBI
(c/0,)=4.74 npu (d/l)=0.16. CoOTBETCTBEHHO, 00JacCTh HEIMHEHHOrO 1e(OPMUPOBAHU

BO3HHKAET, eCJIM BHEIUHSIS HarpysKka o, > (o, /4.74). Ilpu o, =50MPa nonydaem o, ~ 11 MPa .
PaccmotpuM 3akoH nedopmupoBaHus cBszed npu o=1 (o,=0,) u n=75. i
HICATBHO-TUTACTHYECKUX CBS3CH WTEPAIMOHHBIA TIPOIECC CXOMUTCS TIPH JIFO0OM TOIMyCTHMOR
BHEIIHEW Harpy3ke. 3aBUCUMOCTh YHCIIa UTEPALMHU A0 AOCTIKEHHUS CXOAMMOCTH PELIeHHs OT pa3Mepa
KOHIIEBO 00JIaCTH TPELIMHBI IPY Pa3IMYHBIX YPOBHAX BHEIIHEH HAarpy3KH npuBeneHa Ha puc. 4. [lpu
BHemHell Harpyske 11MPa < o, <40MPa u 3alaHHBIX BBIIIE ITApaMETPax 3aKoHa Ae(OPMUPOBAHUS
WUTEPAIMOHHBIA MPOILECC CXOAMTCSA MPH JIIOOOM pa3Mepe KOHIEeBOH oOmactu. Yucio utepariuii, 3a
KOTOpO€ JOCTUraeTcs CXOAMMOCTh MTEPALMOHHOIO MPOILECcCca, CYIECTBEHHO 3aBUCUT OT BEJIUYHHBI
BHEIIHeW Harpy3ku. llpu yBenmndyeHnn BHEIIHEW Harpy3Kd BO3HUKAET 3aMETHas 00JacTh, B KOTOPOM
peleHue OTCYTCTBYET, BBUAY TOTO, YTO IEpEeMENIEHHs] Ha Kpalo KOHIIEBON 00JacTH MPEBBIIIAIOT
BEJIMUUHY U, eIE N0 JOCTHKEHUS CXOAMMOCTH UTEPALOHHOrO Iporuecca (cM. puc.5). B pamkax

MEXaHUYECKON MOZCIIN 3TO COOTBETCTBYCT pa3pbIBYy CBsI3EH.
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Crnenyromas cepusi pacu€roB BbinoiHeHa mpu o =0., 0.1, 0.5 u n=4. Ilpu Takux napamerpax

KpUBOH J1epOpMUPOBaHHSA CBSI3€H YPOBEHb HArpy3Kd, MPH KOTOPOH OTCYTCTBYET CXOAMMOCTH
peLIeHHs, CHIKACTCS, M TNPU ONpEAeIEHHOW BHENIHEH Harpy3ke MOXKET BO3HHKHYTH YHCIICHHAsS
HEYyCTOWYNBOCTH PEHICHHs. 3aBHCUMOCTh ITapaMeTpa CXOIMMOCTH PEIICHHUs] OT HOMepa UTepanuy MpH
BHelIHell Harpyske o, =25.5MPau (d/()=0.1 npuBenena Ha puc. 6. Ilpu 3anaHHON Harpyske H

0=0.1,0.5 wuTepanuoHHBIH mpolecc SABIsIETCA abCOMOTHO cxoxsaummmMmcsa, a npu 6 =0(o, =0)

UTEPAIIMOHHBIN MPOIECC PaCXOIUTCS M BOSHUKAET HEYCTOWYMBOCTD perieHHs (puc 7). 3aBUCHMOCTH
quclia urepanui ot mapamerpa o npu o, =25MPa n (d//)=0.1 u u3MeHeHHM napameTpa 77

npuBeAeHB! Ha puc. 8. Yucno utepaunii 10 JOCTHKEHUS] CXOOUMOCTH PELICHHUS] JOCTUTaeT MUHUMYMa
(1 wrepauus) mpu yciaoBUM O =177, YTO COOTBETCTBYeT ympyroil nedpopmanuu cBszeld. Kak mpu

0<o6<1, Tak u npu O =1, yKcno UTepanuil CyneCTBEHHO 3aBUCUT OT BeMuuHbl o, . [Ipu kaxaom
3HAYEHUHM Mapamerpa 77 pacyérT BBINOJHSUICS JO JOCTHXKECHUS MPENeNbHOr0 3HA4YeHUs O, TpHU

KOTOPOM peIleHHE CXOAUTCS AJs 3aJaHHOIO pa3Mepa KOHIeBOH obnactu. Pammyc cxoaumocTtu npu
3aJlaHHOM pa3Mepe KOHIeBOH obiactu 1< <, BO3pacTaeT IMpHU YBEIUYEHUU KPUTHUECKOIO

packpeITHs TpemuHbl. OTMETHM, 4TO (pu3ndecku cutyamus O >7 (yBeTUUEHHE MOJIYJS YIPYrocTH

CBsI3eii) BO3MOKHA TPW W3MEHEHHH CBOWCTB CBs3E€H B IpoIlecce HArpyXEHHS TIOJ[ BO3ACHCTBHEM
BHEITHNX (U3MUYECKHX TTOJIEH.

3akiIoueHue

B pabore npencrapnena metoanka uncieHHoro pemrenust CHUAY npu Hanmuuuu B KOHIEBO# obmacTu
TPELIMHBl CBA3€H C HENMHEHHOW amarpamMmoint nedopmupoBanus. Hus pemenuss CHUAY
UCIIONB3YETCS WTEpallMOHHAsl CXEMa, aHaJOrM4yHas METOLy MEpEeMEHHBIX IapaMeTpOB YIPYTOCTH
(MIIITY). Anroputm MIIITY mMomuduimpoBaH s 3a7a9 O CBSA3SIX B KOHIIEBOU 00JIACTH TPEUTHUHEL.
IIpuBeneHsl pe3ynbTaThl YHCICHHBIX 3KCIEPUMEHTOB IO MCCIEIOBAHHMIO CKOPOCTU CXOIUMOCTH
uTepauoHHoro mpomecca pemenns CHUY B 3aBucUMOCTH OT BHAa KPUBOH JehOPMHUPOBAHHS
cBsizeil. Mozesib TpelMHbl Ha IPaHMLE Pa3Jiella MaTepPUaIoB CO CBA3SIMU MEXIy Oeperamu I03BOJIIET
WCCIIEZIOBATh OCHOBHBIE 3aKOHOMEPHOCTH paclpeieleHns yCUIUil B CBA3SX MPH Pa3lIUYHBIX 3aKOHAX
ux 7AeQopMHpOBaHUs, MPOBOAUTH AaHAIM3 MPEICTbHOIO PABHOBECHS TPEIIMHBI C  yYETOM
KMHEMaTHYECKOTO M YHEPTETHYECKOTO YCIOBUM pa3pyIICHUSI.

JUTEPATYPA

1. Goldstein R. V., Perelmuter M. N. Modeling of bonding at an interface crack // International J. of
Fracture. 1999. V.99. Ne 1-2. P.53-79.

2. Tompmmreitn P.B., Ilepenemyrep M.H. TpeminHa Ha rpaHulle COSOUHEHUS MaTEpHAOB CO
cBs3sMu Mexay Oeperamu. // 3. PAH. MTT. 2001. Nel. C. 94-112.

3. Tompmmreiin P.B., IlepensmyTtep M.H. MonenupoBanue TpeumHOCTOWKOCTH KOMIIO3UITHOHHBIX
MarepuanoB // BeraucnutenbHas MexaHuka cruomHbix cpen. 2009. T.2. Ne 2. C.22-39.

4. buprep U.A. Pacuér xoHCTpyKImii ¢ yuéToM mmactTudHocTd u nonsydectu. // Uss. AH CCCP.
Mexanuka. 1965. Ne2. C.113-119.

Caenenusi 06 aBTOpe:

IepeaomyTep Muxana HaranoBuu — crapmmii HaydHBIM COTPYIHUK, WHCTUTYT mpobiem
Mexanuku uM. A.1O. Moummackoro PAH, Mocksa, 119526, Poccus,

e-mail: perelm@ipmnet.ru

122



BJUSHUE CTAPEHUS HA JUCCUIATUBHBIE CBOMICTBA BETOHA

Ilerpocsin T.JI.

J1J1s IpOeKTHUPOBaHMsS U pacuéra KOHCTPYKLUI HEOOXOJMMO 3HAHHE O AWCCHITATHBHBIX CBOMCTBAX MaTEpPHAJIOB.

Bo muorux pa6orax ([1-6] u ap.) mpu pacCMOTPEHUH pacCesHHUS MEXaHMYCCKOM SHEPIMH M 3aTyXaHHs COOCTBEHHBIX
KOJICOAHHIA JIeNacTCs MOMbITKA HAUTH CBSI3b MEXKIY PACCESTHUEM DHEPTHH M MapaMeTpaMu CTPYKTYpbl MaTepuana. B padote
[7] moka3ano, 4TO sIBICHHE PACCESHUS SHEPIHU OT LMKJIA K IUKIY U3MEHAETCS CYLIECTBEHHO M, CIEI0BATEIbHO, TapaMeTPhl
Harpy>XeHHs CHJIbHO BIHSIOT Ha BeNMYMHY Kod(dduimeHTa norjiouenus. B pabore [8] Ha OCHOBE NaHHBIX O MOJ3YYECTH
MaTepHaia Mpy UCIOIb30BAaHIH TEOPUH CTAPEHHS U TEOPUH HACIEICTBEHHOCTH MOCTPOCHBI ETIN THCTEPE3HCa B CPABHEHUH
C OSKCIEPUMEHTAJIbHBIMUA [NaHHBIMU TIPH MAaJOLHKIOBOM MON3Y4YEeCTH, M Ha HpPUMEpPEe TPYHTOB IIOKA3aHO, YTO TEOPHS
HACIICICTBEHHOCTH B OOIEM MOXET OBITh PEKOMEHIOBaHA IS OMHCaHUs AehopMaluii U TOTJIOMIEHNS dHeprun. B padote
[9] man aHanu3 3aBuCUMOCTH KO3(D(HUIMEHTA MOTIIOIMICHHS OT MEPHOJA UKINICCKUX HATPYKCHHU, CTCTICHH aCUMMETPUH
UKIa W OT HOMepa LHUKJIA JUlsl Marepuana, 1e(OpMHUPYIOIIErocsi COINIACHO JMHEWHOH TEOpHM HACIIeACTBEHHOCTH. B
PacCMOTPEHHBIX paboTax pacCMaTPHUBAIICS HECTAPEIOIINI MaTepHall.

Ilenpro HacTOsIIEeH pabOTHI SBISETCS WCCIICAOBAHHUE BIUSHHS CTAPCHUS HA JUCCHIIATHBHBIC
CBOIicTBa OeTOHa.
MHoOro4yHucIeHHbIE OMBITHI MMOKA3bIBAIOT, YTO MOJYJb YIPYro-MrHOBEHHOH nedopmanyu OGeToHa

E(’C) C YBEJIMYEHHEM BO3pacTa 0eTOHa T MOHOTOHHO DAacTET, aCUMITOTHYECKH NPHONNKAACH K
IpelebHOMY 3HAYEHHIO MOIyls ympyroctd E, mis Gerona Becbma 3penoro Bospacra. Jlis
AHAJMTUYECKOTO ONMMCAHMS 3aKOHA M3MEHEHHs MOIYJIsl MTHOBEHHOH aedopmaunu O6eToHa E(t) BO
BpPEMEHHU MPUHATA IKCTIOHEHIHATbHas 3aBUCUMOCTS [10]

E(t)=E,(1-Be™) M)
rae E,, B, Y — HeKOTOpbIC KOHCTAHTBI, 3HAYCHHS KOTOPBIX ONMPEACIAIOTCS U3 IKCICPUMEHTA.

3aK0H H3MEHEHHUS MEpPBI MOJI3Y4YECTU OeToHa npeaACTaBJICH B O6].L[€M CjIydac BBIpAXKCHUEM BHUOA
[10]

c(t,1)=o(x)[1-e ] 2)

(p(r):cO+r+B

Beipakenne (2) maeT AOCTaTOYHO OJM3KOE COBMAACHUE C SKCIEPUMEHTAIBHBIMH KPUBBIMU
MoJ3yyecTd OETOHA KakKk B CTApOM, TaKk M B MOJIOZOM €ro BO3pacTe, a TaKKe ONpelelisieT OCHOBHBIC
CBOICTBA SIBJICHUS TOJI3y4eCTH OETOHA BO BPEMEHH, a UMEHHO €0 CTapeHHE U HaclIeICTBEHHOCTH [10,
11].

VYuauThiBas JMHEHHYIO 3aBHCHMOCTb MEXKAY YHOPYro-MTHOBEHHBIMH — AedopManusMud U
HalpsHKCHUSIMA M TIOJB3YSICh TNPUHIWIIOM CYNEPHO3HLIUN, IOIYyYHUM HHTErPalbHOE YypaBHEHHE
HEJIMHEHHOW TEOpUHM HACIEICTBEHHOCTH C YYETOM CTapeHMsl NpU OJHOOCHOM HaIpsKEHHOM
cocTosiHUH, npeanokeHHoe H.X. ApyTroHsIHOM

t t
s(t):ﬂ—jc(t)2 ! dr—IF(G(T))Mdr 3)
E(t) : ot| E(1) ot

rae T, — BO3pacT OeToHa.

T

PaccmoTpum eicTBHE HMKINYECKOTO HATPyKEHUS
o(t)=o,sin(ot+9,)+o, 4)
rje O, — HOCTOSHHOE CJIaraeéMoe HaNpsLKEHUs, (O, — HadanbHas (asa.

Jlns onpenesnenus miomanu newm rucrepesuca AW (n) ucnojin3zyercs hopmyia [§]

T(n+1)
AW (n)= | c(t)aga—(tt)dt, )

n
rae T — mepuoj IHKiIa, OIpenesieMblid popmynoit
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T =21/®, a N— HOMep 1UKITA.
®opmyna (5), eCTECTBEHHO, HE MPEAyCMAaTPUBAET 3aMKHYTOCTH KPHBOW THCTEpE3UCa W IPH

T
P, = —5 (aKTHYECKH OMMCHIBACT TUIOIIAIb MEKIY KPUBBIMU HATPYIKEHUS, pa3rpy3KH U ochio 1.

IIpu ucnomszoBannu (1), (2), (4) u (5) Ama WIOmAAW TETIN THUCTEPE3HCa, COMIACHO TEOPUHU
HaclieICTBEHHOTO cTapeHus (3), Oynem umethb

n+1

AW(n): J- [Gos1n(cot+(P0 +G:|GO cocos(cot+(p0)
Tn

E, (1-pe )

T(n+1)

J. ABOLI:O'O sin (ot +¢, )+ 01]

dt +

T Aat[co sin 0)t+(p0)+61]

dt + >
t+B) i (t+B)

T(n+1)
l1-at—B t
+(1-ot—-Ba) TJ; [[Gosm(u) +0, +0'1:|;': (’E+B)

+ dt +

Aoc[cso sin(ot+9,)+oc ]e

dr}dt +

2

. ano, a'c, .
+c,e%e " (l—e 0‘T)(z—cos% —{>sing@, +GIJX
a’+o

O(.-i-(l)

(6)

X 0 sin((o +¢ ) cos(co +¢ )+ +
T T o,
1 0 1 0
a’+o’ OL2+(D

2 2
N c,06,T - 2(1 :
2 a’ +o

PaccmoTpum onpenenenue ko3dduienta nornomeHus Y ( n) B opme [5]

\V(n) - AV\\;V(E:;)

rne AW (n)frmomam, neriau rucrepesuca, W (n)fpa60Ta B TIPOIIECCE HATrpy’KEHUs, ompezensiemMas

(7

TakK:

dt ®)

Tn

Jlist pacuéra W (n) cornacHo [3] mpu ucnonszoBanuu (1), (2), (4) u (8) momyuum popmymy:

T(n+1/2)

W (n)= J.

Tn (1 - Be_Yt )
T(n+1/2)

. J. Aoct[cosm (ot+¢,) +c5]

[(50 sin (ot +(p0)+<51]<500)(0)t +(P°)dt N

T(n+1/2)

_[ ABo. o, sin (ot +¢,) +G]

dt+
(t+B) Tn (t+B)
T(n+1/2) A
+(1-ot—-Ba) J [(50511’1 (ot+¢,)+o ]J‘ a[cosm(mr-ir([)o +to ]e dr dt +
Tn T (T+B)

124



2 2 2
c,oc; T o 2C,0.°0,0 .
+— | - |- 55 (e cos @, + wsin g, ) +
4 a’+o w(oc +0))

N 2¢,06,0, Cos @,

2 2

- 0o -
+c,e”e ™" | —2cos @, (1+e “T/2)+
o’ +®

Q)
2

+%sin(p0 (1+e°‘T/2)+cs1 (l—e’“T/z) X

o'+
2
a’c, . a0c
x| ——5sin (01, + @, ) ———5 cos(01, + @, )+ 0, )
o’ +o o’ +o

Hwxe npuBeaeHs! rpaduku 3aBUcCHMOCTEll K03((UIMEHTa MOTJIOMEHUsT \y OT HOMepa LKA
Harpy»eHus (puc.l) mpu pa3HbIX Bo3pacTax O€TOHA M OT BO3pacTa Ui pa3HbIX LUKIOB HarpyKeHUs

(puc.2), mocTpoeHHbIe, cornacHo Gopmyie (7), Ha OCHOBE 3KCIIEPUMEHTANBHBIX TAHHBIX, MTOTYUYSHHBIX
B paborte [11].
¥
0.18}
0.16}
0.14
0.12;

n
5 10 20 25 30
008!

0.06 |

Puc. 1. I'padpuku 3aBucEMOCTH KO3 (DHUITMEHTA MTOTIIOMICHUS
OT HOMepa IKKJIa MTPU Pa3HBIX BO3pacTax OeToHa

hd
0.2

0.175
0.15
0.125

‘ ‘ : —

20 60 80 0

0.075
0.05

Puc. 2. I'paduku 3aBcuMOCTH KO3 QPHUIIUCHTA MOTIOIIECHHS
0T Bo3pacTa OeTOHA IIPU Pa3HBIX LUKJIAX HArPYKEHU.

Kak MOXXHO 3aKNIOYMTH U3 AaHHBIX, NPUBEAEHHBIX Ha pUC.l U 2, KOAPPHULIUEHT MOTIOIEHHUS Y

CTaperollero Marepuana ¢ Bo3pacTaHHEM HOMepa HuKia N BHawaje pacTéT, 3aTeM yObIBaeT, a ueM
MaTepHai uMeeT OOJNBIINI BO3pacT, TeM KO3(PPHUINUEHT NOTJIOMICHUS PaCcTET.
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O PABHOBECHUH HPEI[BA}’PITEJH)HO-I-!AHPH)KEHHOF}) YIPYIOro Ccjos C
IJVIMIITUYECKOU TPEHIMHOU B CPEJUHHOMU IIVTIOCKOCTHU

H.M. IlemxoeB

PaccmarpuBaeTcss 3amada TEOpHMHM TPEIIMH O HArpy)XEHHM HOPMalbHBIM [aBICHHEM OEperoB IIIOCKOH
JJUINNTHYECKON TPEIIUHBI, PACIOJIOKEHHOW B CPEJUHHOM INIOCKOCTH yIpyroro cios. Ilox meiicTBHeM Harpys3kd TpeIIMHA
HaXOAUTCSA B PACKPBHITOM cocTosiHUH. CIIoH IpenBapHTEeNbHO IMOJABEPIHYT OJHOPOAHOMY ABYXOCHOMY PACTSKEHHIO WIIH
CKaTUIO BJOJb IUIOCKOCTH TPEIIMHBEL. ['paHM CJ0sl 1Mocie ero NpeaHanpshKEHHsT OIMPAloTCs O JKECTKOE OCHOBaHWE Oe3
TpeHus. PaccMoTpeHa Molenb HEC)KMMaeMOro HEOryKOBCKOro Marepuana [1]. 3amaua cBeieHa K PelISHUIO HHTETPAIbHOTO
ypaBuenust (MY). Paccmorpensl ciyuan, korza Ko3(QQGHIMEHTHl INPEABAPUTENIBHOIO DACTHKEHUS PaBHbI WIM Majo
pasnuuatorcs. [loctpoeHo acuMnToTHYECKOE pelieHre [2] B BUE pa3iokKeHUs 0 ABYM IapaMeTpam: OONbIIOMY HapameTpy
OTHOCHUTEIIbHOH TOJIIMHBI CJIOS W MajoMy IlapaMeTpy pasHOCTH KO3(G(UIMEHTOB NPEABapUTEIBHOIO PACTHKEHUS.
[lokazaHo, kak 1 B cilydae paBHBIX K03(duimeHToB [3, 4], yTo HavyanbHOE HANPSHKCHHUE HE MEHSET MOPSAKa OCOOCHHOCTH
TOJIS HAIpsDKEHMH BONMM3HM pebpa TPEeIIMHBI U BIMSACT JIHINb Ha KOA()(UINEHT HHTEHCHBHOCTH HOPMAIIBHBIX HATPSDKEHHUH.
AHanoru4YHbIe 3aJa49X IS CIIydasi paBHBIX KO (UIMEHTOB NIPeABAPUTEIBHON edopMaluy B Tele, CoAepKaIieM KPyTiIyio
TPEUINHY, paccMOTpeHbI B padorax [4—7]. [locTpoeHO [6] penieHHEe OCECHMMETPHYHON 3aJa4d JUTS CIIOS MPH Pa3InIHBIX
YCIOBHMSIX Ha €ro IpaHsAX, II0Ka3aHa BO3MOXKHOCTH [7] HMCIOJIB30BaHWSI PELICHMs 3aJayd O TPELIMHE B aHH30TPOITHOM
marepuane. [loctpoeHo [8] pelieHHe OCECMMMETPUYHON 3ajayd B clyyae paJualibHON INpeABapUTENIbHOW KOHEUHOM
nedopmaruu. B pabote [9] st mpeaBapUTenbHO HANPSHKEHHOTO YIPYTOro Teja, OCHabICHHOTO IUIOCKOW AJUIUNTHYECKON
TPELIMHOM, MOCTPOCHO TOYHOE PELICHHE B ciy4ae, Koraa Kod3(QQUIHEHTH NpeABapUTENbHOIO PACTSKEHHS DPaBHBI U
aCHMIITOTHYECKOE PEUICHHUS, KOrAa Kod(GHUIUEHTH NpEABAPUTEIBHOTO PACTSDKEHHS Majlo oTindaioTcs. B pabore [10]
MOCTPOCHO aCHMITOTHYECKOE PEIIeHHUE JUIS 3aa9i O PAaBHOBECHH YIPYTOTO CIOS, OCTAOIEHHOTO IIIOCKOH IIIHITHIECKOI
TpemuHOH. IIpocTpaHCTBEHHAss KOHTAKTHAs 3ajada JUId HpPEIBApUTEIbHO HANPSHKEHHOTO YIPYroro Tejia BIIEPBEIC
paccmotpena B [11], mocTpoeHo acumnToTHYeckoe pemenue. [IpocTpaHCTBEeHHbIE KOHTAKTHBIE 3aJaYX IJISI IPEABAPUTEIHHO
HanpspKEHHOTO HEC)KMMAEeMOro YIpyroro cjiosi paccMoTpeHs! B [12,13].

1. PaccMoTpuM ynpyruii ciioi TonmmHol 2N, 3akimouennsii Mexy mwiockoctamMu Z =1h. Ha
OECKOHEYHOCTH B [BYX B3aUMHO-IICPIICHIUKYJISPHBIX HANPABICHUSIX JACHCTBYIOT paBHOMEpHBIC

Harpy3ku O, M O, BBI3BIBAIONIME KOHEUHYIO Ae(hOpMalnIi0 HEOTYKOBCKOro Tena. B cpeanHHOM

y’
mwiockoctd Z =0 cnos pacrmoiio)keHa TpEIIMHA, 3aHMMAOLIas B IUIAHE II0CIE IPEIHANPSIKECHHS

2/02 2 /a2 . .
SIUMITHYECKYI0 obmacte (2 X / a +vy / a” <1. U3 cooTHOImEHNI TeOpHH MaIbIX JedopMariuii,

HAJIOKCHHBIX HA KOHEUHyI0 nedopmaruio [1], BBITEKAIOT ypaBHEHUS PABHOBECHS, OMHUCHIBAIOIINC
nehopMaIHio IpeIBapUTEIIFHO HAIPSDKEHHOTO TENa B clTydae HeOTyYKOBCKOro Marepuana [1]:

2 2 2
oL ,0L .,0L
st A — A —
ox oy oz

3nece L= {U,V, W} — BEKTOp J00aBOYHBIX TMEpEeMEeNIeHnH, X, Y, Z — JCKapTOBBl KOOPAMHATHI B

AL +égradq=0, divL=0 (1.1)

neOpMHUPOBAHHOM COCTOSHHHM, ( — (QYHKIHUSI J0O0ABOYHOTO JIaBJICHUS, 7»1 R 7»2 R 7u3
KOX(pGUIMEHTHl TIPEIBAPUTEIHHOTO PACTSHKEHUS BIOJIh KOOPIAMHATHBIX ocell, G — mocTosHHAas
Marepuaia. Tak kak MaTepuan HeC)KMMaeM, BBITTOTHIETCS [ 1] 7»17\.27\. ;= I.

B cuny cummerpun paccmorpuM 4acth ciaos 0<z <h. Jlng marpysku, IpHIOKEHHOH K
Oeperam TpeIMHBI, BBEIEM 0003HaYeHUE G, = —P ( X, y) . Torma kpaessie ycmosus ipu Z = 0 MOXHO
3amnucarh B BUJIE

ou/dz +ow/ox =0, ov/oz+ow/oy=0
q+foxf;—a‘;"=—p, (x,y)exw=0, (x,y)eQ (12

Jlnst rpanunbl Z =N c1ost paccMOTPUM CIIEMYIONINE KPAeBbIE YCIOBHS:
ou/dz+ow/ox =0, ov/dz+ow/oy=0, w=0 (1.3)
2. CriegctBueM ypaBuenus (1.1) sBisercs ypaBHenue Jlarmmaca st pyHknmun ( (X, Y, Z) , KoTopoe

MOJKHO UCIOJIb30BaTh JJIs OnpeesieHus QYHKIUU 100aBOYHOIrO JaBicHHs. [IpUMEHUM K YpaBHCHHIO
(1.1), ypaBuenuto Jlarmaca A =0 u rparnunbiM ycosusM (1.2), (1.3) aByMepHOE MHTErpajbHOE
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npeobpazoBanne Dypbe. Jnga Tpanchopmant Dypbe TOMYIHUM CHCTEMY OOBIKHOBCHHBIX
T depeHInATBHBIX YPAaBHEHUH € TIOCTOSHHBIMU KO QUIIHEHTAMU:

d’u"/dz® - A A, V" = —2iar,’A,’q /G,

d*v'/dz” A A vV =—2ipA g /G, @2.1)
d’w’/dz? =4 0,7 vW = =2i44,°G T dq" fdz, v =4 0’ +A,°B?

iou” +ipv’ +dw/dz =0 (2.2)

d’q"/dz? —«’q" =0, «*=o’+p (2.3)

Kpaesbie ycinosust (1.2) mpeobpasyrores B yciaoBust st o6pa3oB @ypee npu Z = ()

iow +du’/dz=0,ipw +dv’/dz=0

q +GA A dw fdz=—p", (xy)e w =0, (x,y)eQ @4)
Kpaesbie ycinosust (1.3) mpu z = h B o6pasax @ypbe NIPUHAMAIOT BHI:
fow +du’/dz=0,iBw +dv’/dz=0,w =0, (2.5)
Oo1uee perienue ypaBHenus (2.3) umeer BUj
A" (a.B,z) =0, (o, B)e ™ +0, (o, B)e™ (2.6)
[Toacrapnss (2.6) B cuctemy (2.1), Haxonaum eé€ oOIree pemeHue:
(u* (0,B,2),v" (B, 2), W' (B, z)) =(u, (@.B),V, (a.B), W, (a,B))e ™ +
(0, (00B) v, (0B), W (,B)) e +(ia,iB, ) 20,72, (@p)e ™+ (ap)e” )

G (?ulz?uzzvz —x’ )
[MoacraBmsas (2.7) B (2.2), HaXoOWM COOTHOIICHWS, CBS3BIBAlOME (YHKIMIO BEPTHKATHHBIX
nepeMeeHnii W (a,B, Z) ¢ gyHKmsvE U (a,B, Z) v (a,B, Z) :

w, =i(au, +pv,)/(AA,v), W, =—i(au, +Bv,)/(AA,v) (2.8)
3meck M janee, JUI COKpAIIEHUs 3allHCH, apryMeHTHl o, ¢ymkummid U, U,,V,,V,, W, W,, [, 0d,

OTIYIIICHEI.
BBeném napaMerp OTHOCUTENBHON TOJLIUHBI L = h/ a . U3 kpaeBrix ycioswmit (2.4), (2.5), ¢

yu€ToM cooTHomeHu# (2.8), Haxoaum 3aBucumoctd ¢ynkuui U, U,,V,,V,,q;, q, or p* , 4 3aTeM U3
(2.7), (2.8) npu Z =0 momyunm:

p'(e,B)=GNwW (a,p,0)/2 (2.9)
rae pyukuus N umeer BUI:

N = Viossh(pay,) +y,osh(pay,)
20 A xy,sh(pavad, )sh(pax)
Y, = VAL +K, W, = VAL, -k, X =VIAMA +K7, o, = VAR -k
o, =V MM+ VAR 3P VAL, =, @, =V A kv AL + 31 VAL, + K

MosHo nokasartk, uto mpu K >0, v>0, p— o ¢yuxuus N umeer npeensHoe 3Ha4€HNE, KOTOPOE

(2.10)

COOTBETCTBYET 3aJauye€ O PABHOBECHU IMPEAHANPSHKEHHOTO YMPYroro MpPOCTPAHCTBA, OCIA0JIEHHOTO
IJIOCKOM TpemuHoH [9].

Iepexons B (2.9) x opuruHamam @Dypbe, MNOJIYYHM HHTEIPATBHOE YpaBHEHHE IS
onpeeacHHs BEPTUKAIBHOTO MEPeMEICHHs Oepera TPEeIuHbI

T il a(x=&)+B(y- 4 ?
[[v(em)] [ Net 0 dadpda="2-p(x.y) . 7(xy) =w(%y,0), (x.y)eQ @11
Q —00 —o0
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[IpeanonoxuM, 410 k03O OHIUKUEHTH! PACTSHKEHUS A,, A, Malo OTIMYAIOTCA M CIOH HMeeT
JIOCTATOYHO OOJIBIIYI0 OTHOCHTEIBHYIO TOMIIHHY, T.6. A, =A—¢€, A, =A+¢e, €>0,e <1, p>1.

®ynxuus N s kK > 0 Moxker GBITh IpeCTaBIEHA B BUJIE

N=T K+Kg(nle_2mwa +nze_2mm“a)+ M i ;az 8+O(82) (2.12)
RS N R (n0+1) AT S :(x3+2)(>f’j1)
204 (3 +1) (2 -1) (A1) 2 (3 +1)

IMoncraBus (2.12) B (2.11) u nmpeoOpasysl BHyTPEHHUH ABOMHOIN WHTErpasl MO MEpPEeMEHHBIM o, ¢

TIOMOIIIBIO 3aMEHBI IEPEMEHHBIX 0L = K SIN (8) , P=1xcos (8) , TIOJIyYMM MHTETpaJbHOE ypaBHEHUE

raff M g -3 1 oz o)

a3u
o° & : X
_gM(axz_ayzj.gY(éRn)dédn +O(8 )Z—gp(xjy) (2.13)

rae g(n) — n3era-QpyHkuus Pumana, S = (Klz +30°+ 4)/(4 AL )

.
Kospdummentst S 1 M B ypaBHeHun (2.13) cTpOro MONOKHTENBHBI MpU A > A , /e
* *
A =0,666. llpu A — A xkodpdumment T crpemutcs K Hymo. OU3HMYECKH 3TO 03HAYACT, YTO
(V3 v * v
CKATHIA CIIOM 63 TPEIMHBI MPH A —> A HCIBITHIBACT MOTEPI YCTOWYHUBOCTH, CHUMMETPUYHYIO

OTHOCHTEIBHO CPEIMHHOM IUIOCKOCTH. YKA3aHHOE KPHTHYECKOE 3HAYCHHE A COBMAZaeT c
KPaTHOCThIO  VAJWHEHHS, TIPA KOTOPOM TPOUCXOIUT TMOTEpPs  YCTOHYMBOCTH  CHKATOTO
rosryripoctTpancTBa [11] 1 HeoTpaHUIEHHOTO MMPOCTPAHCTBA [9] M3 HEOTYKOBCKOTO MaTepHaa.

3. Pemmienne NY. bynem uckate pemenne MY (2.13) B BHIE aCUMITOTHYECKOTO DPA3JIOKEHHUS B

npeanonoxenuu, uto € >0 u L —>00:

v(6y)=2 > vy (xy)en 3.1)

i=0 j=0
[Toacrasus (3.1) B (2.13), mOIyYrM CHCTEMY HHTETPAIBHBIX YpaBHCHUN
TA[[vo0 (&m)/Rdedn =-7p(x,y)/G
Q
TA[[vo5 (& m)dédn =S (3) [[ o0 (&n)dédn
TA[[ 1,0 (&n)dedn =M (8*/0x* = 0°/ay>) [[ v, (&m)/R dedn

TAIIYI,S (‘t:: ﬂ)df;dn =S 9(3).”. Y10 (i,n)dédn

[Mpumensis k cucreme (3.2) pesynprarel pabor [2,9] w mpeanonaras, dYTO

(3.2)

p ( X, y) = P =const, Haiiném acuMnrToTHIecKyto hopmyy pemenus MY (2.8):

b 22 Sc¢(3) (1-¢€° 2-¢e’)E-2(1-€¢’)K
O e (3:3('|'E i-om! )TEeZ( )

(3.3)

rie €=4/1-Db’ / a’, K=K (e), E= E(e) — MOJIHBIE DJUIMIITHYECKHE HHTErpaibl MEPBOTO M

BTOPOT'0 POJIa COOTBETCTBEHHO.
4. Anamu3 pesyabtaroB. [lpu [L—>00 dopmyna (3.3) mepexomuT B aCUMIOTOTHYECKOE

peuicHue 3aaavu Jid MMPEABAPUTCIILHO HaHpH)KéHHOI‘O ynopyroro Tteia, 0CJIa0JIEHHOTO ILIOCKOMH

129



SJUITMITHYECKON TpenuHoi [9], a B cinyyae€ =0, A =1 coBnamaer ¢ pelieHneM 3a1auu it yIIPyroro
CJI05, OCNA0JICHHOTO TUIOCKOH syummnTHdeckoi TpermuHon [10], ecnmm gy xoaddunnenrta Ilyaccona
npunsTh V=1/2.

Paccmotpum mapamertp [9], xapakrepusyromuii u3MeHeHne Kod((UIMEHTa WHTCHCUBHOCTH
HOPMaJIbHBIX HAIPSKEHUH B pe3yibTaTe MpeaBapUTeIbHON AedopMannun

N, =K, /K. = 1/T () .1
rae K, — k03(Q(QHUIMEHT MHTEHCHBHOCTH HOPMAJbHBIX HANPSIKCHMHA B OKPECTHOCTH KOHTYpa

UUIUNTHYECKOW TPEUIMHBI B TPOCTPAHCTBE B Clydae, KOIJa MPOCTPAHCTBO IOABEPTHYTO
NpeABapUTEIbHON KOHEUHOW nedopMaluy W WHTCHCHUBHOCTH PACTSKEHUS B OOOMX HampaBJICHHUIX
omuHakoBa A, =A, =A; K, — coorBercTByer 3HadeHno A =1. Taxxke pacCMOTPUM BEITHIHHY

[10], xapakTepu3youlyto n3MeHeHHe KO3(D(UIMEHTa MHTEHCUBHOCTH HOPMAIBHBIX HAINPSDKCHUH B
pe3yibTaTe H3MEHEHUS! TOJIIUHBI YIPYTOTO CJIOS

N =K, /K, =1-2¢(3)(1-¢")/(30°E) 4.2)
rac KI —KOB(I)(I)I/ILII/ICHT HUHTCHCUBHOCTU HOPMAJIBHBIX HaHpﬂ)KeHI/Iﬁ B OKpPECTHOCTU KOHTYypa

5JUIMITHYECKOH TPEMMHEI B ynpyrom cioe; K, — IpenenbHoe 3HaueHHE mpu L —> 00,

11-5¢(3)(1-¢’) /(3w TE)
T 1-2¢(3)(1-¢’)/(31°E)

rae Klu_ KOI—)(b(I)I/IL[I/IeHT HWHTCHCUBHOCTU HOPMAJIbHBIX HaHpSDKCHI/Iﬁ B OKpPECTHOCTU KOHTYypa

Bseném mapamerp

N, = KIp/KI = (4.3)

DJUTATITHIECKON TPEIWHBEI B TMPETHANPSDKEHHOM CJIO€  OTHOCHUTENBHOW TONIIMHBI |, KOTIA
MHTEHCHBHOCTb PACTSKEHHMS B OOOMX HANPaBIECHMAX OAMHAKOBa A, = A, =A; K, COOTBETCTByeT

npenensHOMy 3HaueHnio npu A =1. Ilapamerp N, mpu g — o mnepexomur B (4.1).
Kak u B ciyuae p=o [9], ZIBYXOCHOE NpEABAPHTENHHOE pPACTSHKEHUE (k>1) B

IIJIOCKOCTHU TPCUINHBI CHOCO6CTBy€T YOPOYHCHUIO CJIOS IO CPABHCHUIO C KJIACCHYCCKHUM CllydacM

A=1, 1.e. KO3DPHUIMEHT UHTEHCUBHOCTH HOPMAIIBHBIX HATPSIKEHUI CHIKAETCS (N n < 1) , & TIpH
*
JIBYCTOPOHHEM C>KaTHU (X <A< l) HecyIasi cliocOOHOCTh CJOSI yMEHBIIACTCs, KOA(pPHULIUCHT

WHTEHCHBHOCTH HOPMAJIbHBIX HANPSIKCHUN yBEITNIHBACTCS ( N, > l) .

[lo anamorum c (4.2) Takke MOKHO BBECTH MapaMeTp, XapaKTepU3YIOIIUi H3MEHEHHE
Ko3(uIieHTa MHTEHCHMBHOCTH HOPMAJbHBIX HANpSDKEHHH B PE3yJbTare HM3MEHEHHS TOJILWHBI
IPEABAPUTEIBHO HAIPSHKEHHOTO €TI0

N, =K, /K, =1-S¢(3)(1-¢?) /(3W'TE) (4.4)
rie KIH — KO>((UIMEHT HWHTEHCHMBHOCTH HOPMAIbHBIX HAINPSOKEHHH B OKPECTHOCTH KOHTYpa

JJUIMINTUYECKOM TPEIIMHbI B IMPEJHANPSDKEHHOM CIO€ OTHOCUTENIBHOM TONINMHBL |, KOTJA
MHTEHCHBHOCTb PACTS)KEHUs B 000MX HAIpaBIEeHUAX oauHakoBa A, = A, =LA, K, — cooTBercTByer

OpeAciIbHOMY 3HAYCHUKO MPU L —> 0. OTCIOI[a CJICOyEeT, 4YTO KOI—)(b(I)I/IL[I/ICHT HNHTCHCUBHOCTH

HOPMAJIbHBIX HaNpsDKeHUH B OKPECTHOCTH KOHTYpa BJUIMNTHYECKOH TPEUIMHBI B MPEIBapUTEIBHO
HanpsHOKEHHOM  CJI0O€  MOHOTOHHO pPacTéT ¢ POCTOM TONIIWHBL, €ro TMpeaeibHOe 3HAauYeHHE
COOTBETCTBYET MIPEIBAPUTEIHHO HAIPSHKCHHOMY NpOCTpaHcTBY. M3 (4.2) cimemyeT aHaJIOTHYHBIN
BBIBOJI JUIS YIIPYTOr'O CJIOS.

ABtop Onaromaput mpogeccopoB 3yboBa JI. M. m Cobons b. B. 3a momoms. Pabora
BBITIOJTHEHA TIpH puHaHCOBOU moanepkke PODU (mpoekt 10-08-00839-a).
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ONPEJEJEHUE BUEPOYCTOMYUBOCTHU JIJMUCKOBOI'O TOPMO3A
ABTOMOBWISA C AHTUBJIOKUPOBOYHON CUCTEMOM

IHorocan A.K., baxmsan A.O.

Ha ocHOBe MaTeMaTHUECKOH MOIETH TOPMOXKCHHS aBTOMOOWIISA C Y4YETOM BIMSHHS AaHTHOJOKHMPOBOYHON TOPMO3HOU
CHCTEMBI, OIHMCHIBAIONIEH KoJieOaTeNbHBIM IIpPOIeCC TOPMO3HBIX KOJOAOK, pa3paboraHa pacu€THas METOAUKA
BUOPOYCTOMYMBOCTH  JTUCKOBO-KOJIOZOYHOTO TOPMO3a, B pe3yidbTare KOTOPOW TIPEUIONKEH alrOpUTM  PeIICHUS
i depeHIMaNbHbIX YpaBHEHHH, ONMCBHIBAIOIINX IMHAMUKY HpOIecca TOPMOXKEHHsT aBTOMOOMIL. PaccMoTpeHHas Mozelb
TOPMO3HON JMHAMMKH YCTaHAaBJIUBAE€T B3aUMOJCHCTBUE MEXJY TOPMO3HBIM MOMEHTOM U MOMEHTOM CLEIUICHHS KoJleca C
noporoil. IlpoBenensl pacyérel BHOPOYCTOWYMBOCTH IUCKOBO-KOJOJOYHOTO TOPMO3a C Y4YETOM BIHMSHUS paboThI
AQHTUOJIOKUPOBOYHON TOPMO3HOH CHCTEMBI.

Jns  obecnieueHus: ympaBiIseMOCTH W O€30MACHOCTH B MpOIECCe TOPMOXKEHHsI aBTOMOOHIIB
OCHAIaeTCs aHTUOIOKUPOBOYHOW TopMo3HOW cuctemorr (ABC), koTopas, u3MeHsSsS AaBleHHE Ha
TOPMO3HYIO KOJIOJKY, HpPEAyNpekIaeT CKOJLKEHHE Kojieca OTHOCHUTENBHO JOpPOrd. AHTHOIO-
KAPOBOYHAS TOPMO3HAs CHCTEMa 00eclieunBaeT MaKCUMaJIbHOE 3aMEJICHHE U YMEHbBIIaeT TOPMO3HOM
NyTh aBTOMOOWIS. YIlydlias TOPMO3HBIE XapaKTEePUCTUKH aBTOMOOWISA, aHTHOJIOKHMPOBOYHAS
TOPMO3Hasi CHUCTEMa BMECTE C OTHM YBEIHYMBAET HArpy>K€HHOCTb TOPMO3HOTO YCTPOWMCTBA, 4YTO
CKa3bIBaeTCs Ha HAJEKHOCTH ero paboTsl [1]. OgHUM U3 3HAUUTENBHBIX XapaKTePUCTHK TOPMO3HOTO
YCTPOMCTBAa aBTOMOOMJIS, BIAMSIOIIAS HA IUIABHOCTH ABMIKEHHUS M YCTOMYMBOCTH pabOTHI, SIBISETCS
BUOpOyCTOHUYMBOCTh. BO3HUKaIOINE B TOPMO3HBIX yCTpOICTBaX (DPUKIMOHHBIE KOJICOaHMsI, KOTOPBIE
00yCIIOBJIEHBI [TOBEPXHOCTHBIMU HEPOBHOCTSMH TOPMO3HOTO JMCKa, HEOIArONPHUSITHO BO3AECHCTBYIOT
Ha UX BUOPOYCTOMYMBOCTH U MPEMATCTBYIOT HAZe:KHOH pabore.

PaboTta mocBsiieHa pa3paboTKe pacuy€THONM METOOUKH HCCIEHOBaHMA pPabOYMX XapaKTEPUCTHK
JIICKOBO-KOJIOJIOYHOTO TOpMO3a aBTOMOOWIISI, OCHAImIEHHOW aHTHOIOKHMPOBOYHOW TOPMO3HOMH
CUCTEMOM.

Cy1ecTBeHHOE BIMSHUE Ha BUOPOKOJICOAaHUS, BO3HUKAIOLINE B TOPMO3HOM YCTPOHCTBE aBTOMOOMIIS
IIPY TOPMOKEHUHU OKa3bIBAIOT HE TOJBKO CHIIBI, ACHCTBYIOIIHE NMEHHO B TOPMO3HOM YCTPOWCTBE, a
TaKke CWIBI, JCHCTBYIOIIME Ha BeCh aBToMoOmib. Ilo 23ToM mpuumHe JuIsi  pacuéra
BUOPOYCTOMYMBOCTH TOPMO3HOTO YCTPOWCTBa BBIOpaHa pacu€THas MOJENIb aBTOMOOWIIS B ILIEJIOM
(puc.1), koTOpasi ONUCHIBACT ABHKCHHE aBTOMOOMIS II0 POBHONH MECTHOCTH B IIPOLIECCE TOPMOKEHUS,
YUUTBIBAS NIEPEPACTIPENCIICHAE JUHAMUYECKON Harpy3Ky Ha Koséca.

Puc.1. PacuérHas cxema TOPMOKEHHUST aBTOMOOMIIS

IIpenebperast cwiaMu COMPOTHUBICHHS KAaYeHHWIO W CONPOTHUBICHHS BO3AYyXY, KOTOpBIE B 0OIIeM
OanaHce cuJl He MpeBHILAIOT 3—5%, ypaBHEHHE ABHIKCHHUS LIEHTpa MacC aBTOMOOWIS OMHUCHIBAETCS
CJEeNYIOLUM ypaBHEHUEM [2]:
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(1.1)

2 2
Majx = ZzRik 2
i1 k=1
rae M,— Macca aBTOMOOWIIA, jx— 3aMeIJICHHE aBTOMOOWIIS, Ry— KacaTelbHas peakius B KOHTAKTE
KoJseca ¢ noporoi, k=1— nepemuuit Mmoct, k=2— 3amHuii MOCT, i=1-J1eBOE KOJIECO, i=2—TpaBOE KOJIECO.
[Ipu TOPMOXKCHHH TIEPEMEIIECHUE IICHTPa TAKECTH aBTOMOOMIIS BAOJb OCH Z, MEPICHIUKYISIPHONH K

TMOBCPXHOCTU NOPOTH, ONPCACIIACTCA:
(1.2)

2 2
M,j.=2 2R -Mzg.

i=l k=1
rae jZ—SaMeI[J'ICHI/Ie BIOJIb OCH Z, Rzk_ HOpMaJIbHAA pEaKklusa Ha KOJIECO aBTOMO6I/IJ'I$I, g — YCKOpCEHHC

CBOOOHOIO MaJcHus.
Yron muddepeHta omnpenensercs ypaBHEHHEM MOMEHTOB OTHOCHTEIBHO TOPH30HTAIILHOW OCH Y,
(1.3)

HpOXO,HHIJ.IefI YCpe3 LCHTP TAKCCTHU aBTOMOOMJIA:
2 2
i 1 2 1 2
Iyg _ZZka (hg _Z)_(Rzl +Rzl }l_'_(Rzz +R22 2
i=1 k=1
rae Iy — MOMEHT MHepLMU aBTOMOOMIIS OTHOCHTEIBHO OCH Y, &y— yIJIOBOE 3aMEJICHHE aBTOMOOMIIA
OTHOCHUTCIIbHO OCH Y, hg— BBICOTAa HCHTPA TIKCCTU aBTOMO6I/IJ'IH, a, b- pacCTodsHrUEC OT HCHTpa

TSDKECTH aBTOMOOMIISI COOTBETCTBEHHO JIO TIEpeIHElH 1 3aTHel oceH.
VYrioBast CKOPOCTh KoJIeca OMpEeesieTCs] U3 YCIOBUS CHIIOBOTO PABHOBECHS:
(1.4)

0
12— M, -R,.

K

rae Ix— MOMeHT uHepuuu Kosieca, Mt — TOpMO3HOM MOMEHT.
Jns pacuéra BHOPOYCTOMYMBOCTH TOPMO3HOTO YCTPOICTBa aBTOMOOWIIS BBIOpaHa KoleOareiabHas

MOJENTh ITHCKOBO-KOJIOJOYHOTO TOpMo3a [3], KoTopas MpEeAcTaBiIIeT COOOW BPAIIAIOIIUNCS IHUCK C
MOMEHTOM HHEpHHMH I, Ha KOTOPOM YCTaHOBJICHBI KOJIOJKM C Maccod m, paccMaTpUBaeMbIe Kak
TBEPIOE TENO, YIPYTrO-KOHTAKTUPYEMOE C JAMCKOM U B3aMMOCBSI3aHHOE C HEIIOJBIKHBIM KOPITYCOM

TOPMO3HOT'0 yCTPOICTBA YIPYroH CBSI3bI0, CMOJCTUPOBAHHON B BHJIE IPYKUHEI (pHUC.2).

z z
"
Ted T ™
Ay
I TRy A A A
g “Cool BRI
]
]
III
]
Rl Ry
i K1
III
|
=
.—'—'_?IIH"_-\‘-_‘—‘-\-._
|
- S

Puc.2. Pacu€rHas Momens Koiae0aTeaIbHOTO Mporecca JUCKOBO-KOJIOA0YHOTO TOPMO3a

KounebatenpHbIl mporiecc TUCKOBO-KOJIOJIOYHOTO TOPMO3HOTO YCTPOHCTBA aBTOMOOWIISI OMTUCHIBACTCS
clenymwolei cucreMol AudQepeHIMaTbHBIX YPaBHEHUM:
(1.5)

Li-9=-T;
m-x=—c-x+F,
rac Tf u Ff — TOpMOSHOﬁ MOMCHT U CWJIa TPCHUA B COIPSIKCHUU, CX — CUJIa YIPYTOCTHU KPCIJICHUA
KOJIOJIKH C KOPITYyCOM, X U () — YIJIOBbIE YCKOPCHUsI KOJIOIKH U TOPMO3HOTO JUCKA.
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JlaBnenue, AeicTByIOIIEe HA TOPMO3HBIC KOJIOJKH, B JAHHON CHCTeMe ypaBHeHUH (1.5) mpuHUMaeTcs
IMOCTOSAAHHBIM, T.C. HC YUUTHIBACTCA BJIMAHUEC aHTI/I6JIOKI/Ip0BOT-IHOI7I CUCTEMbI, OCHOBHAasA IICJIb KOTOpOﬁ
— TpeAOoTBpallcHHE OJIOKUPOBKU KOJieca MOCPEACTBOM H3MCHEHHUsS JaBlieHUS. B cBsA3uM ¢ 3TUM, s
WCCIIeZIOBaHUsI KoJeOaHWi, BO3HHUKAIOMIMX B TOPMO3HOM YCTPOICTBE BO BpeMs TOPMOKEHHS,
ypaBHeHUS (1)-(5) cucTeMaTu3upyOTCs ¢ YCIOBHEM B3aWMO3aBUCHMOCTH CHJIBI CIICTIICHHS KoJjieca ¢
JIOpPOrOM U YTJIIOBOM CKOPOCTH TOPMO3HOTO OucKka. PaccMoTpeHHass MOAelb TOPMO3HOM AMHAMHUKHU
YYHUTHIBAET CBSA3b MEXKTY TOPMO3HBIM MOMEHTOM H MOMEHTOM CIEIUICHHUS KOJIeca C JOPOTOM:

MJX =R +R,+R,+R,

ME=R +R,+R +R;-M,g

1, =R+ R, + R+ R, —2)-(R + R+ (R + R (1:6)
Ik(b:I}' _era

mx =—cx+F,

Pemenne cuctemsl ypaBHeHHMHA (1.6) MpowW3BEnEeHO UYHUCICHHBIM METOJOM, TAKETOM CIICIIHATLHOTO
nporpamMmmHoro obecnedeHuss MathCAD, pe3ynbTaTbl KOTOPOTO B rpadyMuecKoM BUJIE TPEACTABICHBI
Ha puc.3.

B mpomecce TOpMOKEHHsI aBTOMOOMWIIS, OCHAIIEHHOTO AHTHOJOKHPOBOYHOM CHCTEMOH, yBEIHUH-
BaeTCs aMIUIMTyAa KoyiebaHui Koyonku (puc.3a), a BBICOKOYACTOTHAsl COCTABJISIONIAS KOJICOaHMi
yMeHbInaeTcs. Yacrora BUOpaiuii B HaualbHBIT MOMEHT TOPMOXKEHHUs KosieOsercs: B mpenenax 100-
200 I'u, a B xoHeuHblit MoMmeHT mocturaer qo0 1000 I'm. Komebanust TopmozHoro momeHTa (puc.30)
SIBIISIIOTCSL CIIEZICTBHEM PETYIMPOBKHM JaBICHHUS HA KOJOJKAX C IENIbI0 MPEJOTBpAIIeHUs OJIOKHPOBKU
KOJIEC, aHTHUOJIOKUPOBOYHOW CUCTEMOM, YTO OE3YyCIOBHO MOBBIMIAET IPPEKTUBHOCTH TOPMOKCHHS
aBTOMOOWJIS, COKpaIasi ero TOPMO3HOW MyTh U YBEIMUNBas 3aMeIJICHHE.

Tg, HM|

xpﬂdxl()'",n

4000F

3000F

2000F

1000

| 2 3 4 5I tc
a) 6)
Puc.3. Cnexrp kosebaHuii TOPMO3HOH KOJIOJIKH (2) M N3MEHEHHE TOPMO3HOro MOMeHTa (0) B 3aBUCHMOCTH OT
BPEMEHU TOPMOXKEHHS

PacuéTHas Mopenp NpPemoCTaBIsIeT BO3MOXKHOCTH HCCIENOBAaHUS BHOPOYCTOMYMBOCTH TOPMO3a C
NPUMEHEHUEM aHTHOJIIOKMPOBOYHOW CHCTEMBI, a TaKKe JKCIUTyaTalldl aBTOMOOWIII B pPa3HBIX
JIOPOKHBIX YCIOBHUSAX.

IIpoBeneHBl  COOTBETCTBYIOLIME CTEHAOBBIE SKCICPUMEHTAIBHBIE  HMCCICHOBAaHHMA  AMCKOBO-
KOJIOJIOYHOTO TOPMO3a, OCHAIIEHHOI'O HMMUTATOPOM aHTHOJIOKMPOBOYHOW TOPMO3HOW CHCTEMBI.
HccnenoBanusi mpoBelieHBI Ha 0e3acOecTOBBIX (PUKIMOHHBIX Marepuanax Ttuna bacrenur [4].
PacueTHble 3HaYeHUs] BUOPONIEPEMEIIECHU KOJIOAKHA HE MPEBBIMIAIOT PE3YIbTAaTOB, MOJYyUYCHHBIX 3KC-
NEPUMEHTAIIBHBIM IIyTeM, Oosiee ueM Ha 25%. IIpu 3TOM, KpuBbIe OYTH MOBTOPSIIOT IPYyT Apyra 3a
BpeMsI ITUKJIa TOPMOKEHHS (puc.4).
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X, MM

05 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
05 1,5 25 3,5 45 tc

Puc.4. Aramutndeckue (1) 1 3KcriepuMeHTaIbHBIE (2) KPpUBBIE BHOPOTIEPEMEIICHUS KOJIOIKA

AHanM3 pe3ysIbTaTOB HMCCIIEAOBAHUH MOKA3bIBACT, YTO (DPUKIMOHHBIC KOJICOAHMS, BO3HHKAIOIINE B
TOPMO3HBIX yYCTPOMCTBAaX, OCHAIIEHHBIX aHTHOJIOKUPOBOYHOW TOPMO3HOW CHCTEMOM, OTIMYAIOTCS OT
KoJIeOaHUil B 0OBIYHBIX TOPMO3HBIX YCTPOMCTBAX, aMILTUTYAa KOTOPBIX 110 4 pa3 OoJbIIe aMILUIUTY b
KoneOaHuil B OOBIYHBIX TOPMO3HBIX yCTpoHcTBaX. OTHOBPEMEHHO BBICOKOYACTOTHASI COCTABIISIOLIAS
KonebGaHuii 10 3 pa3 MeHbIe, IPH TOM HaWOOJbIIAs YacTOTa MPOSBIIACE B MOMEHT OCTaHOBKH
TOPMO3HOTO J¥cKa. Pacu€THele JaHHBIC BEIMYMHBI BUOPOIEPEMENICHHsST KOJIONKH TOPMO3HOTO
yCTpoiicTBa ¢ aHTHOIOKMPOBOYHON TOPMO3HOI cucteMoid Ha 20% Ooblie.

MaremaTrdeckast MOJIEIb IOCTATOYHO MOJTHO OTPaXkaeT TMHAMHKY KOJIeOaHHH B IEPHOJ TOPMOKEHHS
W pacxo’KAeHUE pacyETHBIX TAHHBIX C OKCIIEPUMEHTAIBLHBIMY pe3yJIbTaTaMu He rpeBbimaet 25%. Ona
JaeT BO3MOXKHOCTh MCCIIEIOBATh AMHAMUKY KOJIEOATEIFHOTO CHEKTpa B MPOLIECCe TOPMOKEHHUS IpH
pa3HBIX JOPOXHBIX YCIOBHAX. Pacu€rHas MeToJWKa MOKeT OBITh HCIOJB30BaHA [UISl OLICHKH
BHOPOYCTOMYMBOCTH KaK pa3padaThIBaeMbIX, TaK M CYHIECTBYIOIIMX TOPMO30B. B pesynbrare mMoryt
OBITb MOJUQHUIMPOBAHBI KaK KOHCTPYKIMH TOPMO3HOTO YCTPOWCTBA, TaKk M pa3pabOTaHbl HOBEIC
TOPMO3HBIE MaTE€PUAIbI C COOTBETCTBYIOIIUMH TPUOOIOTHUECKUMH XapaKTEPUCTHKAMHU.
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TPUBOJIOI'NMYECKHUE UCCIEJOBAHUSA BE3ACBECTOBBIX
POPUKIIMOHHBIX MATEPHUAJIOB

ITorocan A.K., Meaukcersan H.I'.

INokazano, 9T0 PabOTOCHOCOOHOCTH (PPHUKIOHHBIX TOPMO3HBIX MAaTEpHATIOB B YCIOBHSIX BBICOKOTEMIICPATypPHOTO
TPEHHsI ONPEAENeTCS HAPSHKEHHO-1e(OPMHUPOBAHHEIM COCTOSIHHEM KOHTAKTHPYIOIINX TOHKUX ITOBEPXHOCTHBIX CIIOEB, B
KOTOPBIX JIEHCTBYIOT IIPEBHIIAIONINE IIPEAeN MPOYHOCTH IIPH Cpe3e PACTATUBAIOMNE M CXKHMAIOIINE HANPSDKCHUS U
pemiaroiiee 3Ha4yeHHE MMEIOT CBOWMCTBAa apMHUpYIOIIMX HamoigHuTened. [IpuBeneHbl pe3ynbTaTbl TPHOOIOTHYECKUX
HCCIIEOBaHUH HOBBIX 0e€3ac0eCTOBBIX  (DPUKIIMOHHBIX MaTepuaioB C 0ojiee TEPMOCTONKMMH apMUPYIOIIAMH
HAIOJIHUTENSAMH T10]] OOIMM Ha3BaHHEM bacTeHHT Ha OCHOBE MHHEPAJIOB aPMSHCKOIO MECTOPOXKIEHUS. Y CTaHOBIEHO, UYTO
OHU TMO3BOJISIIOT CTAaOMIM3MPOBATh (PUKIMOHHO-U3HOCHBIE  XapaKTEPUCTUKH Mapbl TPEHHS TIPU TTOBEPXHOCTHBIX
temmeparypax 500...600 °C  ycTpaHHTH TOBEPXHOCTHEIC NDEKThl KOHTAKTHPYIOLINX NETaNeil H TEPMHYECKHE TPEIIHHbI
METAJUTHYECKOTO KOHTPTENa, YMEHBIINTh H3HOC (PUKIMOHHON HAKJIAAKU M KOHTpTena B 1,8 u 1,6 pa3a COOTBETCTBECHHO B
YCIIOBHSX HAIWYHS BIAard BO GPUKIMOHHOM KOHTAKTE, CTAOMIM3UPOBATh U MOBBICUTH KOA(QHUIIMEeHT Tperus B 1,5 pasa npu
400...600 °C, samuTuts MOBEPXHOCTh TPEHMsI KOHTPTENA OT KOPPO3HOHHOIO U BOJOPOJHOIO H3HOCA.

Panee ycTaHOBJIEHO, UTO B YCIOBHUSIX BHICOKOTEMIIEPATYPHOTO TPEHUSI B TOHKUX MOBEPXHOCTHBIX
CosiX (DPPUKIMOHHBIX TOPMO3HBIX MAaTEpUANOB B HANPABICHUUW TPEHUS ACWCTBYIOT OCTaTOYHEIC
pacCTSATUBAIOIINE HAMPSDKEHUS, a MEPIeHINKYISIPHO K HANpPaBICHHUIO TPEHHS — CKUMAIOIINE Hamps-
keHus. [Ipu 3TOM, CoKUMAKOIIE HAMPSHKEHUS 10 a0COTIOTHOMY 3HAYEHUIO MEHBIIIE PACTITUBAIOIIHX.
Takoe HampsHKEHHOE COCTOSHHE TIOBEPXHOCTHBIX CIIOEB — CIIEACTBHE WX OPHEHTAIUH o
HAIPaBJICHUIO CKOJBKEHHS W OHa TMPHBOJUT K PACTPECKUBAHUIO ITOBEPXHOCTH IO HANPaBICHUIO
TpeHus. Mcxons W3 KOHICNIIMHM  YCTaJOCTHO-ACTAMUHAIMOHHOTO MEXaHHW3Ma pa3pylIeHUs
MOBEPXHOCTEH TPEHUSI, PEKOMEHIYIOTCS 3TH HANPSHKCHUS ONPEACIATh ClIeIyomuM oopazom [1-3]:

__M t ——M-t B

(1+tg’B)” T (1+tg’B)

e t; = © 'Ah6/2P, u  t,=n Ah1/2P, xapakTepu3yoT 3aBUCUMOCTH KOMIUIEKCOB o/P, u 1/P, ot
TEOMETPHHU PACTIONOKEHUSI (PPUKIHOHHOTO KOHTAKTA MPH MOCTOSHHBIX 3HaYeHUsX Ah; P,— yJensHOe
NaBJeHWE H/M; Y —yronl TpeHus; Ah—TommHa pabodero ciosi; tg P = X /y — OTHOCUTEIIBHOE
paccTosHUe OT PPUKIIMOHHOTO KOHTAKTA.

Juns co3manus HOBBIX Oolee 3(h(heKTUBHBIX M 0€3acOECTOBBIX MaTepHUANOB HEOOXOIUMO BEISIBUTH
BIUSHAC HAMPsHKEHHO-NTS(HOPMHPOBAHHOTO COCTOSIHHS Ha pabOTOCIOCOOHOCTh (PUKIIMOHHBIX
TOPMO3HBIX MaTEPHAJIOB B YCIIOBUSIX BHICOKOTEMIIEPATYPHOTO TPEHHSL.

[lo crermanehoit mporpamme MathCAD 2000 Professional npu xoaddunmente tpenus tgy =
0,2...0,7u tgp=-—10...+10, paccUHTHIBaINCh U HCCIeAoBaINCh QyHKIHH t; uty (puc.l).

-0,4 ty

- -0,2

| | ] |
10 5 0 5 10 tp -0 5 0 5 10 tep

Puc.1. Pesynbrarsl nccienoBannii pyHkuuii ty u t,

136



[Ipu 3TOM BBISICHWIIOCH, YTO BHE WHTepBayia -3..+3 QYHKIUHU t; W t, IPUHAMAIOT 3HAYCHHUS,
ONMU3KME K HYJIO, MOATOMY HMX CIEAYEeT aHAIM3UPOBaTh TOJLKO B HMHTepBasie -3...+3. Pe3ynbraThl
pacuéroB QyHKIMI t; U t, UIT JAHHOTO MHTEpBaIa NPUBEACHBI B TaOIHIIE.

Cremyer OTMETHTH, UYTO 3KCTpeMajbHOE 3HadeHHWe (QYHKIUA t; mpuHUMaeT mpu tgf = 0, T.e.
CKAMAIOIUE HAMPSHKCHUsT ¢ HauOONbIINE 3HAYCHUS NPUHUMAIOT B TOYKAX, HAXOMSIIMXCS HA OCH
BekTopa P,. KacatenbHble HampsokeHUS T SKCTpeMalbHBbIE 3HAUCHHS MPUHUMAIOT MPHOIN3UTEIHHO
nipu tgB=|0,5|, uTo cooTBeTcTBYET Po=26". PacTpeckiBaHHe paGouero cios NPy TAKOM HANPSKESHHOM
COCTOSIHUM IIPOUCXOJIUT NPH CMBIKAaHHU TTOBEPXHOCTHBIX TPEILIMH C ITOIIOBEPXHOCTHON TPEIINHOM B
TOYKaxX, TIJ€ T TPUHAMACT MaKCHMaJbHOE 3HAUCHHE. OJTO NPEAINOJIOKEHNE COTIacyercsl ¢
pe3yJibTaTaMu, NPUBEASHHBIMUA B paboTe [4], rie, B 4acTHOCTH, MOKa3aHO, YTO YroOJ HalpaBiICHUS
PacIpOCTpaHEHUS BEPTUKAIBHONW TPEIINHBI, H3MEPEHHBIH 110 OTHONICHUIO K BEPTUKAIH, H3MEHSIETCS
B mpenenax 0..20° u TeHAEHLUS K MEPECEYCHHI0 BEPTHKAIBHOM TPEIIMHBI C TOPHU30HTAIBHOM
NPUBOIUT K Pa3pyLICHUIO MaTepualla IIOBEPXHOCTHOTO CJIOS OCPEACTBOM OTCIIaUBaHUSI.

OcraToyHble HANpPsHKEHHS NPEBBIMIAIOT TPeel MPOYHOCTH (PPUKIMOHHOTO MaTepHaia IpH
cpese. CrieoBarenbHO, A1l 00ECHICUCHHS YIOBIETBOPUTEIBHON paboTOCIIOCOOHOCTH MPH BBICOKHX
TeMIIepaTypax peliaroiiee 3HaueHHe UMEIOT CBOMCTBa apMHUPYIOLINX HAMIOJHUTEINEH.

Taobnuua
3HadeHus GyHKIMHA t; U t, TIPH pa3IMIHBIX KO3 GUIIMEHTaX TPEHUS
tg B tgy=0,2 tgy =03 tgy =04
tl tz tl tz tl t2
-3,0 | -0,004 | 0,012 -0,001 0,003 -0,002 0,006
-2,5 -0,009 0,020 -0,0048 0,012 -0,003 0,009
-2,0 -0,024 0,040 -0,016 0,032 -0,008 0,016
-1,5 -0,066 0,090 -0,052 0,078 -0,038 0,060
-1,0 -0,200 0,200 -0,175 0,175 -0,150 0,150
-0,5 -0,570 0,280 -0,944 0,270 -0,512 0,256
0 -1 0 -1 0 -1 0
0,5 -0,700 -0,350 -0,736 -0,368 -0,768 -0,384
1,0 -0,300 -0,300 -0,325 -0,325 -0,350 -0,350
1,5 -0,123 -0,180 -0,137 -0,206 -0,150 -0,230
2,0 [-0,050 -0,112 -0,064 -0,128 -0,070 -0,140
2,5 -0,029 -0,070 -0,053 -0,080 -0,038 -0,095
3,0 -0,016 -0,040 -0,020 -0,060 -0,022 -0,066

B kauectBe 0Ooiiee TEPMOCTOWKHMX apMHUPYIONIMX HAMOJIHUTENCH BhIOpATUCh 0a3albTOBBIC U
CTCKIITHHBIC BOJIOKHA, TOJYYCHHBIC M3 MHUHEPAJIOB apMSHCKOro MectopoxiaeHus. [Ipu paspaborke
HOBBIX (DPUKITMOHHBIX 0€3acOECTOBBIX MOJIMMEPHBIX MaTepHajoB OblIa IMOCTaBJICHA 3a/ada: CO3/aTh
KOMIIO3UIIUM Ha 0a3e 0a3aJbTOBOTO M CTEKISHHOTO BOJIOKOH CO CTaOWJIBHBIMH TPUOOJIOTHYESCKUMH
CBOMCTBAMH B IIMPOKOM JHATNA30HE TEMIIEPaTyp Ha MOBEPXHOCTH TPEHHUS.

B pesynbrare 1ejeHanpaBlIeHHOTO BhIOOpA CBSA3YIONIMX, MOPOIIKOOOPA3HBIX HAMOIHHUTENCH H
MUHEPAJIOB  apMSHCKOTO MECTOPOXKICHHS  CO3JaHbl HOBBIC (DPUKIMOHHBIE 0Oe3acOeCTOBBIC
KOMIIO3UITMOHHBIC MaTepualibl ToJ oOmmMM Ha3BaHueM bactenut. Ha ocHOBe TpéxaTamHoro
PalMOHANBHOTO IUKJIA SKCIEPUMEHTABLHOTO UccienoBanus [1,2] ycTaHOBIEHO, 4TO 0a3anbTOBBIE U
CTCKJIAHHBIC BOJIOKHA SABJIAIOTCA YCHCIOHBIMH 3aMCHUTCIIAMUA acOeCTOBBIX BOJIOKOH, 6nar0):[ap${ ux
CPaBHHUTEIBHO BBICOKOW MPOYHOCTH. Pa3paboTaH MexaHW3M CTPYKTypooOpa3oBaHUS HOBBIX
MaTepHanoB, COTJIaCHO KOTOPOMY BOJIOKHA OOCCICUYMBAIOT BBICOKYIO MPOYHOCTH KOMITO3HUIIHH,
paboTaloT Kak caMOCTOSTENLHBIC HATOJHUTEIN, HE HAXO/AACh B XUMHUECKOW CBS3H C TOJUMEPHBIM
CBA3YyIOIIUM, OTHOBPEMECHHO IMMOBBIIIAIOT TpI/I6OJIOI‘I/I‘-IeCKI/Ie XapaKTECpUCTUKU MaTCpUaa. PGSYJII)TaTBI
CTCHJIOBBIX MCIIBITAHUHN MaTepralioB bacTeHUT npuBeeHbI Ha puc.2.
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Puc.2. 3ona 3 (heKTUBHOCTH TOPMOKEHHS MAaTEPUAIOB bacTEHUT B 3aBUCUMOCTHU OT
JIaBJICHUSI TOPMO3HOT'O NPUBOAA (2,0) U CKOPOCTH TepeiBHKEHHsT aBTOMOOWIIS (B,I)

TopMoO3HBIE KOJIOAKH, U3TOTOBJIEHHbIE U3 MaTepuanoB bacTeHUT MO cBOMM XapaKTepHCTHKaM
OTBeYarOT TpeboBaHusIM Oe3omacHocTH ctaHgapra EOK OOH (Ilpaemio N13, nmpunoxenue 15). Ilpu
HarpeBHOM IHKJIE pa3dpoc 3HAYEHWH TOPMO3HOTO MOMEHTa He mpeBbimaer 15% M HaxomuTcs Ha
ypoBHe mokazaTeneil [5]. 3HaueHHs 3(PPEKTHBHOCTH TOPMOXKCHHUS B 3aBHCUMOCTH OT AaBJICHUS B
npuBoze (puc.2,a) U OT CKOPOCTH CKOJbKEHMA (pucC.2,B) yKIaabIBalOTCs B 30HY 15%-ro gomycka.
[TokazaTenn BoCCTaHABIMBAEMOCTH TOPMOXKEHHUS B 3aBHCHMOCTH OT JIaBJICHHUA B mpuBoje (puc.2,0) u
OT CKOPOCTH CKOJIbXEHHS (pHc.2,I') He OTIIMYAIOTCS OT HOPMAaTUBHBIX TIOKa3aresei ctanaapra [5].

Marepuansl bacTeHUT MO3BOJAIOT cTAOMIN3UPOBATh (PPUKLIUOHHO-U3HOCHBIE XapaKTEPUCTUKU
Taphbl TPEHHs TIPU TIOBEPXHOCTHBIX Temmeparypax 500...600 °C ycTpaHHTh MOBEPXHOCTHBIE Ae(EKThI
KOHTAKTHPYIOIIUX JeTajiedl M TepMUYECKHE TPEIIMHbl METaJUIMYeCKOro KOHTPTENa, YMEHBIIUTh
n3HOC (PPUKIMOHHON HAKJIaJKU M KoHTpTena B 1,8 u 1,6 pa3a cOOCTBETCTBEHHO B YCIOBHSIX HATUYUS
BJard BO ()PUKLUOHHOM KOHTAaKTe, CTAaOMIM3MPOBATh U MOBBICUTH KO3(UIMEHT TpeHus B 1,5 pasza
mpu 400...600 °C, 3amuTHTH TTOBEPXHOCTh TPEHHS KOHTPTEIA OT KOPPOSHOHHOTO H BOJOPOJHOTO
M3HOCA.
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NCCIENJOBAHHUE 3AJAYH PACITPOCTPAHEHUA ITPOJIOJIBHBIX BOJIH B
MMPOBOJAINEU IIVIACTUHKE ITPU HAJIMYUU ITPOJOJIBHOI'O MAI'HUTHOI'O
1HOJIsA

IMorocsan A.C., Munacsin .M.

C moMoIbi0 ypaBHEHHUH, OIyYEeHHBIX Ha OCHOBE yTOYHEHMH 3JIEKTPOMArHUTHOH YacTH TUIOTE3bl MATHUTOYNIPYTOCTH
TOHKHX TeJ, WCCIEIOBAHO PACHPOCTPAHEHHE IPOJONBHBIX BOJTH B 3JIEKTPONPOBOAAIINX IUIACTUHAX B IIPOAOTHHOM
MarHATHOM IIOJIE.

ACHMITOTHYECKOE Pa3I0KEeHNEe HCKOMOM BEITMUMHBI TPOBEIEHO JUIS ¢1a00- ¥ CHIIEHOIPOBOSIINX IIACTHH.

B paborax [1, 2] ycTaHOBJIEHO, YTO IIPH HCCIICIOBAHUHU 3a7ad KOJICOAHUH SJIEKTPOIPOBOISIINX
TUTACTHH B MarHUTHOM Tone y4€T aedopMariuii monepevHOro CABUTa YTOUHSET 3a7a4uy MOMEPEYHBIX
KOJNICOAHWI TIACTHHKH, a TMPEANOoNOKEHHEe O JIMHCHHOM 3aKOHE W3MEHCHUS KOMIIOHEHT
WHIYIIUPOBAHHOTO 3JEKTPOMATHUTHOIO TOJS MO TOJIIUHE TUIACTHMHKU YTOYHSET 3aJa4yd Cadoro
B3aUMOJICHCTBHs. [IprMepaMu Takux 3a7ad SBJISIOTCS MPOMOJbHBIC KoONeOaHWsS TJIACTUHKH B
MPOJOJILHOM MArHUTHOM IOJiE W TMOMEPEeYHbIe KOJICOAHUS IIACTHHKH B TOMEPEYHOM MATHUTHOM
nmone. [lpu 3TOoM, B ciayyae MpPOAOIBHOIO MArHUTHOTO IIOJII MOXHO OIPaHUYUBATHCS JIUIIb
MPUHATHEM JHHEWHOTO 3aKOHA W3MEHEHUS I TaHTCHIMAIBHBIX KOMIIOHEHT 3JICKTPUYECKOTO OIS
[2].

Paccmotpum 3amauy o pacnpoCTpaHEHHMH MPOJOJBHBIX BOJH B TOHKOM YIPYTOM IMPOBOISIIEM

cnoe (MIACTHHKA IOCTOSHHOM TommmHel 2N M ¢ 2J1eKTpONnpOBOAMMOCTBIOG ) B HPOAOIHLHOM
MArHUTHOM I1OJIE B(O, BZ,O). JlekapToBasi cucTteMa KoopauHat X, Y, Z BbelOpaHa Tak, 4TO
CpeqMHHAs TIOCKOCTh Hee(OPMUPOBAHHOM ITACTUHKU COBIMAIAET C KOOPAMHATHOM MIOCKOCTBIO X,
Y. MaruuTHass ¥ AMAJIEKTPHYECKas MPOHUIAEMOCTH MaTepuaia IUIACTHHKU CUMTAIOTCS PaBHBIMH

€JVHHULIE, a AJIEKTPOMAarHUTHBIE CBOICTBA Cpelbl, OKPY)KAIOLIEH NMIAaCTHMHKY — 3KBUBAJEHTHBIMU CO
CBOICTBaMHU BaKkyyMa.

YpaBHEeHHs HccIeqyeMoil 3amadd ObUIM TOJIy4eHbl Ha OCHOBE JIMHEApH30BAHHBIX YpPaBHEHUH
3NEKTPOJIUHAMMKH, YPaBHEHUN IBM)KEHUS TOHKHX IUIACTHUH C yUETOM THIOTE3bl HeAehOPMHUPYEMBIX
HOpMareit [3].

I[J'IH U3MECHCHHUA KOMIIOHCHT el, e2, h3 QJICKTPOMArHUTHOTO IIOJA IO TOJJHIMHE IINIACTUHKHU

MIPUHUMAIOTCS CIICAYOMUC MMPEATIOIOKCHHUA:

e =p(Xy,t)+2¢,(X y,1)

&, =y (X y.t)+ 2y, (X y.1)

f(xy.t)

B caywae omHOMepHOH 3amaum (pacHpocTpaHEHHE HE 3aBHCUT OT KOOpAMHATHL Y ) IpH

h3

JAOMNOJHUTCIIbHBIX OOMNYHICHUAX OTHOCHUTCIBHO XapaKTepa U3MCHCHUSA SJICKTPOMArHUTHOI'O IIOJSA B

OKpy>Karolel cpene [3] moiydaercs ciaeayromas 3aMKHyTasi CUCTeMa ypaBHEHUH [2]:
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E 82u+aB2 h’op ¢ a(h +h o’u

1-v?ox> ¢ | 3 0x 4mo ox 2 ot?
0* 4zo 0 )| h? c (h'+h; B, o°u

Pl T T | | =0 (1)
OX c- ot)| 3 Ao 2 C Oxot

0> 10" \h+h, _ hog
ox> ¢’ ot 2 AcC ot

Pemenne cuctemsr (1) mpeactaBuM B BUZIE BOJH, PACTIPOCTPAHAIOIINXCS BIOJb TUTACTHHKH IO OCH

Ox
h+ h_ _ h+ h— i(wt—kx)
U, @,N N,y =1Ug ooy +1, 1€ , ()
rae Uy, @, h;n + h2—o = const, @ — yacrora konebanuii, K — BonHOBOE UKCIIO.

IMoxcrasmsis pemerns (2) B cuctemy ypauenmii (1) u mpummmas A =K', @’c’k™ <<1,
|a)| <<47o  (COOTBETCTBYET YCIIOBUIO TPEHEOPEKEHHS TOKAMH CMEHICHHs), IOJYYCHHOE

XapaKTCPUCTUUICCKOC YPAaBHCHNC MOXXHO IIPCACTABUTH B CIICAYIOLICM 6e3p8,3MepHOM BUIC:

ER, Y +Q*+ER (14 4,)Q+1=0 3)
1) 5 Ek’ e E NE] 4rzoc,h
rre Q=—, o, =—2:C0k s G =—F——> Rm:——2 — MarHMTHOE YHCIIO
, p(l—v ) p(l—v ) 3 ¢
2
Peiinonsaca, [, = Lzz — BEJIMYMHA THUIIA MAarHUTHOI'O IaBJICHUS (XapaKTepU3yeT HHTEHCHBHOCTH
CO
B’ k*h’

2 2
BIIMAHUS MarHuTHOI'O IIOJIA, a VA2 = — CKOPOCTBh pACIIPOCTPAHCHUS BOJIH AJ'IBBGH&), é: =

3

I/ICCJ'IG,E[OBaHI/IG YpaBHCHUA (3) HpOBe,E[éM C MOMOIIIBKO ACUMIITOTUYCECKOTO PA3JIOKCHUA HCKOMOM

BenmnunHbl (2 1o mapamerpy R, NIpomopuHOHAIbHOMY 3IEKTPONPOBOAUMOCTH IUIACTHHKH O .
PaccmoTpuM fBa cirydasi, COOTBETCTBYIOIINE CITA0OMPOBOSIINM U CHIBHOIIPOBOISAIINM IIITACTHHKAM:
R,<1uR, >1T[4]

1. Cnabonposodawue nnacmunku. Takue IIIACTHHKY XapaKTepHU3yroTcs HepaBeHcTBoM R <1.
Hckomyto BenuuuHy €2 HpeICcTaBUM B BHAE aCHMITOTHYECKOrO pasiokeHus mo R :

Q=0Q,+RQ +R2Q +... 4)

IoxcraBisas (4) B ypaBHeHue (3) M IpHUpPaBHHBAs WICHBI NPH ONMHAKOBBIX CTemeHAX R,

0 1
MOJTyYUM HYJIEBBIC MPHOIKEHUS (R ) , TIEpBBIE — TIpH (Rm) u T.4. [Ipu 3TOM paznudarorcs 1Ba

m

Cjiydas B 3aBUCUMOCTU OT BCIIMYMHBI MArHUTHOT'O JaBJICHUA ,82 <<1lmn ﬂZ ~1.
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B HyneBOM NpHONTMKESHUU HMEEM

Qé—i—l:O Wi © = 0,

OTMeTI/IM, qToO aHaJ]OFI/I‘IHBII‘/'I peSy.IIBTaT HOJ'Iy‘-II/ITCH, cciin IIaHHyIO 3aﬂaqy peIHI/ITB Ha OCHOBC
THUTIOTE3BI MATHUTOYIIPYTOCTH TOHKUX Tl [3].

B nepsom npubmamkennn (2, OyzeT yxke 3aBUCETh OT H3BECTHOI'O HyJICBOIO HPUOIIKCHHSA:
2 2\ _
QF +Q,&(1+ B, +07) =0,
OTKyza
2 _
Q =-¢&B,Q, ut.n
2. CunvHonposoosawue naiacmunku. B 5ToM ciiydae TUIacTHHKA XapaKTepHU3yeTcs HEPaBEeHCTBOM
Rm > 1 , U HCKOMas B€JIMYHWHaA Q IpeaACTaBIACTCA B BUAC ACUMITOTUYCCKOI'O pPasJIOKCHUA 110

oOpartHbM crenensM R :
Q=0Q,+R'Q +R*Q, +... (5)

-1
[oncrasnsst (5) B ypaBHeHue (3) W mpHUpaBHUBAs WICHbI NPH OJUHAKOBBIX CTEHECHAX (Rm)

MMOCJICAOBATCIIbHO, IIOJIYYUM YPABHCHHA ACHMITOTUYCCKUX HpH6J’IH)K6HPIﬁ. ypaBHCHI/IC HYJIEBOT'O

l'IpI/I6J'II/I>K6HI/IH, COOTBCTCTBYHOIIICC uaeanbHOU mpoBOAUMOCTH, 6y,[[eT:
Q) +1+,=0
W
o’ =, (1+,)
ITonpaBka Ql COTJIaCHO YPaBHEHHIO TIEPBOTO MPUOIIKEHUS Oy IEeT OMPEICNIIATHCS BRIPAKCHHEM

2

Ql = ?{2(2) nu.T.1O.

[IpakTHueckne 3HAYEHWS TIPU pEIICHWH 337ad WMMEIT HyJEeBble NPUOIMKEHHs, KOTOpHIE
CYIIECTBEHHO TMpOIIE HCXOJHBIX ypaBHeHUM. Ha ocHOBe ypaBHEHUN WHAE€ATbHOM MNPOBOJMMOCTU
pereHo OoJbIIoe KOMWYECTBO 3adad, a B TPHOMMKCHHUH CIa00d TPOBOAMMOCTH IOJIYICHO

SHAYUTCIIbHO MCHBIIIC peH_IeHI/Iﬁ .
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OB OJITHOM 3AJIAYE YCTOMYUBOCTH CKATOM MPSIMOYIOJIBHOM IJIACTUHKHA

IMorocan /1. M.

B paGote paccmarpuBaercs 3a1aya yCTOHYMBOCTH BO3MYIIEHHOTO JBIDKCHUSI INIACTHHKHU, HATPYXEHHOTO «CIISISIIEH)
CWJIOH, IIPU HAJIUYUU COCPEAOTOYEHHOH HHEpLUOHHOM Macchl. [loka3aHo, 4TO, KOTJa TPH OCTAJAbHBIX Kpas ILIACTUHKH
LIAPHUPHO 3aKPEeIlIeHBbl, TO CYLIECTBYET JUBEPIreHTHAsi HEYCTOHUMBOCTb. A KOIa /Ba IMPOTUBOIOIOXKHBIX Kpasl IIapHUPHO
3aKpeIUICHBI, a TPETUl 3aIieMiIEH, TO B 3TOM Cllydyae JUBEPreHTHOM HeyCTOWYMBOCTH HE CyllecTByeT. UacTHbIN cityuail aToi
3a7aud ecTh 3aj7aua boloTHHA, KOTOPBIN BIEPBBIE BBIYMCINI KPUTHUECKYIO CHIY Ul YCTOMYMBOCTH THOKOTO CTEPIKHS,
3aJIeTaHHOTO OJHMM KOHIIOM M Harpy>k€HHOTO Ha JIpyroM KOHLE TAHICHIHAJIbHOM CXXHMalomed cuioi. 3amaqu
YCTOWYMBOCTH YHPYTrOM CHUCTEMBI, HArpyX€HHOM ciensmuMu cuiamu, Brepsble uccienoan E.JI.Hukoman. Hukonaw,
BonoTtnH n Bek m3BecTHBI CBOMMH 3a/1adaMi yCTOHYHBOCTH CTEPIKHS, HATPYKEHHBIMH CIICSIIUIMH CHIAMH.

IInactunka 3ammMaer obmacth 0<X<a,0<y<bh,—h<z<h. Vpasuenue ycroitunBoctu

TUTACTHHKY TIPU HAIMYHMU COKUMarolel Harpy3ku P Ha kpoMke X = a umeert Bun [ 1, 2]

2
DA2w+Pa W_o (1.1)
OX

T =

rae D — usrubnas xEcTKOCTh MIacTUHKU, W = W(X, y,t) -

,Z[I/IHaMI/I‘IGCKI/Iﬁ HpOl"I/I6 B Ka)K,Z[Oﬁ TOYKEC IIJTACTUHKH.

I'pannyHbIe yCIOBUS Ha KpPOMKE X =a 3aluChIBAIOTCS
CJICIYIOIIUM 00pa3oM:

~ o'w
N, = >
HJTH (1.2)
o’w  o'w o (o'w o°’w) mo'w
7 tV——==0, ~ 2+(2_V) 2 | TR A2
OX oy OX | OX oy D ot
AmHanmornyHas 3aava pu OTCYTCTBUU COCPEIOTOUCHHON MAcChl paccMOTpeHa B [3].
1. Kpas mnacturku X =0 u Y = 0,b mapaupHO 3akpenens!
o’w
X=0: w=0, —=0 (1.3)
OX
o'W
y=0,b: w=0, =0 (1.4)
8y2
Pemenne ypaBaenus (1.1) mpencrasisieTcs B BUAC
< . X
W= fn(x)sm(nﬂy)*ea’t X==; y:%; n=12.. (1.5)
n=1 a

C TeM, YTOOBI yAOBIETBOPUTH IpaHU4YHBIM ycioBusM (1.4). Iloacranoska (1.5) B (1.1) mpuBogut x
CIIeAyIOIIeH 3a1aue Ha COOCTBEHHbIE 3HAYCHUS:

£,V (P —247 ) f + A1 f, =0 (1.6)

n =
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x=0: f=0, f"=0

3

1.7
x=1: f"=vA2f=0, f"—(2-v)A f'=m’f (1.7
rac
a 3m 2 P 2
A, =—zn; my=a’'—; P =a’—; k=(2-V)4;
b D D

Oomee penienue ypaBHenus (1.6) umeer Buj

f, = A, sh(qx)+ A, ch(qx)+A,sh(q,x)+A,.ch(q,x) (1.8)
rac

_J{a—mﬂi R (P —447)
G = 5

i=12 (1.9)

[Moncrarnss obmee pemenue (1.8) B rpannunbie yenaoBus (1.7), momydaeM ClIeayrOITy0 OJHOPOIHYIO
CHUCTeMy IMHEWHBIX anreOpanuecKuX YpaBHEHWH OTHOCHUTEIBHO IPOU3BOJBHBIX MOCTOSHHBIX
A, #0,i=14:

Azn +A4n =0
A0+ A0 =0

Am(ql-—vz?)sh d)+ A, (a7 —VA; )eh(g, )+

A, (0, =vA7 )sh(a,)+ A, (6" ~vA7 Jeh(g,) =0
(th(J kchmJ gsh(q,))+ (1.10)
(q13s )—ka,sh(q,)—gch(q, ))+

+A3n(q2 ch(qz) ka,ch(a, ) - gsh(qz))
+A,,(0,’sh(q,)—ka,sh(a,)—geh(a,))=0

Yro0bl UMETH HeHyJIeBbIe Koo uimenTsl A, mpupaBHUBaeM HyIo JeTepMUHAHT cucteMbl (1.10)

MoJIydaeM CIEAYIOIIee BEIPAKEHUE I YaCTOT COOCTBEHHBIX KOJICOaHUH TIIACTUHKH

- _ 2 (kg —2’q, —vkg, +vq ) ch(q, )sh (g, ) - (kg — 2°0, —vka, +va; )ch (g, )sh(q,) i
" m (o7 —a3)sh(q,)sh(a,) '

0

rne kK z(Z—V)/inz.

PaBeHCTBO HyJI0 YMCIUTENA B BBIPAKEHHU JUIA (U, ONpENENAET IMBEPreHTHYIO KPUTHYECKYIO

Harpysky. B Ta6i.1 npuBeieHs HEKOTOpBIE KpUTHYECKHE 3Hauenns Py, mpu v = 0.3
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Tabmuma 1
in 0.01 0.1 1.0 1.5 1.6 2.0 5.0 10.0 40.0 100.0

P, [7.276] 7.281 | 7.95 | 9.247 | 33.254 | 35.057 | 165.21 | 479.33 | 6659.51 | 40014.4
O6pamas 3namenarens (1.11) B HyIH

(aF —a; )sh(a,)sh(a,)=0 (1.12)

HAaXOJUM KPUTHYECKHE 3Ha4yeHus cuibl Py, npusomsiume k duiarrepHoii Heycroiunsoctd. B Tabn.2

IIPUBECHBl HEKOTOpble KpuTHueckue 3Hauenus P,. Kak Buano u3 (1.12), kpurhueckas cuia He

3aBUCHT OT kKodddunmenta [lyaccona.
Tabmuua 2

A, 10.01] 0.1 1.0 1.5 1.6 2.0 5.0 10.0 40.0 100.0
P, 19.87]9.89 | 11.97 | 14.883 | 15.654 | 19.491 | 105.31 |401.406 | 6402.77 |40001.12

Wrtak, mojayuunvd, 4ro B clilydae IJIACTUHKH, HATPYyXKEHHOW «CHEeAsIen» CUIION, MpU HaIUYUHU
COCpEIOTOYEHHON HMHEPIMOHHOW Macchl W Tpu rpaHndHbix  ycinoBuax (1.3), (1.4) cymectByer
JUBEPreHTHAs HEYCTOMUNBOCTb.

CpaBHHMBAsi YHMCJICHHOE 3HayeHWe CWiIbl Py, m3 Tabmuu 1 W 2, MOXHO CKasaTb, 4TO MOTEPS

YCTOMYMBOCTU JMBEPIeHTHOTO BHJA IOCTYIaeT paHblie, 4eMm QuarrepHoe mpu A 6(0,1.6),3

npu A € [1 .6, 100) , HA00OpOT.

2. PaccMoTpuM Ty ke MIACTUHKY, Kak B 3a4ade 1, TOIbKO ¢ rpaHUYHBIMU ycloBusMH (2.1), (2.2).

X=0: w=0, @20
OX 21)
o'w  oO°w o (o*w o’w) mo*w @
X=a —HV—=0, —| —F+(2-V)— |==—
OX oy OX\ OX ot
2
y=0,b: w=0, Zy—‘f'=0 2.2)

B wactHOM cnydae, korma W = W( X,t) , 3ajJlaya COBITaJIaeT ¢ 3a7adeit bonoruna [4].

Paccyknas Tak, Kak B TMpembIAylIed 3amave, MOMydYaeM CIEAyIollee BbIPAKCHHE sl YacTOT
COOCTBEHHBIX KOJIEOAHUH MIIACTHHKH:

o, =—— (2.3)

rae
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A=((qf‘+q;‘)—2/1n2 (o +q§)+2/1,j‘v(2—v))+2/1n2 ((ql2 +0y)- A (1+v(2—v)))*
*ch(q,)ch(q,)+
+(—2/1n“(2—v)+/1n2(1+v(2—v))(q12 +0; )-v(q +q;‘))sh(ql)sh(q2)
)
/12

n

(q]Ch(ql )Sh(qz)_q2Ch(q2)Sh(q1 ))

O6pawas 3HameHarenb (2.3) B Hylb, HAXOAUM KPHTHYECCKHE 3Ha4eHMs cuibl Py, mpuBomsmme K

(bnaTTepHOI HEYCTONYMBOCTH.

B Talu. 3 npuBeseHBI HEKOTOPBIE KpuTHYeckue 3Haverns By mpu n =1.

Tabnuua 3
A 0.01 0.1 1.0 5.0 10.0 40.0 100.0

P 20.19 20.21 22.27 111.86 | 408.98 | 6410.12 | 40010.0

PaBeHcTBO HYJIIO YUCIUTECIA B BBIPAXCHUU IJId Q)n OnpeacsICT AUBCPICHTHYIO KPUTHYCCKYIO

HarpysKy.

A:((qf +03 )-247 (o +q22)+2/1;‘v(2—v))+2/1n2 ((qf +0 )= A7 (1+v(2—v)))*
+ch(q,)ch(q,)+ (2.4)
(=247 (2=v)+ 47 (1+v(2-v))(a7 + a3 )-v(q; +a;))sh(g,)sh(g,) =0

B 3TOM ciydae dncleHHbIE pacy€Thl ¢ MOMOIIBIO TPOrpaMMbl MaTeMaTHKa, MOKa3bIBaloT, YTO UMEEM
2
TonbKO (ukTHBHOE pemenue Py =447 .

MosxHo 1okasats, uto P, = 4/1n2 — ukTHBHOE, U1 9TOTO, MOACTaBIsA 3HayeHue Py B ypaBHeHne

(1.1), u3 pemrenns (1.1) npu rpaHUYHBIX yeIIoBUsx (2.1), (2.2) Haxomum W(X, y,t) =0.
Ha puc.1 mpencraBneHs rpaduku JIst A( R ) GyHKITHN.

6.x107

=0.001; v=043 I -
A=0001; ¥ 0 ‘ ‘

' po
5.x1077 F 200 400 600 800 1000

b I 1=100; v=04
410 —2.x100F

3.x1077 F

; -4, x100F
2.x1077 f —

Lx1077} ~6.x10

0.0006

L pg
00008 00010 Pgrc. 1.

0 L L L L L L Il L
0.0004
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PaccmoTpum yacTHBIN ciyvaid, korga W = W(X,t) , TO €CTh MPOTH0 TJIACTUHKHU 3aBHCUT TOJIBKO

OoT X, B 3TOM cllydac

b>wo = 150 (2.5)
CIEI0BATEIbHO, 3HAYCHUE a)n2 u3 (2.3), yuurtsiBas (2.5), npuMeT BUj
A A
wp =——- (2.6)

m, (o =), (sh(a,)-d.ch(q,))

TIe

A:((qf+qj)—2/1nz(qf+q22)+2/’t;‘v(2—v))+2/1§((q12+q22)—/1nz(1+v(2—v)))ch(q2)+
+(—2/1: (2-v)+ 47 (1+v(2-v))(a; + 5 ) -v(a; +q;‘))q1 sh(a,)
mpu 4, >0 = A>0, A(R =0)=0.

OOpamas 3HameHatenb (2.6) B HyJb, HAXOIUM KPUTHYECKHAE 3HAYCHUS CHIIBI Po: MPUBOJIAIINE K

(aTTepHOI HEYCTOHYNBOCTH

sh(d,)-d,ch(d,)=0 th(g,)=0, = P =(449)
> D

a’

Kpurtnyeckoe 3Hauenue cuibl P coBmagaeT ¢ kpuruueckoi cuioi 3anauun bonoruna [4].
Hrak, B cioy4ae IUIACTHHKH, KaK U B CIydae CTEPXKHs, HATPYKEHHOTO «CIEISIIEH» CHIION, IpH

HaJUYUHA COCPENOTOYEHHON MHEPLMOHHON MAcChl, IMBEPre€HTHOW HEYCTOMYMBOCTH HE CYIIECTBYET

NIPY TPAaHWYHBIX YCIOBUAX TUNA (2.2).

P =(4.49) 2.7)
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MCCJIEJTOBAHUE HAIIPSIKEHHOI'O COCTOSIHHS BO3JIE IBYX TPEIINH,
BBIXO/ISIIUX U3 OJHOM TOUYKH, TPU BO3IEIICTBUU BOJIHOM IPOI0JILHOI'O
CIBUTA

ITonmos B.T.

Pemiena 3agaua onpenenenus auHamudeckux KMH i 1Byx TpemuH, BEIXOIAIUX U3 oAHOU Touku. Ha Tpeniunel geiicTByer
rapMOHHMYECKas BOJIHA IIPOJOJIBHOrO caBura. McxonHas 3aiada cBeicHA K PELICHUIO CUCTEMBI JBYX CUHIYJISIPHBIX HHTETPO-
i depeHManbHbIX ypaBHEHNH ¢ HENOABM)KHBIMU OCOOCHHOCTSIMU. J{JIs YMCIIEHHOTO PELICHHs STOH CHCTEMBI IPEIUIOKEH
YHUCIICHHBII METOJ, KOTOPBII YYHTHIBAET PEalbHYI0 ACHMITOTHUKY HEHM3BECTHBIX (DYHKLMH M HCIOJB3YeT ClieluaabHbIe
KBaJIpaTypHbIe (POPMYJIBI AJIsI CHHTYJISIPHBIX MHTETPAJIOB.

IlocTanoBka 3a1auu W CBeJeHHE K CHCTeMe CHHIYJSAPHBIX HHTErpo-auddgepeHnnajbHbIX
ypaBHenuii (CCHUAY). Ilycts H30TpONHOE YIpyroe TeI0 HAXOAWTCA B YCIOBUSAX AHTUIUIOCKOM
neGopManu M COAEPXKHUT [IBE TPEIIWHBI, BBIXOISIINE M3 OJHOH TOYKH (puc.l). DTH TpewmuHbl B
miockoct OXy 3anmmator otpesku 2d, u o6pasyror ¢ ocsto OX yrust @, , K =1,2. C tpemmnamu

BSaHMOIIefICTByeT IIJIOCKass BOJIHA IIPOAOJILHOI'O CIABHI'a, KOTOpas BBIZBIBACT B TEJIC CICAYIONIUC

nepeMeuicHd BA0JIb OCHU Oz

2
ix, (xcos@y+ysinb,) 2 prw

a — —
w (Xay)_Ae 9K2 - (11)
G
rae @ — dactora Konebaumil, p,G — IIOTHOCTP M MOAYNb CIABUra Tena, 6, — yrom Mexmy
HATIpaBIEHHEM M PACTIPOCTPAHEHHEM BOMHBI M ocblo OX. Muoxutens €', ompenensiouimii
. 3aBHCHMOCTB OT BPEMEHH 3]eCh U Jlajiee OTOPOIICH.
Y ITlycte W(X,Y) — enuHcTBeHHas, He paBHas O mpu
AHTUIUIOCKO# nedopmaruu, Z — KOMIIOHEHTa BEKTOpa
Ziq Z? HepeMeleHN, BbI3BaHHAsI BOJHAMH, OTPAKEHHBIMH OT
)/ \ b, 75,  TpemuH. OHa onpenensercs U3 ypaBHenus ['enbmromnbua
~_ . / 2
~ \ AW+, w=0 1.2
o/ Y 2W=0, (1.2)
! \ rie A — oneparop Jlartaca B cucreme koopaunar OXy .
/ a
, 2\ - o
Y51 : ~  J1a GopMyIHpOBKM TPaHMYHBIX YCIOBHI Ha TPEIIMHAX C
o A KOKIOM M3 HHUX CBf3BIBACTCS JIOKAIbHAs —CHCTEMa
7
KOOPIUHAT oxy,,l=12 (puc.1). IMycts

Vvl (X| H yl )7 \N|q(XI H yl) NOJTYy1CHbI U3 W(Xa y): Wq(xa y) B

pe3ynpTaTe mepexoja K JIOKAIbHBIM KOOPIMHATAM.

Puc.1. Ecnu cuntath Oepera TpemuH CBOOOIHBIMU OT HAIPSKEHHH,
TO TOTJa Ha KaXKA0H U3 HUX JOJIKHO BBITOIHATHCS PAaBEHCTBO
ow, ow
! |
Ty, (%,0)= —T?yl (%,0),—d, <x <d,, =12, Ty, = G—,7r' =G— (1.3)

ayl ) 8y|

Taroke Ha Ka)KI0M TpeluHe nepemMenieHus W, (XI > Y ) AMEIOT pa3phiB ¢ HEU3BECTHBIM CKAYKOM

W (%,+0) =W (%,-0)= (%), 1=12 (1.4)

[Ipu chopMynHpOBaHHBIX YCIOBHSIX CTABUTCS 3ajada OMPEICIUTh IMepEMEIICHUS U HAIPSDKCHUS
nudpakiroHHoro nojis u Haiitu KWUH mis tpeuus.

[ns pemienusa 3Tod 3ajayM JUisl KaXIOW TPELIMHBI B CUCTEME KOOPJIHWHAT CBA3aHHOW C HEH
CTPOUTCS pa3pLIBHoe pemeHHe ypauenus (1.2) co ckaukom (1.4) [1].

W (Xes Vi) = .[;(k —n(n—X.Y)dn, k=12 (1.5)
—dy
rz(ﬂ_xkayk) _ZH ( (77 Xk) +ylf)
ITocne 3Toro NnepeMelICHus I[I/I(bpaKLII/IOHHOFO II0JI1 B CUCTEMC OXy MMpeACTaBIAOTCA B BUAC
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WX, y)=w’ (X y)+w (xy), (1.6)
rae W, (X, y), k =1,2 nonyuarorcs no gpopmynam (1.5) nocie npeo6pasoBanus KoopauHat. UToOb!

OKOHYATEJILHO ONPE/C/IUTh MEPEMEIICHUS U HAMPSDKEHUS B MOJIYIPOCTPAHCTBE, HEOOXOAMMO HANTH
Heu3BecTHbIe ckauku (1.4) mepemermenuii. s 3TOTO clemyeT UCHOIb30BATh OCTABIIMECS YCIOBHS
(1.3). Hpe,Z[BapI/ITeJ'H:HO Ha ocHoBaHmH (1.5), (1.6) HaxogMM

Zz—zyk zy| = _fok Sin(ak - )+Tfyk cos(ak —Q )7 I=1,2. (1.7

B cooterctBuu ¢ (1.6) cnaraemsie B (1.7) onpenemnsirorcst popmynoi

ot gy e)

X (77) 4 0

+i%Gcosoc,k I ;(k(ﬂ)'Hél)(’fz\/QTk)dﬂa

Q. :(77+dk —(# +d, )cos ey +Y, sinozlk)2 +((K, +d, )sing, +Y, cosalk)z; a, =, —a,.

((77+dk)cosalk—(X|+d|))d77+ (1.8)

k

IMocne mepecranoBku (1.7), (1.8) B (1.3) momywaem cucTeMy IBYX CHHTYJSIPHBIX HHTErpajbHO-
L[H(bq)epeHuHanLHHX ypaBHEHUI

_I { +R, (7 é/):|d2'+ij;(02 (1) 9,(z.O)+R, (r=¢) ]dr+

1 1 L
+E[¢l( o) -1 Il =¢]+U,, (z ;)]dwg[(pz(r).uu(r,g)dr= (&), (1.9

LI@;(T){ _lé,‘l'Rzz(T_é/)}dT‘FiJ;(pl I:ng(T §)+R21 :IdT+

1 1
+i‘[¢2 (r)[—yzzlc(f ln|r—é’|+U22 (z'—g”)}dﬂr%[(pz (z-)-U21 (z.¢)dr=f, (g”),
f, (é’)z—iKOCO sin(@o—a,)exp(ixoyl (1+é’)cos(¢90—a,)), 1=12
n=doz, x=d¢, y=d'd, x,=xd, d=max(d,d,),
o (7)=d x (d,7), C,=d7'A kI=12.

gu(r,0) 20D B A=N)ps oy Z(nU=D)cs fr (4 O))r
%.(7,¢) 0, (7,¢)

A (.8) =73 (142) +77 (1-¢) + 27,7, (1-¢ ) (1 +7) cos
Gy (2.8) =71 (1_7)2""722(1"";)2"‘27172 (1+&)(1-7)cos

2. IIpubanskeHHOe pelieHne cucTeMbl HHTerpo-Aud depeHIUAIBHBIX YPABHEHUI.
Hammume y cuctems! (1.9) HemoaBkHBIX ocoOeHHOCTEH Tpu U 7 = —1,{ =1 Bimser Ha moBexeHue

e€ pemeHuit B okpectHocTH Todek ¢ =11 [2]. AcHMNOTOTHKa pelIeHW B WX OKPECTHOCTH

OTIpEIEIAETCS TAKXKE KaK M B CITy9ae CUCTEMBI )KECTKIX BKIFOUCHUH, BBIXOISANINX U3 OJTHOM ToUkH [3].
Y CTaHOBJICHO, YTO IPOU3BOIHBIC HEU3BECTHBIX (PYHKIUH HEOOXOIUMO Pa3bICKUBAThH B BUJIC

() =W, (t)-y, (1), 1=1.2  W,(1)=(1-1) " (1+1) 2, W, (1) =(1=1) 2 (1+1) ", @.1)
A€ IOKa3aTeib 0COOEHHOCTH OMpeaACIACTCAd PAaBCHCTBOM!

o=(-p))Qr-p), f=|a,
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a GyHKIMHA /| (7) HpEeAIoIaraloTCs yA0BICTBOPSIONIMMHI yCIoBHIo I'enbaepa Ha [—1, l] .

HaJ’IBHefILHGe PCIICHUEC OCHOBBIBACTCA Ha aIIMPOKCUMAIIUU 3TUX q)YHKL[I/Iﬁ HWHTCPHOJAINOHHBIMHA
MHOT'O4JICHaMH

n
B =Y, V) = S s Vi =) e2)

e P ()= Pnfafl/ (1), P, (1) = Pnfl/ >“(r) — MHorouneHs! $IKoGH, OPTOTOHATBHBIC C BECOBBIMU

¢yskuusimu W, (7), a 7,,, — KOPHH STHX MHOTOWICHOB. [IpH mpeACcTaBICeHNH HEU3BECTHBIX (yHKIMN

B Buze (2.1), (2.2) ans uaTerpanos c sapom Komu crpaBeinBbI KBaapaTypHbIE GOpMyJIsI [4]
IMdrzznjl//.mi,lzl,z,j=1,2,...,n. (2.3)
LT8G o TG

B ¢opmyne (16) &, (1=1,2, j=1,2,...,n) — nymu Qynxumit SAxo6n BTOpOro pona Jn_a_l/z(r) u

J. Ve (r),a A, —x03duImeHTs COOTBETCTBYOMIMIT KBapaTypHbIX Gpopmyi ['aycca-Skobu [5].

Janee aHamorHyHble (OPMYIIBI HEOOXOIUMO IONYYUTh U WHTETPAIOB C HETIOABIKHBIMHU
0COOEHHOCTAMU

1
El = [ @l (D9 (z.¢)dr, Lk =1,2,1 2K, (2.4)
-1

Ecu 1-¢ >¢,1+4 >¢, tne 0<e<1 - mexkoropoe umcio, to ¢yukunuu 0, (7,4) SBISIOTCS

OCCKOHEUHO-TTIAAKUMUA M K HWHTerpasaM (2.4) MokeT OBITh NpPHMEHEHa KBaapaTypHas (opmyia
Taycca-Sko6u. [pu 1+ ¢ — 0 ucnonesyrores npeacrapierus (2.1), (2.2) 1 MeTO 1Sl BBIYUCICHUS

HUHTCTpajioB C OPTOTOHAJIbHBIMUA MHOT'O4JICHAMU [6], OCHOBAHHLIN Ha IMPUMCHCHUU TCOPEMBEI O CBépTKe
JUII WHTETPANBHOTO TpeoOpaszoBanus Memmmaa. OxoHYatenbHble (GOPMYINBI Ui HWHTErpaioB (2.4)
UMEIOT BUI:
J le
E) = Zyka —___k=12,1=k, (2.5)
m=1 qln ( km > é,l j )

Trae

D}rzn = A2m72(72(1+72m)00318+71(1_§1j)),l—é,lj >e>0

Dlzf:l = Almyl(}/l(l_rlm)cosﬂ—'—7/2(1—“_4’2]))71+é/2j >g>0

Ampu 1-£,;>0 u 1+4,; >0 D:i:n TPE/ICTABIIIOTCS OBICTPO CXOASIIMMUCS CTCHCHHBIMH

psanamu. [l BBIYMCICHUS MHTETPATIOB ¢ QYyHKIUAMHI @, (7), HEOOXOUMO HANTH MX NPUOIIKEHHOE

3HAYCHHUEC C IIOMOIIIBIO OYEBUAHBIX paBeHCTB
I ol(x)dx, @, ( j @ (X (2.6)

[Mocne noacranosku (2.1), (2.2) B (2.6) Y UHTETPUPOBAHMSI IIOIYYEHBI BBIPAKCHHUS
y n
2 (2)=(1=(-1)' )" X AWinSin (1), 1=1.2
m=1
! 'yi-o (1
—\— - -« P P!
(1) =F| 0,4 3 CN E0 2Ty S Rl RG)
j=1

2727 2 o, 2jo;

-

3areM Julsl BBIYUCIICHUS. MHTETPATIOB, UX COIACPIKALINX @, (7), IPHUMEHEHBI KBAJPaTypHBIC (OPMYJIBI
laycca-Sxo6wu:

kk kk
: Ukk(r_é/kj) n Ujm U Ukk(zkp_é/kj)

\ d = m# km Bk Skm k 2.7
CCT Mg Lo LA o O SL TSR e I

2

151



AL

] ] |
31€Ch Z,,— KOPHM MHOTOWIEHOB SIkoGu POA(le)=O, Pnéo(zzp)zo, a B, = Oé, B,, = A,

n P
— K03 UIHEHTHI COOTBETCTBYIOLINX KBaIPaTypHBIX hopmyi ['aycca-SAkoou.
s uHTErpasnoB ¢ norapugMuieckoil GyHKIKEl momyyeHsl cieayonne KBaapaTypHble GopMyJbl:

1 n
[
J.(Dk (z‘)ln‘z'—g“”‘dr =ZAmHjm, =12
e} m=1 (2.8)
[ I [ [

HI = (-1) (1+(-1)' ¢, )(ln‘1+(—1) g,j‘—l)—(r,m &) (nfr— ¢ -1)
[Tpumenenue kBagpaTypHbix Qopmyn (2.3),(2.5),(2.7),(2.8), a taxxke Qopmyn [aycca-SAkobwu,
npuBogut kK 3ameHe CCU/LY (1.9) cucremotii TnHEHHBIX aNreOpanvyeckux ypaBHEHHN.

Jlis MexaHuKU pa3pylieHus HauOoJbIINM HHTEPEC MPeacTaBisieT K03(Q(UIMEHT HHTEHCUBHOCTH
Hanpsoxeruit (KUH):

_ 1 _ 1 2
= lim X =0 (60.0) K= lim G, (5.0)
[Mocne uwncnennoro pemienus cuctembl (1.9) npubmmkénnsle 3Hadenus KWH Beipaxkatorcs 1o
dhopmynam

K, :_G\/d—lz—(w)Hn((_l)l)mZ:PI ; )(lﬁn(_l)'r ) (2.9)

3. Pe3yabTaThl YHCJIEHHOTO aHAJN3Aa U BbIBOABL. [Ipu uncieHHON peamu3anuu, Ipexkae BCEro,
OBLIa MccieJOBaHa MPaKTHYEeCKask CXOIMMOCTh TpeuioskeHHoro Merona pemerns CCUY. s atoro
pPacCMOTpEHBl TPEIIMHBI OIWHAKOBOM HMHBI d, BBIXOJIIME W3 Havyala KOOpAMHAT U
PaCIONIOKEHHBIE CUMMETPUYHO OTHOCUTEIBEHO ocu Oy . YTOI MEXIy TpElIMHAMH CUNUTAJICS PaBHBIM

£ =60°, mnanaromas BOJHA — PAaCIPOCTPAHAIOIMICHCS B IOJOXHUTEIBHOM HampaBiIeHud ocu Oy
(6y =90").
Ik |K|

2.7

10
5
; ?15.20,25 ;

0 2 4 K, 1
0 2 4 K,

Puc. 2 Puc.3
B stom ciygae B cuity cumMmetpun K; = K, = K . Pe3ynbTaThl BEIUKCIEHUH NTPUBENEHBI HAa pUC. 2

B BHJE TpapUKOB 3aBUCHMOCTH aOCONIIOTHOrO 3HaueHus Oe3pasmepHoro KMH k= K/ GJd or
0e3pa3MepHOro BOJIHOBOTO 4YMCNA k(. Kaxzmas KpuBas COOTBETCTBYET YKAa3aHHOMY YHCIY Y3JI0B

uHTepnominuu B Gopmynax (2.2). Kak cnexyer u3 npuBen&HHbIX rpad)uKoB, IPH HU3KOUACTOTHBIX
konebanmsx (0 < kg <1) ans momyuyenus 3HadeHnii KUH ¢ norpemnocteio mensieit 0.1% mocraTouno

5 y3noB uHTEpnoysnuy B (2.2). Bo BceM pacCMOTPEHHOM YaCTOTHOM JHAIa30HE yKa3aHHAs TOYHOCTH
nocturaercs npu 15-20 y3nax. lanee uccnenoBano BiausiHue Ha 3HadueHue KUH yrma mexnay stumu

K€ TPEeUIMHAMU TIPH YTJIe MAJCHUs BOIHBI &y = 270° . Pe3ynbTaThl IpUBEICHBI HA PHC.3, T1e KpUBbIC |-
5 COOTBETCTBYIOT CJICAYIOIIMM 3HAaYeHHsAM yria: /f:30°,60°,90°,120°,180°. BuagHo, 4TO mIpH

HEOOJNBIINX YacTOTaX (K'O SZ) C YBCIIMUCHHUEM YyIJla MCXKAY TpPCHIMHAMU BO3PACTAOT U 3HAYCHUA

KWH wu nauGonbiiue HaOMIOMAIOTCSA, KOTJAa YroJl pa3BopauuBaeTcs B OTpe3ok (S =180°). 3atem
3aBUCUMOCTb OT YaCTOTBI IMPUHHUMACT CIIOKHBIN XapakTep ¢ OOJBIIMM YHCIIOM MakKCUMyMOB U
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MHUHHUMYMOB, YTO CBSI3aHO C MHOTOKpPAaTHBIM OTpPaK€HHEM BOJH OT CTOPOH yIia, 00Opa30oBaHHOTO
TpEIIMHAMH.

9]
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AHTHUILUIOCKME KOJEBAHUS MHOTI'OCJOMHBIX
NBE3O2JIEKTPUYECKHUX CPEJl BE3 JE®EKTOB HA CTBIKE CJIOEB

Ipsaxuna O./1., Cmupnosa A.B., Camoiisios M.B.

B pabore u3yueHa 3agaya O CIBUIOBBIX KOJEOAHUSIX MHOTOCIOWHBIX ITbe303JIeKTpHueckux cpea. [lomyuens! Gopmyiist
Ul pacuyeTa OCHOBHBIX JUHAMHUYECKUX XapaKTEPUCTHUK 33Jaull C y4ETOM CBSI3HOCTH JIEKTPUUECKUX U MEXaHUUECKUX MOJICH.

B mnacrosmee BpeMsi IWHAMHYECKHE 3aladyd DIEKTPOYNPYTOCTH Onarojaps BaKHOCTH WX
MPAKTHYECKOTO TPUIOKECHUS M CIENU(PUKE METOJOB PEIICHHS BBIICIWINCH B CAMOCTOSTEIIBHBIN
pa3zen MEeXaHWKH CIUIOIIHOW CpeAbl. DTOMY CIIOCOOCTBOBAIO U TO OOCTOSITELCTBO, YTO KOHKPETHBIE
3a1a9d, ¢ KOTOPBIMH MPHUXOTUTCS CTAJIKUBATHCS B Je(PEKTOCKONHNH, PAAHOIIEKTPOHUKE, aKyCTHKE H
JIPYruX O0JIACTSIX TEXHWKH, IPH HAJJICKAIIed MX MOCTAaHOBKE JOJDKHBI YUHUTBHIBATH CONPSIKEHHOCTH
MEXaHUYECKUX U IICKTPUUECKUX MOJIEH.

PaccmoTpum ciydaid, korja moBepXHOcTh HakeTa N Cl10€B MOJNHOCTBIO BJIEKTPOJMPOBaHA H
N
napajenbHa miaockoctu X, 0X;. OOmas tonmuua nmakera H = Zz h,, h, —momyrommuna K -ro
k=1
cinost. Kaxknplil cioif XxapakTepusyercsi CBOUM HabopoM (hU3MKO-MeXaHWYecKuX napameTpos. Ciou
MaKeTa JKECTKO CIIEMJIeHbl MexIy co0oil (cioyuail MaealbHOro KOHTaKTa). BepxHss rpanb cpeibl

X, =0 moasepraercs MEXaHUYECKOMY U 3JIEKTPUUECKOMY IapMOHHUYECKOMY BO3JEHCTBHIO, 8 HUKHSIS

X2 =—H - xkecTtkO CKpCIuIeHa € He[[e(l)OpMI/IpyeMLIM OCHOBAHHEM, MCTAJIJIM3UPOBAHA U 3aKOPOUCHA.

B kauecTBe 35eKTpOyIIpyroro Marepuaia pacCMOTPUM ITbE30KEPAMUKY, MOISIPU30BAHHYIO BJIOJIb OCH,
MapajIeTbHON MTOBEPXHOCTH Cpebl (KJ1acC 6MM TeKCcaroHaabHOW CUHTOHHH).

Petrenue 3amauu CTpOUTCS COTJIACHO AJIITOPUTMY, omucaHHOMY B [1-6]. Ha moBepxHOoCTH cpeabl
pemeHue 3agaud B TpeoOpasoBaHuax @Dypbe, 3ammMcaHHOE B JIOKaJbHOW CHCTEME KOOpAHMHAT

Xgl) =X, +h,, umeer Buz

W, (h)=Ry (h.h,,...hy)Qy, W, =(W, D), Q,=(T.D), (1)
Ry =B, (h)+B_(h)F'(h,...hy)B_(h) (2)

(W, T, ®, D — tparchopmanTsl Dypre niepeMeIeHuil, HarpsHbKeHUH, SJeKTPUIECKOro MMOTeHIInaNa
1 JIEKTPUYECKON MHIYKIIMHA COOTBETCTBEHHO).
B (1) — (2) ucrions3yrorcst clemyromnpe MaTpribl-(QyHKINA

F (e Ny ) =B (=) = 0 Ry (s ) 5 Fy (hy)=-B.(hy),
Ry o1 (M oy ) =B (h )+ B_ (h ) E ' (hy....hy )B_(hy),

gy = Cgi) / Cgiﬂ) (Cglf‘) — ympyras moctosiHHasi K -ro ciost).

Jlnst anTHIIIOCKOi 3a1aun Matpuusl B, (h, ) mmeror cTpykrypy

bii(h)  bi(h) _ n; (h) &gy ()

b,(h) bs(h)) (e ni(h) ela’nf(h)—g'n;(h))

3}_ICCL napamMeTphbl ek , € OIHUCBIBAIOT IbE303JICKTPUYCCKUC U JUIJICKTPHUICCKUC cBoiicTBa K -ro

Bi(hk) =

ciost B 6e3pa3MepHOM BUjIE, a PYHKIUU nfz(hk) npuBeaeHsbI B [1 — 6].

O6parnbie Matpuisl Fy ' (. hespses Ny ) mMetor BUR
1 f (k) _ f](k)

22 2

" det F |- fl(zk) £ (k)

11
a UX 3JICMCHTAaMU SBJIAIOTCA CICAYIOLUINC (I)yHK]_II/II/I

£8) (Mo ) =0 () + 4 ™ (B hy )
f1(zk) (hk’hk+17""hN ) e N (hk)+ gk'](zNik) (hk+1""7hN ),
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F' (he,hepsenhy) =



) (e Psrnenhi) = ! 8 (R) =15 () [+ 0™ (Rsroehy).

k
B nocnenHux BhIpaxKeHUIX rij( ) — snementsi MaTpulbl-cumBoia I'puna R, 1715 31€KTpoynpyroro
k -croitHoro makera 6e3 Ae(eKTOB Ha CTHIKE CIIOCB (i, j= 1,2) .

Omnpenenurens detF, npeacraBum B BUJE

detFy (h,he,,,....hy ) =det B, (h )+ g det Ry (N, ) +
+0y [b1+1 (hk ) rz(zNik) (hk+l="" hy )_2b1+z (hk ) ﬁ(zNik) (hk+l="" hy )"'b;z (hk ) ﬁ(lNik) (hk+1""’hN )} .

Marpuusl-cumsoinsl ['puna R, uMeroT cTpykTypy

r(N—k+1) r(N—k+1)

11 12
RN—k+1(hk=hk+1""’hN): (N—k-+1) (N—k+1) ’

N> b7

0 (b ) =7 () {07 det Ry (R ) +

+0R, (h )[eigk‘zrl(lN’k) (Neiseeohy ) = 288 18 7 (s by ) +

+r2(2Nik) (hk+1,---shN )_("'k_ln;r (hk)|:R1 (hk)+ gkrl(lNik) (hk+1"“’hN )]}/detFk (hk’hk+1""’hN )’
rl(zNikH) (M- hy ) = ekggln(lN7k+l) (N> hespsennhy ) =
~geai ()N (h)| —ea ™ (st )+ 10 (o) | /detFk (N Bpsnhy )

) (B ey ) =260 ) (h b hy ) = g0 () =
_{2ek5k_2nl_ (ho)my () g, |:_ekgk_lrl(lN7k) (Pspsenms by ) + o' ) (Parseens Py )} +

2 _
e (15 () [ ()4 08 (o )]} /detFk(hk,hk+1,...,hN).
3nech
detRy_y 1 (e oo hy ) =det B, (h)/det F (b, b, ... 0y )x

X{glf det Ry (hepens iy ) + 9 Ry (hk)|:el§8k_2rl(lN7k) (N

20,800 ) (st )+ 10 () | =Ry ()] R (R)+ 0™ (s )]}

IlpumenuB x pemennio (1) oOparHoe mpeoOpasoBanue Dypbe, MOIYUYNM HMHTETPATHLHOE
npeaACTaBJICHUEC PCHICHUA B MAaTPUYHOM BHJC, IMO3BOJIAIOLICE HepeﬁTH K PCHICHUIO )Z[I/IH&MI/I‘IGCKOﬁ
CMCIIIAaHHOW 3aJlaud, KOTJla Ha TOBEPXHOCTh Cpellbl HAHECEHAa CHCTEMa 3JIEKTPOJOB, U IMPOBECTH
pacyer JMHAMHYECKUX XapaKTEPUCTUK 33]aui (CABUIOBBIX CMEIICHUH, HANPSDKEHUH, STIEKTPHUECKOTO
MOTEHIIHANA U ANEKTPUICSCKON WHTYKIHH).

B pabote mpoBecHbI KaUECTBEHHBIE U KOJIMYCCTBEHHBIC HCCIICIOBAHMS JUCIICPCUOHHBIX CBOWCTB

a1eMeHTOB MaTpuubl I'puna R, (Tpexcnoiinas cpena TOIIMHON 2( h +h, + h3) 0e3 nmedekToB Ha

cTteike cioeB). [loctpoeHsl rpaduku (a3oBBIX CKOPOCTEH PacIpPOCTPAHSIONIMXCS 10 TTOBEPXHOCTH
Cpelbl BOJIH M M3Y4EHO BIIHMSHHE PA3INYHBIX MapaMeTPOB NMbE30aKTHBHBIX MATEPHATIOB HA BEIUYNHY
3THUX CKOPOCTEH.

PaGora BemonHeHa npu puHaHCcOBOM noaaepxkke PODU (11-08-00135).
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YCJIOBUSA CBA3AHHOI TEPMOJUHAMMYECKOM OPTOIOHAJIbHOCTH B
HEJIMHEHUHBIX THIEPBOJIMUECKUX TEOPUSAX TEPMOYIIPYTOCTH

Panaes 10. H.

B pamkax HenmuHeWHO# Teopun Tepmoynpyroro kontunyyma I'puna—Haxmou (GNIII, type-III thermoelasticity) npuBomurcs
BBIBOJ| YCJIOBUH TEpMOJIMHAMUYECKOH (TEPMOMEXaHUYECKOW) OpPTOrOHAIBHOCTH B “HPOCTpaHCTBE” 00OOMIEHHBIX
TePMOIMHAMHUUYECKHUX cHIl. [IpuHINT TepMOANHAMUYECKOH OpPTOrOHANBHOCTH OB mpemioxkeH 1. Ilurnepom kak o6obuienne
JUHEHHON TepMOIMHAMHUKH HeoOpaTMMbIXx mpomeccoB JI.OHcarepa. B cuimy ycnoBuii  TepMOAMHAMHYECKOM
OPTOTOHATBHOCTH, B CBS3aHHBIX IIPOIECCaX TEPMOYNPYroro AeGOPMHUPOBAHMS M TEIUIONPOBOJHOCTH TBEPABIX TeEI
TEPMOIUHAMHUYECKIN TOTOK (TOUHee, HeoOpaTUMasi COCTaBIsIoNIas pedepeHIHATbHOTO TIOTOKA SHTPOITUH) TEOMETPHICCKH
OpTOTOHAJIEH PETYJISIPHON IIOBEPXHOCTH ypPOBHS MOTEHIMANIa paccesHus. HeoTpumaTensHOCT BHYTPEHHETO NPOHU3BOJCTBA
SHTPOIIMHM  OOECIICUMBACTCS  I'€OMETPHYECKOH  BBIIYKJIOCTHIO  ITOBEPXHOCTEH ypPOBHS  IIOTCHIMANA  PACCEsSHHS.
PaccmatpuBaercst HeluHEHHBIN onpenensomuil 3akoH TemtonposogHoctu B Teopuu GNIII, ynosnerBopstomuil npuHuumy
OpPTOTOHAJBHOCTH TEPMOJAMHAMHMYECKUX IIOTOKOB M CHJ. YCTaHAaBIMBAIOTCS Takke JBa MPEACNBHBIX BapHaHTa
onpeaensionux 3akonoB tepmoynpyroct: GNI/CTE — (type-I thermoelasticity) cranmapThast TepMOyNpyrocTb, OCHOBaHHAs
Ha KJIaCCHYEeCKOM 3akoHe TertonpoBoaHoctu Dypoe; GNII — (type-II thermoelasticity) runepbonndeckas HeaUCCHIIATUBHAS
TEPMOYIPYTOCTh C TPHCYIIUM €H HyJNeBBIM BHYTPEHHHM IIPOM3BOJCTBOM JHTPONMH U IIOJHOCTBIO OOpPaTHMBIM
pedepeHaTbHBIM TOTOKOM SHTPOIHHL.

1. B mocnennee necATwieTHe B Pa3IMYHBIX O0NACTSIX MEXaHMKH W (HU3UKH OBLIM MPEIANPHHATHI
YCIIENTHBIC TIOMBITKA BBIATH 3a MPEAeNbl KIACCHYCCKOW JMHEWHOW TEPMOJMHAMHKH HEOOpPaTHMBIX
mporeccoB. I'maBHast uaess 00OOIIEHMS TPaAWLIHMOHHBIX ITOJXOJ0B COCTOMT B PACIIMPEHHH YHCIa
MIEPEMECHHBIX, OMNMCHIBAIOIINX COCTOSHUE TepMoAWHaMHU4ecKkoil cuctembl (extended irreversible
thermodynamics). B kauecTBe HOBBIX TIEpEMEHHBIX COCTOSHHUS OOBIYHO MCTOIB3YIOTCS 000OMIEHHBIE
TepMOJAMHAMUYECKHE  TOTOKM WiIM (B JBOHCTBEHHOH  (opMynupoBke)  0000IIEHHBIE
TEPMOIUHAMUYECKUE CUIIbl. B TakoW IOCTaHOBKE JHTPOMHS CHUCTEMBI U TEPMOIMHAMUYECKUE
MOTEHIHANbl COCTOSHUS (HampuMep, CBOOOAHAs SHeprus [ enbMronpla) TaKKe OKas3bIBAIOTCS
(GYHKUIUSMH TOTIOHUTENbHBIX IIEPEMEHHBIX, IPHOOpETasi COBEPLICHHO MHBIE aHATUTHIECKHE (DOPMBI.
To xe camoe KacaeTcid BeKTOpa IOTOKa JSHTPONHUM M BHYTPEHHEro IpPOM3BOACTBA JHTPOIINH.
Knaccuueckue mepeMeHHbIE COCTOSHHUS, KaK M3BECTHO, OTHOCSTCA K YHCIY ‘‘MEIUICHHBIX
IIEPEMEHHBIX; HCIONb30BaHUE MX B TEOPHM TPAHCIOPTA Telja B KauyecTBE TEPMOAMHAMHUYECKOIO
0a3nca BMeCTE C 3aKOHAMH COXPaHEHHUs MPUBOJAT K PSLy NMPOTUBOpPEUWil. YUET NOMOTHHUTEIBHBIX
MEPEMEHHBIX COCTOSHUS (“OBICTPBIX” MEPEMEHHBIX) MIPUBOAUT K TUIIEPOOIMUECKUM ypaBHEHUSIM U, B
YaCTHOCTH, K TUNEPOONNYECKUM TEOPHAM TEIUIONPOBOIHOCTH. TeopHs CBSI3aHHOM TEPMOYIIPYTOCTH
I'pura—Haxmu (GN) [1], [2] B momHOH Mepe OTBeUaeT TPUHIUIIAM TaKOH pacIIupeHHOMN
TEPMOJIUHAMUKH.

B cooTBeTcTBHM C JIarpaHKeBBIM IOAXO0JO0M HEJIMHEHHas AedopMaius TepMOYNpYyroro Teia
OTIMCHIBAETCA “‘KOHEUHBIM ™ MpeoOpa3zoBaHueM OTCUETHOM KoHpuTypamuu (R) B akTyansHy10
x =x(X,1), (L.1)
rae X U X — OTCYETHBIC M aKTyalbHbIe MosioxkeHus. “KoHeuHble” TeH30pbl JedopMaliy mpu 3TOM
KOHCTpYHpytoTcs, ucxons u3 (1.1), ¢ momomsro rpaguenta nepopmarmu F (V. — orcuérasrii
omnepatop ['aMmunbToHa)
F=V,®x. (1.2)
B nanbHeimeM W3II0)KEHHU HCIOIb3yeTcs skoOuaH “KoHeuHoi” mepopmamun J =detF .
TeH30p WMCTHHHBIX HamnpsokeHwit (TeH3op Hampspkenunit Komm) Gymer o6osHauathes uepes T .
CumBONOM S yKa3BIBAETCS TEPBBIA TeH30p Hampsvkenuii [Tnoma—Kupxroda (S =JF ' -T). Bekrop
hy — pedepeHmanbHbIil BEKTOP HOTOKA TeIUIA, J, — pedepeHIHaNbHbIA BEKTOP MOTOKA SHTPOIIUH.
OObeMHasi IUIOTHOCTh BHYTPEHHEH OSHEprun € © 00beMHas IUIOTHOCTh SHTPONUH S OyAyT
OTHOCHUTBCSI K OTCUETHOH KOHQHUTYpaLIUH.
Huddepennuanpable ypaBHEHUS HEMMHEHHON TEOPUU TEPMOYIIPYTOCTH BKIIIOYAOT:

0

% =0 (6amanc mMaccel, Py — IUIOTHOCTH TeJIa B OTCUETHOM KoHHrypauun);  (1.3)
t X

prX=V,-S (GaraHc UMITyITbCA); (1.4)

157



e=-V, -hg +tr(S- FT) +¢&  (OamaHc BHYTpEHHEH SHEPTUH, € — JYYHUCTOE TEIUIO); (1.5)
§==V, g +0+& (Gananc suTpomum). (1.6)
B mocnenneM u3 OalaHCOBBIX ypaBHCHWH BeIMYMHA G IPEICTaBISeT cOOOi BHeEIIHee
IPOU3BOJICTBO OJHTPOMHMU. BHYyTpEeHHEe MNPOU3BOIACTBO OSHTPONHU & 00S3aHO yIOBJIETBOPSTH
HEpaBEHCTBY HEOOPATHMOCTH
£>0. (1.7)
B kauecTBe OCHOBHOI Tepmuueckoil mnepemeHHodl B Teopum [I'puna—Haxmu [1], [2]
UCIIONB3YETCA  TEMIIEpATypHoe cMemmenne 3. B teopum tperbero tuma (GNIII)  monHbIi
TEPMOJMHAMUYECKUH 0a3UC COCTOUT U3 CIEAYIOMNX TEPMOJUHAMUUECKIX IIEPEMEHHBIX COCTOSHHSL:

9, 9§, V,9, V.9, F. (1.8)

VYka3aHHbIC MEPEMCHHBIC COCTOSHHUS CUMTAIOTCS HE3aBUCHMBIMA W MMEHHO B 3TOM CMBICIIC OHHU
00pa3yloT TepMOJMHAMHYECKH Oazuc. TepMoJIMHAMHUYECKHE MOTCHIUANBI COCTOSIHHS TPH 3TOM
3aBHUCST, BOOOIIIE TOBOPS, OT BCEX MEPEUNCIICHHBIX TIEpeMEHHBIX. Br100p 0asuca pemnraronmm oopazom
BIIMSET HA MATEMATHYECKYIO MOJISNIb TPAHCIIOPTA TEIUIA B TBEP/BIX 1e(HOPMUPYEMBIX CpeIax.
TepMoAMHAMUYECKH JAOMYCTUMBIMU OYJIeM CUHTATH TOJBKO TAKHUE MPOIECCHI, I KOTOPHIX
ypaBHeHHE OanaHca 3HTponwH (1.6) BeIMONHAETCS B cruty nuddepeHnnansaeix orpanuaennii (1.3) —
(1.5). Dro yTBepkIcHHE W3BECTHO KaK npunyun Henpomusopeuugocmu. CIEACTBUSIMU 3TOTO

NpuHIKIA sBiIssoTcs cootHomenne O=0(8) (0 — abcomoTHas Temmeparypa), ypaBHEHHE,
CBSI3BIBAIONINE ITOTOK TEIUIA U MIOTOK SHTPOIIHH

6 =hg. (1.9)
W ypaBHEHHE, CBsI3bIBalOIee 00bEMHOE POU3BOACTBO BHYTPEHHEH dHepruu (lyducToe Tero, radiant
heat) 1 BHEIIHEE MPOU3BOJCTBO SHTPOIIUU

Oc=¢. (1.10)

[IpuHIMIT HENPOTHBOPEYUBOCTH, TAKUM OOpPa30M, JaeT BO3MOXXHOCTh HE PacCMaTpHUBaTh B

JJIbHEHIIeM ypaBHeHUe OanaHca sHTporuu (1.6), MOCKOIBbKY OHO OyJIET 3aBEOMO BBITIOIHITHCS B
cuny (1.9) u (1.10). YpaBuenus Oamanca (1.3)—(1.5) Bmecte ¢ (1.9), (1.10) mMO3BOIAIOT MOTYIUTH
CIeayIOIee IIMPOKO KCIOJIb3YeMOEe B TEPMOMEXaHHKE KOHTHHyyMa THPUBEAEHHOEC YypaBHEHHE
OayaHca SHEPTUH

(Y +50)+tr(S-F)— j, -V, 0=0¢. (1.11)

3mech Y =e—s0 — pedepenunansaas 00EMHAS IUIOTHOCTH CBOOOIHOM 3Hepruu ['enbMropia.

2. IlpuBenéunsle Bbime anpQepeHuanbHble ypaBHEHHS TEPMOYNPYTOCTH JOJDKHBI  OBITH
JIOTIOJIHEHBI ONpEACISIIONIMMH YPaBHEHUSMH. B cOOTBETCTBMM ¢ BHIOOPOM TEPMOJHMHAMHYECKOTO
Oasuca B Bume (1.8) Hambonee oOmme ompenensromue ypaBHeHuss B teopun GNII OymxyT umersh
CIEYIONTYI0 (hOpMY:

v =y(9,9,V,9,V.$,F),

h, =h,(9,9,V,9,V,9,F),
S=5(9,9,V,9,V,9,F),
s=5(9,9,V,9,V,9,F),
E=£(9,9,V, 9,V 9,F),

0 =0(9).

Btopoe u3 HuX coOCTBeHHO M OyJeT yCTaHaBIMBAaTh OOOOIIEHHBIA 3aKOH TEIUIONPOBOIHOCTH,
XapaKTepHBIN 11 TepMoynpyroctu Tpetbero tuna GNIIIL.

Omnpenensronie  ypaBHeHus (2.1) B cuiy cBoel OOIIHOCTM TMOKa €IIe HENPUTOAHBI B
MPUKJIAIHBIX BONpPOCaX M HYXKJAIOTCS B JalbHEHIIed KOHKpeTusauuu. [Ing 3Toro HeoO6Xoanmo
BBINIOJTHUTB MOACTaHOBKY (2.1) B ypaBHenue (1.11) u, mons3yscek Tem, uro ypaBHeHue (1.11) gomxHo

2.1)
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BBINIOJIHATBCA  JUIA  BCEX TEPMOJAMHAMHMYECKH JIOMYCTHMBIX IPOIECCOB, NPHUPABHATH  HYIIIO
K03 GUIHEHTHI IPH gblcuiux TpaaueHtax 3, V3, F.
B pesysbTare MpUXOIMM K 3aKIIOUEHHIO, YTO CBOOOJHAS SHEPTHs B JCHCTBUTEILHOCTH HE
MOXET 3aBHCETh OT rpajguenTa V3, T.c.
V= y(8,8,V,9.F), (22)

", KPpOME TOro, — K ONPCACTIAIOIMINM COOTHOMICHUAM U1 SHTPOIIUHN U TCH30pa HI/IOJ’Ia—KI/IpXFO(l)a

L oy

G e (2.3)
09
oy
S=—. 2.4
oF (2.4)
JInst BHyTpeHHEro NpOor3BOICTBA SHTPOIIUU OCTAETCS BhIpAXKEHNE
. oy - Oy ¢

06 =—| j, + Vo 9-229, 2.5
g Jr v.s) * 5 (2.5)

KOTOpOE€ TIpU YCJIOBUH, YTO ONPENENAIONINE YpaBHEHHUS HE COJepKaT SBHBIX BXOXKIECHUU
TEMIIEPATypHOr'0 CMEILEHHUSI, CBOOAUTCS K
: 0 ;
e Ry A (2.6)
v,9

3. ®opmyna 11 BHYTPEHHETO MPOU3BOJCTBA SHTPONMH B TEPMOYIPYroM KOHTHHYYMe (2.6) nmeet
KJIACCUYECKYI0 CTPYKTYpY NPOU3BEICHUS HEOOpaTMMOM COCTaBISIOIICH TEPpMOAMHAMHYECKOTO

IOTOKA U TepMoAnHamMuueckoi cuiibl —V 3. CreoBaTeIbHO, MOJKHO 3aBEPILINTh KOHCTPYHPOBAHHE

OTIPENEIAIONINX YPaBHEHHI TEPMOYINPYTOCTH, ONUPAsCh Ha NPUHIUN TEPMOIUHAMHYECKON
OPTOTOHATBHOCTH, GOPMYJIMPOBKA KOTOPOTo ObUTa mpemnokena I.Ilurnepom B psame padoT, HaumHAsS
c 1958 r. (cm., manpumep, [3]). [IpuHIMI TEpMOAMHAMUYECKONW OPTOTOHATHHOCTH BBICTYIAET KaK
ontHO 13 0000meHnii muHelHoM Teopuu JI.Oncarepa (1931 1.).

BBenem noteHiuan paccesiHus

0t =D =D,V 9,F;V,9) (3.1)
KaK (yHKITHIO OT TEPMOAMHAMUYIECKON CHITBI —VRQ. Ha ocHoBaHuu npuHIMna TepMOIUHAMUYECKOU
oy

OPTOTOHAJIBHOCTH HeO6paTI/IMa${ COCTaBJAOMAass TEPMOANHAMHUYCCKOIO  IMOTOKaA J R +

oV 9
TEOMETPUICCKH OPTOTOHAIBHA (B “NPOCTPAHCTBE” TEPMOAMHAMHYECKHX CHJI) IMTOBEPXHOCTH YPOBHS
norenruana paccesaust D(9, V. 9,F;V_ 3) = const .

Takum 00pa3oM, B peryisipHBIX TOYKAaX MOBEPXHOCTH YPOBHS HMEEM CIIEAYIOIIee yCIOBHE
rpaJreHTaIbHOCTH ¢ MHOKHUTENEM £ :

Jr + N __q P , (3.2)
oV .9 oV 9
OTKyZa
. 0 oD
jo=——t Q- (3.3)
V.9 ov,.9
Muoxwurtens (2 B ypaBaeru (3.3) Bbruncisiercs Ha ocHoBanu (3.1) u (3.2)
.. 0D
0E=D=Q(V.;9)- -, 34
g (Ve3) V.5 (3.4)

OTKyZia
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1
Q=———+—D. 3.5
— D 3.5)
(Ve9) o=
oV 9
B wutore, noncrasnss (3.5) B ypaBHeHue (3.3), IPUXOAUM K 3aKOHY MENA0NPOBOOHOCHU,
cornacyromemycs ¢ Teopueit GNIII 1 TpUHIUIIOM TEPMOIUHAMUYECKON OPTOTOHATEHOCTH
. oy 1 oD
k=" s o b Pwe G.6)
R (VRQ).i_ R
oV, 9

3ameTuM, YTO BBINIOJHEHME HepaBeHCTBa HeoOpatumoctu (1.7) oOecrneumBaeTcs
TEOMETPHYECKOH  BBIMYKIOCTBIO MMOBEPXHOCTEH ypoBHS mnoTeHImana [ B “mpoctpaHcTBe”
TEPMOTUHAMUYCCKUX CHLII.

Teopus cBszanHol TepMmoynpyrocta nepsoro Tuna GNI/CTE (conventional thermoelasticity)
MOJyYaeTcss B NPEANONOKECHUH, UYTO CBOOOMHAs DSHEPrus s6HulM O00pa3oM HE 3aBUCHUT OT

TEMIIEPATypHOrO CMEIIEHHs O U TPaJUeHTa TEMIEPAaTypHOro CMelieHHs V, 3; [o3ToMy

v =y(9,F). B pesysnbrate BHyTpeHHEE IPOU3BOICTBO SHTPOIHHU BBIYUCIIAETCS KaK
0t =—j, -V, . (3.7)
YcnoBue TEPMOIMHAMHUYECKOW OPTOTOHAIBHOCTH B 3TOM ciy4dae o0000IIaeT 3akoH

TCIUIONPOBOAHOCTH q)pre B (I)OpMC CJICOYIOUICTO YPAaBHCHUA:
D oD

v o4, D v, §
Vi¥) oo *
oV, 3

Teopus Broporo tuna GNII momydaercs, eciu mojararb, YTO IPOLECC PACIPOCTPAHEHUS
Telyla HE COMPOBOXAACTCS BHYTPEHHUM NIPOM3BOJCTBOM J3HTponmuu. Ha ocHoBanmm (2.6) 37O

BO3MOXHO, TOJIBKO €CITH BEKTOp TIOTOKAa OJHTPOIMHUU COCTOMUT TOJNBKO W3 OJHOW 00paTuMoit
COCTAaBJISIIONIEH

. oy
== 3.9
Jk v 9 3.9)

3akon TerutonpoBogHOoCcTH (3.9) oOmamaeT OmHOW 3amMedaTeNbHON OCOOCHHOCTBIO: BEKTOP

(3.8)

jR:

IMOTOKA TCILJIa MOJHOCTBIO ONPCACIACTCA TCPMOJUHAMNYCCKUMU IIEPEMEHHBIMU COCTOSHU A S,VRS,F

¥ 3a1anueM cBoboaHoi sueprun Y = Y(H,V 3, F) . JluneapuzoBanubie ypaBHEHHS! TEPMOYIPYTOCTH

GNII sBAsfOTCS THUHEPOOIMYECKUMH M JOMYCKAIT pemeHus B (opMe pacmpOoCTPaHSIONIMXCS C
KOHEYHOM CKOPOCTHIO HE3aTyXaMOIINX TEPMUUIECKHUX BOJIH “BTOPOTO 3ByKa”.

4. TIpuHIMII, aHAIOTUYHBIN IPUHIKITY TEPMOIMHAMUYECKON OPTOrOHAIBHOCTH, BIIEPBHIE MOSBUICS
B MaTeMaTHYECKON TEOPUM IUIACTHYHOCTH (TaM OH M3BECTEH KakK npunyun maxcumyma Museca) n
BBICTYNIAJl KaK €€ OCHOBOINOJAralolMil INPUHLMI, M3 KOTOPOrO CJIEIOBAIM TeOMETPUYECKas
BBIIYKJIOCTh B “TIIPOCTpAHCTBE” HANpsHKEHHH O  moBepxHocTH TekydectH f(0)=0 wu

OPTOTOHANBHOCTh MPHPAIICHAS IUIACTHUeCKoil medopMammn  d€’  MOBEPXHOCTH —TEKydYeCTH.

Yka3aHHOE YCJIOBHE OPTOTOHAJIBLHOCTH COOCTBEHHO M TPEACTABISCT COOOW OMpPECIIIONIUI 3aKOH

MaTeMaTHYECKOM TEOPHH MIACTHYHOCTH — aCCOLMMPOBAHHbIN ¢ yciaoBueM miactmaHoct f () =0
3aKOH TeUeHUs (CcM, Harpumep, [4]):

de” = (am)g (f(0)=0, df(c)=0)

oo ’ '

3mece B CKOOKax cIlpaBa NPUBOASTCA TPU3HAKA AaKTHBHOTO HArpy>XeHUS HICAbHO

IJJACTHYECKOTO0  Tella,  BBIMIOJIHEHWE  KOTOPBIX  yKa3blBaeT HAa  HAIWYUE  HEOOpaTUMOro

TEPMOIMHAMHYECKOTO MMOTOKa d g” B TOM cllyyae, KOrja AeHCTBUTENbHbBIC HAIPSDKEHUS G HaXOIATCS

Ha Ipejiesie TEKyYECTH U PH MHHUHUTE3UMATIBHOM JIOTPYKEeHUH dG HaNpsHKeHUst O + dG Takke He
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yTpauuBalT CcBOero mpeaenbHoro xapakrepa ( f(o+do)=0). Muoxurens diA>0 —

HEOTIpe/IeJICHHbII MHOXHUTENb, WM CcMbICT MHOXWTens Jlarpamxka Tpu  peleHHH
SKCTpEMaIbHOU 3a/1a4, COOTBETCTBYIOIICH NPUHIUITY MAKCUMyMa.

CaBuroBasi mpHupoJia TUTACTHYECKON aedopManny METaJuIoB W TOPHBIX IOPOJ IPEKPacHO
oTtoOpakaeTcsl pelIeHUsIMUA THIIEPOOINIECKAX YPaBHEHHH MaTeMaTn4ecKoil TEeOpHH TUIACTHYHOCTH C
OIIpENEeNIOMNM ypaBHEeHHEM B (JopMe acCOIMMPOBAHHOTO 3aKOHA TEUEHHS] U yCIOBUEM TEKY4eCTH
Kynona—Tpecka.

Her HWKakmxX COMHEHWU B TOM, YTO NPHHIMI MakcuMyMa Mm3eca (M pOJCTBCHHBIA €My
MPUHIUI  TSPMOJUHAMHYECKON OPTOTOHAIBLHOCTH) SBISAETCS (PYHIAMECHTAIBHBIM MPUHIIMIIOM
MEXaHUKH Ae(pOpMHPYEMOro TBEPIOTO TeNa M B MIMPOKOM CMBICIIE — BCEOOBEMITIONIUM MTPUHIIMIIOM
COBPEMECHHOTO €CTECTBO3HAHWSA. B codeTaHWM C KOHIENIHEH JOMONHECHHS ‘MEIJICHHBIX
TEPMOJIMHAMUYECKUX TIEPEMEHHBIX COCTOSHHS “OBICTPHIMU™ OH JaeT BO3MOXHOCTH C(POPMYITHPOBATH
TEPMOMEXaHUKY  JepopMUpyeMBIX Tel C  [OMOIIBI0  Au(¢epeHIUanbHBIX — YpaBHEHUH
TUIIEpOOTMYECKOTO aHATUTHIECKOTO THIIA.

[Ipencrasnsemas pabota BBIMOJIHEHA MPH YacTUYHOW (UHAHCOBOW mojyepkke Poccuiickoro
¢donna ¢yHnameHTanbHBIX HcchenoBanuil (mpoekt 10-01-00184-a “BosHOBBIC 3a7auu CBS3aHHOM
TUIEePOOITHYECKON TEPMOYTIPYTOCTH ).
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BJIMAHUE OPUEHTAIIMN BEKTOPA CKOPOCTH YIAPHUKA HA PA3PYUIEHUE
AHMU3O0TPOITHOU NPEI'PABI ITPU BBICOKOCKOPOCTHOM B3AMMOJEUCTBUN

Paguenko A. B., Paguenko I1. A.

PaccmarpuBaercs 3ajada HOPMAJIBHOTO M KOCOIO B3aUMOJACHCTBUS yJJIMHEHHOTO CTaJIBHOTO H30TPOIHOIO
LUJIMHAPUYECKOT0 yIapHHUKA C OPTOTPOITHOM IIACTHHOM B Hamna3oHe ckopocTel yaapa 1o 2000m/c B ciryyae, KOraa BEKTOp
CKOPOCTH yJapHUKA HE COBMAAET C €ro NMPOJ0IbHOH ockio. MccnenoBaHo BIMsSHNE yTila HyTalluH Ha pa3pylIeHHe TIIaCTHHBI
U Ha TOBEAEHHME yJapHUKA B IPOIECCE BHEIPEHMs. 3ajaya pelraeTcs YHCICHHO, METOAOM KOHEUHBIX 3JIEMEHTOB B
TpéXxMepHOl mocraHoBke. [loBeneHue MmaTepuania yaapHHMKa OIMCBIBAETCS YNPYToO-IUIACTUYECKON MOJENbIo, MOBEIECHUE
MaTepHaia Iperpajsl ONUCHIBACTCS B PAMKAX YIIPYTO-XPYIKOH MOAENH.

1. B peanpHBIX YyCIOBUSIX, HalpaBlieHHE BEKTOpa CKOPOCTH, KaK IIPaBHIIO, HE COBIAIAeT C
HaIpaBJIeHHEM TIPOJONBHON OCH ABIKYIIETOCsS Tela, M COCTAaBISeT C HHUM HEKOTOPBIH YTOII,
Ha3bIBAEMBIN YIVIOM HyTaluW. BnusHue yriia HyTaluud Ha IPOLECC B3aMMOJCHCTBUS yIapHUKAa U
nperpansl onpenenseTcs He TOJIBKO €ro BENWYMHOW, HO M TeOMETPUUYCCKUMH U KHHEMaTHYECKHMHU
napaMeTrpamu rnpouecca. O4eBUIHO, YTO IS CITy4as Y/UIMHEHHOTO YJapHUKA BIWSHUE yTia HyTallul
Oojee 3HAYUTENHHO, YeM UIsI KOMITAKTHOTO YJapHUKAa, TIOTOMY YTO B 3TOM Cllydae HaJlW4He yTria
HyTallkd ~ MCHSET  HE  TOJNbKO  KapTHHYy  HamnpsHKEHHO-Ie(OPMHUPYEMOTO  COCTOSHHS
B3aMMO/ICHCTBYIOIINX TeJ, HO U MOXKET NMPUBOANUTH K MOTEpPEe YCTOWYMBOCTH B yaapHuke. [Ipodmema
BBICOKOCKOPOCTHOTO TIPOHWKAHWA YIMHEHHBIX (Oomee 10 kammOpoB) ymapHUKOB B TIperpamy
NpeCTaBIsIeT co00l crenuduyeckyro 3agady. JTa 3ajada CI0XKHA Kak Ul SKCIEPHUMEHTaIbHOTO
WCCIIeIOBAaHUS, TaK U AJIsl MaTeMaTHUECKOTro U YnciieHHoro. [IpoBenenne Gpuzniaeckoro skCepuMeHTa
C yINMHEHHBIMHA YAApHUKAMH (10 CPaBHEHUIO ¢ KOMIIAKTHBIMH) COIPSDKEHO C JIOTIOHHUTEIbHBIMH
TPYAHOCTSIMH Pa3UYHOIO Xapakrepa: JUis oOOecleYeHUs] KOHTPOJIHPYEMOTO METaHHsS TaKHX
YAapHUKOB HAJ0 CO3/aBaTh CIEIUAILHBIC TEXHUYECKUE YCTPOHCTBAa (BaKyyMHas Tpacca, IMOJJIOHBHI,
BeJyIIHE MOSCKU U T.J.); TAK)KE B TPOIleCcCe BHEAPEHUS B MPETpany YIVIMHEHHBIX YAAPHUKOB TOMUMO
uX neOpMHUPOBAHHS U Pa3pyIICHUS] BO3MOXKHA TIOTEPS] YCTOMYUBOCTH, TIOSTOMY HEOOXOIUMO UMETH
PETUCTPHUPYIOUIYIO aIllapaTypy, KOTopas MO3BOJsIET (UKCHPOBATh ITOT HpOILEcC BO BpeMeHH. [lpu
MaTeMaTHYeCKOM M YWCJIIEHHOM WCCIIeIOBAaHUH TOAOOHBIX 337a4 OCHOBHBIC MPOOJIEMBI CIIEAYIOIIHE:
1) amexkBaTHOCTh MOJENHHOTO TPEACTABICHHA TIOBEJCHHWS Y/UIMHEHHBIX YIAPHUKOB TIPHU
BBICOKOCKOPOCTHOM IPOHUKAHUM — B HACAJIC MAaTEMAaTUUYCCKasd MOACIIb OOJDKHAa ONMCBIBATH BCHO
CrelU(UKy MOBEACHUS TAaKUX YJAPHUKOB: pa3pylIeHUE, cpabaThIBaHUE U MPOTHO3UPOBAHUE MOTCPH
YCTOWYHMBOCTH yJapHUKA B 3aBHCHMOCTH OT YCIIOBHM B3aWMOJICHCTBHS, KOTOPBIE BKIIOYAIOT B ce0s
JIMana3oH CKOpocTell yaapa, yrioB MOJAXOJa W YIJIOB HYTallUH, CBOIMCTBa MarepHana yAapHUKa U
Mperpajbpl, COOTHOIICHUSI X TEOMETPUUYECKUX MapaMeTpoB; 2) MPH CO3JaHUU YUCICHHBIX METOIHMK
HAJ0 CO3/1aBaTh aNTOPUTMBI M METOJBI, OOECIeYMBAIONINE TaKyI ITUCKPETHU3AlHI0, YTOOBl OHa He
BHOCWJIA HE(PU3NYECKNX BO3MYIIECHHH, TaKXKe aITOPUTM JODKEH O0ecrednBaTh BO3MOXKHOCTH
JUINTENTLHOTO pacué€Tra Mo BpeMEHU Oe3 HAKOIUICHUS CYIIECTBEHHBIX IMOTPEUIHOCTEH, MCKa)KaroUIHX
pe3yIbTaTHI.

2. PaccmarpuBaeTcs TpE€xXMepHasl 3ajlaya BBICOKOCKOPOCTHOTO B3aUMOJIEHCTBUS YIJIMHEHHOTO
HMWIMHIPUYECKOT0 yAapHMKa C aHU30TPONMHON mperpamoil (puc. 1). Marepuan ynapHuka —

U30TpONHas craimb (P, =7800kr/M’, 04=1.01I'Tla), wMmarepuan mperpagbl — OPTOTPOIHBIN
OpTaHOTIIACTHK ( p0=13501<r/M3) C COOTHOLIECHHEM NPOYHOCTHBIX M ympyrux cpoiicrs: E, >E >E,,
Opx > Opy > Oy, [1]. Yanuuenne ynapuuxa cocrasiser 20 kanuOpos (quamerp SMM, jumHa 100mMm),
tonmuHa mperpaasl 30mm. MccnemoBaH nuama3oH HadallbHBIX ckopocTedl ymapauka ot 1000 go
2000M/c. Yron Bcrpeuu (yroi MeXAy HOPMAalbl0 K Mperpaae M MpOAOJIbHONH OCBhIO YIapHUKA)
coctaimsn o =0° (HopMansHBIH yaap) u o = 60°, yron Hytarmu (Yroia MeXIy BEKTOPOM CKOPOCTH U
MPOIOJLHON OChi0 yaapuuka) =0 u fF=15". Jlng onpenaeaéHHOCTH MPUMEM, YTO YIOJI HyTaluu

Oepércst co 3HAKOM ILIIOC, €CIM OH OTCUMTHIBAETCSA OT BEKTOpa CKOPOCTH IO 4acoBOM crpenke. Ha
KOHTAKTHON MOBEPXHOCTH MEXAY yAapHUKOM W IIPErpajioi pealn30BaHbl YCIOBUS CKOJNBXEHHs 0e3
Tperna. Ha puc. 1 moka3zana oObEMHAs KoH(UTypamws yUIMHEHHOTO YIAapHUKA W TMPETpamgsl MPH
KOCOM yJiape ¢ yriioM HyTaluu. JIMHaMuKy pa3BUTHS pa3pyIIeHUH B Iperpajie U MOBEJASHNUE yIapHUKa
JUIsl pa3lIMYHBIX TE€OMETPUUECKHX M KUHEMAaTUYECKUX YCIOBUM B3aMMOAECUCTBUS WILIIOCTPUPYIOT
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puc. 2 — puc. 4, Ha KOTOpbIX B cedeHnn ZOX B pas3iuyHbIc MOMEHTHI BPEMEHH MPUBEACHBI U30JHHUN
OTHOCHTEIIBHOTO 00bhEéMa paspyiieHuii (crernenu paspyiiueHus). CTeneHb pa3pynuieH s ONpeaessieTCs
KaKk OTHOLIEHHWEe O00beMa paspylleHHoro marepuana V; Kk oOmemy o0BEMY paccMaTpUBaeMOro
3NEeMEHTapHOro 00béMa Matepuana V,. 3HaueHHE OTHOCHUTENBHOTO 00b&Ma paspylieHHi paBHOe |
(4epHBIii IIBET) O3HAYACT, YTO MATEPUAIl B JAHHOH 00JIACTH MOJHOCTBIO Pa3pyIleH.

Puc. 1. O6béMHast koudurypauus yapHuka u nperpast. U, =1000m/c, o0 = 60", B =15, t =20mxc.

[Ipu HOpManbHOM NpOHUKAaHMH Oe3 yria HyTanuu (pUc. 2a) yAapHUK COXpaHSAET CHUMMETPHIO
OTHOCHUTEJIBHO TPOJOJbHON ocu. HaOmiomaercss cMMMETpHUYHOE yBeTHMYEHHE OUaMeTpa TOJOBHOM
YacTH yAapHUKA, 00yCIOBICHHOE ACHCTBUEM BOJIH Pa3rpy3KU aHATOTUYHO MEXaHU3MY, OIIMCAHHOMY B
pabore [2]. [Ipy HOpMaJILHOM NMPOHUKAHUY C YIIIOM HyTaluu (puc. 20) HaOMOAAETCs CYIIeCTBEHHAS
nedopMalys TONIOBHOM YacTH yAapHHUKA, H MOTEPs CHMMETPHH B YacTH yJapHUKa, BHEAPHUBILIEHCS B
nperpany. [Ipu kocom ymape co ckopoctero 1000Mm/c (puc. 3) HabnroHaeTcsl CyIecTBEHHBIN N3THO He
cpaboTaBIIeics JacTH yaapHUKa MpH yaape ¢ yriaoMm Hytamuu (puc. 30), Torma Kak mpu ymape 6e3
yrila HyTalluu U3rub B yJapHUKE OTCYTCTBYET. YBeJIHUEHHe HadyaJbHONH CKOPOCTH yAapa MPUBOAMT K
TOMY, YTO BJIHMSHHUE YIJla HyTauuu Ha u3MeHeHHne GopMbl (M3rud) He cpaboTaBIIeCcs YacTH yAapHUKA
yMeHbIaeTcs (puc. 4).

l"\l

t =35mKc
a) 0)
Puc. 2. Konduryparmun B3auMoJeHCTBYIOIINX TEJ U CTENEHb Pa3pyLIeHHs] MaTepraia Nperpasl B CEUeHUH

ZOX , v,=1000m/c, . =0".2) B=0",06) B=15".

3TO 0OBACHSETCS TEM, UYTO C YBEIMYCHHUEM CKOPOCTH yJapa BO3pacTaeT aMIUTUTYAa YAApHOI BOJHEI,
WHULUUPYEMOH B Hayaje Ipolecca, 4YTO NPUBOAMT K Ooyiee HHTEHCHMBHOMY U 00BEMHOMY
paspylICHUIO MaTepuana mperpaiasl. B pesynbrate yero Bo3zmeiicTBHE MaTepuajga INperpagbl Ha
yIAapHUK YMEHbIIaeTcs. B Toxe BpemMs yBeTnueHHe CKOPOCTH B3aUMOJIEHCTBHSI MPUBOJIUT K TOMY, UTO
NpY yAape ¢ yIiioM HyTauuu Oosibliee cpabaTeiBaHue yaapHuka. Tak ams ckopoct 2000Mm/c k 35MKe
JUTMHA He cpaboTaBIIelcsl YacTH yIapHUKa B clydae yria HyTaluuu Ha 16% MeHbIle, 4eM IpH yJaape
0e3 yria Hytanud. Tak >ke, Kak BHIHO W3 TPEACTaBICHHBIX H30JIMHUN pa3pylICHUs, HaTUYUe
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MOJIOXKHUTENLHOTO yTIJia HYTallUM TPHBOJHUT K YBEJIMYECHUIO 00beMa pa3pylIeHHOr0 MaTepuaia B
nperpajge. JTO Tak K€ HArJSJHO WUIIOCTPUPYET PUC.S, T MPHUBEICHBI U3MEHEHHS BO BpPEMEHH
OTHOCHUTEIBHOTO O00BEMa paspylleHHH B TMperpajge B IeIoOM Tpu KocoMm yxaape. [lpuuem c
YBEITMYCHHEM CKOPOCTH yJaapa pasHHIAa BO3pacTaeT, Tak sl ckopoctu 1000m/c (puc. 5a) pasHuiia
cocrasysiet 20%, a st ckopoctu 2000m/¢ (puc. 56) yxe 100%.

t =35mke
a) 0)
Puc. 3. Kondurypannn B3anMoJeCTBYIOIINX TeJl M CTETIEHb Pa3pyIICHUS MaTepraia Iperpaabl B CEUCHUH

ZOX , v,=1000m/c, a.=60".a) B=0",6) B=15".

t=35MKkc
a) 0)
Puc. 4. Kondurypannn B3anMoJeHCTBYOIINX TeJl M CTEIIEHb Pa3pyIICHUS MaTepraia Iperpaabl B CEUCHUH

ZOX , v, =2000m/c, o.=60".a) B=0",6) B=15".

1: v,=1000m/c,a=60"$=0" VIV, 1o, =2000mc,a=60"5=0"
Vo Vo 2:0,21000m/c,a=60" p=15" 0.154  2:v,=2000m/c,0=60"p=15"
0.06
2 0.10- 2
0.00 ’ 0.00

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
t, MKC t, Mxc

Puc. 5. I3mMeHeHne BO BpEMEHN OTHOCHUTEIHFHOTO 00bEMa pa3pyIIeHHil B Iperpaje.
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3. Takum 00pa3oM, yroa HyTallMM OKa3blBAa€T CYIECTBEHHOE BIIMSHHUE HA IPOLECC NMPOHUKAHMSA
CTaJBHOTO yJapHUKA B OPTOTPOITHYIO MpErpaay M3 OpraHoMIacTHKA M MPUBOAUT K (M3rudy) moTepe
YCTOMYMBOCTH YyJIapHHKA, HECMOTPS Ha CYIIECTBEHHOE MEHblIee 3HAaueHUE IJIOTHOCTU Marepuaia
nperpansl. Jlias paccMOTpeHHBIX ycloBUi B3amMmoneicTBust (P=+15°) yronm HyTauuu MOPHUBOIUT K
YBEJIMYEHHIO 00BbEMa pa3pyIIeHHOr0 MaTepraia B mperpaze.
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PEIIEHUE KOHTAKTHOM 3AJIAYU C 30HAMUY TPEHUS U CHEILIEHWA
(BAILAYA I'AJIMHA) METOAOM JUCKPETHBIX OCOBEHHOCTEN

Caaksan A.B.

B npennaraemoii pabote pelieHHe KOHTaKTHOH 3a/audl O BJABIMBAaHMH INTAMIA B YNPYTYIO MOIYIUIOCKOCTb, KOTJA 30HA
KOHTAKTa pPa30MBaeTCsS HA yYaCTKH CLEIUICHWS W NMPOCKANb3bIBAHUS C TPEHHEM, CBOAUTCS K CHCTEME M3 TPEX CHHTYISIPHBIX
MHTETPAIBHBIX YPAaBHEHHI OTHOCHTENIPHO TAHT'€HIMAIBHOTO M HOPMAIBHOTO HANPSDKCHUH B 30HE CLETUICHHS M KOHTAKTHOTO
JIaBJICHUS B 30HE IPOCKalb3biBaHUA. PellleHue nocienHeil cTpouTcs MOCPEACTBOM IMPSIMOrO YMCICHHOIO UHTEIPHUPOBAaHUS
OIIpEASIISIONINX YPaBHEHNI METOJJOM JHCKPETHBIX ocoOeHHOCTel. Ha ocHOBe WMCIeHHOro aHayn3a MOKa3aHa CXOANMOCTH
BBIYHCIIUTEIILHOTO TIPOLIECCa B 3aBUCUMOCTH OT IOPSIIKa HHTEPIIOISIIMOHHBIX (opMyI1. [TocTpoeHs! rpaduku pacrpeaeeHns
KOHTAaKTHBIX HaIPsDKEHHUH, HCCiIeI0BaHa 3aBUCUMOCTD JUIMHBI 30HBI CLEIUICHUS OT KoddduunenTa TpeHns u kodadduunenrta
Ilyaccona.

KonTakTHast 3aa4a 0 BAaBIUBAaHUH IITaMIIA C TUIOCKUM OCHOBAaHHEM B YNPYTYIO MOJIYMJIOCKOCTb,
KOTJa 30Ha KOHTaKTa pa3OMBaeTcs Ha y4acTKU CLEIUICHHS W MPOCKANb3bIBAaHUS C TPEHUEM, BIIEPBBIC
osuta paccmorpena JILA.l'amuabiv [1]. [Ipu moMomu koH(pOpMHOTO O0TOOpayKEHHUS OBUIO MOCTPOCHO
MPUOIMKEHHOE PeIIcHNe B 3aMKHYTOM Buue. B pabote [2] Ta e 3amada pelieHa ¢ MIPUMEHCHHEM
ypaBHeHus kinacca @ykca. B pabote [3] pemienue 3aiaun cBEACHO K BEKTOPHOH 3amaue Pumana. B
pabote [4] ¢ ucnonp3oBaHmeM Merona Bunepa-Xomda pemeHue 3aadd CBEJEHO K OECKOHEYHOM
cucreMe airedpandeckux ypaBHEHMH. B mociemneil paboTe MMEIOTCS YHCIIEHHBIE PE3YJIbTATHI, IO
KOTOPBIM MOKHO TIPOBECTH CPaBHEHHE PE3yJIbTATOB, MOJIYYEHHBIX Pa3HBIMA METOJaMH.

B mpennaraemoii pabote pemeHne 3aaqn CBOIUTCS K CHCTEME M3 TPEX CHHTYISAPHBIX UHTETPalb-
HBIX YPaBHEHUI OTHOCHUTENIPHO TAHT€HIMAIBLHOIO U HOPMAJIbHOI'O HANpPSDKEHUH B 30HE CLEIUICHHUS U
KOHTaKTHOTO [aBJeHHS B 30HE MPOCKaIb3bIBaHUA. PeleHune mocieqHedl CTPOUTCS MOCPENCTBOM
NPSMOTO YUCIEHHOTO MHTETPUPOBAHHS METOJOM JUCKPETHBIX ocoOeHHocTeil [6]. Ha ocHoBe umcnen-
HOT'O aHaJIN3a MOKa3aHa CXOAMMOCTh BBIYHMCIUTENBHOTO Mpoliecca B 3aBUCMOCTHU OT MOpsAKa HHTEP-
NOJSIMMOHHBIX (opMyit. IlocTpoens! rpaduky pacpeesieHusi KOHTAKTHBIX HANPSDKCHUH MIPU pas3ind-
HBIX 3HaYCHUSAX Kodpduuuenta TpeHus u kodddunuenta [lyaccona, a Takxke KpUBbIE 3aBUCHMOCTH
JUIMHBI 30HBI CLICTUICHUS OT TeX K€ XapaKTEPUCTHK.

ITycTh JKECTKHiA MITAMIT C IUIOCKAUM OCHOBAHHEM JUTHHOM 2@ MOJ JEHCTBHEM COCPEIOTOYEHHOM
HOpMallbHOM cuiibl P BraBimBaercst B ynpyryro MOJNYIDIOCKOCTh. PaccMOTpUM cilydaii, KOrja cujia
MPIIOKEHA K CepeIMHE IITaMIIa, T.€. UMEEM OCh CHMMETPHH, TI0 KOTOPOH M HApaBUM OCh OpJIUHAT.

I[IpeAnonoxuM, 9To B CpeaHel 4acTH (—b, b) 30HBI KOHTAKTa HMEET

y
PJL MECTO CLEIUIEHHE, a Y KOHIIOB IIPOUCXOIUT CKoibxeHue (puc.l). Ilpu
lb—_b| 9TOM TojJaraeM, 4TO Ha YyyacTKaX CKOJIBKEHHs TaHTeHIMAJIbHOE
- X
A o A HaIpsDKCHUE q(x) noaunHsaercd 3akoHy Kynona
Puc. 1 q(x)— -0 p(X) XE(_a’_b) (1)
0 p(x) xe(a,b)

rae 0 — koaUIUEHT TpeHwus, p(X) — HOpPMaJIbHOE JABJICHUE.

JUtst TpaHUYHBIX TOYEK MOJTYIUIOCKOCTH B 30HE KOHTaKTa uMeeM [1]:

1-2 1-v ¢ q(t 1-2 1-v ¢ p(t
@z—v p(x)+_VJ-Mdt @—__Vq(x)_{__v &dt )
oXx  2u pur c t—x OX 2n um ° t—X

roe u ( X, y) u V(X, y) - TOpU30HTAJIbHAS U BEPTUKAJIbHAs KOMIIOHEHTEI IEPEMEIIECHUS.

HNmeem cnemyromue yCIOBUS KOHTAKTA:

ou ov ov

&_0, &_0 npu |[X|<b u &_0, q(x)=06sgn(x) p(x) mpn b<|{<a  (3)
KpOMe TOro, UMEEM YCJIOBUC PAaBHOBCCUS LITaMIId, BBIPAKAECMOC (bOpMyﬂOﬁ:

[ p(t)dt=P )

—-a
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[Tepeitném k 6e3pa3MepHBIM BETUIHHAM

t=at, x=as b*:g; q(r)= 5 p*(r):%p(ar) (5)

.
Y TOAICTaBUM TipeacTaBieHus (2) B ycnoBusa KoHTakTa (3). C yuerom HedeTHOCTH (] (T) 1 9€THOCTH

p (’C) MOJYYHMM CJICAYIOILYI0 CUCTEMY YPaBHEHHIM:

1)dt—6 d =0 b
!L S T+S } i I[r s HJp(r) TP () (S< )
1 1 . .

dt— =0 0 b 6
I{ e P (9 (0<s<b) ©
(1 1 . . nl-2v
_ﬂ;—ﬂ_s}p (t)de+x0 b (5) =0 (<s<);  x=22
YCJIOBI/Ie paBHOBecus (4) IpUMET BHUJ
'[p Jdr=1 (7

*
PaccmaTpuBasi KOHTaKTHOE JAaBjieHUE P (E_,) KaK CaMOCTOSITEIbHYI0 (DYHKLIHIO Ha KaXKIOM M3

YYacCTKOB OMPEICIICHHUS: g(&) mpu E<b m u(ci) mpu b <&<1, cucrema ypasuennii (6) u

ycioBue paBHOBecHs (7) IPUMYT BHII:

b 1
ULt | Eeeee e LULESCIC RUNN USSC)

oL

b 1 1 .
B df[::} Od-wd(s=0  (0<s<t]) @
A 1 1 :

! T_g—fﬂjg dr+j[:—m} (t)dt+x6u(c)=0 (b <c5<1)

2jg dr+2j t=1 ©)

HpI/I IIOMOILY 3aMEHBI HepeMeHHI)IX

(£9-2(+3). fto)=!

1 BBCICHHA HOBBIX HCU3BCCTHBIX

x(e)-a| Zave)s vig-o (1+a)j 2@-o e 2]

2

1+b

{g Gh+ (-1<{&.¢}<1) (10)

cuctemy (8) cBenéM Ha UHTEPBAI ( 1,1 U 3aIlMIIEM B BUIE:

W LI 9 [ + (*l_b) (Fj) *Jdgm\((g):o
SLE-C E_>+C+2 1 1-b’) a+1 bz; (1-b")g+1+2b"+b'¢
[— I Z(8)de—kX(C)=0  (12)
SLE-C E.>+C+2 1+2b*+b*§

1-b"
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(| Y(©) Y () des (1268 Z(8)

I : i g+j - |dE+x0Z(C) =
_ +b

Y é—l . é+1+2b +b{1 b')¢ Jle-¢ e 21 o

Ycnosue paBHOBecHs (9) IpuMeET BU:

b*jY(g)d§+(1—b*)jZ(§)d§:1 (13)

OueBuHO, YTO Heu3BecTHbIC PyHKIMU X (cg) u Y(&) SIBIISIIOTCS. HETIPEPBIBHBIMHU (DYHKLIUSIMH,

MPUHAMAIOIINMHA KOHEYHbIE 3HA4YeHHWsS Ha O0OWX KOHIAX OTpe3Ka WHTETPUPOBAHWSA, (YHKIHSA XKe
Z (&) Ha MPaBOM KOHIIE HeorpaHuueHa. V3 moipoOHOro aHalin3a MmoBeICHUS YPaBHCHUH B KOHIICBBIX

TOYKaX OTpE3Ka WHTETPUPOBAHHUS M MPOBCACHHOTO YHCICHHOTO OKCIIEPUMEHTA, HAXOIHUM, YTO
Heu3BecTHbIE (yHKIMH B cucteMe (12) 1enecoo0pa3Ho npecTaBuTh B BUJIE:

X(8)=(1+8)C+ X" (g)(1-¢)"

Y(e)=- 24y (B)(1-8) (14)

Z(g)= 2°‘C(1 &) M (O<a:larcctg[e—]<j<lj
1-9) ST
rae C — mocrosiHHas, noAIekKamias onpeaesIeHUIO, X*(ﬁ), Y*(é), Z*(ﬁ) — reJbIEPOBCKUE (PYHKIINH,

OrpaHHYCHHBIC HA OTPE3KE [—l, 1] .

HeunsBectble  dyHKIMN X*(EJ), Y*(ﬁ) u Z*(ﬁ) 3aMEHHMM  MHTEPIOJISIUOHHBIMU

MHOTI'O4JICHAMM

0 IXT(E,). Y (&, () (% . .
X (.Y ()= Z{X((f'_)g)é,iz,}uzj)(); Pe(g,)=0 |

N+o+175 ~

2 & Z*(Cj)ln(ia’a)(x) (~a.a) . —
: pre) (g )=0 (j=1, 16
Z(X C) 1a1+a)(cj) (C ) (J n) ( )

n+143

=1, n) (15)

Z'(x)=

Bocnosb30BaBIIKMCh KBaJApaTypHBIMU (GOPMYJIaMHK JIJIsl CHHTYJISIPHBIX M PETYJISIPHBIX HHTETPAoB
[5] n BEIOWpas B kKadecTBEe TOYEK KOJUIOKAIIMH, COTJIACHO METOIY IUCKPETHBIX OcoOeHHOCTEH [6],

KOpHU (QyHKIH SIKOOK BTOPOro poja, COOTBETCTBYIOIIMX MHOTOUYICHAM Fﬁ(a’o)(ﬁ) I/I H(_a’a)(i),

CHUCTEMY WHTETpallbHBIX ypaBHeHWi (23), BMecTe C ypaBHeHmeM paBHoBecus (13), 3ameHHM
CIemyIONel CUCTEMON TUHEHHBIX aNreOpandecKux ypaBHCHUMN:

Zm“x( ) +(1=%) Zmlyv( i)- Zmlzz( )+mMECHy, =0 k=Ln+l
—xk)“meka( g )+ Zm”Y( j)+mesz*( £)+mCC+y,=0  k=Ln+l
j=1 j=1
sz3yY( [)-0> Mz (g;)+meC=0 k=1n (17)
j=1
b*meY*(éj)+(1—b*)zn:mj’z*(§j)+meC=1
j=1 j=1

BI:Ipa)KeHI/IH QJICMCHTOB MaTpHUIbI CUCTEMBI HE IIPUBOJATCA U3-3a OrPAHUYCHUSA 00BEMa CTaThH.

=}
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HerpynHo 3aMeTuTh, YTO B CHCTEMY BBEJCHBI JIBE JONOJIHUTEIbHBIC HEU3BECTHBIE Y, U Y, C
[ENbI0 TIONYYHTh 3aMKHYTyI0 cucteMy. llockompky, moMuMoO sIBHO mpucyTcTByiommx B (17)
HEM3BECTHBIX, HEM3BECTHOH OCTAeTCS eIl M OTHOCHTENbHAs JUIMHA 30HBI cLelueHus D, To
O0OpalleHue JIONOIHUTEIBHO BBEICHHBIX HEU3BECTHBIX Y, M Y, B HOJIb JOJDKHO CTaTh yCJIOBHEM JUIS

*
OIIpEACICHUA b . I[HH YCTAHOBJICHHUA 2TOI'O (baKTa BBIYHUCIIMM 3HA4YCHUA Y, U 7Y, I Pa3IAIHBIX

o *
3HaueHuit D npu pasHbIX nopsakax ueTEpronAnuu N (puc. 2).
Ha puc.2 B Buge rpagukoB moka3aHbl
2] n=18 3aBHCHMOCTH PETYJSIPU3UPYIOIIAX HEH3-

BECTHBIX 7Y, (CIUIOMIHAsg  JMHMA) U
4
¥, *x10" (myHKTHpHBIC IMHUM) OT Hapa-

merpa  0<b <1, mnpencrasmsromero
OTHOCHTEJIBHYIO JUIMHY 30HBI CUEILIEHHUS,
OpH  pasiWYHBIX 3HAYEHHSX MOPSIKA
amnpokcumaru N=10,14,18. Herpyxa-
HO 3aMETUTh, YTO HA PUCYHKE JIHILIb OJHA
CIUIOIIHASL JIMHUS, HO C  Pa3HBIMH
MapKepaMmH, 9TO 03HAYAET MPAKTUYCCKYIO
HE3aBUCHMOCTb BEIUYUHBI Y, OT MOPS-

Ka ammpokcuManuu. Kpome Toro, 3amedaeM, 4To 3Ta JIMHUSA TOJBKO OJMH pa3 MEHsET 3Hak. B To
BpeMs KaK BTOpas HEU3BECTHAs 7Y,, OyJdydM Majoi BEJIUYMHOM, CYHIECTBCHHO 3aBHUCHT OT NOPSAIKA

almpoOKCUMal U, MOKHO CKa3aTb, CTPEMHUTCA K HYJIIO IIPU €TI0 BO3PACTAHUU. I/ICXOZ[X U3 U3JI0XKCH-
HOI'0, MOXHO 3aKJIIOYUTh, YTO O6paH_[€HI/IC B HOJb HEU3BECTHOM ’Yl MOXCET CIIYKUTb YCJIIOBUEM IJISA
OIpeaCJICHUA HEU3BECTHOM JUIMHBI 30HBI CHCIIJICHHS, a BCJIMYHWHA HEU3BECTHOM 'Y2 — IIOKa3aTejIeM

O6mu30CcTH MPHOMIKEHHOTO PEIICHUS K ICTUHHOMY PEIIeHHIO.

Tabauua 1. C 1enplo 1oKasaTh CXOIUMOCTh
n b’ Y s C X'(-1) BBIUMCIIMTEIBHOTO TIpoIiecca B Tad-
6 0.68965 8.3x107 | -2.9x10* | -0.068995 | 3.2x10* | nuue | mpuBeAEHBI NaHHBIE, MOJY-
8 0.6893 6.5x10° | -7.8x10° | -0.068918 | 1.2x10* | dYeHHBIE M3 pE3yJILTATOB CYETA IS

10 0.6892 4.6x107 | -2.7x10° | -0.068894 | 5.9x10° | yv=03, 0=0.3. [ocieanue, B
14 0.68912 1.2x10° | -4.9x10° | -0.068877 1.9x107
18 | 0.689104 24x107 | -8.6x107 | -0.068871 8.4x10° .
22 | 0.689097 | 2.7x10° | 6.7x10° | -0.068869 | 43x10° | 3aHHOC O Y, W 7,, & HOCICIHUH
26 0.689092 2.9x107 2.7x107 -0.068867 2.5x10°° cTonbell yka3plBaeT Ha oOpalieHue
B HOJIb TAHI'CHIIMAJIBHBIX KOHTAKT-
HBIX HaHpH)KeHI/Iﬁ B CEPCANHC 30HbI KOHTAKTA, O65133T€JIBHOC B CUITy UX HEYETHOCTH.
B Tabn.2 MPEACTABICHbl 3HAYCHUS] OTHOCUTENbHON nnmuHbpl _ Tabmuua 2.

CBOIO OUC€PEAb, IMOATBECPIKAAIOT CKa-

30HBI CUEIUICHUS IS PA3IUYHBIX 3HaYeHUH K03 HULIIEeHTa Tpe- 0 b’ al a/b

Hust O mpu v =0.3, nonyuennsie B Hacrosmiedl padore mpu | 0.1 | 0.03645 | 0.0369 0.0365

Nn=14 (Bropoii cronberr) u npuBeacHHbIe B padote [1] (TpeTuit g;s g;ggzg 0366 8;2(1)2
cronben) u B pabore [4] (uerTBéprhiii cronben). CpaBHEHUE 55 | 054326 - 0.5432
BTOPOrO M YETBEPTOro CTOJIOIOB MOKA3bIBAET OUCHb XOPOIIEE | 03 | 0.68913 | 0.695 0.6891
COBIAJICHHE PE3YyJIbTATOB, MOJYYEHHBIX METOJOM AMCKPETHBIX | 0.4 | 0.86455 | 0.868

ocobeHHocreil u MetonoM Bunepa-Xonda. 0.5 | 094111 | 0.942 0.9410

0.7 0.98735 0.989

Ha pwuc.3 mokazansl rpadyikid 3aBUCHMOCTH OTHOCHTEILHOM
1 0.99817 0.997 0.9979

.
JUIMHBIL 30HBI cuemienns D or xoodduumnenta tpenns 0 mpu
v=0.1,0.2,0.3, a na puc.4 — rpaduku 3aBUCUMOCTH TO¥ e BEIUUUHbI 0T Kod(pdunuenTa [Tyaccona v

npu 0=0.1,0.2,0.3. Kak BuaHo 13 puc. 3, npu Maibix 3Ha4eHusax kodpduuuenrta [lyaccona v 30Ha
CLEIUICHHUSI HE MOYET MOKPBITh BCIO 30HY KOHTAKTA HE3aBUCUMO OT BEJIMYMHbBI KOO(P(HUIIMEHTA TPEHUSL.

169



0 0.1 6.2 0.3 0.4 0.5

Puc.3 Puc.4

Ha puc.5 mnpencraBieHsl KpuBbIe pachpesencHus KoHTakTHoro nasmenus npu 0=0.3 wu
v=0.2,0.3,0.35, Ha puc.6 — TaHICHIMAJIbHBIX KOHTAKTHBIX HampsokeHuii npu v =03 wu

0=0.2,0.3,0.35. TlyakTipHOii JTUHKEH I0KAa3aHO KOHTAKTHOE JABJIECHHUE [IPH TIaJKOM KOHTAKTE.

-0.05
~0.10
~0.15 6=0.3

-0.20 /
* .

-0.25

Puc.5 Puc.6

ABTOp BBIpa)KaeT MCKPEHHIOI OnaronapHocTh A.A.AMHpPIXaHSHY 32 TUIOJOTBOPHOE 0OCYXKIe-
HHUE PabOTHI U CYIIECTBEHHYIO TIOMOILIb PU €€ BHIITOJTHEHUH.
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O BJIMSIHUM TUITIA TPAHUYHBIX YCJOBUI
HA AYTOBYIO YACTb KOHTYPA KPYI'OBOI'O CEKTOPA
HA IIOBEJIEHUE HANIPSI)KEHUI B YCJIOBUSX
T'TAJIKOT'O KOHTAKTA HA PAJIMAJIBHBIX CTOPOHAX
Capresn A.M.

Hccnenyercs ynpyroe paBHOBECHE TOHKOTO KPYTOBOTO CEKTOPA C €JUHHYHBIM PAaJUyCOM H TIPOU3BOJIBHBIM YIJIOM
pacTBopa «, KOTr[ja Ha AYroBOM 9acTW KOHTypa 3aJaHbl HOPMalbHOE INEpeMEIeHHE M KacaTelIbHOE HANpsDKEHHE, a Ha

paarualibHBIX CTOpPOHAX HMEIOT MECTO YCJIOBHUSA IIAAKOI'O KOHTAaKTa. 3aMKHyTOC peHICHUE 3a1a4yu MOJIYYCHO C MNOMOIIbIO
METOo/Zia pa3aCiICHUA NEPEMEHHBIX.

B pa6otax [1-5] ucclienoBaHo ynpyroe paBHOBECHE KPYrOBOTO CEKTOPa, KOTrJa Ha JYTOBOW YacTH KOHTYpa 3aJaHb
HOpMaJIbHBIE M KacaTelbHbIC HAMPSHKEHUS WK HOPMalbHOE HAIPsDKEHUE U OKPY)KHOE IepeMelieHue. bbuio mokasaHo, 4to B
000uX Ccily4asix, KOTJia yroji pacTBOpa KJIMHA CTPEMHTCS K 7 WM 27 , HANPSDKSHUS] UMEIOT CTENICHHYI0 0COOCHHOCTh THIa

—l+¢ o s
r (8 - +O) , 2 KO3 (UINEHTHI TP TaKOH OCOOEHHOCTH B YCIIOBUSX OOIIETro Harpy KeHHs TyroBOM YacTH I'PAHUIIBI B

MepBOI 3a7aue OTJIMYHBI OT HyJs, a BO BTOPOH 3agaue CTPEMSTCS K HyNI0. 3AeCh aHAIM3HpyeTcs APYroi ciyvai
Harpy>eHHs JyroBOH 4acTu rPaHUIIbI CEKTOPA.

[TycTh B ONApHOM cHcTeMe KOOPIWHAT UMEEM YIIPYTHH ceKTop (2 = {0 <r<l,0<p<a,0<a< 27[} .

Ji

=

dur. 1

PaccmoTpum ynpyroe coctosHUe KPyroBOro CEKTOpa C €AMHUYHBIM PaJMyCOM U MPOU3BOJILHBIM
yrJIoM pactBopa « (¢wur.1), onpemensieMoe pereHneM ONTapMOHUIECKOTO YPaBHCHHUS

AAD (1,) =0 ()

P CIIEAYIONINX TPAHHYHBIX yCIOBHSAX:
7,,(r,0)=0,u,(r,00=0 @: 7, (r,a)=0,u,(r,a)=0, (3)
7, (La)=f(p),u,(La)=1f,(p); f,(0)="f,(a)=0. 4)

[IpeacraBum pemenne OUrapMoHn4Yeckoro ypasHenus (1) B Buze [6]
A+l - - + . .
O(r,p)=r"" [AS; +BC, +CS, + DC(p], S, =sin(A+1)p,C; =cos(Axl)p. (5
Ucnonesys 3akon ['yka, cooTHomenne Koy, a Takke BBIpaKEHHST KOMIIOHEHTOB HANpsKEHUH
4yepe3 (QyHKIHUA CD(r, (/)) W yAOBJIETBOPSS TPAHUYHBIM YCIOBHUAM (2)—(3), MOTYyYUM OTHOPOTHYIO

CUCTEMY JIMHEHHBIX anre6panquKHx ypaBHeHI/Iﬁ OTHOCHUTCJIBHO HCHU3BCCTHBIX IIOCTOSHHBIX

A B,C,D [1-5]
ATA+ A +C =0, AVvTA+(A v +4)C =0,
A'C;A-1"SB+AC,C-1"S D=0, (6)
AVICTA-A VS B+(A v +4)C C—(A v +4)S D=0.

Bnece A* =A%+, v' =1+v, v - kosddurment [Tyaccoma.

JL1st cyTecTBOBaHMS HETPUBHAIBLHOTO PEIICHUS CHCTEMBI (6) HEOOXOAMMO, YTOOBI OTIPEICTUTEIh
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3TOM CHCTEMBI paBHsIICA Hyso. M3 mepBbix IByX ypaBHenuil (6) Boitekaer, uto A=C =0. Toraa
BBIUHCIISIS OIIPEIEIUTENb TOCAEAHUX ABYX YPAaBHEHUH, IIOIydUM

sin(A+1)a-sin(A-1)a =0,
KOpHI/I KOTOpOFO HeﬁCTBI/ITeHBHBIe nu HpOCTLIe

ﬂk:%kﬂ, =Tt (kn=0.2182,.0), )

TpeboBaHne KOHEUYHOCTH DHEPTHH YIPYTOH AehopManuyd B MaJIOH OKPECTHOCTH YIJIOBOH TOUYKH
CeKTOopa MpY KOHEYHON BHEIIHEH Harpy3Ke HakJaJbIBaeT ycloBue Ha KOpHU (7)

A >0, 4, >0. (8)
Ycnosue (8), B 3aBUCHMOCTH OT BEJIMYHHBI YTJIa pacTBOpa CEKTOpa (¢ , OTPAHWIUBACT MPEACITBI
uzMeHeHuss K u N, a UMEHHO:

L O<a<2z (k=0,1,2,...), (n=2,3,4,..),
ILO0<a<z (k=0,1,2,..), (n=1,2,3,..),
L r<a<2z (k=-10,1..), (n=2,3,4,...).

YuuteiBas, 9T0 QYHKITIH -
@, (r,p) =D r*" cos(4 —1)@+B,r" Cos(ﬂzk +1)(p

YAOBIIETBOPSIOT ypaBHEHHIO (1) M rpaHn4HBIM YCnoBHsIM (2)—(3), GYyHKUMHU HampspDKeHUH Opu Aus
9TUX TPEX CIIy4aeB NPUHUMAIOT BUA:

D, 0 cos a,p
®, +=D_40 {rz“””}JrDOerrD1 0 (ri4
D, cos o, cos a,p ©
a=2|
+ja=1 Z[Dkrj‘“*leBkri“”]cosaok(o.
a=2]""
Jns nanpspKeHui U nepeMerueHui U, (r, (0) OyIeM UMeTh:
o, 1 (1+a,)(2+a,)cos ayp
L 37,,0=2D,0¢+D, a, (1+ o, )sina,p r“+
o, 1 I+a,)(2—a,)cosa,p
(142~ eos, »
(/11( + 1) 1 cosa, ko
+> | D4 (A 1) /”tk*rﬂ*_lﬁtBk*/ik(/{kH) 1! sina, k¢
k=2
(3_/1/() -1 cosa, ko
% L - [(A+D) 1 cos & ko
IL 4z, t=2D,70p+>| D3 (4 =1) tAr* " +B A (4 +1)] 1pr*" sinake ¢ (107)
o, 1) < (3-4) -1 cos kg
o, (I-ay)(2—a, )cosayp 1 (I+a,)(2+a,)cos e
L <7, +=D_1(1-a,)a,sinae r®+2D,1 0+ D1, (1+a,)sine,p re+
o, (I-a,)(2+a, )cos e 1 (I+a,)(2-a,)cos
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(A4 +1) 1 cos o kg
A

+i D1 (4 —1) Zkr‘k‘1+Bkik(}:k+l) 1prA" [Jsin o ke (10™)
= (3-4) -1 cos ke
u, 0
u, r=D_ cosa,p{0 r'~* +2D,vr - (11)
Urp ( —4V)

1 a=2|
—D, cos a4 0 (/?1+v+—4)r”“°— a=1 kZ[ ( )rlk-i-Bﬂ.kV rj“}cosaokgo

1 a=2]"

Y 10BIIETBOPSS TPAaHUYHBIM yClIoBUsIM (4), st onpenenenus D, , B, momyunm cucrems! ypaBHeHuit

D&, (1+a,)sin aogo—i-i[Dklk (4 —1)+BA4, (Zk +1)] sina ke = f, (9)
2Dy -D, (ﬂf —4)cos ao(p—i[Dk (}L,fv+ —4)+ Bk/?{vqcosaogo = Ef, ()

i[ A1) —i—Bk/Ik (ﬂk +1)}sinaokgo: f, (@)
¢

2DV - Z[Dk (ﬂ[lﬁ —4) + Bkﬂk‘vﬂcos a ke = Ef, (p)

k=1
D, (1- ao)sin ayp+ D, (1+a,)a,sina,p+

+§:[ 1)+B4, (ﬁ.k +1)}sinaokgo: f, (@)

k=2

D, (va* - 4v) cosa,p+2Dywv™ —D, cos ao(p( v - 41/) -

—Z[Dk (Z{W — 4) + Bk}tk_f]cos ake = Ef, (p).
k=2
IMoctymas Tax e, Kak u B pabotax [1 — 5], s neussectusix D, u B, 6ynem umers

E T 2 f 2 E
f do, (k=2,3,4,...), D == 21 _Z
| (2R ( P (o8 Ry

D — 2 Eflk(lk_z)(/lk_l)"" fzk(/ik_l)‘ﬁ B :—_2Eﬂ1<(21<_1) fi+ o (21(+V+_4).

III.

L D= i, (12

a 2(A —1)(24 +v-3) a 2(A4-1)(24 +v-3)
IIpu 3TOM, UMEET MECTO COOTHOILIEHUE
f,,Ea, (1+a)+ le(’11+‘/+_4>:0, (12%)

a

f~11 :_[ f1 ((D)Cosao(pd% f~21 :_[ fz (¢)Sinao¢d(ﬁ~
0

0

Ecnu f~21 =0(f, (¢) =0 wm f, (¢) ABJIsieTCSl HeUETHOM (DyHKUMEH OTHOCHTENFHO TOUKH () = a/ 2

Ha nyre) wm A v —4=0, to f SIBJISIETCA YETHOM (PYHKIMEH OTHOCUTEIBHO JIMHUU @ = /2 .
Yy 1 Yy
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£«
1. D, :W£f1(¢)dgo, (k=1,2,3,...),
- - 12"
2 () By 2GRy
“a 2(4 —1)(24 +v-3) e 2(A-D(24+v-3)
2 s e E ¢
M.D_, aa0(3_v)[f“Ea0(l+a0)+f21( vi-4)], DOZW‘([fI(go)d(o, (k=1,2,3,...),
2 5 £ - "
Dlzm[fnlzao(l—ao)—le( vi-av)|, (12"
5 24 (A DA -2 RE L 2 (A -4 hr A (A E
“a (A -1)(24+v=-3) = «a (A4 —1)(24 +v-3) '

B nocnenHux QByX ciydasix OTCYTCTBYeT orpanuueHue (12%).

Wtak, perieHue paccMaTpuBaeMOW 3aJauyd NPEACTaBICHO B BUAe cxonsdmuxcs psgoB (107) —
(10""), ko3 PUIHEHTHI KOTOPBIX ONpeIeNieHbl B 3aMKHYTOU opme (127) — (12").

Uccnenyem nopeneHre HapsiKEHUA B OKPECTHOCTH YTIIOBOM TOUKH KPYTOBOTO CEKTOPA.

1.0<a <2x. Kak crenyer u3 (10°), OKpECTHOCTh BEPUIMHBI KPYTOBOI'O CEKTOpa HAXOIMTCS B
HyJIeBOM HampspkéHHOM coctosiaum, ecin O<a < 7. [lpu 7 <a <27 B OKPECTHOCTH YIIOBOW
TOYKH CEKTOPa HAINPSKCHHS MMEIOT CTENCHHYI0 OCOGCHHOCTh THIA ['| MoKasaTenb KOTOPOTO

m3Mensiercst B mpegenax —1< A, —1<0 (k = 2,3) , @ K03 (QUIIMEHTHI IPU  OCOOCHHOCTH B 00IIIEM

ciydae OTaM4HBI OT Hyis. Ho xorga a — 277, XOTsa HOKasaTelb CTEHeHHOH ocobeHHoctn A, —1
. -1

crpemurcs K —1 , ko3¢ duiuenTs! npy Bo3HUKIIEH ocobenHocT I ¢ (8 - +0) CTPEMSTCS K HYIIO,

Orarozapst HAMYHIO B HUX “KOHIICHCHpYIowero” Muoxurens A, = 2, —1.

DTOT pe3yNIbTaT CYyMIECTBEHHO OTIMYAETCS OT TOW, KOTOPHIM ObLI MoiaydeH B padote [1], roe Ha
JYTOBO# 4acTH KOHTYpa KpPyroBOro CEKTOpa ObLIM 3a/IaHbl BHEIIHHE yCHiaus. Tam, Korma o — 27,
KO3 GUITMECHTHI TPU TAKOH 0COOSHHOCTH OTJIMYHBI OT HYJISL.

2.0<a<m. B >ToM ciydae OCOGEHHOCTh HAIpsIKEHWH MOSBATCS yke mpu o > /2.

Ilokasatenb ocoOeHHOCTH U3MeHsieTcs B mpemenax —1<A4, —1<0, a kospduumentsr mpu
ocoOeHHOCTH B 0O0IIeM ciy4ae OTJIMYHBI OT Hyns. M 3mech, xorma o —> 77, XOTS IIOKasaTelb
CTETIEHHON OCOOEHHOCTH CTpeMHTCS K —l, KOIQQHIMEHTHI MPH TaKOH OCOOCHHOCTH CTPEMSTCS K
HYJTIO H3-32 HAJIM4Ks B HUX MHOXuTenst 4, = o, —1.

Eciu mexny 3agaHHbiMU QyHKITUSIMEU f1 ((p) " f2 ((p) nMeeT Mecto cooTHomenue (12*), To, kak

BunHo u3 (12"), B, =0 mns moboro 3xauenus o u3 obmactu 0 <a < 7. T.e., B OKPECTHOCTH

VTJIOBOM TOYKH OTCYTCTBYET OCOOCHHOCTH HAIPSDKCHHM W, TI03TOMY, cooTHomeHue (12*) sBusercs
YCJIOBHEM MaJIOHANPSXKEHHOCTH OKPECTHOCTH BEPIIMHEI ceKTopa [6].

3. 7 <a <2r. OKpecTHOCTh BEPUIMHBI CEKTOpA HAXOTHUTCS B KOHIICHTPAIIMOHHOM COCTOSIHHU
[6], Tak Kak HaIpsDKEHUST BCETJa MMEIOT CTEIIEHHYI0 0COOEHHOCTh TOTO MJIM WHOTO mopsinka. [Ipuuem,
0COOCHHOCTH HANPSHKEHHH 0OYCIIOBJICHBI KaK NIEPBBIMH WieHaMu TipaBoii yactu (10""), cogepkanumu

P

MHOXHUTECIN I’f% , TaK U COOTBCTCTBYIOIIMMHU YJICHAMU PAAOB C MHOXUTCIAMU . Ilokazarenu

0coBeHHOCTET MOTYT MEHATBCS B mpefienax —1 < —q, < —1/2, -1< ﬂjk -1<0 (k =2, k= 3).

Ko puuments! npu ocodeHHocTH ™ B 00IEM cilydae OTIMYHBI OT HyJs, HO €CIIH MMEeT
MecTo cootHomenue (12*), to, kak cuexyer u3z (12"), D, =0 u B dopmynax mis HanmpsokeHMi
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UCYE3aloT IepBble cnaraeMmele. boiee Toro, 3T KOI(GQUIMEHTH COAEpKAT MHOXKHUTEIb (l—ao),
KOTOPBIU TIPU (X —> 7T CTPEMHUTCA K HYIIIO.

AHAJNOTHYHAS CHTYAIHs HMEET MECTO ¥ Juis ocoGenHocTH Thia I . Tlpu o — 277 mokasatens
0COOCHHOCTH /ik —1— —1, a ko3 dunnenTs IpH 3TON 0COOEHHOCTH CTPEMSTCS K HYIIIO.

Takum 00pa3oM, B BBILIEPACCMOTPEHHBIX BCEX TPEX Clyyasx, KOrZa yroj pacTBopa CEKTopa

CTPEMHUTCS K 77 WM 277 , HANPSDKCHUS] UMEIOT CTENEeHHYI0 ocoOeHHOoCTh Tuma I~ (& = +0 mpu
O —> 7TW27r), T.e. TOPSIOK OCOOCHHOCTH HAMpPSHKCHUH MOXET JOCTHraTh 0 CAWHHMIIbI,
CBOMCTBEHHOEC OCOOEHHOCTH HAIPsDKEHHH IIOJ COCPEHOTOYCHHOHN cmitoi. OmHako, Kod(h(OHUIHMEHTHI
MpU TakoW OCOOCHHOCTH CTpeMATCS K HyJIo, Ojarojapss HaIWYMIO B HHUX ~KOHIEHCHPYIOLIETO”

muoxuTens A, —1 (k=1, k=2).

[Tomyuyennsie B HacTosIIeH paboTe pe3yiabTaThl MOKA3BIBAIOT, YTO, C TOYKUA 3PEHUS MPOYHOCTH,
JUTSL TIPEIOTBPAIICHHUS XPYITKOTO Pa3pyIlIeHUs] KPYTOBOTO CEKTOpa TPaHUYHBIC YCIOBHS (4), IPUHSTHIC
B JaHHOW pabote, ¢u3mdecku Oojee MPUEMIIEMBI, 4eM MpUHATHEIE B paboTtax [1-3] rpanwdHbBIC
YCIIOBHSI.

—l+¢
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COBCTBEHHBIE KOJIEBAHUSI KPYTJIBIX IINTACTUH HA OCHOBE MHKPOHOJI?IPHOFI
TEOPUU C HE3ABUCUMbBIMMU 1NIOJISAMU HEPEMEIHIEHUU U BPAIIEHUUA

CapkucsiH A. A.

B paboTe Ha oCHOBE OOIIMX MUKPOMOJISPHBIX JUHAMUYECKUX TCOPUI C HE3aBUCUMBIMHU ITOJISIMH IEpEMEIIEeHUN U BpalleHUH
YIPYTUX TOHKUX IUIACTHH M3y4YeHbl CBOOOIHBIC KOJIeOaH s APHUPHO-OI/PTHIX KPYTJIbIX m1acTuH. OnpeneneHne coOCTBEHHBIX
YacTOT MPUBOIUTCS K PEIICHHIO TPAHCUEHACHTHBIX YpaBHEHWI. DTH ypaBHEHHS pEIICHBI YUCICHHBIM MeTonoM. [IpoBemeH
JIOBOJIHO Pa3HOCTOPOHHUM YHMCIEHHBIH aHanu3. IlpuBeneHsl pe3ynbTaTbhl YHCICHHBIX BBIYUCIEHHUM, MOKa3bIBAIOLINE
CHCHI/I(i)I/I‘ﬂIGCKI/IC 0COOEHHOCTH COOCTBEHHEIX KOJICOAHUIT TOHKHX KPYTJIBbIX IIJIACTUH U3 MUKPOIIOJIAPHOI'O YIPYroro Marepuaia.

CBo0OoaHbIe KO0JE0AHU MHUKPOMOJSIPHBIX YNPYrMX TOHKUX KPYIJbIX mjacTuH. B paborax [1,2]
MOCTpOeHa 00IIas Teopus IWHAMHYECKOTO H3rMba MHUKPOMOJSPHBIX YNPYTHX TOHKHUX 000JI0YEeK C
HE3aBHCHUMBIMU MOJIIMH MEPEMEIICHUN 1 BPAIICHUH.

OCHOBHBIC ypaBHEHUS CBOOOJHBIX KOJEOAHWH MHUKPOTOJSIPHBIX, YHOPYTHUX, TOHKUX, KPYTJBIX
IJIaCTUH C HE3aBUCUMBIMMU ITOJISIMU HepeMeIlIeHI/Iﬁ u Bpa]_[IeHI/Iﬁ B MMOJIAPHBIX KOOpAWHATAX BBIPAKAIOTCA
criexyromuM oopazom [1,2]:

YPaBHCHUS IBUKCHUS

N | 1 1 0N, o*w oL, 1 1a|_21 o’Q,
ar 1T o ot er r( L) + = 2
oL, 1o, 1 0°Q,
8;2 -y —(L12+L21)+N31—N3—2Jh e
oM 1M 200 oy
N TRy 21 L-0 1
31 ( ar ( 1n- 22) r o0 ) 3 8t2 ()
1oM,, oM, 1 2p0° &y,
| —=+—=+—-(M,+M + —==0
2 (r 00 "o TrMietMa) [+ ot?
oA 1 10A 23h* % _
Ly, ——B——A =B _(M Pk
5o ATy e MM as
(1)I/I3I/IKO -I'COMCTPUUICCKUEC COOTHOLICHUA
1 ow
= 2h[(,u+a)—+(u ay, +2a§22} = 2h[(,u+a)F£+(,u—a)1//2 —20591}
- 2h{(u+a>wl - a)@—zafzz} N, = 2h{(ﬂ+a)wz +(ﬂ—a)%%+2aﬂl}
oy 1oy, 1 loy, 1 oy 2Eh’
=D Lpy| —2 4 — M,, =D z 4 +v—=L1], D=—— 2
[ r o0 r%ﬂ - [r o0 7 ar T T T304 @
2h? dyy, . (loy, 1 Y _2h? 1%_1
My, = 3 {(ﬂﬂl) +(u oc)(r 20 T 2ai | My, (u+a) v |+

L =2h[(ﬁ+2y)%+ﬂ(l o %Ql}ﬂz}u —2h{(ﬂ+2 )(1% %Qljw%—ﬁz}

10Q, 1 10Q, 1 oQ
L,=2h =0 =2h|(y+&) ——L—= 2
12 [ [ 20 r ﬂa 21 {(7 )[ 20t 2j Ve or }
2h* 4ye o1 2h° 4ye 1 61 o, 100, 1
A= A Apy=— ~ = L;;=2h (ﬂ+27)l+ﬂ( —_2"'_91)
3 y+gar 3 y+erol’ or r ol r
FpaHI/I‘IHHe YCJ'IOBI/IH H.IapHI/IpHOFO OHI/IpaHI/IHZ

Hmxe paccMoTprM 0CECHMMETPUYHYIO 33/1a9y AHHAMUYIECKOTO M3rH0a MUKPOITOIISIPHBIX KPYTIIBIX
mIacTuH. B 3TOM ciydae nmpuBenEHHBIC BEHIIE YPAaBHCHUS M TPAHUYHBIC YCIOBUS PACIICTUIAIOTCS Ha JIBE
TPYIIIBL
JUTSI TIEPBOM TPYTIITBI IMEEM YPaBHEHUS JABIKEHUS
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Ny 1 oM, 1 200 0y
= N, ——L——(M +22 2Pl
or N,; = Ph T T (M} —My) 3
oL, 1 0°Q
24— (L +Ly)+ Ny = N3 = 2 4)
o r
(HU3HKO-T€OMETPHYECKUE COOTHOIICHHS
ow ow
N3 = 2h[(y+a)—+(,u—a)t//1 +20592} N3, :2h[(ﬂ+a)‘//1 +(y—a)E—2an}
0 0
Mn:D[%"‘ ‘//1} Mzz—D[ YtV al/: } L12=2h{ 2} )
Y FPAaHUYHBIE YCIOBHS IIAPHUPHOTO OMUPAHUS
w=0, M, =0, L,=0,0pur=R (6)
JUTSL BTOPO# IPYIIIBI KMEEM YPaBHEHHUS IBHKCHUS
L, 1 azg M, 1 2ph° &%y
8—;1+F(L11—L22)+N23 32—2~]h 5 st_( arlz +F(M12+M21)j+ 3 8t22 =0
oA, 1 2Jh3 o
-M =0 7
BT oy 3~ (M =My + 3 20 (7

(bHBI/IKO-I‘GOMCTpI/I'{eCKI/Ie COOTHOLICHUA

o, 1
Ny =2h[(u—a)y, =20 ], N3y =2h[(u+a)y, +2a0y], Ly; = Zh{(ﬂ+27)l+ﬂ(a_rl+Fglﬂ

2h? 1 2h’ 1 o
M == { a [——%) 20:1},M21=T{(,u+a)(—Fl//2]+(y—a)#+2al} (8)
oQ 1 1 oQ 2h* 4ye o1
L, =2h (B+2y)—L+p—Q, + L, =2h| (B+2y)—Q, + B—L— Bt |,A;3 =— —
11 {(ﬁ 7) ar ,Br i ﬂl}, 22 {(ﬂ 7)r 1+ B or ﬂl} BT i gor

Y TPaHUYHBIC YCIIOBUS HIAPHUPHOTO OMUPAHUS
Q,=0, v,=0, A;=0,opur=R 9)

OtmernM, 4TO TpaHumuHas 3agada (4)-(6) coorBeTcTByeT 3amaue m3ruba, a (7)-(9) — 3amaue
KPYYCHHUS] MUKPOTOJISIPHBIX KPYTJIBIX MIACTHH.

I'parnunsie 3amaun (4)-(6) u (7)-(9) MOXKHO TIPUBECTH K TPAaHWUYHBIM 3aja4aM OTHOCHUTEIHHO
BeNMYMH W,Q, ., u Q,, ¥,,7 cooTBeTcTBeHHO. [lanee OyaeM u3ydaTb o0e 3a/1a4u.

Pemenne rpannunbix 3a1a4 (4)-(6) u (7)-(9) cOOTBETCTBEHHO NIPEJCTABUM CIIETYIOIIAM 00pa3oM:
w(r,t) = ePr'W(r), Q,(r,t) =8""Q, (1), y, (r,t) = &7, (r) (10)
Q(r,) =875, (1), w,(r, ) = 8% 7,(1), (r,t) = &7 (1) (1
Taxxe mpumeMm crenpyromiee oboszHaueHue:  =d/dr+1/r. OTmerum, 4TO 37€CH P, — YacTOTh
COOCTBEHHBIX KOJICOaHHI.

Torma orHocHTenbHO (yHKmmi W(r), 2, (1), 7, (r) u Q,(r),7,(r),7(r) ToIyduM CcHCTEMbI

O0OBIKHOBEHHBIX (D (PepeHITnanbHBIX YPaBHEHUN ¢ COOTBETCTBYIONTUMHI TPAHUIHBIMA YCIIOBHSIMH:
JUTS 33294 U3ruoa:

(U+ )V W+ (u-a) 7 §,+2a7 Q,+ ppili=0, (y +&)AQ, —4aQ, + 2a(y, — dW/dr)+ Jp2Q, =0

2h(u — ) dW/dr — 4ehQ), + 2h(u + @), — DA, — 7, 2ph°p2 /3=0 (12)
W=0, dy,/dr+vy,/r=0, (}/+8)d§~22/dr—(}/—8)§~22/l’=0,HpI/I r=R (13)
AJIs 3a/1a4U KPYUCHUSA

3(u+ )W, — (u+a)h*Af, +2aQ, +2ah* d7/dr — ph*p2i7, =0

(B +2)AQ, —4aQ), —2a iy, + fdT/dr + Ip2Q, =0 (14)
3(B+29)T —h*(4ye/(y +&))\V?T +4ah’T + 38 ﬁl—Z(thL/ W, —JInpri =0
Q, =0, ¥,=0, d7/dr=0,upu r =R (15)
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3neck A u V? omeparopsi— A=d /dr, V>= " d/dr.

B ciydae 3agaun usruba u3 (12) oTHOCHTENBHO Y/, monyduM audhepeHIraIbHoe ypaBHeHIE

AMAAY, + AAA G, + AN, + A =0 (16)
Eh? Eh? H+a

_ Eh? )
rae A = (ﬂ+a)(7+8)( A’ A = 30 V) |+ 2 (7+8)—3(l_vz)ppm 2,

2
Ay = =285, _5{2/1_/*'7 p%]—SQpprzn, . R

2

(17)

u+a ph’ ) Eh?
S, = 2o -2 2 —4a)——,
2 (7+8)[ a— 2,U pmJ ( pm a)3(1—V2)

Ecnu 6yneM uMeTh peienne auddepenimansaoro ypasnenns (16), To W u Q, ompemensarcs

2
3=(Jpé—4a)(u+a—”h7 pé}+4a2

CIIeYFOIINM 00pa3oM:

~ 2 S 2 - 1 {2 Eh? -
oo 53+_1[2ﬂ_¢p;] ,,1__2{_#52_ } AT+
51PPm 2p PP L Si 3(1-v7)
2

Lt " 18
dw 1P;3m o 3(ph2 O\ Vlll Eh? "
~ a dW -
2, = ﬂza a2 XT3 pﬁ“}”‘ 2030V
Huddepennuansaoe ypaBHeHue (16) MoxeM MpeACTaBUTD B BUIIE:
(A=2)A=2)A- L)y, =0 (19)
rue A, A, A,— KOPHHU CIETYIOLIETO yPABHEHUS TPETHEN CTETIEHU:
AP+ AL +AA+A =0 (20)
Pemenne nuddepenipansaoro ypasuenus (19) s CriionHoON MIACTHHKH UMEET BUJT
7,(r) =Cl3, (=i A1) @1)
[Toacrasus (21) B (18), momyunm:
W(r)=Cl,(-iyf41), Q,(r)=ClJ (-4 (22)
rae J,(X),J,(X)-dynkiun beccenst neicTBUTEIHHOTO apryMeHTa HyJIEBOTO U IEPBOTO MOPSIIKA.
WA o el s - —E—hzﬁ——[ﬁ b2 - (ﬂ+a)j JAUma) o
S,00;, 3(1-v?) 2a 2a app;,

2

Eh Eh?
S, =A, —[s, + +&)A 1-247(Ip2 —da)—2u8, — 2103 | d — A, ————— |-
4 n 3(1_\/2)[ 1 06(}/ ‘9) n] H ( pm a) :usl H pm[a n 3(1_V2)J

2Eh? Eh? 2
—ﬂl{“a(m+7+5J—m(7+5)ﬁ«n}+ph7 Puls +244p; —8ua + (u+a)y +)A,]

Y 0BIeTBOPUM TpaHWYHBIM yciaoBuAM (13), Torga OTHOCHTENBHO Crﬁ MOJIyYUM OJIHOPOJHBIE
anreOpanyeckue ypaBHeHHs. [lamee moTpeOOBaB HEHYJIEBOE DEIICHHE, B PE3yJIbTaTe OTHOCHTEIHLHO
COOCTBEHHBIX YacTOT MOJIYYHM TpPAaHCLEHIEHTHOE YpaBHEHHE, KOTOPOE NPEACTaBHMM B KOMIIAKTHOM
BUJIE:

=0, nm=1273 (24)

e ) =iy 1Ry a2 =il (RA) -2 RV ©3)
=~ + s A Lo R+

<a/1 (- a){ H2a(y + &), —4ua +(u+a)dpy]+
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BN A U
/1n 3(1—V2)+ 3 pm:|[51+(/1+0[)(7/+8)ﬂ,n+21u(\]pm 40{)]}

Eh2 2h2
—2ua(p-a)s4, +pprfuasl|:(/u+a)_ﬂ‘n m:| _SlﬂpT p:]>|1(R\/ﬂ‘_n)

3neck 1y(X),l,(X) - -dynkun beccenst 4ncTo MHIMOTO apryMeHTa HyJI€BOTO M IEPBOT'O MOPSIIKA.
B cnydae 3amaum kpyueHus oOpatumcs K ypaBHeHusM (14). OTHOCUTENBHO 1, IOIYyYUM
00BbIKHOBeHHOE AU (hepeHIanbHOe ypaBHEHUE

ADAAT, + A AN, + AAY, + A, =0 (26)
rae A, A, A, A, 3anarorcs crieayOmmM 06pasom:
. 4y h* | p+ah® S
—(u+a)f+2 DA =ss,-s,pH N >p,
A =u+a)p 7/)7/+59 Ay =55,-5,p 2 3,
2 2
Ay =-S8;+ 2ah "‘ﬂ ,u+a—ﬂp§1 S, =558,
3 2c 3
2 2
A =-S5, + 2o’ | B y+a—ﬂp§1 S, —S;S,, A, =58, (27)
3 2a 3
2 2 2 2
e e AN R R L Ny G e
3 y+e 3§ 3 3

(It — h? hl2eh® g oA LY L
S, =(p3 4a>(u+a>3+2a(ﬁ+2y>3{ : +2a[u+a ) |2 VR ol

[Tocne pemenus auddepeHnnanbHoro ypasHeHus (26), BenuuumHBl 7 M ),  ONpeensATCcs
COOTBETCTBYIOIINM 00pa3oM.
HuddepentnmanpHoe ypaBHeHHE (26) MOKEM MPEACTABUTH B BUJIC:
(A=A -H)A =Ly, =0 (28)
rae A, 4,,4;— KOpHH ypaBHeHus Tpetbeii crenenn (20), a A, A, A, A, onpenenstores mo (27).

PemmB muddepennnansHoe ypaBHeHHe (28) IS CIUTOMIHOW IDIACTHHKH, YIOBJICTBOPHB
rpaHUYHBIM ycnoBusiM (15) u, manee, moTpeOOBaB HEHYJIEBOE pEIIEHHE, B PE3yJbTaTe€ OTHOCHTEIHHO
COOCTBEHHBIX YaCTOT MOJyYHM CIEAYIOlIee TPAHCLCHACHTHOE YpaBHEHHE:

3, (=i 4RI, (A2, R)I, (i ,R) = 0 (29)

Pemenre TpaHCIIEHAEHTHOTO ypaBHEeHUS (29) SKBUBAJIEHTHO TOMY, YTO

Al(tm/R)6+A2(tm/R)4+A9(tm/R)+A4:0 (30)
rae t, M— OTJIIMYHBINA OT HyJIsl KOPEHb TPAHCIIEHACHTHOTO yPaBHEHHUS
3(ty) =0 G31)

Htak, COOTBETCTBEHHO KaKIIOMY KOPHIO TpaHCIeHAeHTHOTO ypaBHeHus (31), u3 ypaBHeHus (30)
MOJTYYAIOTCS TP CIIEKTPa COOCTBEHHBIX YaCTOT.
OtmeruM, uto t; =0 sBIsSeTCS KOpHEM TpaHCLEHAEHTHOro ypaBHeHus (31). B stom ciydae

OTHOCUTEJIBHO P, MOJIYyYUM

Do =\3(B+2) I +4afI . Iph’pd —[3I(u+a)+4aph® |p2 +12ua =0 (32)
Pe3yabTaThl YMCJIEHHOT0 aHajm3a. Bo-MepBhIX, OTMETHM, YTO IO CPABHEHHIO C KITACCHUYECKON
MOJIEITBIO0, TI0O MUKPOTIOISIPHON MOJIETH TIOJTy4aeTCsl TOMOTHUTENBHBIA CIIEKTP COOCTBEHHBIX YacTOT, 3TO
00BsICHSIETCS TEM, YTO CBOGOIIHBIC Bpall€Hus TOYCK INNIACTUHKHU CO3Jal0T HOBBLIC CTCIICHU CBO6OIH)I. B
3TOM HAIpPaBICHWU BECbMa BaKEH CIEAYIOMUN 3()(HEKT — B MHUKPOMOIAPHOW YIPYrod IUIACTUHKE
uMeeTcsl COOCTBEHHAsh 4acToTa MaTepHana IUIACTHHKH, KOTOpas MPAaKTHYeCKH HE 3aBHUCHT OT o€
TEOMETPUUIECKUX pa3MepoB. DTOT 3P eKT BriepBhie OBLT 00HApyXKeH B padote [3]
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Ha puc.l mpuBeneHsl 3aBUCUMOCTH CaMOW HH3KOW YaCTOTHI CBOOOITHBIX KOJICOAHWN KpPYTIIOH
IUIACTHHKKA OT pasMepa R. B kauecTBe (u3MuUecKMX KOHCTAHT I MHKPOIOJSPHOIO Marepuana
TUTACTUHKY BEIOpaHbl cienyromue BenumduHbl: o = 1,6 MIla, p=2 MIla, A =3 MIlla, y=e=150 H;
IUIOTHOCTh Matepuana: p=1114 kr/M’;  Mepa mHepuuMM TpH Bpamenum: J=531-10° xr/m, a mus

OTHOCHTEIILHOW TOJIIIMHBI [UIACTHHKH BhIOpaHO 3HaueHue J =h/R =1/40. Ha 3ToM puCyHKe CILIONIHAS

JIMHUSL COOTBETCTBYET KIJIACCUYECKOW MOJENH, a MyHKTHpHas — MuUkponossipuoit mogenu (1)-(3). Ipu
OTHOCHUTENIFHO MaJbIX pa3Mepax IUIACTHHKH, HHXKHBIE 9aCTOTHI, 10 3TUM JIBYM MOZEISAM, 3HAUUTEIBHO
OTJIMYAIOTCS, a IpU OOJBIINX Pa3Mepax BUAHO, KAK KPUBbIE IPUOIMDKAIOTCS U CIMBAIOTCS.

Hanee, u3y4anoch BIMSHHE Ha YacTOTHl KOJE€OAHMI MHKpPOMOJSIPHOM IJIACTUHKH OCHOBHOM
¢usmueckold koHcTantel ¢ (puc. 2). Ha puc. 2 mnyskrtupHble JuHWUU 1,2,3 COOTBETCTBYIOT
MHUKpPOIOJIAPHON Mozaenu, kKorza (u3nveckuil mnapamMeTp « HMMEET COOTBETCTBEHHO 3HA4YEHUS

a=16-10"Tla, @ =1.6-10’Tla, @ =1.6-10"1la, a cowHas IuHus 4 COOTBETCTBYET KJIACCHUECKOU
mozenu. OcTanpHble HH3HYECKHe MapaMeTpbl UMEIOT MpeKHUe 3HaueHus, a & =1/40. Jlerko y6eauthes,

YTO TIpW TIOBBIIICHWH 3HA4YeHHWS (PU3MYECKOTO KOHCTaHTAa «, HHU3Kas dYacToTa KoyiebaHuu
MUKPOIIOJIIPHON TUIACTHHKH PE3KO BO3pacTaer. JTO O03HA4aeT, 4TO B BEIOOpE MHUKPOMOISPHOTO
MaTepuaia ecTh OMpPEJCIEHHAs BO3MOXHOCTh PEryJIHpOBATh 3HAYCHHE HU3KOW YacTOTHI KOJICOAHWUH
0amkd, W TEeM CcaMbIM, BO3MOXHO JOCTIDKEHHE 3HAYUTEIHHOTO pa3HOCa YacTOT COOCTBEHHBIX U
BBIHYX/IEHHBIX KOJIeOaHWH TNTACTHHKHY, YTO BaXKHO TPH SIBJICHUU pPE30HAHCA.

OTMmeTuM, 9TO B Clydae KPyTJbIX IUIACTHH, TAK)KE, KaK U B CIydae IMPSIMOYTOIBHBIX TUIACTHH [4],
UMeeTcs COOCTBEHHAs YacTOTa, MPAKTUYECKH HE 3aBHCAINAS OT Pa3MEpPOB IUIACTHHKH. DTO OJHA W3
JacToT, MoJiydaeMasl U3 BTOPOro ypaBHeHHUs (32). DTa 4acToTa MPHU OTHOCUTEIHHO OOJBITHX pa3Mepax
TUTACTUHKY MPAKTHYECKU HE 3aBUCHUT OT TOJIIIMHBI KPYIJIOH IJIAaCTHHKH (OT paanyca Kpyrjaon IIaCTUHKU
OHa U TaK HE 3aBHCUT, 3TO BUHO U3 yPaBHEHUS).

P.I'n P, T
1

140¢ \\ 1000
120¢ \

\ 800
100¢ \

\
800 \ 600
\
\
600 \ 400
\
400 ~
~
~ 200
200 ~al
———————— R.M L L L — R, M
0.02 0.04 0.0¢ 0.08 0.10 0.005 0.010 0.015 0.020
Puc. 1. 3aBUCHMOCTb HU3KOM 4acTOTHI KOseOaHUi Puc. 2. 3aBUCHMOCTb HU3KOH 4aCTOTHI KOJICOAHNH MUKPOIIOJISAPHON
MUKPOIOJISIPHON KPYTJIOHN IJIACTUHKH OT e€ pazmepa R . IIACTHHKH OT e€ pasMepa R s pasHbBIX 3HaYeHHH o .
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KOHTAKTHAS 3AJJAYA JIUIA INIACTUHBI, YCUJIEHHOM IBYMS
IHAPAJUIEJIBHBIMU BECKOHEYHBIMU CTPUHI'EPAMU,
OJIAH 3 KOTOPBIX KYCOYHO-OJHOPOIHbIN

Capxucsn K.C.

B pabote paccmatpuBaeTcss KOHTAKTHAs 3aJa4a 1715l 0ECKOHEUHOM IUIACTHHBI C IBYMsI NapauleIbHBIMH OECKOHEUHBI-
MM CTPHHIEpaMM, NPU4EM OAWH M3 HUX KyCOYHO-OAHOPOAHBIH. KoHTakTHas mapa (IuiacTHHa-CTpUHIep) nedopMupyeTcs
PaBHOMEPHO pacHpeIeNEéHHBIMI TOPH30HTAIBHBIME HANPSHKEHHSAMHE TTOCTOSITHHON MHTEHCHBHOCTH, JEHCTBYIOIIMMY Ha ILIAC-
TUHY B OecKOHEYHOCTH. MeTonoM (hakTopu3aluy MOCTPOCHO 3aMKHYTOE PElIeHHe TIOCTaBIeHHONH KOHTaKTHOH 3agaun. Ilo-
JIy4eHO aCUMITOTHYECKOE IPEACTaBICHUE TaHICHIMAIbHBIX KOHTAKTHBIX HAIPSOXKEHUH B TOUKE HEOJHOPOJHOCTU KYCOUYHO-
OJTHOPOJIHOTO CTPHHIEPA.

[TycTs OeckoHEUHAss OMHOPOAHAS TUIACTHMHA MAJIOM MOCTOSHHON TommuHBl H ycmimena nyms
napauuieibHbIMA  OCCKOHEYHBIMH CTPHHTEPAaMH, HaXOIAIIUMHUCS Ha PacCTOSHUHM 2@, OIWH U3

KOTOPBIX KYCOYHO-OJHOPOJHBIA M COCTOMT W3 JBYX NOJTYOSCKOHEYHBIX 4YacTeld C pa3HBIMH
MEXaHMYECKUMH CcBolcTBaMu. IlmacTmHa ©W  CTpUHTEPHl ACPOPMUPYIOTCS TION  ICHCTBHEM
pactpenenéHHbIX CUII, IPUJIOKEHHBIX PABHOMEPHO Ha OECKOHEYHOCTH MpH X = 100,

B uccrnenyemoii 3ajade OTHOCUTENBHO CTPHHTEPOB MPUHUMAETCS MOZENh KOHTAKTa 110 JINHUH,
TO €CTh NpeAIoJaracTCsa, 4YTo0 TAaHrCHIHUAJIbHBIC KOHTAKTHBIC YCUINA COCPEAOTOUYCHBI BAOJIb CpeIIHeﬁ
JIMHUM KOHTAKTHOTO YYacTKa, a JJIs yIPyTroi OJHOPOAHON TUIACTHHBI CIIPaBeUIBa MOJICh 0000IIEH-
HOTO TTOCKOTO HaNpsDKEHHOTO COCTOSTHUS. 3a/1aya 3aKIII0YaeTcsl B ONpe/ielIeHHN KOHTaKTHBIX TaHTeH-
IHANBHBIX HampspkeHui. B cuiy BeimeckazanHoro, auddepeHnnasbHOe ypaBHEHHUE pPaBHOBECHSI
OJTHOPOJTHOTO CTPHUHTEpa MPU Y = @ 3amuIIeTcs B BUIE:

2 . .
d us(?’a)_T(X’a):(), O
dx EF

S

rae F, —momans momepeyHoro cedenus crpuHrepa, E —wmomymb ympyroctu crpunrepa, r(x;a)—

KOHTAKTHBIC TAHI'CHIIUAJIILHBIC yCUJINA, US (X, a) — NEepEMCUICHHNA TOYCK CTPUHTEpa IIpU y =a.

YpaBHeHHe paBHOBECHA KYCOYHO-OJJHOPOAHOTO CTPpHUHTEpA IIPpU y = —a 3aluIIeTCs B BUE:

2 .

d “d(XX 8)_ EIIFS t(x-a)=0  (=o<x<0),

d’u,(x;—a) 1 @
sdx; —EzFST(X;—a)zo (0<x<w),

KOTOPOE€ MOXHO HaIlMCAaTh C IIOMOMIBIO OTHOT'O YPaBHCHHUA:
d2us(x)_8( ) du (x;—a)|  du,(x-a)
x> dx | dx | E,F,  EF

X=+0 x=—0

; 3

U, (x)=0(x)u, (x;—a)+0(—x)u, (x;—a); T (x)=0(x)t(x;—a); T (x) =0(-x)t(x;—-a),
9( X) — ¢ynkuus XoBucaiija, B(X) — ¢yukuust {upaka.

[Tpumenus k (1) u (3) uaTerpanpHoe MpeodpazoBanue Oypre B CMBICIE TCOPUU 000OMEHHBIX
(YHKIHHA, TOTYYHM:

N (Y —ELFS?(G; a)=0, “4)
60, (o) = du, _ dug W2 (o) N T (0). )
dX X=+0 dX x=-0 E2 I:s El Fs

VYc10BUA KOHTAKTa UMEIOT BU/.
U(c;a)=0,(c;a) mpn  y=a,
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U,(c)=U(c;-a) mpu y=-a, (6)
rie U(G;a) u U(G;—a)—TpaHC(bopMaHTH Dypbe nepeMenieH s KOHTAKTHOTO Y4acTKa IUIACTHHKH,
mpuaém [1]:

. A +3u A+ Dalol= .

U(o;a)= - - . 2ale ;—a)+

(o:3) Lu(x +2p)o|H  2u(2"+2u)H ] ?(o:-a)
A +3u _ S
;a)— 2mApPS ,
+2H(7\,*+2H)|G|H T(G ) AP (G)
(7
- X*+3},l 7\*"'“ o= _.
U(oc;—a)= — — — 2a (e ;a
(G ) [2u(k +2;,L)|G|H Zu(k -I-ZM)H ] T(G )+
A +3u _ S
;—a)—2mApPS ,
o )26 (o)
e A :27u_u’ A u W—mocrosHubie Jlame, A= A+ , P—ycuiue, MpUIOKEHHOE Ha

A+ 4“(7\.*+H)

0ECKOHEYHOCTH, O’ (G) — npou3BoAHAsA PYHKLIUH O (G).

ComnocraBnenuem ¢opmyn (4) u (5) ¢ yu€rom ycioBuit (6) moiayyuMm (YHKIIHMOHAILHOE
ypaBHEHHE OTHOCHTENBHO T (G) uT (G):
_ X(T,-T T
K(c)T'(c)+7 (0)= (T 2)(|G|+ ) > , ()
(Iof+T:)(|ol+T) - (kao" ~[of ) e

rac
K(G) _ (|G|+T2)(|G|+T)—(ka02 —|G|)22 ej‘a(’ | )
(|G|+T1)(|G|+T)—(kac52 —|G|) e 4alo]
(e (20 H (e 2gH 2(3 )
C(Cesw)ER T T (Me3p)ERT T (Wadn)ER T A3
d d
X = GX|><:o F = Ezﬁx_m F= EI%X__O F.,

KOTOpas ONpPE/CIIICTCs U3 paBEHCTBA!

X=1 (0) + F,E Ap.

3amava cBenach K pelICHUI0 33a1aud Pumana B Teopun aHanutwdeckux ¢QyHkiwi [2]. s
penrenus GyHKIMOHAILHOTO ypaBHeHus (8) dakropusyem K (G) , TIPEICTaBUB €€ B BUJIC:

K(c)=K"(c)K (o), (10)
re K* (o) perynspua, He nmeer Hyeii npu Imo. >0, a K- (o) perymspua, He uveer Hyneil npu

Ima<0 (Ot =G+ ir). Oyuxkumn K* (G) CTPEMSATCS K €IUHHIIC B CBOUX 00JACTIX PEryJISIPHOCTH.
31ecn
K*(c)=e"", K (c)=€", (11)

e
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27
( ° (12)
R* (c) = J. R (X)ei(c+io)de; R™ (G) - I R (X) ei(o-i0x gy
0 —o0
Nwmes B Buny (10) dynxumonansHoe ypaBHeHHE (8) MOKHO 3alMCaTh B BUJIE:
K T X (T -T T
K*(c)T" (o) + 17(0) . (T,-T,)(jo]+T) 2 | .
k(o) K(G)[(|G|+T1)(|G|+T)—(ka52_|G|) e%ac}
0O0603Ha9MB
P (o) = |o]+T »

K (0)|(of+T.) (ol +T)~ (kao o e

U TIpeACTaBHB (DYHKIIHIO ‘T’(G) B BUIE lT’(G) =y (G)+‘T’_ (G), NOJIy4YuM (YHKLIHMOHAIBHOE

ypaBHeHue (8) B BUIE:

R (6)F (6)- X (T,-T,)F* (6) = X (T, -T,) ¥ () - ) (15)

riue
P J‘P “i(osi0x gy P ( J\P g (e 10xgy. ¥ (x j‘P edo. (16)

He ocranaBnuBasics Ha HO,I[p06HOCT$IX MIPUBEAEM peLICHHE (byHKuHOHanL}Ioro ypaBHenus (15):

X(T,-T,)¥" (o)

T (o) = T (o) ; T (0)=X(T,-T,)¥ (c)K (o). (17)
Tak kak npu |G| —
T(0)=T"(0)+7T (o)~ X0 -h) (T|1G|_T2) :

TO TpU |X| -0 r(x) UMeeT JIorapu(GMHUIECKyI0 0COOCHHOCTb, 00YCIOBICHHYIO HEOIHOPOIHOCTHIO

CTPUHTEPOB:
X(T,-T, 1
'C(X)—(T)l M+O(1)
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TEPMOYIPYI'OCTb MUKPOIIOJIAPHBIX TOHKHUX OBOJIOYEK

Capkucsan C.O.

Wmes BBUIY KaueCTBEHHBIE PE3yJIbTaThl, YCTAHOBICHHBIEC IPH ITOMOIIN aCHMITOTHYECKOTO MHTETPHPOBAHUS KPacBOH
3aJa4yll MHKPOIOJSIPHON TEPMOYIpPYTroCTH B TPEXMEPHOH TOHKOW o0OmacTh 000JI0YKH, (QOPMYIHPYIOTCS aleKBaTHBIC
THIIOTE3bl, Ha OCHOBE KOTOPBIX CTPOHMTCS OOIIash MaTeMaTHYecKass MOJENb MHKPOIOJSIPHOW TepMOYIPYTOCTH TOHKHUX
000II04eK.

BBenenne. OcHoBHas npoOieMa OOILIeH TEOPUH MHUKPOTOJSPHBIX YIPYTUX TOHKHUX 000JOYeK M
TUTACTHH 3aKJTI0YaeTcsl B NMPHOIMKEHHOM CBEACHWW 3a7add TPEXMEPHON MHKPOTIOISIPHOW TEOPHH
YOPYTOCTH WM TEPMOYIIPYTOCTH K aIeKBaTHOM JByMepHOU 3anaue [1].

B paborax [2-4] ¢ moMOmBIO MeTOJa THIIOTE3, KOTOpble c(OpMYIHpPOBaHBI Ha OCHOBE
ACUMIITOTHYECKUX CBOMCTB PEIICHUH yKa3aHHBIX IPaHUYHBIX 33/1a4, MOCTPOCHBI OOIINE MPUKIIAIHEIC
TEOPUH MUKPOTIOSIPHBIX YIIPYTHX TOHKHAX OAJOK, TUNIACTHH U 000JI0YEK.

B nmanHOil paboTe pa3BHBaeTCsl 3TOT NOAXOJN W Ha OCHOBE KayeCTBEHHBIX pe3yJbTaTOB
ACUMIITOTHYECKOTO METO/Ia MHTETPHUPOBAaHUS TPAHHYHOW 3aJa4d TEPMOYIPYTOCTH MHUKPOIIOISIPHBIX
TOHKHX TelI [5] mocTpoeHa o01Ias MpUKIagHas TEOPUS TEPMOYIPYTOCTH MUKPOTIOISPHBIX 000JIOYEK.

1. ITocTanoBKa 3a5a4u

PaccmoTpuM  M30TpOTHYIO 000J0YKY ITOCTOSHHOW TONIMIMHBI 2/ Kak TpEXMEpHOE YIpyToe
M30TPOIHOE MUKPOIOJISIPHOE TENO. ByneM MCXOIWTh M3 OCHOBHBIX YPAaBHEHUH IPOCTPAHCTBEHHOM
CTaTUYECKOW 3aa4M JIMHEHHON MHUKPOIIOJIIPHOM TEOPUH TEPMOYIPYTOCTH C HE3aBUCHMBIMU TOJISIMHU
TIepeMEIICHUIA U BpaIeHui [6]:

YpaBHEHUS] pAaBHOBECHSL:

0 0 0 OH, OH, OH .
E(HJ 'Gii)+£(Hi 'Gji)+£(Hi H/ .031')+£sz +Hj£ci3 — 6(1.] Gj/ :0, (11)
i j 3 j 3 i
0 0 0 OH OoH
E(HZ'GB)"FE(HI'GB)‘Fa(Hl‘HZ'GB)—HzaT«‘lG“—Hl?«‘ZGZZ:0, (12)
1 2 3 2 3
0 0 0 OH.
—(H. n, |+—I(H -n, ) +—(H.-H, -u,, ) +—u. +
S0 ) ) B
OH. OH .
+H,-873’u1-3—anuﬁ+H,.-Hj(oj3—c3j)=o, (1.3)
0 0 0 OH OH
a(Hz'MB)"‘g(Hl'“B)"'a(Hl'Hz'“33)_aT.L1H11_H1?.LZM22+
1 2 3 3 3
+H1'H2(O'12_O'21):0a (1.4)

(u3MIecKre COOTHOIIEHHS TEPMOYTIPYTOCTH:

1 1
Vi :E[Gn‘ _V(ij +633):|+atT’ 33 :EI:G% _V(Gll +622)]+atT’
L+ o n—o n+o u—ao n+ o n—o (15
i= 4 O, — Aua Ois 5= 4 O~ 4o O35 V3 = Apa O3 — Ana Gi3»
v+P p v+p B
Xi= Tan A Mi =570 My s ) s Xas =~ | My = o7~ (B TH ) |
v(3p+27) 2(B+Y)( i 33) 3 v (3p+27) 33 2(B+Y)( 0t )
1 1
T (r+e)m—(v=e)w, | % =4—yg[(v+8)ui3—(v—8)uﬁ], (1.6)

1
Yo =4—yg[(v+8)u3i ~(y—¢)m, J;

FeOMETPUYECKHE COOTHOLIEHHUS:
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A | | v, |
ov,, 1 oH ,  10H LoV, 1 oH,,

1 i
o iy y Ly +(-1) o,
" HH, oo, ' H, éa, ’ T HH, oo, (1) e

1 oV, 1 0H, j ov. i oV,
Yi3:F'a_Oj_Faal V;""(_l)j o, Y3i:aal +(_1) ®;5 V33 :a(; s (1.7)

i i i 3 3 3

1 Oo, 1 OH, 1 0H, 0w,
Xii:_' -+ l(’o'+__l(’039 X33:_’

H, da, HH, oo, ' H, da, oo,

0w, H.

Xﬁ_i.@c%_L@Hl 0w, %, 1 ; 1 OH, (18)

- ®;, X =% > =—" - ;.
H, 0o, H, da, 0oL, H, do, HH, oo,
YpaBHEeHUE TEeMIIEPaTypPHOro MO (Ui MPOCTOThI OyJeM MpeHeOperarh TePMOAJIEKTPHUSCKUMU
s¢pexTaMu 1 He OyJieM YUUTHIBATH TEPMOYIIPYTOE PACCESIHUE SHEPTHN):
1 o (H, oT o ( H oT 0 oT
—= - —L + HH,— ||=0. (1.9)
HH,| oo\ H Oa, ) Oa,\ H, Oa, ) Oa, oo,

31ech G;,0,,0,3,05,,033, My lys Hj3s Hs; 5 g3 “"KOMIIOHEHTBI CHJIOBOTO W MOMEHTHOTO TEH30POB
HANPSKCHUI] Y15 Y55 Vi35 V3io Y330 Kiis > Xiz» Xai> X33 “KOMIIOHCHTBI TEH30POB JiepopMALMi U M3ruba-

Kpy4€HHI; V(Vl,Vz,V3 ), cT)(a)l,a)z,a)3), COOTBETCTBEHHO, BEKTOp NEPEMEIIECHUNA, U BEKTOpP

E
cBoOomHOrO TOBOpOoTa; I — (QyHKOMS Temmeparypel; E,Vv| u=———|a,f,y,&—yupyrue
2(1+v)
KOHCTaHTbl MHKpOIOJSPHOIO MaTepuana; «,— JIMHEHHBIH Kod(HIMEHT TeMIepaTypHOro
. . 2%} N
pacummpenust; i,j =12, i#j;H,=A4,|1+—| H;=1- xo3bpdunuents! Jlime KpuBOIUHEHHON

i
CUCTEMBI KOOPIUHAT «;,0y — IIPUMEHSAEMON B Teopuu 000/10uYeK, R,—TJIaBHbIE PaJiyChl KPUBU3HBI
CPEIMHHON MMOBEPXHOCTU 00OJIOYKH.

K OCHOBHEIM ypaBHEHHSM MHKPOIOJIApHOW Teopuu Tepmoympyroctu (1.1)-(1.9) mpucoennmanm
COOTBETCTBYIOIINE TPAHUYHEIE YCIIOBHSL.

Ha nuneBbIX MOBEPXHOCTSIX O0OJIOUKH ¢y = T/ TpUMEM TpaHUYHbIC YCIOBUS IEPBOW I'PaHUIHOMN

3aJa4il MUKPOIOJISIPHON TEOPUH YIIPYTOCTH:
+

o, =1q’, ©G,=1q;, W,=1m , p,=1tm;. (1.10)
Ha noBepxHocTH Kpast 00070YKH X B 3aBUCHMOCTH OT CITOCO0a MPHIIOKEHUS BHENTHEH HArpy3KH
HJIn 3aKpCIICHUA eé TOYCK, T'paHUYHBIC YCJIOBUA 3allMCBIBAIOTCA B CHJIOBBIX W MOMCHTHBIX
HaIpsHKEHUSX, IEPEMENICHUSIX U TTIOBOPOTAX WM B CMEIIAHHOM BHUJIE.
Jnst TemmepaTypHOro IoJsisi OOOJIOYKHM, KAaK Ha JIMIEBBIX IOBEPXHOCTAX o5 =th, Tak U Ha

MOBEPXHOCTH Kpasi X, JUIsl IPOCTOTHI OyIeM CUUTATh 33JJaHHBIM 3HAUCHUE TEMIICPaTyPHO# (PyHKIINY.

CrneyeT OTMETUTh, YTO OCHOBHOM (hM3MUYECKOW TIOCTOSIHHOM, ynepxkuBatoriein Moaens (1.1)-(1.9)
Ha YPOBHE MHUKPOIIOJIAPHOH TEOPHH TEPMOYIIPYT'OCTH, SIBJISETCS YHPYrHid KO3IQQHUIMEHT o (mpu
o =0 w3 yKa3aHHOH CHCTEMBI OyIEeT OTACNIATHCS ypaBHEHHE TPEXMEPHON KIACCHUECCKOW TEOpHH
TEPMOYIIPYTOCTH).

[Ipennonaraercs, 4YTO TONIUHA OOOJIOYKM Maja MO CPABHEHUIO C XapaKTEPHBIMU pajlycamMHu
KPUBU3HBI CPEIWHHOW ITOBEPXHOCTH OO0OJOYKH. bByleM HCXOIUTh W3 CIEAYIoUmed OCHOBHOM
KOHIIETIIIMY: B CTAaTHYECKOM ciydae oOmiee HamnpsKEHHO-Ie(HOpPMHUPOBAHHOE COCTOSHHE TOHKOTO
TpEXMEPHOTO  Tena, OO0pa3yromero o0O0JOYKY, COCTOMT W3 BHYTPEHHETO  HaNpsHKEHHO-
ne(OPMUPOBAHHOTO COCTOSIHHS, OXBAaTBIBAIOIIETO BCIO O00OJIOYKY, W TIOTPAaHUYHBIX CIOEB,
JIOKAJTM3UPYIOMHMXCS BOJIM3M TMOBEPXHOCTH Kpas obOonoukn 2. IlocTpoeHme oOIMeH MpUKIIaTHON-
JIBYMEPHOU TEOPUHU TEPMOYIIPYTOCTH MHKPOIOJSPHBIX YIPYTUX TOHKHX 000JIOUEK TECHO CBSI3aHO C
MMOCTPOCHUEM BHYTPEHHEH 3a/1a4M.
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Cunrasi, 4yTO METOJ THUIOTE3, HapALy C Ype3BbIUAllHOM HAIJSIIHOCTBIO, OYEHb OBICTPO U
OTHOCHUTEJIFHO MPOCTO JJIsl MH)KEHEPHOM MPAaKTUKK MPUBOJUT K OKOHYATENBHBIM pe3yjbTaraM, Oyaem
CTPOUTH TEOPHUI0 TEPMOYIPYTOCTH MHUKPOMOJAPHBIX 000JIOUYEK HAa OCHOBE Merona rumore3. Camu
runoressl OyaeM GopMyInpoBaTh Ha OCHOBE PE3yJbTaTa aCHMITOTHYECKOTO aHaJIM3a IOCTABIEHHON
TPEXMEPHON I'PAHMYHOM 3a1a4¥ MHUKPOIIOJISIPHOM TEOpHUU TEPMOYIPYTOCTH B TOHKOM TpEXMEPHOMU
obmacTu 000JI04KH [5].

2. O0mas Teopusi TEPMOYNPYrOCTH MHMKPONOJSIPHBIX TOHKHX 000/109eK ¢ He3aBHUCHMBbIMHU
MOJIAMU NepeMeleHN 1 BpalleHni.

C y4éToM KadeCTBEHHBIX PE3yJbTaTOB [5] aCHMITOTHYECKOTO PEIIEHHs] CHCTEMBl ypaBHEHHI
(1.1)-(1.9) ¢ yka3aHHBIMHU BHIIIE TPAHUIHBIMHA YCIOBHSIMH M CaMOTO IPOIeCcCa aCHMITTOTHIECKOTO
WHTEIPUPOBAHUS 3TOM IPAHUYHOM 3a/1a4d, B OCHOBY IIPEJIara€MOM HUXKE TEOPUU TEPMOYNPYTOCTH
MUKPOIOJISIPHBIX TOHKMUX 00O0JIOYEK C HE3aBHCHMBIMHU IOJISIMH IEPEMEIICHUH W BpallleHU MOKeM
MIPHUJITH K CIEAYIONIMM JOCTATOYHO OOIIUM IPEITION0KESHUIM (TUTIOTE3aM):

1. B mponecce nedopmarmu nepBoHaYaqbHO MPSIMOJIUHEHHBIE W HOPMalbHBIE K CpPEAMHHON
MOBEPXHOCTH BOJIOKHA CBOOOJHO IOBOPAaYHMBAIOTCS B IPOCTPAHCTBE KakK KECTKOE Meloe Ha
HEKOTOPBIH yTOJI, HE WM3MEHSs MPH OTOM CBOEH JUIMHBI M HE OCTaBasCh IEPICHIUKYISPHBIM K
nehopMUPOBAHHOMN CPETUHHON TOBEPXHOCTH.

[IpuHATYIO TUMIOTE3y MaTeMaTHUECKH MOYKEM 3alHMCaTh TaK: MEPEMENICHUS] TOUEK TeNa-000I0uKN
pacmpeieneHsl 10 TOIIIUHE 000JI0YKH 110 JIMHEHHOMY 3aKOHY CIIEAYIOUINM 00pa3oM

Vi=u,(og,0,)+o,y, (a,0,),  Vi=w(a,a,). 2.1
JloGaBieHneM K 3TUM, OyJIeM CUMTaTh, YTO TAHTCHIIUAIBHBIC IOBOPOTHI U HOPMAIIbHBINM TTOBOPOT
TaKk)Ke IMEIOT JMHEHHOE paclpeieleHre 10 TOIIIUHE 000JI0YKH CIIEAYIOIIETO XapaKTepa:
o, =, (0,0, )+os(a,a,), o =Q/(a,a,). (2.2)
OTmMeTHM, 9TO C TOYKH 3PEHUs NepeMeleHni puHATas runoresa (2.1) mo cyTu nena, coBmagaeT
C KHHEMAaTHIECKOH THUIMOTe301 TUMOIIIEHKO B KIIACCHUECKON TEOpUHr ynpyrux obonodek [7]. ['umotesy
(2.1), (2.2), B muenom, Ha30BéM OOOOMIEHHONH KWHEMATHYECKOW THUIOTE30i THUMOIICHKO B
MUKPOIIOJIIPHON TeOopHH 000JI0UEK.
2. CuJOBBIM HaNpsDKEHHEM 05, B 0000méHHOM 3akoHe ['yka (1.5) MoxHO mpeHeOpeub

OTHOCHTEIIBHO CHJIOBBIX HANPSDKEHUH O, a TaKKe, MOMEHTHBIM HAlPSDKEHUEM [y, B 0000IIEHHOM
3akoHe I'yka (1.5) MOXxHO ITpeHeOpeyb OTHOCUTENBHO MOMEHTHOI'O HANIPSKEHUS [ .

3. Ilpu ompenenennn nedopmaruii, W3ruda-KpydeHUH, CHIIOBEIX M MOMEHTHBIX HaIPsDKCHHIA,

CHayasa JUIsl CHJIOBBIX HANIPSDKEHUH O ;; M1 MOMEHTHOT'O HANPSDKEHUS Liy; IPUMEM
0 0

03 :O-Si(aDaZ )a Hz3 = Hiz (0‘1’0‘2)- (2.3)
Ilocne BBIYMCIEHUS YKa3aHHBIX BEJIUYUH, 3HAUYEHUs O5 U [f;; OKOHUYATEIbHO OIPENesIuM
npuOaBneHneM K 3Ha4eHUsM (2.3) COOTBETCTBEHHO cllaraeMble, MOIy4aeMble HHTETPUPOBAHHEM
ypaBHenuii paBHoBecust (1.1), (1.4), mnsd KOTOpBIX MOTpPeOyeM BBIIIOJIHEHHE YCIOBHUS, UYTOOBI
yCpenHEHHBIE MO TONIIMHE 000I0YKH BEJIMYMHBI ObUTH PaBHbI HYJIIO.

4. lpuHuMaeM, 4TO TeMIlepaTypa IO TOJIIWHE OOOJIOYKM MEHSeTCsS MO JMHEHHOMY 3aKOHY, a
MMEHHO:

T=T,)(aya,)+ %AT(al,az) (2.4)

rae T, =%(T+ +T7) (AT)=T" -7, (2.5)

T +(0(1,012) u T _(al,az)fTeMnepaTypH COOTBETCTBEHHO HA BHEIIHEH (a3 = h) U BHYTPEHHEH
(a3 = —h) mOBEpXHOCTAX 0GOTOUKH.

a .
5. BenuunHamu R—3 110 CPAaBHEHUIO C AMHULICH OyneM npeHedperaTh.

i
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OcHOBHasg cucTeMa ypaBHEHUIl TEPMOYIIPYTOCTH MHUKPOIOMSAPHBIX TOHKAX OOOJIOYEK C

HC3aBHCHMBIMHU ITOJISIMHA HepeMemeHHﬁ n BpaHIeHI/Iﬁ 6y;[eT Ha OCHOBC IMPUHATHIX I'MIIOTE3 BbIpa)XaTCs
TakK:

ypaBHEHUS paBHOBECHS

! o4, as; |

Lo ) L, L )Y ()

4, 0a,  AA, oa, 774, ba;, A4, da, R

1 oM, 1 o4 1 0H; 1 04 _

— L — "\H.+H.)-N, =-hlg’ —q;

4, 0a, | AA, aa,( My )+ 4, da, A4, aaj( by =Ny =hlal =47
Ty, Tn 1 {(ANB) O(4,Ns )}—q;w;,

R, R, AA4, oa, oa,

LaLii 104 (L L )+L6Lﬂ+ 1 aAi(
A; b, A4, Oc, A da;  AA; da,

+(—1)j(Nj3—N3j) —(m; +m; )

ﬂ+Lﬁ_ 1 8(A2L13)+8(A1L23) —(S,, - S )=(m++m_)
R, R, A4, oa, oa, 12 21 3 3 )

1 |:6(A2A13) 0(4As)

oo, " oL, }_(H”_HZ‘)zh(m;_m;);

L.
i+ Ly )+ R—’3 + (2.6)

i

33

A,
(Gu3HYECKHE COOTHOLIEHHS TEPMOYIIPYTOCTH
2Eh
= -+ [(F +9T )= (1+v)T } Si —2h[(u+0c)rij+(u—(x)l"ﬁ],
2Eh’
M,,,.=3(1_v2)[(1<ﬁ+v1<jj)—(1+v)KT],
2K
=3 [(u+oc)Ky.+(},L—oc)Kﬂ1, N, =2h(p+o)T,;+2h(n-0)Ty,
Av(B+y 2vB p
N3l.:2h(p+oc)l“3l.+2h(p.—a)l“i3, L, =2h [3(+2Y )Kii+B+2ijj +ML33, (2.7)
Ll.j=2h[(y+s)1<l.j+(y—s)1<ﬂ], Ly =2h[ (B+27)1+B(x,, +x5,) ],
3
Ly =2h- A Ki3» A :%'ﬁlm
y+e 3 v+e

TCOMETPUUCCKUE COOTHOIICHUSA

; . w 1 Ou, 1 04, 1 oy, 1 04
Ly =— ujt—=, Iy=— - Uiy By =—= + V>
4; 0a; A4, Oa; R, 4; 0a; A4, oa; A. oo, AiA]. 80(1.
1oy, 1 o4 ; . 1 ow u
K=——t - “iy TI';y==9,+-1)Q., =y -(-1)VQ, $=-——"+—, (2.8)
"4 o0, Ad 0w, " (e, e, A oa, R,
160, 1 o4, Q, 10Q;, 1 o4 1 0Q, Q, 1 o
Kii = -+ —Q, +—=, Ky =~ - v Kn=—F———— > lz=—""7"".
4; da; A A; Oa, R, 4; Oa; A4, Oa, A4, da; R, A; Oq;

3 AT
I, haITda3 oc]}),K—z aITada3—a

—h —h

187



IIpencraBum “cMsaTd€HHBIC” TPAaHUYHBIC YCIOBUS HA TPAaHUIHOM KOHType [ cpeaumHHON TmoBEpX-
HOCTH 000JIOYKH, CYHUTAs], YTO STOT KOHTYpP COBIAIAET C KOOPAUHATHOH nuHKMen o, = const [4]:

* * * * * *
,=T, wMm wu =u, S,=8, WM u,=u,, N;=N; WM w=w,

M, =M1*1 um - Ky, =K1*1: Hy, =H1*2 um K, =K1*2’ (2.9)

* * *
Ly =L, wm Ky =ky, Lp=L, WM K,=K,,

* *

Ly=1L; wm ky=k5, Ay=Ay, wm ;=1

Cucrema ypaBHeHuit (2.6), (2.7), (2.8) m rpanwgasle yciaoBus (2.9) TpencTaBisioT COOOM
MaTeMaTUYECKYI0 MOJIEIb TEPMOYIPYTOCTH MHUKPOIUISPHBIX TOHKHUX O000JIOYEK C HE3aBHUCHUMBIMH
MOJISIMU TIEPEMEIICHN U BpallleHnid. JTa MoJIelh PeCTaBIsieT co0oii cucteMy nuddepeHnnarIbHbIX
ypaBHeHHUH 18-r0 mopsaKa ¢ 9-10 TPaHUYHBIMH YCIOBHSAMH Ha Ka)XJIOM M3 KOHTYpoB [' cpeamHHON
MOBEPXHOCTH 000JIOYKH. DTO cucTeMa U3 52 ypaBHEHHH, OTHOCHTENFHO 52 HEW3BECTHBIX (YHKIIMIi:

ui:W’Wz”QﬂQSvlJSi’];ng/’Ni39N3i’Mii7 Hij’ Lii’Li/" Ly, Ly, Ay, Fii’ri/"ri3’r3i’Kii7K@'j’Kii’
Ky Kiso Ly
Ha ocHose npunnumna Janamoepa, eciii B ypaBHeHHIX paBHOBecHs (2.12) OymeM BKITIOYATH CHIIBI
ou, o’w 2ph’ 0y, ’Q. ’Q
Y MOMEHTBI UHEPIUHU (COOTBETCTBEHHO: 2ph—2’, 2ph > p “2[’ , 2Jh > L. 2Jh 23 ,
ot ot 3 ot ot ot

3 A2
2j3h %), TO TOJIYYUM OOIIYIO MPUKIATHYIO TEOPHI0 TUHAMHUKHI TEPMOYIPYTOCTH MHUKPOIIOJISIPHBIX
TOHKHX OOOJIOYEK C HE3aBUCHMBIMH IOJIIMU TEPEMEIeHI ¥ BpalieHuil (KOHEYHO, B 3TOM CITydae
HY’KHO 3a/1aBaTh TAK)K€ COOTBETCTBYIOIINE HadyaJIbHbIE YCIOBHUSA).

OtmetruMm, yto mpu o =0 u3 momenu (2.6)-(2.9) OyayT OTHAENATHCA CHUCTEMa YpaBHEHHH H
TpaHUYHBIE YCIIOBHS KJIACCHUECKOHW TEPMOYIPYTOCTHM TOHKHX o0Oosouek Tuma TumomieHko [7] (c
HEKOTOPBIM OTJIMYMEM, CBA3aHHOW C Halllel CTaTUYeCKOH TUTIOTe30H 3)).
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MATEMATHYECKASA MOJEJIb MUKPOIIOJISAIPHBIX OPTOTPOIIHBIX YIIPYI'UX
CJIOUCTBIX TOHKHUX OBOJIOYEK

Capkucsn C. O., ®apmansH A. K.

B namnOi paboTe Ha OCHOBE METOAA THIIOTE3 HMOCTPOEHA TEOPHUS] MUKPOIOISAPHBIX YIPYTUX OPTOTPOIHBIX CIOHCTBIX
TOHKHUX 000JI09€K HECUMMETPHIHOTO CTPOCHHSI.

BBenenue. Teoprus aHU3OTPONHBIX YNPYTHUX CIOUCTHIX TOHKHX OOOJOYEK CHMMETPHYHOTO HITH
HECHMMETPUYHOTO CTPOCHHUS Ha OCHOBE KJIACCHYECKOM TEOpUH YIPYTroCTH MoCTpoeHa B paborax [1-3
u ap.].

B pabote [4], mpuHuMas omnpemenEéHHBIE THIIOTE3BI, JUIS BCETO IakeTa OO0OJOYKH, B IIETIOM,
MOCTPOEHA NPUKIAJAHAA TEOpUS MHUKPOIOJIAPHBIX OPTOTPOMHBIX YIPYTHX CIOHCTBIX 000I0YeK
CUMMETPUYHOTO CTpoeHHsa. B pabore [5] aHaNIOrMYHBIM MOAXOJOM MOCTPOCHA NMPHUKIAAHAS TEOPHS
MHUKPOIIOJIAPHBIX OPTOTPOITHBIX YIIPYTHX CIOUCTHIX TOHKHUX TUIACTHH HECUMMETPHUIHOTO CTPOSHUSI.

B nanHOil paboTe pa3BHBaeTCs 3TO HalpaBieHHE M MOCTpoeHa OOIIast TEOpHs MUKPOIOJISIPHBIX
OPTOTPOIHBIX YIPYTHX CIOUCTHIX TOHKHX 000JI0UeK HECUMMETPUYHOTO CTPOCHHUSI.

IMocranoBka 3agaun. PaccMoTpum 000J0YKY MOCTOSIHHOW Tonmmuubl 2N, cocraBienHyio u3 n

OJTHOPOJIHBIX MHUKPOIOJISIPHBIX OPTOTPONHBIX CJI0EB. B KauecTBe MCXOIHOW MOBEPXHOCTH INPHUMEM
BHYTPEHHIOIO TIOBEPXHOCTb KaKOTO-THOO |-ro Clos WIM MOBEPXHOCTh KOHTAaKTa CIOEB, KOTOPYIO
OTHECEM K KPUBOJMHEHHBIM OPTOIOHAJIBHBIM KOOpPAMHATAM «,(,, OTCUMTHIBAEMBIM BJOJIb JMHUU

rnaBHbIX KpuBH3H. [lomepeunyio koopiauHaTy Z OyAeM OTCUMTHIBATH B CTOPOHY BO3PacTaHUS
BHEIIHEH HOPMaJIM K UCXOTHOU IMOBEPXHOCTH.

ByneM uCXoauTh U3 OCHOBHBIX YPaBHEHHMM IPOCTPAHCTBEHHOM CTAaTHYECKOW 3a7aud JIMHEHHOU
MUKpPOTIOJIAPHON TEOPHUH YIPYTOCTH I OPTOTPOITHOTO TENA ¢ HE3aBUCUMBIMU MOJISIMH IEpEMEILEHU
¥ Bpamienui [6,7]:

yPaBHEHUS PABHOBECHUS JUIS | -TO CIIOS 060JI0UKH

1 i(H20'1i1)+ LL(H10;1)+ Li(Hlea;l)—i— I oH, 0'1i2 +

H,H, da, HH, da, H.H, oz H.H, da,
oH oH ;
+HL 6161‘3_H1H o °2 =0
1 1M, 0,
1 0 1 0 1 0 1 oH
HH. 2 (Hz 1I2)+ H 2 (152)+—_( 1H20;2) 2 ot
1H, oa; 1Hy oa, H,H, oz HH, da,
oH oH,
HLazgé3 HlH 61 n=0
2 OZ M1, da,
10 1 0 1 8 1 oH 1 oH, .
H,o! % (0l )+ ——Z(H,H, 0! Lol —— 20, =0,
Hleaal( 2613)+H1H26a2( ! 23)+H1H2az( b2 33) Loz " H, a2 7
. oH. .
1 0 ( 2 1|1) d ( 1 51)"‘;2("'1"'2#;1)"‘ 1 ! 12
H,H, da, HH, da, H.H, oz H,H, da,
1 oH, | 1 oH, . o
H, 621 1I3_H H 60{2 “52+(053—052)=Oa (1.1)
1 1 2 1
1 , 1 , 1 0 , 1 oH, |
_ o "y +
HH, o 1( 2 12) H1H26a2( ! 22) Hleaz( ! 2”32) HH, da, "
1 oH : 1 oH . :
H, az2 53_HH aalﬂiﬁ(ffél 6;3)=o,
2 1 2 2
10 , 1 90 , 1 0 : 1 oH, |
+—_ — e —— —_
H.H, 0 1( N H1H28a2( ) Hleaz( Haud) H, oz ‘"
1 oH, ; i i
-——WU,, +6,, —G,, =0;
H2 az 22 12 21

189



@mnqecxne COOTHOMICHUS JUT MUKPOTIONIAPHOTO OPTOTPOITHOTO YIPYTOro Terna

711 = a110'11 +a),0,, Jra135339

733 = 313511 +51230'22 Jr5133533v
i i i i

Va1 = 8307, + 85305,

i i i i
V31 = 855031 T 855073,

P i i i
Va3 = Q4093 + 84503,

Y3 = 8,0, +830,, +8,,05;,
712 =a770'12 +a78521v

P i i i
Vi3 = 85603 T 856073,

P i i i
V32 = 845053 T 855073,

Zn = b11/111 +b12/¢22 Jrb13/1339 7522 —blzﬂn +b22,u22 +b23ﬂ33, (1.2)
Z33 = b 3/111 +b23/¢22 +b33y33, le =b77/112 +b78;u21’
Zzl = b78/¢12 +b88/121v Zm = b56ﬂ31 +b66#13’
Z31 :b55ﬂ31 +b5I6:u13’ X3 = 44#23 +b45,u32, Y32 = Dyt +Dgshs, s
reOMETPUYECKHE COOTHOIIEHHS
, oV, oH, . oH, , oV, oH, . oH
7/1I1=L 1 + 1 1V2| _I_L_IV;’ 7/£2=L 2 + 1 2V1|+L 2 3,
H, 6y, HH, O, H, oz H, 0, H/H, Oc, H, oz
VA VA 1 oH . 1 a8V, 1 oH,. i
Y =—, =2 - LV —wy, yy = —— 2V, + s,
0z H, 6y, HH, Oc, H, 0, HH, 0,
P 1 vy 1 oH, i _av,‘_wi 1.9V 1 éH, i
T e, R, a2 '™ Ty T " W ea, H, a2 2 "
VAR .1 oo 1 oH, , 1 oH, ,
1 — 2 +a)|. i - 1+ 1 1 - 10)', 13
T T A T e THH, da, P TH, a2 (1.3)
.1 o) 1 oH, ; 1 oH, | . 0oy ; Odm ; Ow)
= —+ (0} _— . :—’ = = ,
o e, THH, e, VTR, a2 Y PP T a P T e T
.1 o) 1 6H, | .1 oo 1 oH, |
X2 =7 - @y X =7 - @,,
H, 0y H,H, O, H, 0, HH, 0,
.1 80t 1 OH, | .1 dof 1 OH, |
ZB:H_a - @y, X3 =7, T 602.
da, H, a H, oa, H, oz
3nece 7', 41',7', 7' —COOTBETCTBCHHO TEH30pHI CHIOBBIX M MOMEHTHBIX  HAIPSIKCHHIA,
nedopMamii ¥ M3rMGOB-KpydeHHH, &',D' —TeH30pbl YIOPYIMX [OCTOSHHBIX MHKPOIOJSPHOTO

OpTOTPOIMHOI'0 MaTepuajia Jjid I -r O CJIO4.
Byz[eM CUHUTaTh, 4YTO CJIOH 000IT0YKH KECTKO CBA3AHBI MCKOY coboit u pa6OTaIOT COBMECTHO 0e3
CKOJIBXXCHHA U OTPEIBA. VcnoBus COIIPSIZKCHUA CIIOEB 6y,Z[CM 3aIIMChIBATh B BUJIC:

i _\yi+l i i+1 i i+1 i i+1 i+1 i+1
Vi =V, V=V, Vi =V; o, _wl . @ —0)2 5 0)3 —(03 > (1.4)
i+1 i+1 i+1 i+ i+1 i+1
0'31 =031 032 =03, 0'33 =033, /U31 = H31 5 /U32 =Hxp /U33 =Hs3 - (L.5)
Bynem cumrarth, 94TO HAa BHEIIHEW W BHYTPEHHEH IOBEPXHOCTIX OOOJOYKH  BBHITIOTHSIIOTCS
CIIEYFOINE YCIOBHUS:
n + n + n + n + n + n +
o = o = o = =m =m =m
31 pey 4, 03 _— 0z, 033 sz, A M3, 1 Haf, 2> 33|, =Ms>
0 - 0 _ _-n 0 -0 -
O3 =-0Q,, 0'32‘ =-0,, 533‘ =-0;, ,U31‘ =-m, (1.6)
=1 =1 =1,
0 - 0 +
=-—M =—Mm,.
H3 -2, 25 M3 =2, 3

Ha moBepxHocTtn kpas obomoukm X OyaeM paccMaTpHBaTh CIEAYIONIME TPH OCHOBHBIX THIIA
TPaHUYHBIX YyCIOBWiA: 1) KOTJa 3alaHbl CWIOBBIC W MOMCHTHBIC HAIPSDKEHUS; 2) KOT/Ia TOYKH
MOBEPXHOCTH X 3aKperuieHbl; 3) Koraa 3afaHbl TpEXMEpPHbIC CMENIaHHbIE YCIOBUS TUIIA TIAPHUPHOTO
OTIMpaHWSL.
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[pennonoxkum, uto oOWAs ToimMHA TakeTa obomoukd (2h) Mama mo cpaBHEHHIO C
XapaKTePHBIMH PajIiycaMy KpUBM3HBI CpeHHOi mosepxHocTH (R, R, ).

2. IlocTpoenue o6uIell TeOPUM MUKPOMOJISIPHBIX OPTOTPONMHBIX YHPYIrHX CJOHUCTBIX TOHKHX
000/109eK HeCMMMETPHUYHOro cTpoeHusi. Ilpu mocTpoeHMH  MaTeMaTUYECKOWM  MOjeNH
MHUKPOTIOJISIPHBIX OPTOTPOITHBIX YIPYTHX CIIOUCTBIX 000J104YeK OyIEM MOJIb30BATHCS THIIOTE3aMH, CYTh
KOTOPBIX COCTOUT B CIIEYIOIIEM.

1. B mportecce aedopManuu mpsSsMoIMHEHHBIE I HOPMAJIbHBIE K HCXOIHOHN TTOBEPXHOCTH 000JIO0UKH
BOJIOKHA TIOBOPAYMBAIOTCS KaK XECTKOE IEJI0€ HA HEKOTOPHIN Yroy, He W3MEHSS MPH 3TOM CBOEH
JUIMHBI ¥ HE OCTaBasCh NEPICHAUKYISIPHBIM K JIe()OPMUPOBAHHOW MOBEPXHOCTH. MaTeMaTH4YeCKH
MPUHATYIO THIIOTE3y 3alHIleM TaK: TaHTeHIMalbHbIe MEePEeMEeIIeHHss W HOPMAaJbHBI TOBOPOT
pacmpeneneHsl IO TOJIIKMHE TTaKeTa Mo JTMHEHHOMY 3aKOHY

i_ i
V' =uy (e, @)+ 2y (e, @) » =W, @)+ 2py(e),ay),

[ 2.1
w; = oy, ;) + 21(ar), ;) 1)
a nporu6 V; ¥ TaHTeHIMANbHBIE TOBOPOTHI @],y HE 3aBUCAT OT MOMEPEYHON KOOPIMHATHL Z, T.€.

i i i
Vi =wla,a,), o =Q(a,a,), ©,=0,(,a,) (2.2)

2. CHIIOBBIM HAIPSKCHHEM O3, A TAKXKE MOMEHTHBIMU HANPSDKCHUAMH [U ), Ll;, B 00OOLIEHHOM
sakone ['yka (1.2) MOXHO NpeHEOGPEYb COOTBETCTBEHHO OTHOCHTENBHO CHIIOBBIX — HAMPSIKEHMH

i Lo
Ol\>0 1 MOMEHTHBIX HATIPSIKEHUH L1]3, fl)s.

3. Benmumnamu a;/R;, @;/R, 1O CPaBHEHHMIO C eIMHHIIEN MOKHO NpeHeGPeraTh.
4. Tlpu onpenenenun Aedopmaiuii, U3ru6OB-KpyUeHHid, CUIOBBIX U MOMEHTHBIX HANPSKEHUH B
KaJKJIOM CJIO€, CHA4asa JIsl CUJIOBBIX HATIPSUKEHU Oy;,0;, ¥ MOMEHTHOTO HATPSIKEHUS 13, TIPUMEM

L ool ~ ol

r o -

031 =031 (0‘1’0‘2 ) oy =0l )a Hszz = H33 (@r,a,) (2.3)
Tocrne BBIUMCIIEHNS! YKA3aHHBIX BEJUYUH, 3HAYEHUS 05,04, U fi4; B KOKIOM CIIOE OKOHYATEILHO

olpenenuM IpuOaBleHHEM K COOTBETCTBYIOIIMM 3HadeHusM (2.3) crnaraemoe, THOIydaeMoe
WHTETPUPOBAHUEM IIEPBOrO, BTOPOTO MM MIECTOro ypaBHeHus paBHoBecus u3 (1.1), ams kaxmoro u3
KOTOPOTO NOTpeOyeM BBIIIOIHEHHs yCIOBUS, YTOOBI yCpEAHEHHAS 110 TOJLIMHE CJIOSI BEJIM4KHA OblIa
paBHa HYJIO.

[TpuHATHIE TUIIOTE3bI JAl0T BO3MOXKHOCTh MOJYYHUThH OIPEIENICHHbIE PACTIPEAEICHUs 110 TOJIIMHE
nakera OO0OJIOUKM AJIsl IepeMEeLICHuil, MOBOPOTOB, Aedopmanuii, M3rUOOB-KPYyUEHHH, CHJIOBBIX WU
MOMEHTHBIX HampspkeHuid. Ilpu sToM ymoBimeTBopsitoTcss Bece ycnmoBus compspkerus ((1.4), (1.5)). C
LENBI0 TPHUBEICHHA TpeXMEpHOW 3amaun  MuKpomnoispHod Tteopun ympyroctu ((1.1)-(1.6)) x
JBYMEPHBIM, BMECTO KOMIIOHEHTOB TEH30POB CHJIOBBIX M MOMEHTHBIX HAIPSDKEHUH BBEAEM
CTaTUYECKH DSKBHUBAJCHTHBIE MM  HHTErpajbHblE  XapaKTepUCTUKU-ycuimust  T,,,T,,,5,,S,;

N,5,N5;, N3y, Ny, Momentel Ly, Ly My,M,, Ly, Ly, L, L5, Ly, Hy, Hy, B runepMomMenTsI
Agzs Ay

OcHOBHasE cuUCTEMa YpPaBHEHUN MUKPOIOJAPHBIX OPTOTPOIHBIX YHNPYIHX CIIOMCTBIX TOHKHX
000J1046K HECUMMETPHUYHOIO CTPOEHUS C HE3aBUCHMBIMU MOJISAMH NEPEMEILEHNI U BpalleHui Oyaer

BBIPAXKaThCsl TaK:
YpaBHEHUSI PaBHOBECUS

T A S A N
La L+ L % (T11 _Tzz)"'ia 2L+ L oA (821 +812)+ - =—(q1++q{)
A da, | AA, da, A da,  AA oa, R,

T A S N
La 2 L oA (Tzz _T11)+La 2+ L o (512+521)+ 2 :_(q; +Q2_)>
A, da, AA, Oa, A Oa, AA, O R,
TN, 1 oA 1 oN, T, T, .
L ONy | IV L RELITRLE S

A Oa;  AA, Oq
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1 oM 1 OA, s oH 1 OA _
317 L+ ( 22_M11) 2L : (H21+H12):h(qr_Q1)>
A oa, AA, 0, A2 oa, AA Oa,
1 oM 1 OA 1 oH 1 OA
N, - — 202 LM, ~My)-—22 1 %oy vy )=hlg; —q; 24
32 A, oa, AA, 6052( 1 22) A oa, AA, 0 1( 12 21) (qz q2)> (2.4)
1 oL 1 OA 1 oL 1 oH L _
——— 2( 11_L22)+_ 2 1(|—21 L12)+A+N23_N32:_(m1++m1)>
A Oa, AA, 0o, A, Oa, AA, Oa, R,
L@Lzz L oA ( 22"—11)*‘L6L12 L % (L +L, ) = +N31_N13:_(m2++m5l
A 0a,  AA, da, A da,  AA, o ,
8L o oL OA
L L oA Li; R + 1 : L23 +S, -5y ——1 -2 _(m; +m;)
A da, AA, Oa, A, da, AA, Ox | 5
1 OA 1 0O 1 OA l 0
33 = A 137 2 A Ay+H,-H, = h(m; m;)’
A 20, AA da, A da, AA da,
COOTHOIIEHHUS YIIPYTOCTH
Ty =CpI +Culh, + Ry Ky + R Ky, Ty =Cplh +Cpulh, + RpKy + R, Ky,
Sia =Cgsly + Cplyy + Ry Ky + RigKy, Sy =Cply +Copely + Ry Ky + RgKyy,
Nj; =Cssls +Csgl, N,; =CssTy; + C 5Dy, N3 =Cgls +Csels,
N3, =Culs, +Cyslys, M, = DKy + DKy, + Ryl + Rl
My, = DKy + Dy Kyy + Rl + Ryplyy,  Hip = DKy + DygKyy 4+ Regl, + Ryl (2.5)
H,, = Dy; Ky + DKy + Ry + Ryglh,s
L, =d Ky, +dppKyy +dpsz, Ly =dppky +dyKy, +dyst, Ly = dysk;, +dy5Ky, +ds3t,
Ly, = dggky, +dygksy, Ly, = dygky, +doky, L5 = dgeKiz + 77661135
Ly = dyyKas + 7744105, Ajz = Agglis + Mg6Kis Aoy = Agglys +144Ks5,
Te
n al al 1
Ci :z - 2 3 (Zi _ZH)’ Ry :z 2 > E(Zuz _Zi2—1)> -
=1 8,2, _(allz) =1 a8y, (afz)
n al 1 n b!
D, =Y — 2 ole -2l ) A=Y -2 2.6)
=l a;a, — (312) i=1 by, by, — (bIZ)
11 111
um ZZ_T(Z? - Zizfll Aas ZZ:__i(Zi3 Z?’I)
i=1 2 b44 i=1 3 b44
reOMETPUYECKUE COOTHOIIEHUS
10 1 OA 190 1 6A
11=A al/ll Ly, 2 =5 Yoy 1 D3 ==8+Q,,
y 0o, AA, Oa, A, da, AA 8051
A
1 - L a, L oA 2 ﬂ: I, :L o, L oA, U, +£, [y =-%-Q,
A da, AA, da, R, A, da, AA, 0¢, R,
1 ow u 1 ow u
Ty=w, -Q,, Ty=p,+Q, & =-—— by L.
31 =¥, 2 =V 1 2 A da, R, 1 A da Rl
1 oy 1 OA 1 oy 1 0
= 2 _ W, —1, = ——t— Al A (2.7
A oa, AA, 6052 A Oda; AA, 80:2
A
12_L6u2_ 1 alul_ N FZIZLﬁul_ 1 aAZUzJFQs»
A oo, AA, oa, A, Oa, AA, oo,
1 09Q, 1 oA 1 0Q, 1 OA,
12 = - 1> 21 = - 25
A da;, AA, Oa, A da, AA, O
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1 0Q; Q 1 0Q, Q, 1 o1 1 0Ot
Kz =———-—~, BTN A T by =—=—> 23T ’
A oa, R, A oo, R, A O« A, oa,
H:La§21+ 1 5A192+&’ k22=i692+ 1 6A291+&’ Ky =1
A Oa;, AA Oa, R, A oa, AA, Oa, R,

“CMsryeHHble” TPAaHUYHbBIC YCIOBHS HAa TPAHUYHOM KOHTYpe | MCXO0HOI MOBEpXHOCTH (CUMTAs,
YTO 3TOT KOHTYpP COBIAAaeT C KOOPIMHATHOM IMHUEN o, = const ) OyayT BeIpakaTbCs TaK:
* * * * * *
T,=T, wmu, =u,, S, =S, wmm U, =U,, N;=N,; HIH W=W ,
* 3k * 3k * *
My =M wm Ky, =Ky, Hyp =Hp mm Ky =Ky, Ly =L, mm ) =&y, (2.8)
* * * * * *
Ly =Ly wmi &y =&y, Ly = Lyg WM k3 = k3, A5 = Ayy 1 |y =15,
Cucrema ypaBHeHmi (2.4)-(2.7) u rpanndHble yCiaoBHS (2.8) MPEACTABISIIOT MAaTEeMAaTHYECKYIO
MO/JIENTb MUKPOIIOJISIPHBIX OPTOTPOITHBIX YIPYTHX TOHKHX 000JI0YeK HECHMMETPHYHOTO CTPOCHHUSI.
Ecnu ot MukpomnonsipHOW Mojaenu MepeiTH K KIacCHYeCKOHM MOJIENH, MOJYyYUM KIIACCHYECKYIO

MOJZIEJb OPTOTPOITHBIX YIPYTUX CIOHCTBIX 000J0YEK HECHMMETPHUYHOTO CTPOCHUS, IIOCTPOCHHYIO B
paborax [2,3] (c HE3HAUYUTENBHBIM pPa3JInire, CBI3aHHON C HAIlleH THIIOTE30i 4).
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O MAPAJIOKCE B ITOBEJEHUU KPYTSALIEI'O MOMEHTA
B IIPSIMOYT OJIBHOM IJIACTUHE B OKPECTHOCTH TOYKH IMTPUJIOKEHUA
COCPEJIOTOUYEHHOM CUJIbI
Ceiipansn C.IL

O6cy>xmaeTcst IpeeNbHBIN Iepexo]] B KOMIOHeHTax penreHus: HaBbe B (hopMe MOBTOPHOTO TPUTOHOMETPUIECKOTO psia
UL JTOKaJIbHO HArpy kKEHHOHU Ha MPSIMOYTOJIbHOM ILIONIAJKE PABHOMEPHBIM JaBJIIEHHEM IPIMOYTOIbHOM IapHUPHO-0NEPTOH
IUIACTUHBL. Y CTPEMIICHHEM CTOPOH IUIOIIAKH K HYJIIO IPH Pe3yIbTHPYIOLICH cuile U LieHTpa miomaakH (&, 1) HeH3MEHHBIMH,
HOJIy4CHO KOHEYHOE MpeleibHOe 3HAYCHHE NI BTOPOHW CMELIaHHOH 4acTHOW NpOM3BOAHON OT mporuba B Touke (&,m).
ITokazano, 4ro B Touke (&,m) oOIepamuy IpeAeNbHOr0 Mepexoja M JABYKPATHOTO CMEIIAaHHOTO MU (epeHInpBaHus,
MOCIICIOBATENIFHO TIPHIIOKEHHBIE K MPOrHOy, IepecTanoBoYHEL. Mccnemyercs npenensHOe MOBEAECHHE BTOPOH CMEIIaHHOI
YaCTHOW NPOM3BOJHONM OT Mpornba Ha3BaHHOM INIACTHHBI IIOJ COCPEJOTOUCHHON HArpy3KOH NpH NPHUOIMKEHHH K TOUKE
(&,m) o HekOTOPBIM KpuBBIM. HaiifieHbl pa3inyHbIe KPHUBBIC, ABHKCHHE 10 KOTOPHIM IIPUBOIHUT K PAa3INYHBIM KOHCYHBIM
npeaenabHbIM 3HaueHUAM. OTMEUEHHOE [TOBEJCHUE BEIMYUHBL, IPONOPIHOHATIBHON KPYTAILEMY MOMEHTY — pacipeeaéHHON
(hU3MIECKOl BeNNYUHE — B U30TPOITHOM TeJIe IIPEACTABIISCTCS apaJOKCOM.

BBenenue. B kpaeBbIX 3ajauyax MEXaHUKU M3BECTHBI MapaloKChl, KOTAa Hapymaercs pusndecku
o0ycioBieHHast HENPEpbIBHASL 3aBUCUMOCTD PEILICHUH OT mapaMeTpoB 3afadyn. K TakoBbIM OTHOCHTCH,
Hanpumep, napanokc Llurnepa [1] u mapagokc baOymku — Canonmxksina [2]. [TosTomy pemieHue Toi
WIN WHOW 3agaud, cQOpMyITUPOBAHHOE TMpPEAeNbHBIM MyTeM, TpeOyeT BCECTOPOHHETO (UIUKO-
MaTeMaTH4ecKoro aHaimu3a. K 4ucily TakoBBIX OTHOCSTCS, Hampumep, 0000mEHHbIe pemenus B [3],
[4] u mp. Tak pemenne HaBbe mms mpormba cBOOOJHO OMEPTOH HPAMOYTOIBHOHN IUIACTHHBI TIOA
cocpenotodeHHol Harpy3koii [4] (Hmwke CH) chopmynrpoBaHo UM npeAeIbHBIM MEPEXOAOM B UM Ke
MOJYYEHHOM pEIIeHUU JUig Tporuda NaHHOW, HO JIOKAIBHO HAarpyX€HHOM MO NPsSMOYTOJIBHUKY
paBHOMEpHBIM IIONEPEYHBIM JABJIEHHEM IUIACTHUHBI. YCTPEMIJIEHHS CTOPOH MpPSIMOYTOJbHHUKA
Harpy’>keHus K HyJNI0 TpU TMOAJEPXKaHUM TOJHON Harpy3kd IOCTOSIHHOM, TMOJYy4EeHO MpeaesIbHOE
3HAUYeHHUe AJIs Mporuda, K-Topoe U ObUTO MpuHATO HaBbe 3a pelmieHne 3a1aud 1jsi JAHHOW IUIACTUHBI
nog CH. Ilpu stom HaBbe He HakiagpiBan TpeOOBaHHWN CYIIECTBOBAHMS MPEACTbHBIX 3HAUCHHH IS
npounx BennurH H/IC mnacTuHbl ¢ coxpaHeHHeM uX (U3HKO-T€OMETPUIECKUX CBOMCTB.

B Hacrosmeii paboTe orpaHMYMBaeMCsl MCCIEJOBAaHHEM IPENeNbHOro mepexona OT JIOKalIbHO-
pPaBHOMEPHO pacnpeAenEHHON Ha3py3KH K COCPEIOTOUEHHOM B BBIPAXKEHMSIX JUIsI CMEIIAHHOW BTOPOH
YaCcTHOH NMPOM3BOAHOM 110 MEPEMEHHBIM X M Y OT Ha3BaHHOTO pemeHus HaBbe ams mporu6a B eHTpe
(§,m) mpsamoyronbHKKa HarpyskeHus. [IpuBoautcs ananus nosejenus peuienns Hasbe npu CH.

IIpexxne aBTOpOM HcclenoBaH Ha3BaHHBIM MpeAETbHBIN MEPEX0 B BBIPAXKEHMAX JUIS MEPBBIX U
BCEX BTOPBIX YACTHBIX MPOM3BOAHBIX OT Mporuda: MEPBHIX B 3aMKHYTOM IpPSIMOYTOJIbHUKE IIJIaHa
wiactunbl G [5], a Bropeix — B G\ (§,m) [6]. Jloka3aHo cymiecTBOBaHUE MPEACIbHBIX 3HAYCHUI
Ha3BaHHBIX BE-JIMYMH B OTMEUEHHBIX 00JIaCTAX, UX HEMPEPHIBHOCTh KaK (YHKUUH ABYX MEpPEeMEHHBIX,
a TaKkXKe Mepec-TaHOBOYHOCTD ONepaluii yacTHOTO Au¢GepeHINPOBaHHS U MPEEIFHOTO TIepexoa.

1. UcxoaHble BhIpasKeHNU JJIsl CMEIIAHHBIX BTOPBIX YaCTHBIX MPOM3BOJHBIX OT NMporuda
JIOKAJIbHO HAIPY:KEHHOH NMPSAMOYT0JIbHOH IVIACTHHBI B IEHTPE NPSIMOYT0JIbHAKA HATPY/KEHHS.

B HacrosimeM wnccnenoBaHHMU OTHpaBisieMcs OT BBIPaXEHMS [Js BTOPOM CMEIIaHHOM YacTHOM
NpOM3BOAHON OT pemeHuss HaBbe ans mporuba Harpy>kKeHHOH Ha MPSMOYTOJBHOW IUIOLIAKE
PaBHOMEPHBIM JaBJICHUEM NPSMOYTOJIbHOM IIAPHUPHO ONEPTOH Mo Topuam IuacTuHsl [4] B dopme
nowieHHo npoauddepenpoBanHoro Tpuronomerpudeckoro psaa (TP) [7]. B menTtpe mnomagku

(&) nmeem
O’w(E,m)/oxdy =1/(AAEAM DD w,, sin2A, & sin2p,m sink,, AE/2 sinp, An/2 =

m=] n=1

i
=1/8) (=) 'y(}, &+ (-1) A5/2),m) (1.1)
=0

3pecs A, =mn/a,p, =nn/b, w, =B / (A2 +1’) , The a, b — JUTMHBI CTOPOH MPAMOYTONBHHIKA
nnana mnactunbl, B =16 P/(Dab), D u P — u3rubHas %ECTKOCTh IMIACTUHBI M PE3yJbTHPYIOIIAs

cuna nasnenus; (§,M)u A, AN — KOOpIAMHATHI IEHTPA IUIOMIAIKH HATPYKEHUsSI M JUTUHBI €€ CTOPOH;

y(l,m)=— iiwmx; cosm [ | /(AEA), [=), (QEXAE/2), (1.2)

m=1 n=1
%, =sin2p, msinp, An/2
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ITepexon yepes 3HaK paBeHCTBA B (1.1) cBsI3aH CO CXOMMMOCTBIO psAAOB-ciaaraeMsrx (1.2), Tak Kak

‘wmnx; cos m l‘ < B/(4) 1),

|cosmlz wod | < |innX: Si]w W) =B/EX) il/uﬁ (1.3)

n=l n=l n=1
U opAMHapHbIe pAns B (1.2) MaXXOpHUPYIOTCA YMCTIOBBIM CXOIAIIMMCS PSIIOM, @ 3HAUUT CXOAATCS.

2. llpeaenbHbIi nMepexo] B BbIPA:KEHUM IS BTOPOii CMEIIAHHOM YacTHOW NMPOM3BOAHOW OT
nporuda HArpyKEHHOI M0 NPSIMOYTOJbLHUKY IVIACTUHBI.

IIpexxne ormeTtum, uto opauHapHeli TP ¢ nHaexkcoM cymmupoBaHuss m B moBTopHOoM TP (1.2)
yJIOBJIETBOpPSIET 000MM YCIIOBHUSM MpuUMeHeHus npeodpasoanus Abens (ITA) [8]. deiicTBuTenbHo, U3
(1.3) cnemyet, uTo KO3 GUIMEHTHI HA3BAHHOTO Psifa PU 71 —> 00 CTPEMATCS K HYJIO. YCIIOBHE XKe,
HaKJaJbIBaeMoe Ha apryMeHT /, TaK)Ke BBITTOJIHAETCS, TaK KaK

0<A (QE+AE/2) =N [E+(E£AE/2)]<n(a+a)/a=2n 2.1)
IIpumensia ITA, nonydaem
w(l,m)=[sini/2 ZWM v +ZZ E®y" sin(m—0.5)]/(2AtAnsin /2), (2.2)
m=2 n=1
e

E::? :Wmn _Wm—l,n :7\‘1()\’1 _2)\’m)[2Amn +}\‘1(7\'l _2’7\'m)]/(A2 Az

mn— m-1,n

) A, =k, Fu (23)
Janee ¢ ucnonp3oBanreM HepaBeHeTBa (1.2) B [7] mMpUX0auM K OIEHKaM
E2|=00, /A, )< B, G W | L, =B, /05 02) (2.4)

3necs B, > 0— HekoTopas KOHCTaHTa.
Moncrarnsis (2.2) B (1.1) u o0benunsis 06a cxosmmxcs noBropHbix TP B eaunbiit nosropHseiii TP,
MIPUXOJUM K Hpe,[[CTaBJleHI/IHM

0’ w(&,m)/oxdy = 1/82\4/10» 26+ (1) AE/2),m) = I/SZZE“bx JAnx

/[2sin[2, (2<2+AF,/2)/2 sin[A, (2&—A/2)/2]], (2.5)
TJI€ BEIU4YUuHa Qm MIPUBOIUTCS K BULY
Q ={A,[cos(2 N, E+N, AE/2)—cos (2N, E—A, AE/2)]/(N, AE)—
—h, [cos R A, E+A,  AE[2)—cos A, E—A, , AE/D)]/(, AE)}/2

[pencrasnenue (2.6) ¢ IprUMEHEHNEM K LEHTPAIBHBIM Pa3HOCTSM B HUX (DOPMYJIBI KOHEUHBIX TPH-
pamenuii Jlarpamxka [9] npuBOIUT K HEPaBEHCTBY

(2.6)

Q, |< C)I2<N, 2.7)
Hanee HpOI/ISBOI[HaSI [IBapria [9] anst KocHHYyCa COBNANAET ¢ €ro 0OBIYHON MPOou3BOAHOM. [ToaTomy
limQ, =[4, sin(2&k,) 1, sin (284, )]/2 (2.8)

Hepagencrsa (2.4), (2.7), MO3BOJISIIOT MOJNYYUTh CIIEAYIONIUE OLEHKH U OOIIEero 4ieHa MOBTOp-

HOTO pﬂ/:[a B (2.5)
| B o/ AnQ, | <[ B o, dn| <, 12| B || sin(u,an/ D)/ (n, M/ D)| <B /@AW (2.9)
U3 (2.9) BugHO, 9TO HpOCTOI/I P B TIOBTOPHOM B (2.5) ¢ HHAEKCOM CYMMHUPOBAHS N MaXKOPUPYETCS
‘II/ICJ'IOBBIM CXOOAIUMCH PAAOM, UTO MPUBOAUT K €TI0 paBHOMepHOI/I CXOOAUMOCTHU OTHOCUTEIIBHO AT]

([9], n° 430). KpoMme Toro, CymecTByeT KOHEUHbIH MPEIe ero oOIIero €ieHa

hmoE,‘; v /MA=p,/2 E®sin2p n (2.10)
An—>

3uHauut [9], B ;aHHOM psme JIOITY CTHM TIPEIENIbHBIN MTepexo/T o] 3HaKoM cymmupoBanus. [lomydaem
1 E®yt /A 2 EYsin2 2.11
Aﬁﬂ%z % /AN = Zu/  sin2p,m (2.11)

Ho ¢ mpumenennem (2.9) HpI/IXOI[I/IM K Ma)KOpPaHTE U JJI1 OpIMHAPHOTO psifa ¢ MHIEKCOM m B (2.5).

\ZEZ’Z 1,/ AnQ, | SZ 7»‘,,;5)5‘,1/“1;5 <o (2.12)
n=1 n=1 n=1

Ep i,/ MnQ,|<

mn
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OTKyaa cliefyer U ero paBHOMEpHasi CXOJAUMOCTb, HO YK€ OTHOCHTEIBHO 000MX mapamerpoB AL,
An. lanee CylmecTByIOT KOHEYHBIC IBOMHOM Mpeaes ¥ o0IIero wieHa JaHHOTO Psija, Y4To CIeAyeT U3
(2.8), (2.11). Io3romy mpu mr060OM BBI60pe COBMECTHOTO 3aKkoHa crpemiieHus A&, AN K HyIo
CTaHOBUTCS MPUMEHUMOMN TeopeMa 4 ([9], n” 433), uro naer

11mZZE“bxn/AnQ thQ ZE“Z’XH/An lemQ thE”bxn/An—

AE—0

An_)om2nl m=. 2A71—>0 n=1
= 0.252(xm_1 sin2A, £\, sin 2km_1é§)ZE”b W, sin2p, M< oo (2.13)
m=2 n=1

Ho B (2.13) mpu cymMMupOBaHHH IO M JOITyCKASTCS MEPEX0]l K CYMMHUPOBAHUIO CIaraeMbIX, TaK Kak
MOCTPOEHHBIE TAKUM 00Pa30M PSIIBI CXOISATCS, YTO HETIOCPEACTBEHHO yCTaHABIHUBAETCs yueToM (2.4).
[ToaTomy, mepexons B (2.13) Kk cymMe Ha3BaHHBIX PSIOB, IMTOCIIE OMEPAINH 3aMEHBI HHIIEKCOB C TPUBE-
JICHHEM K em/IHOMy OBTOpHOMY cxozsmemycs TP, momyyaem

Algn}) ZZE::! X; /AT] Qm :[_;\‘2 Sinz;\'lézEgZMn Sinzunn+z Z(A‘m—lE::'t _7\‘m+1E:l[:—1n)un X

An—0 M= 2 n=1 n=1 m=2 n=1

xu, sin2h Esin2p n]/4 (2.14)

Kpowme Toro, k03 puireHTs TOBTOPHOTO M OpJUHAPHOTO PsoB B (2.14) mpuBoAATCS K BULY

[km—lErL:tI; - )\’m+1E:tl-:-l n ] Mn = _[Wm+l,n7\‘m+1 - 2}\‘mwmn + Wm—l,n)\’m—l ] I"Ln (2 15)

}\“ZE;)lljun =(}\‘2W2n _2}\“1W1n)un (216)

Ecnu Taxoke npuHATH BO BHUMaHHE, YTO ¢ IpUMeHeHneM HepaBeHcTBa (1.2) B [7]

[ Wbt sin20,m| < w,, 00, < By, (S]] = By OG0, (2.17)

y=

IZwm WM, sin2p,n| <By /A0St <o lim Y w, A u, sin2u,n =0, (218)

pry m—>0 o

rie 33 > (0 — KOHCTaHTa, TO TIEPEXO/IA K Mpeieiy B 00enX 4acTsax paBeHcTna (2.5), ¢ HCIOIb30BaHU-
eM (2.14) — (2.16), (2.18) u orsats (2.18) kak ycioBus npuMmeHeHus aBykpataoro ITA [10], momydaem

hmazw(@n)/ﬁxﬁy 1/811m[zz Q,1./An)/ A1@13[2sin[x1 (2E+AE/2)/2] sin[, 2E—AE/2)/2]|=

Aﬂ An—)() m=2 n=1
= [_Slnzk F?Z(}\‘ W2n 27\‘ M/in) Mn sz“nn Z Z m+1 n m+l 2}\‘ W +Wm lnlm—l] Mn SiHZXmﬁsin2unn]
m=2 n=]

/[64sin® (A, &) = {—sm2k &[Zk w,, 1, sin2p, m— 22% wy, 1, sin2u, n]

n=1

_Z[Z m+l,n m+1“n Sll’lzl,t n_zz }\’mwmnun Sll’lzl,t n+z ln m— l“n Slnz“ T] ]S1n27\. E.)}/

m=2 n=1 n=l1 n=1

/(64sin® 1,8) =1/16> > A p,w,, sin2X,& sin2p,n (2.19)
m=I n=l

Hrak, B IIpaBoii 4acTu — HOWIEHHO PO PEPEHIIMPOBAHHOE [0 X U Y TI0]] CHMBOJIAMU CYMMHPO-
Banwus pemenne Hasoe s nporuba w(x, y) miactuust npu CH B Touke (&,m) npunoxenus CH.

3. O nouwienHoii tuddepeHnupyeMocTH peleHus Hasbe npu CH B Touke npuioxenust CH.

JlokaxxeM, uTo Beipaxkenne (2.19) pasno O°W(x,y)/0xdy B (§,Mm). Tak kak mosropusii TP s
w(x,y)B G mabdepenuupyercs o y B cxomsuuiics TP[5], 4To mpUBOaMT K cTpeMIeHHIO K03 du-
IUEHTOB ero opauHapHHoro TP ¢ MHIEKCOM CyMMUPOBaHHS N K HYJIHO [9] U OJHOBPEMEHHO BBITIOJHS-
ercst HepaBerctBo () < 1, < 7, To ¢ ucnons3oBanueM ITA nmeem

[Gw(E+Ax,m)/ dy—awEN)/ )/ Ax=1/8D > A m,w,, W, sink, Esin2pun =1/16>_ V. A, sink, Ex

m=1 =1 —l

X[1,08 UMW,y + D" Ems COSh,, , M}/ sinp,m 3.1

n=2
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3mech
Vm = [Slnkm(a-i_ A)C)_Sln}\’mg]/(7\‘mAX.)9Evm” = l"lnwmn - l"ln—lwm,n—l = “‘n—lEba + ulwmn (32)

Torna ¢ npumeHerrneM GHopMyITbl KOHEUHBIX Tpupamiennii Jlarpanxka, orierok (2.4), (2.17), u Hepa-
BeHcTBa (1.2) B [7] monyuyaem

V| <1, (E| <, [E <B, 0%+ B =B+, B) 05 ) (33)
=
[TosTomy nmpuxoanm k Maxopante Ais opaurapaoro TP B (3.1) ¢ uHAEKCOM CYyMMHUpPOBaHUS 11

Vil Sin}»mﬁ[ulcos MW +Z Enm COSA,, | 11]| <[By /W +(B, +1, B, )ZI/MZ'S]/KI,;S (3.4)
n=2 n=2

3HauuT, Ha3BaHHBIA OpPAMHAPHBIA psI CXOOUTCS paBHOMEPHO OTHocuTenbHO Ax. J[lanee
CYILIECTBYET KOHEYHBII mpezen ero obuiero wiena nmpu Ax — 0. Otciona, mepexoas K Mpeaeny B
obenx dactsx paseHctBa (3.1) mpu Ax — 0 u ¢ yuérom (2.17) npumenss IMA , npuxoaum K
TpeOyeMoMy pe3yJibTary.

Ho cmemanHas mpou3BoJHAas OT NMPOrnda IUIACTHHBI MPOTOPIMOHANIEHA BO3HUKAIOUNIEMY B HEH
n3rudaromemMy mMomeHty. [loaToMy mpemenbHBII mepexon oT JokanbHOH Harpy3ku Kk CH B Touke
(§,7M) mepeBOAMT KPYTAIIMIA MOMEHT B KPYTSIIHIA MOMEHT. [lapagokc He 0OHApYIKEH.

4. O napajgoxce B NOBEIEHHMM KPYTSIIEro MOMEHTa B NPSIMOYroJbHOW NJIacTHHE B
OKPeCcTHOCTH TOYKHU npuiioxkennsi CH.
Pemrenne Hasbe mnst mactuast mipu CH B popme opaunaproro TP [4] mpencraBiseM B B

W

mn

v_v(x, y)=P/(D a)Z[1+bocmcthocmb—ocm (b—y)ctho,, (b—y)—a, nctha,n]sho,n sho, (b—y)x

m=1

x sina, & sino, x /(o) shot, b) =P/(Da)Z[shocmn sho, (b—y)-ba,sho,m sha,y /sho,b +

m=1

+ot, (y—1)sha,n cha, (b—y) —o,nsha, (b—y—n)]sino., & sinoy,x / (oy,show,p), npu b>y>m, (4.1)
;»(x, y) =P/(Da)i[sh0,my sha, (b—m)-bo, sha, ysho, n/sh o b+o, (m—y)sha, (b—n)x

m=1
xcha,y—o,nsha, (b—y-mn)]sina, & sina,x /(o) sha,b), ecru0< y<n (4.2)
OrmetruMm, uro psgsl (4.1), (4.2) — pemenue Hape mpu CH B ¢dopme mostropHoro TP c
npocyMMHUpoBaHHBIM BHyTpeHHUM TP [4] (pan (4.2) monyden u3 psaza (4.1) mepecTaHOBKO# B
nocienHeM y u T ).Ho cMernannas npousBogHas Ha3BaHHOT'O ITOBTOPHOTO psifia B G BBIYHCIACTCS €TI0
MOWICHHBIM U depeHupoBanieM mo X u y (cm. mm. 3 u [6]). [losTomy u psiner (4.1), (4.2) Tak xe
nowieHHo nuddepenuupyrorcs. [lomygaem

0*w(x,y)/0x0y =P/Da)y [, sha,n cha, (b-y)~borsho,m cha,y /sha,b +o, sho,m
xchao, (b—y)—o (y—n) sﬁ”&lmn sha, (b—y)+oncha, (b—y—m)]sina, & cosa, x /(o sha, b)=

=P/(Da)[F(x,y)-F(x,y,Em)], npu b=y 2, (4.3)
O*w(x,y)/ 030y =P/(Da)[F(x,y)+F(x, n& )], ecm 0<y<n (4.4)
3aech
F(x,) =Z[—b sho,m cho,y/sha, b+ncho, (b—y—n)lsina, & cosa,x /sho, b, (4.5)
m=1
F,(x,y,&,m) = Z(y -n) sha,nsho, (b—y)sina, g cosa,x /sho,b (4.6)
m=1
Ho
sha,nsho, (b—y)/sha,b =[cho,(b—y+n)—cho,(b—y—-m)]/(2sha,b) =
=[e " cha, (y—m)—cha, (b—y-m)]1/(2sha,b)+1/2 e 4.7

[TosTomMy, moacrasiss (4.7) B (4.6) u ucrions3yst hopMyiy B [9, n0418], moJrygaeM

F 0
Fz gz f]: 2 ;; zz:} = Z| y-nle " cho,, (y —m)—cho.,, (b— y—m)] sina, & cosa,,x /(2sha,b)+

m=1
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+1/4 1™ o, (x+8) I ™™, a,(x-&)], (x,y) € G, (4.8)
Tac

I(r, 0)=—1/0ay Inrd_ r" sinmO=—r/a, Inr sin@ /[(1—r)* +4rsin’ 6/2] , 0< r<1, I(1, 6)=0, (4.9)

m=1

r=e P 0=0,(x+8), O<a,(x+&) <21, —m<a,(x—E)<n (4.10)

3amerumM, uto psag (4.5) ( B (4.8)) MaxopupyeTrcs CyMMOU ABYX T€OMETPHYECKHX MPOTPECCHil CO
snamenaresivu e " i e ™. 3Hauur, pax (4.5) (B (4.8)) cxomuTcs paBHOMEPHO OTHOCHTEIHHO
(x,y) B G. Ho ux obmue unensl — HenpepriBHBIE B G ¢pyHKunu x u y. [losTomy u cymma psaa (4.5) (B
(4.8)) — HenpeprIBHBIE B G QYHKUIUH (X,)).

Hanee dynakius I B (4.8) — npo0b, YUCIUTENh W 3HAMEHATEThL KOTOPOU — HETpephIBHEIE B G PYHK-
IIMH, a 3HAMEHATEITb, KOT/Ia IIPH & BBIOpaH 3HaK IUTIOC, — OTIMYEH OT Hylisl. B ciydae xe (— &) mumb
B Touke (&, M)3HameHartens obpaiaercs B Hysb. [lostomy (GyHKums [ — HempepbiBHAs (YHKIHS
(x,y): B mepBoM ciyuae B G, a Bo Bropom —B G\ (§, 1).

[TokaxxeM Terepsb, YTO BO BTOPOM ciiydae npejensHoe nosenenue I B okpectnoctu (&, 1) 3aBucut
oT 3aKkoHa npubwkenus (X, y) k touke (&, M) . Heiicrurensho, nycts 7 =1-0%, a0 >0u 6 > 0.
Torma u3 (4.10) cnenyer, uto (x, y) — (§,m) . Pasnaras B (4.9) snemeHrapHbie QYHKIUH B PSIIBI
Teitnopa 1 ocTaBIIsAs JHIIB WICHBI IEPBOTO MPHOIMKEHNS, OTydaeM

13331@,9) = —16133{(1—9“)/%[—9“ +0,(0)][(0+0,(ON]}/[0°* +4(1-0%)(0/2+0,(0))° ] =

0, mpu a =1
1/(2 a,),ecmm o =1

CrenoBaTenbHO, MPEAETIBbHBIN IEpexo] OT JIOKaJbHO paclpenesiEHHON paBHOMEPHOH Harpy3ku K
CH B touke (&,1) mepeBoaUT KPyTALMIMIl MOMEHT B KPYTSIIHI MOMEHT, HO C IOTEpE HeMPEephIBHOC-
TH: HalJICHbl pa3IUyYHbIC KPHUBbBIC, ABMKEHUE C MPEAETIbHBIM IIEPEXOJOM II0 KOTOPBIM IMEPEMEHHBIX
(x, ) x Touke (&,M) IPUBOAUT K PA3NMIHBIM KOHEYHBIM IMPEIETHHBIM 3HAYCHHUSM BTOPOI CMEIIaH-
HOW MTPOM3BOAHON OT mporu6a ruractuHb! pu CH, mponopuoHanbHO| KPy TAIEMY MOMEHTY.

OTMeueHHOE MOBeIEHHE pacIpeneieHHON (GU3MYECKOil BENWYMHBI — KpPYTALIETO MOMEHTa — B
M30TPOITHOM TeJIe IPEACTABIACTCS apaOKCOM.
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MOJI3YYECTh MATEPHUAJIOB IIPU IEPEMEHHOM TEMITIEPATYPE

Cumonsin A.M., be3osin 3.K.

B pa60Te CTPOATCSL COOTHOLICHUA MOJIBYyYECTH IPU MNOCTOAHHOM HAIIPSKEHUU U HCpeMeHHOfI TEeMIIEpaType. 3aTem
UCHOJIL3YETC TMNPUHIUIT HACICACTBEHHOCTH, TO3BOJISIOLIU I NOJYYUTh COOTHOLICHUS IIpH HCpeMeHHOfI TEMIIEpATypE U
NEPEMECHHOM HAIIPSXKECHUU. HpPIBO}Z[I/ITCSI CpaBHECHUEC C OKCIIEPUMEHTAJIbHBIMU TaHHBIMU.

ITon3yuyecTs MaTepHajOB CYIIECTBEHHO 3aBUCUT OT TEMIIEPaTypbl, IPU KOTOPOM HMEET MECTO
neiicTBue Harpy3kd. I[IpM MOCTOSIHHBIX TemIepaTypax B COOTHOLICHHSIX Mexay Aedopmarmeit
MOJ3YyYeCTH M HANpsDKCHHEM HEKOTOphle M3 OSKCIEPUMEHTAIBHO OIPEICNEHHBIX TOCTOSIHHBIX
3aMeHsIOTC (GYHKUUSIMH OT TemiepaTypbl. CloxHee OOCTOMT A€l0, KOorja cama TeMmIleparypa
SBIISICTCSl PYHKIMEH BPEMEHH.

B pabote [1] Oba mpenyiokeHa 3aMeHa BPEMEHHU TaK Ha3bIBa€MbIM NPHUBEIEHHBIM BPEMEHEM,
KOTOPO€ 3aBUCHUT OT UCTOPUHU W3MEHEHUS TEMIIEPATYypPHl, U1 BPEMEHHU, KOTOPOE 3aBUCHUT OT UCTOPUHU
W3MEHEHHUs] TeMIepaTyphl. s yCTaHOBHUBIIEWCS TMOI3YyYECTH PEOJOTMYECKOE COOTHOIIECHWE JUIsS
MEPEMEHHBIX TEMIIEPATyp 3aluchIBaeTcs Tak [1]:

Oe c
“=exp|——= |7 flo 1
= =exp| |7/ (o) M)
B pabote [2] npennaranach 3aBUCHMOCTh
Oe o—Yo
~=exp| ————c |, 2
Ot P T @

npuuéM, Kak ykazaHo B [1], cooTHomenue (2) okaspiBaeTcsi Ooiee OOOCHOBaHHBIM B 00JacTH
YMEPEHHBIX TEMIIEpaTyp.

Jns  OONBIIMHCTBA MAaTEPUANIOB TCOPHUS YCTAHOBHBIIETOCS TEUEHHS BOOOIE HEmpuemiieMa
BCJICJICTBUE 3aTyXaHWs TON3YYeCTH BO BpEeMEHH. BcleacTBue 3TOro ObUIO  MPEIOKEHO
BHJIOM3MEHEHHOE COOTHOIIIEHNE TEOPHUH HACIIEICTBEHHOCTH [3]

e (t)= IFj(p(T(a)dz;)dr, 3)

KOTOpOE€ SBJISIETCA CIOXKHBIM J1aXKe B JMHEHHOM BapHaHTE.
B pabGore [4] mpeanmaraiock pEONIOTHYECKOE COOTHOIICHHE TEOPUW  IUIACTHYECKOM
HACJICICTBEHHOCTH B CJIEAYIOIIEM BUJIE:

(p(s):c(t)+_:[k(t—r)f[T(t),T(r)]dr, @

rJIc PaCCMaTPUBAIOTCSI BAPUAHTBI 3aBUCUMOCTU [ (t) or T (t) CrnenmyeTr OTMETHTB, YTO IJIsi 000HX

BApUAHTOB COOTHOIICHHUE (4) OKA3bIBAETCS HEMPUEMIIEMBIM JJI CIy4aeB YMEHBIICHUS TeMIEPaTyphl
BO BpEMEHHM, TaK KaK OHO OIHCHIBaeT AepopMamuu TION3YyYeCTH CO CKOPOCTBIO 0OpaTHOTO
HaIpaBJICHUS] HAMIPABICHUIO JEHCTBYIOIIEH HArpy3KH.

JleficTBUTENBHO, €C CYNTATh (DYHKLHUIO B 3aBUCAIICH TOIBKO OT T (Z), TO TMPU CYIIECTBEHHOM
YMEHBIICHUH TEMIIEPATyphl Cpa3y BCE JOCTHIHYThIC Ae()OpPMALUK MOI3YyUYEeCTH HCUE3al0T, €CIH XKe [

3aBHCHUT TOJIBKO OT 1’ (t) , TO AeopManry MOJI3y4eCcTH YMEHBIIAI0TCS BO BPEMEHHU U, HApuMep, MpH

SKCMOHEHIIMAIBHOM s1pe win siape Adens s k(l‘—r) OHHM yCTPEMIIIOTCSA K HYJIO, TaK YTO

COOTHOIICHHUE (4) MOKET OBITh MPUEMJIEMO JIUIIb ISl TEMIIEPATyp, He YOBIBAIOIIMX BO BPEMCHU.

OTMeTHM 311ech Takxke padboty [5], rae oTnuuaercs 3G ekt yBeTrUeHUs CHIPOCTH MOJI3YYECTH IPU
CTYICHYaTOM HW3MCHCHWU TEMIIepaTypbl, Kak TNpH e€ yBEIHYCHHU CBIPOCTH IMOJ3YydYeCTH NpPH
CTYIIEHYaTOM HM3MCHCHHUU TEMIICPaTyphl, KaK NpHU €€ YBEIMYCHHU, TaK U YMCHBIICHUM, M JIaXe
MPUBOIUTCS BBIPAXKCHUE JUTS 3aBUCUMOCTH JiehopMaliii TeMIepaTypHOro MOCISACTBYSI OT BPEMCHHU.
OnHako, Kak BBIICHHIIOCH, 3TOT ,,3Q¢deKT” OBUT CBS3aH C OBICTPHIM H3MEHEHHEM TEMIIEPaTypPHI, 9TO
MPUBOJIUIIO K POCTY CKOPOCTHU ehopManuil mojI3y4ecTH.
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B HacTosmieit paboTe CTPOWTCS COOTHOIIEHHE ITOJ3YYeCTH Ha OCHOBE MPHHIHWIA HAJIOKEHHS
nedopmarmii B NPUMEHEHHHM K allpOKCHMAIMK JleOpMalUii TON3Y4eCTH TpPU TEPEMEHHBIX
TeMIepaTypax.

Wtak, Nmos0oXKMM, YTO KpHBBIE MOJ3YYECTH IPHU IOCTOSHHBIX TEMIIEpaTypax M HalpsHKEHUSX
MOoI00HBI U, CIIE0BATENIbHO, MOTYT OBITh MPEACTABJICHHI B BUIE

e.(1)= /(o) F(T)o(1), )
rne f,F u @ —HexoTopble (QYHKIUH, anIpOKCHMHUPYIOIIHE KPUBBIC MOJI3YYECTH MPU MOCTOSHHBIX

HaNPSOKEHHSIX U TeMITepaTypax.
ITonoxum, 4T0 UMEEM G =G, U T = T, IPU ITOM, OYEBUIHO, OyJIEM UMETh

. (0)=1(0) F(T,)o(2).

IIpu neiicreun o, u 1 Oynem umetsb
e, (1)=1 (o) F(T,)o(t), 6)

o

HMuaue TOoBOpsi, BBOAUM BI/I,E[COI/I3MCHéHHOG BpeMs t*,KOTOpOC HU3MCHACTCA B 3aBHUCUMOCTHU OT

e (p(t*) =

Temriepatypsl I Tak, 4ro ymoBuerBopsiercs (7). B cmywae, ecnm Temmeparypa HM3MEHSETCS BO

Bpemenu 1 (t) , TO, ECTECTBEHHO, COOTHOIIIeHHE (7) MOKHO TIEPEIHCaTh TaK:

A(p(t*):%mp(t) @)

)

OcymiecTBisist cymMmupoBanue (8) st A(p(t*) Ha BCEX MPOMEXKYTKaX [, IOIy4UM
f op(t
o.(0)= £ (00 [ P70 2 de £(3,)-(0) o
0

Bripaxenne (9) mpencraBisger coboil ammpoOKCHMAIUI0 KPHUBBIX TOJ3YyYECTH MPH TOCTOSTHHOM
HAIpPsDKCHUH O, U IIPH IIepeMeHHOM Temnepatype 1’ (t)

Hmwke paccMOTpuM TpHHIOWAN HAIOKCHHS JehOpMaNHid, JIeKAIIWH B OCHOBE TEOPHH
HacyecTBeHHOCTH. Kak m3BecTHO [6], COTNIacHO MPHHLMITY HaJOKEHHs, €CIH HMEIOTCA KpUBbIE

HOJI3YyYECTH ITPU HANIPSHKEHUAX O, U G, (¢ur.l), To
£,
0-2

!

0 £, Tt
®ur.1.
JUTSI I3MEHEHUS HanpspkeHust, coryacHo (10)
o, O<t<t
o(t)=1"" 0 (10)
G,, t>1,

npu ¢ >, OyJeM UMeTh CII0)KEHHE OPJMHAT KPUBOH NpU G, M pasHULBI MEXKTY KPUBBIMU IIPU ©, U

o, , Hamunst ot ¢ =0, 10 ecTh
e (t>1,)=foc(t)+[ f(o,)-f (o) ]e(t—1,) an

Hcnonesys cootHowmeHue (11) a1t HempephIBHO U3MEHSIOIETOCS G(t) , IOy YHM
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:f[c(O)}c(t)+j‘%(t—r)drzf[G(O)]c(t)+

0

(12)
{f|:(5 }‘ Jfl:(j 6ct T —J‘f[c 60t T)d‘[
Cz[pyron CTOpOHBI COTJIACHO (9) nMeeM
80
I () e -
(13)

=F[T(t—r)]-M=—F[T(t—r)]M.

o(r—1) ot

[oncrasnsas (13) B coorHomenwue (12), momydum
’ op(t—1)
_If[c(r)]F[T(t—r)]TdT (14)
0

CootHomienue (14) ommchiBaeT aedopMalivy MOJN3YYSCTH COTJIACHO TCOPHHM HACICICTBECHHOCTH
MIpU NIEPEMEHHBIX HAMPSKEHUSIX G(t) u Temneparypax 1’ (t) . Takum 06pa3oM, B ypaBHEHHUH TEOPUHU

HaCJIeICTBEHHOCTH, B OTJIMYKME OT HANPSDKCHUS, TeMIepaTrypa JOKHA OBITh B3ATa B MOMEHT [ —T
Kak ¥ QYHKITHIO BpEMEHH.

Cootnomenue (14) MoxxeT OBITH BUAOU3MEHEHO MJIsI IMOJI3YYECTH INPHU OTCYTCTBHUH YCIIOBHS
noJo0HsI, TO €CTh, KOTJa allPOKCUMAIIMY TON3Y4YeCTH BMECTO (5) UMEIOT CIEeTY IO BUA:

e (t)=¢(o.T.t). (15)

B srom cmydae, ananmorudno [7], mpu o06oOmiennn (15), cormacHo TEOpUH HAcleACTBEHHOCTH,
OyzileM UMETh:

sc(t)=_ja"’[“(e)’T("9)’f—T]|

ot

(16)
0 0=t

PaccmoTpuM 3KCriepUMEHTalbHBIE JAaHHBIC, IMOJY4YEHHbIE NMPH H3YYEHWU TOJ3YyYeCTH  CTajH
X18H10T npu nanpspkenun 156MlIla u mpu TemmnepaType, U3MEHSIOIIEHCS, COrJacHO TpaduKy Ha

¢ur.2
T\

700°C 650°C
600°C

R
T

0 24 48 72 t(uac)

dur.2
[Ipu MOCTOSHHBIX TEMIIEPATYypax MOYICHBI KPUBEIC MOI3YyIECTH, TPUBEAEHHBIC Ha GUT.3

%)

700°C

/ ,650°C
600°C

0 24 48 =t(ttac)

dur.3
Kpugsie Ha (ur.3 annpoKCUMHPOBAHBI CIEAYIOITMMH BBHIPAXKCHUSIMHU:
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e(1.T.0=156MI1a) =&, (T)+a(T)+B(T)(1-¢"").a7)
rac
g,(T)=(78+0,0199-""*").10°°
026800
oc(T):2,705-e T .10 yac™

25925

B(T)=5368-y T -10°
T — remneparypa B rpagycax no Kenbsuny,
y(600°) =0,06uac”’, y(650°) =0,13vac”, y(700°) =0,9uac™

CornacHo mporpamMme H3MEHEHHUs TemrepaTypsl (¢ur.2), Ha ¢ur.4 mpuBeneHBI Pe3yIbTAaTHI
HCIIBITAaHAHN

£%)

3,0 T ] 2,67

), 2,54

ol

0 24 48 72 ﬁqac)

®ur .4
LITprxoBRIMU THHUAMH Ha QUT.4 TIOKa3aHa KPUBas, pacCUNTaHHAs, COTIIACHO COOTHOIICHHUIO
t
0 —o[T(1-0)](—)
s(t)=80(T)+J-a{OL[T(t—G)]JrB[T(t—6)]y[T(r—9)]~e dt (18)
0
PaccMmotpum Apyryio nmporpamMmy U3MEHEHHsI Temrepatypsl (¢ur.5)
Ty
650°C 700°C
600°C
0 24 48 72 t(wac)
®ur.5

Ha ¢ur.6 npuBeneHsl sKcriepUMEHTaIbHbIE JaHHBIE O Ae(opManuyu XPOMOHUKEIEBOW CTAaIH MPH

Hanpsokernn o =156 MIla u 1py M3MEHEHUH TEMIIEPATYPhI, COrIacHo (ur.5
&%

3,0

2,04— /{//

o
L

U 48 T2 t(vac)

@ur. 6
Ha ¢wur.7 npuBeneHbl SKCIepUMEHTaIbHbBIC JaHHBIE O 1eOopMHPOBaHUH TOM ke ctanu X18H10T
npu HanpsbkeHnn 96MIla B cpaBHEHMH ¢ TOCTPOSHHBIMU 110 COOTHOILIEHUIO (16).

0
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g%i
0,2

650°C_ |
,’/
Vo0t

700°C.

650°C

1 (vac)
®ur.7
Ha ¢wur.8 npuBeneHbl dKCIIepUMEHTAIbHBIC JaHHBIE O MOJI3YYECTH XPOMOHHUKENEBON CTalld MpU
neiictBun Hanpsikenns 96MITa mpu Temmeparype 700°C £, TOCIIE IBEHAALUATUYACOBOM IMOJI3Y4ECTH

npu 124MIIa mpu Temmeparype 650°C £, B CPaBHEHHU C TEOPETHYECKUMHM, IOCTPOCHHELIMHU,

cormacHo (16), mpH CleQyOIIUX MAaHHBIX, MOJYYEHHBIX W3 WCIBITAHUA B YCIOBUSX MOCTOSHHBIX
Ha?p;{n(emn?r Y TeMIIeparTyp:

a 23MHa,700°C)=0,0205 yac™' .10-3,oc(124M17a,650°c) =0,0181uac™-107°
a(124MHa,7000C)=O,1 15 uac™ -10‘3,a(93MHa,6500C) < oc(93M17a,7000C)

B(93MI1a,700°C)=0,38-10", B(124MI1a,650°C) =0,78-10°,
B(

124MI1a,700°C) = 2,02-10°,B(93MI1a,650°C ) < B(93MI1a,700°C).

(5ga)107
30

r4

| A

|/
2.0

r

i

Lo I

/
Ta0 80 120 rfuae)

dur.8

N3 cpaBHEHUS] TEOPETUUYECKUX W IKCIEPUMEHTAIbHBIX JAHHBIX, HECMOTPSI Ha HEKOTOphIE
pPacXoXACHUS, MBI JIeJlaeM BEIBOJ, uTo ypaBHeHHue (16), sBistomieecss 0600IIeHHEeM ammpoOKCUMAIIUN
(15), mMoxeT paccMaTpuBaThCS AJIA OMHCAHUS TOJ3YYECTH TMPU HANPSDKEHUSIX W TeMIeparypax,
HU3MEHSIOUINXCS BO BpPEMEHHU.

0
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AHAJIMTUYECKOE PEHIEHHUE 3AJIAYH O PAB}IOBECHQFI HOHEPE‘II}OFI
TPEIIMHE B CJIOE, YCUWJIEHHOM TOHKOU I'NHBKOU HAKJIAJIKOU

Co60ab b. B., KpacHoméxoB A. A.

TIpoBeneHO uccnenoBaHUe TIOCKOW CTATUYECKOW 3a/1aud TEOPUH YIPYTOCTH IS CIIOS, OCIa0JICHHOTO MPSMOIUHCHHON
MOTIEPEYHON TPEUIHMHON. BepXHss rpaHuia clios yCHIIeHa TOHKOW TMOKOM HaklIaaKoi. PaccMOTpeHbI pa3invHbIC BApUAHTHI
YCIIOBUH Ha HIDKHEH TpaHW cjos. TpelmuHa MONAEp>KUBACTCS B PACKPBITOM COCTOSHUUM HOPMAJbHBIMU YCHJIMAMH,
MPUIOKEHHBIMA K e€ OeperaM. 3ajada CBelJeHAa K PEIICHHIO CHHTYJISIPHOTO HHTETPAJbHOIO YpaBHEHHUS IEPBOTO poza
OTHOCHUTEIBHO TPOU3BOTHON (YHKIMH PACKPBITHA TPEIIMHBL. PellieHne MHTErpajbHOTO YpaBHEHHS MOCTPOSHO METOIOM
KOJUTOKAIIUH, TTOYYCHBI 3HaUCHNS KO3 PUINEHTAa HHTCHCUBHOCTH HANIPSHKCHUH B OKPECTHOCTH KPAEB TPEIIHEL.

ITocTanoBKka 3agauu
PaccmoTpena 3amaua 0 paBHOBECHMHM YIPYTOro CJos —h2 <y <0, ocnabieHHOT0 MPSAMOIMHEHHOM

MOMEPEYHON TpemMuHON JUIMHBI 2a, TEpPHEeHIUKYJSIpHOM K ero rpaHunaMm. lLleHTp TpelmuHsbl
pacroyioKEeH Ha PacCTOSIHMU /i OT MOBEPXHOCTH. BepXHss rpaHuIla CJIOS YCHUJICHAa TOHKOW THOKOH
Hatanko. K OeperaM TpeIIuHBl MPWIOKEHB HOPMAlbHBIC YCHIHMSA HWHTEHCHBHOCTH p()),
o IIep>)KUBArOIIHe e€ B pacKphIToM cocTostHuA (Puc 1).

Ay

hy

0 } X

-h+a

P h-a P

_h2

Puc.1. Cnoii, ocmabiieHHBIN TPSIMOTMHEHHON MOTIEPEIHON TPEIITHHOM.

3ajaua OMUCHIBACTCS YPABHCHHUSMH PABHOBECHS B MEPEMEHICHUAX MPH CICAYIOIIUX TPAHUYHBIX
yeaoBusix (y=0) [1]:
4Ghu =(1- vl)z'xy +2v,ho,
o,=0

(1

3meck u nanee G,;,U, — Moxyib caBura u kodddunuent Ilyaccona, COOTBETCTBEHHO, HAKIaIKU (i =1)

u cnos (i=2), h — TONIMHA HAKNauKH, 7,0 — KOMIOHEHTHI TEH30pa HANpsKeHWH B ciloe.
[TpousBoaHbIE OEpyTCs MO MEPEMEHHOM X.
Ha Hmxweit rpannne cinost ( y = —h, ) ogHoBpeMeHHO ¢ (1) neficTByeT 0JHO U3 CICAYIOMNX YCIOBHIA:
a) rmaakui Koutaxt, (7, =0,v=0)
0) xéctkas 3anenka (u =0,v=0)
B) cBoOozHas nosepxHocts (0, = 0,7, =0)
JlamHas mocTaHOBKa SIBISIETCST 0000IIEHWEM HM3yYEeHHOH paHee 3aJayd O PaBHOBECHH IIOTIEPEYHOMN
TPEIIMHBI B MOIYIPOCTPAHCTBE ¢ HaKmanko [2]. s cirydas mOTyIIOCKOCTH HAPSALY C YUCICHHBIM
OBLIO MOJTYYCHO aHATUTHYECKOE PEIICHUE MPH MOMOIIBI0 METO/Ia MAJIOTO TTapaMeTpa.

I[J'IH Pa3pbIBOB KOMIIOHEHT BEKTOpa HCpCMCH_ICHI/Iﬁ u 1V Ha OCH TPCUIUHBI BBCI[éM 0003HaueHUs:
+0

u 0= X(»), g—x ¥ (y) @)

-0
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CI/IMeTpI/Iﬂ 3a1a4d OTHOCHUTCIBHO OCH X = Om OTCYTCTBUC KaCATCIIbHBIX HaHpS[)KCHI/Iﬁ Ha rpaHUIax
TPEIIUHBI ITO3BOJIAIOT YCTAHOBUTH CBA3b MEXKAY UCKOMBIMU q)YHKI_II/IHMI/II

P(y) =-X(») 3)

[IpumeHnM K ypaBHEHHSM paBHOBECHs B IepEeMEIICHUSAX OOOOIIEHHOE HHTErpalibHOe
npeobpazoBanne Oypre [3] mo mepeMeHHoit x ¢ yu&€ToM pa3pbiBoB (2) u cBsizu (3):

(1-20U" -2(1-v)a’U —iaV' = 2(1-v)iaX, @

2(1-vV"—(1-2v)a’V —iaU' = -2VX';

Hatiném oOriee pemieHre cUCTeMsl (4):
_ isgn(a) phea “aln-yi
=—=—— XM)e ™3 -2v—|a||n—-y|)dn+
4(V_1)JM (e " |alIn=ydn
+cosh(oy)(c, +ac,y)+sinh(ay)(c, +oc,y)
1 —h+a _ _ (5)
V= X(n)e ™M sgn(n—y)2v—|a||n—y|)dn+
4(V_1)IM Q) gn(n-»)2v-|a[n-ydn
+i(sinh(oy)(c, + oc,y +—Kc,) +cosh(oy)(c, —k+ ¢, +0c,y))

Janee, BRITUIIIEM BU TPAHUYHOTO YCIOBHS HA BEPXHEH rpaHU M BBIPAKEHUH JIJIsl KOMIIOHEHT TEH30pa
HaIpsDKCHUH B TepMuHaxX TpanchopmanT Dypobe:
4ia’GhU - (1-v)T,, +2vhiaZ =0,
2G
I, = 1 5 (1=v)V'—iavU), (6)
T, = =GU'-ial);

CocTaBUM W PEUIUM CHCTEMY U3 4 YpaBHEHUU I KaXJIOT0 BapuaHTa TPAHUYHBIX YCIIOBUH Ha
HIDKHEH rpaHn Y = —h,, ucnons3sys (5) u (6). Kaxnas cucrema BkimrodaerT 2 OOIIMX TPaHHYIHBIX

ycnosust ipu Y = 0. Jlanee, onpeenim KOHCTaTHEL ¢; , , ucxons u3 (5) u (6).

HNHTerpanbHoe ypaBHeHue
Y 10BIIETBOPSI TPAaHUYHOMY YCJIOBHIO Ha Oeperax TpeIyHbI

o.=—p(y) mpu x=0,-h—a<y<-h+a, (7)
CBoauM 3agady K peHIeHI/IIO CUHTYJIIPHOI'O HHTErPAJILHOTO yYpaBHeHus [ poxa :
h+a —
_[ X (77)|: —y +S(77 s a):|d77 ﬂ.(lez)p:y € (_h_a:_h+a) (8)
2

CuHryssipHasl 4acTh siApa MHTErPalbHOrO ypaBHEHHMs (8) COOTBETCTBYeT 3ajade O TPELIMHE B
HEOrPaHMYEHHOM IUIOCKOCTH, a PEryJsipHas OTBEYaeT 3a BIHMAHHE DPasiMYHBIX (DH3UUECKUX M
reOMETPHYECKHX T1apaMeTpOB.

Beeném obosnauenus: k, = G h, (v —1), k, =G(v,-1).

Jl1st citydast TIIaikoro KOHTAKTa Pery IsipHas 4acTh siipa HHTErPaIbHOrO yPAaBHEHHS HMEET BUJL:
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Sy ysa) = [ [=(e " (=2 (<14 @) 2(1+ € Yo +

+h2 (2(1 n ezhza n 2eh2a+(h2+2n)|(x\)kl _ eh2a+(h2+2n)\(x|k2n))a4 _

2" (14 P21+ Yk, + T kY o +

(=™ 2RIV (O p o 4 (am + 1) you—2n0— 1)k, + da(3k, — k,yo)) +
+H(2om + yo(1—am) =Dk, +4(ya—3)ka)e™ "> L (&, ((an+1) yo+ 2no+1)—
—4k10c(y0, n 3))64(h2+y)(x+(h2+2n)\(1\ _ ez(h2+2y)a+(h2+zn)|a\

+4(yok, +3k)o) — " o2 ya —3)(hy + )+ e ko (h, +m) +

((=yma’® +2h,a+ yo.—2na. + 1)k, +

(10)

3h2a+2ya hz(x+4yoc

kyo(h, +n)+2ya+3)e k,ou(h, +n))oc2 +

+(_ez(h2+2) Yo+ (hy +21)cl (4k1n0c +(2(an—-2)h,0+ (an—1D)ya+no—2)k,) +

+(k,((2ya —3)mo+ yo —2) -
~4ka(ho— ya+3))e" " + @k oo+ yo+3)—k, (ho + ya+2))e" ™ +
+H(hyo+ yo—2)k, +4(ho+ ya—3ka)e > + ((2yo +3)ho — ya— 2)k, +
+HA(—hyou+ you+3)ko)e” T —

_eZ(h2+y)ot+(h2+2n)|ot| (4k

Mo’ +2(am +2)ha+ (om +1)yo —an —2)k, ) +
+€2ya+(h2 +21)lo (k2 ((an _ l)yOC —on+ 2) - 4](1(127]) +
te 4(hy +y) oty +21)|ol (k ((an + l)ya +no+ 2)—4k azn))a | a | -

2ya+(hy+2n)lal 2 a 2Q2h,+y)a
—e o (k, (- e 2 -

Q2ha+ yo—1)+(ya+1)e
" Qo+ ya+ 1)+ ya—1) =41+ )1+ ko)) /
[(4h,a 1+ ) + (4™ ~Dk,)a”)ldo

31ech MOANEKHUT OMPEICICHHIO MPOU3BOAHAS (BYHKIMH PACKPHITHS TPEIMHBL X (77) .

4h
ho+e

s cinygaeB 6 u 6 peryJsipHasi 9acTh HMEET CXOXKYIO CTPYKTYPY.
B kaxaom 13 pacCMOTPEHHBIX CIy4aeB I'PAaHUYHBIX YCIOBUN pEryJisipHas 4acTh S/pa MHTErPabHOIO
ypaBHEHHsI HIMEET yCTPaHUMYI0 ocobeHHOCTh pH ¢ = 0, Tak Kak:
4k, =2k,2n+h,) _
hk, +2k,

S, 5(n,y,a) skcoHeHUMANBHO yOBIBAaeT Ha GECKOHEYHOCTH.

lima-,08,5(M, ¥, @) = const (11)

MeToa KOJJIOKalUA
Pemenune mHTerpamsHoro ypaBHeHus (9) ¢ sapom (10) ctporM METOIOM KOJUIOKAIMHM B BHUIE, SIBHO
YYUTBIBAIOIIEM OCO6eHHOCTI) B OKPECTHOCTHU KpasAd TPCUIUHBI:

ﬁan T,(); (12)

N
npu sTom umeeM g(¢) =1-27 Y X,U,({),

n=1

2=

rae 1,, U, — nonuaomsl YeObimeBa, cooTBeTcTBEHHO, | 1 11 pona.

n’

U3 oueBuaHoro ycnosus g(+1)=0 ompenensem: X, =0.
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B KauecTBe y3JI0BEIX TOYEK IPUHUMAEM KOPHH ITOJIMHOMOB YeOhIeBa:
7(2m—1
Za =COS(2N),(m=l,2,...,N) (13)

Peammzanms npencrasnenuii (11) B mHTerpansHoM ypaBHeHuH (9,10) mo3BojseT cBecTH 3amady K

PCIICHUIO CHUCTEMbl JMHEHHBIX anreOpanvyecKux YpaBHCHUUN Uis omnpenesiceHUus KO3 (UIIMSHTOB
npencrasimenus (11):

AX =B (14)
1

Boruncienne kooppuuuentos a, = J- () ! ! +K(&,z,))dS cucremsr (14)

@
OCYHICCTBIIACTCA B ABA dTaria.

CHHryJI;{pHa;I 4acTb Hpe,[[CTaBJ'ISIeT co0o0l TabMMuHBIN HHTETpai [4]

j () — J— g —dg=7U,,(2), (15)

a peryJsipHasa 4aCTh HaXOAUTCA YHUCIICHHO.

YuciieHHbIe pe3yJIbTAThI

Pe3ynpraTel mpoBenEHHBIX WCCIIEAOBAHUI MO3BOJSIOT B KAXKIOM KOHKPETHOM CITydae ONPEAeTHThH

3HauYeHUs Kod3((uIeHTa WHTEHCHBHOCTH HOPMANBHBIX HAIMPSIKCHUH, SBISIONICTOCS Ba)KHEWIICH
XapaKTEPUCTUKON B MEXaHUKE Pa3pyLLECHUS.

K,=K,N
rone Ky, —

(16)

KO3 GUIMEHT HHTEHCHBHOCTH HAPSHKEHUH B MPEEIBHOM CIIydae — 3aJ1a4e O TPEIIuHE B

HEOTPaHUYCHOM YIIPYroi miockoctu [5], N — ¢axkTop BIusHUA [6], MHOKUTEb, XapaKTePU3YIOUit

BIMSHUE Ha KOY()(OHUIIMEHT MHTCHCHBHOCTH HAMPSHKCHUI 3HAYCHUH pa3NUYHBIX T€OMETPUYCCKUX U
(hM3UYecKuX mapamMeTpoB 3a1adH.

1.10

a) NoSIynaoCKoCTb 6) ceoboaHasa rpaHnua

1.08
106

104

' B) XKE&cTKaga 3ajenka \ L) FNaiKWi KOHTaKT

1m

o4 ] 5 20

Puc. 2. 3aBucuMocThb (akropa BiausHus N OT rIyOHHBL TpemuHa 4 —a — Ui pasiIuuHbIX
BAapHAHTOB IPAaHUYHBIX yciIoBHil. Tommuua cios /i, .ams Beex ciydaeB paBHa 2+ d
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Ha puc. 2 mpencraBieHbl pacuéThl (GakTopa BIUsHUS N 1 pa3iuYHBIX TPAHHYHBIX YCIOBUI Ha
HIDKHEH rpaHu cios. CIUIOIIHBIC JIMHUM OTpaKaloT 3Ha4yeHUss N B BepxXHEW, a MyHKTHPHBIE — B
HIDKHEH BeplnHaX TpemuHbl. Ha Bcex rpadukax mpuBen&H STaTOHHBIN Clydall MONyMIOCKOCTH 06e3
HaKJTAJKH.

B cnyyae mosryminockocTd ¢ Haknaiakoi [2] (puc. 2a) HabironaeTcss yMeHblIeHHe (HaKkTopa BIUSHHUS B
BEpIIMHAX TPEIIUHBI MPH €€ MPUOIMKCHUU K BEPXHEH IPaHHUIIE 3a CUET BO3CHCTRUS HAKIAIKH.
Jlanee, paccmaTpuBasi clioit co CBOOOIHON HIKHEH TpaHuIeit (puc. 20), HEOOXOAUMO OTMETHTD, UTO
32 CcyéT CBOOOJHOW HMXHEW TpaHH TIPOCIEKUBACTCS CHMMETPHS C OSTaJOHHBIM CIy4yaem
MOJYTUIOCKOCTH.

JKéctkas 3amenka Ha HIKHEW TpaHHM CYIIECTBEHHO yMEHbBINACT (PAKTOp BIMSHUS M BMECTE C TEM
OTIaCHOCTH TPEIIUHEI (pHC. 2B.).

PesyabTatsl

1. PaccmarpuBaemast 3ajada cBeleHa K PEIISHUIO CHHTYJISIPHOTO MHTETPaJIbHOTO YPaBHEHHS TEPBOTO
pona.

2. VI3ydeHbl pa3nuyHble BAPUAHTHI TPAHUYHBIX YCIOBUN HA HUKHEH rpaHu CcIlosl.

3. Ilomy4yeHo YMCIeHHOE pEeNIeHUuEe METOJ0OM KOJIOKAIUH.

4. HpOI/I3BeZ[eHBI YHCJICHHBIC OKCIICPUMCHTHEIL.

Pabota BeImoaHEHa npu noanep:xkke Poccuiickoro honga GyHIaMeHTaIbHBIX HCCIECIOBAHUN (IPOCKT
Ne 10-08-00839a)

JIUTEPATYPA

1. AnexkcanmpoB B.M., Mxurapsa C.M. KoHTakTHBIE 3a7a4u JUIsI T€N C TOHKUMH MOKPHITHSIMU U
npocnoiikamu. M.: Hayka, 1979. 486c¢.

2. Cob6omnp b.B., KpacromékoB A.A. CoBpeMeHHbBIE TTPOOJIeMbl MEXaHUKHU CIUIONIHOM cpensl:// Tp.
XV Mexnaynap. kou¢. / O®Y. — Pocros w//], 2011. 219-224c.

3. Tlomos I'.fl. KoHneHTpauus ynpyrux HampspkeHUH BO3JIE IITaMIIOB, pa3pe30B, TOHKUX BKJIIOUEHHH
u noxakpemneHuit. M.: Hayka, 1982. 342c.

4. TaOnumpl HHTETPATIOB, CYyMM, psanoB u npousBenenuit. ['pammreitn U.C., Peokuk .M. 4-¢ u3m.
M.: ®usmarrus, 1963. 1100c.

5. AmnekcangpoB B.M., Cmeranun b.M., Cobons B.B. ToHKHE KOHIIGHTpaTOpHl HAIPsDKEHUH B
yrpyrux tenax. M.: @usmarnur, 1993. 224c.

6. Cobomp b.B. O0 acuMNTOTHYECKHUX pEIICHUAX TPEXMEPHBIX CTAaTHUYECKUX 3aJad TEOPHH
VOPYTOCTH CO CMEIIaHHBIMH TpaHMYHBIMH ycinoBusiMu //  BectHumk Hwmkeroponckoro
yausepcutera M. H.U. Jlo6auesckoro. 2011. Ne 4 (4). C.1778-1780.

CseieHns1 00 aBTopax:

Co6oap bopuc Baagumuposuu — 3asenyronmii kadgeapoi «HGOpMaIMOHHBIE TEXHOIOTHI», TPOQ.
I.T.H., JIOHCKOH TOCyImapCTBEeHHBIH TEXHHUYECKWH  yHUBepcHTeT, (Qakymbrer <« uBT»,
+7 632 738341

E-mail: b.sobol@mail.ru

KpacHomiékoB AJjekcanap AJjekcaHapoBu4 — acnupaHT Kadenpsl «MHpopManuoHHBIE
TEXHOJIOTHN», JIOHCKOW TOCYIapCTBEHHBIM TEXHWYCCKUH yHUBepcUTET, ¢akynbrer «UuBT»,
+7 989 6179555

E-mail: akrasnoschekov(@gmail.com

208



BJIMAHUE XAPAKTEPA HATPYKEHUA HA TUHAMHUKY PACITPOCTPAHEHUA
TPELIUHBI B OPTAHUYECKOM CTEKIJIE

Cyabenxos 10.B., Cmupnos U.B.

[IpencraBneHsl pe3ynbTaThl AIKCIIEPUMEHTOB IO HW3YUYCHHIO pAcIpOCTpaHEHHs TpemmHbl B oOpasumax [IMMA npu
KBa3UCTaTHUECKNX M ANHAMHYIECKUX Harpys3kax. KBasncraTmdeckoe HarpykeHHE OCYMIECTBILIIOCH C IOMOIIBIO Pa3PhIBHOI
MaluHbel. JIMHAMUYECKOE Harpy>KeHHe IPOBOAMIOCH Ha yCTAHOBKE B3pPbIBA IPOBOAHUKOB. Pe3ynbTaTbl JTUHAMHUYECKHX U
KBa3UCTaTUUECKNX HIKCIEPHMEHTOB ITOKa3bIBAIOT HEYCTOWYMBOE ITOBEACHMS JIOKAITBEHON CKOPOCTH TPEIIUHEI IS JF060TO
XapakTepa Harpys>KeHHUs.

PacnipocTpanenne TpemuHB B XPYNKHX W KBa3UXPYNKHX MaTepuanax H3ydaeTcsl yKe€ MHOTHe
necstunetud. OnHaKo, B HACTOsIIEe BpeMs OTCYTCTBYET IOJHOE MOHMMAaHHUE Ipolecca pa3BUTHS
TPELIUHBL

CornacHO KJIaCCMYECKUM IMPEICTABIECHUSM MEXaHHKH Ppa3pyLIeHHS CKOPOCTh TPEUIUHBI SBISETCS
MOHOTOHHOW (yHKUMEeH BpeMeHU. [laHHOE mNpelNCcTaBIeHWE OCHOBAaHO Ha pE3ylbTaTax MHOTHX
JKCIIepUMEHTOB. B 0Oojee mo3mHMX SKcrepuMeHTax, Hampumep [1,2], moilydeHO HeyCcTOHYHnBOE
MTOBEJICHUE CKOPOCTH (DPOHTA TPENIMHBI NMPH KBA3UCTATUIECKOM pa3pbiBe JmctoB [IMMA wmu
CKauKooOpa3HOe MPOJBIKEHHE TpeIluHbl B IiacTuHax [IMMA mpu MMIyJIbCHOM Harpy>XKEHHH Ha
Oeperax paspesa.

Pe3ynpTaTel ¢ HEyCTOWYMBBIM ITOBEJCHUEM TPELIMHBI ObUIM IOIYyYEHB! B Pa3HBIX J1a00paTOpUsIX IpU
Pa3IMYHBIX YCIOBHSX HArpyKeHHS W METOAMKAaX perucTpanuu TpeuiuHsl. [losToMmy mpenctasiser
MHTEpeC MPOBEIEHUE aHAJOTMYHBIX UCIIBITAHNHN NPU €ANHOM METOUKE PErUCTPalMy TPELIHHBI.

B nmanHO#l paboTe mpencTaBICHBI PE3yNbTaThl SKCIECPUMEHTAIBHBIX HCCIEJOBAHMH ITUHAMUKU
pPa3BUTHS TPEIMUHBI B IUIOCKUX oOpasmax [IMMA mnpu KBa3WCTaTHYECKOM W JIHHAMHYECKOM
HarpyKeHUHU 00pasuos [3]. ITapameTpbl HCCJIETyEMOT0 OpPraHUYECKOI0 CTEKIa
(TOTMMETHIMETaKpHIaTa): TIOTHOCT p = 1180 Kr/m’, mpomoibHas ckopocTs 3Byka C, = 2750425
M/c, ToriepedHas ckopocTh 3Byka Crr = 1400+25 wm/c, momyns ympyroctn E = 5.9 I'Tla. Cxema
9KCIIEPUMEHTOB IIpe/ICTaBleHa Ha puc. 1.

a \-:j""""_-.__ﬁ 6

\

O
7 4] | L

___:. ) L. 3 - 1
% Ko

Puc.1. Cxema sKkcrieprMeHTa: a) KBa3UCTATHUECKHUE UCTIBITAaHUS; 0) TMHAMUYCCKUE UCTIBITAHUS.
1 — nmazep, 2 — TpemuHa, 3 — GOTONPHEMHUK, 4 — TeHEPaToOp UMITYJIbCOB, 5 — CTPUK-Kamepa, 6 —
OCBETHUTEJb, / — MhE301aTYKK; § — B3phIBA€Masi MPOBOJIOYKA, 9 — JaTYMK TOKa, /() - yCTaHOBKA
OBIL

A A

KBasucrarnueckoe HarpykeHHE OCYIIECTBISIIOCHh Ha pa3phiBHONW MammHe. [Imockue obpasnsr [IMMA
UMenu raHreneoOpasHyro QopMmy ¢ pasMepamu paboueit yactu 93x35x5 mm. [ns wHHIMAnWU
TpEIIMHBI B cepefirHe o0pasia Jie3BreM OpUTBHI Jenaics Haape3 rayouHoi 0.4 — 1.3 mm.

JluHamMHuueckoe Harpy>keHue oO0pa3loB OCYIIECTBISUIOCH C MOMOINBIO YCTAHOBKU 3JIEKTPHUECKOTO
B3pbIBa IMPOBOJHUKOB. EMKOCTh KOHIEHCATOpa YCTAaHOBKH JUIs dieKTpuyeckoro B3psiBa C = 1.0 MkD,
HanpspkeHue 3apsaa U < 25 kB, sueprust E < 312 JIx. O6pazust [IMMA uMenu ¢opMy KBaapaTHBIX
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IJIaCTHH C OOKOBBIM pa3zpe3oM. Paszmep oOpasmoB (200x200x5 MM) BBIOHpanCcsS W3 yCIOBHH
OTCYTCTBHSI BO3JICHCTBUSI OTPaXEHHBIX OT OOKOBBIX TpaHeil oOpasia BOJH Ha TMpoIecC JABHKCHUS
TpeLIMHEI 32 BpeMs peructpauun. llupruna nponuna pasHsuiack 0.5 MM u ymHa 50 MMm. B3peiBaemas
npoBosiouka ( & 0.2 MM) pa3Mmenianach MeXIy OeperoB paspesa NEpHEHIUKYJSIPHO K IIOCKOCTH
TUTACTUHBI Ha paccTossHuU 24-31 MM OT ero Hawana. JlaBcaHoBas IIEHKa HWCIOJB30BANACH LIS
CO3/IaHUsI aKyCTHYECKOTO KOHTAaKTa MPOBOJIOYKK M Oeperos mponmiaa. OAWH B TOT ke o0paszer Mor
OBITH MCITOJIB30BaH HECKOJIBKO Pas3.

Peructpanus npoaBmkeHus (poHTa TPEUIMHBI OCYIIECTBISUIAcCh cTpHK-Kamepoid K008 mo meromy
IeNIEBOM pa3BepTKH M300pakeHHs. PerncTpupoBanachk mpocTpaHCTBEHHO-BPEMEHHAS pa3BepTKa Jyda
CBETa, OTPAXKAIOIIETOCS OT MOBEPXHOCTH Pa3BUBAIOIIEHCS TPEIIUHBI.

[lpn KkBa3HCTAaTHYECKUX HCIBITAHUSAX OOPa3LOB CHHXPOHM3AIMS Kamepbl MPOM3BOIAMIACH II0
W3MEHEHWIO WHTEHCHUBHOCTH JIy4a Ja3epa, NPOXOMIAIIero duepe3 BepIIMHY Haape3a. B ciyuae
JTUHAMHYECKOTO HArpy>KeHHs] CHHXPOHHM3AIUs OCYIIECTBIIIACH MO CHUTHAIY C JaTdrKa Toka (mosca
Porogckoro).

KBazucraTnueckue ucnbiTanus. Tunuaaas pa3BépTka TPACKTOPUH (PPOHTA TPEIIUHBI IIPECTaBIIeHA
Ha puc.2,a. CKOpOCTh IBIKEHUS (PpOHTA TPEIIUHBI, TOTydYeHHAs U] PepeHIUPOBAHNEM TPACKTOPHH,
npejcTaBiIeHa Ha puc. 2,0.

-
g =
- =
i =
T}
§ =l
5 =
= =]
o ¥
= a
= =
= g
:
= =

0 T T T T T - — 2 A i + . M

1,0x10° 2,0x10° 3,0x10° 4,0x10° 5,0x10° 6,0x10° 2,0x10 3,0x10° 4,0x10° 5,0x10 6,0x10 7,0x10°

BpeMs, CEK BpeMsl, CeK
1400 -
0 r

- -
o r
=] =]
o =]
L 1

800

600

400 -

CKOPOCTb TPEILHHEI, M/C

]

=]

1=
L

=]

1,0x10” 2,0x10” 3,0x107 4,010 5,0x10° 6,0x10”
BpEMA, CCK

Puc.2. PacpocTpaneHne TpeIUHEI IPH KBA3UCTATHICCKOM pa3phIBe INTOCKUX 00pasmnoB [IMMA.
a) mesieBas pa3BEPTKA TPACKTOPUHU (GPOHTA TPEUIUHBI; 0) KOJIeOaHUs CKOPOCTH (PPOHTA TPEIIUHBI
(ITpUXOBas JUHUS — CPEIIHSS CKOPOCTH); B) IIeJieBas pa3BEPTKA BOJIHOBOW KAPTHHBI B BEPIIIHHE
TPEIUHBL; T) IOBEPXHOCTH Pa3pyIIeHHUs (CIeBa HAIIPaBo): 3epKallbHas, mapabonndeckas, denryituaras,
rpy6o-dparmenTapaas (pedpucras).

[TomoOHas 3aBHCHMOCTH CKOPOCTH PacIpOCTpaHEHHs TPEIIUHBEI Obla moiydeHa B padote [1]. beuto
MOKa3aHo, YTO OCHMJUTANNHN (PPOHTA TPEIIHHBI KOPPEIUPYIOT ¢ MPo(HIeM MMOBEPXHOCTH pa3pyIIeHNUS,
a KpUTHYECKasi CKOPOCTh TMepexo/1a Ha HecTaOMIbHEIN pexuM V. = 0.34Cy He 3aBUCUT OT T€OMETPHUH,
TOJIIIMHBI 00pa3lia ¥ MPUIOKEHHOU HATPY3KH.
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Ham cioco6 cMHXpOHM3aUK JaBajl BO3MOKHOCTh PETUCTPUPOBATh TOJNBKO YYaCTOK C HECTAOMIIBHBIM
pacrpoctpaneHreM TpelrHbl. OHAKO HAOMIOAACTCS aHATIOTUYHAS KOPPEISIUs KOJleOaHUi CKOPOCTH
TPEUIMHBL, TPO(UISI MOBEPXHOCTH PAa3pyLICHUS U YaCTOTHI CUTHAJIA aKyCTUYECKOH YMUCCHH.

Hauano nHamOonee BBIpa)KEHHOI'O HECTAOMWJIBHOTO IIOBEAEHMS TPELIMHBI COOTBETCTBYET Haudaily
«pebpuctoro» npoduis noBepxHocTy [1] ¢ paccrosianeM Mexay pebpamu mopsinka 1 mm. Haubonee
BBIp&KEHHBIC YacTOTHl OCHWUISIMKA CKOPOCTH (PPOHTa TpelMHBI HaxonsATca B Auamaszone 500-700
k['u. luHamMuueckast KapTHHA MOJIel HANPSDKEHUM B MPOLIECCEe pacpOCTPaHEHUs TPEIIMHBI OKa3aHa
Ha puc. 2,8. BuaHo, uTo cpaBHUTENBHO HEOObIINE KONCOAHHS AUaMETPa KayCTHKHU COIPOBOXXKIAETCS
SMHCCUEN YHNpPYyrux BOJIH HamnpsbkeHWi. UepHas cTpesika MOKa3bIBaeT HAauallo YETKO BBIPAKEHHOU
SMHCCHUH YNIPYTHX BOJH U3 OKPECTHOCTH BEPLIMHBI TPEIIHUHBI.

JAunamuveckue ucnbiTanus. Ha puc. 3,a npeacraBiieH XapakTEpHbIN y4acTOK TPAEKTOPUU PA3BUTHS
TpEIIMHBI, TOJYYEHHbIN NMPU AWHAMHYECKUX HarpyxeHusx miactuH [IMMA c¢ paspesom. Puc. 3,0
MOKAa3bIBacT U3MEHEHUE CKOPOCTH (PPOHTA TPEIIUHBL.
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Puc. 3. PactipocTpaHeHre TpeIIUHEI P UMITYJIBCHON Harpy3ke Ha Oeperax paspesa ooOpasia.

a) mesieBas pa3BEPTKA TpaeKTOpUU (GPOHTA TPEUIUHBI; 0) KoJIeOaHHus CKOPOCTH (PPOHTA TPEIIUHBI
(ITpUXOBas JIUHUS — CPEIIHSAS CKOPOCTD); B) MOJIS HANPSHKCHHUHA MPH TUHAMUYCSCKUX UCTIBITAHUSIX (IBS
TapasuIelbHbIE TIOJOCKU — METKU PACCTOSHUSA); T) 00JIaCcTh Mpeapa3pylIeHus nepea GpoHToM
TPEIINHBI IOocie €€ OCTAHOBKH B CIydae TUHAMHYECKOTO BO3JEHCTBHS (CTPEIKa YKa3bIBaeT
HANPaBICHUE Pa3BUTHSI TPCIUHBI).

CrouT OTMETHUTbH, YTO YCIIOBHE HATPYKEHUS COOTBETCTBYET 3ajiadue 00 JIOKATM30BaHHOW HArpys3ke Ha
Oeperax momybeckoHeuHOW TpemuHbl [4]. CoracHO aHATUTUYECKOMY PEIISHHI0, TPEIIHA HaunHAeT
pacnpocTpaHaTbCs TOCe Ipuxoja BosHBI Panmes. Peructpupyemble MOMEHTHI cTapTa TpEIIMHBEI B
9KCIIEPUMEHTE B XOPOIIEM COTTIACHH C TEOPHEH.

B nuHamuveckux ucmbpITaHUSAX Ooliee mepoxoBaTas 0071acTh MOBEPXHOCTH Pa3pyIICHHUs, TaK JKe, KaK
Y B KBa3UCTAaTHUYECKUX UCTBITAHHUSIX COOTBETCTBYET MAaKCHMAIIBHBIM KOJeOaHUsIM ckopocTH. OmHako,
B OTJIMYHE OT KBA3UCTaTUUECKUX UCTIBITAHHM, 34€Ch Ha0I0aaeTcsl 00paTHBIN NOPAI0K (GOpMUPOBAaHUS
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XapaKTEepPHBIX 30H MOBEPXHOCTH pa3pylIeHus: Tpy0o-pparmMenTapHas, denryiuaTas, napadbonmdeckas,
3epkaibHas. TO ecTh MOPSAIOK CIENOBAHUS XapaKTEPHBIX CTPYKTYpP Ha MOBEPXHOCTH Pa3pyIICHUS
CBSI3aH C XapaKTePOM M3MEHECHHUsS CKOPOCTU MPOJBIKSHUS TPEUIUHBI (BO3pacTaHUE WM 3aMEJICHUE)
U €€ 3HAYCHUSIMU.

Ha puc.3,B mokazaHa mieneBasi pa3BEPTKA MOJIEM HANpsHKEHUM TMPU JTUHAMUYECKUX HCHBITAHUSX.
[TockonbKy MONMMETHIMETAKPHUIIAT BSI3KOYIIPYTHIA MaTepual, To HalOromaercss HeOOobIas KayCcTHKa
B BEpIIKMHE TPEUIUHBI J0 MPHUX0JIa UMITYJIbCca HAMPshKEHUI. BUIHO, 4TO TpelnHa CTapTyeT yKe mocie
MpHUXo/Jia TorepeyHoi BoHbL. OOpaiaeT BHUIMaHUE TOT (DAKT, YTO KayCTHKA PAaCIPOCTPAHICTCS HE OT
BEPIIMHBI TPEIIMHEL, a BIOJb Oeperos mnpommia. [lo-BunuMomy, 3T0 CBA3aHO ¢ KoeOaHusIMHA OeperoB
TPEIIUHBI U, COOTBETCTBEHHO, BOSHUKHOBEHHEM HANPsDHKEHHS CKaThA Ha e€ 1 Oeperax.

BeiBoabl. PesynbTaThl HcClieqOBaHMM JUHAMUKHM TpelIMHbl B MactuHax u3 [IMMA,
MOJYyYECHHBIE NPU €IUHOM METOIMKE PErUCTpPalyy, II03BOJISIOT BBIACIUTH CXOACTBO U
pasnuyre B JTamax Impouecca paspyLIeHUs IPU KBAa3UCTATHYECKUX U ITUHAMUYECKUX
BO3JCHCTBUAX HA XPYIIKME MATEPHUAIIBL.

Cpennsis CKOpOCTh pacHpOCTpaHEHUsT TPEUIMHbl B HAIIUMX OJKCIIEPUMEHTaxX, Kak IpHU
KBa3MCTATUYECKUX, TaK U NPU JUHAMUYECKUX MCHBITAaHUAX, HEe mpesbimana 0.5Cg, HO Ha
CKayKax OHa MOTJIa MPUOIIMKaThCs K CKOPOCTH BONHBI Panest Ck.

OKCIIEpUMEHTBl  JIEMOHCTPUPYIOT OOIee CBOWCTBO KBAa3MCTOXACTUYECKOTO TOBEICHUS
TPEIIMHBI TPpU OOJIBIIUX CKOPOCTSIX MPOJBIKEHUS €€ (PpOoHTa M KauyeCTBEHHO COBIMAJAIOT C
pe3yabpTaTaMu, MOJYyYEHHBIMU JApYyrMMH aBTopamu [1,2]. Pe3ynpTaThl MOATBEPKIAIOT, YTO
CKaYK{ CKOPOCTU (PpOHTA TPEUIUH KOPPEIUPYIOT ¢ U3MEHEHHUSIMH CTPYKTYpPbl TOBEPXHOCTH
paspyLIeHuUs.

Habmonaemast quHaMuKa pa3BUTHS TPEIIMHBI MOXKET OBITH CBSI3aHA C 30HOW MpeApa3pylICHUs Tepe
(pOHTOM MarucTpajIbHON TPEIIUHBI [5-8], T.e. pa3BUTHEM aHCaMOJIT MUKPOIOBPEKICHUN B 00JACTH
BBICOKOTO HANpsDKEHHsA. XapaKTepHbIM BUJA TAaKOW 30HBI MUKPOIOBPEKIECHUN IIOCIE OCTAHOBKHU
TPEIINHBI, 3aPETUCTPUPOBAHHBIN B X0/1e JMHAMHUYECKHUX HCTIBITAHNHN, IPUBEAEH HA pHUC. 2,T.
[IpuHIMTIMANEHOE OTIMYWE JUIA JIBYX CIIOCOOOB HATPY)KEHHs 3aKIIOYaeTCs B TMOBEIESHUHM CpeTHei
CKOpoCTH (PpOHTA TPpEIIUHBL. [IpyU KBa3MCTaTUYECKOM HATPYKEHUU CPEIHSISI CKOPOCTh OTHOCHUTEIEHO
IUTABHO BBIXOJUT HA CBOE MaKCUMaJlbHOE 3HaueHue. JlaHHBIA (akT XOpOIIO COrjiacyercs ¢
pesyneratamu [9]. B ciydae e AMHAMHUYECKOTO HArpyXeHHS CPETHSS CKOPOCTh MPHUOOPETaeT CBOE
MaKCHMAaJIbHOE 3HaUYE€HUE MPAKTHIECKH MTHOBEHHO, aHAJIOTUYHO pe3ynbraTam [10].
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OCECUMMETPUYHAS 3AJAYA VIS IBYX COINPSKEHHBIX
ITOJIBIX NUJIMHAPOB KOHEYHOU AJINHBI

Tep3san C.A.

IIpeamomaraercst, 4ro Ha OOKOBBIX MOBEPXHOCTSX HPHIOKEHBI IIPOW3BOIBHBIC HATPY3KH, HAa TOpLAX 3aJaHbl
HaIpsDKEHMsA, a MEXAy LWIMHAPAMU OCYLIECTBIAETCS IOJHOe cueruleHue. IlonydeHo TpaHCLEHIEHTHOE ypaBHEHUE,
XapakTepHu3yroliee 0COOCHHOCTH HANPSDKEHUH Ha JIMHIH KOHTAKTA.

1. PaccmaTpuBaeTcsi oceCMMMETpUYHAs KOHTaKTHas 3ajadya Uil JIByX CONPSKEHHBIX JAPYT C
JPYTOM TIO IUTHHIPUYICCKON MOBEPXHOCTH TOMNBIX [UJIHHIPOB KOHEUHOMN JITHHBIL.

[penmonaraercs, 4To Ha OOKOBBIX MOBEPXHOCTSIX MPHIOKECHBI MPOHM3BOJIBHBIC HATPY3KH, Ha
TOPIIAX 3aJaHbl HAMPSKEHUS, & MEXKTY MUIUHAPAMH OCYIIECTBIISETCS TOHOE cuerieHue (puc. ).

ZA
h
v I
T >
L
rZ
Puc. 1

3agaua pemraeTcs MpH CIEAYIONNX TPAHUYHBIX YCIOBHUSIX:

(1) _ (2) -

rr(zl)(ro, 2)=0 rrzz)(r ,2)=0 (0<z2<h)

G, (I’O,Z)= fo(z) G, (rza Z): fz(z)

(1) — )

1, (r,h) =y (r) ©2(r,h)=y(r)

r<r<r A r<r<r 1.1

G(Zl)(r, h):t(()l)(r) ( 0 1) (522)(r,h):t(()2)(r) ( 1 2) ( )

(1) — )
7, (r,0)=y'(r) O(r,0)=y(r)

r<r<r r<r<r
S B T TR S
nu yCJIOBI/IﬂM KOHTAaKTa.

T(rlz)(rla Z) = T(ri)(rl’ Z); G(rl)(rl’ Z) = G(rZ)(rla Z) (1.2)
USI)(rlaZ):usz)(rlaz); ugl)(rlaz):ui )(rl’z) ‘
2. BurapMonndeckre GyHKIIUY TS [IMIMHIAPOB MIIEM B BHIE:
®"(r,z)=2|D, Inr + Ar’ + Bz’ + C;z)+
+Z{ 2O+ FOK, (o r)+ 2 r[GO1 1)+ HOK, (1) ]fsin 2,z + @.1)

&3 A sk + Bl + w2 shunlz + D ehy 2 W (ul'r)
k=1

. . krm
mpu i=1 r,<r<r; mpui=2 r<r<r,; 0<z<h; xk=r

Hanpsoxenuss u nepemenicHus yepes 6I/IFapMOHI/I‘{eCKyIO (YHKUHMIO BBIPaXAIOTCS POPMYITIaMH:
()( ) —2(1 2v, )Ai +6v,B +— 2 +Zuk {[Ak +D (1+2v )]chuf()
+ B+ O+ 2v, )khulz + nVz[cPehp®z + Dshpz WD (ulr )
_ _ _ _ _ _ _ _ _ _ _ _ (i)
- Z ME)} {[Aé') + Dé')]chu(k')z + [Biﬁ') + Ck(')]shu(k')z + uﬁ"z[Cé')chu(k')z + Dé')shp(k')z]}vu(slk—r) -
k=1 Hi
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—Zﬁ{[E + G- 2v )1, (b 1) +HED = HO (1= 2v, K, (0 1) -
(22)

—X—H[ES)'I(MF)— FOK, )+ 2t 61, () + Hﬁ”Kl(Mr)]}COSMZ
ol(r,z)=4(2-v,)A +6(1-v,) +ZMk DO(1-2v,)- AV]ehuz +
+[C 1-2v,) ]shukz pk z[C chukz+D Sth z]}\N (Hk )
+Z7€ [ED +22-v)8 1 (r) +{F D =22 = v HO K, (7 ) +

+ r[Gk 1, (r)+ HOK, () flcos i, z

(2.3)

0

(r,z :Z“kl {[Ak' +2viD,£')]sh;,tk' Z+[B|£i)+2viC,£i)]chuE)z+
k=1

+u02[cOshu®z + Dehpz W O (ulir )+ 3 5 ED +2(1=v, 601, (0, r) - (2.4)

k 1
~[FO = 21=v HOTK, O )+ 1[G, (A )+H(”KO(M)]}SiHMZ

0(r,z) —L{zAH +Zx2{ EDL (O r)- FOK, (0, 1)+

Uy
2G

601, (r) - HOK, (1,1 )feos iz — Zuk AD + DO Jehplz + 2.5)
+[B +C ]shuk Z+},J,k Z[C chuk Z+D sh;,tk Z]}\N (uk )}

ul(r, z):z%i{z(l—zvi)ci +[8(1-v,)A +6(1-2v,)B, |z +

+ iﬁk {[Elgi) + 4(1 -V )C'\’lgi)]lo(kkr)Jr [Fk(i) _4(1 -V )ngi)]Ko(Kkr)Jr 2.6)
k=1 )

0601 ()= HOK, (0, 1) sin 2, z+zuk {20-2v, DY - AV ]shpl'z +

+[2 1-2v, )C ]ch;,tk Z- ;,Lk Z[C shuk Z+ D chuk Z]}N (uk )}
rae | (E_,) n K (F,) (n 0 1) — (ynkuuu Beccenss MEUMOTO apryMeHTa MepBOro poja, a Wn(i)(ﬁ) -
(I)yHKLII/II/I Be6epa pUUEM,

WO (N )= 1 (W )= 1 i e (k- w9l )=0 @)

(i)

a Hk OIpeACIACTCA U3 YPABHCHUS
WOl )=0 i=12 j=2(i-1)
3. Ilomyd4eHsl TpaHCLIEHJACHTHbIE YpaBHEHHS, XapaKTEpU3YIOLIHe OCOOCHHOCTH HANpsDKeHUH Ha

JUHAW KOHTAaKTa. YIOBJIETBOPSS TPAaHWYHBIM YCIOBHSM W YCJOBUSIM KOHTaKTa, W BBEIs HOBBIC
HEHU3BECTHBIC CJ'IC,E[yIOH_II/IMI/I (l)OpMYJ'IaMI/I

u® [DUshu®h +Clchuh]= x0; et =y O
up [Dp sh;,l h+C chup h] p; ;,L(;)BC(Z):Y(Z)

P . (3.1)
Lo s mpklz 2oy s pit]-20
2 [P0+ H g,2>K< >]=Tg1>; 2PN+ HOK? |=T?)
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3pcen 1)) =1, (00 ) K=K, ()

n
Jlng onpeneneHyst HOBBIX HEU3BECTHBIX MOJIYYHM BOCEMb YPABHEHUH.
[onw3ysick acumnToTHKON QyHKIMK Bebepa

(o e 260 W) [ e 2
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G-1 X, (HE) +7‘2p)7“p uy +25 M
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CymMma ocTalbHBIX psnoB, Bxomsammx B (3.4)—(3.11) umeror mopsaok yObIBaHUS OoJblie
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B
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OINPEJIEJIEHUE YIIPYTUX CBOMCTB TOHKUX MOKPBITUI HA OCHOBE
PE3YJIIbTATOB MUKPO- U HAHOUHJIEHTUPOBAHU A

Topckasn E.B.

HaneceHne HOKpBITHH SIBISIETCS OJHUM M3 HauOoJiee aKTyaJbHBIX METOJOB MOAN(HKALMU IIOBEPXHOCTEH, HCIIOJIB3YEMbIX
JUISL YBEIMYEHHs] pecypca B YCIOBHAX (PUKIMOHHOTO B3aMMOAEHCTBHS. YIPYrHe CBOWCTBA TOHKHX HOKPBITHH MOTYT
OTJINYATHCS OT CBOMCTB OJHOPOAHBIX MAaTEPHUAIOB, TOCKOJIBKY PA3IMYHBI TEXHOIOTHH HX MPOU3BOACTBA. [t MOKPHITHI, Kak
U 71 OJHOPOIHBIX MaTepUajoB, MOIYJb YHPYTOCTH ONpPEAEIAeTCs 0 pe3ysibTaTaM HMHAEHTUpoBaHMSA. IIpuHATO cuuTaTsh,
YTO NPU BAABIMBAHUN WHJCHTOpA HA IIyOMHY, HE MPEBBIIAIONTyIo 1/10 TOMIIMHBI HOKPHITHS, BIUSHAEM MOATOKKH MOXKHO
npeHedpeds. B HacTosmeM mccieoBaHNH ONPEAENIOTCS TPAHUIBI IPUMEHIMOCTH ITOJOOHOTO MPUOIMKEHHOTO MOAXO0MA.
Ipemnoxen meron pacuéra moxyist FOHra m xoapdunuenta [Tyaccona TOHKMX yIpyrux cIo€B, OCHOBAaHHBIN Ha PELICHHU
KOHTaKTHOH 3ajaudl JJI JBYXCIOMHOIO ynpyroro ocHonanus. Ha npumepe uHTeprpeTanuy U UCHONb30BaHUS PE3yIbTaTOB
HUH/ICHTUPOBAHUA [UI1 OTHOCUTEIBHO XKECTKUX M OTHOCUTEIBHO MSATKHUX IIOKPBITUH IPOAHAIN3UPOBAHBI BO3MOXKHOCTHU
METO/a, NPHUYHMHBI IOSBICHUS IOIPELIHOCTEH B ONpENesIeHUM YIPYTuX CBOWCTB MaTepuaioB IOKpbiTui. Ha mpumepe
HHUKETb-(POCcHOPHOrO MOKPHITHS MOKa3aHa Pa3HUIIA PE3YIbTATOB, MONTYUEHHBIX NPH pacyéTax Ha OCHOBE JAHHBIX MHUKPO- U
HAHOUHJICHTUPOBAHHUSL.

1. Hanecenne MOKpBITHH SBISIETCS OJHUM W3 HamOoJiee aKTyalbHBIX METONOB MoaW(HKanuu
MOBEPXHOCTEH, HCHOJIB3YEeMBIX JUIS  yBENMUYCHHS pecypca B  YCIOBUSAX  (PUKIUOHHOTO
B3aMMOJCHCTBU. B NpHIOKEeHWHM K TOHKAM THOKPBITHAM CYIIECTBEHHBIM SIBISIETCS BOMPOC 00
ONpENEICHUH YIPYTUX CBOMCTB MaTE€pHAJIOB, KOTOPHIE MOTYT CYIIECTBEHHO OTJIMYATHCS OT CBOICTB
TeX jK€ MaTepruaioB B OOIbIIOM 00BEME, YTO CBSI3aHO C TEXHOJIOTHEH HaHeceHus. [t moKpeITHil, Kak
U U1 OJHOPOJHBIX MAaTepUaloB, MOJYJb YIPYIOCTH OIpelNensercs Mo pe3ysbraTaMm
WHACHTUpoBaHUs. [IpuHATO cuwWTaTh, 4YTO TIpW BIABIMBAaHWW WHJACGHTOpAa Ha T[IyOWHY, He
npeBbImarontyo 1/10 TONIHUHBI TOKPHITHS, BIUSHAEM IMOIJIOKKH MOKHO TIpeHeOpedys. Ho B cimyuae
OTHOCHUTEIBHO TBEPIBIX MOKPBITUH MPU UHTEPHPETAIMH Pe3yJIbTaTOB WHACHTUPOBAHUS HEOOXOINMO
YUUTHIBaTh JedopManuio Oonee MATKOHW MOIIOKKHA. PaboT, MOCBSIIEHHBIX JaHHOMY BOIPOCY,
HeMHoro [1-3], Bce 3TH UCCIENOBaHUS OMUPAIOTCA HAa AKCIEPUMEHTHI IO UHACHTHUPOBAHUIO OJIHOTO
TUTIA TOKPBITHH, KaXI0€ W3 KOTOPHIX O0NafaeT onpeaenEHHbBIM Ha0OpOM (PU3MUECKHX CBOWCTB —
HIEPOXOBATOCTBIO TOBEPXHOCTH, JC(PEKTHOCTHIO TPAHHLBI TOKPBITHS W MOJJIOKKH, CTETEHBIO
YUCTOTHl TOBEPXHOCTH, IIOBEPXHOCTHOM »HHEpPruel, BBI3BIBAIOLICH aAre3uro, KOTOpas MOXKET
CYILLIECTBEHHO BIIMATH HA PE3yJIbTaThl SKCIEPUMEHTA IIPU CBEPXMAJIbIX BHEAPEHUSAX, U T.A. B naHHOM
pabote mpuBeAEH MeToX pacuéTa YHPYIHX XapakTepUCTHK TOHKHMX TBEPABIX TMOKPBITHH,
MPOAHATU3UPOBAHBl BO3MOXHOCTA METONA, NMPUYUHBI MOSBICHMS MOTPEIIHOCTEH B ONpeneiICHUU
YIOpPYyTHX CBOMCTB MaTepuanoB. Ha mpumepe HUKeNb-(HhOCPOPHOTO MOKPBHITHS TOKa3aHa pa3HHIA
pe3yNbTaTOB, MOTYYEHHBIX MIPU pacy€Tax Ha OCHOBE JaHHBIX MUKPO- U HAHOWHACHTUPOBAHHUS.

2. DKCHEPUMEHT MO HAHOMHACHTHPOBAHUIO OOPA3LOB C MOKPBHITUSMH IMPOBOIWIN C IOMOIIBIO

n3MeputenbHoro komiekca NanoTest 600 (MicroMaterialsLtd., Aarnus). B 1anHOM 3KcniepuMenTe
MIPUMEHSJICS aaMa3HbI KOHMYECKUI MHIEHTOp ¢ YIJIOM Ipu BepimnHe 60° 1 paguycoM 3aKpyrieHus
10 MkM, obecrieunBaiioch paspemnreHue o Harpyske 60 MmxH u mo rmy6une uanentuposanus 0,04 HM.
BaaBnuBanue NpoOBOAWIOCH B PEXHUME KOHTPOJIUPYEMOM Harpy3ku, c¢ mnpeaHarpyskod 0,1 mH.
CHUMaNHCh 3aBHCHMOCTH Harpys3ka-riiyOWHa, Ha CTaausiX Harpy3Kd W pasrpy3kd. Pasrpyska
MIPOBOJAMIIACH C TOW € CKOPOCTBIO, UTO M HarpyskeHue. I[IpoBoaunock 10 3KCIEpUMEHTOB B pa3HBIX
TOYKaX MOBEpXHOCTU. MakcumanbHas Harpyska coctasisa 10, 100 u 500mkH.
OKCIepUMEHTHl 10 MHUKpPOWHAEHTHpOoBaHUIO mpoBoawiauck Ha UMT «Cetr» ¢ wucnoigp3oBaHHEM
CTaJBHOTO CEpUUECKOro MHACHTOpa ¢ paanycoMm 6,35 mMM. MakcumanbHas Harpyska — 0,2H. Bce
SKCIEPUMEHTHl 10 HHACHTUPOBAHUIO NPOBOAMJIMCH B YCIOBUSX AHTHBUOPALMOHHOW 3alllUTHl U
OTCYTCTBHS TETUIOBBIX IIOTOKOB.

3. Pacuér mMonyns ynpyrocTu MOKpBHITHS TPOBOIWIICS HAa OCHOBE PEUICHHS KOHTAKTHOHM 3a/adu
JUTSI IBYXCIIOWHOTO YTPYTOTO IOJNYIPOCTpaHCTBA W Tiagkoro wuHaeHTopa (puc.4). Ilpm 3TOM,

MpeAaAIojIarajioCh MOJHOC CUCTIIICHUC IMOKPBITUA C HOHHO)KKOﬁ:
W(l) — W(Z); u(l) — u(z);
@ _ (2. @ _ (2. @ _ (2
o-z _O-z H z-rz _Trz H Tﬁz _THZ H (31)

i=1.2
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3mech W W U — BepPTHKAJBHBIE W pamuaibHBIE IepeMelneHus, | — ciaoii (1) win ocHoBanue (2),

o, 7%, 7{)  — KOMIIOHEHTHI TEH30pa HanpsoKeHuH. Ha BepxHeH TIpaHMIE ympyroro cios
BBINOJIHAKOTCS YCIOBUSI KOHTAKTA:
w® +w® = f(r)+D, 0O<r<a;
Gﬁl) =0, a<r<o; (3.2)
tW=0, 7)=0.

6z
3neck f(r) — dopma uumentopa, W) — ynpyrue mepeMerieHns MOBEPXHOCTH HHACHTOPA, KOTOPBIMH
MIPH WCCIIEIOBAHUN TBEPIBIX TOKPHITUH HENb3sl MpeHeOpedb, & — HEW3BECTHBIM paanyc OONACTH
KoHTakTa, D — BHempeHue.

33[[3‘13 3aMBbIKACTCA YPaBHCHHUEM PABHOBECH:
27 a

P= ”p(r)rdrd(p, (3.3)

rae P(r) — Hem3BEeCTHOE paclpe/ieieHNe AaBICHUs 0/l HHASHTOPOM, Harpy XEHHBIM cHtoi P.

Meton pemenus 3amaud (3.1)-(3.3) moapoOHO omucaH B [4], OH OCHOBaH Ha HCIIOJb30BaHUH
MHTErpaJIbHBIX TIpeoOpa3zoBaHuil XaHkemst U Metoaa urepanuid. [Ipu sToM, naBneHue onpenensercs B
BUJIe KyCOYHO-TIOCTOSHHOW (yHKmmu. B nanHOM cirywae oOparuth 3amady (1)-(3) ¢ teM, 9ToOBI
OTIPENICINTh HEU3BECTHBI MOJYJb YIPYTrOCTH NPH HM3BECTHBIX 3HadeHusXx P u D, HeBo3MOXKHO,
MIOCKOJIBKY 3apaHee HeM3BECTEH BUJA (QYHKUUH pacrlpeieneHus AaBieHus. B To ke BpeMs, BO3MOXHO
PELINTh CEPUI0 KOHTAKTHBIX 33734 C W3MEHSIOIINMCS MOAYJIEM YIPYTOCTH M OCTAaHOBHTBHCS Ha TOM
3HAYCHUH, KOTOPOE 00ECIIeYnBaeT HKCIEPUMEHTAIFHOE 3HaYeHHE BHEApeHMs. bonbiioe kommaecTBO
TOYEK Ha KPUBOW pasrpy3Kd IO3BOJISET IMONYYHTh U OOJNBIIOE KOJWYECTBO 3HAYCHUH MOJIYJIsS
YOPYTOCTH, KOTOPbIE MPHU MAJIOH MOTPEHIHOCTH JKCIIEPUMEHTa W Pacuy€ToB ONM3KH APYT K OPYTY.
Hcronp30oBancst CIEAYIONMNA  alrOPUTM: U3 JIECATH KPHUBBIX pPasTPy3KH BBIOMPAIHCH IIATH,
o0ecreunBalONMX HaMMEHBIINH pa30Opoc, 3aTeM BBIYHCISUIACH YCPEAHEHHAs 3KCIIEPUMEHTANbHAsS
KpHBas pasrpy3Kd, HA KOTOPOH BBIOMPATIMCH AECATHh TOYEK C Pa3sHBIMU Harpys3kamu. s 3Tux Todek
PACCUUTHIBAJICS MOJYJIb YIIPYTOCTH, ITOCIIE YETO ONPEACIUIOCh CpeTHee 3HaYCHHE.

4. B nmaHHOM pazjgene TPUBEACHBI PE3YJIbTaThl TECTOBBIX PACUYETOB, IMONYYCHHBIC IS
OTHOCUTEJIBHO TBEPIBIX U OTHOCUTENIBHO MATKUX HOKPBITHI.

eqr] M m
2 5e 07
2e.07]

1.5e-07

0 02 04 06 08 1
p N

a 0

Puc.1. 3aBucMMOCTb BHEApEHHs OT HArpy3Kd, pacCUMTaHHAs A BHEAPCHMS CTAJIbHOTO ILIApUKa
JraMeTpoM 3MM B cTallb 0e3 MOKpbITUs (KpuBbie 1) — Moayns ynpyroctu ctanu 2100 Tla; B mokpeITre
TOJILIMHON 2MKM (KpHBbIe 3) Ha CTald, OTHOLICHHE MOAYJIEH yNPYrOCTH MOKPBITHSA M MOUIOXKKHU 2,5
(a) m 0,4 (0); B OMHOPOIHBIN MaTepral ¢ yIPYTHMH XapaKTePUCTHKAMU OTHOCHTEILHO TBEPIBIX (a) U
MSTKHX (0) TOKPBITHH (KpUBBIE 2).
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Ha puc.1 npencrasieHsl IpuMepsl pacuéTa 3aBUCMMOCTU BHEIPEHUs OT Harpy3Ku, IOJIyYeHHBIE AJIs
OTHOCUTENFHO JKECTKUX (a) M OTHOCHUTENBHO MATKUX (0) MOKpbITuil (KpuBbie 3). Jlns cpaBHEeHuUs
MIpUBEJIEHBI KPUBBIE, MOJyUYeHHBbIE 1O Teopuu ['epra uis OJHOPOJHBIX MaTEpUaoOB CO CBOMCTBAMHU
TTOTOKKY (KpHUBBIE 1) B MOKPHITHS (KpHUBBIE 2). OUeBUIHO, YTO ISl OTHOCHUTEIIHEHO MSATKHAX TOKPBITHI
HEY4YET MOAATIMBOCTH MOJIOKKHA Ja€T HUYTOXKHO MAJYIO0 IMOTPEIIHOCTh MPU pacdy€rax Ul MajbIxX
BHE/IDEHUH, TOrAa Kak Uil OTHOCUTEIbHO JKECTKMX TOKPBITMH MOTPEIIHOCTh MOKET OBITh
CYIIECTBEHHOM Jja’ke MpH BHEIPEHUH, He npeBbiaromeM 10% oT TONMKHBI HOKPBITHS.

5. B nanHOM paszzene mpeacTaBlieHbl Pe3ybTaThl HHACHTHPOBAHUS Ni-P MOKPBITHIA TOMITMHON
3MKM, chOpMHUpPOBAHHBIX Ha CTabHOM MoOJUIOKKe. Ha puc. 2 mpeacTaBieHbl KpUBBIE HArpyKeHUs-
pasrpy3ku, nonydeHHble Ha komiuiekce NanoTest 600 mpu makcumanbHoll Harpyske 100mkxH.
Harpy3ka u reoMeTpusi KOHTaKTa MOJOUPAINCh TaK, YTOObI 0OECIEUUTh yNPYroe BJaBIMBaHUE, IPU
KOTOPOM KpHUBBIE HArpyXeHHs W pasrpy3KH JOJDKHBI COBMaIaTh, TEM HE MEHee, pe3yibTaThl, Ha
NIEPBBIN B3MJISA, COOTBETCTBYIOT CIIy4aro yIpyro-miactuueckon aedopmanuu. Tem He MeHee, claeayeT
OTMETHTh, YTO MOJYJb YHPYTOCTH, PACCUNTAHHBIA MPOTrPaMMHBIM KOMIUIEKCOM IpuOOpa Mo Teopuu
I'epria, Mano otnamuaeTcss OT MOAYJS YIPYTOCTH CTalM, W3 Yero MOXKHO CHAelaTh BBIBOJ, YTO
HECOBIAJCHUE KPUBBIX HArpy>KeHHs H pasrpy3ku OOyCIOBJICHO OOJBIION IIEpPOXOBATOCKHIO
noBepxHocTH (cM. puc.3). IIpu 3TOM, KpUBBIE PasTpy3KH NpPU HAJIOKEHUH JEMOHCTPUPYIOT XOpollee
COBIIAICHUE U MOT'YT OBITh MCIIOJIb30BaHbI VI PAcUETOB.
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Puc.2. Pesymeratel uHAeHTHpoBaHus  Ni-P | Puc.3. [loBepxHocTh Ni-P mokpeiTus
MOKPBITHSL TOJIIMHON 2MKM Ha CTalH

Ha puc.4 npencrasnensl: 1 — skcnepuMeHTalbHas KpuBas (CpeJHHE 3HAUEHMs], MOJYUYCHHBIE M3
KPHUBBIX HAarpy>kKeHusi pUCyHKa 2); 2 — pacu€THas KpuBas, MOJyuCHHas I KOMIIO3ULMU CTalb C
moaysieM yrpyroctd 210 I'Tla u koadduienrom [lyaccona 0,3 U MOKPHITHE TOJIIMHONH 2 MKM C
monynem ympyroctu 420 I'Tla u xospduuuentom Ilyaccona 0,22; 3 u 4 — pacu€THble KpUBBHIC,
MOJTy4YeHHBbIE 10 Teopuu I'epna 1 OJHOPOIHBIX MAaTEPHAIOB C MOIYJISIMHU YIPYTOCTH IOUIOKKH M
MOKPBITHSI COOTBETCTBEHHO. Y IOBJIETBOPUTENILHOE COBMAJIeHHEe KpHUBBIX | W 2 TIO3BOJSET
HCIOJI30BaTh MOJIyYEHHOE 3HaYeHHE MOJYJIsl YIIPYTOCTH ISl TaNbHENUIINX pacdEéToB.

Ha puc.5 npencraBneHsl ycpenHEHHBIE pe3yNbTaThl JKCIEPUMEHTa W pacdy€ToB Ul  cloyvas
MUKPOMHJEHTUPOBaHUA. B 3TOM ciydyae GoiblIoN paguyc KPUBU3HBI MHAEHTOPA IIPUBOIUT K TOMY,
YTO Ha TUIOUIaJKE KOHTAKTa OKa3bIBaeTCsl OOJBIIOE KOJMYECTBO HEPOBHOCTEH, Maias Harpys3ka Ha
KaXIyI0 HEPOBHOCTb HUCKJIIOYAET MUKPOPA3PYIICHUs] HEPOBHOCTEH (YTO BO3MOXKHO IPU BIABIMBAHUU
aJIMa3HOTO KOHYCa), U B UTOT'e KPUBBIE HAIPY>KEHUS U Pa3rpy3KH JOCTATOUYHO XOPOIIO COOTBETCTBYIOT
Cclyyaro IOJIHOM  ynpyroctd. IIpm  3TOM, pacué€rHeli MOAyJb yOPYrocTH B  Clyyae
MUKpOMHJeHTUpOBaHusl MeHblue (3951TIa), YTO HECOMHEHHO BBHI3BAHO HAIMYHEM HEPOBHOCTEH B
001aCTH KOHTAaKTa.

CpaBHeHME pPe3yJbTaTOB 3KCIEPHUMEHTAa M Pacy€ToB M Ciydas MHUKPO- W HAHOWMHJIEHTHPOBAHMS
MOKa3bIBAET, YTO I JAHHOTO MOKPBITHSA KaXAbIil U3 METOJOB MMEET HEAOCTATKH, U UCIOJIb30BaHHUE
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OIHOTO JIMOO JPYroro pacy€THBIX MOMAYJIEW YHPYTOCTH [OJDKHO ONPEAENSAThCS TeOMeTpHel
WCCIIETyEMOT0 KOHTAKTa.
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Puc.4. 3aBucUMOCTs BHEIPEHHsI OT Harpy3kw | Puc.5. 3aBHCHMOCTL BHEIPEHHUS OT HArpy3KH IS
Juist koMro3uiuu Ni-P nokpeiTie — cranbHas | komnozunuu Ni-P nOKpbITHE — CTajbHAS MOJI0KKA
MoAJI0OXKa  (HaHOWHJEHTHpoBaHuE); 1 — | (MUKpPOUHICHTHUPOBAHHE); ycpenHEHHAs
yCpeaHEHHBIE Pe3yJIbTAThl SKCIIEPUMEHTa, 2 — | SKCIIepUMEHTallbHasl (CO CTpelkaMu) W pacu€THas
pacuétHas KpuBas, 3 U 4 — pacuéTHBIC KPUBBIC | KPUBBIC.

JUIS. OJTHOPOJHBIX MarepuasioB, Ni-P u cramu

COOTBETCTBCHHO.
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Puc.6. Pe3ynbraTsl MHICHTUPOBaHMSI KBaplia 0€3 MOKPHITHS (2), KBapla ¢ MOKPHITHEM U3 OKCHJIA
rupkoHus TonmuHou 300HM (0), KBapia ¢ MOKPHITUEM U3 OKCHIA aTFOMUHHS TOMIIHHON 70HM (B)
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6. KauecTBO MOBEPXHOCTH MOKPBITUSA SABIAETCS Ba’KHBIM, HO HE €MHCTBEHHBIM yCIOBUEM YCIIELIHOTO
MPOBENIEHHS DKCIIEPUMEHTa 110 YIPYroMy HHICHTUPOBAHUIO. DTOT (akT XOPOIIO WLIFOCTPHPYIOT
pe3yJbTaThl, MOJNyYSHHbIE AJISl MOKPBITHH, COCTOSIMX M3 OKCHUAOB METAIJIOB M IOJyYEHHBIX II0
TEXHOJIOTHH, pa3paboTaHHOU /ISl HAHECEHHS CBEPXTOHKHUX (0T 60 HM) TBEPABIX MOKPHITHI [5].
CrnienManbHO JUIS 9KCIIepuMeHTa Ha Komiuiekce NanoTest ObUTH TOATOTOBIEHBI 00pa3Ibl MOKPHITHH
Ha KBaplEBOM CTEKJIe, LIEPOXOBATOCTh MOBEPXHOCTH COCTaBWIa MeHee, 4eM SHM. Taxke ObL
MOATOTOBJIEH OAMH OOpa3zer 0e3 MOKPHITHA. Pe3yiabTaThl HHACHTUPOBAHUS IPEACTaBIEHB! Ha puc. 6.
Ha puc. 6a mpencraBieHsl pe3yibTaThl Ui KBapla 0e3 MOKphITUSA. Pacu€THeli MOLyJb yNPYIOCTH,
MOJTyYEHHBIN ¢ MOMOIIBIO TporpaMMHoOro obdecnedenus: komruiekca NanoTest, cocrasun 100I'TIa, uto
cymecTBeHHO Oombiie Tabmuuynoro 3HaveHuss 70[Tla. PasHuma Mexmy KpUBBIMH Harpy3kud H
pasrpy3ku Majla U COIIOCTaBMMa C OOIIEl IOrpEeIIHOCThI0 M3MEPEHHUs, TO €CTh HHJICHTUPOBaHHE
SIBIIIETCSL YOPYTUM M HE pa3pyllaeT MOBEPXHOCTh KBapia. OKCHIHBIE MOKPHITHS TBEp)KE KBapla,
MO3TOMY CJIEIOBAJIO OXKMIATh, YTO U B CIIydae KBaplia C MOKPBHITHEM KPUBBIE HAIPY>KEHUSA-PAZTPY3KU
OyayT coBmnanate. B psae ciyudaes, Hanpumep, Ui HOKPBITHS U3 OKCHIIA LUPKOHUS (puc.60), pa3HuLa
MCKAY KPHUBBIMU HE IPCBBICHJIA MOTPCUIHOCTH H3MEPCHUA, MOAYJIL YIIPYIOCTH 6I)IJI paccunuTan C
Xopoieil creneHplo ToyHocTh W coctaBun 220ITla. B gpyrom ciywae, koraa SKCHEpHUMEHT
MPOBOJMJICS C TIOKPBITHEM U3 OKCHIA aJIOMHMHUS, OB IOJIyUEHBI PE3YJIbTaThl, CBUAETEILCTBYIOIINE
0 H&INYMU HOJATIMBOTO CJIOS, KOTOPBIH IIOCJIE€ WHAEHTUPOBAaHHUA HE BOCCTAaHOBWJICS (pHC.OB).
[TockonbKy 3TO HE MOXKET OBITh KBapIl M MaTepHall MOKPBITHS, CIEAYET MPEATOIOKUTh JTHO0 HATNYNE
3arpsi3HEHUN Ha MOBEPXHOCTH, JTUO0 Haauuyue Ae(EeKTHOro CJIOsi HA TPaHHUlle paszesa MOKPBITHA C
TTOTOKKOM. B aTOM citydae moiydeHHoe pacu€THoe 3HadeHue momys ynpyroctu 2800 Tla ciemyer
CcHuTaTh HpI/I6HI/ISI/ITeHBHI>IM.

Pabora BrimonHeHa npu GpurancoBo noaaepxkke PODU (rpant 12-08-01171 _a).
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CTPYKTYPHO-BPEMEHHOM OJAXO/ K U3YUEHUIO OTKOVJII)HOIX INPOYHOCTH B
HAHOCEKYHIHOM JUAIIA3OHE JJIMTEJIBHOCTEU HAI'PYKEHUS

Y1KHuH A.A.

IIpn nomomu CTPYKTypHO-BPEMEHHOI'O IOAXOJA M3ydaeTcs OTKOJbHAs IPOYHOCTh B ILIMPOKOM JHUaNa3oHE CKOPOCTEeH
HarpyxeHus. PaccmoTpensl 3(QdekTsl, 0O0Hapy)KEHHBIE NP IPOBEICHUH SKCIEPUMEHTOB MO OTKOJIY B HaHOCEKYHIHOM
JUana3oHe UTUTENIbHOCTEH HarpyskeHus. IlokazaHa BO3MOXKHOCTh HX OINMCAHHSA TPHU TOMOIIM CTPYKTYPHO-BPEMEHHOTO
MOAX0/a.

1. BBegenne. OTKOIBHOE pa3pylIeHHE IPU BO3AEHCTBUN KPAaTKOBPEMEHHBIX UMITYJIbCOB BBICOKOM
WHTCHCUBHOCTH SIBJIIETCS BaXHBIM OOBEKTOM H3yYEHHS 3aKOHOMEPHOCTEH JIMHAMHYECKOTO
paspywmienuss MarepuanoB. Kak mnpaBuiio, AWMHAMHYECKYIO NPOYHOCTH CBSI3BIBAIOT CO CKOPOCTBHIO
Harpy>XeHus, T.€. ONPEACIAIOT CKOPOCTHYIO 3aBHCUMOCTh mpouHocTH. Ilpum sToM yBenmueHue
CKOPOCTH BeIET K YBEIMYCHHIO MNpoYHOCTU. Takasg kapTuHa HaOmoJajach B IUANa30HE
MUKPOCEKYHIHBIX JUTUTEIBHOCTSIX HArpyXeHus. B mocnenHee BpeMsi cTaio BO3MOXXHBIM YBEITHYCHUE
MHTEHCUBHOCTU HAarpy3Kd IO TaKOW CTENEeHM, YTO pa3pylleHHE NPOUCXOIUT B HAHOCEKYHIHOM
JMana3oHe [UINTeNbHOCTeNH HarpyxeHus. IIpu npoBeneHUN NCIBITAHUI 110 OTKOJIBHOMY Pa3pyLICHUIO
ATIOMUHHUEBOTO CIUIaBa B HAHOCEKYHIHOM JHAlla30HE IUTEIBHOCTEH HarpyeHus 0oOHapy>KeHO
HECKOJIBKO 3 ¢EeKTOB, HE YKIaAbIBAIOMINXCSA B CYIIECTBYIOIIME mpeacrtaBieHus [1,2]. Bo-mepseix,
0bu1 0OHapysxeH 3¢dekT cradbunmszanun npoyHocTH. [IpoduHocTs MaTepuana pacTéT ¢ yBeTMYCHHUEM
CKOPOCTH HArpy’KeHHs, a MO IOCTIDKEHMH CKOpPOCTH Harpyxenus 107 ¢’ mepecTaér yBenuumMBaThCs.
ABTOpBI OKCIIEPUMEHTOB OOBSCHSIOT STO SBJICHUE JOCTIDKCHHEM MaTepualioM MpeaeabHOR
TuHaMudeckor mpouHoctu (puc.l). (pucyHku 1, 2 u 3 B3saTel U3 pador [1,2].) Hanee, aBTOpsl 3THX
paloT mpoBesNn H3ydeHHE IIMTEIbHOCTH ACHCTBHS HAarpy3KH B CEYEHHM OTKOJA B 3aBHCUMOCTH OT
ckopocti  aedopmupoBaHus. b0  OOHapyXeHO, 4YTO YIOMSHYTas 3aBHCUMOCTb  HOCHT
HEMOHOTOHHBIN Xapaktep (puc. 2). ABTOPBI SKCIIEPUMEHTOB CBS3BIBAIOT yBEIMYCHUE AIUTEIBHOCTH
Harpy3kd IIpU BBICOKHX CKOPOCTSIX HArpy>XKeHHs C YIPOYHCHHEM MaTepuajga I0J JACHCTBHEM
WHTEHCHBHOM CXHUMAIOIIEH Harpy3KH MpH MPOXOXKIEHHH CXKHUMaromeld BoJHBL. Takxke ObLIO
00Hapy’>KeHO, YTO B CEUYEHHH OTKOJIA K MOMEHTY pa3pyLICHHs HalpPsKCHUE MOXKET PacTH WIN
PaspyLICHUIO MOXET MPEeALIeCTBOBATh BPEMEHHONH HHTEPBa, HA KOTOPOM HaNpsDKEHHE HE MEHSETCS
win gaxe cinado nagaet (puc.3). B aTom ciyuae aBTOpBI SKCIIEPUMEHTOB BBOJSAT B PACCMOTPEHHE JBA
MEXaHW3Ma pa3pyLIeHus] — JAWHAMHYSCKHMH W KBa3UCTALMOHAPHBIN  (KBa3MIMHAMHYECKHIA).
PazpymieHne npoucxomuT B pe3yibTaTe KOHKYPEHLMH IBYX MeXaHM3MOB. Bo BTopoMm ciydae
paspyLICHHE YK€ HEJb3s CBSI3aThb CO CKOPOCThbIO. KBasucTalMOHApHBIM MEXaHU3M DPa3pyLICHUS
TpeOyeT U3ydeHHUsT BPEMEHHOH 3aBUCHMOCTH MPOYHOCTH. Takum 00pazoM, KakAbI U3 TPEX HOBBIX
00HapyKEHHBIX Y3(PPEKTOB MOTPEOOBAT OTICIBHOTO OOBSICHCHUSI.

2. AHaJu3 pa3pylueHusi npu oTkoJje. Kak mpaBuio, JUHAMHUUYECKYIO MPOYHOCTH CBA3BIBAIOT CO
CKOPOCTBIO MPWIIOKEHHS HArpy3KH, HE NMPHHUMAas BO BHUMAaHUE JJTUTEIBHOCTh JEHCTBUS HArpy3KH.
Torma Kak KpPUTHYECKHME XapaKTEPUCTUKKA pa3pyLIeHUWs B PaBHOW Mepe  OINpenessioT
NPOIOJDKUTENFHOCTh BO3ACHCTBHA, (POpMa M aMIUIUTYAA MPHIOKEHHOIO HMITYyJIbCa B TOM YHCIE U
CKOPOCTb NPHJIOKEHUS Harpys3ku. [IpuMeHeHue KpuTepusi MHKYyOallMOHHOTO BPEMEHH Ul aHalu3a
paspyLIeHHs TO3BOJSIET MOMYYHTh HAOIIOaeMble MPH dKcriepuMenTax d(Q(GeKThl B paMKax €InHOTO

nonxojaa. Kpurtepuit mHKyOanimoHHOTO BpeMeH! uMmeeT BU;: [3,4]
t

Ia(s,x)ds<acr, (D)
t-r
rae oS,X) — HampspkeHHE B TOYKE C KOOPAMHATOW X B MOMEHT BpPEMEHH S, 7 — CTPYKTYpPHOE
(MHKYOaIMOHHOE) BpeMsI — HE3aBUCHMas XapaKTCPUCTHKA MaTephaia pa3MEPHOCTH BPEMEHH, O, —
MPOYHOCTH MaTepHasa B CTATHKE.
Koopnunara cedeHus OTKOJla W MOMEHT pa3pyLICHHUs OINPEeSsUINCh NpPU IMOMOIIM KPUTEpHs
MHKYyOannoHHOro BpeMmeHH. IIpu 3TOM mpeanonaranoch, YTO MOMEHTOM pPa3pyLICHHS SIBISIETCS TO
HauMeHbIllee BpeMs, IpH KOTOpoM Hapymraercs ycinoBue Kkputepus (1). CoOTBETCTBEHHO
MPOCTPAHCTBEHHAs KOOPAWHATA, B KOTOPOH HAPYIIWIOCH 3TO YCIOBHE, OyET MECTOM Pa3pyLICHHS.
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Puc.3. Hampsbxenue (aBieHue) B CEUCHUH OTKOJIA: a — pa3pylleHHEe HA y4acTKe POCTa HAMPSIKCHUS,
0 -— pa3pyIeHue Ha y9acTKe cJIa00 YOBIBAIOIIETO HAMPSIKEHUS

Beuto m3ydeHo paspylieHre UMIyJIbCaMH TPEYroNbHOW (GOpMBL. AHaNN3 pa3pyLICHUs] MPU MTOMOIIU
KpUTEpHsT HMHKYOAallMOHHOTO BpPEMEHHW IOKa3bIBaeT, YTO pa3pylleHHEe BO3MOXKHO HE B MOMEHT
JOCTH)KEHUSI HArpy3KOoW MaKCHUMAallbHOTO 3HAYEHHs, & HEKOTOPOE BpeMs CITyCTs, KOTJa 3HaueHHe
HanpsOKEHHH B CEUEHUHM OTKOJIAa HAaYMHAET yMEHbIIaThCs. B 3TOM ciydae cBs3aTh MPOYHOCTH CO
CKOpPOCTBIO Harpy)kKeHus yxe He ygaérca. B qaHHOM ciydyae MOYHO TOBOPHUTBH TOJBKO O BPEMEHHOM
3aBHCHMOCTH MPOYHOCTH. Takas curyamuss B paborax [1,2] Ha3pIBaeTCs KBa3HCTAIlHOHAPHBIM
MeXaHM3MOM pazpymiennsa. Ha puc. 4 nzobpakeHa 3aBUCHMOCTh HaNPsDHKEHHUS OT BPEMEHHU B CEUECHUH
oTkona. B o0oux uMmynbcax OJMHAKOBBI CKOPOCTh NMPWIIOKEHHS HArpPy3KH M MPOJOJIKHTEIHLHOCTD
ydacTKa pocTa Harpysku. PasznuuaroTcs HpomoJDKHUTENPHOCTH ydacTKa chaja Harpyskd. Bpems Ha
PUCYHKE HOPMHPOBAHO TaK, YTO pa3pylIeHHE MPOHUCXOJUT B TOUKe, adcumcca KOTOpor paBHa 1.
HanpspokeHne HOpMHPOBAaHO 10 OTHOIICHHIO K aMIUIMTy/€ MHHHMAJIbHO HEOOXOAMMOTO IS
paspyleHns UMITyJIbca. TakuM 00pa3oM, Kakoi OyAeT MeXaHWu3M pa3pyLIeHHUs] — KBa3UCTaMOHAPHBIN
WIH TUHAMHYECKUIN — OTpeAeNsieTCs] B MEPBYI0 O4Yepeab He CKOPOCTHIO MPUIIOKEHUS HArPy3Kd U He
KOHKYpPEHIIMEeH IBYX MEXaHH3MOB, a aMIUTUTYIOW NPHIOKEHHOTO HMMITYyJIbCa M CKOPOCTBIO cCIiaja
HarpysKu.

Ha puc. 5 mo ocu abcuucc oTKIIaapIBaeTCsl CKOPOCTh HATPY>KEHUS, a 10 OCH OpAnHAT— Oe3pa3MepHoe
BpeMsl pa3pylIieHHs] — OTHOIICHHWE BPEMEHH, B TEUEHHUH KOTOPOTO HANpsHKEHHWE B CEYEHHWH OTKOJa
MOJIOKUTENIBHO K MPOJOKUTENHOCTH yyacTKa HarpykeHus. Ecnm 3Ta BenMuMHaA HE MPEBOCXOIUT
€AMHUIBI, TO pa3pylIeHHE MPOUCXOAMUT HAa y4YacTKe pocTa Harpy3ku. B mpoTHBHOM ciyuae, 4em
Oompmie  Oe3pasMepHOE  BpeMs ~ OTJIMYaeTcs OT  AWHUIBI, TeM  OoNblle  «CTETNCHb
KBa3UCTALMOHAPHOCTH». 3/1€Ch CIUIOIIHOM NHHUEH M300pakeHa 3aBUCHMOCTh BPEMEHH pa3pyLICHHS
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OT CKOPOCTH Harpy’>Ke€HHUsI UMIYJIbCOM, aMIUIATY1a KOTOPOTO Ha Y4acTKe pOCTa HArPy3KH MPEBBIIIACT
MUHUMAaIBHYIO B 1.2 pasa, a y4acTOK pocTa Harpy3Kd B 5 pa3 MpOAODKHTENbHEE ydacTka e€ crmana.
ToukamMu — TakoW e HUMIYJIbC Ha YydYacTKe pOCTa, HO YYacTOK Chaja Harpy3ku B 5 pa3
MPOJOIKUTEIbHEE ydacTka pocTa. M HakoHel, MyHKTUPOM — pa3pyllieHUEe Harpy3Kou, y KOTOpou
TIOCTOSHHBI CKOpOCTh craja Harpys3kn (36*10° cex') M BenMuMHA NPHUIOKEHHOTO MMITyJIhCa
(72 Ma-cex). B aToM ciiyuae mpu yBETHMYEHUH CKOPOCTH HArpy>KEHHs MPOJOKUTEIBHOCTh Y4acTKa
pocTa Harpy3Ky YMEHbBIIAETCS, 4 y4acTKa Clajia yBEINIHBACTCS.

Pacu€Thl MOKa3bIBAIOT, YTO MPOYHOCTH MPH 33aJaHHOW CKOPOCTH HArpy>KEHUS MOXET U3MEHSTHCS B
JOBOJILHO OOJBINIMX Ipefefax IpH HM3MEHCHHH B TNPUIOKCHHOM HMITYJbCE MaKCHUMabHON
aMIUTATYIBI U TIPOJOKUATENBHOCTH yYacTKa Chaja Harpy3ku. Ecim mpenmnoioKuTh, 4TO CKOPOCTH
crajia Harpy3Ku OJM3Ka K TIOCTOSIHHOM, TO €CIHM CKOPOCTH HArpyKeHHS OTHOCHUTEIbHO HEBEIHKH
(Menee 10’ ¢'), MOMEHT paspylIeHHs HACTyHaeT Ha y4yacTKe yBENMUYEHHs Harpy3ku. Ilpu Gomee
BBICOKMX CKOPOCTSIX HAarpy>KeHHs pa3pylIeHHE TNPOUCXOAUT TOCHe JOCTHKEHHS Harpys3Kol
MaKCHMAJBHOTO 3HAYEHUs, Ha CHaje 3HAaYeHWU HampshkeHudd. llpn 3TOM, y4acTok crajga HarpysKd
HeBenuK. C 3THM sBJIeHHEM U cBs3aH 3ddekT «crabunmzaunm» npoyHoctd. Ha puc. 6 npencraBieHb
pe3yabpTaTel pacyéra CKOPOCTHOM 3aBUCHMMOCTH NPOYHOCTH B MPENNOIO0KEHHH, YTO MOCTOSHHBI
BeJMYMHA TPHUIOKEHHOTO HMITyJIbca U CKOPOCTh crhaaa Harpy3ku. Kpyxkamu 0003HaYEHBI
dKCIIEpUMEHTATBHBIC TOUKH 13 [1,2].

Ecnu ¢opma mpunoXeHHOW HArpy3KH TakOBa, YTO YYAaCTOK POCTAa HArpy3KH IPEBBIIIAET Y4YacTOK
crajia Harpy3Kd, TO BO3MOXXHO BO3HHMKHOBEHHE CHUTYyallMd, TP KOTOPOH YCIOBHE pa3pylICHHS
BO3ZHUKHET B JBYX CEUEHISIX 00pa3iia OJHOBPEeMEHHO. [Ipu 3TOM, [ITHTENBHOCTH IEHCTBYSI HATPY3KH B
CEUCHHAX OTKOJIA OyAyT OTNIM4aThCs. ECI NpH yBETMUEHUH CKOPOCTH HATPY>KEHHsI BOZHUKHET TaKas
CUTyanusi, TO BO3MOXCEH CKauOK B JUIMTEIBHOCTH ACHCTBHs Harpy3ku. Ha puc. 7 mpezncraBieHa
3aBHCHMOCTb BEIMYMHBI TPUIOKEHHOTO HWMITyJIbca B 3aBHCHUMOCTH OT KOOpIWHATHL. Pacu€r
MMOKAa3bIBaET, UTO YCJIOBHE pa3pylIeHUs BO BTOpou (Oosee manekoi) KOoopauHATE BO3ZHUKAET, KOTIa
MPOJOJDKUTENBFHOCTh TOCTATOYHO Maja, a 3HAYUT CKOPOCTh BelHMKa (HMPOJOKUTEIBHOCTH JOJKHA
OBITh ONMM3Ka K BEIMYMHE HHKYOAIlMOHHOTO BpeMeHu). [Ipm nanpHEWIIeM yBENHYEHHH CKOPOCTH
TOYKH MaKCUMyMa Ha puc. 6 OyayT commxarhcsa. C 3TUM SIBICHHEM MOXKET OBITh CBSI3aHO TIOSBIICHUC
CKayKa, MPeICTaBICHHOr0 Ha puc. 2.

Haxonern, Ha puc. 8 mpeacTaBieHbl pe3ynbTaThl pacyéTa BpeMEHHOM 3aBUCUMOCTH MTPpoYHOCTH. Pacuet
MPOBOAWJICS [UTSI UMITYJIbCA, HArPyKEHHE KOTOPHIM MPHBOJUT K «KBa3WCTAI[MOHAPHOMY» MEXaHU3MY
paspymenust (KpuBas u3 To4eK Ha puc. 5). Kpyxkamu 00603HaueHBI SKCIIEPUMEHTAIbHBIC TOUYKH M3
[1,2].

2 4 ‘\‘
L
\\
-
-

]
!
[}
1
! e
[}
[]
f
]
g

n i]

Puc.4. 3aBucuMOCTh HapsHKEHHUS OT BPEMEHH B CEYCHUH OTKOJIA TIPH Pa3HBIX
MPOJOKUTENBHOCTAX YYacTKa Craja Harpy3ku. Touku — majgarommas BoJIHa, ITYHKTUD —
OTpakE€HHas, CIJIOLIHAS JTMHUS — CyMMapHas BOJIHA.
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3. BoiBoanl.

— IlpuMeHenne I aHanu3a pa3pyLICHUS KPUTEPHUS HHKYOAIMOHHOTO BPEMEHM I103BOJISET
MOJYYHUTh HaONIOAaeMble TPH dKCHepUMeHTax 3()(EKTh, He CB3bIBas MX C JOCTHXCHUEM
MaTepualioM MpEeAEIbHOr0 3HAa4YeHHMs IPOYHOCTH M HE paccMaTpuBas JABa MEXaHHM3Ma

pa3pyIieHus;

— KpuTepuid MHKYOAI[MOHHOTO BPEMEHH XOPOIIO MPOTHO3HPYET IKCIEPUMEHTAIbHBIE TaHHBIE
M0 OTKOJIY B HAHOCEKYHIHOM JTHaNa30He IITUTEIBHOCTEH BO3ICHCTBUS;
— «IMHAMHWYECKash» MPOYHOCTH MaTepHala, €ClId MPUHATH B KAUYECTBE TAKOBOW pacTITHUBAOIICE
HaMpsDKCHUE B MOMEHT Pa3pyLICHUS, HE ABIACTCA KOHCTAHTOM, a 3aBUCHUT OT AJIUTEIBHOCTHU
UMITYJIbCa; TAKUM 00pa3oM, MaTepHall MOXKET BBIACPKUBATH JIOOBIE HAIPSKEHUS, €CITH OHU
JEHCTBYIOT B T€UEHHE JOCTATOYHO KOPOTKOTO BPEMEHH.

ewada sondonerdeag

Puc.5. KBaszucranuoHapHblii W JUHAMHUYECKHI
paspyumeHus B 3aBUCHUMOCTH OT

MEXaHU3MbI
CKOPOCTHU NPHUIIOKCHUS HAI'PY3KU.
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ACUMIITOTUYECKOE PEHIEHUE CMEmuAHHOﬂ TPEVXMEPHOI\/'I BHYTPEHHEMN
3AJJAYU JJISA AHU30TPOIIHOU CJIOUCTOU IIVIACTUHKH

XavarTpsin A.M., ToBmacsia A.B.

PaccmarpuBaercss  Bompoc — ompenaeneHHs — HanpshkEHHO-mepopmupoBanHoro coctosHua (HJC)  cioumcroii
AQHM30TPOITHOM IUTACTUHKH, CJIOM KOTOPO o0nanatoT aHu3oTponuel odmero Buaa (21 ynpyras nocrosunas). MccnenoBanne
MIPOBOJUTCSI METOJOM ACHMIITOTHYECKOTO HMHTEIPHPOBAHUS YpPaBHEHHMH TPEXMEpHOI 3agaud TEOpUH YIPYrocTu Oe3
NPUHATHS KaKUX-1n0o0 runote3. [TonHoe HampspkEHHOE COCTOSHME IUIACTUHKHM 00pa3yeTcsl W3 OCHOBHOTO (BHYTPEHHEI0) U
KpaeBOro HalpspKEHHBIX cocTosiHuUi [1].

Jlnisa pemieHus 3a7a4d CIOUCTHIX OAJIOK, TUTACTHH M 000JI0YeK OOBIYHO UCTIOIB3YETCs Ta MIIK WHAs
TUIoTe3a. B TepBBIX HCCIEeNOBAHMAX NPUHUMANACh TUIOTE3a HeAePOPMHUPYEMBIX HOpMale IS
Bcero makera B 1esoM [2,3]. B mocnenctBuu ObUIN MPEAIOKEHBI MHOTOYHCIICHHBIE MOJIETH, 0030p
KOTOpPBIX MOKHO HailTh, Hampumep, B [3-4]. AcUMIOTOTHYECKass TEOpUS aHU3OTPOIHBIX IIACTUH U
oboouek noctpoera B [5]. Bompoc onpenenennst HJ{C cinoncToit aHM30TpOIHON TUTACTUHKH, KOTAa
Ha eé BerHeﬁ U HIDKHEH JIMIEBBIX IINIOCKOCTAX 3adaHbl 3HAUYCHHA KOMIIOHCHTOB TCH30pa
HanpsDKeHHH, paccMoTpeHa B [6]. Pemenus 3amau ompenenenuss HAC aHHM30TPONHBIX CIOMCTBIX
TUTACTHH, HA OJHOU JINIIEBOW CTOPOHE KOTOPOH 3aJaHbl KOMIIOHEHTBHI BEKTOpa MEepeMelleHus, a Ha
JIPYTOH - YCJIOBHSI TIEPBOM, BTOPOW HIJIM CMEIIAHHOW 3amad TEOPWUH YIIPYTOCTH, MPUBEICHHI B [7].
ACUMITOTHYECKOE pEIICHUE CMEUIaHHOW TPEXMEpHOW BHYTpEHHEH 3agaud Uil aHU30TPOITHOU
TEPMOYTIPYTOH TUIACTHHKU mpuBeneHo B [8]. B paboTe acHMOTOTHYECKMM METOAOM IIOCTPOCHO
pellieHne, COOTBETCTBYIOIEE BHYTPEHHEHN 3aj7a4e CIOUCTOW IUIACTUHKM, KOT/Ia Ha BEpXHEW JIUIIEBOM
IIJIOCKOCTHU IUIACTUHKHU 3aJdaHbl 3HAYCHUSA KOMIIOHCHTOB TCH30pa HaHpH)KeHHfI, a Ha HIKHEH -
CMEUIaHHBIE YCIOBHS TEOPHU YIIPYTOCTH.

1. TIlocranoBka 3agaum. PaccMOTpUM TMJIACTUHKY, COCTOSIIYI0O M3 HEKOTOPOro 4Yucia

AHU30TPOIHBIX CIIOEB. By)leM CUNUTAaTh, YTO CJIOU UMCIOT PA3JIMYHBIC TOJIIHNHBI hk 5 KOS(I)(I)I/IL[I/ICHTBI

k .
yIpyrocTu ai(j ). O6mas TommuHa mractuakd - 2N . [IockocTh 0TCuéTa BHIGEPEM TAaKHM 00pasoM,

YTOOBI HAJ[ 3TOW TUIOCKOCTHIO pacmosioranuck N cioé, a mox Helt M cimoés; N, M— MPOU3BOJIBHEIC
HaTypaJIbHbIE YUCIIA.
ByzmeM monb3oBaTcs JEKapTOBOW CHCTEMOM KoopauHar X,Y, Z, pacmonaras ocu OX,0y B

nnockocTd oTcuéra. Beeném GespasmepHble mepemennsie & =X/a, n=Yy/a, { =z/h u Gespas-
meprbte mepememenns U = u(k)/a, v® :v(k)/a, w® = W(k)/a, rae d — XapaKTEPHBIN TaH-

FeHI.IPIaJ'H:HBIﬁ pasMCep  IUIACTHHKMU. Crnon IUIaCTUHKHU 6yILYT 3aaBaTbCsl  HCPABCHCTBAMU

S 6 =¢
(k=1,2,..,n), ¢ <{ <&, (k=-1,-2,...,—-m), e

Kk 1 Kk

l :%Zhi k=12,.,n), ¢, :—FZh,i (k=1,2,...,m) (1.1)
i=1 i=1

Cuuraercs, 4T0 Ha BepXHEH (é’ = n) JIMLECBOM IUIOCKOCTH IUIACTUHKHU 3aJaHbl 3HAYCHUS
KOMIIOHEHTOB TEH30pa HAIpPSUKEHUM, a Ha HWKHEH (é’ =¢ _m) — CMCLIAHHBIC YCIIOBUSI TEOPUU

ynpyrocta. COOTBETCTBYIOIINE YCIOBHUS 3aIUIITyTCS B BHIE

Oy, = O-:z (X’ y)’ O-yz = O-;/—z (X’ y)’ o, = O-z+ (X’ y) npu é, = é/n (12)

w=e"w(xy) o, =0,(xy), 0, =0,(xy) mwu=¢,

Ha mmockocTy KOHTaKTa CIOEB HeO6XOI[I/IMO YAOBJICTBOPUTH CICAYIOMIUM YCIIOBUAM IIOJIHOTI'O
KOHTaKTa:
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npu ¢ =G, (k =12,..,n— 1)
o) = Gle) k) plt) - (k) ) () g (ket) yg (k) g (ert) g (k) gy (<)

Xz xz 2-yz yz 2 Yz

mpu £ =¢, (k=1,2,..,m-1) (1.3)
o) = g, 0 = G () 2 k) g 0 g () y 0y Gk () Sy k)
mpu & =g, =0

ot = o) G0 Z 6 1 G0 g gy E) 2y 0 e oy ©

Xz xz > 2 yz yz °

YcnoBus Ha GOKOBOH MOBEPXHOCTH OyIE€M CUUTATh MTOKA IPOU3BOJIEHBIMH.

TpeOyercss HaiiTH pelieHWe ypaBHEHHH TNPOCTPAHCTBEHHOW 3aJadydl TEOPHH YIIPYTOCTH
aHWU30TPOIMHOTO Tena [2-3] mpu TpaHWdHBIX ycmoBuax (1.2), ycmoBusx mosHOoro koHtakra (1.3) u
YCIIOBUSIX KpaeBBIX 3a/ad TEOPUHM YIPYrocTd Ha OOKOBOM TOBEpXHOCTH (OHM TIOKa HeE
KOHKPETU3UPYIOTCS).

B cucreme 6e3pasmepHbix KoopauHaT &,77,{ CHCTEMa YpPAaBHEHHIl TEOPUM YIPYroCTH
aHM30TPOIHOTO TeNa MPEBPATUTCS B HOBYIO CHCTeMY, CofiepKaiumii Manblii napametp & =h/a. Dra
CHUCTEMa CHHTYJISIPHO-BO3MYIIEHHAS M €€ PEUICHHE CKJIAJBIBACTCS W3 PCIICHUI BHYTPCHHEW 3aJa4yu
(OCHOBHOE pelIeHue) U TorpaHudHoTo cios [1,5].

Pemenne BHyTpeHHeN 3anaun uiercs B Buae [1,5-7]
s

QW =3 Q" (En. <) (14
5=0

k o o
rue Q( ) 110606 3 KOMIOHEHTOB TEH30pa HANPSHKEHUH WM Oe3pa3sMEpPHBIX nepeMemenuii K -ro

cnost. Llenmoe uncno ( 1uist KaXXI0W BETWYMHBI BRIOUPAETCs TaK, YTOOB! MOTYYUTh HEIPOTHBOPECUHBYIO
k
cucremy otHocutensio Q* . B Hamem ciyuae 3ta nenmp gocTHraeTcs npu

q, =—1 s aik), G(k), o, gk U(k),V(k),W(k), 0, =0 s o), gk (1.5)

y z 2 Xy ? Xz yz

[MoacraBus (1.4) B mpeoOpazoBaHHBIC BBEJCHHUEM Oe3pa3MEpHBIX KOOPIUHAT U Oe3pa3MepHBIX
KOMIIOHEHT BEKTOPa MEPEMEILCHUS YPAaBHEHUSI TEOPUHU YIIPYTrocTH, ¢ yuéroM (1.5), moryuyum cuctemy

k .
s onpenenennms QY. Huterpupys monydemmyio cucteMy mo ¢, JUI  HATPSKCHHH U
MepeMEIIeHNH TIOIYYNM cleyfomue (OpMyJTbL:

e N A T TR (VA W),
(ks) (ks) (ks)

o) Zgl U g T gl 5“ #)(x, y;1,2;a,b)
o0& on

xy s

(k.s)
+cl 004 j +0

ot el 2 e 2 g
on

)= _[Lll(Bigk))'l(k’s) +L, (Bigk))‘/(kﬁ)]; ( 3(» ) .

j o) (1.6)
s)

(k) 4 ks)

aér 3 877 xz0
(x, y;L.2;a,b)
rae nuddepeHnanbHbIe OEPATOPhI Ln(Bigk)) ONPENENATCS TI0 POopMyIIam
2 2 2
L, (BY)=BY 28l 0B O (12:40)

tog T ogn ot
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0’ 0’ 0’
le(Bigk)): Bl(g ) P (Bg‘ )+ ng)) + ng)‘ 7>
PE ofon  * on

a KO3(DUILIMEHTBI B.S ), I(k), bl(k), Cl(k) — 10 U3BECTHBIM popmynam [3,5-7]

B = (aa - (@Y} /o, , B = [a'alt) - (a fz>)2 )/Qk, B¢ =( a9 - @} /e, .
B = (aal) —aal))/0, . B = (alal —alal)/a, . B = (albal - albal ),

0~ )~ G B+ 2l e f ~altal)) 1)
al = (a¥B%) 1+ aBk) 1 aBX)), b = —(aIBY + alIBY + alBY),

o) — (a8l +all B+l B, (i =3:45)

i 1i 61

o (ks)

%20 ,O'(k’s) O'(k’s) u(k’s),v(k’s) ,W(k’s)— HEU3BECTHbIE (PYHKIIMH MHTETPUPOBAHUSA U OYIYyT OIpEIeNeHbI

yz0 >~ z0

HIUXKeE, ¢ oMol yenowuit (1.2), (1.3).
BenuunHbl cO 3Be3104YKaMK, KaKk 00BIYHO, U3BECTHBI JIJIS KAXKIOTO HPUOJIMKECHUS S, TOCKOJIBKY

BBIPAXKAIOTCS Yepe3 MPeIbIIyIue MPUOTMKEeHUs. DTH BEIUYUHBI ONPEACIAoTes o dopmynam (2.1)
paboTsI [8], B HEX HE0OXOIMMO JIUIITH BEPXHUHA HHICKC (S) 3aMCHHTH Ha (k, S). Tam npenmosaraercs,

k, 1 _ -
aro Q' =0, ecrm s<i.

Y I0oBIETBOPUB TPaHWYHBIM ycIIoBUsAM (1.2), a Takke yCIOBHSAM ITONHOTO KoHTakTa (1.3) Ha
mwiockocTax =, (k:1,2,...,n—1,—1,—2,...,—m+1), BCE BENUYMHBI MOXHO BBIPa3UTh depe3
xommonentsl  nepememterns U™, v W™y manpmxenus 7™ . Jlma  onpenenenus

nepememennit U™, V™ nomyuaercs cuemyrowmas cucteMa ypaBHeHHil:

Lu(cij)"(n’s) + le(cij )"m) = py” (1.8)

le(Cij )‘J(n’S) +L, (Cij )‘/(n’S) = pg”

B (1.8) pl(s), pgs) UTPAOT POJib 0O0OUIEHHBIX HATPY30K, IS BEIYUCICHHS KOTOPBIX MOTYYaroTCs

¢dopmynbl

) =~ - )+ X0 Em 6) - o e m i)

k=

(e e ¢ )-ol e )

- > {(Ck - é/k—l{Lll(Bi(jk){r_]z_lu *(j’s)(gj )J + le(BiEk){EV *(j’s)(gj )H}WL (1.9)
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Huddepenimansaeie oneparopst L (C ) umeroT Bux [1,5]

62 82 62
Lll(cij)zclla_é:z_i'zcm oé0n +Cs o’ (1,2;5577)
62 82 82
L, (Cij )= Co— agg (Clz + C66)a§an +Co% 8_772
Cij: B é,kl ZB g-kn)
k=1 k=1

[locne ymoBineTBOpeHus: TpaHUYHBIM yCIoBHsIM (1.2) ompenenum Takxe HEM3BECTHBIE (DYHKITUU

(ns) .(ns) (-m.s).
Tyo T30 B W :

0% = oW En) -0 " (En, &) W =w O (E, ) W (. )

iz”o”— o1& )= (£ &)+ L (B ) + L, (B W | + (1.10)
(n,s) (n,s)
+(a§n) afgzg +C§n) a(;'z’; } (x,y;g,ry;u,v;l,2;a,b)

N n,s “m,
INepeMeleHns OCTaNbHBIX CIIOEB BhIpaxatorcst yepes U™, vy W™ o bopmynam

n-1 n-1 k-1
u®? =u™ + 3"y *“’S)( j), U =u™ 43y *(J’S)(cjj )— > U *H”(gj ) (u,v) (1.11)
ik = =

m-1 K-l L=y
WKS) = oM +ZW *(_j,S)(é’_j ), wks) — M) +ZW *(J,S)(éfj)_zW *(—J,S)(é'_j)
j=1

j=k i=1
W3 ycnoBuit (1.3) momHOTO KOHTaKTa MEXIY CIOSMM BBITEKAIOT CIEAYIOIIME PEeKyppeHTHbBIE

k K K
(OPMYJIBI IS ONIPAICTEHHA Tae , Togy > Tog

Sz(oS) = Sz(gl S)‘HT*(M S)(é/k)_ o 5)(é,k)
~¢ L [( “( ijk+1 )J(k+l,s) + le( ij|<+1 )\/(k+l,s))_ (Lll(Bi(jk))J(k,s) +L, (Bi(jk))l_gl;)v(k,s) )] (1.12)

K, K+, *(k+l, *(k,
T§05) =T§o+15) +Gz( - S)(gk)_az( S)(é/k)

B dpopmymax (1.8)- (1.12) He0OXOAMMO YUUTHIBATH, YTO

0" =07, i = o = .13
o 2o = oi 20w =0 npn 530

ITocne pemenus cucremsl (1.8) mo dopmymam (1.6)-(1.13) ompenensoTcs Bce HANPSHKEHUS H

nepeMelIeHus.
Cucremy ypaBHeHHH (1.8) MOXHO CBECTH K PELLICHUIO OJHOTO YPAaBHEHUS YETBEPTOTO MOPSAKA.

JU7ist 9TOro HPUMEHHM K 00€HMM 4acTsiM MepBOro ypaBHeHus omeparop L,,, a ko Bropomy — (— le) u

CIIOKHM, B Pe3yJIbTaTe MOJyYNM YpaBHEHHE

(Lanz - sz)J(n’S) = Lzz p1(s) - le pgs) (1-14)
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B 3akioueHnH OTMETHM, YTO MBI 3[€Ch PACCMOTPEIH JIMIIb BHYTPEHHIOK 3a1ady. Bompoc o
IOrpaHN4HOM CJIO€ U €TO B3aPIMO):[eI>'ICTBPIH C pCIICHUEM BHyTpeHHeﬁ 3aJa4y MOXXHO OCYIIECTBUTH
yKa3aHHBIM B [1,5] ciocoGom.
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OTPA’KEHHUE YIIPYTI'HX BOJIH OT KPOMKU INPEJABAPUTEJIBHO

HANPSIKEHHOW IIJIACTUHKUA
Xavatpsan JI.C.

IMonmyGeckoHe4Has IJIaCTHHKA IIPEAIIONIAraeTcsi PABHOMEPHO PACTSAHYTOMH MapauienbHo KpoMke. PaccMaTpuBaercs
HaJeHue ¥ OTPKCHUE N3THOHBIX BOJIH Ha 3aKPEIUIEHHYI0 KPOMKY IUIACTHH. Y CTaHABJIMBAETCSI BO3MOXKHOCTD OTPaKESHHUS
¢11a60 HEOTHOPOIHON BOJIHBL.

1.3agavyaM oTpakeHUs YIPYIUX BOJIH OT INTIOCKON TPaHMIIBI CPEMBI MOCBSIIECHBI
MHOTOYHUCIIEHHBIE UccaenoBanus [1]. CpaBHUTETHHO MaJIO pabOT CBSI3aHBI C BOIIPOCAMH OTPAXKEHUS
M3rHOHBIX BOJIH OT TUIOCKOM KPOMKH TOHKOM TUIACTHHKY [2]. B HacTosmel pabote npuBosTCs
PELICHHUS 3a1a41 OTPAXKEHUS M3TUOHBIX BOJIH OT KPOMKH IUTACTUHKY IPU Pa3IMYHBIX TPAHUYHBIX
ycnoBusx. s yacTHOTO citydas cBOOOIHOM KPOMKH, KaK MpeAeNbHBIN CiTydail OTCYyTCTBUS
OTpa’XKeHHO BOJIHEI, TTOTyYaeTCsl pEIICHUE 3a/1a4l JIOKAIM30BaHHBIX M3TUOHBIX KoeOanwmii [3,4].
3amaua OblIa U3yUeHa U MPECTaBICHA MPU Pa3INYHBIX TPAHUYHBIX YCIOBUAX B [5,6] CTAThAX.

[lyctp ynpyras miacTHHKA 3aHUMaeT 00JIaCTh
—0< X<, 0<y<ow, —h<z<h

VYpaBHeHrEe H3rMOHBIX KOIEOaHWH U30TPONHON INIACTUHKHU PacTSIHYTOW BAOJIB OT X IO
teopuu Kupxroda nmeer Bupa [7].
2 2
o'W o'W

7 2= =0, (1.1)

DA’W —p

rae W — yHKIms nporuda mIacTHHbI, P — INIOTHOCTh Matepuana, D —xkEcTkocTh Ha U3ruo.
Ecnu npeacraBute pemenne ypaBueHus (1.1) B Buae rapMOHHUECKHX BOJH [2]
W =W, expi(ot -k x+Kk,Yy), (1.2)

TO MOJIY4YaceTCAd CICAYIOIIEC XapaKTCPUCTUICCKOC YPAaBHCHUEC!

(kf+k§)2+§kf—2"—g‘°2=o (13)
Coracuo (1.3)

k; = (1.4)

rac

Q* =2phw’D™ (1.5)

O‘lGBI/I}_'[HO, 4TO IJIA CYHICCTBOBAHUA Ha)laIOH.[CI‘/'I BOJIHBI H€06XOZ[I/IMO ycCiioBue
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Q> %kf (1.6)

U3 (1.3) MoXkHO onpenenuTs BoHOBOE uncio K, mocpenctBoM K u @ B BUze 4eThIPEX KOpHEH.

/ 1
Ky ==Ky, =( Q- [F; kl2 _klz)A
. / |
Ky =Ky, =i( Q- [F; |(12 - k12)é
(1.7)

Uz (1.2) u (1.7), c yu€rom (1.6), cnemyer, 4To pelieHue IS magaroield BOIHBI UMEET BH/I:

W, = Aexpi(ot—k x—k, y),k =0 (1.8)
W JUTS OTPKEHHOM BOJTHBI

W, =Bexpi(at—kx—Kk, y)+Cexpi(ot—KkXx+KkK,Y) (1.9)

Cnaraemoe B (1.9) ¢ ammmurynoit C sBiseTcs HEOHOPOIHOM BOJHOM, T.€. OHA 3aTYXAET IO ITyOHHE.
Awmmumaty i1 oTpakéHHbIX BoH B u C 10/mKHBI OnpenensThes y10BIeTBOPEHMEM IPaHUYHBIMH

ycnoBusiMu ripu Y = 0.

2. Ciryuait ;kECTKO 3aKpeIUIEHHOTO Kpas —

W =0, @ =0 (2.1)
oy

IToxcranoBka —

W =Wn —i—Wotr 2.2)

Cormacno (1.8), (1.9), rpannunbie ycmoBus (2.1) MpUBOIITCS K CUCTEME aNTeOpanvecKuX ypaBHEHUIH

OTHOCHTCJIBHO HCKOMBIX ITOCTOSHHBIX B u C , OTKyJda U MMOJIy4acTCAd

K2 +ijo-P ok =k
B=- A (2.3)
p k2
s

pkz kZ_I(QZ pk2 k )/

2
_P ok
B cityuae oTcyTeTBUS peaBapuTenbHOTO HanpspkeHus: P = 0 momydaercs

235



B=-Q'(K? +iQ —k')A s
C=-Q QK —i 2 k')A '

2 o o
U3 Beipaxkenns (2.4) caenyer, uro npu ycaosun Q = 2K dasa oTpakEHHON BOIHEI MEHSIETCS Ha

0.57. B (2.4) actHbiii cinyuaii K, =0 cooTBeTCTBYeT HOPMAJIBHO NaJAOLICH BOJIHE.

3. Ecin kpaif IiiacTHHKY [apHUPHO 3aKPEIUICH, TO JOJDKHBI BHIIOIHATHCS yCIOBHSL.
o*'w
W=0,—-=0 npu y=0 (3.1)
ayz
Tpebys1, uToOsI petenue (2.2) yaoBieTBopsuio yciuoBuio (3.1), momydnm

B=-AC=0 (3.2)

T.€. IIPU [IAPHUPHOM 3aKPEIUIEHNH HEOIHOPOIHAsI BOJIHA HE CyIECTBYeT. Pemenne 1 3Toro ciayydas
NPUBOJIUTCS B MOHOTpaduu [2].

4. JIna BapriaHTa TPaHUYHBIX YCIOBHM CKOIB3SIIETO KOHTAKTa

3
M_o, TV _g @.1)
oy oy

Pemenue nmeeT BUJ

B=AC=0 (4.2)

['pannunste ycnosus ceoboamoro kpast nvetot Bua: M, =0, N, =0 npu y =0 wmm cornacro [2].

ow  o'w  o’w o’w
~+V—=0,—5+(2-V) > =
oy OX oy oyoy

y=0

0 (4.3)

VY noBeTBOpEeHUE IPaHUYHBIM YCIOBUAM (4.3) IPUBOINT K CIIEAYIOIIEH cucteMe ypaBHEHHH]:

(W’ —a? =14+ V)A+(Yn* -’ =1+ v)B-(yn* - —=1+Vv)C =0
(W' =’ =1+v)(Yn' -’ —1)% A-(Yn*—a’ +1-v)(yn’-a’ —1)% B- 4.4
—i(Jyn* =’ =1=-v)(yn’ -’ +1)%C,

rae n =k Q.

[Tomy4uM perieHre CUCTEMBbl YpaBHEHH B BUIE
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2i —a® 1) 2 (P o +1-v) DA
(PP~ 1 V(P — o =12+ (P o 1)
.. 2i(nE —a® — )2 (Jn —a® +1-v)

T o (T o D+ (o 4Dy

Kak BUIAHO, UIA TPAHUYIHBIX yc.]'[OBPIfI HIapHUPHOT'O 3aKPCTICHUA U CKOJIB3AIICI0 KOHTAKTa, B OTINYUC

(4.5)

OT TPaHUYHBIX YCJIOBHUI KECTKOTO 3aKPEIUICHHS U CBOOOIHOTO Kpasi, HEOAHOPOAHAS BOJIHA HE
orpaxaercsa (C =0).
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KOHTAKTHBIE 3AJIAYM UIA CJIOUCTBIX OQHOBAHHFI B IIPSIMOYT OJILHO,
HUJIMHAPUYIECKOU U COEPUYECKOU CUCTEMAX KOOPJINHAT

Yeoaxos M.HU.

W3y4eHsl 3ajauyn MEXaHUKM KOHTAKTHOTO B3aUMOJCUCTBHUS JUIS CIOMCTBIX YHPYTHMX IUIOCKUX, LIMHAPUYECKHX H
ceprvecKuX OCHOBAHMIA, CIIOHM JKECTKO COCIUHEHBI MEXKIY COOOIl M C JKECTKHM WM YIPYI'HM OECKOHEYHBIM OCHOBaHHEM.
[Ipenmonaraercs Taxke, YTO B CBOOOIHYIO MOBEPXHOCTH CIIOMCTBIX OCHOBAaHMH BHEIPSETCS LITAaMII, MOJOIIBa KOTOPOTO
umeeT HopMy NPsIMOYTOJIbHHKA, TapadoJIbl, UIMHIPA WX IIapa B 3aBUCUMOCTH OT PaCCMaTPHUBAEMOM CHCTEMbI KOOPJHHAT.
B 30HE KOHTaKTa AJIs1 HEKOTOPHIX 3a/1a4 HOPMAaJIbHBIEC U KacaTelbHbIC HANPSDKEHUS MOTYT OBITH CBsI3aHbI 3akoHOM KyioHa, a
Ha TaMI JeHCTBYIOT HOPMAJbHBIC U CABUTAIOIIIE HATPY3KH, TP 3TOM CHCTEMa IITaMII - CIIONCTOE OCHOBAaHUE HAXOAUTCA B
YCIOBHSAX TPENETIbHOTO PAaBHOBECHS, U HEKOTOPHIX 3aJad Ha INTAaMII JSHCTBYeT TOJNBKO HOpMajbHas Harpyska. s
MOCTABJICHHBIX 3aJa4 C MOMOIIBIO IPOTPaMM aHAJIUTHYECKUX BBIUHMCICHUI IOJyYeHBI TOYHBIC HHTETPAIbHBIC ypPaBHCHUS
HEpBOro pojia C sapaMu, NPEJCTaBICHHBIMU B SIBHOM aHaJIUTHYECKOM BHIE. [3yuyeHbl OCHOBHBIE CBOICTBa sep
WHTETPAIBHBIX YpPaBHEHWH, B TOM 4YHCJIE IIOKAa3aHO, YTO YHCIMTEIb M 3HAMEHATellb CHMBOJIOB siep MOTYT OBITh
MPEICTaBICHb B BUAE PA3I0XKEHHS IO NPOU3BEACHUSIM CTENCHEH MOXyJel CIBUIa CIOEB M IPOCTPAHCTBA, MpPU 3TOM
BBIP@KEHHUS IIPH ITUX HPOU3BEICHUSIX COMEPIKAT [IOKA3aTENIbHbIC U CTEIICHHBIC (PYHKLHK OT OTHOCUTENBHBIX TOJIIHH CIIOEB
n ux kodp¢unuentoB Ilyaccona. IIpemnoskeHbl 3QQeKTUBHBIE CXEMBl PEIICHUS WHTETPAIBHBIX YpaBHEHHH, HA OCHOBE
KOTOPBIX MPOM3BEAEH pacyéT KOHTAKTHBIX HAIMPSHKCHUI, pa3MepoB 00JacTH KOHTAKTa, B3aUMOCBS3U MEPEMELICHHUS ITaMIIa
U JIeHCTBYIOLINX HA HETO CUIL.

[MoapoGHbIit 0030p MyOIMKALINIT, TOCBSIIEHHBIX KOHTAKTHBIM 3a/1a4aM Ul MHOTOCJIOIHBIX OCHOBaHWUH, 1aH B [1-2].

1. KonTakTHBIE 321241 B IPSIMOYT0JILHBIX KOOpAMHATAX. B kadecTBe nmpuMepa paccMOTpUM Ha

IUIOCKOCTH 00acTh Y <0, COCTOSIIYI0 W3 HECKOJNbKHMX YIPYTHX CJOEB TONIIMHBI N, kEcTKO

COCMHEHHBIX MEXTy COOOU U C YIIPYrod MOMYILIOCKOCThIO Y < —H (X,Y — J1eKapTOBBI KOOPAWHATHI,
H — cymmapnas tommuna cioes, V,,G, — cooTBercTBeHHO Kod(duimeHnt Ilyaccona u mMomyib
cIBUTA | -TO chos). Ilycts tpamp Y =0 B3aUMOACHCTBYET CO INTAMIIOM, HAXOSIIUMCS O]
JICCTBUEM HOPMAJILHOW CHIIBI P ¥ TOpU3oHTaNbHOM cuitbl T = 4P , a B 30HE KOHTaKTa HOpMaJIbHBIE
¥ KacaTeJIbHbIe HANPSDKEHMs CBsI3aHbl 3aKOHOM Kynona 7,, = uo, (4 —Kod3pPuuneHT TpeHus).

Bynem paccmartpuBaTh 1Ba ciaywas: INTaMIl MMEET IMOAOIIBY B BHJIEC Mapaboibl C PaguycoM
KpuBU3HBI R B BepmmHe (3a71a4da 1.1) u mraMin uMeeT TUIOCKY o ToomBy (3amava 1.2). B 3amgaqe 1.1
30Ha KOHTaKTa IMepeMeHHa, a B 3amade 1.2 ¢uxcupoBana. PaccmaTpuBaercsl ciaydail mpemerbHOTO
paBHOBecHs, ciila P IpriioskeHa K IITaMITy ¢ HEKOTOPHIM 3KCIIEHTPUCUTETOM € TaKuM 00pa3oM, 4To
OH HE IIOBOPAaYMBACTCS B Ipolecce Ae(hOPMUPOBAHUS CIIOS.

C nmnomompto mpeodOpasoBanust Dypbe, IMMOCTAaBICHHBIE 3aJauyd  CBOJAATCA OTHOCHUTEIHHO
HEM3BECTHBIX HOPMAIIbHBIX KOHTAKTHBIX HANPSDKEHWH MOA wTamnom o, =—(0(X) K creayomemy

I/IHTel"paJ'ILHOMy ypaBaenuto (1Y):

jq Xlde = 705(x), (~a<x<b) 0:161 , (1.1)
-~

k(t)=k,(t)-9k,(t), & _(- 2V1),5( )zé—%,(saz[aqal.l), 5(x)=6 zamawa 1.2).  (1.2)

(1 Vl)

=I Lléu cosutdu , k,( I Ly( sin utdu , L;(u)= L )/ Ly (u)

rae 0 — nepeMelleHue MTaMIla B BEpTUKAIbHOM HalpaBieHNU.
M ynxumit Ly (u) (1,J=1,2), korma uymcio cioeB He Ooiblie TPEX, MOJYYCHBI SBHBIC

aHaJIMTHYECKUe BbIpakeHus. Hanpumep, B cirydae Tpex CII0€B Ha IOIYyNPOCTpaHCTBe GyHKIMK Ly (u)

NpeACTaBUMBI B BUE Pa3JIOKEHH 110 BETUUYMHAM OTHOCHTENILHBIX Moayielt ciura G;, =G, /G,, rue

G ( = 1,2, 3, 4) — COOTBETCTBEHHO MOJIYJIH CIIBUTA CIIOEB 1, 2, 3u HOJ‘IprOCTpaHCTBa,
L (u) = N(i)jzz + N(i)j31 + N(i)j4o + N 12 N121+N1ij22 + Nlij30 + N 31t Nl40Jr N;joz + N ot N212
+ND +ND, + Ny + NI+ NE + NY + NG, + NG+ NG+ Ny + N3, + N+ (1.3)
+ Nl + N2y + Ny,
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i _ i kKl am _
3meck Ny = Ny (U)G5,G3,Gyy5 a L (U) = (1-2v) Ly, (U) /2.
®ynkuun Ny, (U) MOTy4eHbl B SBHOM BHIE, COAEPIKAT THIIEPOOINYECKUE U CTENEHHBIE (yHKIMH
apryMeHTa, 3aBHCAT TOJBKO OT Kod(durumenTtoB IlyaccoHa W OTHOCHTENBHBIX TOJIIWH CIOEB
H, =h;/h. ®ynkuun ng,(U) HOBOJBHO TPOMO3JKH, HO HMX BHJ IIO3BOJSIET M3YYHTh OCHOBHBIC

CBOMCTBa TpaHc(OpMaHT siiep UHTErpalibHOTO ypaBHeHHs (1.2), B TOM 4HCie ¥ NMOBEJACHUE B HYJE U
Ha OeckoHeuHocTH. [loKazaHo, 4TO

Lu/u=Au"+A +0U) (u=0), Lu=1(u-ow®), A,=1-v,)/(1-v)/G,,,

A, =n/d,, Lz(u)/u=Bflu’1+BO+O(u) (u —)0), L,(u=1 (u—->ow), (1.4)
1-2v 2(1-v,)n

1 :_T_;‘/)a B, :—%, d, :2G2IG3IGA%1(1_V1)2(1_Vz)(l_v3)a
41 1 2

n = n012GSIGfl + n102G21G4%1 +110Gy, Gy, + 016,656y + n112G21G31Gfl +n,,G,,G;,.
Otmerum, uto npu G,; >0 A, -0, B,, >0, By —>0,a A, npumer 6osiee nmpocToii Bua
A = NyGs; + MGy + 11,6565
2G,,G;,(1- V1)2 (I=v))(A-vy)
N =H;A=v)A-v,)A=2v3), ny=1-v)(1-v;)(1-2v)).

@opmynsl (1.3) mo3BonsAIOT MyTEM NpeaenbHoro mepexona npu G, — o NpUMTH K 3amade A

s oy =H,(1=v))(1—v;)(1-2v,), (1.5)

TpeX CJIOEB Ha JKECTKOM OCHOBaHMU. Takike aHAIOTMYHO BBITIONHACTCS MPEEIbHBINA MEPEX0a K JBYM
CIIOSIM ¥l OJTHOMY CJIOIO Ha )KECTKOM OCHOBaHHH.

B cnydae 3amaum ans Tpex CJIOEB, JKECTKO COCAMHEHHBIX MEXIy coboil u ¢ HepehopMHUpYyEeMbIM
ocHOBaHHeM, pyHKIMH Ly (u) (i=1,2) npurumarot 6oiee MPOCTOM BHUI

" . " s 5 , 5
L;(u) = Ny (VG5 + N (UG, Gy, + N (UG, Gy, + Ny, (UG5, + N, (U)G5,Gy, +
ij 22 i 3 i 3 j 4
+ N3, (UG5 G + N3 (UG5 + N3y (UG5, + Ny (UG, - (1.6)
®ynkuun NY (U) UMEIOT 316Ch MEHEE TPOMO3IIKYIO CTPYKTYPY, YeM B 3a1a4ax JUis TPEX CIIOEB HA
nonymnockoctu. Ecmu nonoxuts G, =1 (i =2, 3), v, =v,, v; =v,, NOXy4uM 3a7a44 AT OJHOTO CIIOS
tomuusel h=h, +h, +h,, u dynkmmn L (u) PUMYT M3BECTHBIN BHL [3].

Hexoropeie w3 QyHKITHI nfén(u), nfqzn (U) ¢ OmWHAKOBBEIMH HIDKHHUMH HWHICKCAMHU HMEIOT

OIMHAKOBBIC q)YHKI_II/II/I-MHO)KI/ITCJ'IPI, YTO IMO3BOJIACT JIETKO MPOCICINTH OTMEYEHHBIA BBIIIIE
MOCJIE0BATEIbHBIN Hpe,[[eJ'IBHbIﬁ nepexon mnpu G31 —> 0 U G21 —> 0 U IOJYYHUTh PaHCC HU3BCCTHHIC

cooTHomeHus [3-5].
SAnpo UY (1.1) nmeer norapupmMudecKyro OCOOCHHOCTb M Juisi ciaydas (G, =00 MoOXeT ObITh

MIPEICTaBICHO B BUE [6]

()= -1+ F(O) F(O)=-F(0)- 8 Tsenl)- v |, (17)

F ()= ]3 [1-L,(u)lcosut e du, F,(t)= T%Msin utdu.

0 u 0

rae uHTerpansl F (t) CXOMATCS MPHU JFOOBIX 3HAUeHUsX { u3 mpoMexyTka —2a/h <t<2b/h,.

2. KoHTakTHble 3aJauyd B HWIMHAPUYECKHUX KoOOpAUHATAX. B HMIMHIpUYECKOW cucreme
KOOpAWHAT I,(,Z pacCMOTPHM OCHOBaHHE, COCTOsIIee U3 Habopa OECKOHEYHBIX MFITUHAPUIESCKUAX

cnoeB R, <r<R;,, (1<i<N), KOTOpBIE KECTKO COSITUHEHBI MEXIy CO0Oii, a moBepxXHOCTh I =R,
HenojBwxkHa. [lycte B moBepxHoCcTh I = Rl cunoii P BpaBnuBaercs wmramn B dhopMe HUIMHIPA
pammyca R, =R —A ¢ rtoukoii mnepBonasaneHoro kacamui ¢@=0, r=R, (3amaua 2).

[Ipeamonaraercs Takke, UYTO Ha INTaMIl JOEeHCTBYyeT MOMEHT M ®W MeXOy IITaMIioM |
UATUHAPUIECKAM CI0eM AeUCTBYIOT cuiibl KymonoBckoro Tpenus. Cwta P HampaBiieHa BIIOJb JTyda
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(/JZO, MoMeHT M CTPEMUTCA MOBCPHYTH IITAMII MPOTUB 4acoBOM CTPCIIKKU BOKpPYI' €Tr0 OCH,

BeJIMYMHA A Maa. PaCCManI/IBaCTCH cnyqaﬁ MMpeaACJIbHOTO paBHOBECHU.
I[J'ISI 3aa4iy IMOJYYUM CIICAYIOUIECC UHTCTPAJIbHOC YPABHCHUC!

)
~ [akt-p)dt= o) (-6,2p=0,). k() =k () +5a(y). @.1)

_91
ki (y) =D Li(k)cosky, k,(y)=D L,(K)sinky,
k=0 k=1

Li; (u) o 1=2y __ G )
L) g_ﬂ—za—vl)’ f(p) —Rl(l_vl)[(5+A)cos¢ Al, (2.2)

rie G, — Moayib casura, v, — koddduiment [Tyaccona s cios 1 .

Li(u) =

B wunterpansHoM ypaBHenuu (2.1) Tpancdopmantsl sizep L;(U) modydeHBI ¢ MCIONb30BaHUEM

MIporpaMmbl aHamuTU4YecKuX BbluncieHud MAPLE, oHuM JOBOJBHO TPOMO3AKH, HO OCHOBHBIE
cBoiictBa ux suep WY mospomsror m3yuuth. Hanpumep, dyHKImH Lij (u) B ciywyae OBYX CIIOCB

IPEICTaBUMBI B BHJIE

Ly (U):G277i2,j(U)+G77i1,j(u)+77i0,j(u)a (2.3)
rie G=G,/G,, a maiinennsie Qynkian 73;(U) cozepKaT CTEMEHHbIC M SKCIOHCHIMATbHbIC
(GyHKUUH, 3aBUCAT TOJbKO OT KoadduuuentoB [lyaccona marepuana cioeB U OTHOLICHUS painyCoB
n=R/R,.

@ynkuus L, (U) Ha OECKOHEYHOCTH U B HyJIe HMEET CIeyIollee NOBeIeHHE:!

L(uw=1/u+0(/u*) (u—>ow), L(0)=A=A/A,, (2.4)

A =(1-2v )(I’22 - 1)["22 +(1- 2‘/2)"32 IG+(1-2v, )(I’22 +1-2v, )(I‘32 - r22) ,

A, =2(1=v{[r; +(1=2v,)7 JI+ (1= 2v) IG + (1= 2v, (1 = 1)(r = 1)}

Otmerum, uto mpu G — o0 moydaeM 3a1ady s OJHOCIOHHOTO IIMIHH/PA.

Ecnmn  monoxwuts L, =1/u+L(U) wu Bocmonmb3oBaThCs 3HAUEHHEM HM3BECTHOTO  psna

Zk‘l coskt = —ln|25in(t/2)
k=1

" NPEACTAaBUTH €T0 B BUAC

+ Y L(n)cosnt+39> L, (n)sinnt . (2.5)

n=1 n=1

, To B siape MY (2.1) MOXKHO BBIAETHUTSH JIOTapU(PMHUUECKYI0 0COOEHHOCTD

k(t) =§—ln25inl

3. KonTakTHbIe 321241 B chepudeckoii cucreMe KoopanHat. B chepudecknx koopauHarax (I,
6, @) paccMOTpUM OCHOBaHHE, cocTosIIee U3 Habopa chepuueckux cioeB R, <r <R, (1<i<N)c

Pa3JINYHBIMU YHOPYTHUMHU IMOCTOSIHHBIMU U KECTKO COE€TUHEHHBIX MCKAY CO601>1, MOBEPXHOCTh I = RN

HenozBrkHa. ITycts B moBepxnocts I = R, cuinoit P BnaBmuBaercs mramm B dopme mapa panuyca

R, =R, —A ¢ Toukoii neponayansHoro xacanust @ =0, I =R, (3agaua 3). IIpeanonaraem, 4o
TPEHHME MEXY INTAMIOM U C(EPUYECKMM CIIOEM OTCYTCTBYET, CHila P HampasieHa BIOJIb IPIMOM
¢=0,aBemmunnaa A mana.

Pemienne 3amaun MoxeT OBITH CBENEHO K HCCIEOOBaHUIO cieaylomero WY oTHOCHUTENHHO
HEU3BECTHBIX KOHTAKTHBIX HanpspkeHud o, (R, @) =q(@):

7
[a@)kw.p)dy =f(p) (0<p<y), (3.1)
0
k(w,@) =sinyY @, K (@, )P, (cosy)P, (cos ), (3.2)

rae P, (cosp) — nonuHomsl Jlexxanapa, a, =k +1/2.
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B NV (3.1) ¢ynkums K(U) Tarxke moiydeHa C UCIONB30BAHUEM IMPOTPAMMBI aHATMTHYCCKUX

BoiunciieHud MAPLE, oHa umeeT Takke HOBOJBHO TPOMO3IKYIO CTPYKTYpPY, HO OCHOBHBIC €€
cBoMcTBa u3yueHsl. Hanpumep, B ciyyae aByx cinoes pynkuus K(U) mpeacraBiuMa B BUIE

K(u) =K, )/ K, (), Kiu)=G>,(u)+ Gy (U) + 1o (U); G=G, /G, (3.3)
(yukuun 77, (U) COHEPKAT CTENEHHBIE M DKCIOHCHUMAIbHBIE (DYHKLMH, OHU 3aBUCAT TOIBKO OT
ko3¢ uuuentoB [lyaccona maTepuana Cl0e€B U OTHOCUTENbHBIX paauycoB I, =R,/R,, =R;/R,.
Oynkmusa K(U) nMeer ciemyromiee oBeIeHNe Ha OECKOHEYHOCTH U B HYyJIE:

Ku)=1/u+0(/u®) mpu U —> o, K(0)= A=const (3.4)

SAnpo K(w,®) MOKHO MPEACTABUTH B BUJIE IBYX CJIaracMbIx:

k(y,0) =K, (v,0) + ki (y,9), K, (y,p)=sin V/Zoj: P, (cosy )P, (cosp), (3.5)
k(7. =sinyS a, L, )Py (cosy)P, (cosg) : L) = K (u)~1/u (3.6)

Pan (3.7) cxomurcs mpu IMOOBIX 3HAYEHUSX MapaMmerpoB, a psag B (3.6) Moxer OBITH
POCYMMHPOBAH:

x/zsinl// 2siny sin @
k = . 3.
(¥, 9) ﬂ\/l_cos(ww)K 1/1—cos(z//+¢) (3.7)

3nech K(k) — TOJNHBIM JJUIMOTUYECKUH MHTerpan nepBoro poga. Ha ocHoBe cBoiicTBa

DJIJIUMIITUYCCKOI'O I/IHTel"paJ'Ia MOJHO IIOKa3aTb, 4TO ﬂ,[[pO I/IY HUMECT J'IOI‘apI/I(bMI/IquKyIO OCO6CHHOCTB
1
ko(w,¢)=—;ln|w—¢|+0(l), v—oo. (3.9)

4. PemieHue HHTErpaJbHbIX YpaBHeHHii. Pemnrenne momydeHHbBIX 31eck MY ¢ morapudmMudeckum
AAPOM MOXET OBITH MOJIy4Y€HO C MCIOJB30BAHUEM HIMPOKOro CIICKTPAa AHAJIUTUYCCKUX U YUCICHHBIX
MeTos1oB. C ydYeToM MIMPOKOTO PacHpOCTPAHCHHS OBICTPOACHCTBYIOIIUX KOMITBIOTEPOB MPUBEICM
3mech cxeMy pemieHuss MY mpsMbIM MeTomoM Kosutokanuid [7] mHa mpumepe 3amad 1.1 u 1.2. Jlna
JpYTUX 3a/1a4 cxeMa OyJIeT aHaJorHYHa.

[posenem muckperuszanuto UY (1.1) ¢ sapom (1.7) mo cnenyrornieii cxeme:

& ZN: qjk(gjr]_xij+qirm2k(§_xidezm%(xi) (1<i<N), 4.1)

Ty Xi—€/2 h1

rae q i= Q(.ff j ) - 3HA4YCHUA KOHTaKTHBIX HaHpH)KCHI/Iﬁ B y3iaax KOJUIOKaIu1

§j=—a+5/2+£(j—1), x,=—a+e/2+e(i-1), e=(a+b)/N — wunrepsan xomnoxarmm, N -

YHCIIO y3JI0B KOJJIOKAIIHH.
WnTerpan B (4.1) c y4eToM MajoCTH £ MOXKET OBITh 3aMEHEH [4] HHTeTpaioM

Xj+e/2 (;:—X
l=- [ m=—"de=e -2 1], 4.2)
I Xi—&/2 1 2h1

OKOHYATEIIHFHO I HAXOXIACHUA 3HAYCHUH KOHTAKTHBIX HaHpH)KeHI/Iﬁ Q(X) B y3JaX KOJIJIOKaIlun

X=X =—a+e/2+ g(i - 1) MOJYYHM CHCTEMY JIMHEHHBIX anreOpanvyecKux ypaBHEHHIA:

N
ey aq,=b (i=L.,N), a =a,-3a (4.3)
i1

ij?

a‘T:km(fjh_lXij (i=jm=12), a =1, b=r05(x) (4.4)

OTIUYUTETHFHOM 0COOEHHOCTRIO cUCTEMBI (3.5)—(3.6) sABIsAETCSA TO, YTO OHA UMEET NUArOHAIBHYIO

CTPYKTYpy. Mexkay KO3(pQUIMEHTaMH CHCTEMBbI CYIIECTBYET CIEIylolas CBA3b: Q. ;, = a;
1
ji

2
ji>

.. 5
(j >i,m= 1,2), ai‘j =a a; =-a CJICAOBATEILHO, JIOCTATOYHO BBIUHCIIUTH TOJIBKO
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m

KOO QUIMEHTBI TIEPBOK CTPOKHM, @ HUMEHHO: @;,M=L2, BCE OCTAIbHBIE DJNEMEHTBI OyIdyT HX

JUHEWHBIMH ~KOMOHMHAmmsMHu. Kak TOKa3bIBalOT YHCIIOBBIE OKCIIEPUMEHTBI, IS  ITOJyYeHHS
pe3yJbTaTOB C OTHOCUTENbHOM MOTrpeHOCThI0 MeHee 3% B cucreMe (3.5) 10cTaTOYHO OrpaHUYUTHCS
YHUCIOM ypaBHEHWH He Oojee MATHUCOT, HpU 3TOM TpedyeTcs He Ooliee MOIMHHYTHI DPaOOTHI
COBPEMEHHOT'0 KOMITBIOTEPA CPETHEH MOITHOCTH.

Pabota Bemmomaena mpu noaaepxkke PODU (11-08-00909, 11-08-12087-odu-m-2011, 12-08-
90022).
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BJMUSHUE 3APSKEHHBIX JUCJIOKALIAN B TUDJEKTPUYECKHAX
KPUCTAJUIAX HA YIIPYI'YIO BOJIHY

lexosin A.B.

BeiBesieHa cucTeMa ypaBHEHHH, ONMCHIBAIOMIAS PACHPOCTPAHEHHE YNPYrod BOJIHBI B AMAIEKTPUYECKHX KPHUCTAIIAX,
KOTOpBIE COZIEPKaT 3apsDKEHHBIE quciokanyu. [Tomrydens! ko3(hGHUIEHTH TOTIOMEHNUS U CKOPOCTh TMHEHHOH BOIHBIL.

B ciydae HenmHEHHOW BOJIHBI, KOTJA YYUTHIBACTCSl TOJNBKO KBaJpaTHUYHAs HEIMHEHHOCTH, MONYdYEeHBI (OpMyIIBI IS
aMIUIUTYABI ¥ (ha3bl BOJIHEI B IPOCTPAHCTBE.

B nocnexnue roapl MOSBUIUCH PabOTHI, U3YUAIONIUE ABMKCHUE 3apsSHKEHHBIX JAUCIOKAIUN ¢ yIETOM
€ro BIIMSHUSA Ha pPa3jMYHbIE CBOMCTBA [MAJEKTPUUECKUX WIH TOJYyIPOBOJHHUKOBBIX KPHUCTAJJIOB
[1,2,3,4].

Ilensto HacTOANmIETO JOKJIada SBISICTCS HCCIACAOBAaHWE JMHEHHOW W HEIMHEWHOM BOJH B
JUBJIEKTPUYECKUX KPUCTAILIAX C 3apsyKEHHBIMU JUCIOKALMSIMU C UCIIOJIb30BaHUEM UIEH, Pa3BUTHIX B
pabotax [6-9].

I[Iyctb wuMeeTcsl JUAJIEKTPUUYECKUM KpUCTAJUI, TJ€ €eCTh 3apsKEHHBbIE AUCIOKaluu. byxaer
HCTIOJb30BaHa CTPYHHAs MOJIEeNb AUCIIOKAlWWA, OJHAKO YYWUTHIBAECTCS, YTO UCIOKALMM 3apsiKEHBI.

ITocnenHee co3naeT B KpUCTalLIe dIeKTpuueckoe noie E; .

ITox BAWSIHUEM BOJTHOBOTO MOJISL YIPYTOM BOJHBI B AUAJICKTPUUICCKOM KPHCTAIUIC, JUCIOKAIMS OyaeT
Konebarbes. [l ommcaHus 3TOTO Mpoliecca OyaeT HCIOIb30BaH METO/, PEUIOKEHHBIA B cTaThe [6],
B KOTOPOH pa3BUTHI HJIEH, U3TIOKEHHEIE B padoTtax [7,8].

CornacHo [6] ypaBHEHUs pacpOCTPAaHEHHS YIIBTPA3BYKOBOH BOJIHBI 3aITUCHIBAIOTCS B BUJIC:

oy _ 0oy, )
e ox,

2
Aaatfim%:fi, @

rie O - IIOTHOCTH cpeabl, a U —cmemenus, A u B-—mnocrosuubie koddQuuueHTs!,

XapaKTCpU3yIMe MacCy H 3aTyXaHUC KoJIeOaHui JHUCJIOKaIuu, f:i—KOMHOHeHTI:I CMCUICHUA

JUCTIOKALMK 101 BO3AEHCTBUEM YJIBTPa3BYKOBOU BOJIHBI.
Tak kak AMCIOKANUY CO3AAIOT B Cpelie NMEKTPUUECKOE TM0JIe, KOTOPOE MEHSETCS B IPOCTPAHCTBE M BO
BpeMeHH, To ypaBHeHMs (1) 1 (2) ciaemyeT 100aBUTh ypaBHEHUSIMH MakcBeia
divD=0 3)
rot E =0, @)
rae D —Bexrop snexkrpryeckoro cMereHus.
TeH30p HANpsOKEHHs O, , KOMIIOHEHTHI Ciitbl f,, IeficTByrolme HAa AUCIOKALMIO M KOMIIOHCHTHI

AICKTPUIECKOTO CMETIICHUS Di , OTIPEEIISIOTCS] M3 COOTHOIICHUH

O-ikzi ) fi:_ﬁ > Di:_f > )
ou, £ E, ¢, E;.uy OF, & Uik

rne F — cBoGogHas SHEPTUs €IUHULBI CPEabl, U, — TEH30p nedhopmarum.
CBoOOmHAsT SHEPTHs 3alUCBHIBACTCS I10 METOMy, M3JIOKeHHOMY B KHuTe [9]. Torma BeIpakeHHE
CBOOOTHOM SHEPTUH TPUMET CIICTY IO BUI:

1 1 1
F=F, +§Cijk|uijuk| +Eﬂik§j§k +§ ijd (bié:l +bj§i)u“‘ *

1 1 1 1
+§ Pmkégk Em +EgjkEjEk +EmpjkEpujk +§Qiklmpquikulmupq +
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1 1 1
§7Jk|§j§k§| +§qijklpq (bié:j +bj§i)(bké:l +b|§k)upq +§dmkjEmEk§j +

! ! ! ©)
EjEkulm,

1
+§ajkmEj§k§m + njklm

rac Cijkl n Qiklmpq — JIMHCUHBIC U HCJIMHCUHBIC MOAYJIN YIPYTOCTH, ﬂflk nu 7jkl — TCH30PhbI JINHCUHOU U

HEeJIMHEHHON “KECTKOCTH” TUCIOKAIHM, /Bijkl > Uijipg — TCH30PBI IMHEHHOTO ¥ HETMHEHHOTO aKyCTOHC-

JIOKAllUOHHOTO  B3aUMOJICUCTBUS,  &; — AUIJICKTPUUYCCKUU TEH30pD, mpjk , Pik , dmkj ,a jkm n jkim ™~

TEH30pbI, 00YCIOBIECHHBIC 3JIEKTPHUUYECKUM, aKyCTHUECKUM M IUCIOKALMOHHBIM B3aUMOJCHCTBUEM,
b. — kommonenTs! BekTopa Broprepca, F,— cBoGoaHas sHeprus 10 BO3MyLECHHIA.
B BelpakeHnu (6) OrpaHHYEHO CJaraeMbIMH, KOTOpBIE [aAyT B YypaBHEHHUSIX KBaJpaTHUYHBIC

HeJIMHEHHbIE YJICHBI.
Bocnonp3oBaBmich BelpakeHHAMH (5) M (6) M OTrpaHHUYMBAsCh OXHOMEPHBIM HPUOIMKCHHEM

[aa aa = OJ, 0T6paCLIBa${ HNHACKCHI JIA HpOCTOTBI 3aI1mucu, HOHyLH/ITCﬂ CJ‘IeI[yIOHIa}I cucrema
X X
yPaBHEHHIA:
o’'u _o’u 0f moE o'udu 4 5 OE
—=C—+pb—=+——+(3c+ +nE—, 7
P = o Tt o T Q) g A nE M
o’ _0& ou P_ 1 (auj 1 , 4 ,.0u d_, a
ACe B g ppM P _Llpp[ M) _ Ll e S M _Gp 8p: g
qo B T AT T E A ) T 3R 3R ®

2
_ a_§+gﬁ+lma_lzj+9E%+9§§+256_§+2n§8_u+
2 0OX OX 2 oX° 6 ox 6 0ox 37 oX OX OX
2 2
sng Y L dudd
ox* 2 ax ax

VYpasuenus (7)—(9) HanucaHsbl B JarpaHKeBBIX KOOPIUHATAX.

(€))

U3 ypasuenus (4) ciaexgyerT, 4to B ogHoMepHoM npubmmkennn E, u E,— mocrosuusle, mostomy B

cucreMe ypaBHeHHH (6) — (9) He PurypupyroT. OLeHKH MOKa3bIBaOT, YTO C YCKOPEHHEM ABHKCHUHN
3apsil TUCIIOKALMM M3Iy4aeT HUYTOXHO C€1aboe 3IEKTPOMAarHUTHOE H3JIyYCHHE, KOTOPHIM MOXHO
npeHedpeyb.

Jluneapusyst ypaBHenus (7)—(9), peiieHue TUHEHHON CUCTEMBl YpaBHEHUH WIIETCS B BHAE Oeryiei
BOJIHBI, TO3TOMY MOYHO IOIYYHUTh ,Z[I/ICHepCI/IOHHOC YPaBHEHHUE B CIEAYIONIEM BHJE:

k{bﬁ(—ﬁbj (,1 w0’ A- |a)B)}
—w’p+ck’ = > ; (10)

-’ A—ioB+ -
4g

rae K —BomHOBoe uMCIO, @ — KOMIUIEKCHas 4actora, @ =,+o, +la=0,+0,, o—

JefCTBUTENbHAA YacToTa, « — KOY(QOHULUUEHT TIOITOIEHUs, a (), — KOMIUIEKCHOE IpHpalleHue

JacTOTHl. Pasmensst NeHCTBUTENBHBIE W MHHMBIE dYacTH BeIpaxkeHUs (10), yduThIBasS ManocTh
JUCTIEPCHUU U AUCCUITIANIO, MOXKHO ITOJIYYHTh

p*)_ My o
| [ﬁb( ,Bbj—(ﬂ, o; )}(1 a)OA—4gJ—4(QB

2V2 2 2
of (z—ng—pj + @B
4e

W, =wyq1-

(11
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mp m? ) m2e? , p>
Y ALLBYS LU S\ WL S (5 G

k’B '8[48 'Bj 45( @ )+ 4¢ ( PRy
a=- : ) (12)

2 2\?
b (z—ng—p] + B’
de

rie @, = vk’ :£k2.

Y2
Ecimun B cootHomenusx (11) u (12) nmpeneOperaTh BeMWYMHAMH, OO0YCIOBICHHBIMH 3JIEKTPUIECKUM
3apsiIOM  JAMCIOKAlMA M AJIEKTPUYECKUMH CBOMCTBAMHM AMAJICKTPUKA, TO OHH COBIAAYT C
COOTBETCTBYIOIINMH BEJTHYNHAMH, TOTyYEHHBIMHU B CTaThe [6].
Pemenne ypaBHennii (7)—(9), KoTOphle UMEIOT KBaapaTHYHbIC HEITWHEHHBIC UJICHBI, M3-3a HATHIHS
JVMCTIEPCUH ¥ JUCCHIIAIIMN, MOYKHO HCKaTh B BUJIE KBa3MMOHOXPOMATHYECKHUX BOJH, HMEIOIIUX BH]I

[6,9,10]:
(u,&,E)= [( 0 &0y )€ + (s, &, Ef e + (uy, &, EY) + komm.comp. |, (13)

rae @ =kx— a)t .
[Moacrasus (13) B cucremy ypaBHeHHH (7)—(9), MOXHO MOIYYUTH HOBYIO CHCTEMY YpaBHEHUH s
MEJICHHO MEHSIOIIUXCS aMILTUTY/.

[osyueHHast HoBasi CHCTeMa ypolaercs. B kadectBe 0CHOBHOM (QyHKkumu 6epém U, a K cunraercs
GombIIONH. ManocTh AMCHEpCHH W AMCCHIIALMHM AaéT COOTHOweHHe @, ~KU,, @, ~K, mnpuuém

0<¢91 <1, §0 ~ E0 ~ k‘guo. OTH OLEHKH TO3BOJIIIOT B YPaBHEHUSX M aMILTUTY. /fo u E0
npeHeOpeds HETUHEHHBIME CIaraéMbIMH U HCKIIOYUTH WX C TIOMOIIBIO JIMHEWHBIX ypaBHeHUU. B
ypaBHEHMH 171 U, HEIMHEHHBIE CllaraeMble, 00yCIOBIECHHbIE 680 " EO, MaJlbl, OCTalTCs YIpYyTHE,

TreOMCTPUYCCKUC HEIIMHCHHOCTH | HeHHHeﬁHOCTB, O6y0J’IOBJ’I€HHa§I CBO60,Z[HI>IM qjaeHoM. B
YpaBHCHUAX I aMIUIATY BTOpOfI TapMOHHUKH OCTaBJIAKOTCA TOJIBKO HEJTMHECHHBIC ciara€Meic,

HPOIOPIHOHATBHEIE U . Cormacno [11] %Naﬁ_kﬁ_’ Torja U3 ypaBHeHWH 1us U” Jerko Haiitu
ou,
a. Hrak, nonyyarorcs cieayronme ypaBHEHUS I aMILTUTY
.. ou . du maE f ou;
—2ikc —2 — 2iwp —2 3c+Q)e*uju; —k* (3c+Q)u, —2, 14
™ P - b ik®(3c+Q) (3c+Q)u,— (14)
i3
4(k20—a)2p)u6 = —%(3C+Q)U§ +2ikb &, +ikmE;, (15)
—A*E, —iwBE, —ikbpu, +§ E,+4& =0, (16)
(~40A-2i0B+ 2) = 2ikppbu; - 2 E; +ibﬂk2u§, (17)
2
ik§§0+ingo+mk u=0, (18)
H 2
2ipe! +2igE! —2kmu? = — MK (19)

ou; k’(3c+Q)e* !
ox ow, [
ok

(20)

|2

2pv,
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[TocnemoBaTenbHO WCKITFOYass Bce (DyHKIMHM W3 CHUCTeMbl ypaBHeHui (14)—(20), mepexons K HOBOW

X @
KOOpAWHATe T=—-t , € V:? , HOJIYUUTCH CIACAYIOIICC YPABHCHNEC OTHOCUTCIILHO UO .

\"
.du . 2
—|d—X°:(e1+|e2)|u0| Uy, 1)
rac
e [ enamoly ) o |
] ¢ N, 2pvo(a)§+a§) 1
. K (3c+Q) e w,B| R, +16p(vi —v; ) -2, a. e
? c’ N, 2pv, (a)ﬁ +a,f) ?
2 2 A2
R, =-A+40 A-rop2pr L
2¢
2
iRsz—lp(V2—V(2)) A—dwP A+ +2[2bﬂ—@j(@—zbﬂj
8 2¢ e )\ 2¢
_ O, _Oa

0, =—, 0, =——
ok ok
N, =R +256p° (V2 —V(2))2 w’B’

, 1
c'= 2(:——mlo[m%b+(mp,o+4pbﬁ)(v2 -v;)- "

h—-—F
P de

OGBIYHO IMCIIOKALMU MCCIEAYIOT B yJIbTPa3ByKOBOM AuanasoHe, Toraa wt u KX semuxu, a kX — ot

mzﬂb}

KOHEYHO Ul JIIOOBIX 3aJaHHBIX BOJH, T.C. |kX—a)t| < kx u |kX—a)t| < ot, Torga B mokazaTemsix
KCTIOHEHTBI MOKHO MOJICTABIATH T = X/V , 4TO U ClIeNaHo B BHIPAKEHUAX KOd(DQUIMEHTOB € U €, .

B ypaBrenunm (21) xo>dppumment € 0O0yCHOBIEH HEIMHEHHOCTAMH, a €, — HEIWHEHHON

OYCCHUIALIAEN.
Crnenaem B ypaBHeHHH (21) IOICTaHOBKY

u= L(X)exp[—iS (k)],
re L(X) — JECTBUTEIbHAS AMIUIMTYIa, & S — SHKOHAIL.

Torpa nonyduM 1Ba ypaBHEHHUS

dL 2a,

—=—Qe" U, 22

I > (22)
22,

s _ -Qev L. (23)

dx

Pemenne ypaBHenus (22) uMeeT BUI
-1/2
L=L,(1+280,x) " (24)

BripaskeHne (24) mokasbiBaeT, Kak MEHseTCS aMIUIUTya B npocTtpanctse. Ecmn X >0, a €, <0, o

B TOYKE X =— MOKeT ObITh OocoOeHHOCTH. Korma |L292| <1, X, BeIXOmHT M3 obmacTn

2
2L,Q,
2
peabHOro HAOIIONEHHUS U MOKHO CKa3aTh 0COOCHHOCTH HET, HO KOT/ia ‘QQZ‘ ~1, oco6eHHOCTD €CTB,

KOTOpas MOKET OBITH PE3YJIbTAaTOM PE30HAHCA UJIN HCyCTOﬁ‘IHBOCTH BOJIHEI.
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Pemenne ypaBaeHus (23) umeeT BU

Q
S =——"1In(1+2L5Q,X). (25)
20
2
2a
ITpu BeIBOZIE (24), (25) OBLTO yUTEHO, 4TO — X K | ¥ 9KCIIOHEHTHI OBLIH PA3JI0KCHBI B PSI.
v
U3 BhIpaskenus (25) BUAHO, YTO BPeMs IPOXOKAEHHS UMITyJIbca BOMHBI Ipt —- > 0 yMeHbIIaeTcs, a
2
npu —- <0 ygenmmumBaerca. Ilpu X = X,, Kak u mms ammutyasl L, B pemennn (25) ecTs

2
0COOEHHOCTH U BCE CKa3aHHOE JUTS aMILTHTYAbl L, ocTaercs B cuie u 1St SiiKOHAUIA.
Astop Omaromapurt wieH-kopp. HAH Apmenun, npod. A.I'. barnoesa 3a mone3nsie 00Cy>KAeHUS.
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K BOIIPOCY PACYETA TMBKOI'O 3YBYATOI'O KOJIECA BOJIHOBOM
HEPEJJAYHA 110 ITIOJTYBE3SMOMEHTHOU TEOPUU

Mexsn I'.I'., I'eBopksn B.P.

B pabote paccMoTpeH MeTox pacuéTa TMOKOro 3y04aToro Kojeca BOJHOBOW Iepenadd Mo MoyO0e3MOMEHTHOH TEOpHH ¢
yuaéTroM KpaeBoro dddekra coeruHeHns 3y0uaToro BeHma ¢ 000104koi. [TomydeHs! GpyHKIMN HaNpsDKEHUH U peKyppEeHTHBIS
COOTHOIICHUS IJISI OIIPE/ICNICHNUS] yCUIINH, MOMEHTOB M CHJIOBEIX ()aKTOPOB B POU3BOJIEHOM CEYEHHH 000JI0UKH.

3yOuaras BoHOBas rnepenava (puc.l) oTaudaeTcs OT APYrux 3yO0UaThIX MEXaHHU3MOB TE€M, YTO OJUH
u3 e€ 2IEeMEHTOB — T'MOKOe KOJeco — BO BpeMsl pabOThI MpeTeprieBacT BOJHOBYIO Ie(OpMAIlHIo, 3a
cuéT 4Yero NPOMCXOAWT Tiepeiava JBWKEHHs. BoHOBas 3y0uaras mepejada COCTOMT W3 TpEX
OCHOBHBIX DJIEMEHTOB: THOKOTO Kojeca 1, skécTkoro kojeca 2 U rereparopa BoiH 3.I'mbkoe xoyeco
MPEJICTABIIIET COOOW TOHKOCTCHHYIO OOOJIOUKY, OJMH KOHEI[ KOTOPOTO COSAUHEH C BAJOM WM
KECTKO 3aKPEIUIEH U COXpaHseT MWIMHAPHYECKYI0 (GopMy, a Ha APYroM KOHIIE Haca)KeH 3yOdaThIit
BEHEII.

Puc.1. BomuoBas 3yOuaras nepenaya
B ToprieBoM ceueHun 000J109Ka ¢ 3y0UaThIM BEHIIOM IO JCUCTBUEM I'eHepaTopa BOJH 3 MPUHUMACT
KpUBOJIMHEHHYIO hopMy — GopMy dJUIHIICA, TAC Pa3HOCTh JUAMETPOB OOJIBIION M MaJOW IMOITyoceit

COCTaBJISICT BEINYHHY, PaBHYIO BbicoTe 3yba — W, .

Y IBYXBOJHOBBIX TIepelad YHUCIO 3yObeB THOKOTO M JKECTKOTO KOJIEC CBSI3aHBI COOTHOILCHHEM
Z,—Z, = 2, 4t0 obecreyrBaeT OOJIbIIHNE EPEAATOYHbIC OTHOIIECHHS (u =27, / ( Z,—1 )) .

OCHOBHBIM 3JIECMEHTOM BOJIHOBOH TMepeiavu, TOABEPTHYTHIM CHIOBOMY BO3JCHCTBHIO, SIBISICTCS
rudKoe 3y0daroe KoJeco.
31ech OCHOBHOHM HAarpy3koil SsBJISeTCS pajualbHas CuiIa, IepelaBaeMas BOJHOOOpa3oBaTeieM
0007104Ke, BBI3bIBAS PAJUANBHYIO JIe(GOpMAIMI0, TeM CcaMbIM, OOecreuuBas 3allellicHHe 3yObeB
rHOKOro M KECTKOTO KOJEC.
Otaensisi 000JI0YKY OT 3y0UaTOro BEHIIA, pacuéT 000JI0UKH BBHITIOJTHUM HAa OCHOBE MOJTy0E€3MOMEHTHOM
Teopud. PacmpenencHue ycuins B3aUMOJCUCTBHS OOONIOYKH M 3y0uUaTOro BEHIIA OMpEACTSeTCS M3
YCIIOBHSI COBMECTHOCTH WX jJe(opMalvi: Ha JIMHUH KOHTaKTa OKPYXKHBIC MMepeMeIleHus 000J0YKH 1
BCHIIA JOJI’KHBI OLITH OIWMHAKOBBIMHU. HaHpH)KéHHOC COCTOSIHHE OOOJIOYKH SBIISIETCS PE3YIbTAaTOM
JIEHCTBHS KPYTSIIETO MOMEHTA U KpaeBoro 3¢ eKTa Ha CThIKE 000JIOUKH U 3y0YaToro BEHIIA.
KpaeBoii ad ekt Bo3HMKAET B pe3ynbTaTe HEpaBHOMEPHOU AchopManuyd MpH KOHTAKTE 3y0YaToro
BEHI[A U JTUCKa reHepaTopa BOJH. VcXoast U3 onpeensionieit poinu U3ruOHbIX HANPSIKCHHM, KpaeBas
3aayda A1 QYHKIMI HanpsbKeHui corinacHo B.3. BiacoBy momkHa yJI0BIETBOPATH YCIOBUIO [1-4]

o'® o’'v o0 o'

+& +2 + =0 ()

ox* 00° 00°  00*
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VYeunust ¥ MOMEHTBI, IPUIIOKCHHBIE K 3JIEMEHTY 000J04KH (pHC.2), OTHECEHHbIE K €IMHMLE IJIUHbI
KOODJIMHATHBIX JIMHUH CpelHed MMOBEPXHOCTH, SBISFOTCS YaCTHBIMUA NPOHM3BOAHBIMU (YHKIUU

Hanpsoxkenus O [3] )

M+dM

MN+dN

Puc.2. Cunsl n MOMCHTEI, IMPUJIOKEHHBIC K 3JIEMCHTY 000J104KH]

_Eho®  ER a4c1>+aﬁe _

“RPox®T Y 12RYl A0t 00° )
Eh (o’® 6°0) 0S Eho'd

0= 53| 22 Tamd P An T B Aud (2)
12R*| 60° 60 00 R® ox

S ER(od oo oo
~ D2 T2+
ox R°\ 00 00 00
Jlehopmanu  cpemHell IOBEPXHOCTH OOOJIOYKM TakkKe SBISIOTCS IPOM3BOAHBIMH  (DYHKIUM
HapsHKEHHUS]

1 oD 1 od | 0°D
Us—— V=" W=—— 3)
2 oX R 00 R 06
OyHKIMS HanpsHKeHUH OyIeT ompezesieHa, eCly 3aJaHbl YCIOBHUA Ha TOPLAX 0O0JO0YKH, T.K. OCEBbIE
CHUJIBI HA TOpLIaX 3y6an0ro BCHILIA paBHLI HyJ‘IIO, TO

(NX)X=0 =0, u NX|X:I— =0, 4)
R

rae | — nnuna oGonouku, R — cpenunit nuamerp 060104KH.
Cunras CMEIICHHE TOUEK BEHIIA B OKPY)KHOM HaITPaBJICHUH, PABHBIM HYJIIO [5], MOYKEM HaIlucaTh

V| 1=0 (5)
R

Crentyroliiee TpaHUYHOE YCIIOBUE TTOMYIUM M3 B3aMMOJICUCTBUS 3y0UaTOro BEHIIa U 00OIIOYKH MPH UX
nedopmariuu

b )(h (oW oW aw ) dq,|
S=2E&V3| 1|2+ 2 n=0, 6
af(RJ(hj(ae” 00° ae}r do |, (©)

rae h—rommuza 060104KH, b1 — IMApUHA 3y09YaToro BEHIIA, h1 —TOJIIMHA BEHIA, (, —~MHTEHCHBHOCTh

P
Harpy3KH, Ipe/ICTaBlICHHas Yepe3 0000meHHy0 O -dyHkiuio Jupaka (, = E[S (9) + 6(9 — TE)] .

Pemenus ypaBaenus (1), yIOBICTBOPSIONINE TPAHNYHBIM YCIIOBHSAM, OVIYT:
o WR < chm, (20— x)cos m, x —chm, x cos m, X (20. — x) cos kO
Ry k576, (chm,a.—cosm,a) + A, (ch2m, o —sinm, o) k? (k 1)’

(7

I
W, —makcumanpHas paguanbHas gedopmarms, o = R m,, A, R,,& noacuureiBaoTcs 0 GopMyaam:
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GLIGLYIN !

K, /2§(k2 —1) ’ K=2,4.6,.. (k2 _1)2 |:1+7\. sh2m, ot —sin* m, o

“ ch2m,a—cos2m,a

Ra
Il

[Toce moacranoBku (7) B (2) momydnm
CAEWEV3 & shm (20— x)sinm, x—shm, xsin m, (20— x)m{ cos kO
g R,  «hae..(ch2mo—sin2mea)+ 4, (sh2mkoc—sin2mkoc)k2(k2 —1)

C2EW,EN3 & chm, (20— X)cosm,x — chm, xcosm, (20— X)k* cosk®

N

N
° R,  «2a6.. ch2ma—cos2mo+ A, (sh2m, o —sin 2kaL)(k2 —1)
N, = 4EEW,3 Zw: m, [ shm, (20— x)cos m, X —chm, X (20— X)sin m, x - .
R,  «i7s.. [ch2m, o — cos 2m, o +

—chm, xsin m, (20.—X)+shm, x cosm, (2a.—x) |sin k6
o :

+), (sh2m, o —sin 2mkoc)] k? (k2 - 1)2

2

_2ERW,ENW3 & [ chm, (20— X) cosm, X — chm, xcosm, (20— X) ]cos ko
- R, v [ch2mkoc—cos 2m,ou+ A, (sh2m o —sin 2mkoc)](k2 —1)

MO

VYeunus n MoMeHTsl M MOTYT GBITB paccuUMTaHbI IIPU JTFO00M X .

[TockompKy mepeMerieHnns U3BeCTHBI, TO He TIPEACTaBIsEeT TPyAa ONpeAeTieHne CHIIOBBIX (PaKTOpoB U
HaPKEHHOE COCTOSHUE 000JIOYKH.

Hamu Oblmm  BBEIONHEHBI Pacy€rThl IS THOKOTO Kojeca BOJHOBOTO peayKTopa MpHBOJA
nepeyTepoBKM pPyAOPa3MOIBHON MENbHHUIIBL. Pacu€Tsl MPOBOAWINICH B JIByX BapHaHTaX: IS
pealibHOTO PEAYKTOpPa U PEAYKTOPa ¢ YMEHBIIEHHOH B JiBa pa3a TOJIIMHON 000J0YKH I'MOKOro Kojeca
MIpU HEU3MEHHBIX OCTANBHBIX MapaMeTpax. Pe3ynbTaTel CpaBHUTEIBHBIX PACUETOB MOKA3AIH, UTO YUET
KpaeBoro 3¢ddexTa nmpu ToNmHMHE 000JIOYKH, YMEHBIIEHHONW B 2 pa3a, OIaronpusTCTBYET CO3AAHUIO
Oojilee HHU3KOIro YPOBHA HOPMaJIBHBIX HaHpH)KeHI/Iﬁ U TIO3BOJIACT CHU3UTHL OHEPro3aTparbl Ha
HETPEPBIBHYIO JeGopMaIfio 000I0UYKH.
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THE BOUNDARY-CONTACT PROBLEM ELECTROELASTICITY FOR PIEZO-
ELECTRIC MATERIAL WITH INCLUSION

Bantsuri Revaz, Shavlakadze Nugzar

Abstract. A contact problem of the theory of electroelasticity of infinite plate from piezo-elastic material with an elastic
finite inclusion of variable rigidity is considered. The problem is reduced to the system of integral differential equations
with variable coefficient of singular operator. Using the method of orthogonal polynomials we obtain the dual infinite system
of linear algebraic equations. We can manage to investigate the obtained system on the quasi-regularity and the method of
reduction for approximate solution is developed.

It is considered the problem of finding of mechanical and electric fields, in piezo-elastic body of
hexagonal class 6mm, which is strengthened with rigid or elastic inclusions. In conditions of plane
deformation, in infinity, on plate acts the homogeneous fields of mechanical and electrical stresses:

0 0 0 0 o0 - . . . - . . 5
O11s O, T3 E;” =E; =0, on boundary of inclusion it is given electrical field’s

potential ¢" =@ =¢ .

The inclusion is loaded by horizontal forces with intensity z,(x), i. e. the inclusion is being only
stretched and vertical elastic displacements are constant along the horizontal axis. When crossing
segment (—a,a) the stress field undergoes a jump. It is required to determinate the law of

distribution of tangential and normal contact stresses along the line of the contact.
According to the equilibrium equations of inclusion element and Hooke's law we have

du®(x) 1 T .
= [z® (1) - 7, ()]dt
M =0, —a<x<a
dx
and the equilibrium equations of the inclusion has the form
[I29 ) -7 0t =0, J Pt =0 @

where u® (x) and v® (x) are the horizontal and vertical displacements of inclusion points; 7@ (x)

and p®(x) are respectively the jumps of tangential and normal contact strains, subjects to
hy (X)E, (%)
2

determination: 7@ (x) =Y (X)-r®(x),  pPX) =pY(X)-p®(x), E(X)=
0
is rigidity of the material of inclusion.

In plane x,0x,for stress function ¢, and electrical field’s potential ¢, we obtain the system
of differential equations[1-2]:

L, + 1,9, =0, |, +1,,¢, =0 (3)
where
0 0
4 242 4
I11 = aloal + a128183 + a1483, a1 = , a3 =
0%, OX4
2 3 2 2 2.1
I12 = |21 = aZIalaS + azsaal |22 = aZOal + azzﬁs’ Q) = S35 — S35,
1 2 o1 ]
a, =S, + 2513 (1_ S12511 )’ Ay =Sy — S5y a, = Slsdlssll - d33 + dlS
a,, =0d,5(S,5,; —1) A, =¢€ a,, =&, — A58,
23 13\°12°11 ' 20 117 2 33 13911

S, d,., €, are elastic tractability, piezoelectric modules and dielectric constants,
respectively.
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Functions ¢, and ¢, are connected with following formulas to mechanical stress
components and electrical field’s stress

On = ag(l)p O3 = a12 @y Ty = —0,030;, (4)
E =-0.0,, E, =—-0,0,
General solutions of equations (3) are represented using three analytical functions

3 3
(P1=2ReZYkICDk(Zk)de’ (P2:_2Rez7‘kq)k(zk)
k=1 k=1

(5)
Z, =X X, Ha = Hys Yk =8yt azz“ii A =ayup + azs“i
4, are roots of characteristic equation:
((alo + alzﬂz + a14ﬂ4)(a20 + azzﬂz) - :UZ (azl + azaﬂz)z =0. Im u, # 0

Using formulas (4),(5) we obtain representation for stress component, displacements, vectors
of electrical stress and of electrical inductive:

3 3
0'11:2Rez7k,uk2q)k(zk)v 033:2Re27k®k(zk)

k=1 k=1
3 3
T =-2ReD i ®,(2,),  U=2Re p®,(z),
k=1 k=1
3 3 .
W=2Rezqk®k(zk)v E1:2Rez;tkq)k(zk)’ (6)
k=1 k=1
3 3 3
E, = 2Rez/1k:ukq)k(zk)v D, = ZREZrk:ukCDk(Zk)v D, = _Rezrkq)k(zk)’
k=1 k=1 k=l

P = Ay My + % (Q1p —S4) 7k — A Ay i
Ui = % (Q12S40) 71 b + alOVkMZl — (a5 — i) A, e = azo/ikﬂlzl —dysy.
The boundary-contact problem has the following form:

2Re{D a, @, ()} =W, (t), n=123  te(-aa)
k=1

WO =500, WO=rp?0,  win=290 )

dt
o () =0 () =o(t)
A = Yk A = Yo Ay =~y
The solution of boundary problem (7) we find by following form

: 1 fo(t)dt
O, (z,)=A +— |, k=123 8
(@)=As T[S ®)

where constants A, satisfies the given conditions in infinity.
From condition (7) we have

3
2Re z a, o, (t) =Wn(1) (), Wn(l) (t) = -2t (1), Wn(z) () =-2p® (1), Wn<3> ~0
k=1

3 a
2 Rez B [ZA< + i .[ M] =\Nn(Z) (to) W1(2) =\/\/2(2) -0, W3(2) -9 d(p('[)
k=1 T, t_to dt
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Q, (1)

izankj Q, (fdt =N, (t,), n=123. op(t) = o, (at) =

= om 1t (t-t,)

V1-t?
@ (s)ds pY(s)ds 26
mi e s—t,

N, (t, )—__J. =215, N,(t)=—— SEET Ns(to)zz(jj_(tPE(Po(to)

The problem (7) is reduced to system of singular integral and linear algebraic equations:

j Q, ()t =N, (t,), n=123

ﬂ t-t) - ©)
Z 28, Q, () =Q, (1)
an(t)\/l—tzdtJr s

1
S,)=— , n=123
Q. (50) mj s, :

: 27,58 205, -
Q. (sy) = 2T, -2 (So)\/l—SS +10, + 71231 <, Q,(so) :_Zp(l) (SO)\/l—Sg _f‘*'é‘z’

1 1—g2 a
Q,(s,) :ij%(s)—sdsn&g =C(s))+idy, Ty = [z (),
me S-S

0 -a

3 1
ReD Py Iwk (t)dt=0, n=123
k=1 1

P = Pis P2 = Ay Pax = Tl
For determination of constants o, we obtain the system of linear algebraic equations

C,.0,+C.,0,+C.0, =1, n=123

3
an = ﬂ-zlm{pnkbjk}’ j=123
k=1

f, =201+ )T, Rezg: Pl + Rei Pucba L L=|——
The solution of syslt:lm (9) has th:::liorm
Q, (1) = %gbnan . B={b =A% A={a,}
t N by (2T, +10,) + b, 15, + b, (C(t) +15,)

a)l?(t) =—b, 7(t) — b, p(t) + (by 71 _bzko';;); MR 2\/?
- 3 Lz (t)dt p(t)dt z,
D, (z,)= A _2721;[1'[—Zk j +(by 7y b2k0-33) (' ﬁ)*’

by (2T, +i8,) + b, i85, + b, iJ, a+b,C(z,) () = i ¢ C(t)dt
s , -

4./a* -z} avat —t3(t-z,)
and by foreseeing of equilibrium (1) and contact continuum conditions of inclusion, for
unknown contact stresses z(t), p(t) we obtain the system of singular integral

differential equations
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A feM)dt 4, §pt)dt _ o(x)

;J; 7[1 t—x E(x) +h, (0
A, fo'(t)dt /14 © p(t)dt ~

ﬁja ﬂjat = ,(X), a<x<a

where

3 3 3 3
= |mz pkblk’ A, = Imz pkak, Ay = ImZkalk’ Ay = Imzqkbzw
k=1 k=1 k=1 k=1

If T,=0, ¢(x)=const,we have
X

va® —x?
f(x)———l(a -8, )7, +2Re Ea —qk(r“’b —o..b )(i+—x )
2 g \F12 T P44 /713 i 13M1k 33M2k /—az—xz '

In the case of a semi-infinite inclusion, using the method of theory of analytical functions the
system of equations (10) will be solved effectively [3].

Proved that if Re zz, =0 (k =12,3), then1, =4, =0.

Using the method of orthogonal polynomials the system of equations (10) is reduced to the dual
infinite system of linear algebraic equations. We can manage to investigate the obtained system on the
quasi-regularity [4-6].

0 1 0 3 0 0 H
f(x) =a,07; + 2 (8, —Su)os +2Re z%(rmblk — 03y )0 + )
k=1
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ON THE RESONANCE OSCILLATIONS OF
LONGITUDINALLY VIBRATING GROWING ROD
Fedotov Igor, Manzhirov Alexander, Shatalov Michael

Annotation — The theory of growing structures is a new and fast developing branch of analytical mechanics basing on the
theory of partial differential and integral equations. In the present paper the authors analyze qualitative properties of growing
rods subjected to longitudinal vibrations. This problem is described it terms of the linear classical, Rayleigh-Love and
Rayleigh-Bishop models. It is assumed that the rod is fixed at one end and free at the other end and its length is increasing.
For solution of this problem we make a special change of variables which transforms the original equations into new
equations with variable coefficients. It is shown that these equations are hyperbolic and possess several interesting and
important properties. First of all, the amplitudes of vibration of the rod are growing with time. For example, if the rod length
is increasing proportionally to time the amplitudes are also growing proportionally to time. Secondly, if a particular mode is
excited it excites other modes. In this case the mechanism of the modes excitation is asymmetric, which means that the low
frequency modes possess higher amplitudes compared to the higher frequency modes. The physical explanation of these
phenomena is proposed and discussed.

INTRODUCTION

Let us consider the longitudinally vibrating rod, which is fixed at its left end and free at the right end, and
assume that its length is increasing from the free end. Dynamics of this model is investigated in the present
paper. There exist many different models describing the longitudinal vibration of slender rods. In the simplest
case the lateral effects are neglected at the longitudinal vibration and the dynamics of such rod is described in
terms of the wave equation. This is the classical model of the longitudinal vibration of the rod. In the more
advanced Rayleigh—-Love model the effect of lateral inertia of the longitudinally vibrating rod is taken into
consideration. This model is described by the equation with mixed partial derivative of the fourth order. Another,
the Rayleigh-Bishop model takes into account both lateral inertia and shear stresses effects and described by
equations with mixed and x — derivatives of the fourth order. Development of these three models of the growing
longitudinally vibrating rods is described in the present paper. The boundary conditions of the growing rods are
described by the non-conventional time dependent expressions. For conversion of the boundary problems to the
conventional formulations a special transformation is introduced. The tradeoff of this approach is a substantial
sophistication of the equations of motion of the rods which become non-autonomous with variable coefficients.
The corresponding partial differential equations are transformed into the systems of ordinary differential
equations by the Galerkin-Kantorovich method. This method is demonstrated on the classical model of the
vibrating rod which grows proportionally to time. The infinite system of ordinary differential equations
describing the dynamics of this rod is truncated and solved numerically. It is shown that this rod demonstrates
the resonance behaviour and increases its amplitude proportionally to time. To explain this behaviour we analyze
the modelling equation of the Euler type which describes the dynamics of an insulated vibrating mode.
EQUATIONS AND BOUNDARY CONDITIONS OF THE ROD

DESCRIBED BY THE CLASSICAL MODEL

In the classical case the longitudinal motions of the vibrating rod its dynamics is described by the wave
equation:

u  , 0%

c =F(t,x 1

6 tZ axZ ( ) ( )

where u=u(t,x) is longitudinal displacement of the rod, F(t,x) is exciting force and c* = /% is speed of

the wave propagation. It is assumed that the left end of the rod is fixed and its right end is free. The process of
the rod growth is realized by means of deposition of the material of the rod on its right end. Hence, the boundary
conditions are:

x=0: u(t,0)=0
x=1+e-f(t): %(t,1+5~f(t)):0

where ¢ is a small parameter proportional to the speed of growth of the rod.
To represent the boundary value problem (1) — (2) in the standard form it is necessary to use transformation

(tx)>(zy):

()
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t=r, x=y:[1+e&-f(t)] €)

In new parameters (z,y) equation (1) is as follows:

T B e B W T N KA i S
or* l+e-f(r)ordy [1+e-f(z)|?oy* |l+e-f(r) [L+e-f(r)]* |y W
df d?f
where f’(r)=d—(:), f"(z)= dr(:)' i(z,y)=u[t=r,x=y-(1+2-f())],
F(r.y)=F[t=7,x=y-(1+&-f(r))]. In this case boundary conditions (2) becomes:
P _n PP
y=0: 0(r,0)=0; y=1: ay(r,l) 0 (5)

In the particular case f(z)=r7 (linear growth of the rod) equation (4) is:

A (z,y)=F (r,y) (6)
where the classical linear differential hyperbolic operator is:

A<C'>:a—22— 2ey O° _02—52y226_22+ Zgzyzi @)
0t° l+er 070y (l+er) Oy (l+er) Oy
THE RAYLEIGH-LOVE MODEL OF VIBRATING ROD
Original equation of the vibrating rod in this model is:
Z—ztl:—cz 22—32%:':(”) ©))

2
val . . . . . . . .
where a’ = / v is the Poisson ratio, |_ is the polar moment of inertia and S is area of the cross-section

p

of the rod.
Transforming equation (8) by (3) we obtain:
|:A(CI) —32 A(R*'—):|L](T' y) = ﬁ (7, y) (9)
where ARV -1 o y ARSI P y2i+6ya—3+68—2
(L+er) |o7Py® L+er| ooy’ oroy’ | (L+er)| oY oy oyt
(10)
THE RAYLEIGH-BISHOP MODEL OF VIBRATING ROD
Original equation of the vibrating rod in this model is:
u ,du _, du , ou
——C —a"——+b =F(t,x 11
ot? ox? ot?ox? ox! (6:x) (1)
2
where b2 =" Gl, S G is the shear modulus of elasticity and o is the mass density of the rod.
Transforming equation (11) by (3) we obtain:
[ A —a? A 1 b? AT Ja(z,y) = F (z,y) (12)
where
4
A =l 3
(1+er) Oy
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SOLUTION OF EQUATION (4) OF THE ROD IN THE CLASSICAL MODEL

The numerical solution is obtained using the Galerkin-Kantorovich method with base functions

sin{@ y} , satisfying boundary conditions (5). The following representation of solution is used:

0(s9)= 3.0, ()| Z2D ()

m=1

where C, (z) are unknown functions of time. Furthermore we assume that in equation (4) If(r, y)=0 (free
o . . . . . . . (2I’l—1)7r
vibrations). Let us substitute expression (14) into equation (4), multiply it by 2sin Ty , Where

n=12,...,N, and integrate the result over y in the limits from 0 to 1. As a result we obtain the system of
coupled ordinary differential equations:
d°C,, an(r) . __ef(r) do,  ef'(r) ¥ (1" -(:n-1) dc,
dt? [1+g.f(r)]2 " l+e-f(r) dt  1l+e-f(7) &5 (m-n)(m+n-1) dt

(n#zm)

(r) T(m-1 & """ (20-1) (15)
s - t'(r om-1 N 1m+n+1 2n_12
{1*‘”(?)} ’ (Z (m—nf (men-1f " "
where m=1,2,...,N and
g)i (T): cr? (24m—1)2 _5(1+g- fz(r)) f"(z’) ~ { 2m 112 }[f ] )

Let us consider a particular case of the linear growth f (7)=7 of the rod. In this case the system of ordinary
differential equations (15) is rewritten as follows (we restrict our consideration by N =4):

2 2
m=1: d gl— i &+ “ -C, o+ i gdcz—§&+ﬂdﬁ +
dt® 1+er dt (]_+gz') l+er |2 dt 6 dt 12 dt

2
. {gcz_§C3+£C4}z0
l+e7) |8 72 288
moz: (4G ¢ G, o ¢ [ 10, 25dC, 494C,],
dt* l+er dt  (L+er)

2dt 4 dt 10 dt
2
£ {2C1+%C3—ﬂc4}:0
lver) (87" 32 ° 200

m=23: d2C3— ¢ &+ 23 C ¢ ]1dC,_9dC, 49dC, +
dt*  l+sr dt  (l+sr)

6dt 4dt 6 dt
2
£ {——c L5, 12250} 0
lver) | 7271 32 72

2 2
m—d- d%_ £ d&+ @, b+ & _1dCl+gdi_§dC N
dt l+er dt (1+gr) l+er

12dt 10 dt 6 dt
2
£ {ﬂq—ﬂcz 12250} 0
lver) (2881 200 ° 72

l+er

17)

l+er
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where ¢} = %[37[202 -’ (71'2 —6)} , ) = %[97[202 -&° (37[2 - 2)} , = i[75/[202 - (257[2 —G)J ;

12
wf = %[147;:%2 & (497° —6)] .

MODELLING EQUATION FOR THE VIBRATING ROD
It follows from system (17) that for all modes the following modelling equation could be composed:

dW(r) & dW(r)+ o’

dz? l+er dr (l+gz')

W (r)=0 (18)

2

This equation belongs to the Euler type of ordinary differential equation and its general solution is :
W (7r)=(1+ sr){Cl cos| a-In(1+¢7) |+C,sin[ a-In(1+e7) | } (19)

where ¢ = (%)Z —1. From solution (19) one can conclude that amplitude of linear vibration of the linearly

growing undamped rod grows proportionally to time .

NUMERICAL ANALYSIS

For the purposes of numerical analysis of the linearly growing rod we composed the truncated system of
N =10 ordinary differential equations of type (17). The initial conditions correspond to deformation of the rod
on the first form of the corresponding non-growing rod of the unit length:

r=0: (0, y)—sm( 2yj %(o,y)=o (20)

Solution of equations for the first four modes is shown in Fig. 1 - 4.

T O

-0.0084

=

_3d

Figure 1. Resonant behavior of vibration of the Figure 2. Resonant behavior of vibration of the classical
rod at the first mode (solution of the at the first mode.
classical rod’s modelling equation)

0.0002

e

=

-0.0006
-0.0002 4

Figure 3. Resonant behavior of vibration of the Figure 4. Resonant behavior of vibration of the classical
classical rod at the third mode classical rod at the fourth mode

Further the similar solutions with initial conditions (20) were performed for 4 <N <10. It was found that
solutions for the first four modes are visually indistinguishable from solutions in Fig. 1 - 4. Moreover, the graph
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of solution (19) of modelling equation (18) with initial conditions W (0)=1, dWAT(O)zo is visually

indistinguishable from the plot in Fig. 1. Results of numerical analysis of equations (8) and (11) of the Rayleigh-
Love and Rayleigh-Bishop models obtained by the described method of transformation of the original partial
differential to the systems of the ordinary differential equations demonstrate the qualitative similarities with the
classical model.

CONCLUSIONS

In this article, the problem of vibration of growing rod is considered. Three different models: linear classical,
Rayleigh-Love and Rayleigh-Bishop models are analyzed. It is assumed that the rod is fixed at one end and free
at the other end and its length is increasing. It is demonstrated that these equations are hyperbolic and the
amplitudes of vibration of the rod are growing with time. In a particular case, if the rod length is increasing
proportionally to time the amplitudes are also growing proportionally to time. Further investigation demonstrates
the second interesting effect: if a particular mode is excited it excites other modes and the mechanism of the
modes excitation is asymmetric: the low frequency modes have higher amplitudes in comparison with the higher
frequency modes.
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CREEP OF CEMENTOSOILS DURING COMPRESSION

Hayroyan S., Attarpury A.

The current invesytigation is devoted to the main questions of the creep of the cementosoil. The object of exploration is
clayey bottom soils, which is the main element of the cementosoils, taken from the territories of Araq town of Eiqabad region of
Islamic Republic of Iran. The soils of different ages - 7, 21, 28, and 60 days old and with 1.68, 1.60, 1.55, 1.50 g/cm3 density
of soil skeleton, mixture of 93 % of soil and 7% of cement were tested on temporary compressive strength and on parameters of
creep.

During the test were taken into consideration the role of deformations of shrinkage in the compressive deformations.
The creep deformation is taken as the differences between the full deformation and deformation of shrinkage. At the same stress
increase of the age initiate decrease of creep deformations because of the rise of the strength during the time at cementosoils of
different ages.

As a result of the current investigation it has been established that cemntosoils of the same age under the conditions of equal
relative compressive strength (independent of initial compactness) for the same periods the relative deformations of creep are
practically equal to each other.

Many scientists dealt with the issue of concrete and soils creep deformations [1-5].
Unfortunately scientific investigations of creep deformations of cementosoils are practically
absent. This work aims to study the creep properties of cementosoils that widely applied in road-
building construction in the territory of Eqyabad city of Iran Islamic Republic.

In the engineering practice in addition to road-building application, the cementosoils are widely
applied as a base for different buildings.

Application of the cementosoil produces high economical effects in case of basement
arrangement, than the caisson or the pile bases. The cement soils undergo high pressing tensions
when applied as a basis of heavy buildings. They bring to long-lasting pressure deformations
(creep). In this condition, it is necessary to investigate not only their temporal pressure tension
but also the issue of their long-lasting deformation in static tense state. The factors affecting
cementosoils creep are various. Particularly it depends on the cement type, the particle-size
composition, initial humidity and the physical state of cementosoil. Unlike disperse soils, during
age growth the mechanical properties of cement soils undergo changes. Clay soils of the territory
of Araq city, Eqyabad region of Iranian Islamic Republic, served as an object of this
investigation. Before getting the mixture of cement and soil, the particle size composition, water
and physical properties of soils have been determined in the geotechnical laboratory of the Azat
University of Araq City (Iran). The average values of geotechnical properties of soils are given in
table 1 and 2.

Table 1
Diameter of 1 55 19| 10.5 | 5.2 | 21 | 1:0.5 05-025|025-0.1 | 0.1-005 | 2922 |<0.0005
particles, mm 0.005
Composition, % 7.6 2.6 29 1 15 1.0 1.9 0.8 19.3 38.9 23.5
Table 2
Specific Lower Maximum
Natural | gravity of the | Upper limit of | .. Plasticity | Optimum specific Soluble salt
s . .. limit of . . . .
humidity mineral plasticity lasticit index (| humidity | gravity of the content
(W %) | particles ( ps (WL %) p o Y Ip) (W %) | soil skeleton ( | composition, %
3) (Wp %) 3)
g/cm Pdmax &/CM
8.0 2.68 31,3 22,2 9,1 20,5 1.68 0.510
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According to laboratory tests, the soils are considered to be as aleuro-pelitic dominant
clays with a minor sandy mixture. The Portland cement of mark 400 was used in prepared
cementosoils' mixtures. The cement content in the mixture was defined 7 percent and the soil
content was 93 percent. The optimal humidity of the cementosoil was determined as W=19.3%
and the maximum skeleton density was pg=1.65 g/cm’ . The lab tests of the temporal resistance to
pressure and of creep deformations of cementosoils of different initial skeleton density (ps=1.65;
1.60; 1.55; 1.50g/cm3) and different ages (7, 21, 28, and 60 days old) have been conducted on the
press, using cylindrical specimen with Scm diameter and 12.5cm of height. The loading speed in
all experiments was 3mm/min. The average values of temporal resistance to pressure of triple
experiments of the cementosoils of different ages and skeleton density are shown in table 3.

Table 3
Age, days Temporal resistance to pressure (¢, kg/cm?, if the skeleton density (pq ) is:
p.=165 g/cm’ pa=1.60 g/cm’ pa=1.55 g/cm’ pa=1.50 g/cm’
60 56.4 56.8 53.4 51.1
28 -- 54.0 52.2 --
21 43.3 47.4 453 43.5
14 42.9 42.8 40.0 38.4
7 33.4 32.6 31.7 30.2

To estimate the influence of age and initial skeleton density on creep deformations, a question
has been put forward to study the relationship between the creep deformations and relative
resistance to pressure 6/Gyp (Oyp -temporal resistance to pressure) on prepared samples of the
cementosoils of different ages and skeleton density. The samples with 1.50; 1.55; 1.60, and
1,68g/cm’ skeleton density and of daily age 7, 21, 28, and 60 day old were tested respectively.
The cement soils creep deformations are conditioned by the relationship between relative
pressure tension 6/Giemp.prres and time (t) which were studied by two-curve graphical method [5].
In the first case it was assumed the constant relative pressure tension 6/Gemp prres =0.25, and in the
second case the gradual loading was applied 6/Giemp.prres =0.25, 0.50, and 0.75. The duration of
creep experiment was continued 60 days. The creep deformations of the cementosoil samples are
result of shrinkage and external loadings. Conditioned by pressure tensions, the creep
deformations have been calculated by the difference between total and shrinkage deformations.
To separate the shrinkage deformation, the shrinkage deformations were registered on the
samples of different ages and different skeleton density for different periods. The experimental
curves of the creep samples with different initial skeleton density and age are given on figure la;
b and 2a; b obtained by constant 6/Giemp prres.=0,25 and gradual loading 6/Giemp pr.res =0.25, 0.50,
and 0.75 respectively. The creep curves of cementosoils of the same age are represented in the
way of single family of the curves.

The mechanical properties of the cementosoils undergo changes because of getting older during
the time. As it is seen from creep curves conditioned by the factor of aging (making firmer during
of the long-term period), in the cases of all levels of pressing tensions the creep deformations are
put out during the time. Independent of the initial density degree of the cementooils the creep
relative deformations is equal in case of equal relative pressure strength (figure. la, b, 2 a, b).
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Figure 1: Family of the experimental creep curves:
a) 7 days old: the skeleton density respectively is 1.68, 1.60, 1.55, and 1.50g/cm’
b) 14 days old: the skeleton density respectively is 1.68, 1.60, 1.55, and 1,50g/cm’
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Figure 2: Family of the experimental creep curves:
a) 21 days old: the skeleton density respectively is 1.68, 1.60, 1.55, and 1.50g/cm’
b) 60 days old: the skeleton density respectively is1.68, 1.60, 1.55, and 1.50g/cm’

Based on the obtained results, in case of any density of the skeleton with the same age it is
possible to extend the obtained indexes into other samples of the cementosoils with the same age
but with another initial skeleton density. Hence, it is necessary to substitute the pressing tensions
(o) with relative pressing tensions (6/Gwempprres) In the creep equations. Particularly the
calculations of creep parameters of 14 days old cementosoil were carried out for the samples with
pe=1.55g/cm’. Taking into consideration the changes of initial skeleton density and non-linear
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creep deformations to register the experimental curves it has been use the formula of aging
theory:

8(0' / O-temp.pr.res 4 t) = a)(t) X F (O- / O-temppr.res. )’ (1)

where the w(t) is the creep deformation in case of a unit of the relative pressure strength.
The F(O' /o is the function of the relative pressing tensions, which takes into

consideration dependence of the relative pressing tension and the non-linear creep deformation.
This meets to the condition of F(a / O temppres. )=1.

In the case of likeness of the curves, it gives an opportunity to pass from one curve to another.

As the creep deformations put out in some period for approximation, we have made use of the exponential
function suggested by Kolraush:

o(t) = c, ([1-exp[-nt]). (2)

temp.pr.res. )

As a result of approximation, the creep equation has been obtained for 14 days old cementosoil with
pe=1.55g/cm’:
o(t) = 0.003([1 - exp[-0.2482t]) (3)

In the figure 1a the (1) curve equation is represented by the dotted line (in the right side).
The approximation of the creep deformation- relative pressing tension dependence for a certain day we
have made use of:

t= const) =B (0 / Gtemp'pr'res') “4)

8(0 / cstemp.pr.rr:s.’
gradual function, on the basis of which it has been calculated the following tension function:

f(G/Gtemp.pr.res. ) = B(G/G temp.pr.res./(o(t,c/c temp.pnres.:conSt)

As a result of approximation of the experimental creep curve for 42 days old cementosoil, the following
expression is obtained:

g(olo t=42) = 0.0121(c/c

)0.9802

)

temp.pr.res. 2 temp.pr.res. *

In the figurela and 1b the curve of this expression is drawn by dotted lines on the left side of the sketch.

The function of the tension will be calculated by the following relation:

f(olo =0.0121( 070 g prres )10 (=42 days; of & =0.25) (6)

temp.pr.res temp.pr.res *

As well as o(t=42 days old; o/c

following expression:
floo )=3,9032(0/o

=0,25)=0,0031 the function of tension will be defined by the

temp.pr.res *

)0,9802 (7)

temp.pr.res temp.pr.res *

For the 14 days old cementosoil skeleton density pe 1.55g/cm’® we will get the following generalized
equalization:
(oo

t)=0,0121[1-exp[-0,2482 t]) x (o O )0-9802 ®)

temp.pr.res * 2 temp.pr.res *

In the same way, the generalized creep equations for the cementosoils of other ages have been calculated:

for 7 days old cementosoils with skeleton density ps1.65g/cm’
go/o t)=0,0119 [1-exp[-0,2153 t]) x (o/ & )09233 9);

temp.pr.res * 2 temp.pr.res
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for 21 days old cementosoils with skeleton density pg- 1.65g/cm3
gao t)=0,0162 [1-exp[-0,2517 t]) x (ol & Jos6e

temp.pr.res * 2 temp.pr.res *

for 28 days old cementosoils with skeleton density pg- 1.55g/cm’

g(olo t)=0,0165 [1-exp[-0,183 t]) x (o & yLo1s

temp.pr.res * > temp.pr.res *

for 60 days old cementosoils with skeleton density py- 1.65g/cm’
g(olo t)=0,0163[1-exp[-0,2169 t]) x (o/ o )093

temp.pr.res *° temp.pr.res *

The creep curves that are drawn according to expressions of 8, 9, 10, 11, and 12
figures 1 and 2 are depicted by dotted lines on the right side of the sketches.

Conclusion

(10);

(11

(12)

in the right side of the

1. The attenuation creep deformations are put out during the time regardless of the age of the
cementosoils and the initial skeleton density under the conditions of constant external pressing

tensions.

2. The relative creep deformations of the cementosoils of the same age under the same constant

relative pressing tensions are equal in practice.

3. When studying the creep properties of cementosoils of the same age, it is important to determine
the equation of creep for any initial skeleton density and obtained parameters apply to other soils
of the same age. Hence, it is necessary only to replace the pressing tension o in equation into

relative pressing tensions ¢/ G

temp.pr.res *
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THIN-WALLED TUBE UNDER RADIAL EDGE LOAD

Kolesnikov A.M.

This work treats the problem describing the equilibrium of a thin-walled cylindrical non-linearly elastic membrane which is
subjected to an outward radial extension applied to one of its ends only. The material of membrane is hyperelastic, isotropic
and incompressible. We carefully formulated the geometrically exact equations from the variational principle of minimum
potential energy within the framework of nonlinear membrane theory. For Bartenev-Khazanovich and Chernykh—Shubina
strain energy functions the solutions were obtained explicitly. It follows from results that these materials have limit value of
stretching which depend on the material constants and the initial radius.

1. INTRODUCTION

We consider the thin-walled tube made of hyperelastic isotropic incompressible materials. The
tube is subjected to an outward radial extension applied to one of its ends only. The problem is solved
within the framework of nonlinear membrane theory. The equilibrium equation and boundary
conditions are derived from the variational principle of minimum potential energy for arbitrary
hyperelastic isotropic incompressible material. The solutions obtained explicitly for Bartenev-
Khazanovich material [1] and Chernykh—Shubina material. The similar problem was studied by
C.-H. Wu [2]. In [2] the problem of stretching a tube into an annulus was considered and the exact
solutions was obtained for both Mooney material and neo-Hookean material.

2.FORMULATION
Consider a thin-walled cylindrical tube of radius r,, length | and thickness h. The tube is

subjected to an outward radial extension applied to one of its ends so that the outer radius is A > r; in

the deformed configuration. We assume that the deformed configuration is an axisymmetric. It follows
from the equilibrium equations that the deformed membrane may consists from two parts: the first part
is undeformed and the second part is an annulus (Figure 1). In this case the boundary between these
parts is unknown. If the outer radius A is large enough then the whole tube can be stretched into an
annulus. We suppose that the tube is long such that there is the undeformed part in deformed
configuration.

|

e

Figure 1. Initial and deformed configuration.

We choose a cylindrical coordinate system (r,¢,z). The any point {r,¢,s}
(s€[0,1],9€[0,27]) in middle surface of tube is carried by the deformation to the point

{ﬁ(s), 0, 2(5)} in deformed middle surface, where
~  |R(s), se[0s] 5 . | O se[0,s,],
R(S)_{ r, sels.ll; Z(S)_{s—sc, sels,,I; @1)

In this problem the principal extension ratios in the radial and circumferential directions are,
respectively,
dR(s R(s
RO, _RG) -
ds r
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The principal extension ratio in the direction normal to middle surface is ln:(/lslw)’l for

incompressible materials. The equilibrium equation and the boundary conditions may be derived from
the variational principle of minimum potential energy. The equilibrium equation may be reduced to
the form

W_ﬂs%=cl (2.3)
04,
Here W(ﬂs,/i(p) is the strain energy density, C is a constant of integration. This equation may be

derived from the equilibrium equations of nonlinear elastic membrane using the first integral of

Pipkin [4].
We obtain from the variational principle that the boundary conditions are
R(0)=A, R(s,)=r,, C=0. (2.4)

3. BARTENEV-KHAZANOVICH MATERIAL
The strain energy function has form [3]

1
W =24 A +4,+—=3|. (3.1)
A4,
The equilibrium equation (2.3) may be rewritten for Bartenev—Khazanovich material (3.1) in the
following form

2
R__ 2 2
ds  R(3r,—R)
The solution of problem may be written in the form
3 2 2 l 3 3 3 2 2 1 3 3
sS(R)=—\A"-R°)-—(A"=R"), s, =s(i)=—(A"=-15 )]-— A" =15 ). 33
( ) 4r0 ( ) 6r02 ( ) ( 0) 4r0 ( 0 ) 6r02 ( 0 ) ( )
The nonzero stress resultants in the radial and circumferentail direction are, respectively,
h oW uh 2 h oW 3uh
T (R)=——="—4r,-R)R-1,), T(R)=———=—"753r,-RR-1,). (3.4
(R =237 "R W TRIR=E TR =2 =5 (6 RIR-G). 34
We introduce the dimensionless radial edge load and the dimensionless outer radius as
p* :M, A" :A_ (3.5)
uh Fo
AP
0.6
0.4

1 2 3

Figure 2. Outer radius vs radial edge load for Bartenev—Khazanovich material.
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The dependence between the load p” and the outer radius A” is shown in figure 2. We note that the
physically possible solution exists for A <3r, from A, >0 and equations (2.2), (3.2), i.e. for a

membrane made of Bartenev—Khazanovich material A” < 3. The dependence “load—outer radius” is
not monotonic. There is the maximum load which do not corresponds to the maximum outer radius.

4. CHERNYKH-SHUBINA MATERIAL
The strain energy function has form [4]

1 1.1
W =,u{(1+,8){/15+/I$+m—3]+(1—ﬂ){/152¢+/1—S+/1—¢—3j, 18<1. (4.1)

The equilibrium equation (2.3) may be rewritten for Chernykh—Shubina material (4.1) in the following
form

drR _2n(@-pR+ 1+ B))

ds (1+p)R*+r2(l-p)-6r,R’

The solution may be obtained in the explicit form for any || <1.
(BHRP-A B -AB+T 4r, @1- )R+ @1+ B)r,

S(R)_(ﬂ—l) w2 Ny In[(l—ﬂ)AJr(lJrﬁ)ro -9

The nonzero stress resultants in the radial and circumferentail direction are, respectively,
o _HR-r @R (7+ 7)-R2 1+ Y — 20~ pY )
) 4R2r0((1—ﬂ)R+(1+ﬂ)r0) ’
o _ th(R—r(R¥(+ pY - ili- 52)-2Rey(8” + p + (7 ~2R*J1- )~ R (5 + )

(4.2)

. (44
: 4R (- pR+ 0 A)r) 9
AL B =—1
1.6 :
B =—-0.5
] “~— B=0
3 =105
8 =1
0.4
1*
0 S
1 4 8 12
Figure 3. Outer radius vs radial edge load for Chernykh-Shubina materials.
The solution has the simpler form for f=-1
3 rh, R 3 ry, T
s(R)==(A-R)+2In—, s, =—(A-r,)+>In-2. 45
(R)=Z(A=R)+=In—=, s, = (A= )+ In—2 (45)
The nonzero stress resultants in the radial and circumferentail direction are, respectively,
ph 2 ph

T = o @R—n)R-1 ), T, =¥(R—r0)(2R2 +2Rr, —12). (4.6)
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The dependences between the dimensionless radial edge load p~ and dimensionless outer radius

A" for membranes made of Chernykh-Shubina material are shown in figure 3. For —1< 8 <1 the

dependence “load—outer radius” is not monotonic. There is the maximum of pressure which do not
corresponds to the maximum outer radius for —1< f<1. For B =-1 the dependence “load—

outer radius” is monotonically increasing and the load p~ has the limit 2r, when A" tends to infinity.
From A, >0, (2.2) and (3.2) the physically possible solution exists for

2
A<3+w/8+,6’ .

vy R (4.7)

The dotted line in figure 3 shown the dependence between dimensionless maximum outer radius A"
which is possible and dimensionless radial edge load p~ for —1< £ <1.For f = —1 the outer radius
A has not restriction.

5. CONCLUSIONS

In this work, the finite deformations of an isotropic circular cylindrical membrane subjected to a
finite extension were investigated. The solution of problem was obtained in the explicit form for
Bartenev—Khazanovich and Chernykh—Shubina strain energy functions. These functions give a simple
and adequate description of the elastic properties of rubber-like materials over a wide range of
deformations (extension ratios of less than 2 — 3) [4]. Analysis of the problem has shown that there are
the limits on the amount of strain for the considered materials. But they lie outside the range of
deformations which usually describe these material models.
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Love Waves in an FGPM Layered Structure
Manukyan G.A., Manukyan Z.K.

Abstract: An analytical approach is used to investigate the existence and propagation behavior of surface electro-elastic
Love waves in an ideally layered structure consisting of a functionally graded piezoelectric substrate and a dielectric layer.
The piezoelectric substrate is polarized in the direction perpendicular to the wave propagation plane and its material
parameters change continuously along the thickness direction. The dispersion equations for the existence of surface Love
waves with respect to phase velocity are obtained for electrically open and shorted cases, respectively. A detailed investi-
gation of the effects of material gradient on dispersion curve, phase velocity, group velocity, and electromechanical coupling
factor is carried out. Numerical results show that material gradient significantly affects the fundamental mode of Love waves
but has only negligible effects on the high order modes. Large electromechanical coupling factors could be achieved by an
appropriate adjustment of gradient coefficients, which is of practical interest for designing acoustic wave devices.

Transverse surface waves (e.g., Love wave and Bleustein- Gulyaev wave) are attractive for
designing signal-processing devices due to their high performance and simple particle motion. To
achieve high performance, many such devices adopt layered piezoelectric structures consisting of a
piezoelectric layer and an elastic substrate or an elastic layer and a piezoelectric substrate. Much
research work has been done on the propagation of transverse surface waves in such layered structures
[1-9]. Much earlier, Curtis and Redwood [1] investigated the existence of transverse surface waves in
a piezoelectric substrate carrying a finite-thickness metal layer. Subsequently, Danoyan and Piliposian
[2-4] successively studied the existence of surface electro-elastic waves in a class of piezoelectric
layered structures with different material constituents. Due to the intrinsic brittle property of ceramic
materials and the thermal mismatch between layer and substrate, however, initial stresses appear in-
evitable during the manufacture process and have significant effects on the propagation behavior of
transverse surface waves [1-10].

A concept that may be used to reduce the magnitude of residual and thermal stresses would be the
introduction of functionally graded materials (FGMs). An FGM is a special kind of composite
material made up of two or more basic materials, and the composition would vary continuously. It is
well known that FGMs have the potential to reduce the stress concentration near the material edges or
ends and increase the material fracture toughness. The idea of FGM has been applied successfully to
piezoelectric materials to be functionally graded piezoelectric materials (FGPMs), and also can be
adopted in layered structures to form many kinds of graded layered structures.

Liu and Tani [6-13] investigated successively the characteristics of wave propagation, surface
waves, SH surface waves, and dispersion of waves in functionally gradient piezoelectric material
plates by using a hybrid numerical method and finite element method. Li et al. [10] studied the
features of Love waves in a layered functionally graded piezoelectric structure consisting of an FGPM
layer and an elastic substrate, where the variations of material constants are independent through the
thickness of the layer. Following the work by Li et al. [10], Liu and Wang [11] did a similar work but
assumed a different mathematic model for the material gradient of FGPMs in their work. For the same
structure, Du et al. [12] also studied the propagation of Love waves but assumed the same exponential
function variation for all material parameters along the thickness direction of the layer. Recently, Liu
et al. [13] investigated again the Love waves in a smart functionally graded piezoelectric composite
structure in which an FGPM layer is placed between a pure piezoelectric material layer and a metal
substrate. To the best of the authors’ knowledge, the piezoelectric Love wave propagation in a layered
structure consisting of an FGPM substrate and a dielectric layer has not been investigated yet. In this
paper, we study the Love waves in such structure analytically from the linear elasticity.

Consider a structure consisting of a homogeneous dielectric layer with uniform thickness of h
bonded perfectly to a functionally graded piezoelectric substrate. The coordinate system o —x is
chosen in such a way that the z-axis is directed along the piezoelectric poling direction perpendicular
to the x - y plane, the plane  x = occupies the boundary between the layer and the substrate, and the
x-axis points down into the substrate, as shown in Figure 1. The domain  x = - is assumed to be a
vacuum or air space, and the surface  x = - is free of external forces (mechanically traction free).
The material parameters in the substrate change gradually along the x-axis direction.
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Fig.1

Here, Love wave propagation in such layered structure will be taken into account. It is assumed
without loss of generality that the wave propagation is in the positive direction of the y-axis, such that
the mechanical displacement components and electrical potential function representing the motion can
be written in the following form:

users0lw=wixpi—-hisr=s4 e=¢xrt),—w=x=<+ (1)

For the dielectric layer in the region —h =x x let and denote the mechanical
displacement and electrical potential function. If the layer is anisotropic, we assume it to be the same
anisotropy as the substrate and with axis of polarization parallel to that of the substrate. Otherwise,
the layer is assumed to be isotropic. Then we have the following governing field equations

o 1 0°W,
17 2 2
c, ot
, )
Vip, =0
and the nonzero stress and electric displacement components
oW, oW,
™ _ 1 @ _ 1
Oy, _lua_y’ O _ﬂg
5 5 @)
DW=_c%% po__.%
" ox oy

where V° :a%xz+%2 and is ¢, the shear wave velocity, and x and & being the shear

modulus and the dielectric constant in the layer.
It is well known that elastic and electric excitations in a piezoelectric media are interconnected and
are described in a quasi-static approximation by the following governing field equations,

o = PU;
(4)
Di’ | = 0
and constitutive relations

{O-ij = CjaUy ) + €9,

D, =€ Uy, — &9,

()

where U; are the mechanical displacement components, ¢ he electrical potential, o the mass density

of the medium, o;; and D, are the stress and electric displacement fields, C;,,, €, and &, are the
elastic, piezoelectric, and dielectric constants, respectively.
For the functionally graded piezoelectric substrate in the region x>0, let w, and ¢, denote the

mechanical displacement and electrical potential function, then from Eqgs. (4) and (5), we have the
following coupled electro-mechanical field equations
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2
Ll e o, gvew, + LoD 92 g (v, = p() T
dx dx ot (6)
de15(x) 8W de, (X) 0p, )
X)V2w, — —=—&,(X)V°@, =0
dx 8X +€5(X) dx  ox L () Ve,
and the nonzero stress and electric displacement components
0
o = c44(x) 2 -+e5(x) ‘g o) (0 22+ 00 L2
o0 o0 ()
DEZ) :els(x)a_xz_gn(x)a_xzv D§2) = els(X)Ez_ 11(X)8_2

where ¢, (X),€,:(X), and &;,(X) are the elastic, piezoelectric and dielectric constants in the substrate,

respectively.

When Love waves propagate in the layered structure, as shown in Fig.1, the related mechanical and
electrical quantities must satisfy the boundary conditions and the continuity conditions along the
interface, which are described as follows,

1.The mechanical traction-free condition at X =—h,
os (=h,y)=0
2.The electrical boundary conditions at x =—h,

?(-hy) =@ (-h,y) .
for electrically open case, and

@,(—h,y) =0 for electrically shorted case.
3.The continuity conditionsat Xx=0,

w;(0,y) =w, (0, y)
o(0,y)=c(0,y)
@ (0,y) =9,(0,y)
D (0,y) =D (0, y)
4.For x —> 40, W, >0, @, >0 For X —> —0, ¢, > 0.

In this paper, we give the dispersion relations for the existence and propagation of surface electro-
elastic Love waves in an FGPM layered structure consisting of an FGPM substrate and a dielectric
layer. Through the numerical examples, the following conclusions can be drawn:

The effect of gradient coefficient on the fundamental mode is more obvious than that on the high-
order modes. Furthermore, the effect of gradient coefficient on dispersion curves is sign sensitive.
Positive gradient dominates the cutoff frequency while negative gradient dominates the phase
velocity.

The gradient coefficient has a strong influence on the electromechanical coupling factor, which
appears more obvious in the case of negative gradient coefficients than in the case of positive ones.
And negative gradient coefficients have positive effects on the electromechanical coupling factor
while positive gradient coefficients have negative effects.

Negative gradient coefficients can change the dispersion state of the fundamental mode, i.e., from
the totally normal dispersion to partly normal dispersion together with partly anomalous dispersion.

The above conclusions are very applicable and could be expected to be utilized designing SAW
devices.
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THREE-DIMENSIONAL PROBLEM OF WAVE PROPAGATION STONELEY
Sarkisyan S. V., Melkonyan A.V.

The question of existence of Stoneley surface wave in a three-dimensional formulation is considered. At the interface
between two half-spaces are given conditions for the continuity of two displacements, the normal stress, a shear stress and the
restriction of the third displacement. Characteristic equation for the phase speed of surface waves is obtained. The special
cases are considered

Investigations on the Stoneley surface waves are presented in numerous papers [1-11].
Suppose we have two isotropic elastic half-spaces separated by a plane Z=0 (in the coordinate
system OXYZ ). Half-space characterized by the Lame coefficients A, and density p . Suppose that at

the interface of two half-spaces are given conditions for the continuity of two displacements, the
normal stress, a shear stress as well as restriction of the third displacement.
For displacement by introducing the transformation Lame

u, =grade, +roty  (divy =0) (1)

of dynamic equations of elasticity theory for dynamic potentials ¢_(X,Y,z,t) and y_(X,Y,Z,t)
come to the wave equations, the general solution of which is represented as [12]

(poc(xa yazvt) = (p;(z)-expi(klx+ kzy_th)

. . 2
Vi (% Y,2,8) =y, (2)-expi(k x+k,y —ckt)

where Kk, and k, the wave numbers, k* =k’ +k;, ¢ <min(c,,C,,) — the unknown phase speed of

surface waves, Ctza =y, p;] — square speed of shear waves in a half-space number o (ot =1,2).

Dynamic potentials that satisfy the conditions of damping z — oo will take the form:
half-space to number 1

0,(X,y,z,t)=Be ™" -expi(k x+k,y —ckt)

e 3)

v, (X, y,z,t)=D,e " -expi(k x +k,y —ckt)

half-space to number 2

(PZ(Xa yazat): Aze"lzz 'eXpi(k1X+k2y_th) (4)

Wi (Xv yv Z:t) = Cziev222 CXp i(le + kzy _th)

where
¢’ c; c’

Vie =K A0,0,), Vo, =K, = 5.0, = Sy =5, € (0). 6 = (A +20, )0
to lou t1

— square of the speed of longitudinal wave propagation in a half-space, A ,B_,C_,D,  — unknown

ai?
constants of integration.
At the boundary between two isotropic half-spaces have the following conditions:

O _ 2 ™ _ 2 _ @2 ) _ (2 a1 _ (2)
u’=u",u,’ =u," =0,u" =U;,",0; =03/, G3; =0y (5)

Using the dependence of displacement (1) and through dynamic stresses potentials [12], the boundary
conditions (5) and the connection divy =0 we obtained the following system of eight linear

homogeneous equations with constant A ,B_ ,C ;,D,; and unknown phase speed of surface waves:

ai?
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ik, B, +ik,D,, +v,,D,, =ik A, +1k,C,, —v,,C,,
ik,B, —ik,D;; - v, D, =0
ik,A —ikC,, +v,,C,, =0
—v,,B, +ik D, —ik,D;; = v, A, +ik C,, —ik,C),
(2H1V121 — (K _vlzl)) B, —2ikjp,v, D, +2iku v, D, =
= (2M2V122 —, (K* _Vlzz)) A, +2ikp,v,,Co, = 21Ky, v, C), (6)
—2v,,ik B, +kk,D,, = v,,ik,D;, —(V; + k12) D, =

0 . .
= M_z(zvlzlklAz +kk,C,, +V22|k2C32 _(ng + klz)czz)
1

ikD,, +ik,D,, = v, D; =0
ikC,, +ik,C,, +v,,C,, =0

From the condition of compatibility of the system of homogeneous linear equations, we obtain the
relation from which the given values p, A, and K can be found phase speed of surface waves:

(B2-m,)=(2-m))(B~1)+(2B~1)(2-2B-n,){/(1-n,8,)(1-n,) +
B(B(2-M,(1+8)~(2-n))(1-1,) +(B-2)2~B2-1,){1-16,)1-n,)

(41" JA-n,0,)0—n,) =B, (n,(1+8) =)} JT-n,0,)1-n,) +
+B(2-2B+(1+E)BN, ) (1-1,)y/(1-n,0,)(1—1,) =EB(n, +1,){(1=n))(1-n,) + (7
(1= +8)2 1) ~B2—n,) ~((1+E)(2-n))~2B){/1-1,0,)1-n;,) -
~2(1-JA=-n,0,)1-n,) )—Bn, (n,(1+8) €)1 -7,0,)1-7,) =0,

B=u,p ' E=k, k™

In the case where there is only one half-space (p, =0 or p, =0) and & = 0the equations of Rayleigh

surface waves are obtained [4,5,8]:

R(n)=(2-1,)"—4y1-n,y1-16, =0

or

RM,)=(2-m,)" —4/1-1,/1-1,0, =0,

But if £ # 0 the equation (7) goes to the following equations [10,11]:

R(n,)—-&n,(1-n,)=0

We investigate the special case when
Ci=C»=0C.C;=C,=0C,n=m,=1,0,=0,=0,y=Lv,,=v,=v,, v, =v,, =v,.

The characteristic equation (7) reduces to
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F(nn.&)=@2-n)(n-1)" +4r* (n-1)" +r((n-1’(n-6)-2m(1+n)) +
+(1-m)2 - -1 +r(-m)(n(n* + - 2(n—1)")+

+E(rd-m)(m(n’ +1)-4)+n’(n-1)’ —n(n* +3)+2) =0,
r=\(1-n)(1-n6), n=p, -p;’

We investigate the properties of the function F(Nn,n,&) at ne (0,1). In the case where p, =p, =p
(n=1) from (8) we have

@®)

F(1,0,8)=—2£<0, F(L1,E)=-2¢ <0

where it can be assumed that the surface wave can exist. Numerical investigation of equation
F(1,n,&) =0 has shown that in this case the surface wave does not exist. If &= 0, however, then it

follows from (8) phase speed of surface waves either, or both =0, C=C, and C=¢;,.

Function F(Nn,M,&) at the ends of the interval 1 e (0, 1) takes the following values:

F(n,0,&)=-2& <0, F(n,1,&) =(n—1)> —2n¢ 9)

1
Numerical investigation of equation F(n,m,&) =0 depending on the relationship N with 0 = 3 The

table shows the values of the dimensionless phase speed of surface waves 1.

n 0.1 0.3 0.5 0.8 1
0.3 0.9715 | 0.9862 | 0.9952 | 0.9999 | -
0.4 0.9879 | 0.9979 - - -
0.5 0.9966 - - - -
0.7 - - - - -
0.9 - - - - -
2 0.9966 - - - -
2.5 0.9881 | 0.9980 - - -
3 0.9784 | 0.9918 | 0.9984 - -
% 0.9721 | 0.9868 | 0.9954 | 0.9999
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STUDY OF THE DEPENDENCE OF EFFECTIVE COMPLIANCES OF A PLANE
WITH AN ARRAY OF ROUND HOLES ON ARRAY PARAMETERS

Mokryakov V.V.

Abstract. Regular structure materials are used in different technological processes. Therefore, investigation of the
mechanical properties of these materials is of considerable practical interest. These mechanical properties are represented by
the relationship between average stresses and effective strains, which can be obtained from the solution of the problem for
elastic plane. In this paper, we employ the model of an elastic plane having a biaxial periodic system of round holes to
analyze the dependence of the effective elastic parameters on the direction of applied loads and the geometrical
characteristics of the system. Parameters anisotropy is demonstrated. The abnormally high values of Poisson’s ratio, which
are impossible in isotropic media but observed in some anisotropic media, are found.

Introduction

In the current paper the method of multipole expansion is proposed to apply for a problem on an
elastic plane containing a bi-axial grid of round holes (see, for example, [1]). Also dependences of
effective compliances and Poisson's ratios on the periods parameters (in case of a quadratic grid), and
the outer loads' directions are studied, as well as their anisotropy. An existence of the effective
Poisson's ratio's values, greater /2, becomes apparent. Such effects are known for some anisotropic
materials; see [2-4] for instance. An appearance of longitudinal strains under tangential loads (and vice
versa, tangential strains under longitudinal loads) is noted.

Problem statement
An infinite elastic plane contained the regular system
of round holes is considered (fig. 1). The holes

N
@_d€> Q . centers form the quadratic grid. Loads on the holes'
_ contours are zero.

////\ o The current study aims to find the effective elastic
(NPT N >  properties (connections of average stresses with

A

k/// S effective strains) and their dependencies on
‘@ 7 O < geometric parameters of the grid.
% Nomenclature:

- Risahole's radius;

- d is a distance between the neighboring
Fig. 1. A quadratic grid of round holes holes;

in an elastic plane - o/1s an outer load's orientation.

Effective compliance dependence on the quadratic grid period

Values of the effective compliances are calculated for different orientations of the holes grid (the
analytic solution and the numerical method are published in [5, 6]). In view of the problem symmetry,
it is enough to examine the orientation angles from 0° to 45° inclusive. The calculation results are
presented in fig. 2 .

In case of d>10R, an anisotropy influence on the effective compliance distribution is negligible.
Decreasing the distance d, the anisotropy influence begins to behave as a sinusoidal distribution with
extrema in the orientation angles 0°/45°, or 22.5° (for the "mixed" compliances like Si;1»).

If d < 0.5R the effective compliance distribution form changes, a local maximum appears in range
~ 25°-28° (= 17°-20° for Si»12) and a local minimum in range ~ 28°-33° (= 12°-17° for S)312). The
"mixed" compliances extremum at 22.5° becomes sharper.

The dependences of the effective compliance S;1; on the distance d for different grid orientations are
presented in fig. 3a. Obviously, the compliance Sj;;; tends to the plane compliance with distance
increasing. So, a difference AS};;; between S}1;; and the plane compliances is presented in fig. 3b. The
log-log plot demonstrates that the dependence AS;;;1(d) tends to a power-like function
ASy111(d) = E'3.22-d"%7. The compliance difference behavior for a diagonal orientation (45°) is the
closest form to this function.
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Fig. 2. Effective compliances S vs. grid orientation angle (°)
for the distances d/R=10,4,2,1,0.5,0.4,0.3,0.2,0.15, 0.1
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Fig. 3. Dependence of S11; (a) and AS;11; (b) on the distance d/R for different grid orientations.

Dependences of an effective Poisson's ratio on the distance d

An effective Poisson's ratio ves = -S1122/S1111, and its dependence on the plane's Poisson's ratio v, are
studying in this section. Values of v for different v and different grid geometric parameters are
presented in fig. 4 (see next page).

Note that the effective Poisson's ratio demonstrates a behavior similar S;;;;. In case of d> 10R the
anisotropy influence is insignificant that means v.s is almost constant and closed to v. For
0.5R <d < 10R the anisotropy manifests itself as sinusoidal dependence on an orientation of the grid;
for d <0.5R the sinusoidal behavior changes, a local maximum appears at orientation values ~ 24°-
26°, and a local minimum near ~ 33°.

It's worth noting that the influence of the plane's Poisson's ratio v decreases when the distance d
increases. Thus the effective Poisson's ratio v becomes substantially depending on a grid orientation.

Plots of dependences of the effective Poisson's ratio veg on the distance d for v=0 and v=0.5 are
presented in fig. 5. The plots demonstrate that the dependences can have quite complex form. For
example, in case of v=0.5, at first the effective Poisson's ratio decreases when the distance d
decreasing. Then, reaching the minimum in range from d/R =0 to 4, it becomes to grow (excluding
the orientation angle 0°). So, if outer loads are known, it is possible to calculate such geometric system
parameters as make a transverse strain minimal under the longitudinal stress conditions.

It's important to note that there are wide areas of grid orientation values (on condition d < 2R), where
the effective Poisson's ratio ves exceeds the maximal value 0.5 in isotropic materials. Such a behavior
is known for some anisotropic materials. Surveys of materials with anomalous effective Poisson's ratio
(Vere> 0.5 or ver < 0), and a theoretic rationale of this effect, can be found in [2-4]. In particular it is
demonstrated that a reason is a structural peculiarity of a crystalline lattice of these materials.

1 1
0.9 0.9 ——0
0.8 0.8 Veft —®=5
0.7 v=05 - 0.7 y=0 - |~°°10
0.6 0.6 - ——1
05 —a 05 —20
0.4 0.4 —2
0.3 0.3 ——30
0.2 0.2 3
0.1 0.1 —o—40
0 0 \.‘ —e—45
0O 2 4 6 8ypilo0 0 2 4 6 8 y/p 10

Fig. 5. Dependence of v, on the distance d for different orientations (v of the plane is 0.5 and 0)
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Conclusion

A Dbehavior of effective elastic parameters (compliances and Poisson's ratio) of an elastic plane
containing a quadratic array of round holes is studied in the given paper.

Anisotropy of the effective elastic parameters is demonstrated. Three areas of values of a ratio d/R are
defined, where the anisotropy character differs substantially. In first area (d/R > 10) the anisotropy is
negligible (although the effective elastic parameters can differ from the plane's parameters). In second
area (0.5 <d/R <10) the anisotropy has an expressed sinusoidal kind. In third area (d/R <0.5) the
sinusoidal kind gets broken; local extrema appear at grid orientations different from longitudinal (0°)
and diagonal (45°).

Difference between the effective and plane's longitudinal compliances is studied. The power kind of
the dependence of this difference on the ratio d/R is shown.

Lowering of the influence of the plane's Poisson's ratio on the effective Poisson's ratio is
demonstrated: in case of d — 0, v, substantially depends on the grid orientation. It is necessary to
note a wide range of grid orientations where v, > 0.5. Such anomalously high values are impossible
for isotropic materials but found for some anisotropic materials.

A possible further work development is proposed at two directions:

(1) a study of strength properties (stress concentrations in the material structure);

(2) an extension of the problem into a case of 3D medium [7].

The work is carried out in Project POD®U 08-01-00696.
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DISTRIBUTION OF ENERGY STORAGE RATE IN AREA OF PLASTIC STRAIN
LOCALIZATION DURING TENSION

Oliferuk W., Maj M.

Annotation: The presented work is devoted to the new method of energy storage rate determination that allows to obtain
distribution of this quantity on the surface of deformed specimen. The method is based on the experimental procedure for
simultaneous measurements of temperature, and displacement distributions on the surface of tested specimen during tensile
deformation. This procedure involves two complementary imaging techniques: CCD technique and infrared thermography
(IRT). It has been shown experimentally that during evolution of plastic strain localization the energy storage rate in some
zones of deformed specimen drops to zero end even to negative values. To interpret this result in terms of micro-mechanisms,
microstructural observations using electron back scattered diffraction (EBSC) and transmission electron microscopy (TEM)
were performed on specimens in different states of deformation.

1. Introduction
When a material deforms plastically, a part of the mechanical energy w, expended on plastic
deformation is converted into heat g, while the remainder e, is stored within the material.
e, =w,—qy. (L.
The measure of energy conversion at each instant of the plastic deformation process is the rate of
energy storage Z defined as the ratio of the stored energy increment Ae_ to the plastic work increment
Aw,:
_ Ae,
Aw,

The stored energy increment is equal to the difference between Awp and the increment of energy

VA

(1.2)

dissipated as a heat A g

d >

Ae,=Aw,—Aq,.
Therefore:
z=h8e 1 A (1.3)
Awp Awp

The entire deformation process, from initial state to the fracture of the tested specimen, can be divided
into two stages: homogeneous deformation and hetorogeneous one. Two indicators of appearance of
plastic strain localization are usualy applied. There are: non-uniform temperature distribution on the
specimen surface and non-uniform strain field on the opposite surface of this specimen.

In the previous works by Oliferuk and co-workers it has been shown that during heterogeneous
deformation (localization of plastic strain) of polycrystalline material, the energy storage rate rapidly
decreases reaching the 0 value and then becomes negative [1, 2]. But up to now, only the average
value of the energy storage rate for the gauge part of deformed specimen was estimated [3]. The
questions appear: a) What is the energy storage rate distribution along the gauge length of the strained
specimen during development of plastic strain localization? b) What is relation between distribution of
energy storage rate and microstructure evolution of deformed material? The purpose of the present
work is to answer these questions. To reach the purpose the new method of energy storage rate
determination has been designed. The method allows to obtain distribution of this quantity along the
gauge length of the specimen.

2. Method of determining the distribution of energy storage rate in the area of plastic strain
localization

The method is based on the experimental procedure for simultaneous measurements of temperature,
and strain distributions on the surface of tested specimen during tensile deformation. This procedure
involves two complementary imaging techniques: CCD technique and infrared thermography (IRT). In
order to determine the strain distribution, markers in form of graphite dots were plotted on one surface
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of the specimen. In this way, the surface was divided into sections, whose sizes are specified by the
distance between the dots (Fig. 1).

Fig. 1. The graphite dots on the gauge part of the specimen.

Displacements of the dots were recorded by means of CCD camera during deformation process.
Taking into account the distance between the centers of the dots is /, and recording distance between

these centers as a function of deformation time [/ (Z), the true local strain g, (t ) in the direction of
tension was calculated:

g,(1)= ln[lylﬁJ (2.1)

0
The true stress o, was determined dividing the load by the current cross-sectional area of the

specimen corresponding to the given section. Assuming that a dependence of Young's modulus on

strain is negligibly small, local plastic strain é‘f was obtained from the following formula:

1) =2, () -2, 22

where E is Young's modulus of the tested material.
The strain and stress distributions along the axis of the tested specimen were used to calculate
surface distribution of specific plastic work.

1 &
w, :;0 (j) o,-de) (2.3)

where p, is the mass density of the tested material.

Temperature distribution on the opposite surface of the specimen was measured by means of IR
Thermographic System. The surface was covered with soot, to ensure its homogeneity in terms of
emissivity. For each section along the axis of the specimen, the average temperature 7 was
determined. This temperature is a function of deformation time. Taking into account, the heat flux
between neighbouring sections, the heat Ag, generated during time Az in n-th section has been

calculated according to the Fourier’s law:

S(t)/lAt T(t’yn)_T(t’yn-H)+T(t’yn)_T(t’yn—l)
pO'V Yol =V Yn = Vna

Ag,(t)=c, AT + ,24)
where: 4 is the coefficient of thermal conductivity, ¢y is the specific heat, y, is a coordinate

of the centre of the given section, s and V are its cross section and volume, respectively.
Adding to each other the heat Ag, in the successive time intervals, the time dependence of

the energy dissipated as the heat Ag, (t) for each tested section has been obtained. Having

w, (l‘ ) and Ag, (t) for considered sections the distribution of the energy storage rate can be

determined.
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3. Experiments and resultsExperiments were performed on austenitic stainless steel (304L). From
the sheets of annealed material the specimens for tensile testing were cut out using electro-
spark machining. In order to remove the technological surface layer, the specimens were
electropolished. Optical metallographic and TEM observations of tested material indicated complete
recrystallization and average grain size about 50 um. The dislocation density in the specimens before
deformation was low; dislocations were randomly distributed in the matrix and in the grain
boundaries, and no regular dislocation arrangements were observed. Grains were randomly oriented

(Fig. 2).

+ y | *.

Fig. 2. Distribution of grain orientation in specimen before deformation

All specimens were strained using an MTS 858 testing machine at speeds of grip displacement:

v =1000 mm/min. As mentioned above, temperature distribution on the surface of the specimen,
displacement field and straining force were measured as a function of deformation time z. On the basis
of experimental data the energy storage rate as a function of strain was calculated for selected, local
sections lying on the axis of deformed specimen (Fig. 3).The calculation was performed using
MATLAB.
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Fig. 3. The energy storage rate as a function of plastic work for selected sections lying on the axis of
the specimen.

The obtained results shown that the energy storage rate for all tested sections decreases with strain.
During evolution of plastic strain localization some sections cease to deform, while the energy storage
rate in the others drops to zero and even to negative values.

To identify micro-mechanisms corresponding to appearance and evolution of plastic strain localization
microstructural characterization was performed by electron back scattered diffraction (EBSD) with
orientation imaging microscopy and transmission electron microscopy (TEM). Microstuctural
observations were performed on specimens in different states of deformation namely: in non-deformed
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state, after homogeneous deformation, in the area of plastic strain localization corresponding to non-
uniform surface distribution of temperature and in area plastic strain localization corresponding to
non-uniform displacement field. Typical microstructure of o the strain localization area is
presented in Fig. 4.

There is also a noticeable trend in the evolution of the orientation of individual grains in the
direction of the two dominant texture component. The development of strain localization is
accompanied by further rotation of individual grains in the direction of the two texture components.
Rotation of grains proceeds in such a way, that the {111} type planes become parallel to the planes of
maximum shear stress. The angle between the trace of these planes and the tension direction is about
50° (Fig. 5). This type of texture seems to be a condition for the formation of shear bands, which
corresponds to the loss of stability of plastic deformation. The macroscopic manifestation of such state
was the zero value of the energy storage rate. Then, authors of the present work believe that the
macroscopic criterion of plastic instability is zero value of energy storage rate.

Fig. 4. Typical microstructure of the strain localization zone, It is seen two sets of intersecting
deformation twins on the background of the dislocation cell structure.

Fig. 5. Distribution of grain orientation in the neck zone. It is seen two dominant components of the
texture.

4. Conclusions
a) Experimental method of determination of energy storage rate distribution in the area of
heterogeneous deformation has been proposed.b) In the plastic strain localization area material reaches
the state, where energy storage rate reaches the 0 value and then becomes negative. This means that
the material loses an ability to store the energy. Though energy supply the internal energy of the
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specimen decreases. Thus, the 0 value of the energy storage rate could be regarded as the plastic
instability criterion based on the energy conversion.

¢) On the basis of microstructure observation it is believed that 0 value of energy storage rate
corresponds to the state in which only two dominant components of the texture appear, creating
conditions to crystallographic shear-banding
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DYNAMIC FRACTURE AND PULSED STRENGTH OF CONTINUUM

Petrov Y.V.

Annotation Some of the principal features of the behavior of materials subjected to impact actions are common for a number
of seemingly quite different physical processes, such as dynamic fracture (starting cracks and spalling), cavitation in liquids,
and electrical breakdown in solids. The examples of different physical processes considered in the paper show the
fundamental importance of investigating incubation processes preparing abrupt structural changes (fracture, yielding and
phase transitions) in continua under intense pulsed actions.

1. Experiments on the dynamic fracture of solids, liquids, conductors, and insulators that is caused by
fast intense actions of environment or directed energy fluxes reveal a number of effects indicating a
fundamental difference between the fast dynamic rupture (breakdown) of materials and a similar
process under slow quasi-static actions. For example, one of the basic problems in testing the
dynamic-strength properties of materials is associated with the dependence of the limiting
characteristics on the duration, amplitude, and growth rate of an external action, as well as on a
number of other factors. Whereas a critical value is a constant for a material in the static case,
experimentally determined critical characteristics in dynamics are strongly unstable, and as a result,
their behavior becomes unpredictable. In this paper, we analyze examples illustrating typical dynamic
effects inherent in these processes. We propose a unified interpretation for the fracture of solids and
liquids and electrical breakdown in insulators using the structural-time approach [1-4] based on the
concept of the fracture incubation time.

2. Though for several decades it was known and generally recognized that static critical conditions
(i.e. critical stress criterion for fracture of intact media and Irwin's critical stress intensity factor
criterion for fracture of bodies with cracks) are not applicable to study fracture induced by dynamic
range loads, no conventional approach to the problem was formed. In [1-4] a new powerful approach
able to describe all the variety of experimentally observed effects typical for dynamic fracture was
proposed. The incubation time criterion of fracture proposed in [1, 2] gives a possibility to predict
complicated and unstable behavior of dynamic-strength characteristics. For some of cases incubation
time critical condition of fracture can be generalized:
[04
t '

Lo (@] 0
T F

t—7 c
Here, F'(¢) is the intensity (ex. local mean stress, stress intensity factor, pressure, etc.) of a local force
field causing the fracture (or structural transformation) of the medium, F, is the static limit for the

local force field (ex. ultimate stress, critical stress intensity factor, etc.), and 7 is the incubation time
associated with the dynamics of a relaxation process preceding rupture. The fracture time is defined as
the time at which condition (1) becomes equality. The parameter ¢ characterizes the sensitivity of a
material to the intensity of the force field causing fracture.

Using the example of a mechanical break in a material, one of the possible methods to interpret and

determine the parameter 7 is presented. It is assumed that a standard sample is subjected to tensile
loading suddenly applied at # = 0. Force applied to the sample is F(t) = PH(t) , where H(?) is the
Heaviside step function. It is supposed the sample is broken into two parts at stress P . If quasi-brittle
fracture is supposed, the material should unload after the rupture happened and and the local stress at

the break point should decrease rapidly (but not instantaneously) from P to 0. In this case, a
corresponding unload wave is generated. The wave propagates along the sample, and can be detected
by variety of widely used (e.g., interferometric) methods. The stress time dependency at the break

point can be conditionally represented by the following dependence: Pt) = P — Pf(t), where the
function f(?) is smoothly and monotonically varying from 0 to 1 within a certain time interval T .
The “step” case f{t)= H(t) reflects the classical strength theory. In other words, according to

classical approach, break occurs instantaneously (7' = 0). In practice, the break of a material (sample)
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is a process occupying some time, and the function f(?) is describing the micro- scale level kinetics of
material transformation from conditionally defect-free state ( f{0)=0) to completely broken state at
the given point ( f{0)=1). On the other hand, applying fracture criterion (1) to macro- scale level
F(t)= PH(t), one can receive at a relation for time to fracture ¢, =7 =7 for P=F, .

In other words, the incubation time introduced above is equal to the duration of the fracture process
after the stress in a material has reached the static ultimate strength. This time can be measured in
experiments with statically loaded samples using variety of methods, e.g., by measuring the time of
the pressure increase in the unload wave front, which can be determined by interferometric (visar-
based) methods using the velocity profile of points of a sample surface.

It was shown in [1-4], that staying within the frames of linear elastic fracture mechanics it is possible
to describe all the observed features of fracture caused by high rate loads. And even more attractive is
the fact that the same critical fracture condition based on the notion of the incubation time can be used
for all load rates — from quasistatic situations, when incubation time criterion repeats classical fracture
criteria, to extreme dynamic conditions, when incubation time criterion is in very good qualitative and
quantitative agreement with experimentally observed processes.

3. A typical example illustrating the complicated behavior of the dynamic strength of solids is the time
dependence of strength observed under scabbing conditions [5] (see Fig. 1). This dependence of the

fracture time #. on the critical pulse amplitude

P. for different pulse durations shows that the

5 dynamic strength is not a material constant
but depends on the time to fracture (i.e.,
sample "lifetime").

The criterion of critical stress o(f)<o,,

TV vv4

where o, is the static strength, describes well

long-term quasistatic fracture caused by long-

o duration wave pulses o () =P ¢ (t), where

P is the amplitude and @ (¢) is the time

profile function. However, in the case of
short-duration pulses, the fracture time weakly
depends on the threshold pulse amplitude, and
Fig. 1. Logarithm of the fracture-process duration #.  this dependence has a certain asymptote. This
vs. the threshold amplitude P. of a stress pulse that ~ effect is called the phenomenon of the
mechanical branch of the strength time
dependence. Neither the conventional theory
of strength nor known time criteria explains this phenomenon.

The total time dependence of strength can be obtained on the basis of incubation time criterion (1). For
the scabbing fracture under consideration, this criterion takes the form of the limiting condition
previously proposed in [1]:

-8 : : ; ; : . D..MPa
1] 200 400 E00 800 1000 1200

causes spalling in an aluminum (Zlatin et al [5]).

1 t
- [ow)d' <o, @

where o(t) is the time dependence of the local stress at the break point. The scheme for the
application of criterion (2) to split problems is given in [3,4].

An example of a calculation using criterion (2) for the time dependence of the strength of aluminum
(tr=0.75us,0, =103MPa) for triangular pulses realized in the experiments reported by Zlatin et

al. (Zlatin et al, 1974) is represented in Fig. 1 by the solid curve.
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Effects in the behavior of the dynamic fracture toughness [2,3] can be analyzed in a similar manner.
Rate dependences K, , of the dynamic fracture toughness, which were observed in experiments, are

characterized by a strong instability and can noticeably change when varying the duration of the load
rise stage, the shape of the time profile of a loading pulse, sample geometry, and the method of load
application (Ravi-Chandar and Knauss [6]; Kalthoff [7]; Dally and Barker [8]). The calculations based
on the concept of the incubation time corresponding to the conditions of a number of experiments
were carried out by Petrov and Morozov (Petrov and Morozov, 1994.). The results show that the
dynamic fracture toughness is not an intrinsic characteristic of a material. Therefore, the employment

of both the criterion of the critical intensity coefficient K,(¢) < K, , and the characteristic K, ;, as a

material parameter defining the dynamic fracture (in analogy to the static parameter K, ) are
incorrect.

5. Cavitation is the violation of the continuity of a liquid (i.e., the initial stage of fracture) in the field
of tensile stresses. This phenomenon is accompanied by the growth of vapor bubbles on cavitation
nuclei, which are virtually always present in liquids in the form of microscopic bubbles of free gas,
microparticles, or their combinations (Besov et al [9]; Besov et al [10]).

One of the parameters characterizing the
cavitation strength of water is the cavitation
threshold. This threshold is a certain negative
pressure above which cavitation nuclei
intensely grow, and as a consequence, the
dynamics of the free surface of the liquid, the
intensity of light scattering, etc., change
50 4 abruptly.

Fig. 2 shows the experimental data obtained
by Besov [10] by using the capacity method
of detecting the cavitation threshold through
the dynamics of the free surface of the liquid
when a shock wave is reflected from this
surface. According to this procedure, the
shock wave is produced in a shock tube by a
pressure of a pulsed magnetic field onto the
conducting membrane transferring the pressure pulse to the liquid. The pressure pulse that was
realized in the experiment with water and caused the cavitation on the free surface had the form

P A

m
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P
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0 2 4 6 8 T, ns

Fig. 2. Mechanical strength measured and calculated
for water as a function of the pulse duration (Besov
et al [10]).0]

_t
o (t)z — P, sin [ﬂ—tj e ", T, =2.85- 1075 . The maximum pulse amplitude P was reached
T

T nT
atthe time t = —-arctg ( le and determined by the formula
T

zT, P T 7T,
P, = L cexp| ——-arctg | —- | |.
NT?+7°T7 T, r
In order to analyze the initial stage of the cavitation fracture, we make use of incubation time criterion
(1). In this case, we take into account that tensile stresses in mechanics of a deformed body are

positive, whereas tensile pressures in liquids are negative. In addition, compressing pressure must be
taken into account. Therefore, condition (1) for a liquid takes the form

¢ , o
1 _[ sign (o (¢'))-| abs {Mj dt'<1 3)
T O
The strength of water, which was calculated in accordance with criterion (3), is shown by the solid
curve in Fig. 3 as a function of the pulse duration 7" for o, =latm, ¢ =0.5,and 7 =19us (Besov
etal [12].
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Thus, the experiments show that the cavitation strength of liquids increases nonlinearly with
decreasing loading-pulse duration. Using the incubation time criterion makes it possible to calculate
the experimentally observed increase in the cavitation threshold with decreasing the pulse duration.

6. The above effects are also observed in pulsed electrical breakdown in insulators, which is an urgent
problem in the development and exploitation of high-voltage facilities and other electrical equipment.
For example, the typical feature of pulsed breakdown is an increase in the breakdown voltage with
reducing pulse duration. The breakdown channel in alkali-halide crystals, which is produced by a
pulsed electric field with a duration of 10 ns, arises at voltages exceeding quasistatic ones by several
times (i.e.,, with durations of 1usand more)

(Vorob'evs [11]). The same effect is typical of
ionic compounds. As an example, the breakdown

electric field £~ measured by Khanefts [12] for
ammonium perchlorate single crystals is presented
1 in Fig. 3 as a function of the duration ¢, of the

E* 10° Vem

o
3

leading edge of the pulse. This dependence also

characterizes the electrical strength as a function

of the voltage growth rate in a sample and can be

2 called the time dependence of strength by analogy

with the above examples of scabbing, starting

cracks, and cavitation. In the experiment reported

0 7 . 7 5 4 by Khanefts [12], thin single-crystal ammonium

fo us perchlorate plates were placed in a pulsed electric

Fig‘ 3. Electrical strength E* of ammonium field. The electrical breakdown of samples

perchlorate vs. the duration f, of the leading resulted in their burning out accompanied by the
appearance of a through channel. The

experimental data shown in Fig. 3 correspond to
distances between electrodes of 0.01 and 0.03 cm.

As is seen, for times #, <1.5us, the electrical

edge of an electrical pulse for the interelectrode
distance L = 0.1 (curve 1) and 0.03 (curve 2)cm
(Khanefts [12]).

strength of a material increases with a reduction in the duration of the leading edge of a voltage pulse
(with an increase in the voltage growth rate in a sample). For ¢, > 1.5us , the breakdown electric field
becomes virtually independent of 7.

In the case under consideration, the electrical-breakdown criterion corresponding to relationship (1)
can be written in the form

1 t
— [E@)d'<E, )
4 -7

Here, EC is the static electrical strength of a material, which can depend on the interelectrode

distance, and 7 is the incubation time for the electrical breakdown of the material, which is
determined by the kinetics of the electron multiplication in the electric discharge. The curves in Fig. 3
are the time dependences for the electrical strength of ammonium perchlorate calculated according to

criterion (4) in [13] with the parameters 7 =0.33us and E_, =0.52x 10°V/em  and
0.2x10° V/cm for L=0.01 and 0.03 cm, respectively.

The onset time of increasing the breakdown field in the dependences plotted in Fig. 3 is entirely
determined by the 7 value. As it was shown experimentally [14] this time was virtually independent
of the interelectrode distance. This indicates that the incubation time in the case under discussion may
be considered as a material characteristic.

7. Thus, the examples of different physical processes considered above show that the fracture
incubation time is evidently a universal basic characteristic of the dynamic strength and must become
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one of the main material parameters to be experimentally determined (measured). The above results
show that the incubation-time approach is fundamental and makes it possible to adequately represent
the dynamics of both the fracture of solids and liquids and electrical breakdown in insulators.
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WAVE PROPAGATION IN PIEZOELECTRIC WAVEGUIDES WITH PERIODIC
INTERFACE CONDITIONS

Piliposyan D.G

Annotation. The propagation of electro-magneto-elastic coupled shear waves in a piezoelectric waveguide is considered
within a full system of the Maxwell’s equations. Two different conditions along the guide walls have been studied in the case
of periodic electrically shorted interfaces. It has been shown that under electrically shorted periodic transmission conditions
the Bloch-Floquet waves exist only at acoustic frequencies. The results demonstrate the significant effect of piezoelectricity
on the widths of band gaps at acoustic frequencies.

1. Introduction. Many smart structures such as piezoelectric or piezomagnetic composites are
periodically made up of two or more different constituents. Compared with the purely elastic crystals
they exhibit electric or magnetic effects and thus new acoustic properties. Through careful modulation
of the refractive indices of constituent materials in these composites it is possible to prevent
electromagnetic or acoustic wave propagation in a specific frequency range and give rise to photonic
or phononic band gaps. Considerable interest in the transport properties of waves propagating in
periodic structures are due to possibilities for controlling light and sound propagation. Other
applications include confinement of acoustic energy in defect modes, manufacture of high efficiency
acoustic waveguides and enhancement of sound light interactions. Electro-mechanical coupling in
piezoelectric phononic crystals offers a wider range of applications in engineering. Therefore waves in
such crystals have recently received much attention. The problems concerning the propagation of
acoustic waves both in two and three dimensional piezoelectric periodic structures are considered in
[1-7]. In particular in the paper [7] the dispersion relations for shear horizontal (SH) wave
propagation in a periodic layered piezoelectric structure studied for the cases of wave propagation in
the directions normal and tangential to the interfaces.

2. Statement of the problem. The prorogation of electro-magneto-elastic coupled SH wave in a one
dimensional infinite periodic waveguide made from periodic piezoelectric hexagonal material is
considered. The crystallographic axis directed along the Oz direction. Waveguide is referred to axes X,
y as described in figure 1. The problem is considered in the framework of the full system of Maxwell’s
equations (non quasi stationary) which will give an opportunity to study the wave dispersion equation
in both acoustic and optic wave frequency regions.

i 1 2 3

N —
N~

b b2 o b2

Figure 1. Waveguide with periodic interface conditions at x = ib/ 2
Harmonic time dependence exp(—ia)t) , is assumed understood, and henceforth suppressed.

Using relations that describe elastic and electro-magnetic excitations the following coupled system of
equations for displacement u(x,y) and magnetic field H(x,)) can be written as [§]

o(0%u(x,y) ou(x,y

Ga[ 8(x2 )+ 6()/2 ) +pa)2u(x,y)=0, 1)
2 2

0 H(x,y) + 0 H(x,y) +£,ua)2H(x, )= 0, 2)

ay2 ay2
where

—_ e —_ —_— —_
G=cy+—, e=e5 =&, U=l

The electrical field and stresses can also be expressed via the magnetic field and the displacement as
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E 2_1(6H+ 6u], E _i[a_H_ea_u]

ES— e— =
Yoeloy ox Toelox oy
3)
ou eoH ou eoH
c.=G—+—, o0, =G—————.
ox ¢ oy ! oy & ox
Equations (1), (2) and (3) admit solutions in the form
H(x,y)zHO(x)sin(pny), u(x,y)zuo(x)cos(pny), 4)
or
H(x,y)=H,(x)cos(py), u(x,y)=u,(x)sin(py) (5)

where p, =7n/d n=0,1,2,...

For solutions (4) the mode n=0 leads to a solution u(x,y)=u(x) independent of y and a trivial solution
for magnetic field function, therefore we have the case of pure elastic wave propagation.

For solutions (5) the mode n=0 leads to a solution H (x,y)=H (x) independent of y and a trivial
solution for elastic field function, therefore we have the case of pure electromagnetic wave
propagation.

These solutions correspond to the following boundary conditions along the guide walls (edges) y =0

and y=d.
I. Traction free and magnetically closed edges
o. (x,O) =0, H(x,O) =0, o, (x,d) =0, H(x,d) =0. (6)
II . Clamped and electrically shorted edges
Ex(x,0)=0, u(x,O)zO, Ex(x,d)=0, u(x,d)zO. (7)

We shall consider the wave propagation in homogeneous waveguide in the case of periodic electrically
shorted interfaces with the full contact transmission conditions. The boundary conditions at interfaces
x == b/2 can be written in following form.

EV(=b/2)=0, E®(-b/2)=0, E?(b/2)=0, E%(b/2)=0 )
W (=b12)=u? (<b/2), u(b/2)=u (b/2), ©
o (b/2)=0,2(-b12), 0y (b/2)=0,!(b/2) (10)

According to the Floquet theory equations (1)-(2) defined on an infinite interval can be considered on
the period finite interval —b < x <5 with the special boundary conditions of quasi-periodicity
ol (-b) =20 (b). uy(=b)=2u;” (b). (11)
H (~b)= 2H[ (b, Ey(=b)=2AE}](b), (12)
where 4 =*"" .
The solutions for the magnetic field and the elastic displacement can be written as

H” =C sin(q x)+ B, cos(q,x), u," =A4, sin(rx)+F, cos(rx),i=123,0n=0,123 (13)
Where

g, =@ cu-m*n*[d*, r,=\pe* | G-r*n*ld*, n=123,.... (14)

Substituting solutions (13) into boundary conditions (8)-(12) produces the dispersion equation which
is valid for both cases (I) and (II).

22280 g (15)
/,(p,®)

where
g,(p,®) =q’r’cos(2bq, )sin(br, )2 +ply [—2 q,r,sin(bgq,)+2q,r,cos(bq,)sin(2bq, )
+ plycos (2bqn )Sin (brn )] sin (arn ),
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_[ 42 ; 220,44 g _i
fn(p,a))—[d q,r,sin(bg,)+7’n 7sm(brn)] ,and r=oo

Using trigonometric identities and taking into account the value of A (15) can be written as

2
cos(k b) = Mj +1 (16)
(45) [fn(p,a))
which then can be simplified to
cos(bk. ) = d’q,r, cos(br,)sin(bg, )+ 7°n’y cos(bg, )sin(br, ) a”n

d*q,r sin(bg, )+ n’ysin(br,)

For n=0 equation (17) converts to
cos(bk, )= cos(b w~\p/ G).

For this mode the propagating wave is purely elastic and there are no band gaps.

3. Numerical results. For given values of n and w the dispersion equation (17) defines the wave
number k. The regions of @ where values of k are complex |cos(bk,)| >1correspond to band gaps. The
appearance of band gaps depends on the dimensionless parameter wave number « = znb/d .

Elastic Piezoelectric | Permittivity | Density
Material constant ¢,y constant e;s e p
10" N/m’ Cn’ 10" Fim | 10° kg/m®
PZT-4 2.56 12.7 646 7.6
BaTO; 43 11.6 1.264 5.7

Figure 2 shows the effect of piezoelectricity when the unit cell is made of identical piezoelectric
materials. In Figure 2.1 due to higher piezoelectric constant of BaTiO3 the band gaps are wider than in
Figure 2.2 where PZT-4 material is considered. In this both cases while clearly there are no band
gaps without piezoelectric effect the electrically shorted interface conditions cause an opening of band
gaps in the waveguide. Figure 8 and 9 show that the widths of these band gaps are significant at low
frequencies and gradually disappear at higher frequencies. Since these bad gaps are solely due to
piezoelectricity this shows that the effect of piezoelectricity at higher frequencies. Changing the
polarization of one of the identical piezoelectric materials in the unit cell to the opposite direction does
not affect the above mentioned results since the dispersion equation contains the square of the
piezoelectric constants. Numerical calculations also show that electrically shorted boundary conditions
do not allow propagation of electromagnetic waves in piezoelectric periodic structures. The dynamic
setting of the problem in this case provides the Bloch-Floquet solutions only for phononic crystals.
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Fig.2 Band structure of piezoelectric phononic crystal of PZT-4 and BaTiO3 materials. Solid lines and the
dashed lines show the band structure with and without piezoelectric effect for n=2.
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Figure 3 shows the propagation of different modes of the Bloch-Fouquet waves. It can be seen that for
higher modes the cut off increases, the band gaps become wider and shift to right. However it can be
seen that for all waves the band gaps gradually disappear at significantly higher frequencies.
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Fig.3 Band structure of piezoelectric phononic crystal (material PZT-4). Solid lines, dashed and dotted lines
show respectively the band structure with n=0, n=3 and n=6 for d== b

4. Conclusion. The propagation of electro-magneto-elastic coupled SH waves in one dimensional
infinite periodic piezoelectric waveguides are considered within a full system of the Maxwell’s
equations. Such setting of the problem allows investigating of the Block-Floquet waves in a wide
range of frequencies.

The partial periodic contact with electrically shorted interfaces, continuous displacements and
tractions on Bloch- Floquet waves in both acoustic and optic frequency regions have been studied.
The problem has been solved for the following wall conditions for waveguides:

(I) Neumann boundary condition for the displacement with Dirichlet boundary condition for the
magnetic field function.
(I1) Dirichlet boundary condition for the displacement with Neumann boundary condition for the
magnetic field function.

The results show that the partial periodic interface conditions in one-dimensional homogeneous
piezoelectric waveguides can allow spectral gaps only at acoustic frequencies. These band gaps vanish
at high frequencies confirming that the piezoelectricity does not play noticeable role at such
frequencies.

The structure and widths of band gaps are not affected by changing the polarization of one of the
piezoelectric materials in the unit cell to the opposite direction because the dispersion equation
contains the square of the piezoelectric constants.
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INFLUENCE OF STRENGTHENING ON DESTRUCTION OF REINFORCED CONCRETE
ELEMENTS OF DESIGNS AT DYNAMIC LOADING

Radchenko P., Goncharov M., Baldin 1., Plevkov V., Radchenko A.

This paper present results of experimental and numerical research of reinforced concrete columns and joints at short-term
vertical dynamic loading, which have yielded new results of the stressedly-deformed condition and schemes of fracture.

1. Recently questions of an assessment of durability and a deformability of concrete columns and their
joints of multystoried buildings become more and more actual. At building of concrete structures of
multystoried residential and civil buildings defects of manufacturing and an errors of installation
which, reducing bearing ability of columns and their joints, can lead to failure of construction designs
or buildings as a whole [1]. Besides, dynamic influences can perceive designs which didn't pay off
earlier on dynamic loadings that is caused by seismicity increase for many regions of Russia and,
especially for the cities of Western Siberia. Results of pilot and numerical studies of concrete columns
and their joints are given in this work at the vertical short-term dynamic loading, which results
allowed to receive new results of stressedly-deformed condition and the fracture scheme. During the
review and ordering of literary data it was established that the question of studying of work of
concrete columns and their joints at dynamic loading is insufficiently studied [2]. The program of pilot
studies which included three series of samples was developed for studying of this problem. Each series
consisted of five samples executed on the scale of 1:4 to natural columns, with a variation of existence
of a joint, reinforcing in a joint and external strengthening in the form of metal elements. All
experimental samples were reinforced by spatial knitted structures and cross-section fittings, in near-
bearing zones there was an indirect reinforcing in the form of grids. The working reinforcement were
executed in class A-IIl bars with diameter of 8 mm. Indirect reinforcement (collars and grids) is
executed from a bars of Vr-I with diameter of 3 mm. For prevention of local fracture in near-bearing
zones indirect reinforcing in the form of 5 grids with a step of 20 mm is established. Because of the
weakened section in a zone of a joint five grids with a step of 20 mm were established. The
geometrical sizes and reinforcing of experimental samples is provided on Fig. 1.
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Figure 1. Experimental samples.
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All prototypes were made of concrete which corresponded to the class B20. Tests of concrete elements
were carried out in laboratory of chair of concrete and stone designs of Tomsk State University of
Architecture and Building. For obtaining information on behavior of elements the patented installation
with system of the measuring devices [3] presented on Fig. 2 was used.

1A, 2

Figure 2. Patented installation: 1- power floor; 2- stand for tests; 3- weight; 4- dynamometer; 5-
experimental sample.

The stand represents the installation, which placed on a power floor, consisting of runners, rigidly
attached to a power floor. On runners the loading element with mass of 510 kg, attached by a crab and
fixed at necessary height by safety collars is freely moves. The tested sample is fixed in vertical
situation with the help bottom and top heads. In a bottom the basic ball which is fixing in a basic plate
which densely lies on a power floor gives articulated conditions of fixing. Top head is connected with
runners through the system of rods and cylindrical nozzles. Cylindrical nozzles fastened to runners by
means of fixing couplings. Cargo was fixed at the set height - 1,5 m. Then, by means of a bomb-
release gear, there was an unhitching of cargo which struck on an experimental sample through system
of damped rubber laying. The size of loading was measured by the sensor of a dynamometer DST 412
of tensoresistive type. For measurement of deformations of concrete and reinforcement steel
tensoresistor with base of 5 mm and resistance of 200 Ohm on reinforcement steel and base of 20 mm
and resistance of 100 Ohm on concrete was used. On concrete tensoresistors were established on two
perpendicular parties in joint level with a step of 125 mm on height. On reinforcement steel
tensoresistors were established on four angular cores in a place of a joint of columns. Also they were
established on other reinforcement steels slightly above and slightly lower than joint level. Indications
of tensoresistors were registered by 64-channel tensometrical system for measurement of dynamic and
static deformations MIC-400D. By means of the same system indications of a dynamometer and
moving sensors were registered. For definition of movements 2 sensors of movements with the
tensoresistical bridge scheme of measurement were used. For fixation of acceleration 6 accelerometers
of type 4382 were established. Their indications registered by means of the 16-channel digital registrar
MIC- 300M. The experimental researches allowed to reveal nature of deformation and a formation of
cracks in concrete columns and in their joints at dynamic loading, and also an ultimate load of
experimental samples.
The ultimate load of experimental samples is:

- for sample without joint (column) 305 kN (31.1 tonne);

- for sample with joint of columns 253 kN (25.8 tonne).
Nature of fracture and formation of cracks of experimental samples is given on Fig. 3, level and
character of the applied load - on Fig. 4.
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Figure 3. Nature of failure of experimental samples: a - sample without a joint (column); b - sample
with a joint of columns.
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Figure 4. Dependence of the level of applied load on time: a - sample without a joint (column); b -
sample with a joint of columns.

2. Also numerical modeling of process of dynamic interaction of the projectile with the samples which
are completely similar experimental was carried out. The finite-difference scheme of a method of the
finite elements, offered by G. Johnson [4] was applied. This approach allows to reveal the mechanism
of fracture of studied samples in dynamics. On free surfaces boundary conditions of lack of
tangential stress, on contact surfaces - sliding conditions without a friction are realized. Initial
speed of the projectile coincided with experimental speed and form 4.43 m/s. The massive
basis of the stand was realized by a condition of a rigid wall. The total of elements in
calculation area reached 1-10. The behavior of the steel projectile was described by elastic-plastic
model. For the description of behavior of samples the model of elastic-brittle behavior of a material
was used. The material was assumed as the quasi-homogeneous [4]. As criterion of fracture of a
material of samples Hoffman's criterion is used. This criterion allows to use various strength
characteristics of a material on compression and tension [5]. It is supposed that fracture of a material
of a concrete sample in the conditions of intensive dynamic loadings occurs as follows [6]. On Fig. 5
and Fig. 6. values of relative volume of fracture V¢/ Vg in samples by gray-scale color map is showed.
It is necessary to explain that values V; and Vg, are given to nodes of a mesh: V; is volume of elements
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incorporating in node in which the condition of fracture was satisfied; Vqn is total volume of the
elements containing this node. Value corresponds Vi/ Vg = 1 to final fracture of a material in node of
a calculation mesh. Nodes in which the material is completely fractured are removed from calculation
mesh for descriptive reasons. Calculations show that for a case of sample with joint fracture of the
near-bearing zones is less, and column fracture more evenly, than for case of sample without joint.
Fracture of a sample in the first case occurs on the strongly pronounced planes directed under various
angles to a longitudinal axis of a column. In bigger the part of volume of the fractured material criteria
of durability is broken at tension in the plane, perpendicular to the impact direction. The presented
calculation scheme allows to receive good quality comparison with experiment and allows to track
developments of fracture in time.
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Figure 5. Distribution of relative volume of fracture in material of a sample without a joint (column):
a-t=0.4 ms; b - t=2 ms; ¢ - t=8 ms.
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Figure 6. Distribution of relative volume of fracture in material of a sample with a joint of columns: a -
t=0.4 ms; b - t=2 ms; ¢ - t=8 ms.
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ESTIMATION OF HYDRAULIC STRUCTURES SAFETY BY COMPARISON OF
STRENGTH AND STABILITY THEORIES
Sarukhanyan A.A, Varanyan G. G., Mkhitaryan L. S.

Hydraulic structures being structures of first class require meeting the safety operation conditions. To secure safaty
operation conditions of earthfill dams it is important to evaluate their coefficients of stability and strength factor by
calculation of mode of deformation of dam body. To complete these calculations the dam body soil actual state observation
has to be carried out by experiments. Based on experimental data the mode of deformation of dam body is revealed by
software modeling investigations, and safety operation conditions are evaluated. The mode of deformation is defined by
nonlinear equations, which specify elasto-plastic state of dam body soil. Hydraulic structures safety and stability evaluation

methods are elaborated in case of dynamic impact.

Hydraulic structures being structures of first class require meeting the safety operation conditions.
Periodic complex checkup of technical state and based on its analyses specification of the given
structure’s safe operation evaluation is drawn up. Within the framework of the specification
engineering estimates are given on technical state of the structure under study and conclusions are
drawn for its further safe operation.

Often based on these conclusions implementations of a number of measures are planned which
create conditions for further safe operation of the structure.

Accurate and optimal assessment of dams strength and stability is especially important in the
design stage. More precise estimation of external influences and by their employing accurate
estimation of strength and stability of structures create guarantees for further safe operation of dams.

However it is necessary to check again safety and stability of already erected and operating
hydraulic structures. It especially is conditioned by time-dependent variation of physical-and-
mechanical properties of soils. External influences acting on the given structure are also changed with
the passage of time. As a characteristic example is seismic conditions change represented to existing
dams foundations resulting in increase of horizontal acceleration in the entire area of the Republic of
Armenia.

Estimation of safety factor and stability margin is possible only after obtaining physical-and-
mechanical properties of the dam body soil. To this end it is necessary that during monitoring, as a
mandatory condition, laboratory analyses [1,2] for obtaining physical-and-mechanical properties of
tested soil specimen taken from the dam body must be borne in mind. Naturally, the period and
necessity of such analyses depend on the characteristics of the given structure. Based on laboratory
tests it is necessary to develop a mathematical model of stress-strain behavior of the soil and use it as a
tool for carrying out computer-based experimental research to determine the field of deformation
mode of the dam body. Having the clear picture of the stress-strain field of the dam body its safety
factor and stability margin are computed.

To carry out research on stress-strain behavior of ground dams equations [3] of linear and non-
linear elasto-plastic deformation theories are used. Dam slopes stability calculations are made making
use of equations of solid bodies boundary equilibrium. For calculation of the dam safety and stability
margins there should exist a limit for which the safety and stability of a structure are satisfied, that is
one kind of calculations serve as a base for other kinds of calculations. As for conclusions, they should
be interrelated.

It is well known that there are not clearly specified mathematical models designed for accurate
estimation of hydraulic structures’ stability, therefore stability problems of hydraulic structures have
not yet been completely studied. It means that we have only approximate stability estimation of dams
based on a plane problem, while it is necessary to checkup stability of the dam based on a three-
dimensional problem. The latter is connected to a number of practical and theoretical complexities.
Even in this case the accepted approximations do not ensure satisfactory accuracy.

As stated above the accurate estimation of hydraulic structures’ stress-strain behavior can be a
strong base for accurate and reliable estimation of their stability.
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Theoretical footing of this method in case of the plane problem employing finite elements
principles have already been used in practice. This method enables checking up dam slopes stability
for different values of porous pressure (U ) and seismic loads. In this case using finite elements both
the stress-strain field and the field of filtration gradients and porous pressure are calculated in the dam
body under static and dynamic loads and then they are transferred to the sliding mass.

With this end in view the obtained values are averaged out at finite elements grid nodes and after
that using Mohr relationships at the center of each layer’s footing normal and tangent stresses
(1.1,1.2) are obtained. Supporting forces appearing on the slip surface are obtained by Coulomb’s law
(1.3)

_o,+o, 0,-0

o, = +— 4 cos20+r1, sin26, (1.1)
2 2
o,—0o, .
T, =T, cos26’—Tysm2<9, (1.2)
S, =tf=C"+(o,-UNQ¢', S, = pr,, (1.3)
S,

In case of finite elements employing [6,7,8] we have the dam slope stability factor K¢, = 5SS
m
The same approach can be employed for three-dimensional problem which for the continuum

should be solved if the given law of the material is known. Laws of materials are obtained by

laboratory tests. The more accurate results are obtained by stabilometric tests. Boundary surfaces of
materials are also obtained by stabilometric tets.

Accurate estimation of stability of hydraulic structures is especially important from seismic
impacts considerations. Toward this end it is necessary to solve a dynamic equilibrium equation in

matrix form
[M]{d} +[Dl{aj +[K]{a} = {F}
where [M ] = Jp{N }T{N}dS is the matrix of the mass, p is the specific mass, [D]=a[M ]+ B[K]

is the damping matrix representing resistance of the material (extinction forces),
[K]= I[B]T [CI[BIdS is the stiffness matrix, {F} ={F}+{F_} +{F} +{F,} is the force vector at
S

the node, {F,} is gravitation force, {d}is the acceleration vector at the node, {a} is the velocity

vector at the node, and {a} is the node displacement matrix [9].
In case of elastic linear problems the constructive matrix ([C]) is calculated according to Eq. (1.4)

[4,5]. Since real soils have non-linear properties, then the constructive matrix is calculated for each
loading stage.

1-v v 0

E v 1-v v 0
Cl=———— 14
] A+vyi-2v)| v v 1-v 1_02V 14

0 0 0 5

Dynamic (cyclic) loading increases porous pressure leading to the effective stress-strain state
change of the body. That change is conditioned by respective change of mechanical properties of the
material, i.e. the strength of soil material in case of dynamic loading acquires kinematic properties.

The stress-strain state is approximated with high degree of accuracy by a hyperbolic curve (5)

given by the initial shear modulus (G_, ), which corresponds to small deformations and shear stress

asymptote to which tend maximum values of shear stresses [12]. When in case of alternate loading a
hysteresis deviation occurs, then the dependency curve becomes hyperbolic. Loading, unloading, and
even reloading are carried out by the same hyperbolic curve [10, 11]. The advantage of this model is in
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that that only a few parameters such as G @ and C are required for carrying out calculations, as

max ’

for the mechanism it is quite simple

é
0,—0;= ,
a+be,

For accurate calculation of a non-linear model an assumption (MES) is made which enables to
calculate dependency of porous pressure on the number of repeated cycles. It is assumed that loading
is made in drainless conditions, therefore the increase of porous pressure is conditioned by the increase
of volumetric deformation of dry soil. The increase of the porous pressure is

Au=EA¢g,,

where AU is the increase of porous pressure, Ag,, is the volumetric deformation increase of which

(1.5)

dependency on the number of cycles and is determined by laboratory experiments, E, is the module of

reconstruction volumetric deformation which depends on the stress and is determined experimentally.

Such assumption enables in case of Coulomb-Mohr boundary surface on the hyperbolic model to
provide displacement of the hydrostatic axis in the field of the principal stresses both for plane and
three-dimensional problems.

If at any point of a soil structure the soil does not resist to shear stresses then one can conclude that
there is no general destruction, possibly due to plastic deformations at those points redistribution of
stress-strain state occurs in the body. At the expense of such redistribution the neighboring points
undertake external load ensuring the stability of the entire structure. Hence, calculations of strength
and stability of soil structures should be considered in a unity. Here static and dynamic loads as well
as different theories applicability limitations should be taken into account.

Otherwise speaking, if stability calculations based on the boundary equilibrium condition
immediately give a picture on the dam slope stability but does not take into account stresses
redistribution due to deformations development in the material, then the study of stress-strain behavior
of the dam soil material comprehensively characterizes distribution of stresses and deformations in the
body but does not give a clear idea on the dam and dam slopes stability. We can arrive to a conclusion
that in the process of soil dams design or study these two problems need complex solution, providing
strength, stability, and economic profit of dams.

Between the dam stress-strain field and quantitative estimation of its slopes stability there is an

organic relation - q'/p’ ratio field of which isolines coincide with dangerous sliding surfaces. It
should be noted that to each value of q'/ p’ ratio corresponds one value of sliding deformations
irrespective of " and p’ values.

This approach will allow to make a clear picture of a dam stability loss for both cases of plane and
three-dimensional problems.
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PARADOX OF NICOLAI AND SIMILAR EFFECTS IN STABILITY PROBLEMS

Seyranian A.P., Mailybaev A.A.

Abstract. We present a general approach to the paradox of Nicolai and similar effects analyzed as a singularity of the stability
boundary. We study potential systems with arbitrary degrees of freedom and two coincident eigenfrequencies disturbed by small
non-conservative positional and damping forces. The instability region is obtained in the form of a cone having a finite
discontinuous increase in the general case when arbitrarily small damping is introduced. This is a new destabilization
phenomenon, which is similar to the effect of the discontinuous increase of the combination resonance region due to addition of
infinitesimal damping. Then we reconsider the paradox of Nicolai: the instability of a uniform axisymmetric elastic column
loaded by an axial force and a tangential torque. It is shown that the paradox of Nicolai is related to the conical singularity of the
stability boundary which transforms to a hyperboloid with the addition of small dissipation.

Introduction. In 1928 Evgenii L. Nicolai [1] formulated a problem of stability of an elastic
column with equal basic moments of inertia loaded by a tangential torque and axial force. For the
case of cantilever boundary conditions he found that there is no static form of equilibrium of the
column except the straight one. Then he studied stability of the straight form of equilibrium using
dynamic method and came to the conclusion that it is unstable for arbitrary small magnitude of
the torque. This effect is called the paradox of Nicolai. For the stability study he used a discrete
model with a lumped mass attached to the free end of a massless cantilever column. In the same
paper Nicolai introduced a small viscous damping and found that it has a stabilizing effect. In his
next paper [2], Nicolai introduced geometrical imperfections related to non-equal basic moments
of inertia. He used the same discrete model for the stability study and came to the conclusion that
the geometrical imperfections are also stabilizing. That was the beginning of the era of non-
conservative stability problems. Later these two papers of Nicolai were published in his selected
works [3]. An account of the Nicolai papers is given in [4]. In 1950-60's Bolotin [4] and Ziegler
[5] explained absence of static forms of the loss of stability in several contemporary problems by
non-conservative nature of loading leading to dynamic forms of instability (flutter). A number of
destabilization paradoxes due to dissipation have been discovered in such systems: Ziegler's
destabilization paradox, destabilization effect for combination resonance, destabilization of a
Hamiltonian system. Recently, these destabilization paradoxes have been associated with generic
singularities of the stability boundary, see, e.g., [6]. We continue this list by showing that the
paradox of Nicolai is related to the conical singularity of the stability boundary.

1. Destabilization of a conservative system by small circulatory forces.
A linear vibrational system of arbitrary dimension with non-conservative positional forces can be written
in the form

M§+Cq=0, C=P+N (1)

where ( is the vector of generalized coordinates, M is the real symmetric positive definite mass matrix,
the real matrices P =P" and N=—-N" describe, respectively, potential and nonconservative (also
called circulatory) forces. We study the case of a general small perturbation M = MO + O0M and
C= PO + OC of the stable conservative system with a double frequency @, > 0. The two linearly

independent eigenvectors U, and U, of the unperturbed system are determined by the equations and
normalization conditions

—_— T 2 -
PU =uMu;,, uMu, :§ij, H,=w,, 1,]=12. )
For small perturbations, we derive the asymptotic destabilization condition as

306



(an ;azzj +a,a, <0 3)

with the coefficients aij = UiT (§C - (002 1) M)u ;- This inequality determines the internal part of a cone

in the space (a,,, a,, , (a,,- azz)/z) , see Fig 1 (a).

(a) alz ) (b) alz
0 -~ 0 -
a (all _azz)/z (all - azz)/z
21 ~
/2 \
a,,
instability

Fig 1. (a) The cone singularity of the instability domain in the case of a perturbed conservative system
with a double frequency. (b) The stability boundary for a system with finite damping (bold lines) and
infinitesimal damping (thin lines).

When small damping forces O Dq with positive definite symmetric matrix O Dq are added to the left-
hand side of equation (1.1}), the instability condition takes the form
(a,—a,) +4a.,a, +40)d’(1-n} —n)) <

1291 2 @)
< [771(3‘11 - azz) + 772(312 + a21)] >
d= (dll + dzz)/z’ n = (dll - d22)/(d11 + dzz)’ n, = 2d12 /(dll + dzz) )

with the damping coefficients dk i = Ulé‘ Du j- If n, # 0 or n,# 0 the limiting instability region with

infinitely small damping (d — 0) is larger than the instability region with zero damping given by

equation (3), so that instability region undergoes a finite (discontinuous) increase, Fig.1 (b). This
destabilization phenomenon is similar to the discontinuous increase of a combination resonance region
due to infinitesimal damping in the theory of parametric resonance, see, e.g., [5].

2. Instability of a column loaded by an axial force and tangential torque.
Consider a straight cantilever elastic column of length | loaded at the free end by a tangential torque L
and an axial force P, see Fig. 2. The column has variable cross-section characterized by the mass per
unit length M(X), the matrix of moments of inertia J(X), Young's modulus E, the external and internal
(the Kelvin-Voigt model) damping coefficients ¥ and 77 . Using variational analysis we derive the
instability condition, similar to {4}, for a straight and twisted equilibrium as
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p p(?l”
Fig. 2. Elastic column loaded by Fig. 3. Dependence of the coefficients Q1 and Q2

a tangential torque L and an axial force P .  on axial force P .

L*>b’+b) +w)(d +y/m)’/ (6)

The instability region is determined by the sum of instability regions (4) taken for all eigenmodes of the
column. Formula (6) shows that the perfect column with no damping (bl = b2 =d= Y= 0) is

destabilized by an arbitrarily small tangential torque L . This effect is known as the paradox of Nicolai,
see [1-3] and [4]. The quantities b1 and b2 describe the effect of geometric imperfections of the column.

When d = Y= 0 (no damping), the instability region corresponds to the interior of the cone in the space
bl, bl, L . Addition of damping has stabilizing effect, which corresponds to the degenerate case
n=n= 0 in equation (4).

As an example, we analyze numerically the case when a circular cross-section of a uniform column

with the radius R is slightly changed to elliptic cross-section with semi-axes R + OR and R . Then the
momemts of inertia will take the increments

5JX=3J°R5R, 5Jy:‘]°sR, oJ. =0. (7)

For this case formula (6) takes the form

2 5 5 2
L_I > Q12 (@j + Q1g377 E‘]o + Q2Q7I (8)
EJ, R | m, +/mEJ,

where dependence of the coefficients Q1 and Q2 on axial force P is shown in Fig. 3.
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3. Conclusion

We developed a general approach to the paradox of Nicolai and related effects analyzed from the point of
view of singularity theory. Geometrical interpretation of the obtained results is that the boundary of the
instability region represents a conical surface in the reduced three-dimensional space of nonconservative
disturbance parameters. It is shown that damping forces change the conical instability region to a
hyperboloid with two sheets increasing or decreasing the instability region. We confirmed and extended
the results of Nicolai showing that the uniform cantilever column with equal principal moments of inertia
loaded by an axial force loses stability under the action of an arbitrary small tangential torque, but it is
stabilized by small geometric imperfections and internal and external damping forces. The same result
holds when the tangential torque is substituted by the axial torque, since the corresponding eigenvalue
problems are adjoint. Full paper of the authors on this topic is published in [7].
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ELASTO-HYDRO-DYNAMIC FRICTION OF A CIRCULAR CYLINDER AND OF A
CYLINDRICAL BUSH WITH ELLIPTICAL CROSS-SECTION

Shekyan L., Verlinski S., Shekyan A., Aidun D., Marzocca P.

The framework of elasto-hydro-dynamic lubrication theory [1] is discussed in this paper. The theoretical plane contact
problem of a liquid friction rotating about a cylindrical axis with a fixed non-deformable elastic cylindrical bush is presented.
An elliptical ring cross-sectional shape is considered for the bush. The particular case of plane contact problem, when the
interaction of these bodies is in the boundary lubrication regime was discussed in [2]. The problem is reduced to a closed
system of nonlinear integral equations. A complete mathematical analysis of this system is carried out on the principle of
contracting mappings developed in [3] and a numerical analysis is used in the design of sliding bearings.

1. Problem statement and basic equations

Constantly rotating around its axis, an undeformable cylinder with radius R (Fig. 1) is under
external forces pressing on a fixed elastic cylindrical bush 2, with constant thickness ¢ . The internal
surface of the bush in the cross section has ellipse form with semi-axis a and b (a=b>R). It is also
supposed that in the narrow gap between the cylinder and bush there is a small amount of viscous fluid
with a thin layer of lubricant and the wearing surface of these bodies are separated from each other
(limited lubrication regime [4]).

Figure 1. Problem scheme

The goal is to determine the thickness of the lubricant film in the friction zone, the sizes of the
friction region of these bodies, the laws of distribution of pressure and shear stresses in the friction
zone, the magnitude and direction of the rigid displacement of the cylinder, as well as loss of power in
the friction.

Lubrication is described by equations of a viscous incompressible Newtonian fluid [1], whose
coefficient of viscosity 77 varies exponentially as a function of pressure in the lubricant
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n=n"-exp(k-p). (1)
Herein 770 is viscosity coefficient of lubricant in the absence of pressure, and K is the piezo-
coefficient of viscosity of lubrication, both given in [5].
In the friction zone @ € (— a,f ) pressure in the lubrication p((p) and the thickness of lubrication
layer h(¢)) connected by Reynolds equation [6]

3
de |explk- p(e)] do ®
with the boundary conditions at the inlet ((0 = —a)and outlet ((0 =p ) of the friction region [4]
d _
p(—a)zo, %‘(p:azsza)no [h(—a)] 2, 3)
d 2 1 _
p()-0. B oRon’) -y @

where @ is the angular velocity of the cylinder, @ and f are coordinates defining the beginning and

end of friction region, while T is the surface tension of the lubricant.
Contrarily to the classical contact conditions, the condition of the normal displacements of the friction

region @ € [— a,ﬂ] has the form:

u(p)— h((p) =R+lcos(p+¢)— ab[az cos’ (@ +y) +b*sin*(p + }/)TO'S , %)
where | = OOl is the distance between centers O and O, (Fig.1), ¢ and y are angles, which form
a line of action of F forces with lines passing through the large axis of the ellipse and through the
centers O and O,, U(go) is the elastic displacement of the points of the inner surface of the bush in
the direction of inside normal as a result of deformation of the pressure in the lubrication p((p) and
shear stress 7(@).

Since the bush is thin (Fig. 1), following [7], the displacement u((p) is defined according to the
Winkler model:
)= E2NR ) e Lanp), (6)
(1-v)E
where E and v are bush material Young modulus and Poisson’s ratio, respectively.
The equilibrium equations of a cylinder have the form:

B
[[p(@sin(p+ &) + r(p)cos(p+ 2)Hp =0, ©)

B
R [[p(p)cos(p+ &)~ z(p)sin(p+&)Hp=F . (8)
R? fd(p)d(o =M, )

where F and M are the resultant of the given external compressive forces and the total momentum of
rotating pairs, acting on each unit length of the cylinder. In this case, the force F is given, but the
momentum M and power losses N =@ - M are unknown.

Tangential stresses 7(¢) on the cylinder surface in the friction zone is defined by the formula [6]:

o), dggh oy sl o)l (el ) 10)

Equations (2) through (10) are the basic equations of the problem, which form a complete system of

7(p) =

nonlinear equations in the unknowns of the problem: h((p), p(w), (@), a, B, 1,e, M.
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2. Investigation of the system of equations (2)-(10).
From equation (2) with the boundary conditions (3), one obtains:

p((/))=—%ln{l—6R2wk77°j:{ ! —Zh(_a)}dl//}. (11)

L) 3n(y)
On the basis of (11) expression (10) takes the form:

_2Ron" |, h(-a) ' 3
(=0 {2 o) }exp[k pl)l. (pel-a.4). (12)
and from the boundary conditions (4):
A 2h(—a)}
- dy =0, 13
jihz(vf) ) | (2
b

h(-a) 3 9( 2T ) | (14

h(S) T2 4 oRn’

The dimensionless values are introduced:

_or9 0=3>1 ao——>b h(g)_m, uﬂg):%, 0=41-(b,/a,) <1

a+ﬂ R

P (&) =k p(p), 7,(§) =k -7(p), @, =6kon’, 5 =6/R, |,=I/R, (15)
c__kF _2h(-a) , _ k-N ~ (1-v)rRKE T_g( 2T J%
““(a+pR° T 3R T (a+peR* T (1-2v)1+v)sT " 4l wR7p°

therefore from (5) through (9) and (11) through (14), the relative dimensionless unknowns h0 (5 ),
po(f), 7,($), uo(f), a, B, 1,, €, N, are used to obtain the complete system of nonlinear

equations:
Ve =0+ i 1ok s gl el ol a9
()= p(’E(O 2 zefoil, (17)

i py(&)sinfe —a +(a+ B)E]+7,(&)cos[s —a +(a+ p)e]ds =0, (18)

L e 19

N, = jfo(f)dé’ (20)

Py(&) = —ln{l - woi[hﬂé) ~h.- h(ﬁ(é)]dé} , selo], @1

7,(£) = % Bh' @) -h 2] exp[py(&)]. £ <[ou1], (22)

I[hf(«:) ~h-h(@e=0, 23

?1(;(((1))) =1.5+T,. (24)
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The unknown dimensionless power loss N, is only present in (20). Hence, relations (16) through (24)

without (20) can be considered as a separate system independent on N . In this case, the system will

be solved to found a function 7,($), and by integration, with the help of (20), N, can be found.
Noting that the dimensionless compressive force F; appears only in the relation (19), that for

reasons of convenience, in the system of equations (16)—(19) and (21)—(24), it was temporarily
supposed that the value of F, is unknown. The dimensionless distance of the centers |, has some

value (|0)* at which the considered friction node is in fluid friction regime. This can occur when the
value (1,) satisfies the condition:

0<(l,) <b,—1-4, (25)
where 2=h_ /R, and h_ is the lower limit of the thickness of lubricating layer at which the cylinder
and bush are in the mode of fluid friction. Then, for the accepted value (lo)* from (19), the

corresponding value F, will be defined. Thus, the determined values F, for different values (Io)* of

satisfying (25), the required dependency |, from F is set.
The investigation of this system made by analogy given in [3], carried out in a metric space X
with metric
p(i1axz):|a1 _a2| +|ﬂ1 _/32| +|51 _‘92| +|F01 - I:02| +|N01 - N02| +

+max{lh01(§)_ hoz(fl +| p01(§)_ poz(gl +|701(§)_702(§X +|U01(§)_u02(§1}a

0<&<1

where X; :{ai, B, &, Ei, N, hOi(é’), pOi(f), TOi(.f), uOi(f)}, (i :1,2)—two arbitrary elements
of the space X .

(26)

3. Numerical results analysis
Applying method of successive approximations, the numerical solution of the system of equations

(16) through (24) is obtained, for a system with the following characteristics: b, =1.02, E, =1000,
T,=0.0014, @,=0.01, F,=0.071 and for selected values of the dimensionless geometric
parameters @, and y. The results displayed in Table 1 shows the values of the dimensionless

thickness of the lubricating layer h, (é‘ )

Table 1
¢ | a=102]| a,=1.03 | a,=1.03] a,=1.04 | a,=1.04
y=0.2 y=0 y=0.2 y=0
0 0.015553 0.016152 | 0.017354 0.017848 0.017693
0.1 | 0.014355 0.014976 | 0.016360 0.016508 0.016270
0.2 | 0.013201 0.013920 | 0.015153 0.014928 0.014860
0.3 | 0.012593 0.012992 | 0.014044 0.013724 0.013963
0.4 | 0.012023 0.012197 | 0.013042 0.012810 0.012335
0.5 | 0.011511 0.011540 | 0.012154 0.011897 0.011591
0.6 | 0.011000 0.011022 | 0.011388 0.011192 0.010943
0.7 | 0.010537 0.010546 | 0.010747 0.010682 0.010690
0.8 | 0.010099 0.010158 | 0.010184 0.010229 0.010269
0.9 | 0.010352 0.010807 | 0.010853 0.010871 0.010853
1 0.010648 0.011737 | 0.011802 0.011925 0.011653
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As can be seen from this table, the minimum dimensionless thickness for the bearing occurs for
an elliptical bush (&, >1,), when compared with the corresponding circular bush (@, =b,). This

result implies that improved mechanical properties (load capacity, wear resistance, durability, etc.) can
be obtained with sliding bearing by replacing a circular bush with an elliptical on.
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PROTECTION OF THE ELASTIC RECTANGULAR STRUCTURE FROM SEISMICALLY
GENERATED OSCILLATIONS BY A VISCOELASTIC STRATUM

Sumbatyan M.A., Ciarletta M., Zampoli V., Vaccaro M.

We study the problem about harmonic oscillations of the elastic structure of rectangular shape upon a foundation, in the case
when oscillations are caused by a seismic wave arriving from below. The structure is placed on the elastic half-space. In
order to protect the structure from the incoming seismic waves, there is applied a special isolation from vibrations by some
damping media modeled by a classical viscoelastic material of Kelvin-Voigt type.

1. Let us study harmonic vibrations (with factor ") of the rectangular elastic structure above an
elastic half-space foundation, generated by a seismic wave arriving from below at a certain incident
angle &. In order to protect the structure from the incoming seismic wave, there is applied a special
isolation by a viscoelastic stratum of Kelvin-Voigt type, see Fig. 1.

2\
b
0] L
4 ZHIx yi
S A dz
J T
a
0
inc

W
Fig.1. Protection of the elastic rectangular structure from seismic waves by a viscoelastic stratum

The problem is studied in both anti-plane and in-plane formulation. Let us give the basic equations in
the latter case. Let us introduce such notations, when all super-scripts ~1” are related to the
viscoelastic medium, and "2 is related to the upper rectangular structure. The lower elastic half-space
(ground) is either marked as “"0” or free of any super-script. For every domain the dynamic equations
are

2 2 2 2
GUI Zauzl (_C) pu1:0, auzl ZOUl (_C) 2 +kU1 0 (1'1)
GX OX X, 24 6 %

where c=c,/c, <1.The components of the stress tensor have the form

o ou, ou o 6u o ou, ou
=Ly (@1-2¢)—2, —Z=(1-2c ) 2, L :cz[—1+—2] (1.2)
PCy 8)(1 Xz pcp X aXz PC, X, 0%

Let b denote the height of the part of the rectangular structure towered above the ground level, then
the size of the rectangular construction is axb,, b, =b+h. Equations of motion (1.1), (1.2) are the

same for all three media, the ““ground", the viscoelastic protective stratum, and the rectangular
construction, taken with respective physical parameters for every elastic medium.

It is clear, both physically and mathematically, that the wave process in the viscoelastic
material decays with distance. In frames of the Kelvin-Voigt model of viscoelastic materials, this leads

to respective complex-valued wave numbers: k)  =k{" (1+i8) where, to be more specific, we
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assume the same damping constant £ for the longitudinal and transverse wave numbers. By

introducing this damping viscoelastic material, we model a possible way of protection of civil
engineering constructions from seismic vibrations.

Regarding boundary conditions, contact zones, between the rectangular construction and the
viscoelastic stratum, as well as between the stratum and the ground, all are accepted with absolute
coupling between neighbor solids. This means that four physical quantities, two components of the
displacement vector as well as normal and tangential components of the stress tensor remain

continuous when crossing any common boundary line. Besides, the horizontal parts y, =0 of the
ground surface, outside the construction, are free of load: o, = 0,, =0. At last, both normal and
tangential components of the stress tensor are trivial over the free part of the rectangle’s boundary.

2. If the plane incident wave is longitudinal then

Uflnc _ sind eikp(xlsin6‘+xzcosﬂ), O'1|2C —ik (1 262 cos 0) e|kp(xls|n6’+xzcost9)
o cosd pC’
(2.1)

u2
O'g;c ik (X, SiN @+X, cose) O‘igc (X, 5in §+X, cos B)
=ik, (1- 2c%sin? @) ™ |kcsm29ep
P pCP
Besides, Betti's integral theorem (principle of reciprocity of work) implies

@ - J [Uss (v, 0T (9) +Up (v, 0T (0], = [ (24 (v, 30U, (1) + 2, (v, ) U, (9]l

i = [ 0T U 0TI, ~ [ 120000 200 00,0,

/
where points X =(X;,X,), Y =(Y,,Y,) both belong to boundary curve of the considered domain:

(2.2)

X, y € £. Here vector T ={T,,T,} denotes the outer load applied over /.
Fundamental Green’s displacement tensor here is

1 0° 2

Uy = {ay [Yo(kyr) Yo (k)] -k Yo(ksr)}

Uy =Us (4 = ay‘f;yz[v(k )Yy (k)] .3
1 2

Uy 0= {Wg[vo(kpr) Y, (k)] kSYO(kSr)}

and the stress tensor is (m =1,2)

— ou o _ _
Zo(y,X) =2 +andiv, (T,)+u[mxrot, (@,)] 2.4)
y
Unfortunately, such a direct approach yields too complex equations, since for domains D and D®
this must also include respective parts of the free boundary surface y, = 0. For this reason in domains
D and D® we apply a special form of Green's tensor which automatically satisfies the trivial
boundary condition over straight line y, =0. Therefore, the classical form of the displacement and

stress tensors in Eqgs. (2.3), (2.4) is used only in domain D? .

3. Such Green’s tensor is defined as a solution to basic governing equations when certain point sources
are applied at point X in a medium. This can directly be constructed by using Fourier transform along

y, = 0. After some routine transformations one obtains for the Fourier transform of the displacement
tensor’s components (S is the Fourier parameter):
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- y SZ eisx1
U,(y,x)= Cle?’pyz + C2§eysy2 1| 27l 7Sefmyz*le -
Vo P
_ o | i< giv (3.1)
U12 (y’ X) — _Cl._peU’pyz + CZ e|7sy2 + (ef}/s|YZ7X2| _ e_yPIyZ_X2|)—Zsign( y2 _ XZ)
IS 200
with
isXy 2
C,=—=Jas?y (252 —k?)er — 2 [(2s? —k2} + 4s? e’
s s e s
C,= 2I,soi)2A {452(252 - kf)e““ —[(232 - kj)2 +4s%y y ]e"" } (3.2)
A=A(s) = (252 —K2f - 45?7,
By analogy, one obtains
Un(y,X) = D, + D, Logr gl g 7o 128 sign(y, —x,)
IS 20w
~ SZ eisx1 (33)
Uzz(y,x):_Dlﬁeypy2 +D2 e75y2 +£_e75|y2le_j/pe_yplyz_)(ZlJ >
IS Vs 200
with
D, = ZIZ(Z)ZA {[(252 - kf)2 +4s%y y ]e"" - 432(252 — kf)em}
eisxl SZ (34)
D, = 457y (252 —k?)e’* = 2[(252 — k2] +4s? g7+
g4l e st ast )

Obviously, the constructed Green's displacement tensor is not symmetric. It is used in domains D
and D©.

4. Let us present the basic system of boundary integral equations (BIE). The unknown functions are:

v = uf) = u§°) ;o w® = ugl) = u‘zo’ , W =T1‘1’ =T1(°) , sW =T2(1) =T2(°), ye/l,. By analogy,
v® = uil) — u§2) , w® = u(21) — ng), t@ :Tl(l) :Tl(Z)’ s@ :Tz(l) :TZ(Z) , ye Kz- These quantities
are defined by continuity of displacement and stress when crossing any interior boundary line, ¢, or
¢, . The two last unknown quantities are components of the displacement vector over the free part 7,

of the rectangle's boundary: v® =u®, w® =u®, ye/,. For these 10 unknown boundary
functions one should formulate a system of 10 BIEs. First two equations are obtained as equations of
(2.2) type when point X approaches to line /, from domain D” . Next two equations are obtained by
analogy when point X approaches to line ¢, from domain D™ . One thus obtains first 4 BIEs. In the
same way, 4 other BIEs can be obtained over curve /,. As a result, one arrives at a system of 8 BIEs.
The remaining two equations are obtained from (2.2) if one allows point X to approach free boundary
line ¢, from domain D' . It is obvious, that in this way the complete system of BIEs consists of 10
equations regarding 10 unknown functions. Recall that Green’s tensor in the classical form (2.3) is
used only for components with superscript (2) . For domains D@ and D™ the specially constructed

form (3.1) — (3.4) of the tensor is used.
The important remark for the constructed 10x10 system of integral equations is that for

domain D© respective equations may be written, due to radiation condition, not for full wave field
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but only for the scattered one. Then, if being treated directly, as certain integrals over the (complex)

boundary of domain D@ | the right-hand sides in the first two equations of the 10x10 system appear
in too complicated form. To avoid such a trouble, we prove that these integrals can be rewritten as

integrals over horizontal axis y, =0 that allows us to calculate them analytically in an explicit form.

5. The numerical treatment of the basic system of BIEs is performed by the so-called collocation
technique, when the set of the “internal” nodes y = (y{”,y{"), j=1..., N coincides with the set

of “external” nodes x = (x",x{"), i=1,...,N. When constructing the numerical algorithm, we
assume that all ten unknown functions are constant over each elementary subinterval on the grid.

Amplitude A
of vibrations
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.
157 I Right point
- Central point
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0 0.35 0.70 [:5

Fig.2. Vibration amplitude versus £ at three points on the top of the construction:
a=10m, b=5m, h=2m, d,=d,=1Im, c,=c, =c,=300m/sec,
py=p =p,=1g/cm®, ©=50rad/sec, 6 =45

-
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Fig.3. Vibration amplitude versus £ for different incident angles at the central point of the base:
a=10m, b=5m, h=2m, d,=d,=1m, c,=300m/sec, c, =600m/sec, c,=1000m/sec,
po=1g/em®, p,=2g/cm®, p,=3g/cm®, @=10rad/sec
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According to classical results, all kernels containing any singularity must be integrated
accurately since, in order to provide stable computations for the elements forming the diagonal terms
in the discrete matrix. We calculate this principal diagonal-terms contribution numerically. Such an
approach has been applied both to anti-plane and in-plane problems. Some figures, calculated for the
anti-plane problem, demonstrate the results of the numerical simulation as diagrams.

Fig.2 shows dependence of the vibration amplitude calculated at three points on the upper face
of the elastic rectangle, versus damping coefficient £. It can be seen that with significant growth of

£ the amplitude of oscillations decreases in two times approximately.

Fig.3 demonstrates analogous dependence of the vibration amplitude at the central point of the
construction’ base versus damping coefficient £, for a number of incident angles. There is used

another combination of physical parameters, and for significantly lower frequency of oscillations. It is
interesting to notice that lower frequencies provide greater suppression of the vibration with damping
materials. It is also interesting that damping efficiency weakly depends on the angle of incidence.

Fig.4 is related to the same physical parameters like in Fig.2. Here we study the influence of
the thickness of protective stratum. Thicker stratum evidently leads to greater vibration protections.

Amplitude A
of vibrations
2.0
1.7 dj dz 0.2m
l d;, d, increasing
1.4
d] dz 1.5m
0 0.35 0.70 B

Fig.4. Vibration amplitude versus £ for different thickness of the protecting stratum, central point on the top:
a=10m, b=5m, h=2m, c,=c,=c,=300m/sec, p,=p,=p,=1g/cm’, @w=50rad/sec, O =45
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INVESTIGATION OF THE INFLUENCE OF AGEING ON THE DISSIPATIVE
PROPERTIES OF GETINACKS SUBJECTED TO REPEATED STATIC LOADING

Valesyan S.

The effect of ageing on the dissipative properties of getinacks subjected to repeated static loading has
been investigated. Specimens were tested at the age of 1, 4, and 8 years. The approximation of experimental data
is done, and the energy of dissipation is calculated. The hysteresis characteristics have been obtained at the
values of strength close to the values of its ultimate strength. Based on the investigation of getinacks
manufactured by the technology of regulated thermo-pressing, this technology can be recommended for the
manufacturing of appropriate products.

Introduction.

According to the data of works received by testing of oriented fibreglasses [1,2], fiberglass on a
basis chopped glass-cord [3,4], fiber-glass plastic [2], the mechanical behavior of these materials both
at short-term, and at long force influences is rather sensitive to "age".

The data about dissipative properties of the polymeric composites determined as a result of their
repeated - static loading, considering technology factors and temperature-moisture conditions of an
environment are known from works [5,6].

Studying of the influence of "age" (ageing) on durability, deformability and dissipative properties of
getinacks applicable in various branches of engineering is of a great interest.

Experimental part.

Experimental samples as double-sided blades, which sizes satisfy the requirements of ST CMEA
1199-78, were cut out from sheet of getinacks with thickness =~ 5mm, received by regulated
thermopressing technology [7].

Sheet getinacks of all three parties received from sulfate - cellulose paper impregnated with the
phenol — formaldehyde binding solution, after polymerization cooled down in the switched off furnace
to avoid temperature pressure, and then were stored in a laboratory at temperature 20-25°C.

Experimental researches were carried out in 1, 4 and 8 years after manufacturing of the experimental
samples.

During the repeated static loading samples were tested with the step of loading 0,10, (o, - ultimate
strength of samples). The maximal value of the applied loading was 0,9 o,. Approximation of
experimental data (c and €) on the sites of ascending (—) and descending (<) branches of hysteresis
loop is defined by equation:

N - -
P

c=ac+fe’ (1)

where ¢ — value of the strain determined from the value of permanent set, and «, 8,n - parameters of
approximation defined for every ascending (—) and descending («) branches of hysteresis loop given
in the table.

Based on the known formula given in [8], the non-elastic deformation of material subjected to the
repeated static loading can be estimated through the coefficient of energy dissipation .

W
where AW - value of dissipated energy per a cycle, and W - value of the full energy of deformation of
samples.
Applying equations (1) and (2), and taking into account that values AW and W are the area of
hysteresis loop and the area restricted between the ascending branch of hysteresis loop and the axis ¢,
correspondingly, the coefficient of energy dissipation i can be defined by the following equation:
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J (ae+ Be")de - j (ac+ P )de
T ° @)

J‘ (ae +ﬂg;)d5

Integrating equation (3), the value of the coefficient of energy dissipation iy can be obtained by
equation (4):

2 A+l A+l
& ~ - = & = &
;ax (a_a)+ﬂﬁ+l_ﬂﬁ+l
l//: & agﬁJrl (4)
gl +p

2 A+1

Results and discussion.

Results of testing are given in the table and on figure.

According to the data of table, the ageing practically has not affected tensile strength of getinacks’
test pieces 1 and 4 years of age. The value of the tensile strength for the above-mentioned test pieces
has been changed less than in 1%. Meanwhile, the value of tensile strength has decreased in 5.5% and
6.3% for test pieces 8 years of age in comparison with test pieces 1 and 4 years of age,
correspondingly.

Table
Value [Age of sam- Tensile strength,| Coefficient| Approximation parameters | Approximation parameters
of ples t, MPa of energy for the ascending (—) for the descending (<)
applied  year dissipation | branch of the hysteresis branch of the hysteresis
load v, % loop loop
- - - “« “« «
a p n a p n
1 117,3+1.322 10.6 1.067 | 1199 | 032 1.59 7.99 0.105
0,9 5, 4 118,4+1.334 3 0999 | 7.77 0337 | 132 577 0.102
3 110.9+1.25 15.1 5035 | 5.99 0799 | 1.77 239 1.458

Using approximation parameters for samples tested 1, 4, and 8 years of age, the theoretical curves
of experimental data of the hysteresis loop are drawn. On the same figure the experimental data of
repeated static loading of test pieces as a dependence strain € on strength ¢ are shown by dots.

Investigating the influence of ageing on the deformation properties of getinacks subjected to a
repeated static loading, the value of energy dissipation coefficient should be considered. Comparing
test pieces 4 years of age with the test pieces 1 year of age, it is noticeable that the coefficient of
energy dissipation is decreased in 24.5%. Consequently, the influence of ageing on getinacks 4 years
of age subjected to the repeated static loading will cause the increase of design reliability. However,
the influence of ageing on getinacks 8 years of age is significant. The value of energy dissipation
coefficient of the test pieces of 8-year old getinacks is increased in 29.8% and 47% in comparison with
the test pieces of getinacks 1 and 4 years of age, correspondingly. So that, in the case of 8-year old
getinacks’ samples, the inversive effect takes place.
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Fig. Curves of the hysteresis loop.

Conclusions.

1. The technology of regulated thermopressing allows manufacturing getinacks, dissipation energy of
which appears only at pressures close to its durability. For this reason, the above-mentioned
technology can be recommended for the production of appropriate constructions and products.

2. Applying equation (1), the approximations of experimental data both for the ascending (—) and for
the descending (<) branches of the hysteresis loops can be obtained.

3. Influence of ageing on the dissipative properties of getinacks manufactured by the technology of
regulated thermopressing subject to the pressing pressure should be insignificant.
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TO SURVEY OF SOME RESULTS FROM ZAVRIEV IN THE VISCOUS-ELASTICITY

Vashakmadze Tamaz S., Gvinchidze Guram |I.

In the first part we give the generalized form for kernels when the mathematical models for elasto-creeping materials are
linear and homogeneous. The foundations of these results are some achievements gathered by groups of engineers and
mathematicians from Zavriev Institute of SM & EE and Vekua 1AM in the period 1968-2005 from great influences of
Arutiunian’s heritage. In the second part we present the method of constructing 2Dim with respect to spatial coordinates
nonlinear dynamical for a mathematical models of von von Karman -Reissner-Mindlin type for viscous -elastic thin-walled
structures and corresponding governing relations without any simplify hypothesis of mechanical or geometrical meanings and
Volterra’s principle.

I. Universal Creep Kernel for Materials with Constant, Instantly or Monotonously Decreasing in
Time and Zero “Memory” of Previous Load History

First investigations in the sphere of long-term deformation of aging materials were conducted on
concretes in the beginning of last century. While this property of the concrete did not provoke the
particular interest of investigators at the beginning, at present the content of the theoretical
investigations in the sphere of the creep of aging materials (as a material for experiments remains the
concrete) includes three main conceptually established creep theories (theory of aging, hereditary
theory of aging, theory of elastic heredity) and the certain number of modernizations, whose goal is
more visible reflection of some additional physical peculiarities of this process in the elaborated
analytical dependences of these modernizations of generalized Hooke law. Quickly increased number
of investigations, considerable volume and the wide variety of the accumulated material for a
comparatively short period from the beginning of the first investigations up to practical realization of
results is natural. About significance of the consideration of the concrete long-term deformations,
Arutiunian figuratively expressed: “The high arch dams could not exist, but for concrete creep
deformation.” The sense of this expression is that creep deformations, redistributing the strength, cut
the peaks of their concentration, those would be inevitable considering the uneven settlements of soils
under the dams all along their length. It is clear that it is only part of the global mater consisting in
interaction and deformation in time of bearing structural elements - components of the complexes
‘structure-basis.” The targets in assigned task are the results of this interaction: the long-term
deformation mode (LTDM) of the bearing structural elements (in result of strength redistribution and
deformation) and the long-term strength (LTS) of both the complex “structure-basis’ integrally and its
separate parts. Of course, the sphere of concrete creep considering is not confined to arch dams. Into
following short list of objects of design- engineering practice, demanding the continuous consideration
of concrete creep, there are included a few, by our opinion, the most important ones: analysis and
design of aqueducts, bridges and over bridges, large span floor structures, consideration of losses in
production and operation of prestressed structures etc., what is reflected in corresponding articles of
any national or pan-European codes. However, here must be emphasized the paradoxicality of present
situation: though, out of existing today theories of creep (with respect to concrete) the most precise
one - the theory of elastic- creeping body and the considerable number of its more or less successful
modifications are elaborated, in spite of this, during more than half a century, up to day - the only
theory whose parameters of the kernel are standardized - is the classic theory of aging. Its analytical
dependence o —¢ is the first (and for the time being, only) brought into the normative documents and
adopted in design practice. It is the most old and less precise, giving the large-scale errors in
determination of the concrete long-term deformations under the cyclic force actions, not fixing the
deformation at unloading, using in construction the principle of parallelism of the creep deformation
curve that is not able to describe the creep deformations of old concrete that contradicts the
experimental data. However, should be given credit to this theory - most simple and convenient for
practical use. From the variety of the theory of long-term deformation, the theory of elastic-creeping
body (or the hereditary theory of aging) describes the experiment most precisely. We have elaborated
the hereditary theory of aging, based on the idea of universality of its analytical dependence, allowing
to use it for description of long-term process’ of different building materials (aging, non-aging and
very old concretes). It is characterized by simplicity, optimum number of creep kernel parameters that
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makes it usable simply enough in practical calculations. The corresponding analytical dependence
o —¢ for the concrete, loaded at age r in the t instant time is shown below

s(t,tn)zGI(;”){lJr@O—m-(p(tn)+[(p(t)—(p(rn)]-[1+co(rn)]}+
" (1.1)
= I—{1+® —m-o(t)+[p(t) - o(t)]-L+o(c)}dr

bnr

where ®, -m -(p(‘c) is the characteristic of quick deformation of concrete creep, loaded at the age z;

[o(t)—¢(t,)]-[L+(t, )] - characteristic of slow deformation of concrete creep, loaded at the age 7 at

the instant time t;
o(t)=(u-(1+ m)-(p(r))/((pk—(p('c)) - coefficient regulating the lack of parallelism of the creep

deformation curves of test specimen twins (of the same batching) loaded at different ages;
m =(X-®0)/((pk)+ k, - total coefficient of proportionality regulating the limit decreasing of the quick

creep and the history of concrete elasticity module; a)(‘rn)— coefficient regulating the nonparallelism of

creep deformation curves of the twin samples (made of one batching) loaded at different ages.
Demonstrably, in w(z, ) the coefficient “u ” basically regulates the level of the parallelism of the creep

curves. This feature of the creep kernel characterizes the process of long term deformation, described
by the hereditary theory of aging and the theory of elastic heredity. Let us determine the range,
wherein the coefficient “u ” varies. It is clear that at the lower limit, when u =0, the creep kernel (1.1)
transits into the creep kernel of the modified aging theory. For determination of the upper limit of “u ”
the stipulation of disjointness of the creep curves of the identical samples is used. Below is given
composed by us inequality of full creep deformations for two concretes, loaded at ages z, ,and 7, in

instance of sampling, when o (t) =g,

u-(1+m)-(p(rn_1)]>
P =@ ( Ty (1.2)

O, —m-o(1,)+ [0 —o(7,)]-[1+ : -(i:_m(g('i(;n

Transforming (1.2), we will get u <1. Hereby, the lower and upper limits of the coefficient u
are0<u<1.in this range the process of hereditary aging is valid. It is clear that at
u=0,0,=0 m=0 we have got the creep kernel of the classic theory of aging. At u=1 the creep

kernel (1) describes the process of elastic heredity. Of course, it can be supposed that in the ultimate
transformation of the creep kernel @, =0, but this supposal requires the experimental confirmation, as

far as the information, that soils of foundation suffer the fast creep is not available, however, if such
information exists in results of some investigations, or in the standards, the analytical infrastructure for
their use have been ready.

Hereby, the principle of universality laying in (1.1) has one, but by our opinion, very significant goal:
description the long term deformations of aging and non-aging materials in one analytical dependence
that considerably simplifies the determination of the long term deformation mode and the long term
strength of the bearing complexes “structure-base.” Let us show this in more detail in below given
transformation of (1.1). After transformation the expressions (1.1) and (1.2) will have appearance:

E,e(tyt,)= c(rn)-[1+ O, -m-¢,-(1-e*" )+ ¢ (A+B-eP" )-(1—e“3'(“”)ﬂ+

0, _m'(p(‘tn—l)—i_[q)k _(p(Tn—l)]'[1+

( do() 3
I—T-[1+®O—m-¢k-(1—eﬁ )+, -(A+B-e?)(1-e" )}dr

Using the symbols: S_ (1)=©,-m-¢,(1-e"),S (t,1) =9, -(A+ B .e—s«).(l_e—ﬁ-(t-r)),
A=u-(L+m); B=1-u-(1+m),
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from (1.3) by partial integration we will get the expression that represents one of modified versions of
the generalized Hook’s Law for the materials with the creep property under the permanent and
variable in time force action:
Ep-e(t,7,)=0(t)-[1+©, —m-@, -(1_e—ﬁ»t)]+

t t (1.4)
@ -B-(m+ B)'J-G(T)-e"ﬁtdr—k(pk -B- A-J‘G(r)-efp'(H)dr.
Above expressions (1.3) and (1.4) was stated that proposed by us modification of the hereditary theory
of aging is characterized by simplicity, low number of parameters and universality. Long term
deformations running in the concrete in time and the influence of this process on long term mode of
deformation and long-term strength of cross-sections of RC structural element, subjected to flexure,
central and eccentric compression, represent the objects of multiple investigations, however, existing
hypotheses about the mechanical and chemical mechanisms of the creep deformation process in
construction materials (in given case, concrete) in spite of their diversity, are not reflected directly in
the analytical descriptions of these theories. Moreover, the abundance of the hypotheses emphasizes
only the absence of the full clearness in this issue. Nowadays the analytical creep theories are based on
the description of the geometry of forms, experimentally obtained curves ¢ —t, i.e. stating the result,

without the disclosure and analytical description of physical-mechanical, and likely, the chemical basis
of the phenomena. Experiments register the peculiarities of the long term deformation of the dry and
wet concretes, influence of the variable environmental temperature and humidity on this process,
however, in the theories all this is described by using the phenomenological dependences and
parameters. It can be noted that such approach quietly acceptable in solution of practical engineering
tasks, as far as it gives the answer to the main question about the substance of influence of the creep
deformation on the long term deformation mode and long-term strength of structural elements.

Il. To Problems of Constructing of von Karman type Nonlinear Mathematical Models for
Viscous-Elastic Thin-Walled Structures

In the work [1] exposed the first step for constructing two or one dimensional theory for the beam,
plate, or column when the creep stress-strain relations (which generally include the possibility of
elastic and plastic strains) are nonlinear. Using some results for elastic case of Reissner, Wang and
Prager in [1] pp.117-119 formulated Variational Principle(\VP) for viscous-elastic bodies. By VP these
Authors did main conclusion that von Karman system’s analogical relation is true too. Now we try to
analyze the difficulties arising with immediate representation of the corresponding methodology
elaborated by von Karman-A.Foppl. In this aim we must repeat some results and new one from our
publications.

One of the most principal objects in development of mechanics and mathematics is a system of
nonlinear differential equations for elastic isotropic plate constructed by von Karméan. This system
represents the most essential part of the main manuals in elasticity theory [2, 3]. In spite of this in
1978 Truesdell expressed an idea about neediness of “Physical Soundness” of von Karman system.
This circumstance generated the problem of justification of von Karman system. Afterwards this
problem is studied by many authors, but with most attention it was investigated by Ciarlet [4]. In
particular, he wrote: “the von Karman equations may be given a full justification by means of the
leading term of a formal asymptotic expansion” [4, p.368]. This result obviously is not sufficient for a
justification of “Physical Soundness” of von Karman system as representations by asymptotic
expansions is dissimilar: leading terms are only coefficients of power series without any physical
meaning.

von Karman von Karman von Karman This fact was verified also by Podio-Guidugli recently.

In the presented model we demonstrated a correct equation that is especially important for dynamic
problems.The corresponding system in this case contains wave processes not only in the vertical, but
also in the horizontal direction.The equations have the following form [6]:
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(DA? + 20, — 2DE *(1+v)p, A Jw = (1-“2(1;}5—2()2)‘0)@(9; g, ]+

2.1)
2h%(@+2y) ). - N _
2h|1—-————22A F.[+h -
NI
1-v? E v 2 .\ l+v
[Az — PAD, jCD =—?[W,W]+E[A—%anj(g3 +0; )+W f. (2.2)

From (2.1)-(2.2) follows von Karman equations if in (21) »=-05g;=0 and in
(2.2): f, = p,=Ag; =0. In addition, an equation corresponding to (2.2) by von Karman A. Foppl,
Love, Lukasievicz, Tomoshenko, Donnel, Landau, Ciarlet, Antman et al. were constructed by the
condition &, ,, —2&,,,, + &£,,,, =-0.5u;,u,] and Hooke’s law (but without using the equilibrium

equations!). As we prove in works [6], the form (2.2) follows immediately for more general cases,
when thin-walled elastic structures are anisotropic and if we use Hooke’s law, equilibrium equations
with  a nonlinear  relations  between  strain  tensor and  displacement  vector:
&, =0.5(U, , +U,, +U,,U,,). Now we shall prove that equations (2.2) in dynamical case has the

following form:

1-v2 v 2 . .\ 1+v
[_EplAatth)zz(A_?anj(% +0, )+W fa,a' (2'3)

Thus we must demonstrate, that both way are the same to form the expression: A*® —0.5E[w, w]. To
construct (2.2) we must use such relation [4]:

(A" +20)A(&, +8,) = (2uGA+2u))  (A+2u)(X +2u)A(G, + 5y, )+ ..

a+p —
:y((—l) @3_a83_ﬁu3,au3,ﬂ)+...,
where dots denote the different members from (2.2). If we denote &, =(-1)""9, 8, ,®, from

preliminary equation follows (2.2) or: A?® = —0.5E[w, w]+...
Now it is evident that from St.Venant-Beltrami compatibility conditions, as
Enpp — 2801 T Epu =

(2/’[(3//L + 2/“))_1[2(/1 + IU)AEaa - /lamx,mx] - (/’l)_l 512,12 = 2E 71A2q)’

or A’® +0.5E[w,w]=0.

Now let us consider the problem of creating and justifying 2Dim mathematical models (with respect to
spatial coordinates) of KMR type for viscous-elastic thin-walled structures in the above sense. In this
aim by using The General Variational Theorem of [1, pp. 117-119] in dynamic case we have:

at(o-ij,j +aj(o'ikuj,k)_ fi): at(Panui)’(t’X)e (O'T)XQh(X)

and other same basic relations (the first order Evolutionary System of DEs-EVSDEs- corresponding to
“pure” creep processes) then (after indicated integration with respect to t -creeping time) the creation
and justification of refined theories of KMR type didn’t contain any difficulties and are realized
similarly as an elastic case. Preliminary we must prepare EVSDEs for using abstract numerical
schemes for Cauchy problems of pseudo ODEs. For completeness, we remark that it is easy to define
initial value of second order derivative from inertial member on each preliminary step of numerical
integrations.

At last we would like to express our thanks to our young colleagues Mrs. Neli Eremadze and Mr.
Yusuf Fuat Gulver for helping us to prepare this article.
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THE PROBLEM OF INTRAOCULAR PRESSURE MEASUREMENT MODELING BY A
PNEUMOTONOMETRIC METHOD

Yakushev V.L.

The procedure of measuring the intraocular pressure by an optical analyzer is numerically simulated. The cornea and the
sclera are considered as axisymmetrically deformable shells of revolution with fixed boundaries; the space between these shells
is filled with incompressible fluid. Nonlinear shell theory is used to describe the stressed and strained state of the cornea and
sclera. The optical system is calculated from the viewpoint of the geometrical optics. Dependences between the pressure in
the air jet and the area of the surface reflecting the light into a photodetector are obtained. The shapes of the regions on the
cornea surface are found from which the reflected light falls on the photodetector. First, the light is reflected from the center
of the cornea, but then, as the cornea deforms, the light is reflected from its periphery. The numerical results make it possible
to better interpret the measurement data. Two types of boundary conditions arc compared; for each of them, the relation
between the pressure in the air jet and the area of the surface from which the reflected light is recorded by the
photodetector is analyzed.

1. The intraocular pressure has important physiological functions—it smoothes the intraocular
shells and gives the eyeball the shape required by the optical eye system. From the level of the
intraocular pressure, one can judge the development of such pathological processes as glaucoma or
opacity of aqueous humor and vitreous body. The intraocular fluid feeds the internal structures of the
eye. It provides for the exchange processes between the internal structures and the tissue structures.
Tonometry is the measurement of the intraocular pressure (IOP) to determine the ability of the eyeball
to deform under the influence of an external mechanical action, which can be applied to the cornea
and the sclera. The IOP is measured using specially designed devices. There are finger, impression,
and applanation methods of tonometry. One variant of the applanation tonometry assumes that a jet of
air is directed to the cornea center (air-puff tonometry), and the displacement of the cornea is measured
by the reflected beam of light (optical method). This displacement is then used to calculate the IOP.

2. The IOP is measured using specially designed devices. In this report, we numerically simulate the
eye deformation when the pressure is measured using ORA (the Ocular Response Analyzer) developed
by the USA company Reichert (see [1]). The measurement procedure is described in [3-5]. A special
positioning system is used to direct a narrow light beam at a certain angle to the center of the
cornea. Then an air jet is directed to the cornea center and the pressure in the jet increases from zero
to a certain value. The cornea gets deformed and the reflected light flux changes depending on the
cornea shape. The measurement results are displayed on the device screen as a curve illustrating
the dependence of the reflected light flux on the pressure in the jet. Numerous experiments in which
the results obtained with the ORA were compared with the results obtained by other methods for
measuring the intraocular pressure underlay the development of a method used to interpret the ORA
results as values of the intraocular pressure.

The eye apple shell consists of two parts, the cornea and the sclera, whose mechanical properties differ
significantly. The sclera and the cornea arc separated from each other by a thin membrane. The front
chamber between the cornea and the membrane is filled with aqueous humor, and the rear chamber is
filled with vitreous body. In the calculations, it is taken into account that the eye apple is tilled with an
incompressible liquid but the influence of the intermediate membrane is neglected. The cornea and the

sclera are treated as shells of revolution uniformly loaded by an internal pressure ; (Fig. 1) and
rigidly fixed at the points where they meet. A uniform external pressure P, is applied at the cornea

center along a circle of radius I’ , and this pressure increases from zero to a certain value. As the

p 1
external pressure in the air jet increases, the cornea deforms, and part of the intraocular liquid flows
into the sclera making it expand so that the intraocular pressure increases. The value of the pressure is

determined from the condition that the internal volume of the eye remains constant.

3. Assume that the cornea and sclera shapes are axially symmetric with respect to the vertical axis Z
(Fig. 2), and the air pressure in the air jet is also distributed axially symmetrically with respect to the
same axis. This results in an axially symmetric problem for calculating both shells. The cornea and
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the sclera are treated as elastic shells whose strains are described by a geometrically nonlinear
theory in the case of finite displacements and rotation angles [2]. So, only the basic equations of the
theory of shells of revolution under the action of an axially symmetric load are used [2]. These
equations are the same for the cornea and the sclera; they only differ in geometric and mechanical
parameters [3-5].

We solve this problem using the additional viscosity technique (see [2]). A simple creep model that
makes it possible to model the continuous process of passing from the subcritical to the supercritical
state without taking into account the inertia forces is the Voigt solid. As a result, one obtains a system
of six partial differential equations whose form corresponds to the canonical form of hyperbolic-type
equations [2]:

2
oo +Aa£+l{a£+B}=0. (3.1)

0s,ot ot 1t |0s,

The components @ are unknown functions of the spatial coordinate S, and timet. The 6 x 6 matrices
A and B are functions of the components of @, which, in turn, arc functions of the time t and
coordinate S, .

The solution was carried out using a stepwise method, and the iterative process was terminated when
the rate |8(D / 5t| became less than some prescribed value determining the error of computations. The

entire process of numerical solution is described in detail in [2].

4. Two problems with different boundary conditions (Fig. 1) were considered. In the first of them, the
point where the cornea and sclera meet was fixed. The lower point of the cornea can move freely. This
problem was studied in detail in [4]. On the contrary, in the second problem considered here, this point
can move in the vertical direction, while the lower point is fixed [5].

5. To determine the dependence between the external pressure and the reflected light flux that hits the
photodetector, we should consider the passage of the light rays between the light source and the
photodetector (see [3, 4]). The scheme of the optical system is shown in Fig. 2. To calculate the
passage of the incident and the reflected light beams, we put a grid on the cornea surface that is finer
near the center. First, each point of the grid was connected by a straight line with the source O and it
was checked if the ray passes through the aperture A. Thus, we constructed the illuminated region of
the cornea (see Fig. 1). The incident and the reflected rays must lie in one plane with the unit normal
Nto the cornea surface. Furthermore, the angle between the incident ray and N must be identical to
the angle between the reflected ray and N. From these conditions, we constructed the reflected ray and
checked if it hits the photodetector. Since the photodetector has a limited size, it captures only the part
of the light flux reflected from the cornea in the region Q. This region can be multiply connected (see
Fig. 4).

6. Since the problem was solved numerically, the cornea and sclera shapes could be prescribed as
numerical values at a sequence of points. However, since the amount of initial data was insufficient,
their shape corresponded to spherical segments [3]. The calculations were performed for the following
data: the cornea radius was 0.008 m, the elevation height was 0.00493 m, the base radius was 0.00739
m, the sclera radius was 0.012 m, Poisson's ratios were both 0.45, the elasticity modules were

1.2*10° Pa and 6.0*10° Pa, respectively, the cornea thickness was 0.00045 m and sclera thickness
was 0.001 m.

The calculations were performed for the values of the intraocular pressure from p, =15 to p, =50

mmHg with the interval of 5 mmHg. Figure 4 shows the shapes of the regions in the central part of the
cornea corresponding to the unlit part (black), the illuminated part that reflects the light not hitting the
photodetector (gray), and the illuminated part that reflects the light hitting the photodetector (white).
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It is seen that the light is first reflected from the center of the cornea; then, as the cornea deforms, it is
reflected only from its periphery. This is a very important result because no experiments on
investigating the shape of the region for the reflected light were earlier carried out, while this is
necessary for the correct interpretation of measurement results. Figure 3 illustrates the dependences
between the pressure in the air jet P, (in mmHg) and the area S (sq. mm) of the region Q that reflects

the light hitting the photodetector for three values of the cornea thickness 0.45 mm, 0.55 mm, and 0.65
mm for the initial internal pressure p;, =20 mmHg.

To analyze the influence of the initial internal pressure on the location of the curves in the dependence
S —p,, calculations for eight values of P, were performed with the cornea 0.45 mm thick (see Fig.

5). It is seen that the maximum of the dependence S — p, moves to the right as P, increases. This fact
can be used to interpret the measurement results.

7. The calculations for the second problem (see Fig. 1) were performed for the intraocular pressure
P, =20 mmHg. The solutions of the first and second problems were compared. Figure 6 displays the

pressure in the air jet P, (mmHg) against the area S (sq. mm) of the surface of the domain Q from

which the reflected light comes to the photodetector. The solid line corresponds to the second problem
and the dashed line corresponds to the first problem. It is apparent from the graphs that the change of
the boundary conditions did not cause significant changes in the results.

The author wishes to thank his teacher Vladimir Nikolaevich Kukudzhanov for his support of the
research into modeling of mechanical actions on living systems, including the intraocular pressure
measurements. Vladimir Nikolaevich made a number of valuable remarks and actively participated in
the discussion of the obtained results.
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Developments of N. Kh. Arutyunyan ideas in contemporary mechanics

The influence of Academician Arutyunyan ideas on contemporary mechanics and the
development of his ideas in modern science are under consideration. Three main areas of Solid
Mechanics are studied in details. They are viscoelasticity, contact mechanics, and mechanics of
growing solids. The development of the theory of viscoelasticity is closely connected with ideas
of aging and inhomogeneous aging. New directions in contact mechanics are defined by
concepts of multi-body non-simultaneous contact and discrete accretion. Mechanics of growing
solids progresses on the basis of modern geometry and use notions of physics and chemistry.
These areas have numerous intersections and generate new problems which are of great
importance both from the point of view of fundamental research as well as from the point of
view of applications. The development of each area is illustrated by the statement of new
problems, utilization of new methods and formulation of new mechanical phenomena.

Manzhirov A.V., Lychev S.A., Fedotov L.A., Joubert S.V.

Nonstationary heat transfer problem for a growing ball

The evolution the temperature field in the growing ball is studied in present paper. The law of
the motion of growing surface that allow expressing the solution of the initial-boundary problem
in closed form is determined. The spectrum of a linear differential operator generated by the
problem is obtained.

Margaryan L.M.........
The construction of applied dynamic model of micropolar orthotropic elastic thin bars with
the help of the asymptotic method

In the present paper initial-boundary problem of plane linear micropolar theory of elasticity is
considered in thin rectangular domain for orthotropic bar. It is assumed that the general stress-
strain state can be divided to internal problem and boundary layers by coordinates and time. The
internal one-dimensional problem and boundary layers by coordinates and time are constructed
with the help of the asymptotic method. Corresponding boundary and initial conditions are
obtained on the basis of interaction of the internal problem and mentioned boundary layers. As a
result mathematical model with free fields of displacements and rotations of micropolar
orthotropic elastic thin bars is constructed and the corresponding model of micropolar bars,
constructed on the basis of hypotheses method, is justified.

Martirosyan A.N., Dinunts A.S., Davtyan A.V......
Unsteady problem of healing of crack moving with variable speed

An analytical solution for problem of healing of crack moving with arbitrary speed is done. The
character of curves of healing process is investigated.

MartiroSyan S.R. ....cueicineicnceicssnnisssnisssarcssssessssssssasessssssssassssasssssssse
On the problem of the stability of a rectangular plate in a supersonic gas flow

The linear problem of the static stability of an elastic rectangular plate in a supersonic gas flow
is investigated. The flow is in a direction from the free edge to the hinge joint edge. At the two
edges parallel to the flow are hinge joint. Its solution shows that the divergence is possible.
There are two limiting cases, which can be reduced to this problem: the case of an elongated
plate and the case of a semi-infinite plate-strip. In the latter case the phenomenon of the
localized divergence instability arising in the vicinity of the free edge is observed. The critical
values of the flow velocity have been found, which results in the divergence instability,
depending on the sides of a plate and the Poisson’s ratio.
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Mikaelyan H.H. .....ueiieiiniiiineiisnercsnncssnnnssnncssnessssnnssseessssssassesssssssnsesss

The problem of stability of compound beam with the concentrated mass

In the work the problem of stability of a compound beam with the concentrated mass is
considered.

In the first paragraph of the work the problem is considered with unalterable direction load in
which the critical force is determined. In the second paragraph the problem is considered with
the following load. In the third paragraph the problem is considered with concentrated mass
when the load is following. In this task the critical load of divergence instability is determined
and in order to determine the critical load of flutter instability particular cases are considered.
After this the values of critical load of divergence and flutter instability are compared.

Minasyan A.F. .
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39

The axial symmetric contact problems for semi space with vertical cut finite or semi finite
cylindrical cut

The two mixed boundary problems of elasticity are considered: Contact problem for elastic
isotropy half space weakened by cylindrical deformable hole of finite length, passing on the
boundary of semi space perpendicularly to it, is considered. On boundary of semi space the rigid
circular stamp with arbitrary shape of its base is applied. The hole is in position under the stamp.
The boundary of half space and of interior part of hole is free from stresses. The same contact
problem is solved for half space, when upper surface of cylindrical hole is on finite distance
from the boundary of half space and the hole is semi-infinite. For both problems on boundary of
half space is applied the rigid stamp. The solution is done by two biharmonic functions for
cylindrical hole and half space in the form of sum of integral Fourier—Bessel and series of
Fourier—Dini for first function an of integrals of Fourier—Macdonald and Weber for the second.
For unknown coefficients functions one obtains system of dual integral equations with kernels
in form of trigonometric functions and the Weber functions. This system by method of
transforming operators is reduced to standard Fredholm integral equation. The expressions for
normal stresses under the stamp and on outer surface of hole with separated singularity
including coefficients of stress intensity, as well as of values of displacements of half space
boundary out of stamp and on surface of hole are obtained. Equating to zero coefficient of stress
intensity of normal stress is obtained size of external radius of hole.

Mirzoyan S.E., Hakopyan V.V.

On periodical problem of contact interaction between rectangle and stringers taking into
account the creep

In the theory of creep of non-homogeneous inherently-ageing bodies a problem of contact
interaction between rectangle and stringers is considered. In various viscoelastic characteristics
rectangle and stringers in the presence of definite external load, the law of contact tangential
stress distribution is determined. The solution of the problem is brought to the solution of set of
Volterra second type integral equation and infinite linear algebraic systems.

Mikhin M.N

46

On the bending of viscoelastic growing curvilinear beam

The theory of bend for growing problems of growing solids mechanics is developed in this
paper. Three main stages of deformation of a body are investigated: prior to the beginning of
building, in process and after a growth stop. The method of the decision based on use of
function of tension is offered.

Mkrtchyan M.M., Mkrtchyan M.S.

50

On the solution of problem of torsion of elastic prismatic bar with a cross-section in form of
an unequal angle bar by the boundary integral equations method

N. Kh. Arutyunyann's well-known problem on torsion of an elastic prismatic bar with a cross
section in form of an unequal angle bar is considered from the point of view of application of
boundary integral equations.
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Movsisyan L.A.
About stability of rectangular plate and circular ring

The stability of a rectangular plate and circular ring filled with power and thermal effects are
investigated. The problem of stability under the influence of hard punches is also studied for the
ring. The critical parameters-the instant and long-term (elasticity, viscoelasticity) are
determined.

Movchan A.A., Silchenko T.L., Klimov K.Ju, Kazarina S.A.

Shape memory alloys: rheonomic properties and stability

Experimental data is described following which shape memory alloys (SMA) have rheonomic
properties. Two model of rheonomic behavior of SMA are proposed. Question about the
influence of rheonomic properties on stability the simplest parts containing SMA is investigated.

Morozov N.F., SEMeNnOV B.N....ccviiiiiniiennnsniionsnsnsiossssnsiossssssiossssssisssssssessssssssssssssssssssssssssssassssssssssssse

Selected problems of nanomechanics

In the study of nanoscale objects is necessary to consider the growing influence of the surface.
A number of classical problems of elasticity for nanoscale structures, taking into account surface
stresses, are considered. The results of analysis are compared with classical results. The effect of
taking into account surface stresses on the effective stiffness of nanoporous rod and the stability
of a plate with a circular cut in tension is investigated.

MkKkhitaryan D. A

The results of investigations of protected deformed properties of layer damping elements of
antiseismic foundation

The analysis of results of the investigation of protracted deformed processes subject to ageing of
materials allows to make a conclusion on the possibility of the use of these elements for the
solution of engineering problems. Therefore in the capacity of criteria estimation of construction
the insignificant influence of protracted compression may be accepted on the behavior of multi-
layer rubber cushions reinforced by plates

Mkhitaryan S.M.

On contact between an infinite stringer and an elastic semi-infinite plate with a vertical crack
In the framework of Melan’s well-known one-dimensional elastic model of stringer contact
between an infinite stringer and an elastic semi-infinite plate containing a vertical crack of finite
length with one end on the stringer is considered.

Mkhitaryan S.M., Tokmagyan O.V..........ceecsecsecsecsecsnnees
On hydraulic calculation of the established filtration of the liquid in the porous multilayered
ground

A plane problem on determination of basic hydraulic characteristics of the established filtration
of the liquid in the porous multilayered ground mass, when from the upper boundary of the mass
the liquid injects toward the interior of the mass with a certain speed, is considered.

Nadolin K.A.

Distinctive features of the shearing stream flows and their mathematical models

In work the peculiarities of the water flows in the lengthy bed-stream are discussed as well as
approaches to deriving their mathematical models. The specific model equations that describe
bed-stream flow as 3D phenomenon are under consideration but they are more simple then
general hydrodynamic equations. In contrast to the averaged equations, these reduced models
are taking into account the stream cross-structure that allows us to study the effects of the river-
bed and river-banks shapes as well as some surface phenomena like the wind action.
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Nazarova L.A., Nazarov L.A., Epov ML.L, Eltsov LN.......cccceevrevvurisvercscnrcssercsunccnens
Multidisciplinary model of borehole environment for description of physical fields of different
nature

A 3D model describing the hydrodynamical and geomechanical fields’ evolution under deep
borehole drilling was designed. The zones of irreversible deformation may occur in the vicinity
of borehole at definite relation between rock strength properties, drilling mud pressure and
magnitude of virgin horizontal stresses. These zones influence considerably on borehole
surveying apparatus readings that has to be taken into account in coarse of log data
interpretation.
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Hovhannisyan E.G. .
Strained-deformed state of two rugged under the corner of lines in field of gravity force

In field of gravity force body limited by two lines and situated in position when the line of
crossing these stripes perpendicular by direction of self-weight vector is considered. The
problem is solved by the method of finite elements. The values of normal and tangent pressure
in studied surfaces are resulted.

Hovhannisyan H. V.

98

A contact problem for a composite plate with two different semi-infinite stringers

In the present paper a contact problem is considered for an elastic composite (piecewise-
homogeneous) infinite plate, consisting of two semi-infinite plates with different elastic
properties, that are attached to each other along the common straight border, and strengthened
with two different semi-infinite elastic stringers with different rectangular cross-section, which
are parallel to the mentioned plate’s heterogeneity line and are at the same line. The considered
contact problem is formulated as a singular integral equation with kernel, consisting of singular
and regular parts. By means of Fourier generalized integral real transform the integral equation
is reduced to a functional equation with respect to the Fourier transformants of unknown
functions of intensities of tangential contact forces and deformation of intermediate finite
segment between the stringers. Then, it is shown, that the solution of the functional equation is
reduced to the solution of a singular integral equation with respect to the deformation of
intermediate finite segment between the stringers, with kernel consisting of singular and regular
parts, the solution of which is reduced to the solution of a quasi-regular infinite system of linear
algebraic equations.

Hovhannisyan H.V., Beglaryan A.A...

On a contact problem for an elastic comp03|te infinite plate with two finite elastlc strlngers

In the present paper a contact problem is considered for elastic composite (piecewise-
homogeneous) infinite plate, consisting of two semi-infinite plates with different elastic
properties, attached to each other along common straight bound, strengthened with two finite
elastic stringers, which are on different sides of the heterogeneity line of the mentioned semi-
infinite plates and welded (glued) to those semi-infinite plates. It is assumed, that one of the
stringer is parallel, the other is perpendicular to the heterogeneity line of the semi-infinite plates,
have different elastic properties and cross-sectional areas. The contacting pair (plate-stringer) is
deformed by concentrated forces applied on the stringer’s bounds. The problem is formulated as
a system of singular integral equations under some conditions, the kernels of which are
consisted from singular and regular parts. Then, that system is solved by means of well-known
mathematical method of Chebishev orthogonal polynomials, which reduces the system of
integral equations to a regular infinite system of linear algebraic equations. Formulas for
determining normal stresses in finite elastic stringers are obtained.

Osipov ML.N., Chekmenev A.N., Sheglov Yu.D.

Research of dynamlc processes on the basis of the analysis of dynamics of the smgle speckle
In work application single speckles for research of dynamic normal displacements of elements
of constructions is considered. The optical scheme for realization of the offered method of
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measurements is offered. Restrictions imposed on the offered optical scheme are considered.
The assessment of a range of measurements of values of displacements is given.

Papyan A.A. ...

To the problem of plate vibration in the longitudinal magnetic field

In the present article the problem of magneto-elastic vibrations for plate is solved. On the basis
of Kirchhoff’s theory and the theory of magnetoelasticity of thin bodies three-dimensional
problem of magneto-elastic vibrations is reduced to the two-dimensional equations. However,
these equations also contain unknown values of the components of intensity of magnetic field
on the front surfaces of the plate. In order to find the unknown values, we need to solve the
equations of electrodynamics for plate surrounding medium. Therefore, the problem of plate
vibrations is spatial. For the details of the final three-dimensional problem to two simple two-
dimensional approach is proposed:-it is assumed that surface values of the components of
intensity of magnetic field can be determined according to the model of perfect conductor: it is
assumed that surface values of the components of intensity of magnetic field equal to zero.
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An interface crack with non-linear bonds in a bridged zone

The system of non-linear singular integral-differential equations is obtained for determining the
stresses in the nonlinear bonds in the bridged zone of a crack at the interface of materials. A
procedure for the numerical solution of the system obtained is considered, based on the method
of variable elasticity parameters. Numerical experiments have been conducted to investigate the
influence of the parameters of the non-linear part of the bond deformation curve, the size of the
crack bridged zone and the magnitude of the external load on the convergence of the iteration
process of the solution of the system.

PetroSyan T.L..ueiineeenseensnecnsnnensssecssseesssecssasessssssssssessasssssssessassssssssssassssssssssassssssssss
Influence of aging on dissipative properties of concrete

The dissipative properties of concrete using the theory of heredity are investigated taking into
account the aging. There are obtained the relations which define dependence between the
dissipation coefficient and characteristics of periodical loading taking into account of change of
physical-mechanical properties of concrete because of its aging.

PeShKROEY LIV .....ueeeiiieieeeeenncceeeeeeennnensscceceseasesssssscccssssassssssssscsssssssssssssssssssssssssssssssssssssssssssssssssssnnase

Equilibrium of prestressed elastic layer with an elliptical crack in the middle surface

The crack theory problem of normal pressure loading of the borders of flat elliptical crack,
located in the middle surface of the elastic layer, is considered. The crack is being opened under
the loading. The layer is subjected to preliminary uniform biaxial tension or compression in the
crack surface. Face of the layer being prestressed rest upon a rigid foundation without friction.
A model of an incompressible neo-Hookean material is considered. An asymptotic expansion of
solution is built in two parameters: the large parameter which is equal to the relative layer
thickness and the small parameter equal to the difference of pre-stretch coefficients.

Pogosian A.K., Bakhshyan A.O.
Vibrostability determination of disk brake of automobile with anti-lock braking system

On the basis of automobile braking mathematical model the calculation method of disk-pad
brake vibrostability is carried out, taking into account the influence of anti-lock braking system
which describes the oscillatory process of brake pads. As a result the algorithm for solving
differential equations is suggested, which describes the dynamics of automobile braking
process. The considered model of brake dynamics establish interaction between braking and
tire-road coupling moments. Vibrostability calculations of disk-pad brake are carried out taking
into account the influence of anti-lock braking system operation.
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Poghosyan A.K., Meliksetyan N.G. ...136
Tribological investigation of asbestos-free friction materials

It is shown that the functionability of frictional braking materials in the conditions of high-
temperature friction is determined by the stress-strain state of contacting thin surface layers
where acting tension and compressive stresses which exceeding the limit of strength at shearing.

It is also denoted that a properties of reinforcing filling materials have a significant importance.

The results of tribological investigation of new asbestos-free friction materials are reduced.

Poghosyan A.S., Minasyan D.M. ..140
The Investigation of longitudinal waves propagation in electroconductive plates at the

presence of longitudinal magnetic field

With the help of equations obtained on the basis of refinements of electromagnetic part of
magnetoelasticity hypothesis of thin bodies the propagation of longitudinal waves in
electroconductive plates in longitudinal magnetic field is investigated. Asymptotic expansion of

the unknown quantity is carried out for weak and strong conductive plates.
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On a problem of stability of compressed rectangular plate

The problem of stability of the perturbed motion of a plate loaded "follower" force, in the
presence of concentrated inertial mass is investigated. It is shown that when the other three
edges of the plate are hinged, there is a divergent instability. And when the two opposite edges
hinged, and the third - is clamped, then the divergent instability does not exist. A special case of
this problem is the task of Bolotin, who were the first calculated the critical force for stability of
a flexible rod clamped at one end and loaded at the other end of the tangential compressive
force. Problem of stability of elastic system loaded with follower forces, first explored
E.L.Nikolai. Nikolai, Bolotin and Beck are known for their problems of stainability of the rod,
loaded follower forces.

Popov V.G. 149
Research of the stress state near two cracks, which begin of one point, under the Iongltudlnal

shear wave interaction.

The problem of determination the dynamic SIF for two cracks, which begin of one point is
solved. The harmonic longitudinal shear wave interacts with the cracks. The original problem is
reduced to the system of two singular integro-differential equations with the fixed singularity.

The numerical method of this system solving which considers real asymptotic unknown function

and special quadrature formulas for singular integrals is proposed.

Prychina O.D., Smirnova A.V., SAMOIloV M.V .......iiiviicsniinsnisssricscnsssssnsssssssssssssssosssssssassesens 154
Anti-plane vibrations of the multilayered piezoelectric medium free from defects at the interface
between layers

The work studies a problem about shear vibrations of the multilayered piezoelectric medium. The
formulae for calculating basic dynamic characteristics of the problem have been obtained taking into
account the cohesiveness of electrical and mechanical fields.

Radayev Y.N. .covicrverssencscnncscnnsssnnncsnnenens . 157
Equations of thermodynamic orthogonality in non-linear hyperbolic thermoelast|C|ty

The present study is devoted to formulations of constitutive equations for the non-linear Green—
Naghdi type-I1l thermoelastic continuum consistent with the principle of thermodynamic (or
thermomechanical) orthogonality. The principle of thermodynamic orthogonality proposed by
Ziegler as a generalization of the Onsager linear irreversible thermodynamics states that the
irreversible constituent parts of thermodynamic currents (velocities) are orthogonal to the
convex dissipation potential level surface in the space of thermodynamic forces for any process

of heat transport in a solid. The principle of the thermomechanical orthogonality takes its origin

from the von Mises maximum principle of the perfect plasticity, where it provides existence of a
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yield surface, its convexity, and the associated flow rule. Non-linear constitutive laws of heat
propagation as of type-11l thermoelasticity complying with the principle of thermomechanical
orthogonality are discussed. Important for applied thermoelasticity cases covered by type-IlI
theory are studied: GNI/CTE - conventional thermoelasticity based on the Fourier heat
conduction law and GNII — dissipationless hyperbolic thermoelasticity. In the latter case the
internal entropy production equals zero for any heat transport process having the form of the
undamped thermoelastic wave propagating at finite speed.

Radchenko A. V., Radchenko P. A. ....

Influence of orientation of the vector of velocity of the striker on destruction of the
anisotropic barrier at high- velocity interaction

The problem of normal and oblique interaction of the extended steel isotropic cylindrical striker
with an orthotropic plate in a range of velocities of impact to 2000 m/sec in a case when the
vector of velocity of the striker doesn't coincide with its longitudinal axis is considered.
Influence of the angle of a nutation on destruction of a plate and on behavior of the striker in the
process of penetration is investigated. The task is solved numerically, by method of final
elements in three-dimensional statement. The behavior of a material of the striker is described
by elastic-plastic model; the behavior of the material of a barrier is described within elastic-
fragile model.

Sahakyan A.V. ..icnrinsenscencsencssnencsnneenens

The solution of a contact problem with slipping and adhesion zones (Galin’s problem) by the
method of discrete singularities

In this work the contact problem of an indentation of a flat punch into an elastic half-plane,
when the contact region is divided into slipping and adhesion zones, is considered. A solution of
this problem is reduced to a system of three singular integral equations respect normal and
tangential stresses in the adhesion zone and contact pressure in the slipping zones. The solution
of this system is built by the direct numerical integration with method of discrete singularities.
Numerical analysis is shown a convergence of the computational process in dependence of
degree of interpolation formulas. The graphs of contact stresses distribution is ploted.
Dependence of a length of adhesion zone on a friction coefficient and Poisson ratio is
investigated.

Sargsyan A.M
On the influence of the boundary conditions type on the arc part of the circular sector
contour on the behaviour of the stresses in the conditions of smooth contact on the radial
sides

An elastic equilibrium of a thin circular sector with unit radius and arbitrary angle of opening
a , when on the arc part of the contour normal displacement and tangential stress are given, and
on the radial sides the conditions of the smooth contact takes place, is studied. A closed
solution of the problem is obtained with the help of the method of variables separation. It was
shown that in both cases, when the angle of the wedge tends to = or 27, the stresses have

degree characteristics of r—* (e - +O) type, and the coefficients with such singularity in the

conditions of general loading of the boundary arc part in the first problem are different from
zero and in the second problem tend to zero. Here another case of loading of the arc part of the
boundary sector is being analyzed.

Sargsyan A. H.

Natural vibrations of round plates based on the micropolar theory with independent flelds of
transitions and rotations

In this paper on the basis of general theories of micropolar dynamic thin elastic plates with
independent fields of transitions and rotations free vibrations of hinged-simply supported round
plates are studied. Determination of natural frequencies is reduced to the solution of
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transcendental equations. These equations are solved by numerical method. A multilateral
numerical analysis was carried out. The results of numerical calculations are presented, that
show the specific features of natural vibrations of thin round plates of micropolar elastic
material.

Sargsyan K.S.

A contact problem for a plate, strengthened with two parallel infinite stringers, one of which
is piecewise-homogeneous

In the present paper a contact problems is considered for infinite plate with two parallel infinite
stringers, one of which is piecewise-homogeneous. Contacting pair (plate-strings) is deformed
by horizontal stretching stresses of constant intensity, uniformly distributed at the infinity of
plate. By means of factorization method the closed-form solution of the considered contact
problem is constructed. An asymptotic representation for tangential contact stresses is obtained
near the point of heterogeneity of the piecewise-homogeneous stringer.

Sargsyan S.H.......couveevceicscnrcssnercsnrcsennes
Thermoelasticity of micropolar elastic thin shells

Taking into consideration qualitative results of the asymptotic integration of boundary-value
problem of micropolar thermoelasticity in thin three-dimensional domain of the shell, adequate
hypotheses are formulated. On the basis of these hypotheses general mathematical model of
micropolar thermoelasticity of thin shells is constructed.

Sargsyan S.H., Farmanyan A.J.

Mathematical model of micropolar orthotropic elastic multi-layered thin shells
In the present paper on the basis of hypotheses method the theory of micropolar orthotropic
elastic multilayered thin shells of nonsymmetric structure is constructed.

Seyranyan S.P..........

Limiting transition from local loading to concentrated force in expression for the gradient of
deflection of the simply supported rectangular plate

Limiting transition in the Navier solution for locally loaded on a rectangular platform uniform
external pressure rectangular a simply supported plate to the Navier solution at the concentrated
loading is discussed. The extreme values for the first private derivatives of a deflection on
variables x and y by tending the sides of rectangular of loading platform to zero with remaining
the total force constant are obtained. The continuity of these values in the closed rectangular of
the plan of a plate as a function of two variables is proved. It is established that private
differentiation on x or y and limiting transition from local loading to concentrated, consistently
enclosed to a deflection, are interchangeable. The theorem of differentiation of the sums of
slowly converging sinus trigonometrical series is proved.

Simonyan A.M., BeZoyan E. K. ......iiiinviinciinisninsnnnsssncssnnssssnssssiessssssssiesssssssssssssssesssssssassessass

Creep of materials at variable temperature

In the present article the creep relations at the variable stress and temperature are obtained. They
are based on transformed time and on the theory of heredity. The comparison with the
experimental results is realized.

Sobol B. V., KrasnoSCheKOoV A. A. ....cceeeeeiececcrssssaneeeccccsssssnsssseeccsssssssasssssscssssssnsssssssssssssssnsasssssses

Analytical solution of the problem of equilibrium of transverse crack in a coated layer

The investigation of plane static problem of elasticity theory for the layer weakened by a
straight transverse crack was carried out. The upper limit of the layer is reinforced with a thin
flexible lining. Different versions of the boundary conditions on the bottom edge of the layer
were considered. The crack is maintained in the opened state by normal forces applied to its
shores. The problem was reduced to the singular integral equation of the first kind with respect
to the derivative of function of crack opening. The solution of the integral equation was obtained
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by collocation method, the values of the coefficient of stress intensity near the edges of the
crack were found.

Sudenkov Yu.V., Smirnov L. V.......
Effect of loading conditions on dynamics of crack propagation in organic glass

The results of experiments on study of crack propagation in plate samples of organic glass under
quasi-static and dynamic loading are presented. The quasi-static loading was carried out using a
tensile-testing machine. The dynamic loading was carried out by means of the setup of
conductor explosion. The results of both dynamic and quasi-static experiments show the
unstable behavior of the instantaneous crack velocity. However the mean velocity of the crack
tip depends on the type of the loading.

Terzyan S.A.

An axisymmetric problem for two coupled hollow cylinders of finite length

It is assumed that on the cylinders lateral surfaces the arbitrary loads are applied while at the
cylinder ends the stresses are given and between the cylinders a full clutch is implemented. A
transcendental equation is deduced that characterizes the stresses secularities at the contact line.

Torskaya E.V. ..iiinciiceinneencsencsnencsesncsnnssnenen
Determination of elastic properties of thin coatings from micro and nano indentation tests
The study is devoted to determination of elastic properties of thin hard coatings from indentation
data: the calculations are based on the contact problem solution for two-layered elastic half
space. The results obtained for different hard coatings are presented and analyzed.

ULKIN AL AL coiiiiiiiininiicnnintennesniesniessessscsssessstsssiessesssaessassssssssssssssssesssssssssssssssassssssssssssasssasssasssaes

Structural - temporal approach for investigation of spall fracture caused by loads with
durations in nanosecond range

Utilizing the structural-temporal approach, spall strength of materials is studied for a wide range
of loading rates. Effects observed in experiments on spall fracture caused by loads with
durations in nanosecond range are examined. A possibility to describe theses effects utilizing the
structural-temporal approach is demonstrated.

Khachatryan A.M., Tovmasyan A.B. .......

Asymptotic solution of mixed three dimensional interior problem for anisotropic plate

The question of determination stress-strain state of anisotropic sandwich-type plate is consider,
when on one of the face surfaces are given values of stresses, and on the other surface-normal
component of displacement vector of transference and tangential stresses. Investigation is
leaded by the method of asymptotic integration equations of three dimension problem of theory
of elasticity. Founded asymptotic and build solution, which appropriate to interior problem.
Received recurrent formulas, which allow determine all components of stresses tensor and
vectors displacement of interior problem.

Khachatryan L.S. ...ciciineicnnniinneissaiesnsisssisssssssssssssssssssssssssasssens

Reflection of elastic waves from the edge of a pre-stressed plate.

Semi-infinite plate is assumed to be uniformly stretched along the edge. Falling and reflection of
flexural waves on the fixed edge of plate is considered. The possibility of reflection of slightly
inhomogeneous wave is being established.

Chebakov M.1

Contact problems for layered bases in rectangular, cylindrical and spherical coordlnate
systems

The problems of contact mechanics for layered elastic plane, cylindrical and spherical bases are
considered. It is assumed that the layers are rigidly connected to each other and with rigid or
elastic infinite foundation. It is also assumed that the free surface of the layered base interacts
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with a stamp. The base of the stamp is rectangular, parabola, cylinder or sphere according to the
system of coordinates. In the contact area for some problems are normal and shear stresses can
be related to Coulomb's law. Normal and shear stress act on the stamp, stamp-base system is in
terms of limiting equilibrium, for some problems on the stamp only normal load is applied.
Through programs of analytical calculations are obtained integral equations of the first kind
whose Kkernels are presented in explicit analytic form. The main properties of the kernels of
integral equations are studied. It is shown that the numerator and denominator of the kernels
symbols can be represented as a polynomial relatively the shear modules of the layers and space.
The coefficients of these polynomials contain exponential and power function of the relative
layers thicknesses and Poisson's ratio. Efficient schemes for solution of integral equations are
proposed. The contact stresses, the size of the contact area, the relationship moving stamp and
forces acting on it are calculated.

Shekoyan A.V. .....ceicvceicsverossnnescnencns
The influence of charged dislocations in dielectric crystals on elastic wave

The system of equations describing propagation of elastic wave in dielectric crystals, which
contain charged dislocations is derived. The coefficients of absorption and of velocity of linear
wave are obtained. In case of nonlinear wave, when only quadratic nonlinearities are taken into
account, the formulae for variation of amplitude and phase of wave with coordinate of wave
probation direction are obtained.

Shekyan H.Gu ...uiuiinieniiniiniinniinnnnnnnnniennesnissessssessessssssesssesssssssessns

To the problem of calculation of flexible gear wheels of a wave transmission by semi-
momentless theory

In the work is considered the calculation method of flexible gear wheels of a wave transmission
by semi-momentless theory with taking into account of the boundary effect of the connection of
a gear crown by shells. The functions of the stresses and recurrent relations for to determination
of an efforts, moments and force factors in arbitrary section of shells are obtained.

Bantsuri R., Shavlakadze N......ueeeiiicciiirnnnennieiccnicscsnsssiecsssscsssssssssesssssssassssssens

The boundary-contact problem electroelasticity for piezo-electric material with inclusion

A contact problem of the theory of electroelasticity of infinite plate from piezo-elastic material
with an elastic finite inclusion of variable rigidity is considered. The problem is reduced to the
system of integral differential equations with variable coefficient of singular operator. Using the
method of orthogonal polynomials we obtain the dual infinite system of linear algebraic
equations. We can manage to investigate the obtained system on the quasi-regularity and the
method of reduction for approximate solution is developed.

Fedotov I, Manzhirov A., Shatalov M.

On the resonance oscillations of longitudinally vibrating growing rod

The theory of growing structures is a new and fast developing branch of analytical mechanics
basing on the theory of partial differential and integral equations. In the present paper the
authors analyze qualitative properties of growing rods subjected to longitudinal vibrations. This
problem is described it terms of the linear classical, Rayleigh-Love and Rayleigh-Bishop
models. It is assumed that the rod is fixed at one end and free at the other end and its length is
increasing. For solution of this problem we make a special change of variables which transforms
the original equations into new equations with variable coefficients. It is shown that these
equations are hyperbolic and possess several interesting and important properties. First of all,
the amplitudes of vibration of the rod are growing with time. For example, if the rod length is
increasing proportionally to time the amplitudes are also growing proportionally to time.
Secondly, if a particular mode is excited it excites other modes. In this case the mechanism of
the modes excitation is asymmetric, which means that the low frequency modes possess higher
amplitudes compared to the higher frequency modes. The physical explanation of these
phenomena is proposed and discussed.
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Hayroyan S., AtEAFPULY A. c.ccoueiienienssnnsssesssnsssesssnsssessssssssssssssssssssssssssssssssssssssssssssasssassssssssssssasssss

Creep of cementosoils during compression

The current investigation is devoted to the main questions of the creep of the cementosoil. The
object of exploration is clayey bottom soils, which is the main element of the cementosoils,
taken from the territories of Araq town of Eigabad region of Islamic Republic of Iran. The soils
of different ages - 7, 21, 28, and 60 days old and with 1.68, 1.60, 1.55, 1.50 g/cm3 density of
soil skeleton, mixture of 93 % of soil and 7% of cement were tested on temporary compressive
strength and on parameters of creep. During the test were taken into consideration the role of
deformations of shrinkage in the compressive deformations. The creep deformation is taken as
the differences between the full deformation and deformation of shrinkage. At the same stress
increase of the age initiate decrease of creep deformations because of the rise of the strength
during the time at cementosoils of different ages. As a result of the current investigation it has
been established that cemntosoils of the same age under the conditions of equal relative
compressive strength (independent of initial compactness) for the same periods the relative
deformations of creep are practically equal to each other.

KOIESTHKOV ALV .ceeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeesesssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnss

Thin-walled tube under radial edge load

This work treats the problem describing the equilibrium of a thin-walled cylindrical non-linearly
elastic membrane which is subjected to an outward radial extension applied to one of its ends
only. The material of membrane is hyperelastic, isotropic and incompressible. We carefully
formulated the geometrically exact equations from the variational principle of minimum
potential energy within the framework of nonlinear membrane theory. For Bartenev-
Khazanovich and Chernykh—Shubina strain energy functions the solutions were obtained
explicitly. It follows from results that these materials have limit value of stretching which
depend on the material constants and the initial radius.

Manukyan G.A., Manukyan Z.K.

Love Waves in an FGPM Layered Structure

An analytical approach is used to investigate the existence and propagation behavior of surface
electro-elastic Love waves in an ideally layered structure consisting of a functionally graded
piezoelectric substrate and a dielectric layer. The piezoelectric substrate is polarized in the
direction perpendicular to the wave propagation plane and its material parameters change
continuously along the thickness direction. The dispersion equations for the existence of surface
Love waves with respect to phase velocity are obtained for electrically open and shorted cases,
respectively. A detailed investigation of the effects of material gradient on dispersion curve,
phase velocity, group velocity, and electromechanical coupling factor is carried out. Numerical
results show that material gradient significantly affects the fundamental mode of Love waves
but has only negligible effects on the high order modes. Large electromechanical coupling
factors could be achieved by an appropriate adjustment of gradient coefficients, which is of
practical interest for designing acoustic wave devices.

Sarkisyan S. V., Melkonyan A.V.......
Three-dimensional problem of Stoneley wave propagation

The question of existence of Stoneley surface wave in a three-dimensional formulation is
considered. At the interface between two half-spaces are given conditions for the continuity of
two displacements, the normal stress, a shear stress and the restriction of the third displacement.
Characteristic equation for the phase speed of surface waves is obtained. The special cases are
considered

MOKryakov V. V. .iinieenniensnecnneensnnecssneessssecsssssssssesssssssssses .

Study of the dependence of effective compliances of a plane with an array of round holes on
array parameters
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Regular structure materials are used in different technological processes. Therefore,
investigation of the mechanical properties of these materials is of considerable practical interest.
These mechanical properties are represented by the relationship between average stresses and
effective strains, which can be obtained from the solution of the problem for elastic plane. In
this paper, we employ the model of an elastic plane having a biaxial periodic system of round
holes to analyze the dependence of the effective elastic parameters on the direction of applied
loads and the geometrical characteristics of the system. Parameters anisotropy is demonstrated.
The abnormally high values of Poisson’s ratio, which are impossible in isotropic media but
observed in some anisotropic media, are found.

Oliferuk W., Maj M. .......
Distribution of energy storage rate in area of plastic strain localization during tension

The presented work is devoted to the new method of energy storage rate determination that
allows to obtain distribution of this quantity on the surface of deformed specimen. The method
is based on the experimental procedure for simultaneous measurements of temperature, and
displacement distributions on the surface of tested specimen during tensile deformation. This
procedure involves two complementary imaging techniques: CCD technique and infrared
thermography (IRT). It has been shown experimentally that during evolution of plastic strain
localization the energy storage rate in some zones of deformed specimen drops to zero end even
to negative values. To interpret this result in terms of micro-mechanisms, microstructural
observations using electron back scattered diffraction (EBSC) and transmission electron
microscopy (TEM) were performed on specimens in different states of deformation.

POV Y.V . ciiieieeeeeencceeenennnnnsnccecceeseassssssscccssssssssssssecssssssssssssssssssssssssssssssssssssnsssssssssssssssssssssssssssnnnnne

Dynamic fracture and pulsed strength of continuum

Some of the principal features of the behavior of materials subjected to impact actions are
common for a number of seemingly quite different physical processes, such as dynamic fracture
(starting cracks and spalling), cavitation in liquids, and electrical breakdown in solids. The
examples of different physical processes considered in the paper show the fundamental
importance of investigating incubation processes preparing abrupt structural changes (fracture,
yielding and phase transitions) in continua under intense pulsed actions.

Piliposyan D.G.

Wave propagation in piezoelectric waveguides with periodic interface conditions

The propagation of electro-magneto-elastic coupled shear waves in a piezoelectric waveguide is
considered within a full system of the Maxwell’s equations. Two different conditions along the
guide walls have been studied in the case of periodic electrically shorted interfaces. It has been
shown that under electrically shorted periodic  transmission conditions the Bloch-Floguet
waves exist only at acoustic frequencies. The results demonstrate the significant effect of
piezoelectricity on the widths of band gaps at acoustic frequencies.

Radchenko P., Goncharov M., Baldin 1., Plevkov V., Radchenko A.......
Influence of strengthening on destruction of reinforced concrete elements of designs at
dynamic loading

This paper present results of experimental and numerical research of reinforced concrete
columns and joints at short-term vertical dynamic loading, which have yielded new results of
the stressedly-deformed condition and schemes of fracture.

Sarukhanyan A.A, Varanyan G. G., Mkhitaryan L. S. ....cccccceevurercnerene
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Estimation of hydraulic structures safety by comparison of strength and stability theories

Hydraulic structures being structures of first class require meeting the safety operation
conditions. To secure safety operation conditions of earthfill dams it is important to evaluate
their coefficients of stability and strength factor by calculation of mode of deformation of dam
body. To complete these calculations the dam body soil actual state observation has to be carried

343



out by experiments. Based on experimental data the mode of deformation of dam body is
revealed by software modeling investigations, and safety operation conditions are evaluated.
The mode of deformation is defined by nonlinear equations, which specify elasto-plastic state of
dam body soil. Hydraulic structures safety and stability evaluation methods are elaborated in
case of dynamic impact.

Seyranian A.P., Mailybaev A.A. cereessasnesnnnesanne

Paradox of Nicolai and similar effects in stability problems

We present a general approach to the paradox of Nicolai and similar effects analyzed as a
singularity of the stability boundary. We study potential systems with arbitrary degrees of
freedom and two coincident eigenfrequencies disturbed by small non-conservative positional
and damping forces. The instability region is obtained in the form of a cone having a finite
discontinuous increase in the general case when arbitrarily small damping is introduced. This is
a new destabilization phenomenon, which is similar to the effect of the discontinuous increase
of the combination resonance region due to addition of infinitesimal damping. Then we
reconsider the paradox of Nicolai: the instability of a uniform axisymmetric elastic column
loaded by an axial force and a tangential torque. It is shown that the paradox of Nicolai is
related to the conical singularity of the stability boundary which transforms to a hyperboloid
with the addition of small dissipation.
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Shekyan L., Verlinski S., Shekyan A., Aidun D., Marzocca P. .....
Elasto-hydro-dynamic friction of a circular cylinder and of a cylindrical bush with elliptical
cross-section

The framework of elasto-hydro-dynamic lubrication theory [1] is discussed in this paper. The
theoretical plane contact problem of a liquid friction rotating about a cylindrical axis with a
fixed non-deformable elastic cylindrical bush is presented. An elliptical ring cross-sectional
shape is considered for the bush. The particular case of plane contact problem, when the
interaction of these bodies is in the boundary lubrication regime was discussed in [2]. The
problem is reduced to a closed system of nonlinear integral equations. A complete mathematical
analysis of this system is carried out on the principle of contracting mappings developed in [3]
and a numerical analysis is used in the design of sliding bearings.

Sumbatyan M.A., Ciarletta M., Zampoli V., Vaccaro M.........cceevecrrenssensseecssecssecsancssncsncssccses
Protection of the elastic rectangular structure from seismically generated oscillations by a
viscoelastic stratum

We study the problem about harmonic oscillations of the elastic structure of rectangular shape
upon a foundation, in the case when oscillations are caused by a seismic wave arriving from
below. The structure is placed on the elastic half-space. In order to protect the structure from the
incoming seismic waves, there is applied a special isolation from vibrations by some damping
media modeled by a classical viscoelastic material of Kelvin-Voigt type.
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Valesyan S. Sh .
Investigation of the influence of ageing on the dissipative properties of getinacks subjected to
repeated static loading

The effect of ageing on the dissipative properties of getinacks subjected to repeated static
loading has been investigated. Specimens were tested at the age of 1, 4, and 8 years. The
approximation of experimental data is done, and the energy of dissipation is calculated. The
hysteresis characteristics have been obtained at the values of strength close to the values of its
ultimate strength. Based on the investigation of getinacks manufactured by the technology of
regulated thermo-pressing, this technology can be recommended for the manufacturing of
appropriate products.

Vashakmadze T. S., Gvinchidze G. L. .......cccccvrreeeerececcrscnaneeeccccsssnnnens
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To survey of some results from Zavriev in the viscous-elasticity
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In the first part we give the generalized form for kernels when the mathematical models for
elasto-creeping materials are linear and homogeneous. The foundations of these results are some
achievements gathered by groups of engineers and mathematicians from Zavriev Institute of SM
& EE and Vekua IAM in the period 1968-2005 from great influences of Arutiunian’s heritage.
In the second part we present the method of constructing 2Dim with respect to spatial
coordinates nonlinear dynamical for a mathematical models of von Karman -Reissner-Mindlin
type for viscous -elastic thin-walled structures and corresponding governing relations without
any simplify hypothesis of mechanical or geometrical meanings and Volterra’s principle.

YAKUSREY V. L. o eeecieeeienennneecceceeneanenssssccecssassssssssecssssssssssssssccsssassssssssssssssssssssssssssssssssssssssssssssnnnnee

The problem of intraocular pressure measurement modeling by a pneumotonometric method
The procedure of measuring the intraocular pressure by an optical analyzer is numerically
simulated. The cornea and the sclera are considered as axisymmetrically deformable shells of
revolution with fixed boundaries; the space between these shells is filled with incompressible
fluid. Nonlinear shell theory is used to describe the stressed and strained state of the cornea and
sclera. The optical system is calculated from the viewpoint of the geometrical optics.
Dependences between the pressure in the air jet and the area of the surface reflecting the light
into a photodetector are obtained. The shapes of the regions on the cornea surface are found
from which the reflected light falls on the photodetector. First, the light is reflected from the
center of the cornea, but then, as the cornea deforms, the light is reflected from its periphery.
The numerical results make it possible to better interpret the measurement data. Two types of
boundary conditions arc compared; for each of them, the relation between the pressure in the air
jet and the area of the surface from which the reflected light is recorded by the photodetector is
analyzed.
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