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MPOAO/IbHbIN CABUTI COCTABHOIO MOJTYNPOCTPAHCTBA C LUTAMIMOM U
YXECTKVM BK/IKOUEHVEM

ArasH K.J1., AMunpmxaHad AA., 3akapaH B.I™.

Vccnefyetcs KOHTaKTHasA 3afjada And COCTaBHOIO YMpyroro MosfynpocTpaHcTBa, AeOpMUPOBABLLErOCH B YCNOBUAX
NpoAoabHOrO  casura. [MonynpocTpaHCTBO COCTOMT U3 YMpYroro 6GecKOHEYHOro Cr0f  KOHEYHOW TOMWMHBLI 1
KOHTaKTUPYIOLLEro C Heil ynpyroro moaynpocTpaHCTBa C pasHbIMM MOAYNsMU capura. Ha rpaHvue nonynpocTpaHcTea
MPUNOXKEH JKECTKUIA NIEHTOYHBIA LWITaMn C MJ0CKAM OCHOBaHMEM M KOHEYHOW LWupWHbL. Cnoi, nepneHAnKYNapHbIA K
MOBEPXHOCTY MO/YNPOCTPAHCTBA, COAEPXMNT TOHKYHO YKECTKYHO MOJIOCY — BK/OYEHME, HaXOAALLeecs B NOHOM KOHTaKTe C
maTpuueil. BHelHVe BO3AECTBUSA B BUAE KacaTe/lbHbIX Harpy3oK MPWUIOXKeHbl Ha LUTaMM, Ha BK/IKOYEHWE W Ha rpaHuLe
MosyNnpOCTPaHCTBa BHE LUTaMMa, 06ecrneymBatoT aHTUM/IOCKYHO ethopMaLmio CUCTEMbI CNOV — NONYNPOCTPAHCTBO. PeLleHne
3afjaun MaTemMatudeckyu popMynupyeTcs B BUAe KpaeBoW 3afadun Ans ABYMEPHOrO rapMOHMYECKOrO ypaBHEHWs B 6a30BOiA
M70CKOCTU C COOTBETCTBYIOLUMMM TPAHWYHBIMA W KOHTAKTHbIMW  YCNOBUAMMW. 3afjada OMpefeNieHnsl KOHTaKTHbIX
HanpsHXKeHW, BO3HWKAIOWMX MOA LUTAMMOM, WU JIMHUIA COeAVHEHMS BK/IKOYEHWA CO CNOEM, CBOAATCA K CUCTEME M3 ABYX
CUHTYNSIPHbIX UHTErpasbHbiX ypaBHeHuit (CUY) ¢ 0606wgHHbIMKM aapammn Kowwn. PewweHne CUY NOCTPOEHO YMCNEHHO
aHa/IMTUYECKMM MeTofoM [aycca Mo y3nam MHOro41eHoB SKo6u.

BBeefeHne. PaccmaTpuBaemasl 3aflada OTHOCUTCSI K Kiaccy 3afad O nepefade Harpysok OT
KOHLIEHTPATOPOB HaNpPSXKEHUIA TUNA LITAMMOB W BK/KOUYEHWI K MAaCCUBHbIM KYCOUYHO-OJHOPOAHbIM
Tenam. BBuy aKTyasbHOCTW W 3HAUMMOCTM 3TWX 3afa4y MpU TEOPETUYECKMX WCCNefoBaHUSX B
Pa3NNYUHbIX PACUETaX WHXXEHEPHOW MPaKTUKN UMEETCH OrPOMHOE KOMMYECTBO PaboT, MOCBALLEHHBIX
N3y4YEHMIO KOHTAKTHBIX M CMeLlaHHbIX 3afay Nogo6HOro poda. 3eCh YKaKEM MLb HEKOTOpble
paboTbl OTEYECTBEHHBIX MccnegoBaTeneii [1-9], B KOTOPbIX MOXHO HAaTK CCbIKW Ha GO/bLLOE YNCIO0
paboT, CBSA3aHHbIX C paccMaTpUBaeMOoii 3aaqei.

MocTaHOBKa 3aauv 1 BbIBOZ, ONPeaensitoLyX ypaBHeHWUIA.
MycTb COCTaBHOE MOMYNPOCTPAHCTBO, OTHECEHHOE K [EeKapToBOi cucteme koopauHat OXyz,

COCTOMT W3 YMpPYroro GECKOHEYHOro Cfosi TOMWMHBI H 1 KOHTaKTMPYIOLLEro C HWUM Ynpyroro
nonynpoctpaHcTea. Croii 3aHMMaeT 061acTb Ql(|x, z|<oo,—H <y<0) un umeet mogynb casura G,

a MnonynpocTpaHcTso ¢ Modysem casura G, 3aHUmaeT obnacte €2, (|x, z| <00,0< y< o). Cnoit no
nonoce @, (Xx=0,-d<y< —c,|z| < 00) COAEPXMT XECTKYHO NOMOCY — BK/IKOUEHME, HaXoAsLLeecs B

MOIHOM KOHTaKTe €O cnoeM, a mo nonoce o,(—l, <x<l,,y<—-H ,|z|<oo) MOBEPXHOCTW C/oA
[T TFTTTFFTITA MPUKPENNEH  XECTKUA  NIEHTOYHbIN

-1, -d 1 wramn (puc.1).
H BHelwHWe BO3geiicBus B BUge
G 7. KacaTe/lbHbIX CW/1 MOTYT GbiTb MPUO-
' XKEHbl K LUTaMMy W K BK/OYEHWIO, a
\G -0 TaKke K CBO60AHOI NOBEPXHOCTM C/0S
2 BHe Monocbl lTamna. TpebyeTcs
\ OnpeaenuTb HanpsKEHHOE COCTOsHYE
B COCTaBHOM TMOJ/IyNpOCTPaHCTBE, a
k TakXKe OCHOBHbIE XapaKTePUCTUKN —
KOHTAKTHbIE HanpshHKeHWsl, BO3HMKato-
¥ lWMe nog LITaMnom, Ha GOKOBbIX MO-
Puc. 1 BEPXHOCTSX BK/IHOUEHUS W Ha MOBepX-
HOCTSX COeAMHEHWs cnosi ¢ Mony-

|
o

\

LY
=

MPOCTPaHCTBOM.
He ocTaHaBnMBasicb Ha MOAPOBHOCTSX, 3aMETWM, YTO PeLUeHMe MOCTaBMEHHO 3ajaun MaTema-
TUYECKM CBOAWTCA K Creaytolleii KpaeBoli 3afade Ans ABYMEPHOTO ypaBHeHWs Jlannaca B 06/1acTsx

Q; n Q) Ha 6asosoii nnockoctn OXy :
AW, (X, y)=0, (xy)eQ], :{|x|<oo,—H <y< 0}, Q) :{|x|<oo,0< y< 0}, (1)



w(x,—-H)=C, xe[-l,1,], 2
T, (X —H)=1,(x), xel,
W, (£0,y)=GC,, ye[-d,—c], (3)
npn ycnosmax nNcY4e3HOBEHNA Hal'lpﬂ)KeHVII\/’I Ha 6eCKOHEYHOCTU W NOMIHOIO0 KOHTaKTa Ha JIMHUK y= 0:
W (% -0)=w,(x0), t,(X+0)=1,(X-0), (—0<x<w). (4)

3pech WJ-( X,¥) (j=12) - ynpyroe nepemeiterne, C, n C,— XECTKMe MepemeLLeHms LWTamna u

BK/OYeHNs, L — 06nacTb [encTBMsA BHELLHEN Harpysku T, (x) MPWIOXEHHOW Ha rpaHuLe Cros BHe
wTaMna.

O603HauMM yepes r(x) noanexatiee onpeseneHN0 KOHTaKTHOe HanpsKeHve Mo LTamrom v
BBEEM (PYHKLIMM CKAYKOB Ha NMHWN TPELLUHBI:

% (Y)=w (+0,y)-w; (-0,y)=0; fl(y);ﬂ(w’ y);ﬂ(_o’ J (-d<y<-c). (5)

Tenepb, cnegys [6] u pewwas Kpaesyto 3agady (1) — (4), npegnonaras nNpy 3Tom, 4To r(x) n

f, (X) V3BECTHbI, 151 OMPE/ENEHIN KOMMOHEHT HanpsXeHWi B 06nacT Q; (X) nonyqnm:

(X y) | 2 . Z_Y 2 . 2+ 2 s 2+
Gl 2n ol X +(n—y) +(n+y) X +(2H +n+y)

K (xyim) ] f(n )dn__jF (% y.t)t ()dt—%J.Fl(l)(x,y,t)ro(t)dt

,|1

(xy)eQy, (6)
ir(;z)(x’y):i] 2 1y 2T 2Y(n+y)2_ 2H+T|+y 2
G, 2n 5| X +(n-y)" X +(+y) x+(2H +n+y)

G Oy [ (myen+ anGl |I| Lt—x)::z +y) +RP (X yt) [e(t)dt+

+2anle_ )H+(y+ 7 O (x yit )} Odt,  (xy)e] ™
r,u,eﬂ,qpa KlJ (X, y,m), S (x,y,t), (i,j=12) pawotcs hopmynamm:

K (% y,m) ==1R, (% ¥,1) =¥’ R (% =y,—n) =R (%= ¥:n) + 7R (X ¥,—n)

KS (% y.m)==1Q (% y.n)- le(x =Y,=1)=1Q (X ~y,n)+1Q (X y,-M)
R (% y,t) ==7RY (x y,t)+ RY (x y,t)

R (

X, y,t) = y[Pl(z) (x,-y,t)+R?(x, y,t)}

1 & X—t
RY (% 3.t) =2 (=) (x-t) +((2n+ ) H + y)

- & (2n+k)H +y
Pk()( ’y’t) nZ:;'( Y) (t_x)2+((2n+k)H+y)2




2(n+k)h+h+y

RO =2 O meton )
R B s e

TakuMm 06pa3oMm, peLLeHre NocTaBMeHHON 3a4aymn (B 06nactu QI) naétcsa opmynamn (6) n (7),

rae yrkumn f(y) u t(X) noka HeussecTHbl. [y1s ONPefeNeHns 3TUX HEN3BECTHbIX BOCMOb-

3yemcs ycnoBmeMm (2), KOTOpOe Tenepb NPeACTaBSETCS B CIeAYHOLLEM BUIE:

oW ) ow
a— :O, —|1<X<|2, —
X

y=—H+0 x=+0
Tenepb, npu nomowy (6) n (7), yaoBnetTsopss ycnosuam (8), Ana onpefenceHns HeM3BECTHbIX

hyHkumii T(X) u () nonyunm cnegyioLLyto cUCTEMy MHTErPa/bHbIX YPaBHEHWA:

=0, -d<y<-cC (8)

Ll 2 X (5
Py - + xn)|f,(n)dn—
ZTC dliX2+(H+T])2 X2+(H—n)2 Lll( n)] 1(71) n

1 %1 1 [ 1
_E_h{a+Lg@(y,t)}(t)dt:EL[aﬂg(y,t)}o(t)m, (<x<L) @
17 1 Y 1 (b)
> - LY (y,n) |f,(n)d
Znin—y+n+y 2Hinty Zl(y”)}l(n) n+

1 Iy H+y (b) 1 H+y (b)
+ +L, (y.t) e(t)dt =— ++L, (Y1) [, (t)dt,
27TG1_J|.1L2+(H+y)2 2 (V) 5() 27161! +(H+y) 2 (Y )} o(t)

(—d <y< —C) (10)

e LY (xn)=KE (x-Hm), 15 (yn)=KE(0.y.),

12 (x0)= 3(1) 2

= (t=x)’+(2(n+1)H)

i ns 2n+3)H + 2n+1)H -
8 ()= 3 (| oY R
= t?+((2n+3)H+y) t*+((2n+1)H -y)
YpaBHEeHVS, BXOAALLME B CUCTEMY OMpeaenstowmx ypasHeHnid (9) u (10), npeAcTaBnalOT cO60i
CWY nepBoro poja. Agpa 3TMX YpaBHEHWI MPeLCTaBNATCA B BMAE CYMMbl CUHIYNSPHOMO siapa
Koww u sagep, kotopble npu d =H wmm c=0 cogepxat ewg cnaraemble B BULe HEMOABUXHON
0COGEHHOCTMW.

3 nocTaHoBKM 3amaun cnedyeT, uto npu d#H HensBecTHble (YHKUMM [OO/MKHbI eLé
Y/I0BNETBOPSATHL CMIEAYHOLLMM YCIIOB/SIM PAaBHOBECUS LUTAMMNA U BKIHOUYEHUS:

I, c

[(s)ds=P, [ f.(n)dn=F, (12)

-l -C
rae Fz " PZ_ paBHO,U,eVICTBy}OU.LMQ BHELLIHNX CMN Ha WTamMn 1 BKAKDYEHNE, COOTBETCTBEHHO, KOTOPbIE

npeAnonaralTcs 3afaHHbIMU.
TakumM 06pa3oM, peLLieHNe BbILLENOCTaB/EHHO 3afaun B 06LLEM Cy4yae CBeoch K cucteme CUY

(9), (10) oTHocuTenbHO T(X) 1 f,(X) ¢ ycnosusimum (12).

(11)

B aTOM ciyuae HeussecTHble T(X) U f,(y) NMElOT KOPHEBYIO OCOBEHHOCTb Ha KOHLAX NIMHMM

NHTerpuposaHus [5].
7



Ecnv xe ¢ =0, To cTeneHb ocoberHocTi f; () B Touke Yy =0 onpepensietcs u3 ypaBHenus [6]

1
o =—alrccosy , =—,
T ! ! 1+y H G,

1-v _i

Mpn d =H npuxogum K 3agadye ¢ T -06pasHbIM LUTAMMNOM. ViccnenoBaHWe NMOKasblBaeT, YTo B
3TOM C/lyyae KOHTaKTHble HanpsKeHUs 06palLaloTcs B HOMb B TOUKE COEAMHEHMS LUTaMnoB. Mpu
3TOM, BMECTO [BYX YCoBuiA (12) cneayeT B3sTb YC/OBYE:

I, -C
IT(X)dX—i— I f,(n)dn=R+PR,
—H

_|1

YuncneHHbI aHanns3 n BbIBO/Abl.

(13)

MpoBefEH YMCNEHHDBIV aHaIM3 3afadun 41 ClyYaeB, KOrfa BK/KOYEHUE HAXOAWUTCA BHYTPW CIIOS,
NN60 OfMH e€ KOHeL, BbIXOAUT Ha IMHUIO pa3fenia Matepuanos. PewweHne CY NOCTPOEHO METOAOM

MexaHM4ecknx keagpatyp [10].

21

1

20

Puc.2

-05

Puc. 3

Ha puc.2 npefacTaBneHbl rpaduKu pacnpefeneHns 06e3pasmMepeHHbIX KOHTAKTHBLIX TaHTeHLyab-

HbIX ~ HanpsbkeHWid  Ha  CTOpOHax

BK/THOYEHUA

B

3aBUCNMOCTH oT

napameTpa

d = d/l =1.5;0.5; 0.3;0.2;0.1, npeAcTaBnsIOLIEr0 PaccTosHWE OT KOHLA BK/OYEHWS [0 LUTaMna,

Korga K wWWTtamMny W BK/AKOYEHUIO TMPUIOXKEHA OAWHAKOBO HanpaBfeHHasA BHELWIHAA Harpyska
O,D,VIH&KOBOVI WHTEHCUBHOCTN, ,u,pyron KOHEL, BK/TKOYEHUA BbIXOAUT Ha JIMHUK pa3fena MmaTtepnasios, a

G, f,(¢)

R

P
o3l !

0.2

0.1

0.4 ﬁ

Puc. 4

Puc. 5

OTHOLUEHWEe MoAyneii capura cnost U NoMynpocTpaHCcTBa MPUHATO w = 2. Ha puc. 3 npefcTaBneHbl
COOTBETCTBYIOLLME ITOMY C/lyyato 06e3pa3mMepeHHbIe KOHTAKTHbIE HANPSXKEHUS NOJ, LLITaMMOM.
Hannuve rop6a Ha puc.3 yKasbiBaeT Ha TO, YTO B npefene, Korga d — H, wramn v BKAOYeHMe

MOXXHO TPaKTOBaTb KakK OAHO Lefoe, a UMEHHO, KaK onucaHHbIl Bbiwe T -OﬁpﬁBHbIVI wTamn, B 3TOM
C/y4ae, B YINOBbIX TOYKax wWTamMna HanpsHkeHUa npuHMMaroT OAWHaKOBblE 3HA4YEHWUA, a B camoli

TOYKE — COEANHEHNA PaBHbI HYJHO.
8



Ha puc.4 n 5 npuBeaeHbl Takue Xe rpagimkn Ans pasHbiX 3HAUYEHUIA OTHOLLEHWUS MOAY/ei capura
CNoS W MOMYMpPOCTPaHCTBa B CMyyae, KOTfJa BK/KOYEHME HaxXogWuTCs BHYTPU Cnos W

d” =1.1, ¢ =0.2, a caBuraroLLan HarpysKa AeiCTBYET TONbKO Ha BK/OUEHME.
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MNA10CKO-AE®OPMNPOBAHHOE COCTOAHNE OJHOPOAHOW MNM/IOCKOCTW C
NEPNOANYECKOWN CUCTEMOW MAPAJIJIE/IbHbLIX, HACTUNYHO OTOPBAHHbLIX
YKECTKUX BK/TKOYEHNN

AkonsH B.H., AkonsiH J1.B.

PaccmMoTpeHO Nnocko-AeOpMMPOBAaHHOE  COCTOSIHME  OAHOPOAHONM MIOCKOCTM € MEPUOAMYECKOR  CMCTeMO
O/IMHAKOBbIX MapanfienbHblX aBCOMOTHO YKECTKUX BKIOUEHWIA, OfiHA M3 [/IMHHBIX CTOPOH KOTOPbLIX OTOLIAM OT MaTpuupbl,
co3faBasi TEM CaMblM, TPeWMHbl. MeTofoM 0606LIEHHOrO Npeo6pasoBaHMs Dypbe MOCTPOEHbI Pa3pbiBHbIE PELLEHNS
YPaBHEHWIA Teopuy Ynpyroctn [Ans OAHOPOAHONM MAOCKOCTM C MEPUOAMYECKON CUCTEMOI OAMHAKOBbIX MapanneNnbHbIX
[eheKTOB 1 Ha UX OCHOBE MOJTyYeHa CUCTEMA OMpPEeAenstOWMX CUHTYNSPHBIX MHTErpaibHbIX YPaBHEHWA B cnydae, Korja
JeeKTOM fBNAeTCA abCOMOTHO >KECTKOE BK/KOYEHWe, OfHA W3 A/IMHHbIX CTOPOH KOTOPOro OToW/a OT MaTpuubl.
AheKTMBHOE peLLIEHNEe ONpPeaenstoLLMX YPaBHEHWUIA MOCTPOEHO METOAOM MeXaHUYECKMX KBaapaTyp.

MycTb OAHOPOAHAs ynpyras NJ0CKOCTb, OTHECEHHAs K AEKapTOBOI CuUCTEMEe KOOpAMHAT OXxy
no AmHusm y=2nH (neZ) COAEPXKUT MEPUOANYECKYHO CUCTEMY OAMHAKOBbLIX MapanieNbHbIX
[eeKToB, 3aHMMAaOLLMX 06MacTb L, KOTopas COCTOMT M3 KOHEUHOTO YWC/IA HEenepeceKaroLinXcs
WHTEPBA/IOB, CUMMETPUYHO PaCMOIOXKEHHbLIX OTHOCUTENBHO ock Oy . ByaeM cunTatb, YTO MIOCKOCTb
AedopMUpyeTcs Mo BO3AECTBMEM TaKMX CamMOYPaBHOBELLEHHbIX, CUMMETPUYHBLIX Harpy3ok, npu
KOTOPbIX /IMHAN Y = (2n+l) H (n € Z) SBNSOTCA NMHUAMN CUMMETPUU. OUYEBMAHO, YTO NPY TaKOM
MOCTaHOBKE 3afaun HanpsKEHHOE COCTOSHME B MOMOCAX, HAXOAALWXCH MEXAY ABYMS NMUHMSMM

CUMMETPUKN, ByayT OAVHaKOBblE W, ClefloBaTeNIbHO, MOXHO PacCMOTPETb TO/IbLKO MOMOCY, Haxons-
LLyrOCA MeXAy NNOCKOCTAMU cummeTpum y=—H n y=H .

CHauyana pelum BCMOMOTraTe/lbHyt0 3ajadyy W MOCTPOMM Pa3pbiBHble PELUEHUS YpPaBHEHWIA
Teopuu ynpyrocTu ans nonockl ¢ Beicotoii 2H , Ha cpegHeit NHMM KoTopoii No nmHun L nmeeTtcs
AeeKT, a Ha NMHUAX y=+H 3afaHbl YCNOBMS CUMMETPUN. [/ 3TOr0 MbIC/IEHHO —pasaenum
nonocy no nmuum Y=0 Ha ABe nonocbl U CHabAMM MHAEKCaMM 1 M 2 COOTBETCTBEHHO BCe

BE/IMUMHbI, OMUCHIBAIOLLME HANPSHKEHHO-Ae(hOPMUPOBAHHOE COCTOSIHWME BEPXHEW W HIDKHEN mosoc.
Torpaa, 0603Ha4YMB CKaYKy KOMMOHEHTOB HOPMa/IbHbIX W KacaTeNbHbIX HampsXKeHUiA COOTBETCTBEHHO
yepe3  o(X), t(X) , @ CKaykM KOMMOHEHTOB TFOPU3OHTAbHBIX W HOPMaSbHbIX CMELLEHW

COO0TBETCTBEHHO Yepe3 U (x), V (X) , BCnomorate/ibHyto 3afiaqy MatemMaTnyecku MOXXHO MpeAcTaBuUThb
B BUZie CNeflyIoLLIe rpaHNYHOM 3adauun:

T (%, H)=V,(x,H) =0
(—o0 < X< o) (1a)
T2 (%, —H) =V,(x,—H) =0

G(yl) (x,0)— G(yz) (%,0)=0(X)
r(xlg (x,0)— ’CE;) (%,0)=1(x)

(xel) (1b)
U,(%0)~U,(x.0)=U (%)

V,(%,0) -V, (x,0) =V/(%)

Mpu atom,  o(x)=t(x)=U(X)=V(x)=0 (xgL). 3pece U (xy) n V,(xy) (j=12)-
FOPW30HTa/bHbIE W BEPTUKAIbHBIE COCTABNSIOLME BEKTOPOB CMELLEHWS MOMOC, YAOBMETBOPSIOLLME
ypaBHeHusaM Jlama, a c(y‘)(x, y) u r(x’y)(x, Y)— KOMMOHEHTbI HOPMaTbHbIX M KacaTe/lbHbiX
HanPsHXKeHW, AeNCTBYIOLLMX B COOTBETCTBYHOLLMX NOMOCAX.

[na pelleHns 3TON 3a4aym KOMMOHEHTbl CMELLEHWIA TOYeK 0Oenx MONoc MpeacTaBvM B BUfe
nHTerpanos dypee [1]:
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0

U;(xy) :2—1TE I {[Aj (s)+ inj*(s)} ch (sy)jL[Bj (s)+ iij*(s)]sh (w)}e“sxds;

—00

o0

V,(s.y)= % ) ([€,(5)-¥& (5)]en(y)+[ D, (5)- B (5) Jsh(sy)}e s )
A (s)=2[D;(5)-iA (5)]: Bj(s)=[C (9)-1B,(s)] (i=12),

rae AL B, CJ. n D; — HensBecTHble KO3MMULIMEHTBI, MOANEXaLLMe ONpeseneHnto, a & — n3BecT-

HOe noctosHHoe Mycxenuwsunun. [anee, ucnonb3ys npegcrasneHvie (1.2) n cBA3b KOMMOHEHTOB
HanpsHXkeHWn 1N CMeLLeHWi, yaoBneTsopumM ycnosuam (1). B utore HemsBeCTHble KO3D(ULMEHTDI,
BXOAAWMe B npefcTasneHve (2), BbIPXAKTCA NPU MOMOLWM TpaHCHopMaHToB Pypbe (yHKLWIA
PaspbIBOB HAMPSHXKEHUA W CMeLleHWidi. [locne 3Toro, MOACTaBMAA MOMYYeHHble BbIPKEHUA B
COOTHOLEHMS (2) 1 B 3aKOH [yKa, HaXOAWM paspbiBHble PeLleHUs 419 MO0Chl, rAe KOMMOHEHTbI
HamnpsXXeHNs M CMELLEeHUs BbIPaKEHbI Yepe3 YHKLMM CKauykoB. lMpuBeféEM (opMysibl M3BECTHBIX
KOMM/IEKCHBIX KOMBWHALMIA HAaNPshKeHWIA 1 MPOM3BOAHBIX OT CMeLLeHniA Ha iuHum Y =0, koTopble
HaM MoHafo6sTCs B AanbHerieM. OHY criefytoLume:

c¥(x,0)-it9(x, O)=&(pl(x)+

i9, (pl(s)ds_i_J-(pz(s)ds+

2 279,{ s-x mA] s—x "
41
+kZEJR1k(s—x)(pk(s)ds
d . (- i9, (0,(s)ds i ¢(s)ds
dX[Uj(X’O)HVj(X’O)]_ 0:(X) 23,7 s—-X  4n8,{ s—X %)

3ech BBefleHbl 0603HAYEHNS:
0, (X) =0 (X)=it(x); @, (X)=U (X)+1V(X); 93(X)=8.(X); 0. (X)=9,(x);

|| @1 (1-v)-veh(nx/2H) nx(1—ch(nx/2H))
(1+&)| nx H sh(nx/2H) 4H%sh? (nx/ 2H)

R (X)=-R,(x)=

i 2 cth(nx/2H) mx(ch(nx/2H)-1) |
R”(X)_Z{R_ H  4H%h?(nx/2H) |

Ry (X)= =Ry, ()= i {(l—v)+vch(nx/2H ) nx(L1+ch(nx/2H ))]

(1+e) Hsh(nx/2H) 4H%sh? (nx/2H) |
o nx(ch(nx/2H)+1) |
R“(X)_m{cm(m(/m)_ 4Hsh? (nx/ 2H) }

11



_i9 |22 (®+1)+(@L)ch(nx/2H) mx(ch(nx/2H)-1) ]|
Fe21(X)‘(1+ae) 7 2Hsh(mx/2H) | 4H%h?(nx/2H) |

i9 | (@1)ch(nx/2H)—(®+1) mx(ch(nx/2H)+1)
(1+e 2Hsh (nx/2H) 4H%sh? (nx/ 2H)

Ry (X)=

—

292 ' ° Q& E

g, - @V)g (V) o\ gava).

V — KoahhmumeHT MyaccoHa, a E — Moaynb ynpyroctv mateprana nonocsi.

Mpy MOMOLWM 3TWUX PELLEHWiA, YAOBNETBOPUB YCMOBMSM Ha [fediekTax, fIerko 3anucatb
onpeaenstoLIMe ypaBHEHUS pPsa HOBbIX 3a4au.

B KayecTBe npumepa pacCMOTPUM Cryyaid, Korpa [fedekT npeactaBnser coboi abContoTHO
XECTKOEe TOHKOE BK/IIOYeHME [IMHbI 23, 3aH1MatoLLee B 6a30BOI NOI0CE MHTEPBA (—a, a), BEPXHSSA

CTOpOHa KOTOPOro OTOWMA OT MaTpuubl, Co3faBas TpewmHy. Byaem nonaraTb, 4TO Monoca
nedopMMpyeTCs Moz, BO3AeiCTBMEM CUMMETPUYHO Pacripe/ieNéHHbIX HOpMasbHbIX Harpysok P(Xx),

[eNCTBYIOWMX Ha CBOOOAHbIA 6Geper TpewyHbl U COCPesoTOYeHHOW HOpManbHOM Harpysku P,

[e/CTBYIOLLE B CpeauHHON TOUKe BK/OYEHMs. B yKazaHHOM Cfydae ycroBusi Ha AediekTe B
KOMM/IEKCHBIX KOMOMHALMSIX HANPSHKEHMIA U CMELLIEHUIA 3annCbIBAOTCS B CIEAYHOLLEM BUE:

o$ (x,0)—itl) (x,0)=P(x);

%[Uz(x,O)+iV2(x,O):|:vg(x), ©

rae yHKuma v, (X) OMUCLIBAET KOHTYP XECTKOr0 BK/OUEHUS, CLIENIEHHOTO C NMOJOCOIA.

Y[0BNETBOPMB 3TUM YCNIOBUAM, MPUAEM K CRedytolleil onpeaensitolyii- CUCTEMe CUHMYNSPHBIX
MHTErpanbHbIX YpaBHEHUIA BTOPOro poza:

ig @ ) d 2 @ , d 4 a
() 2 [ 2(5)0E_ 2 %+;jak(s_x)@k(s)ds:zp(x)
B o (6)

T R (5= X) @, (s)ds=-2v; ()

2 -a

4
X k=1

9, (X)+ i9, a(pz(s)ds+ i ji(pl(s)ds
? n9, % s-x  219,7 s-

MonyyeHHyto cucTeMy OyfeM paccmaTpuBaTb MpPU  YCMOBUSIX PaBHOBECWSI BK/HOUEHUSI U
HenpepbIBHOCTY CMELLEHMNIA B KOHLIEBbIX TOUKAX TPELLMHBbI:

a

fose-ri Jo(ge-o (@ ]rracn) 0

[Ans pewweHns cuctemsl (6) npu ycnosusx (7), NnpuBeaéM eé K KaHOHMYecKomy Bugy. C 3Tol Lenbio,
YMHOXast BTOpOe ypaBHeHue (6) Ha A, = (1) (k = iSZ\/g/(l—v)) (j=1,2) v cymmmpys c

MepBbIM YpaBHEHUEM, NPUAEM K 3KBUBA/IEHTHOWM CUMCTEME MHTErpasbHbIX YPAaBHEHWIA, 3anMcaHHON B
KaHOHW4eCKOM Bufe:

12



v, 00+ 2 [V S o (s xw ()= 1, (), ®

4
S S—X k=L

Mpy 3TOM ycnoBus (7) NPUHUMAOT BUA:

[w,(s)ds=R (j=12). ©)

?_),CI,ECI:
Vi (X) =0, (X)+ 2,0, (X); vy (X)=1;(x) (j=12);
a, :[281+kj]/282; fj(x):Z[P(x)—x.vg(x)];

Qi1 (%) = Ry (%) = Ryy (%) =14 Ry (%) + R (X) /4
Qi (X) =Ry (X)+ Ry, (X) =it Ry (X) - R, (X) /1 ;
Q3 (X) = Ry (X)+ Ry (X) =it Ry (X) = R, (X) /4,
Q4 (X) = Ry (X) = Ry (X) =14 Ry3 (X) + Ry (X) / 1

Takum 06pa3om, peLLeHne NocTaBNeHHOM 3aa4n CBENOCh K peLleHunto cuctemsl (8) npu ycnosuu (9).
PelleHune 3Toli cuCTeMbl Oyfem CTPOUTb METOLOM MexaHMyeckux Keagpatyp [2]. Ons atoro npw
MOMOLUM 3aMeHbl MepemMeHHbIX t=ax, U=as cdhopmynupyem cuctemy (8) u ycnosme (9) Ha

mnTepsane (—1,1) v BBeps Ge3pasmepHble (yHKLM

vi(t)=ay (ax)/R; f(t)="f(ax)/R (i=12),

3anuiiem B BUpe:

* [ i . * d 4 1 * * *
v (t)+%j""£“)t 3 [ Q) (u=t)wy (u)dt= £ (1) (-1<t<1), (10)
-1 - k=1 _1
[wi(s)ds=R/R (j=12). (12)

Mo wmetogy MycxenuwBunm [3] HETPYAHO YCTaHOBWTb MOBEAEHME WCKOMbIX (YHKLUIA B
KOHLEBbIX TOYKaX MHTEpPBaNa MHTErPUPOBAHNS 1 MPEACTaBUTb VX B BUAE :

(0)
s Wiy (_g_.._g_.._i )
Wj(t)_(1+n)Yj(l—x)l_Yj n=g vy =gmifip=g e (12)

rae \l!(jo) (t) ( ] =1 2)— rnagkue QyHKLUMKW, OrpaHnYeHHbIe BMNOTb A0 KOHLIOB MHTepBasa [—1, 1].

MoAacTaBnsAs 3HaYeHNUS (DYHKLWIA \y’; (t) B (10), (11) v ncnonb3ysa COOTHOLLEHWS, NPUBELEHHbIE
B [2], no cTtaHgapTHOW npouefype NPUAEM K cuCTeMe asirebpanyeckmx ypaBHEHUIn OTHOCUTESIbHO
3HaueHwi \p(jo)(éi) (i=1...n; j=12). Mocne onpeaeneHus w(jo)(é’;i) Nerko BOCCTaHaB/IMBAOTCA
(hyHKLMN \uj (t) (—1<t<1) M ONpeaenstoTcs BCE KOMMOHEHTbI HanpsKeHWn u geopmauuv B
6a30B0i nosioce. B 4acTHOCTM, KOMMIEKCHass KOMOMHaLMA HanpPsXKeHWi, OeCTBYIOWMNX Ha NMHUN
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y = 0 BHe TPELLMHbI, MOXHO ONPeAeNTb U3 COOTHOLLIEHMS (3), 3anicaB eé B 6e3pasMepHOM BiAe Npu

MOMOLL (DYHKLWA \p’; (t) (i=12):

(t)= a[dyi)(at,o)—ir(Xiy)(at,O)] éjw;(u du+5j-\y;(u)du
xH= ) o u u—t

roe A= [\/g—i (1- 2v):| 12(1-v) ,adyHkunst F(t)— orpaHndeHHas GyHKUMs BIIOTb 10 KOHLOB

MHTepBana[—l,l]. MoacTaBnss ctofa BbIPXKEHUS (QYHKLMK \uj (t) n3 (12), mocne HeKOTOPbIX

BbIKNaJO0K 151 TN1aBHOW YacTy NPUBEAEHHBIX HANPSHXKEHWIA BHE TPELLMHBI (|x| > 1) nony4nm

-
-1 2

1+t —
A9 (1)

1-t

1+t

Ay (1) Tt

(A = Alsin (nyl)).

Torpa 6e3pas3vepHble KOI(MULMEHTbI UHTEHCMBHOCTM PaspyLLalOWMX HAMpPsyKEHUIA B KOHLEBbIX
TOUKax TPeLWMHbl X =ta 6yayT npeacTaBnieHbl GopMynamm:

K, (1)-iK, (1) =2"JrAy) (1); K, (-1)-iK, (-1)=2""r Ay} (-1).

MNposesnéH UMCMEHHBIA aHanM3 W BbISIB/EHbI 3aKOHOMEPHOCTU WU3MEHEHNA  KOHTAKTHbIX
HElI'IpFI)KQHVIVI, ,qeﬁcmyroumx B 30HE KOHTaKTa BK/HOYEHMA C OCHOBaHMEM, PaCKpbITUA TPELWHbI N
KOSd)dJVILI,VIeHTOB MHTEHCUBHOCTN B KOHLEBbLIX TOYKaX TpPEWWHbI B 3aBUCUMOCTU OT YNPyrux
XapaKTepPUCTUK MSIOCKOCTU N KOHTYpPa BK/THOUEHWIA.
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OCECUMMETPUYHOE HAMPSAYXEHHOE COCTOAHWNE OAHOPOAHOIO
MPOCTPAHCTBA C NMEPNOANYHECKUMW MAPAJIIE/IbBHbIMIA
MOHETOOBPA3HbIM AEDPEKTAMU

AkonsaH B.H., JawToaH J1.J1.

PaccMOTPEHO — OCECHMMETPUYHOE  HArpsHXKEHHOE  COCTOSIHME  OfHOPOAHOrO  MPOCTPAHCTBA,  COAEPXallero
MepUOSNYECKYHO CUCTEMY MOHETO06PA3HbIX NapanneNbHbIX AetheKTOB. MeTOLOM NHTErpanbHOro NpeobpasoBaHus XaHKens
MOCTPOEHbI Pa3pbIBHbIE PELLEHWS YPaBHEHUIA OCECUMMETPUYHON TeOpWK YNpYrocTW, KOTOpble AatT BO3MOXHOCTb Cpasy
HanucaTb OnpedensiollMe ypaBHeHWs psifa 3afay. B KauyecTBe npuMepa pacCMOTPEH Ciydvaid, KOrja OfHOPOAHOE
MPOCTPAHCTBO COAEPXMT MEPUOAMYECKYHD CUCTEMY Mapasiie/sbHbIX MOHETOO6PAa3HbIX TPeLMH. Ha ocHOBe MOyuYeHHbIX
pa3pbIBHbIX PELLEHMIA HaMWcaHO OMpefenstoLiee UHTErPabHOE YPaBHEHWE, KOTOPOe MpU MOMOLLM ONepaTopoB BpalLeHus
CBEIEHO K WMHTErpaibHOMY YPaBHEHWIO BTOPOro poga ®dpearosbMOBCKOrO TWMa, PELLEHWE KOTOPOTO MOXHO MOCTPOUT
METOZIOM MOCNef0BaTEeNbHbIX NPUGIVKEHNIA. MTonyyeHbl MpocTble HOpMYbl KaK /15 ONPeaeneHns PackpbITUsS TPELLWHBI,
Tak v Ans onpeseneHns KoathduLMeHTa MHTEHCMBHOCTM Pa3pyLLUAIOLLMX HANpPsHKEHWIA.

BeegeHune

WccnepoBaHWio 0CECMMMETPUYHOMO HanpsiXXEHHONo COCTOSHUA OLHOPOLHOIO WAN KYCOYHO-
OAHOPOAHOr0 MPOCTPaHCTBA C MOHETO0OpasHbIMKU JedieKTamy Tuna TPELWWH, MOMHOCTbIO Wn
4aCTUYHO CLENEHHbIX abCOMOTHO XECTKNX TOHKMX BK/TKOUEHWIA, MOCBALLEHO MHOI0 paboT. M3 HMX
OTMETMM paboTbl [1-2], KOTOpble HENOCPEACTBEHHO CBA3aHbl C HACTOALLEN paboToli. ccnenoBaHve
aHasIoNMYHbIX 3afay C MepuoAvYeCcKUMU MnapasiiebHbIMU MOHETO06pasHbIMU AedeKTaMn, Kak Ham
N3BECTHO, 3€eCb NPOBOAMTCA BNeEPBbIE.

1. MocTaHoBKa 3afa4un. BbIBOA pa3pbIBHbIX PeLLeHN

PaccMOTpUM 0CeCMMMETPUYHOE HanpsXXEHHOe COCTOAHKE OLHOPOAHOIO YNPYroro npocTpaHCcTBa
¢ KoauumeHToM ynpyroct E 1 kosddumupeHTamm MyaccoHa v, OTHECEHHOTO K MOSPHOIA

cucteme KoopauHat Orez, Ha nnockoctsx z=2nh (neZ)KOToporo VMEeTCs Nepuoamnyeckas

CMCTEMA OHAKOBbIX MOHETO06Pa3HbIX Mapanfe/bHbiX AeeKToB pagmyca a. byaem cumtath, uTo
MPOCTPaHCTBO AehopMMPYeTCs NOJ BO3AEWCTBMEM TaKMX OAMHAKOBbIX CaMOYpaBHOBELLEHHbIX

HarpysoK, AeiCTBYHOLMX Ha AedeKT, MPU KOTOPLIX NI0CKOCTN Z = (2n +1) h (n € Z) ABNAKOTCS

MI0CKOCTAMU CUMMETPUW. BerefcTBre 3TOro, MOCTaBMNEHHYIO 3a4avy MOXHO CHOPMY/MpoBaTh Kak
3afayy 4ns  OAHOPOAHOro cnos (6a30BOi  AYeiiKM), 3aHMMalOLLEro B NPOCTPaHCTBe 06/1acTb

Q{|Z| <h0<r<w;0<p< 2n}, Ha BHelHUX nnockocTax Z=*h koToporo 3agaHbl ycnosus

cUMMETPUK, a Ha cpeauHHol nnockoct Z = 0 1meeTcs MOHETOO6Pa3HbIV [e(eKT.

UTo6bl NONMY4YNTb CUCTEMY OMPEAENSIOWMX YpaBHEHUIA MOCTaBNEHHOM 3afaun MpU KaXAom
AedekTe, cHavyana 3aniilemM paspbiBHbIE PELLEHNS YPaBHEHUIA OCECUMMETPUYHO TEOPUM YNpPYyrocTy
ANs OJHOPOAHOIO C/0S, HA BHELLIHMX NNOCKOCTAX KOTOPOro 3aaHbl YCMOBKS CUMMETPUU, @ Ha Kpyre

Ql{z:O;OS r Sa;OSwSZn} 3afaHbl CKauYKn PYHKUMIA HanpsXkeHwid o(r), t(r) v cmeLleHuii

u(r), w(r) . [ns 3Toro MbiCigHHO pasgenim cnoii no nnockoctn Z=0 Ha ABa Cnos U CHa6auB
WHAeKcaMn 1 M 2 COOTBETCTBEHHO BCE BEMMYMHbI, OMUCHIBAOLLME HAMPSHKEHHO-AehOpMUPOBaHHOE
COCTOSIHME BEPXHEr0 U HVDKHEro CMOEB, PacCMOTPUM CMEfyHOLLyH BCMOMOraTe/lbHyH FPaHUUHYHO
3ajauy:

W h)y=w(r,h)=0
T, (r,h)=w(r,h) =
(0<r<w) (1.1a)

rg)(r,—h) =wW,(r,—h)=0
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uf (r,O)—uﬁz)(r,o):u(r)

U (r,0)~u? (r,0)=w(r) <r<ow

o) (r,0)-c? (r,0)=o(r) (0= ) (1.1b)
(1,0)~(r,0) =<(1)

u(r)=w(r)=o(r)=1(r)=0 (a<r <w).
3geck u!) (r,o) un ul? (r,¢) (j=1,2)- pagmansHble v BEPTUKA/bHbIE COCTAB/IAIOLLME BEKTOPOB

CMeLLeHNI TOYeK CMOEB, Y/OBMETBOPSAIOLME YpaBHeHMAM Jflamas, a G(Z’)(r,z) n t(r;)(r,z) -

KOMMOHEHTbI HOPMa/IbHbIX W pafuanbHbIX HaMpPsXKeHWiA, AeCTBYHOLLIMX B COOTBETCTBYHOLLMX CONX.
Mpy MOMOLM MHTErpaibHOr0 Npeobpa3oBaHMs XaHKeNs pelvM rpaHuuHyio 3agady (1.1) ans
YPaBHEHWUIA OCECUMMETPUYHON TEOpUM YNPYroCTM W BbIPa3UM KOMMOHEHTbI HANPsHKEHWA 1
cMmelLeHuii Ha nnockocT Z=0 npu nomoLy yHKUMIA CKauKoB. Monyunm:

o) (1,0) = (‘12) +TK12 (r.e)ee(e )d§+TK1,4(f’i)§W(@)di;

/-\

0 (1,0) = 12)J r)+:[szl(r,a)gc(g)daiszs(r,&)gu(&,)dé;

l)J+1

0=

(r)+[ Koo (r,8)En(8)de+[ Ky (r,8) Ew(E) dg; (1.2)

U(Zj) (I’,O) =¢W(r)+£ K4,1(rf‘:)&0(§)d&+:[ Kis (r'é)‘:u(a)dé

3[ecb BBeAEHbI 0603HAUEHNS:

K12<r.t>=TKu(s)sJo(sr)Jl(sa)ds: Ko (1) = [ K (5)°33 (5 3 ()
JK ()0 K1) = [ K (5)59, () 9 () s
jK ) (2)0s K1) = K (5) ()3 (52)
)= [ (8)90(9) 9 ()5 Kao(1.0)= [ Ko (5) s (), (s2) s

9, uhs . u hs |
= th(hs)-———— |; K =— th(h ;
29, {C (s) aeSlshz(hs)} 1 (9) ®9, {C ( S)jLshZ(hs)}

zziz{th(hs)—ﬁ%}}(zs(s): :Sith(hs) chh(ShS)}

hs

_ 3192 {Cth(hs)_m} |<41(s)=—43182 {th(hs)_ﬁs(hs)}

16



1-2v E 2(1-v
g, —L=2Vu. . g, =2V
® 2(1-v) ®
adykumn J; (1) (1 =1,2) - nssecTHble thyHKLMM Beccens.

Nmes npeactaBneHus (1.2) U y[oBNeTBOPUB YCMOBMSIM Ha feeKTe, MOXHO cpasy HanucaTb
onpefenstoLLe ypaBHeHNs psja 3a4au.

& =3-4v,

2. OcecMMMeTPUYHOE HanpsXXéHHOe COCTOAHME OAHOPOAHOrO MPOCTPaHCTBa C Nnepuoan-
YeCKUMW NapasisieNlbHbIMU MOHETO06PAa3HbIMU TPELLMHAMM.

B kauvecTBe mnpumepa paccCMOTPUM Chyyal, Korga AedeKkToM NBASETCA MOHeToobpasHas
TpewmHa pagnyca a, Ha Geperax KOTOpOW AeWCTBYHOT OfMHaKOBble pacripefe/iéHHble HOpMasbHble

Harpyskv BenuumHbl P (). B aTom cnyuae Ha Geperax TpeLiuHbl 6yayT UMETb MECTO YCOBMS:
o (r,0)=c (r,0)=—PR(r);
) (r,0)=12(r,0)=0.
Wcnonb3ys  cooTHoweHus  (1.2) ©“  yunTbiBad, UTO B pacCMaTpuMBaeMoOM  Clyyae
o(r)=1(r)=u(r)=0, ygosnetopum ycnosusm (2.1). Monyumnm:

(0O<r<a). (2.1)

jK14 (r.e)ew(g)de+oy ==Py(r)

I‘Ipm 3TOM, UMEIOT MECTO YC/OBUSA HEMPEPLIBHOCTU CMELLLEHWIA
w(a)=0. (2.3)
Beogs cpyHKu,vuo [2 3]

TEw(g)de
J Je-v (w.(a)=0)
N NPOLO/MKMB eé Ha NHTepBa (—a,O) 4éTHbIM 06pa3oMm, ypaBHeHue (1.4) 3anuiuem B BUAE:
J'Wk (t)dt'[ Ky (S)cos(ts)-J, (rs)stds+ol) = P, (r). (2.4)
0 0

[Janee, I'IpI/IMeHI/IM K 06enm cTopoHam ypaBHeHus (1.6) onepatop [2]
I rdr

Torga, Mcnosib3ys YETHOCTb DYHKLMN \M(t) , 3HaYeHns nHTerpanos [5,6]

J- (rt)rdr sin Xt
X —r1? t
N MPOLO/KMB MPaBYH 4acTb MNOJSIYYEHHOrO YpaBHEHWA Ha MHTepBa (—a,O) HeYETHbIM 06pa3oMm,
nony4ynm cneaytoLlee UHTerpanbHoe ypaBHeHWe BTOPOro poga:

Isin(ts)-sin(sx)ds=g[8(t—x)—6(t+x)]

+ TQ(x,t)V\L(t)dt: f(x), (2.5)
rne
Q(X,t):;}[ sShh ((f;]SS))+h Sm(ts)sin(xs)ds; f (X)=—4(]7:c—;v)|:| (R)(r))] .

Mcnonb3ys 3KCMOHeHUMabHY0 CXOAMMOCTb WHTErpana, npeAcTaBMslOWEro SAPO WHTErpasbHoro
ypaBHeHWs (2.5), HETPYAHO YCTaHOBUTb, UTO 3TO ypaBHeHMUEe PpearobMOBCKOIO TIMa U ero peLLeHus
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MOXHO MOMy4UTh METOJOM MOC/e0BaTeNbHbIX MPUGAVKEHNIA. TTocne pelleHus ypaBHeHus (2.5)
(hYHKLMIO Wi (X) MOXHO OMpeaenuTb no hopmyne

V\A(X):—TV\L(t)dt

a packpbITWe TpeLmH W(r) B WCXOAHbIX KOOPAMHATaX Mpu MOMOLLM dopMy/bl 0bpaLLeHns
NHTErpanbHOro onepaTopa Abens [2]

rer.\/:

Hanvwem Takxke opmyny A1 OnpefeneHns KodpduumeHTa WMHTEHCMBHOCTM  paspyLUatoLLmX
HanpsHXKeHW Ha OKPYXXHOCTW I'=a. [na 3T0ro WCMnonb3yem MepBoe COOTHOLWeHWe u3 (1.2),

paccMOTpeB ero npu I > a. BBeém yHKLMIO V\L(t) Vi 3anuLLeMm e€ B Buge

o) (r,0)= ka (t)dtT Ky (8)$°3, (s )costsds = —je\/\é (t)dtT Kiq ()8, (s)sin(ts)ds=
0 wo 0 0 (2.6)

__u I\/\L(t)dt.fsJo(sr)sin(ts)ds+:|'Ql(r,t)V\é(t)dt (r>a)

0

t2e *'sh(hs)+hs
Ql(r’t)ZZ(l}iV)'l. sh?(hs)

Tenepb, y4nTbIBas COOTHOLLEHME [4]

= 1%[”1 (SI‘ )}
W 3HaYeHMe N3BECTHOro MHTerpana Bebepa [5]
0 t>r
Jy(sr)sintsds=qt 1
rdr_e

(1.8) 3anuwem B cne,qyrom,elvl Bm,u,e

sJ, (sr)sin(ts)ds.

O gy 8

t<r

0 (r,0)=——— [ t)dt =
(05 [+ fatrowy
uw (a)
= +F(r
(1-v)vr2-a? (")
at|wi(t)-wi(a)|dt 2
F(I’)z PlW;(a) + H iJ‘ [ () ( ):I +IQ1(r,t)M(t)dt .
2(1-v)r 2(1-v)rdry Jr2 —t? ’
HeTpyaHO 3aMeTUTb, UTO yHKLMA F(r) orpaHuYeHa Ha OKPY>HOCTU I' = a. CnefoBate/bHO, As
KOS(MUMEHTA WHTEHCMBHOCTM Pa3pYLUAIOLIMX HANPSKEHWA Ha 3TOW  OKPYXKHOCTM MOMyuMM

BbIpa>KEHWE:
K, (a)=+2nrlim r—H:O”(r 0)= Z\Eﬁ\:\//)(j%

3ameTuM, 4TO B cydae, Korga h— oo, Mbl nonyunm 3agady Ans OAHOPOAHOTO MPOCTPAHCTBA C

(r>a)

@.7)

O/IHO MOHeTO06pa3HON TPeLLMHON. HeTpYAHO YCTaHOBUTL, YTO B 3TOM C/lyyae Q(X,t) =0u u3
ypaBHeHus (2.5) cpasy Haingém:
18



4(1-v
()= 13- (R ()]
B cnydyae e, Korja Ha 6epera TpeLWHbI AeNCTBYeT PaBHOMEPHO pacrpefenéHHas Harpyska

uHTeHcueHocTM Ry, T.e., korga Ry (1) =Ry =const, 6yaem nveTs:
4(1-v)PR, «

W (X)=- p

OTtcrofa
a 2(1-v)
W, (X)=—|w(t)dt =———2(a’ - x*).
() =-Jut (o= == (at-x)
Torga npu NoMoLLM opMy/ibl 06paLLeHnst MHTerpanbHOro oneparopa Abens Hangém:

W(r):Ar(l;—:)F%J a’-r* (0<r<a).

Ans Koa(huLpeHTa UHTEHCMBHOCTM pa3pyLUalOLLMX HaNpPSHKEHWIA Ha OKPY)XXHOCTM ' =a nonyynm
BbIpaXKeHMe:

K (a)=2Valn P,

KOTOPOE C TOYHOCTbIO COBMAAAET C (hopMy/oit, NpuBeAEHHOI B [7].
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CUNHIYNAPHBIE NHTEMPAJ/IbHbIE YPABHEHWA C NOrAPUGMUNYECKOW
OCOBEHHOCTBHO B NPABOV HACTW

AmunppxkaHaH A.A., CaakaH A.B.

CTpOMTCS YNCNEHHOE PELLIEHWE CUHTYNSPHONO MHTErPasibHOTrO YPaBHEHUS C AAPOM KOLUM Ha KOHEYHOM WHTepBare, npa-
Basi 4aCTb KOTOPOrO COAEPXUT SIOrapuMmnIecKyto 0CO6EHHOCTb Ha KOHLEe. MoKa3blBaeTC Heo6X0AMMOCTb Y4ETa YKasaH-
HOM 0COGEHHOCTU 1 3PEKTUBHOCTL MPeAIaraemMoro noaxoAa K peLleHnio Takoro Tumna ypaBHEHWIA.

BeegeHuve. B pa6oTe [1] 6bln1a paccMOTpeHa 3ajada O BAABNMBaHWUM LUTamMa C BOTHYTbIM OCHO-
BaHWEM B YNPYryto NosynaocKoCTb NPU NPeAnonoXeHnn, 4To B 06pa3yemMoii nog, LWTamrnoM KaBepHe
MMeeTCs HanoMHWUTENb, BCNEACTBUE YEro B NMPaBoi YacTu ONpesenstowero ypaBHeHNs nocTasneHHoM
3aiaum NosBNAETCS NorapumMmueckas 0cobeHHOCTb. PelleHne B paboTe [1] nckanocs B BUAE, Cogep-
Xallem, NoMMMO Hen3BECTHOW (DYHKLMW, U3BECTHOE CriaraeMoe, YCTpaHAIoLLEee yKa3aHHY 0CO6eH-
HOCTb. B HacTosLeli paboTe NOKasaHo, YTO [06aB/IeHNEM HECKOMbKMX AOMOMHUTENbHBIX ClaraemMbiX,
YCTPaHAIOLLMX He TOMIbKO camy NorapupMmnyeckyro 0CO6eHHOCTb, HO 1 e& 0CTaTOuHOe B/IMSIHWE, MOXX-
HO CYLLECTBEHHO MOBbICUTb IPMEKTUBHOCTL YMCNEHHOIO PELLEeHUS PacCMaTpMBAEMOro YpaBHEHWS
MEeTOLOM MeXaHU4YeCKNX KBafpaTyp. DTO NOKa3aHO Ha NpuUMepe peLleHns KOHKPETHOM 3a4ayu, No3so-
NAIOLLEN NOCTPOEHME PeLLEHNS B 3aMKHYTOM BUAg, T.€. B BUJE WHTErpasioB OT NPaBOi YacTu UCXOL-
HOr0 ypaBHeHMUs, 4TO aéT BO3MOXHOCTb YAOCTOBEPUTLCA B BEPHOCTU MPUOAVKEHHOIO peLleHus,
MOCTPOEHHOI0 MeTOL0M MeXaHWYECKUX KBagpartyp.

MocTasneHHasa 3afaya NpPefcTaBnseT MHTEPEC He TOMbKO B acrekTe 3arnasus paboTbl, HO U C
TOYKWM 3PEHNS KOHTAKTHOW 3aflauM Teopun YNpyroctu, U NOCBALLEHa WUCCNefoBaHUI0 HanpsXEHHO-
[e(hOpPMUPOBAHHOIO COCTOSAHMA NOA 1-06pa3HbiM XECTKMM LUTAMMNOM, KOrja B MOMAOCTb MO HUM

nofaéTca paBHOMEPHOE fAaBfieHne [,. PelleHve OnpedensiolLero ypaBHeHUS WLLETCAS B Knacce

(YHKUWIA, VMEIOWMX KOPHEBYHD OCOBEHHOCTb Ha 060MX KOHLAX MHTepBasia MWHTErpUpOBaHNS,
MOCKOJ/IbKY UMEHHO TaKOBbIM OHO BMISIETCS MPY Ma/IbIX 3HAYEHWSIX [, W NNLLb NOC/e ONpPeLenEéHHOro

3HaueHUs P, , KOrga KO3MMULIMEHT KOHLEHTPALMM HanpsKeHUA Yy BHYTPEHHWX KOHLOB 30H

KOHTaKTa 06pallaeTcs B HOMb, NEPEXOANT B Knacc yHKLMIA, pacCMOTPEHHbIX B paboTe [1].
Llenbkto MOCTaBNEHHOM KOHTAKTHOM 3afaun SBNSETCA ONpefeneHne KOHTAKTHOrO AaBfieHus,
(hopMbl, MPUHMMAEMON FpaHuLEel NOMYNAIOCKOCTW NOJ LUTAMMOM, N KPUTUYECKOTO 3HAYeHWUs BHYT-

PEHHero fiaBnexHns p; .

lNocTaHoBKa 3agayn. Beefém npaBOCTOPOHHIOW [EKApTOBYH CUCTEMY KOOPAWHAT, OCb Opau-
HaT KOTOPOIi COBMAZaeT C OCb0 CUMMETPUM LUTaMMNa, & 0Cb abCLUMCC — C rpaHunLIE NONYnaAOCKOCTH.
Ha wramn npunoxeHa fasswas cuna P, genctsyowas no MHUM CUMMETPUM LLITaMMa, B MOI0CTU
nof LITamnom [eicTByeT BHYTPEHHee [aB/eHve [,
Y/A0B/IETBOPAIOLLEE 0YeBUAHOMY OrpaHNYeHunto
2lp, <P. Vcxopa n3 CMMETPUYHOCTU NOCTaB/IEHHOM
3afja4M OTHOCWTE/IbHO OCW OPAMHAT, fa/lbHeiwmne pac-
CYXJeHuns O0yayT BeCTUChL C 0bpaLleHneM TObKO K npa-
BOI HOXKe LTamna. Mpy Manbix 3Ha4YeHUaX P, LTamn
Oy[eT KOHTaKTMpOBaTb C MOJYMN/IOCKOCTLIO MO BCEMY
OCHOBaHMIO, OfHaKO KO3MMULIMEHT KOHLIEHTpaLMK
HanpsXKeHU Yy BHYTPEHHEro KOHLUA 30Hbl KOHTaKTa

OyleT MeHbllUe, YeM MpPU OTCYTCTBUWM BHYTPEHHErO
AaBneHus. C Apyroii CTOpPOHbI, NpY 6GONbLUMX, B MpeAenax YKasaHHOTO OFpPaHWYeHWs, 3HaYeHUsIX

faBneHna P, AnHa 30HblI KOHTaKTa yMeHbLUIAeTCH, a KOHTaKTHOE faBfieHWe Ha BHYTPEHHEM eé KoHLe

Puc.1

MPUHMMAET KOHEUHOE 3HaueHue. W, cnefoBaTenbHO, CYLLECTBYET KPUTUYECKOE 3HadeHue Py (ao)

MpM KOTOPOM KO3((PULMEHT KOHLEHTpaUMnN HanpsXKeHWA y BHYTPEHHEro KOHLA 30Hbl KOHTaKTa
obpatlaeTca B HOMb (puc.l).
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BbIBOf OnpeaensitoLlero ypaBHeHusl. BepTuKanbHOe CMELLEHNE FPaHUYHbIX TOYeK MOoMym/io-
CKOCTV OTHOCMTENbHO OCHOBaHMs LUTaMmna OT KOHTAKTHbIX HarpsKeHui G(X) W BHYTPEHHErO

AaBNeHNs P,, C y4ETOM CUMMETPUYHOCTM 3ada4u, onpedenseTcs dopmynoit [1]:

2 2
‘ - ‘ |a x| -a
ds+p aln —XIn +IIn ,
0 | 2

v "(X)= j o(s) In

-a ‘a+x‘ l+a

rge vV (x):v(x)—v(l) n0<x<l.
B 30He KOHTaKTa IMeeM PaBeHCTBO
V' (x)=0. 1)
Mpy MOMOLLUM BLIKNAAOK, NPUBEAEHHLIX B paBoTe [1], HO yuMTbIBas, UTO B [AHHOM Cilydae
f (x)=0, BbiNVLLIEM ONpeJeNsioLLee CUHTY/IAPHOE NHTETPATILHO YPaBHEHIE B BULE:

|
J(———jcs(s)ds——poln —X
"\S—X S+X a+Xx

Mepeiigém K 6e3pa3MepHbIM Be/IMUMHAM:

(a<x<l)

2l (1(1-8)  1(1+9) . 2l a ~ 1438
== ; =—p,; 8=—5 & =" 2
a0) Pc{ 2 7T Peph | 1-5 @
M CBE/EM MOy4eHHOe ypaBHeHue Ha uHTepsan (—1,1)
f1 1 ] 1+y
- q@dl=-p Ih——— (-l<y<l) (3)
;[[C—y C+y+28 28" -1+y

Takvm 06pa3om, NOyYeHO OMNpefenstoLiee ypaBHeHWe NOCTaBNeHHOW 3agaun B Buge (3), rae
HEeN3BECTHbIMMN ABNAIOTCA 06e3pa3mMepeHHOe KOHTaKTHOE [aBfeHue q(y) N KPUTWNYECKOE 3HAYeHne

BHYTPEHHErO AaBneHns [, .
NMeem Takke ycnosme paBHOBECUS! LUTaMMa

_[ ( )ds+2ap0+j s)ds=P,
-1
KOTOpOE B 0603Haquvmx (2) npuHUmaeT BuA;

1 1-8
[a(c) g’ @)

MocTpoeHMe 3aMKHYTOr0 peLleHuns. 3anncas NpeacTaB/eHne NepeMeLLeHN rpaHNYHbIX TOYEK
ynpyroin nonynnockoctn 6e3 y4yérta CUMMETPUYHOCTM 3afadyn  OTHocuTenbHO ocu Oy u
YL0BNETBOPUB YCMIOBUIO KOHTAKTa (2) No4 060MMM HOXKaMW LUTammna, Nosly4ynuM ypaBHeHWe, KOTOPOe,
nocne agudhepeHUMpoBaHna Mo X, NoANafaeT B KNacc CUHIYNAPHbIX UHTErpanbHbIX YpaBHEHWA, ANs
KOTOpbIX B paboTe [5] cTpouTCA 3aMKHYTOE peLLeHNe.

[N npoBeaeHWs CpaBHEHMS C NPUOAVKEHHBIM PeLLeHEM 3TO YpaBHEHME, NPU MOMOLLM GopMyn
(2), 3anunwem B BUaE:
—28"+1

| o=yades j —q(c)dc—— ng—lyw

", y>Ke ANs 3TOro ypaBHeva BbIMMLLEM 3aMKHYTOE pelueHune n3 [5], KOTopoe yAO0BNETBOPSET YC/0-
BUIO paBHOBecKs (4)
Pleow)|

1 ¢ 1 1 . 1-
q(C):ﬁzw(f;)u{i;—fmw%*jp Ie(y)dy+an 1

3necb

(ye[—zs*—1,—25*+1]u[—1,1]) (5)
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1+X
9(x) n28*—1+X o

MpupaBHMBas BbIPXEHWE B KBaApaTHbIX CKOOKax K Hymo npu (=-1, gns onpegeneHus

= 1-3(x+287)2 -1,

3Ha4YeHNA KPUTUYECKOTo BHYTPEHHEIO AaBNeHUA p:r nony4ymMm ypaBHEHUE:

. 1 1 p
_ f dy+4 & (5 -1)=0. 6
pjl( 1+y+—1+y+28*j (Yo(y)dy+4n =P (8 1)= (6)

MoCTpOEHME YNCIIEHHOTO PELLIEHNS.

OnpegenstoLiee ypaBHeHVe 3afaqun, pacCMOTPeHHOM B paboTe [1], npakTMYeckn COBMajaer C
ypaBHeHVeM (3) 1 peLleHne Tam UCKasioCh B BUJE, COflepXKallieM 3BECTHOe crlaraemoe, yCTpaHsioLLee
norapupMmUYeCKy0 0CO6eHHOCTb B OKPECTHOCTU TOUYKM Y = —1, NMPUCYTCTBYIOLLYIO B NPaBOi 4acTu
ypaBHeHWS.

3[ecb Xe, yunTbIBag aCUMMNTOTUYECKOE NOBEAEHNE CIeAYIOLLNX UHTErpasioB:

(1+ X) \/ m
[—————=dx=(1+y)"In(1+y) m=012..,
-1
peLueHue ypaBHeHMﬂ (3) 6ygem mnckaTb B BUAE:

q(¢)=p'Q,(1+&)1-C+o(C). (7)

3nect (&) SIBNSETCS peLLeHrem ypaBHEeHNs
{1 _ 1 W 1+y J1— H—
J.l(g_y C+y+26*}q)(C)dg P {In 28*—1+y+-‘.( C y C+y 28 JQ (1+C)d(;:| (8)

rae mHorouneH Q. (1+&) nop6upaetca Tak, 4To6bl Mp M=0 YCTPaHWTL NOraPUBMUUECKYHO OCO-

6eHHOCTb B NpaBol YacTu ypaBHeHus (3), a npy M>1 cHU3NUTL eé ocTaTouHoe BnsHMe npu {——1.
MepBbIMM TPEMSA TaKUMU MHOTOY/IEHaMW By ayT:

Qo(z)zg; Ql(z):§(4+z); Qz(z):£(32+8z+322) (9)

Mocne BbIGOpa OfHOrO U3 MHOrouneHoB (9), ¢ yuétom & >1, ypasHeHue (3) nepexoauT B
CTaHAAapPTHOE CUHTYNSPHOe UHTErpasibHOe ypaBHeHVe Nepeoro poga (8). Kak 6bio 0TMEUeHO BblLLe,
peLleHue Byaem UCKaTb B Knacce PYHKLWiIA, NpeacTaBUMbIX B BUZE:

0(X) = ———¢"(%).

V1-%°

CornacHo meTofy MexaHuyeckmx keagpatyp [3], ypasHeHue (8), BmecTe c ycnosuem (4),
CBOAWTCS K CNefytoLLei ccTeMe NIMHERHbIX anrebpanyecknx ypaBHeHWA:

XL L—lyf((](xi)yki(za%k)q(zi)qp*f(yk) (k=1n-1) (10

T 2 25 ¢
—z@ 1 6) {mﬂQm(l%)\/l—CdC] (12)

rae
| U (2) ze(-11)
2i-1)n ;. — kr
)g:cos% (.:1, ) Y, _cos? (kzl,n—l); a(z)= U, (2)- Tnzz(i)l z¢[-11]
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Mpu 3afaHHbIX 3HAYEHUAX O U P , MEHbLUEM KPUTUYECKOTO 3Ha4YeHWs P, , CUCTeMa ypaBHe-
Huin (10)-(11) sABnsieTCA 3aMKHYTOW OTHOCUTENbHO N HEW3BECTHbLIX KO3IPPULMEHTOB (p*(&i). Ans

ornpefeneHns e KPUTUYECKOro 3HaueHus p; cneflyeT B cucTeme ypasHeHni (10)-(11) cuntate P

HEW3BECTHOM W [06aBUTb K CUCTEME YC/IOBME PABEHCTBA HY/MO KOID(MLMEHTA KOHLEHTpaLMK
KOHTAaKTHOTO [laB/IeHNsl Y BHYTPEHHEr0 KOHLA 30HbI KOHTAKTa:

550 (x)| 14280 Ta(x) 0. @)

TeM cambIM, MOMYYMM 3aMKHYTYIO CUCTeMy M3 N+1 ypaBHeHWid, OTKyJa HemnocpefcTBEHHO
6y/1yT HaiifleHbl KaK Camo KpUTUUYECKOe 3HaueHne [, BHYTPEHHEro AaBneHus, TaK 1 3aKOH pacrpese-
NeHIst KOHTaKTHOTO /JaBNIeHNA NOJ, LLITaMMOM NP €ro Hannumu.

Mo nosyuenHbiM sHaveHuam @*(X ) (i=1n) dyHkumio ¢ () MOXHO BOCCTaHOBMTb MO

thopmyne
. 1 n . n-1
0 ()= 130 (X)L 2T (T ()| @
i=1 m=1
W, fanee, no opmyne (7) HaliTW pacnpegeneHyie KOHTaKTHOMO AaB/eHNs Mog LUTaMMOM.

UMCNEeHHbIA aHanm3. Ha OCHOBE YMCNEHHbIX PacYéToB MOCTPOEHbI FpaduKM pacnpefeneHus
KOHTaKTHOr0 [aBfieHWs1 MOf LUTaMrNoM 1 MepeMELLEHNst TOYeK FpaHuLbl MOMYNI0CKOCT OTHOCK-
TeNbHO OCHOBAaHMA LUTamna. BbISBNEHO TakxKe BAUSHUE NOpPsiAKa M NpUCyTCTBYHOLLErO B (7) MHOrO-

uneHa Q_ (X) Ha CXOAMMOCTb BbIMC/INTE/ILHOTO MPOLECCa.

B T1abn.l npueedeHbl 3HaueHns p, npu & =0.5, paccumTaHHble NpW PasnMYHbIX MOPSAKax
annpoKcMmauym N ans pasHblx ciyyaes NpeAcTaBneHus (7): nepBblii CTONGEL, COOTBETCTBYET Cyyato
OTCYTCTBMSI B MpeAcTaBfeHnn (7) Kakoro-nMéo [A0MONMHMTENLHOFO CNaraeMoro, OCTa/lbHble TpU
cTonbua coTBeTCTBYHOT ciyyaam m=0,1,2 . [1ns CpaBHEHUS B HIKHEN CTPOKe TabnuLbl NPMBOANTCS

COOTBETCTBYIOLLEE 3HAYEHME, paccunTaHHoe no opmyne (6) Npy NOMOLM CTaHAAPTHOM NPOrpamMbl
4MCIeHHOr 0 NHTerprposaHus naketa Wolfram Mathematica.

Tabnuua 1

n a(&)=9(¢) m=0 m=1 m=2

3 0.777319 0.682774 0.681386 0.681471

5 0.739381 0.68179 0.681442 0.6814493

7 0.722958 0.681583 0.681447 0.6814486

10 0.710586 0.681498 0.6814483 0.6814486

14 0.702389 0.681468 0.6814485 0.6814486

17 0.69673 0.681454 0.6814486 0.6814486

no opmyre (6) 0.6814486

Mo faHHbIM Tabn.1 OAHO3HAYHO MOXKHO YTBEPXKAATb, YTO SI0rapuPMMUUECcKOin 0CO6EHHOCTLIO B
MpaBoii YacTW ypaBHeHWs npeHebperatb Henb3s. Mpu
3TOM C YBe/MYeHWeM Mopsfka M MHOrousieHa

Q. (X), ycTpaHsiowero 3ty 0COGEHHOCTb, MOPSAOK

annpoKcumauum N, Mpy KOTOPOM MPUGIMKEHHOE
pellieHne [0 Cemy 3Haualmx Ludp COBMagaeT C
TOYHbIM PELLEHNEM, PE3KO YMEHbLLAETCS.

Ha puc.2 npuBeaeHa KpviBasi 3aBUCMMOCTY

KPUTWUYECKOro 3Ha4yeHnA BHYTPEHHErN0 AdaBieHUA p:r

OT PacCTOAHUA MeX/Y HOXKaMu [M-06pasHOro LUTam-
Puc. 2. Kpueas sasucumoct P, o1 &.  na =ayl.

0.2 0.4 0.6 0.8 1.0
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Ha pwvc.3 npeacTaBneHbl rpagmkn pacrnpefeneHns faBfeHns Noj LUTaMMoOM NPy pasfnyHbIX
3HAYEHUSIX BHYTPEHHETO [aBfieHnst Npu 3agaHHOM 3HaveHnn & =0.6, a Ha puc. 4 — nepemeLLeHns
TOYEK rpaHuLbl NOYMNI0CKOCTY OTHOCUTE/IbHO OCHOBAHWS LUTaMMa.

20/ 9(5) V(-

15 p, =0.70518

|
|
|
1 os | .
0d | p —‘0.65 ¢
10 p =0 | M 06 a8
1 o ¢ Py, =0.70518
s : p :09 _o0 [ ] p*:O.g
] Q o b p 20.8
|
02 04 06 08 10
Punc.3. KoHTaKTHOE fiaBfieHne nog Wwrammnom Puc.4. ®dopma rpaHuLbl NONYMI0CKOCTY MO LUTAMIMOM.

3akntoyeHre. C TOUKWM 3PEHUSI BbIYMCIUTENBHON MaTeMaTUKN MPeAcTaBneH 3((eKTUBHbINA
MOAXOA K PELUEHWIO CUHTYNSPHOTO MHTErpasibHOro YpaBHEHWs, NpaBasi YacTb KOTOPOro COAEPXMT
NOrapuMUYECKYt0 OCOBEHHOCTb Ha OAHOM U3 KOHLIOB MHTEpBasia WHTErpupoBaHus. PelueHue
MOCTaB/IEHHOM 33]aun METOOM MEXaHUYECKUX KBAAPaTyp CBOAMTCS K PELLEHWH0 KOHEYHON CUCTEMbI
NMHENHbIX anrebpanyecknx ypaBHeHMIA. Ha npumepe pesynbTaToB, MOMYYEHHbIX MPY PasiNuHbIX
nopsgkax annpoKCcUMaLuu, U CpPaBHEHMEM MOMYYEHHOTO PELLUEHWUS C aHAIUTUYECKUM PELLEHMEM
rnokasaHa 3()(PeKTUBHOCTb NPUMEHSEMOr0 METOAa W, TEM CaMbIM, 060CHOBAHO €ro MPUMEHEHVE K
PELLEHNIO Gonee CNOXKHbIX 3aaay.

C TOYKM 3peHUs >Xe Teopuy YMNpyrocTW [OCTaTOYHO AETalbHO WCCMEAOBAHO BAMSIHIE
HarHeTaeMoro noj >KeCTKWUIA LUTaMn BCECTOPOHHEro [AaBMeHMs Ha pacrnpefieNieHne KOHTAKTHOro
[aBNEHNS MO, LWTaMMOM.
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NCCNEJOBAHUE YPABHEHWI N3 MBA N30TPOMHOW 1 OPTOTPOMHOW
NJACTUH

AHTOHSAH C.C., BacunsH H.I".

B cTaTtbe n1ccnefoBaHO HanpsXEHHO-Ae(hOpMMPOBaHHOE COCTOSIHIE U3TMGAEMOIA NNACTUHBI B OKPECTHOCTM 3aKpPEnIEHHOro
Kpasi. ViccnepoBaHa 3afjada NoMy6eCKOHEYHOM NNacTWUHBI-MOMOCHI, KOrAa noy6eckoHeYHble MPOTUBOMNOJIOXHbIE CTOPOHbI
NNaCTWHbI LLAPHUPHO 3aKpensieHbl. MpumeHéH nogxoa Hagaw. MonyyeHbl 0606LEHHbIE NEPePe3bIBAOLLME CUITbl B CEPeAnHE
1 yrnax 3akpena&HHON CTOPOHbI 4151 U30TPOMHOIA 1 OPTOTPOMHO NAACTUH.

1. TMpu wcCneaoBaHWM ManbiX MNPOrM6OB NNAcTMH MpPUMEM B KauvecTBe nnockoct Oxy
CpeaVHHY0 NOCKOCTb NMACTUH B TOM €€ MOJMOXEHMW, KaKOe OHa 3aHVMAaeT, NPeXae YeM Mpou3oiaeT
n3rn6. YacTuupl, nexkawme B nnockoct OXy, MogBeprHyTcs Npy M3rMbe ManbiM CMELLEHUSM W,
MepneHAnKYNApHbIM K NAockocTu Oxy, M B HOBbIX CBOMX MOMOXEHUSIX 06PasyloT CPeauHHYH
MOBEPXHOCTb NMACTWH, @ 3TV CMELLEHUS CPeANHHON MIOCKOCTM NMACcTUH Ha3bIBAKTCA MPOr1MGamu.
PacnonoXum ocb z NepreHAVKyNspHO K nnockocTn OXy ¥ pacCMOTPUM 3M1EMEHT, BbIPe3aHHbIN 13
nnacTuH (puc.1), AByMs napamu NAOCKOCTeN, napannenbHbIX nnockocTsm Oxz u Oyz.

MpubnnxéHHasa Teopus NIACTUH CTPOUTCA Ha CEAYIOLLUX ABYX NPeANOOKEHUsX:

1) MpAMonVHeHble OTPe3KW, KOTOpble B Hefe(OPMUPOBAHHOM COCTOSHWW MIACTUH  6bin
HOpMa/ibHbl K €€ MNOCKON CpefuMHHOM MOBEPXHOCTW, NPW M3rnbe OCTatoTCs NPAMOSIMHENHBIMU 1
HOPMa/TbHbIMU K 30THYTO MNOBEPXHOCTU («rMMoTe3a NPSMbIX HOPMaseli»).

2) [asneHve cnoés, napanefibHbIX CPeAUHHON NNOCKOCTU (0,), BENMUYMHA Manas Nno CpaBHEHWIO C

HaMPSYKEHNAMU B MOMNEPEYHbIX CEYEHUAX G, G, G, .
Mpw 3TVX AONYLLEHNSX YpaBHEHWE U3rGa NNacTUHbI MveeT Bug [10]:

2 2 3
AAWZQ, A:a_2+a_2’ :Lhz’
D ox° oy 31-v9)
raoe E —mogynb KOHra, v —KoahuumeHT MyaccoHa.

(1.1)

2. Wccnegyem B NpAMOYronbHOM  [eKapTOBOM CUCTEME KOOPAMHAT  NoSy6ecKOHeUHYo
MNacTUHY-NO/OCY MOCTOSIHHOW ToMLHLI 2h, KoTopas 3aHuMaeT o6nacte O£ X<¥ ,0E yEb,

—h<z<h (puc. 2.1). Ha nnacTuHy fieiicTByeT pacnpeaenéHHas Harpyska nHTeHcuBHocTbio g(Y).

aly)

O00000000000O0

Puc. 2.1. MonvbeckoHeyHas NnacTuHa—Monoca

Kak 1 B 3agaue Hagau, npegnonaraetcs, 4to Kpas nnactud Y =0, wapHupHo 3akpenneHsl, 4To
NO3BO/ISIET PeLLeHMe YpaBHeHus (1.1) NpeacTaBUTL CeayHoLM 06pa3oMm:
w=>"f (x)sin,y, g=>q,sind,y (2.1)
n=1 n=1

C y4éToM, uYTO pelleHue Mpyu yaaneHum oT Kpomku X=0 cTpemunoch K pelleHuio B Buie
UWIMHAPWYECKOI MOBEPXHOCTH, MOMYYUM:
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wW(x,y)= Z(Ah e’ + B xe " + Dq7rl4 j (2.2)

=1 n
A, 1 By, — NoCTOsIHHbIE KO3(MULIMEHTbI, KOTOPbIE HAXOAATCA U3 FPAHUYHBIX YC/IOBUIA.
Mpw LWapHUPHOM 3aKpenneHnn Ha kpato X =0

62

w=0, =0 (2.3)
X

nony4vynm:

x X oyl
n"e X ISinA. Y. 2.4
ZDN{ > } Y (2.4)
13 BblpakeHWiA A5t 0606LLEHHBIX Nepepe3blBatOLLNX YCUNIIA:
o [ &*w o*w o [ o°w o*w
V. (X, y)=-D +(2-v)— |, V.(x,y)=-D —(2=Vv)— |.
(X, Y) a[ ( v)ayzj (%) ay(ayz (2-v) }

ox* ox? 25)
MONYy4MM
V, (X, Y)= izq” [ xnx+(1—v)knxe’x"x]sinkny,
n=1
V, (%, y) = i [ (1-e™)+(1-v)2, xe‘“]cosxny. (2.6)
:1

B yrnax 0606u.|,eHHb|e repepesbIBAtOLLME CUbI PaBHbl Hynto. V, (X, Y)— MakcuMasibHOe 3HaueHme
nonyyaet B y=b/2

by & g, | -7
V,[0= [=) - 3-v+(1-v)— e ?. (2.7)
2) S, 2

3. Monoxum, 4YTo mMaTepuan MaacTMH B OTHOLUEHUM CBOMX YNPYryMxX CBOMCTB 06/1a4aeT Tpems
MNNOCKOCTAMMN CUMMETPUN — MNlaCTUHa OPTOTPOMHas. Ecnn 3T nnockocTu MPUHATL B Ka4deCTBE
KOOPAUHATHbIX I'IﬂOCKOCTeI\/'I, TO COOTHOLWUEHNA MeXAY KOMMOHEHTaMW HalnpsXeHua n ,qe(bopl\nau,mm
MOXHO ByfeT NpeAcTaBUTb CeayoLWMMI YpaBHEHNAMU:

o,=Eg,+Ee,, o,=Eg +E¢,, 0, ,=C¢,. (3.1)

Mpeanonaraem, 4To MeprieHAUKYNAPHbIE K COEAVHHOM MIOCKOCTY MACTUH /IMHEHbIE 3NIEMEHTbI
eé OCTalTCs MPAMBIMA M HOPMATbHBIMM K WM30THYTOM MOBEPXHOCTW MIAaCTWH Mocie eé u3ruba.
BOCMO/b3yemCst BbIPKEHUSIMIA KOMIMOHEHTOB AeopMaLmm:

ou _o*w o _o0°w au ov o°w
oI N O N W 62)
oX OX ox oy 8y ox oxoy
Mpn wccnefoBaHWMM M3rba MaacTUH PaccMOTPUM TOMLKO MEPMeHAVNKYAPHOE MepeMeLLeHie.
CnefoBaTe/bHO, 419 U3r1batoLLmX 1 prTF!LLI,VIX MOMEHTOB [2]:

h 2 2 h 2
MX:J‘ZGXdz:—DXa—\Q/—DlaW M _jz dz=-D a—\iv—Dla—\év,H:—Ich dz=2D a—W (3.3)
*h OX oy’ Yoy oX LA Y oxoy
roe
2E 2E h° 2E'h? 2Gh?
D, =—*—, D,=—2—, D, = , D, = . 3.4
* 3 Y3 3 Y3 (34)
Moactasnas (3.3) B (1.6), nonyymm:
4 4 4
p,2¥.2(p,+20, )22 +p, I ¥ _q
*ox* ox“oy oy
O6osHaunm H, =D, +2D, . (3.5)
4 4 4
D IW, opy, W plW_g (3.6)

ox* oxtoy? Y oyt
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YpaBHeHve (3.6) — 3TO ypaBHEHWe M3rmba OPTOTPOMHOM MNacTWHbLI. B 4YacTHOM crydae, ecnu
MnacTHa M30TPOMHas

3

E-E-— - 6-_F p_p-H-p-_2F_| (37)
1-9 1-9 2(1+9) 3(1-9°)

Nosly4uM ypaBHeHMe 13rnba nnacTviH B M3BECTHOM (hopme AAW:% :

MpumeMm pelueHne ypaBHeHus (2.6) B BUAe paga

w(x,y)=>f (x)sini,y (3.8)
n=1

1 Nonyynm
" B H1+JHI:1)27DXDy rox _ H,— |-|I;2,DXDy o q 3 9

w(x,y)=)|4e " +B.e " +—2— [sin},y, :

(%) Zl ; D y (3.9)

roe A, u By, onpedenstoTcs U3 rpaHUYHbIX YCOBUIA.
4. Tlpegnonoxum, 4to ctopoHa X =0 LWapHUPHO 3aKpen/ieHa M rpaHWYHbIe YCoBUs ByayT

MMEeTb BUA:
o°w

w=0, —=0 (4.1)
OX

CneposatensHo, f, =0, f =0. Ypgosnersopss rpaHUuHbIM YCNOBUSAM, MOMYHAM JIMHEVHYIO CUC-

TeMy ypaBHeHUA ans A, v B, :

g
AARYE (4.2)
(H1+1/Hf —DXDy)Ah +(H1—1/Hf - DXDy)Bn -0

0TKyza

NG H, -\JH? -D,D, oG, H, +H?-D,D, w3
" 2D, [HZ-D,D, " 2D, [HZ-D,D,

CnepoBatenbHo, W([X,y) NpUMET cnefytoLuii Bug;
w(x y)=

(H.-H7-D,D, | Jnfioon (M, JHZ-D,D, ) Moo, | (4
X — e A sinA,y
2,/H?-D,D, 2,/H?-D,D,

< q
;Dykﬁ 1+

(O 3 o
Mepeiiaém K U30TPOMHOMY Cy4aro (leDx:Dy:D:ZE%(l_VZ))- Cnepsa BHeceéM cnefytoLLme

0603HayeHus B (1.6):

B=,H:-D,D,, o,= /H1D+ anx, o, = /HB_anx (4.5)

n nonyymnv
-5y _% H, (e_al_e_az)_l co | o } !
o250 [“ R | Lt 49)

Ecnw nepeiitn K nsotponHomy ciyyato, 7o B—0, a, — o, v nonyvaercs

w(x,y) :2&{1—@%* —%e-w}sinxny . 4.7)
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PewleHue (4.7) n (2.4) coBnagatot.
O606LLEHHbIE Nepepe3sblBatOLLMe CUMbI A5 OPTOTPOMHLIX MAaTEPUIOB BYAYT UMETb BUA:

2 2 2 2
V,(0y)=-D2| D, 2% 1, ZW] v (xy) =D D, LW 1, 2|
ox\ ~ ox oy? oy\ 7oy OX
rae H,=H, +2D, =D, +4D,,.
19 0006LLIEHHBIX NepepesblBAIOLLMX CWUM, KOrAa WMeeM YA/IMHEHHYIO miacTuHy-nonocy (Ha

ctopoHe X=0 LWapHMPHO 3aKpennéHHbIiA), ncnonb3ys noaxod Hagau [9,10], nonyunm cneaytoive
BblpaXXeHUs:

(4.8)

H,-B

[,/H +B(D,D, - H,(H,-B)) \/H'TB +H,—B(D,D, - H,(H, +B))e \hm}inxny,

— Bx Df
- H1+B)x DX

Vy(X,y)=i£[2B—(B+2DW)e D " —(2Hl+B+2ny)e_ ° " |cosa, y.

©
Hi-B,

i (4.9
B y=Db/2 0606LéHHan nepepesblBatoLLas cuna oyaet:
V, (X, y) = i G _ 1 [\/H.+B(D,D, ~H,(H, - B))+ H,~B(D,D, ~ H,(H, +B)) . (4.10)

12B), D,\/D,
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B/IMAHWE CTAPEHUA HA JE®OPMALIMOHHBIE N YCTAJTOCTHbIE
XAPAKTEPUCTUKW MNMOJIMYPETAHA

ApyTiOHAH A.P.

Monmmepbl M KOMNO3WLMOHHbIE MaTepUasbl LUIMPOKO UCTIONb3YHTCS B TEXHUKE, MEAWLIIHE, aBUacTPOeHUN 1 T.4. B To xe
BpeEMS (DU3MKO-MEXaHNYECKME XapPaKTEPUCTMKN 3TUX MaTepuanoB Mocne AJIUTENbHON 3KCMyaTalMy U3MEHSIIOTCS, UTO B
3HA4YNTENbHOM CTeneHn 06YCMOBNEHO NpoLeccoM cTapeHust [1-4]. Takum 06pa3om, He0OX0AMMbI UCCNEf0BaHMS MPOLECCOB
CTapeHus 3TMx MaTepuanoB. B paboTe B KauyecTBe MOAENBbHOrO Matepuana WCMonb3yeTcs noauypeTaH. porpamma
MCCNeA0BaHWA BK/IKOYAET ONbITbl HA YepefoBaHME Ny6OKOTO CXaTus NPAMOYronbHbIX 06pasuoB ¥ ANUTENbHOIO
KNMMaTUYeCKOro 1 AeopMaLMOHHOrO CTapeHus. VICCnefoBaHO Takxke BAWAHWE 3(deKTa CTapeHWs Ha YCTal0CTHYHO
MPOYHOCTb. YCTaNOCTHbIE WCMbITAHWA NPOBOAWANCH Ha KPYr/biX 06pasuax B YCMOBMUAX MOBTOPHOIO PacTsHKEHUA
(KoaththmumeHT acummeTpun Umkna R = 0) npy 3aaHHOl aMnNnTy e 3MEHeHUs NepeMeLLeHns U € YaCTOTaMy HarpyXXeHus
10 'y v 5 'y, MNpoBeféHHbIE 3KCNepUMEHTa/IbHbIE UCCNEL0BaHNSA YKa3blBatOT Ha CYLLECTBEHHOE YNPOYHEHWe MaTepuana B
pesynbTate cTapeHus. JaHHbIA athekT HabMHAAETCA KaK B 3KCMEPUMEHTaX Ha FTybOKOoe cxkaTue, Tak U Mpu LIMKINYECKNX
UCTIbITaHNSX.

JKCNepyMeHTa/IbHble UCCMEL0BAHUA KIMMATUYECKOro U AedhopMaLmMOHHOI0 CTapeHUs
06pasLoB 13 NOSIMYpeTaHa B OMbITax Ha cXxaTue.

B onbitax Ha rybokoe o©XaTue MCMbITbIBAIMCL 06pasubl U3 NOAMypeTaHa KBafpaTHOro
nonepeyHoro ceyeHns pasmepammn 20x20x30 MM. OnbITbl BbINOMHAANCH NPU KOMHATHO TemnepaType
Ha MawmHax mapku Instron 1231U-10 n Shimadzu AGX-50 Plus co ckopocTaMun HarpyxeHus 3,5
MM/MUH. Ha puc.1 yudpori 1 oTMedeHa HavasibHas Kpusas HanpskeHve-geopmauus, nonyvyeHHas B
onbITe Hag obpasyom Nel 6e3 cTapeHus. Kpueas 2 puc.l nonyyeHa B OnbiTe Hafg o6pasuom Ne2,
COCTapeHHbIM B TeYeHMe OKOMO ABeHafuath NeT B /1abopaTopHbIX ycnosuax. Lingpoi 3 oTmeyeHa
KpuBas o —¢& Ana obpasua Ne2, KOTopblli nocne rny6boKoro oxxatus 3aTeM CTapuics JONOSHUTEIbHO
B TeYEHMe OKOMO CeMu /IeT B /1abopaTopHbIX ycnosusax. Lingpoli 4 oTmeyeHa KpvBas Ans obpasua
Ne3, nporpamma McnblTaHWin KOTOPOro aHaiornyHa obpaswy Ne2.

a, MlMa -
2,0 - 5

1,5 1

1,0 1

0,5

0,0 T T T T T T T T T T T T 1
0 10 20 30 40 50 60 . 9

Puc.l. Anarpammbl c—¢g: 1 — o6pasel, Nel 6e3 cTapeHus, 2 — obpaseu, Ne2 nocne
K/IMMaTU4YeCKOro CTapeHns B TedeHMe OKOMOo fBeHaauatun net, 3 — obpasew, Ne2 nocne nocneaytoLero
rny6oKoro CxaTus 1 LOMO/HUTENIbHOrO CTapeHNs B TeYeHWe OKO/0 ceMu neT, 4 — obpasew, Ne3 nocrne
nocneayroLLero rnyboKoro oxaTus v AONOHATENIbHOTO CTapeHUs B TEYEHUE OKOJ0 CEMU JET.

Takxe B 9KCMepUMEHTaxX Ha rly6oKoe CxKaTie MCMob30BaINCh 06pasiibl C pasmepamm 15x15x20
MM. O6pasel| Ne5 6bifl UCTIbITaH Ha FyGOKOe CaTue, CTapuics B N1abopaTopHbIX YCOBUSX B TEUEHUE
OKO/O /BEeHaALaTyi NeT, 3aTeM NMOBTOPHO GblN MUCMbITAH Ha CxaTue. KpuBas & —¢&, NoyyeHHas no
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pe3ynbTaTaM 3TOr0 OrbiTa, OTMeYeHa Ha puc.2 uudpoin 2. Lindpoit 1 oTMeveHa KpmBas o —g AN
o6pa3ua Ned 6e3 cTapeHus. Lingpoin 3 Ha puc.2 oTMedeHa Kpneas G —e 14 obpasua Neb, KoTopbIi
rnocne rnyboKoro Cxatus CTapuncs LOMNO/HUTENbHO B TeYEHVe OKO/M0 CeMW NeT B /1labopaTopHbIX
YCNOBUSIX.

s, MlMa |
6 -

| ! I ! | ! I ! | ! |
0 10 20 30 40 50 60 ¢ %

Puc.2. Ouarpammbl c—g: 1 — o6pasey Ned 6e3 crapeHus, 2 — obpasey, Ne5 mnocrne
Ae(hopMaLMOHHOIO CTapeHWsi B TeYeHWe OKOMo [ABeHajuatn net, 3 — oobpasey Ne5 mocne
MOCneAytoLLero rny6boKoro cxaTms 1 AONOMHUTENbHOIO CTAPEHNs B TEYEHKE OKOJIO CEMM NET.

CornacHo nosy4YeHHbIM 3KCMepYMEHTa/IbHbIM pe3ynbTaTtaM B NpoLecce AINTENbHOr0 CTapeHust
nopsfka AeBATHaALUATW NeT MaTepuan YMNpoYHSeTCs HEMOHOTOHHO. MakcumanbHas BefMunHa
yNpo4YHeHns (N0 BefMUMHe HanpshkeHus) cocTaBnseT 6onee 30 pa3 Mo cpaBHeHMIO ¢ 06pa3LoM 6e3
cTapeHus. C yBeNMYeHieM BPEMEHW CTapeHus MaTepuasl pasynpoyHaeTcs. ATOT aPheKT HyXKaaeTca B
LOMOMNHUTENbHBIX UCCEL0BAHUAX.

KpuBble ycTanocty 06pasLoB 13 nonnypeTaHa B orbITax Ha MOBTOPHOE PaCTsXKEHMeE.

Ana ycTanoCTHbIX WCMbITaHWA WCMONB30BANICA KPYI/bIA  aPMUPOBAHHBIA  MONNYPETAHOBbIIA
npuBoAHON pemeHb Continental Contitech gnameTpom 4 MM, U3 KOTOPOro Bblpe3asivcb 06pasupl C
paboueid pamMHOW 2,5-4,5 MM. OnNbITbl BbIMOMHANNCL B YCMOBUSX MOBTOPHOIO PaCTSHKEHUS
(ko3ththLMeHT acuMMeTpuUM UmKna R = 0) npu 3afaHHO amMnnTyfe U3MeHeHUs MepeMeLLeHuns U ¢
yactotaMu Harpyxxenus 10y wu 5L Ha HacTONbHOW YCTaIOCTHOW CepBOrMAPaBINYECKON
ncnbitatenbHoM MawwHe Si-Plan SH-B. TMonyuyeHHble KpuBble YCTasOCTWM MOKa3aHbl Ha puc.3.
Habnopaetca CyllecTBeHHas 4acTOTHas 3aBUCMMOCTb (B Mpedenax OAHOro Mopsfka) KpuBbIX
yCTanocTu.

BnvsiHne KAMMaTU4ecKoro 1 [eopmMaLMoHOro CTapeHust Ha YCTa/loCTHYH0 MPOYHOCTb
006pasLIoB 13 nosimypeTaHa.

Ha cregytowem atane wccnefoBaHUin 6bin MPOBEAEHbI LMKINYECKME WCMbITaHUA LIECTU
KPYrnbix 06pa3LoB W3 MonmypeTaHa MpW MOBTOPHOM PaCTSXKEHUM MPU aMnnTyfe WU3MeHeHUs
nepemelleHunst Al = 4 MM 1 vacToTe Harpy>keHuns 10 'L, Takum 06pa3oMm, 6b110 ONpeseneHo cpeiHee
YI1CNO LIMKNOB [0 paspyLueHus, koTopoe coctasino N = 180 000 LMKNoB..

[nA nccnefoBaHVa BINAHUSA KNMMATUYECKOro 1 AeOPMaLIMOHHOrO CTapeHns Ha YCTa/IoCTHYHO
MPOYHOCTL MCMO/Mb30BasIaCh CrefytoLas nporpaMma UCrbITaHui:
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Puc.3. KpuBble ycTanoctu ans 06pasuos 13 nonavypetaHa npy vyactotax 10 My m 5 Iu.

MATb 06pa3uoB McnbITbiBaUCh 40 N/2 = 90 000 LMKNIOB NPY AaHHbLIX NapameTpax Harpy>XXeHus.
3aTeM 06pasLibl CTapuInCL B 1a60PATOPHBIX YCMIOBUSX B TeveHue 1 rofa, 3aTeM OHW UCMbITbI-
BA/INCb NPV AaHHbLIX NapameTpax Harpy>XXeHus 40 paspyLLUeHus.

LLlecTb 06pa3LoB NepBOHaYa/IbHO CTAPUINCL B KUMAYEHHON BOAe B TedeHue 1 yaca. Tpu 13 HUX
UCNbITBIB/INCL MPWU AaHHbIX NapaMeTpax HarpyxeHus Ao paspywenus (puc.3). OcTasibHble
06pasupl ucnbITbiBaMch 40 N/2 = 90 000 UMKIOB NPU LaHHbIX NapameTpax HarpyxeHus. Janee
06pasubl CTapuanch B NabOPaTOPHbLIX YC0BUAX B TeyeHMe 1 roga u 3aTem UCMbITbIBAIUCH NpU
[aHHbIX NapaMeTpax Harpy>KeHus 4o paspyLUeHus.

MATb 06pa3LoB MepBOHAYa/IbHO CTapPUNCh B XONOAWIbHUKE Npy T= — 18°C B TeueHve 2 AHeil.
Tpy 13 HUX WCMbITLIBAIUCL NPU aHHbLIX MapameTpax HarpyxeHus [0 paspylieHus (puc.3).
OcTtasibHble 06pasubl UcnbiTbiBaUCb A0 N/2 = 90 000 UMKMIOB MpW AaHHLIX NapameTpax
Harpy>xeHus. Oanee o6pasubl CTapuanCb B 1abopaTopHbIX YCN0BUSAX B TedeHne 1 roga n 3atem
NCMbITbIBINCL NPU JaHHbIX NapaMeTpax Harpy>KeHns [0 paspyLLeHus.

Pe3ynbTaTbl LMKINYECKUX WCMbITaHUIA KPYrAbiX 006pasuLoB W3 MosvypeTaHa Mo pasnvyHbIM

nporpamMmmam KanmaTthyeckoro cCtapeHuns npeacrtaB/ieHbl B Taon. 1.

Tabnuua 1. Pe3ynbTaTbl LMKIMYECKUX UCTIbITAHUIA KPYT/biX 06pa3LoB 13 nonnypetaHa npu Al = 4 mm
v yactote 10 Iy, No pa3nuyHbIM NporpaMmam KIMMaTU4YecKoro CTapeHus.

KnrmMaTtunyeckoe ctapeHve
Mporpamma 1 Mporpamma 2 Mporpamma 3

be3 cTtapeHus

CpepfHee yncno
LMKNOB [0 180 000 745 000 1 855 000 2 365 000

paspyLueHuns N

N/Nées cTapeHus 1 >4 >10 >13

CornacHo Mosy4eHHbIM pe3y/ibTaTaM HabMOfAeTCA 3HAUMTENbHOE LIMKIMYECKOE YMPOYHEHME,

KOTOPOE CYLLECTBEHHO 3aBMCUT OT MPOrpaMMbl CTapeHUS.
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MPOBNEMA MEXAHUYECKOW N XIMWYECKOW AEMPALALINA N PA3PYLLEHUNA
MOJTIMMEPHbBIX MATEPUAJIOB

ApyTioHAH A.P., ApyTioHSAH P.A.

MpeanoXeH MOAUGMULMPOBAHHBIA BapUaHT ypaBHeHUs MakcBenna, 3anucaHHoro B Lukane 3(deKTUBHOrO BPEMEHU, 1
ypaBHeHWe A/1s mapameTpa CroWHOCTYU (MOBPEXAEHHOCTM). PacCMOTPEHbI MPUGAVKEHHBIE PELUEHUst 3TUX YpaBHEHWIA. [
onmcaHns AeopMaLmm Nos3yyYecTn U 4MTeNbHOW NPOYHOCTY CKMMAEMON Yrpyro-BsA3KOi cpefbl MPUMEHSIETCS YpaBHEHWE
Hac/eICTBEHHOIM ynpyro-Ba3koli cpefpl BonbumaHa-BonbTeppa. lMosly4eHO aHa/MTWYECKOe peLLeHWe A napameTpa
CMIOWHOCTU 1 CHOPMYNPOBAH KPUTEPUIA AnIMTENbHOV NPOYHOCTU. 10 NOTyYeHHbIM PELLEHNSM MOCTPOEHbI TEOPETUYECKIE
KpWBble ANs NapameTpa Cr/IOLUIHOCTMI, KPUTEPUM AINTENbHOM MPOYHOCTM U penakcaLyy HanpskeHuid.

BeegeHve. Tlpu  AAUTENbHOM  BO3AEWCTBMM  MEXAHWUYECKMX HanpshKeHUA W YMePeHHbIX
Temnepatyp MPOUCXOAAT B3aUMOCBSA3aHHbIE MPOLECChl  AeOPMUPOBAHUS W MOBPEXAEHHOCTHU,
KOTOpble  OMpPeAenstoTca  AeCTPYKTMBHbIMU  3pekTaMu, COCTOALWMMMU M3 TEPMUYECKON W©
MexaHM4yecKo cTaguii. B cnyyae KOMMO3MLMOHHBLIX MaTepuanoB W3  XPYMKUX KOMMOHEHT
NOBPEXAEHHOCTL  OMNpefenseTca  CRefytowyMn  aerpafauyoHHbIMKM - npoueccaMun:  MoTepen
CM/IOLLIHOCTM 30Hbl KOHTaKTa BOJIOKHO-MaTpumua, paspyLleHune, 0bpasoBaHue TPeLH WUan nycToT B
maTtpuue 1 Ap. 3T NPOLECChl COMPOBOXAATCA XMMUYECKMU peakuuaMu, KOTOpble YCUNMBaKoT
N3MEHEHUS CTPYKTYPbl U CBOWCTB paccMaTpvBaeMblX MaTepuanoB. MOXHO BblgennTb fABa Tuna
paspyLleHns NOMMMEPHbIX MaTepuasioB B MPOLECCE [A/IMTE/bHbIX MeXaHWYeCKUX W TEemnIoBbIX
BO34EACTBWIA. MepBbliA TUN (MeXaHNYECKMIA) peasm3yeTcs B YCNIOBUAX aKTUBHOMO HarpyXXeHus v B
onblTax Ha non3yyectb. BTopoi Tun paspbiBa (XMMUYECKUIA) CBS3aH C HaKOM/EHNEM CTPYKTYPHOM
MOBPEXAEHHOCTU B MpoLecce [/MTENbHOMO CTapeHWUst MpyY OTCYTCTBUM BHELUHEro HamnpsiKeHus
(cTatnueckas ycTanocTtb). STV NPOLECCHI CMOCOOCTBYHOT OXPYMUMBAHUIO U XPYMKOMY pa3pyLUeHUto
nonnMepoB. B cnyyae cTabu/ibHLIX NOMMEPOB, pa3pyLUEHNs, B OCHOBHOM, CBS3aHbl C MEXaHNYeCKOi
NOBPEXAEHHOCTLIO.

CornacHo KoHuUenuuu paccesHHoro nospexaeHus (KadaHoe [1] u PaboTHoB [2]) B paboTe
BBOAWUTCA MNapameTp Cr/IOWHOCTY (1>y>0), KOTOPbIA OMpedenseTca OTHOCUTE/bHbIM

“3MeHeHnem o6béma (paspbixneHnem no TepmuHonorun Hosoxunosa [3]) nam nnotHocT w =p/p,
(p, — HaYanbHas, p — TeKyllas MIOTHOCTb) [4]. Takum 06pasoM, NapameTp Cr/IOWHOCTY ABNAETCA

VHTErpaibHOW MepOi  HaKOMMeHNs CTPYKTYPHbIX MUKPOLEe(eKTOB B MNpoLecce AIUTENIbHOrO
Harpy>eHus. B HauaslbHOM COCTOSIHUM t =0, p=p,, y =1. B MOMEHT paspyLleHns t=t,, p=0, y=0.

BBefiBHHbIN HamMn MapaMeTp  OTAMYAeTCA OT MapameTpa MoBpeXAéHHocT PaboTHosa [2] o
(0<w<1), o=F, /F, (rae F; — nnowaab TPeLH, pacrnonaralolwmnxcs K MoMeHTy Bpemenn t B
rnonepeyHOM CeueHUn pacTArvBaemoro obpasua, F, — HayaibHas NoLa/b MOMepeyHoro ceveHus
obpasua.). N3 cootHowenus F = F, —F; cnegyet F =F,(1-®) (F,- HavanbHas, F — TekyLias
nnowaab nonepevyHoro ceveHus obpasuya). CornacHo KoHuenumn KavaHosa u PaboTHOBa B cliyyae
XPYNKOro paspyLueHns gedopMauus nonsyyvyectn paBHa Hy/MO, TOr4a MOXHO cuuTatb F =F,, U3

KOTOpOro cneayetT o =0, T.e. TEPSET CMbIC/1 CaMO MOHATME MOBPEXAEHHOCTU. B Hawem ciyyae npw
F=F, fAedopmauus nonsy4ecTm He paBHa HYMO W COMJacHO 3aKOHY COXPaHEHWs Macchl

PoloFo =pIF (I, — HavanbHas, | — Tekylaa AnvMHa CTePXXHS) OHa BbIPAKAETCH Yepe3 napameTp

cnnowHoctn B BMge € =1Inl/vy.

MoBpeXAEHHOCTL W AAMTeNlbHas MNPOYHOCTL AN1A  CTaperowein cpedbl Makcsenna.
PaccmoTpuM 3afiadyy O pacTsHkeHuM obpasla M3 Ynpyro-Ba3KOro CTapelowero matepuana nog
BO3MECTBMEM MOCTOSIHHON Harpyskm P. B KayecTBe peosiormyeckoro ypaBHEHUS BOCMO/b3yeMcs
MOZM(ULMPOBAHHBLIM ypaBHeHNeM MakcBenna, 3anvMcaHHbIM B LLKasie 3PQPEKTUBHOIO BpemMeHn o [4].

de _1do, o @)
da Eda n
do = f (o, & T, t)dt+ (o, &, T,t)de, 2

rae € — gedopmauus, T — Temnepatypa, E — MoAynb ynpyroctu, n — KO3@ULMEHT BA3KOCTU.
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MapameTp o paccMaTpyBaeTcs Kak 3((eKTVBHOE BpeMs, C MOMOLLbD KOTOPOro BO3MOXXHO
ornvcaHve NpoLLeccoB KAMMaTUYecKoro 1 fetopmaLMoHHOro ctapeHus. CornacHo ypasHeHuto (2) npu
MIHOBEHHbIX, aKTUBHbIX Harpy>KeHusx napameTp oL COOTBETCTBYeT Aed)OpMaLVOHHOMY BPEMEHU ¢ .
B cocTosHMM pasrpys3ku 3TOT napameTp OMUCbIBaET KMHETUKY XUMMUYECKUX MPOLECCOB CTapeHus U
CBOAMTCA K 00ObIYHOMY BpeMeHW t. [Mpy Takol TPaKTOBKE MOXHO BBECTW MOHATME XMMWUYECKOrO
BPEMEHM.

Mcnonb3yss 3aKOH COXpaHeHUs Maccbl, M3 KOTOPOro CredyeT COOTHOLIEHWe G =G,yEe’,
ypaBHeHue (1) MoXeT ObITb 3an1caHo B BUAe
de _ o, d(ye’)  ov€ 3)
do E da M

KnHeTnyeckoe ypaBHeHWe A/18 napameTpa CroWHOCTY , cornacHo pabote [5], BblpaxaeTcs B
BUae

o d\V n...n.ne
Y —=-Acyy'e", 4)
dt
rge a, A, N —nNoCTOSHHbIE.

B 06wem BuAe He NpeLCcTaBnseTcs BO3MOXKHbLIM MOTYYEHUS aHA/IMTUYECKOTO PeLLEHNSt CUCTEMbI
(3)-(4). Lanee paccmaTpmBarOTCA HEKOTOpPbIE MPUBIMKEHHbIE PELLEHNS.

Mpu pacuétax no opmyne (2) napameTp apheKTUBHOIO BPEMEHN 3aAa6TCs B BUAE

da =k(o,, —o)t"dt, (5)
rae k, o, m — nocToAHHbIe, oo — napameTp Aerpagauun marepuana (o= N/N,, N, — Ha4anbHoe

UMCNO XUMMWYECKMX CBf3eil, N — TeKyllee UYMCNO pPaspyLUEHHbIX XUMUYECKMX CBs3eil). Takum
06pa3oM, (5) SBNSETCA yPaBHEHNEM XUMUYECKON peakLyn.
Mpy pewweHnn ypaBHeHWs (3) NPUHUMAETCS MPEeANoNOXKeHWe O He3aBUCKUMOCTV MPOLLECCOB

MON3yYecTn OT NOBPEXAEHHOCTU, COrNacHO ycnouio ye* ~1. Torga pelleHue ypaBHeHus (3) npu
Haua/lbHbIX YCNoBUAX t =0, o =0.,, &€ =0,/ E, MOXET ObITb 3an1caHo B BULE

o, o, =0, _L me
g:a{h—r (1 exp( erlt jﬂ (6)

s ay,
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00z
0 10 20 20 40
i.ogk

Puc.1. TeopeTnyeckme KpuBble NMOA3YHECTN COMTaCHO COOTHOLEHMHO (6).

TeopeTnyeckre KpvBble MOM3YYecTW cornacHo (6) nokasaHbl Ha puc.l. VIcnonb3oBaHbl
crefytoLye 3Ha4eHUs KOIMMULIMEHTOB: o, =0, a, =1, m=0, k=0,021ceK™, BpeMeHa penakca-
U v modynu ynpyroctn 1, =1cek, E, =25Mrla (kpusas 1) n 1, =30 cek, E, =30 MIa (kpnsas

2). DKCMepUMeHTa/bHbIE Pe3y/bTaTbl OTMEYEHbI KPY)XXOUKaMM 1 KPecTuKamu. TeopeTnyeckie KprBble
Ha puc.l XOpOLUO COrnacyroTcs ¢ pesy/nbTaTaMu 3KCMEPUMEHTOB [6] MO MoN3yyecT M CTapeHUto
MONM3TUNEHOBbLIX MN/IEHOK. BepxHss KpuBas MoOJlyyeHa B 3KCMEPUMEHTaX Haj ob6pasuamm 6e3
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CTapeHus, HWKHAS KpuBas — nocne crapeHus. O6pasubl CTapuiuMcb B TedeHWe 7 [JHel npu
Temnepatype 353 K.

PacCMOTPEHO HECKO/IbKO BapuvaHTOB MNPUGAMKEHHOIO pelleHns ypaBHeHus (4). Hawbonee
MPOCTOE peLLeHNe, KayeCTBEHHO OMMUCHIBAIOLLIEE 3KCMEPUMMEHTA/IbHbIE KPUBbIE MOBPEXAEHHOCTH,
MOXET ObITb MOMYYEHO NPV CNEAYIOLLMX MPUOIVIKEHNAX:

=00l qy (0 =K ma | )

E T(Mm+1)
o d n n

v = Ao (WL ne). ®)

BHocsa (7) B (8) 1 peLuas ero npu Ha4yanbHOM ycoBun t =0,y =1, Nonyymm:
1
n —a )k el
v=|1-(a-n+1)pon| 0% 0K s 005y )
E,t(m+1)(m+2) E

Ha puvc.2 nokasaHbl KpyBble M3MEHEHUs napameTpa Cri/IoWHOCTY COrflacHO ypaBHeHuo (9) ans
Pa3INYHbIX 3Ha4eHUIA MOCTOsHHBLIX (00 =6 — kpuBasi 1, o =4 —kpnBaa 2 n o =2 — Kpugas 3).

MpuHUMas ycnosus paspylenus B Buge t=t,, y =0, n3 (9) cnepyet Kputepuii ANNTeNbHOV
MPOYHOCTY

) 1
nlo, —a )k )
t, = Byt B RLSN | A (LLSR | . -a,) = (10)
noy (o, —o, k| | E, E,r(a—n+1)Ac;

Ha puc.3 B [ABOMHbIX NOrapudMUYecKMX KOOpAMHATaX MOKasaHbl KpUBblE [AUTENIbHOM
MPOYHOCTU cornacHo topmyne (10) ana pasnnMuHbIX 3Ha4eHUiA KoadduumeHToB (oo =6 — KpuBas 1,
o=4 —kpuBas 2 n o.=2 — Kkpueas 3). MNpu pacuétax no gopmynam (9) u (10) NpuHATLI CregytoLye
3HayeHus KoapduumMeHToB: n=2, A=10"[MMa]?, ao,=0, o, =1, m=0, k=0,021cCeKk™,
t=1cek, E,=2000MMMa, c,=60MMa.

1 3
lga,, Mila 2 i3

2k ]
0.5

1] 0 | | | | |

0 500 o0 1500 1 2 3 4 s 6
i3 Eng, y
Puc.2. KpuBble ans napameTtpa CriOWHOCTU Puc.3. KpuBble AnnTenbHOM NPOYHOCTY COr1acHO
COrNacHo ypasHeHuto (9). thopmyne (10).

Penakcaumsi HanpsiKeHWin. PacCMOTpUM Ciyyaii penakcaumm HanpskeHwin. MpuHumas B (3)
€ = CONSt, NoMy4nm crefyroLiee ypaBHeHue:

~d9°,.5_ (11)
Eda n
Pelwas ypasHenue (11) npu HayansHom ycnosun t =0, 6 =G, nonyunm:
1 "
=c. exp| = - e —1)|. (12)
5=0,ex9| H(a -0, )(e" 1)

Ha puc.4 nokasaHa TeopeTMyeckas KpuBas penakcaummn HanpsKeHuii cornacHo opmyne (12).
Mpn pacuétax 6blIN NPUHATLI CNeAytoLye 3HaYeHUs KO3(MULMEHTOB: o, =60 MMa, t,=0,54,

k=0,021ceK™", 0, =0, o, =1.
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Puc.4. KprBas penakcaumm HanpskeHuiA cornacHo qopmyne (12).

Mpu t — oo 13 (12) cnepyert:
6=0, =0, exp[—l(aw—ao)}, (13)
T

roe o, — NpeAenbHas BeMUMHA HanpsXKeHUS,
Penakcalus HanpskeHUd no Mogenn MakcBenna OnpeaensieTcs B BWAe COOTHOLLUEHMS
o =0c,exp(-t/t), n3 kotoporo cnegyeT ¢ —0 Npu t — oo, 4To He cornacyercs C pesynbTaTamm

OMbITOB.

MoBpeXAEHHOCTb M paspyLUeHVe Hac/efCTBEHHON ynpyro-BsA3KoW cpeabl BonbLmaHa-
BonbTeppa. B cnyyae cTabwu/bHbIX MOMMMEPOB  paspyLUeHMst CBA3aHbl C  MeXaHW4ecKowi
MOBPEXAEHHOCTLIO M A/ X OMNUCaHWS UCMO/b3YEeTCS YpaBHEHWE HACNEeLCTBEHHOM BA3KO-YMNPYrocTu
bonsumaHa-BonbTeppa

£(t) = ﬂ+ij R(t - 7)o (x)dx, (14)
E Ej

rae R(t—t) — HekoTopas yobiBatoLLas PyHKLMA aprymeHTa (t —t) (34p0 NONM3yyecTw).
[anee a4po Non3yyecTn B BUZE MOAU(DULIMPOBAHHOIO COOTHOLLIEHWS BosbLmaHa

R(t—’C) Z#; (15)

rae C, T, — NOCTOAHHbIE.
B cnyuae nonsy4ectu, Korga o =c, =const, “3 peLleHns ypaBHeHus (14) c¢ yuétom (15) u
HaYaIbHOro YCNOBUA t =0, ¢=0 MMEeeM COOTHOLLEHWe Ans AehopMaLmn Non3yyecTu

£=0, [é+cln[tt:° D (16)

BHocs (16) B ypaBHeHWe pAns napameTpa cnjowHocTh (8) v pewas 3To ypaBHEHWe npu
HaYa/IbHOM YCNI0BUM t =0, y =1, NOMyYnM:

oo+ Jion
v = 1—(1—n)Acgen% %o 1—(”T°j 1 (17)
no,c+1 T,
MpyHUMasi ycnoBMe paspyLUeHUs t=t,, p=0, y =0, U3 (17) NOAY4UM KpUTEpUid ANUTENbHOM
MPOYHOCTU
e}
t =, |[1-— MOt -1 (18)

(1-n)Ac]t,e £

Ha pwvc.5 npeacTasneHa KpuBasa U3MEHEHWA napameTpa  cornacHo opmyne (17), a Ha puc.6 —
KpuBas ANUTeNbHOW NPOYHOCTY cornacHo opmyre (18).
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Puc. 5. Kpusas nsmeHeH1s napameTpa CrilowHOCTH Puc. 6. KpuBasi 4nnTenbHOM NPOYHOCTY COrNacHo
' cornacHo topmyne (17). Kputeputo (18).

Mpw pacyétax no gopmynam (17) v (18) 66111 NPUHATLI CeAYHOLLME 3HaYEHUA KO3 (PULMEHTOB:

o, =50MMa, E=4000MMa, t,=24, n=0,7, C=5-107 [MMa]*, A=1-10" [MMa] .

Pa6oTa BbiNoMHEHa MpU (DMHAHCOBOW MofAepKe Poccuiickoro oHaa (yHAaMeHTabHbIX

nccnefosaHnii (rpaHtbl Ne 14-01-00823, Ne 15-01-03159).

w N
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YCNOBUA BMNOJHE YMPABTIAEMOCTU IMHENHOW CTALMIOHAPHOW CUCTEMBbI
C MHOIMMW YMPABAIO LMW BO3AENCTBMAMM

BapceraH B.P., bapceraH T.B.

PaccmaTpuBalOTCs  BOMPOCHI  YMPaBNSEMOCTU JIMHEWHOW CTauMOHAapHOW CUCTEMbI C  MHOTUMM  YNpaBAsHOLLMY
BO3felicTBUAMU. TMonyyeHO HeOoGXOAMMOE W [OCTaTOYHOE YC/OBWE BMOMHE YMpaBnsemMocTu. [okaszaHo, 4To cucTema
OTAENbHO MO KaXAOMYy YMpaBMsiloLLeMy BO3AEHCTBMIO MOXET ObiTb HE BMOJMHE YNPaBisieMoid, HO MO COBOKYMHOCTM

YNpPaBASOLWMX BO3AEVCTBUI Takas CUCTEMA MOXKET CTaTb BMOJIHE YMPaBiseMoi.

Mpo6nembl  YNpPaBNeHWs  [ABVMKEHWEM  HECKONMbKUMU  YNPaBMSOWMMU  BO3AENCTBUSMU
eCTECTBEHHbIM 06pa30M BO3HMKAIOT B Psfe BXHbIX NPUKNaHbIX 3aaa4. B pa6oTe [1] nccnenoBaHbl
337241 NPUOPUTETHOTO YNPaBNEHWSI U OMTUMANIbHOTO YNPaB/eHNUs1 ABVXXEHUEM NUHEMHBIX CUCTEM
HECKOMIbKUMI  YNPaBSOWMMN  BO3AEACTBUAMU. Bo0o6LLE A1 AMHAMUYECKUX CUCTEM BaXKHbIM
acmneKTOM SBNSIETCS BbISIBMIEHWE YCNOBUS BMOMHE YynpaBnsieMocTn [2-6]. B HacTosiwein pa6oTe
MCCMeayoTCa  BOMPOChbl  YMPaBAsEMOCTVM  NIMHEAHOW  CTalUMOHApHOW CUCTEMbI € MHOTUMU
yNpaBnSoLWMMM BO34eACTBUAMM.

PaccMOTpUM CUCTEMY NIMHENHBIX ANGdePeHUMaNbHbIX YPaBHEHNI

k
x= Ax+Y b,BOU® M

i=1

rae X(t) € R"— hasosbili BekTop cucTembl, A, B — maTpuubl napametpos cuctembl, u® (t)-—
ynpaBnsolliee BO3AECTBME, COOTBETCTBEHHO C pasMepHocTamu  A—(nxn), BY—(nxr),
u () —(r x1) (i =1,...k), a koshchmumenTsl b. e (0,1] XapaKTepusyIoT i -i opraH ynpasneHms.

OnpegeneHue. Cuctema (1) HasblBaeTCA BMO/HE YNpas/isieMoid Ha 0Tpeske BpemeHu [t,, T], ecin
AnA No6bIX HavambHbIX X(t)) =X, M KOHeuHbiX X(T)= X, COCTOAHWIA MOXHO YyKasaTb Habop
ynpasnenuii {u®,...,u®} Takoii, uto pewenve x(t), HaumHasi u3 cocTosHMA X(t,), B MOMEHT
BpeMeHn t =T ygosneTtsopseT ycnosuio X(T) = ;.

TpebyeTcs HaiiTn ycnoBust (KpUTEPWM), BbIPaXKEHHbIE HEMOCPEACTBEHHO uepe3 mMaTpulbl A U

B (i =1,...,K), Npy KOTOPbIX 0GBEKT, ONUCIBAEMbIVi crcTeMoli (1), GyaeT BMOMHe YNpaBnsembiM.
YunuTbiBasi, YTO HOPMUPOBaHHas (PyHAAMeHTaslbHas MaTpula PeLLeHWidi OAHOPOAHON uacTy

ypaBHeHus (1) umeeT BuA X[t,to]:eA(t‘t"), peweHve ana telt, T] ¢ HavalibHBIM YyCNOBUEM

X(t,) = X, MOXHO 3anucarb B Bufe

k t
X(t) = X Ox(t,) + Y b, [ VBt )t @)

i=1 to
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Ecnv wabop ynpaenenuii u®(t) (i=1,..k), te[t,, T] obecreunsaeT nepexos ABVKEHWs
cuctembl (1) K MOMeHTY BpeMeHn t =T B nonoxeHve X(T) =X, Tonpu t =T u3 (2) 6yaem UMeTb:
kK T -
X(T) = T)x(t,) + Y b, [ TIBOUO ¢ ) 3)
i=1 to

113BECTHO, 4TO MaTpULa € ™ [JonycKaeT NpeAcTaBneHme
p1 ,
e =>a(t)A 4
=0

rAe QyHKunn a; (t) — Ko3(hhULMEHTLI MHTEPMONSALMOHHOTO MHOroUeHa Jlarparxa-Cunsbeectpa [7]

n yHkumn a;¢) (j=0,..., p—1) nnHeiiHo HesaBMcuMbI. Yucna P 06yCnoB/eHbl KPaTHOCTAMM

COBCTBEHHbIX 3HaueHWIA MaTpuL, A. O4eBMAHO, YTO p<n.

B yacTHOM cfy4ae, Korga BCe KOPHU XapaKTepuUCTUUYECKOro ypaBHEeHUs MaTpuubl A sBnsatoTcs

MPOCTBIMM, UMeeM:
n-1 _

e’ =>a,(t)A
=0

YuuTbiBast npuBeEHHOE (4) NpefcTasneHne MaTpupl € | dopmyny (3) npeacTasum B Buae

k

> ii Al B(‘)Ju("(t Ja;(t)dt =e " Tx(T)—e " x(t,) (5)
j=0 t

iz
Beopag o60sHauenme L =e " x(T)—e "x(t,), hopmyna (5) sanuieTcs B Buge

b, B‘”]u“)(t Ja, (-t )t +AB(‘)T[U(‘)(t Ja, (~t)dt +

i=1 to t

) (6)
SR Ap-1|3<‘>ju<‘>(t )a,,(-t)d |=L
)
Beefém cnegytouime 0603HaueHUS:
T .
j u® (t)a , (~t)dt
t()
UD o] i KO = bi(B(i),AB(i),..., AB) (i =1,..,k) )

T

Ju®®a, (-t

f

rae Bektop U umeet pasmepHocTs (pr, x1) = (g x1), a 6nouHas matpuua K nmeeT pasmepHOCTb

(nxpr)=(nxq).

C nomoupbto 0603HaueHus (7) ypaBHeHMe (6) 3anueM B BUE
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k
KOO =L (8)
i=1
3anuLem nosyyeHHoe MaTpUUHoe ypaBHeHUe (8) no cTpokam. MocKonbKy

KO ... KO uo

1q;
KOZ| oo o | 02
(i) () ()
KO - KO U
rAe ¢ = pr., T0 ypasHeHue (8) NPeACTaBUTCS B BUZE CIEAYHOLLEN CUCTEMbI YPABHEHUIA:

1 @ @y 1 (k) (k) Ky (k) _
K, U, +---+K1%Uql +o+ KU, +---+K1quq =L

I

.................................................................. 9)

KU -+ KUY+ KU o KUY = L
Myctb ¢ >n (i=1,...,k). BBeaém Bektop-cTON6EL, NPUBEAEHHON CUCTEMbI YpaBHeHWiA (9)

KO = (KD, KE KO (j=1...,q;i =1,....k).

1j 1
3pecb 1 panee BepxHWiA uHaekc "T' o3HauaeT onepauMio TPaHCMOHMPOBaHMS. Torga CUCTeMy

ypaBHeHui1 (9) MOXHO 3anucaTb TakK:
o i O] @ SUICTICIER Sh amaiues
X = cee = ! !
X(T) =D KOU® ... S KU =" KO
j=1 j=1 i=1 j=1
Takum o6pasom, sektop L =€ ""X(T)—e"*x(t,) npeactasneH B BUAe NMHENHOW KOMGW-
« ® ® 0 (0T
HaLMW COCTaBNSAOLLYMX APYroro Zqi -mepHoro BekTopa U = (U; ,...,UqL yeen Uy ,...,qu ).
i=1
Ons Toro, 4TO6bI TakMM 06pa3oM NpefcTaBUTL NtOOOM N-MepHbI BeKTop L U3 R",

[OCTaTOUHO MMeTb N HesaB/CUMbIX BekTopos cpeav BekTopos K (j=1,...,q; i=1...,k). AaTo

O3Ha4aeT, YTO paHr MaTpulbl
K=(KY,... . K9)=(KO,.., KO, KO, KY) =
={b,(BY, AB?,..., AP'B®) ... b (B®, ABY, ..., A" B¥)}

paBeH N.
k k k
PasmepHocTb MaTpuubl K paBHa [anqij. Tak Kak Zqi =£Zrij p>n, TO yucna
i=1 i=1 i=1
Uf‘),...,Uéi‘) (i=1,...,k) onpegenstotca n3 (8) (wm m3 (9)), BoobLLe rosBops, HEOAHO3HAYHO.
OfHako, UX 0HO3HA4YHOCTb U He TpebyeTcs. BaHO, YTO 3TV yuMcna CyLLecTBYHOT. Kaxaplid nx Habop

onpegenset pyHkun u® (t),...,u™ (t) ¢ nomoLLbio UHTErpabHBIX COOTHOLLEHNI (7).

B camom gene, nycts umcna UL, .. ,UY (i =1,...,k) Kakum-1M60 crioco6om onpeseneHs.

(
q.

Torga wvHTerpaibHble paBeHCTBa (7) MOXHO paccMaTpuBaTb KaK MOMEHTHbIE COOTHOLLIEHMS
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oTHOCUTENLHO BekTop-tyHKUMA u® (1),...,u™ (t) . Mpn 3TOM, MX MOXHO pas3buTb Ha rpynMbl U Tak

kak GyHkun  @,(-t),...,a (-t) nwHeiiHO HesaBMCWMBI, TO M3 3TUX COOTHOLIEHMA MOXHO

onpegenutb dyHkun u® (t),...,u™ (t).
MonyyeHHbIii pe3ybTaT MOXHO CHOPMYMPOBATH CEAYHOLIM 06Pa3OM.

Teopema. JlvHeliHaa cTauuoHapHas cuctema (1) BMONHe yrpaB/isema Ha OTPe3Ke BPeMEHM
t, <t <T TOrga v ToNbKO TOrAa, Korga MaTpula
K ={b,(B®,ABY, ..., A"'BY),...,b, (B¥, ABY, ..., A"'BM)} (10)
MMEeET paHr, paBHbIf N.

OTMeTUM, UTO NPy [J0Ka3aTeNbCTBE TeOpeMbl He TpedyeTcs, 4To6bl nocTosHHble UL, ..., U
(i=1,...,k) onpegenanncb ofHO3Ha4YHO. He HY>KHO TakXe, 4TOObl MOMEHTHbIE COOTHOLUEHUs (7)
onpeaensnu sekTop-(yHkumn U’ (t) ogHO3HaUHO. BaXkHO 6bINO YCTAHOBUTL NLLL CYLLECTBOBAHIE
X0TA 6bl OJHOTO YNpaB/ieH!s, NePeBOAALLErO CUCTEMY 13 O[HOTO 3a[laHHOTO COCTOAHUA X, B [ipYroe,

TaKXXe 3aflaHHOE COCTOAHNE X .

Cnencteue. Ecm Bce COGCTBEHHble 3HadeHWs Matpuubl A (j=1,...,m) asnsoTca

MPOCTLIMK, TOFfA NMHEHas cTauuoHapHas cuctema (1) BMONMHe ynpaBnseMa Ha OTPEe3Ke BPeMEHW

t, <t <T TOrga v ToNbKO TOrAa, Korga MatTpuua
K ={b,(B®, ABY,...,A"'BW),...,b, (B¥, ABY, ..., A"'B™)} (11)

VIMEEeT paHr paBHbIiA N.

Ynucno ctonbuos B MaTpuuax YnpaensemMoCTV HaMHOrO 00/blue, Yem YWCIO CTPOK.
CneposateNibHO, He3aBMCUMble CTON6LbLI B MaTpuuax (10) (nnwn (11)) mMoryT UMeTb MPOM3BOSIbHbIE
pacnonoXeHus cpegy CTonbuoB 3TMX MaTpuu. OHM MOryT 6bITb HEKOTOPbIMU CTON6LAMMK,
pacnonoXeHHbIMU B nogmatpuLax (6nokax), 06pa3oBaHHbIX napamm MaTpuL

{B.A}.{B,,A}.....{B,, A} v uucnamm b,,b,,...,.b, cooTBeTCTBEHHO. He WCK/IHOYEHO TaKxe,
YTO BCE He3aBUCUMble CTONOLbI MOryT ObITb PacrofioXeHbl B NOAMaTpuLe, 06pa3oBaHHOW OLHOM
napoi matpuy, {B;, Aj} VNN HECKONbKUMM Mapamn MaTpuL. ITO O3Ha4aeT, YTO PaHrn BCex

noAMAaTPUL, Mo 0TAeNbHOCTY, 06pasoBaHHbIxX napamu Matpuy, {B;, A} (j =1,...,m), MOryT ObiTb He

MaKCUMa/bHbIMK, HECMOTPS Ha To, 4To MaTpuua (10) (nnm (11)) MMeeT MakCUMasbHbIA paHr Uan
paHr nogmatpuL, 06pasoBaHHbIX OAHOW Mmapoit {B;, A/}, W OJHOBPEMEHHO PaHTU HECKO/bKMX
nogmaTpuy, 06pa3oBaHHbIX HECKOMbKUMMW Mapamy MaTpul, MOryT cOBMafgaTb C MaKCHMaslbHbIM

paHrom matpuubl (10) (nnn (11)).

Takum 00pa3om, M3 NPUBEAEHHOrO paccyXaeHwWs cnepyet, 4To cuctema (1) Ha OTpeske

BpemeHn t, <t<T no OTAeNbHbIM YNPaBNSAIOWMM BO3AENCTBMAM, KOTOpble 06pasyloT cucTemy,
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MOTYT 6bITb He BMOJIHE YNPaBNSEMbIMM, & C MHOTVMU YNPaBNSOWMMI Bo3AelcTBUSMU cucTema (1)

MOXET ObITb BMOJIHE YNPaB/ISEMON.
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NOKAJIM3OBAHHAA HE)’CTOI7I'4I/IBUOCTI3 MPAMOYT OJIbHOW MNTACTVHKM
NP AENCTBUUN COXUMAKOLLLEEN HATPY3K HA CBOBOJHOM KPAE

BenybeksiH M.B., CaaksH A A.

PaccmaTpuBaeTCs 3afjaua YCToiuUMBOCTY NPSIMOYrO/IbHOM NACTUHKM C TPEMS ONEPTLIMU U OfIHUM CBOGOAHBIM KpasiMu.
MnacTuHa NpeABapuTENbHO CKaTa Harpyskoid, MPUMOXEHHOW Ha CBOGOAHOM Kpae. [MonyueHbl YCNOBWS MOSBIEHWS
HEYCTOMYMBOCTY, NIOKA/IM30BaHHOM B OKPECTHOCTY CBOGOAHOIO Kpasi, Kak 4715 Clydasi KOHCEPBATUBHOM Harpyskiu, TaK 1 B
cnyyae cnefsileii Harpysku.

1. Mpu Hannuum y CXaTol MPSMOYrofibHOM MIACTUHKM CBOOGOAHOrO Kpas BO3MOXHA MoTeps
YCTOMYMBOCTY, /IOK/IN30BAHHON B OKPECTHOCTM 3TOr0 Kpas. ABMEHME IOKa/IM30BAHHOWN HeyCTOonuM-
BOCTM CefyeT M3 pe3y/bTaToB OCHOBOMOMaratowel ctate A.KO.MwnuHekoro [1], rae uccnegosaHa
3afja4a yCTOMYMBOCTM NNACTUHKU C [BYMS MPOTUBOMONOXKHBLIMM CBOGOAHBIMU W [BYMSi CBOOGOAHO
onepTeiMn kpaamu. B [1] » B nocnegyrowmx paboTax Mo 3Toi npobneme paccmaTpuBaIMCh
NNaCTUHKK, CXKaTble N0 NPOTUBOMOOXHbLIM CBOOGOLHO ONEPTLIM KpasMm [2-7]. Mpu aTOM 1MeeT MeCcTo
nonHas aHanorns ¢ 3agadein HO.K.KoHeHkoBa [8] O /I0Kann30BaHHbIX W3rMOHbIX KOnebaHusx B
OKPEeCTHOCTM CBOBOAHOIO Kpas NPAMOYro/bHOM NIaCTUHKK [4].

B HacToswel cTatbe 3afava SIOKaIM30BaHHON HEYCTOMYMBOCTU WUCCNeyeTcs, KOorga naacTuHka
npesBapuTeNibHO CXKaTa Ha CBOOGOAHOM Kpae. PelueHnto 06LLei 3afaqe YCTOMUMBOCTM TaKUX NNacTuH
nocesLeHs! paboTbl [9,10].

MycTb TOHKas ynpyrasi niacTUHKa B MPSMOYrO/bHOW [eKapTOBOW cMCTEMe KOOpAMHAT (x, Y,2)

3aHMmaeT obnacTb: 0< x<a, 0<y<b, —h<z<h. YpaBHeH1e yCTOWYMBOCTU NNACTUHKN MUMeeT
Bug [11]
A*W+ o O'w =0, o’ = P
ox? D (1.1)
rge W-— nonepeyHoe nepemetleHve (nporné), P — oxumarowas Harpyska, D — n3rnbHas »EcTkocTb
NNAaCTUHKM.
MpegnonaraeTcs, YTo Kpas nnacTuHkn y =0, b 1 X=a cBo6ogHO onépTbl

2
=0, Zy—‘?’:O npw y=0,b (1.2)
2
w=0, 6—\2\': 0 npu X=a (1.3)
OX
Kpaii nnactuHkn X=0 cuutaetcs CBO60AHBIM:
2 2
8_\2V+V8_\;V= npw Xx=0 (1.4)
OX oy
7
- )
LY ) T v X0 npu x=0 (15)
OX| OX oy” | oX
B C/lyYae KOHCEPBATUBHOW Harpy3ku, nim
- , -
919 \£v+(2_v)6\2v =0 npu x=0 (1.6)
OX| OX oy” |

B CNyyae cefsLUelt Harpysku.
Peterve ypasHenns (1.1), yA0BNeTBOPAIOLIEE FPaHNUHbIM YcoBuaM (1.2), NpeacTaBNseTcs B
BULe
w=>Y f (x)sinAy, A, =nr/b
= (L.7)
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MopacTaHoBKa (1.7) B ypaBHeHve (1.1) NPYBOAWT K PELLEHWIO MOC/NEA0BATENIbHOCTU 00bIKHOBEH-
HbIX AU(hhepeHUMaNbHBIX YPaBHEHNI

f9 207 (1-0, ) £ 425 1, =0

(1.8)
roe
aﬁ=a2/(2kﬁ) (19)
MpeacTaBneHve pewweHns cuctemol (1.8) B BuAe
f,(X)= A expi,px (1.10)
MPMBOANT K XapakTepuCTUYECKOMY YPaBHEHWIO
p*-2(1-a? ) p*+1=0. 111)

B ctatbe [9], Ansa obuwiero pewieHns ypaBHeHuid (1.8) ncnonb3ytoTcs KOpHNU ypaBHeHus (1.11) B
BUE

1/2
p=i[l—oc2niiotn‘/2—0c2n} : (1.12)

OpHako, Kak nokasaHo B [10], 6onee yao6HO ucnonb3oBaTb KOpHW (1.12) B npeobpa3oBaHHOM
BUAE:

P,=S%iS; P =%p, (1.13)
rae

sol-Zn, 5=l
2 V2 (1.14)

C nomoubto (1.13) obuyee pelueHve ypaBHeHUs (1.1) 3anucbiBaeTcs crefyowym oopasom:
f.(X) = A,shi sxsinA s,x+ B shi SXCOSA S X+

+D,chi sxsini s, x+C, chA SXCOSA,S,X (1.15)

Tpebysi, 4To6bl peweHne (1.7), ¢ y4étom (1.15), yAOBNETBOPANO TPaHUYHLIM YCNOBUAM
cBobogHoro onupaHus (1.3) npyu X = a, noay4nm:

f,(X)= B, i, § (a- X)coshs, (a-x)+ D, chi,g (a- X)sink,s (a-) 116)

2. TopctaHoBka (1.7), ¢ yyétom (1.16), B rpaHu4Hble ycnoeusa ceobogHoro kpas (1.4), (1.5)
MPMBOAWT K CUCTEME OAHOPOAHbLIX anrebpanyeckmx YpaBHEHWUI OTHOCWMTENIbHO MPOMU3BO/bHBIX

noctosHHbix B, D, :

[(sf —s —v)sh{, cos¢, — 255, ch ¢, sin Qz} B,+
+[(sf —§ —v)ch¢,sing, +2ss,sh¢, cosqz] D, =0
[s(1-v)ch¢,cosg, +s,(1+V)-sh¢,sing, | B, +

+[ 5 (1-v)sh¢,sing, —s, (1+v)ch g, cos¢,|D, =0
PaBeHCTBO HY/0 [eTepMMHAHTA CUCTEMbI ypaBHeHuid (2.1), (2.2) [aéT ypaBHeHWe, onpegens-
loLLiee NapameTpbl KPUTUYECKON Harpysku oL, Mpu AeiicTBuM Ha cBoGogHOM kpae X =0 koHcepsa-

TUBHOW («MEpPTBOIi») Harpy3sKu.
B (2.1), (2.2) NpnHATbI 0603HAYEHNUS:

Cl :an.La' CZ :Kn%a (23)

B cnyyae HekOHCepBaTMBHOW (CrepsLliein) HarpyskuM, BMECTO rpaHuyHoro ycnosus (1.5)
HeobXxoAMMO Y0BNEeTBOPUTL YCnoBuio (1.6). Torga ypaBHeHue (2.2) 3aMeHSeTCa CeaytoLmm:

2.1)

2.2)
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[sl(l—v+2aﬁ)chzglcosc;2+sz(1+v—2aﬁ)-shz;lsin¢;2]Bn+

2 H 2
+[q (1-v+20a2)sh;sing, —s, (1+v—202 )ch ¢, cos, | D, =0 »
CnepoBatefibHO, A/1 OnpefeneHns KpPUTUYECKOW HEKOHCEpBATMBHOM Harpyskm Heob6Xo4umo
NPUPaBHATb K HY/O AeTEPMUHAHT CUCTEMbI U3 ypaBHeHUIA (2.1) n (2.4).
MpupaBHMBas K HYNO geTepMmnHaHTa cuctem (2.1), (2.2) n (2.1), (2.4), nonyynm ypaBHeHWs ans
onpeseneHns KpUTUYECKNX Harpy3oK. VIM1 COOTBETCTBEHHO OyayT:

Sl[Zocﬁ —(1—v)2}sing2 ~s,[202~(1-v)(3+v)Jshg, =0

(2.5)
2 . 2 .
Si[—1+v(2—v+ 20cn)]sm g,+s [—3+v(2+v— 20cn)]sh £, =0 256)
Ecnu nonyyeHHble ypaBHEHS UMELOT peLLieHIe, Y/0BETBOPSAIOLLEe YCIOBUIO
O<a? <2 2.7

T.e. MMEKT peLLeHns, 3aTyxatole OT CBOBOAHOrO Kpas Mo KoopauHate X, TO TaKue peLleHus

MPUHATO CUMTATh SIOKANN30BAHHLIMW B OKPECTHOCTM CBOGOAHOIO Kpasi.
Mpexxae BCEro, Mo aHanorum ¢ 3afadeii Panest 0 MOBEPXHOCTHbIX YNPYruX BOSHaX, HEOGXOAMMO

NOCMOTPETb CYLLECTBYIOT /N TaKWe peLleHus B npedene npu a—» oo (unnm £, — o). Mpn £, — o
13 ypaBHeHUs (2.5), COOTBETCTBYIOLLIErO C/lyYar0 KOHCEPBATVBHOI Harpy3ku, nosy4aeTcs

ar =0.5(3+v) (1-v) 28)

HeTpyAHO NpoBepUTb, YTO MPU NPOU3BONILHOM 3HaYeHMM KoaghduuyeHTa MyaccoHa ve[O, 0.5]

3HaYeHUsI KPUTWUYECKOM Harpysku, HalgeHHble 13 (2.8), yAO0BMETBOPSAIOT YCI0BUIO CYLLECTBOBaHUA
NOKaSIM30BaHHOW HeYCTOMYMBOCTH (2.7).
[ns HeKOHCcepBaTUBHOW Harpyskm 13 (2.6) 6ygem UMeTb:

2va’ =—(3+v)(1-v) 2.9)

T.e. ANA ocf1 Mo/y4aroTCa OTpuLaTe/bHble 3HAYeHWst N YCIOBUE CYLLECTBOBAHWUSA /10Ka/IM30BaHHOM
HeyCTONYMBOCTM (2.7) He BbINoNHAeTCA. C ApYroii CTOPOHbI, NOCKOMbKY, cornacHo (1.1) u (1.9), 3Hak
ocf1 OnpefenseTcs BHELWHel Harpy3Koi, TO BO3HUKAET BOMPOC, @ BO3MOXHA /11 NOTeps YCTOWYMBOCTY

npy pacTAr1BaloLLe HeKOHCepBaTUBHON Harpyske? [o-BMAMMOMY, B 3TOM Ciy4vae Heob6XOAMMO
NpYMeHeHNe AMHaMUYeCKOro MeToAa UccnefoBaHms yctonumsoctu [11,12].

OueBWAHO, YTO MOSIBNEHME JIOKA/IM30BAHHOW HEYCTOMYMBOCTW, T.e. CYLLEeCTBOBAHWE peLLEeHUs
3a/iaun, YA0BNETBOPAIOLLErO YCI0BUIO (2.7), CYLLIECTBEHHO 3aBUCUT OT OTHOLLEHUSA CTOPOH MIaCTUHKM

(a/b nam ot A a). HeTpyaHO NpoBepUTb, 4To oczn = 2 ABNSAETCA KOPHEM ypaBHeHUs (2.5). OfHako,
noAcTaHOBKa oczn =2 B (1.16) n panee B rpaHuyHoe ycnosue (1.4) NpvBOAWT K TPUBUAIbHOMY
peweHnto W= 0. Ins NCKNHOUEHNS U3 PACCMOTPEHNS KOPHS oczn =2 W C Le/bio NONMyYeHNs yCroBus
MOAB/IEHUSA JIOKANN30BAHHOW HEYCTOYMBOCTM, YypaBHeHWe (2.5) fennTcs Ha S U COBepLuaeTcs
npefenbHbIi nepexod s — O(O.ZH - 2).

B pe3synbTaTe nonyyaercsa ypaBHeHue

2(1+v)r,a—(3-v)sin2x,a=0 (2.10)

B T1abn. 1 npuBOAATCA YMCNEHHble 3HAYeHUs NS napaMeTpa A,a, HalifleHHble W3 YpaBHEHUS

(2.10), HauMHasa C KOTOPOro MOSIBASETCA /IOKa/M30BaHHas HeyCcTOMYMBOCTb B 3aBMCMMOCTM OT
KoahpmupeHTa MyaccoHa v. Tam xe, ANs HarNsAHOCTY, NPUBOASATCA 1 3HaueHus gns alb

Tabnuua 1
\ 0 0.1 0.2 0.3 0.4 0.5
Aa 1.139 1.086 1.03 0.969 0.903 0.83
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a/b 0.363 0.346 0.328 0.308 0.287 0.264

Korpa cBo6oaHo onépteiii kpait (X=a) 61msok K csoGogHomy kpato X =0 (A,a<1.139),

JIOKa/In30BaHHaA HeyCTOVILIMBOCTb He NMEET MeCTa.

3akntoueHve. [ns NpsAMOYronbHOW NNaCTUHKW C Tpemsi CBOGOAHO OMNEPTbLIMA U C OLHUM

CBOGOAHBIM KpasMmu, NpeABapuTebHO Harpy>éHHbIM BLO/b CBOGOAHOIO Kpas, NosyyeHbl YC/IOBUS
MOSIBNEHNS NIOKA/IN30BAHHOW B OKPECTHOCTY CBOBOAHOIO Kpas HEYCTOMYMBOCTH, B CNyYae KOHCepBa-
TUBHOW Harpysku. B cnyyae HeKOHCepBaTUBHOM (CNeAsLLeit) Harpy3Ku, NOKas3aHo, YTO B CTaTUYECKON
MOCTaHOBKe faXe B Mpefene a— oo, T.e. ANA NOMYOGECKOHEYHOW MAACTVHKM, NIOKa/IM30BaHHas

HeyCTOVILIMBOCTb He NMEET MecCTa.

9.

10.

11.
12.
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AJIFOPUTM PELLEHWA TPEXMEPHOW 3AZAUY TEOPUWN TEMIMNEPATYPHbIX
HAMPSA>XXEHWNI C YYETOM MIACTUYECKMX CBONICTB MATEPUAA

Mopwkos C.A., Aau E.N., MypawkuH E.B.

B npeAcTaBneHHOM paboTe paccMOTPEH MOAXOA K YMCNEHHOMY PELLEHMIO 3afay TEOpPUM TEMMEPATYPHBIX HANPsKeHWiA ¢
YUYETOM NPOLLECCOB HEOOPaTMMOro AethopMMPOBaHUs MaTepuaia. B kauecTBe nprmepa pacCMOTPeH YNpyro-nnacTu4eckuii
Ky6, AethopMUPYHOLLMIACS BCMeACTBME HECBOOOAHOMO TEMIOBOr0 pacluvpeHus. onyyeHa cuctema guddepeHumanbHbIX
YpaBHEHWiA, NO3BONAKOLIAS HA KaXXAOM BPEMEHHOM LUare YMCAEHHO paccyMTaTb YPOBEHb HEOOPATUMbIX AethopmMauiuid,
TeMnepaTypHbIX HanpshKeHWn 1 nepeMelleHniA B MaTepuasne. Pa3paboTaH airopuTM Noucka obnacTeil HeobpaTuMoro
[e(hopMUPOBaHNS MPW HECTaLMOHAPHOM TEMNI0BOM BO3AENCTBUM. HailaeHbl NONS OCTATOYHbIX HanpsikeHuid, dopmupyto-
LLMXCS B MPOLLECCe OCTbIBaHMS MaTepuana.

Mpouecc popMoobpasoBaHKs 3a CHET HEOBPATMMOro Ae(hOPMUPOBaHNSA MPY U3MEHSIOLLLEMCS NOJe
Temnepatypbl TpebyeT npeBapuTE/IbHOro pacyéra CpeAcTBaMyM MaTeMaTMyeckoro MOLE/IMPOBaHNSA
UTOroBOV reomeTpum opmyemoro usgenuns [1-5], BpemeHV (POPMOBaHWS, MEXaHUYECKUX CBOWNCTB
maTepuana u3genvs U ChopMMPOBaHHOTO YPOBHA W pacnpefeneHns OCTaTOUHbIX HamnpPsXXeHWA.
MpoBeaeHMe TakMX pacy&TOB BCTPeYaeT 3HaUUTe IbHble TPYAHOCTHU, CBA3aHHbIE, B MEPBYIO 04vepesb, ¢
HEBO3MOXHOCTBIO VX BbIMNOMIHEHUSA B PaMKaxX COBPEMEHHbIX MPOrpaMMHbIX KOMMIEKCOB «ANSY S»,
«MSC.MARC» 1 pgp. HecmoTpa Ha 3asBfiseMble BO3MOXHOCTWU PacyéTOB YMPYyronaacTU4ecKmx
MPOLECCOB, faHHble MPOrpamMmMHbIe MPOAYKTbI TaKMMU BO3MOXKHOCTAMU He 061aaatoT. CBSA3aHOo 3T0 €O
CrefyoLWmMmn 06CToATeNbCTBAMM:

1. MNpo6nema onpeaeneHns HeM3BECTHO rpaHuLbl 30HbI HEOO6PATMOro AeOPMUPOBAHNS.
2. HeBepHoe onpefeneHune pasrpy304HOro COCTOSAHWUA Martepuana.

B HacTosweli pab6oTe Mpu MOMOLWM HOBOrO YWC/EHHOrO alropuTMa crenaHa rnorbITka
NpeojosieTb TPYAHOCTW, CBA3AHHbIE C OMpejesieHneM HanpsXEHHO-Ae(hoPMNPOBAHHOIO COCTOAHMA
maTtepuana. PacCcMOTpUM YNpyronaacTuyeckmin Ky6, ¢ gamHoin pebpa |=1. (puc.l.) BepxHss u
HWKHAA rpaHb Kyb6a 3akpenneHbl (1), B TO Bpems, Kak OOKOBble rpaHW HaxofATCSA B YC/NOBUSAX
CBO6OLHOrO0 TEMI0BOro pacLunpeHmns (2):

404;/?7

u(xy.0)=0 u(xyl)=0

u,(x,y,00=0 u,(xyl)=0 D
u(x,y,00=0 u,(xyl)=0
0,0,v¥,2=0 o,(,y,2)=0
7,0,¥,2=0 1,(,y,2=0
1,(%0,2)=0 1,(x1,2)=0
c,(%0,2=0 o,(xl,2=0
7,(x0,2=0 1,(xl,2=0
1,0,v,2)=0 1,(,y,2=0

)
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MycTb MaTepuan Ky6a MOfABEPXKEH HEKOTOPOMY /IMHEHOMY TEnnoBOMY pacluMpeHuio T .
TemnepaTypHble HaNPsHXKEHUsi B MaTepuase On1CbIBaloTCs COOTHOLLEHMAMM [toamens-HelimaHa [1]:

o, = (Ley — (3h+2W)T)3, +2ue, | 3)

rae e— ynpyras fedopmauus matepuaia, O; — cuMBOI KpoHekepa, A, p— napametpbl Jlave

maTtepmaa.
OueBMAHO, YTO BCMEACTBME OrpaHUYeHMiA Ha CBOGOAHOE TemnsoBoe paclumpeHve (1) mpu Heko-
TOPOM 3HaueHWW napameTpa T B MaTepuane MOTYT BO3HWUKHYTb HeobpaTumble aedopmauum p, .

[ins  onpefeneHns NpupalleHnii  NNacTUYecknx aedopmaumii  dp,  BOCMONb3yeMCA  3aKOHOM
MNACTUYECKOr0 TEYEHWS, aCCOLMMPOBAHHbIM C YCNI0BMEM MiacTUYHoCTU Museca [2]:

dpij =B - f)ij = di(30u _GkkSij) (4)

P, — nnactuyeckas AedopMauma, BblUMCNEHHas B MPEAbIAYLIMA MOMEHT BpemeHu, dX — Heus-

BECTHbIi MHOXMTENb. B cnyyae obpatvmoro gedopmuposaHus Matepuana d&=0. Bocnonb3osas-
LUACb rEOMETPUYECKUMI COOTHOLIEHNAMU p; +e; =0.5(u; ; +u,;), ANs HanpskeHnin (3) ¢ yuéToMm

3aBMCUMOCTU (4) cnepytoT 3aBUCUMOCTMU:

o; =((A+ L)y, —Cr+2w)T)5; +M (U ; +u;; —20;)

_Awde ()
(L+6pde)’ T (1+6ude)

Torpa cuctema ypasHeHii pasHosecust o, =0 cornacHo (5) NpumeT BUA;
(A +L+M)u g + U Ly —MAT, + M (U g = 2Py ) + M (U + U —2P,) =0. (6)

[N 4icneHHOro peLleHus cucTembl (6) UCMONb3YETCA METO[, KOHEeUHbIX pasHocTei [6]. B kayecTse
HaYa/lbHbIX JaHHbIX 3adaun BbiGUpatoTes ycnosus p, =0, T =0. [lanee B y3nax TPEXMEPHOIA CETKY

MPU KOKAOM NpupaLleHnn napametpa T NpoBepsieTcs YCnoBKe NNacTUYHOCTM Museca:

2 2 2 2 2 2 2
f = (o +0,,+3 (rxy +1,, +ryz)-0yy Gzz-l-GZZ-GXX(GW +0,))—4(k,@1-BT))", (7)
roe k, — HauaibHbIA npegen Tekyyectv npu T =0, B— KOHCTaHTa Matepuana, onpefensieMass Ha

OCHOBE 3KCMePUMEHTa/IbHbIX AaHHbIX NafleHnst YPOBHA NpeAena TeKy4ecTU Npu YBeNMUMBAKOLLENCS
Temnepartype.
B TOM cnydae, ecnM B HEKOTOPOM Y3fe BbIMOMHseTcs ycnosue f <0, Ans AaHHOro ysna

3anucbiBaeTca 3HadeHve d& =0 u pelwaeTcsa cuctema ypaBHeHWI (5) COBMECTHO C rpaHWMYHbIMU
ycnosusamu (1), (2):

A+L+M)u, +U L +MU , —2P4 )+ M (U, +U, , —2P,) =0
(A+L+M)u,,, +Y, L, +M(U, —2P,,)+M (U, +U,, —2P,)=0 (8)
(A+L+M)u,,, + U,L,+M (uz,kk -2 f’zk,k) + M,k(uz,k +U,,—2 P.)=0

Ans y3noB, B KOTOPbIX BbiNOMHseTca ycnose f >0, K cucTeme ypaBHeHuii (8) fobGasnserca
ypaBHeHne f =0. Takum 06pa3oM, YNCNEHHO peLLaeTCs CUCTeMa U3 YeTbIPEX HeNIMHENHbIX ypaBHe-
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HUA OTHOCWTENIbHO HEW3BECTHbIX BeNMYMH U, d&. MonyyYeHHble 3HAYEHUS WCMOMb3yTCA AN
NOCTPOEHUS (hYHKLMIA HANpsKeHNH (5) 1 HaKOM/EHHbIX HEObpaTUMbIX Aedhopmaumnii p, .

CoBmecTHOe pelueHue cuctembl (1), (2), (7), (8) obecneumBaeT HENPEPLIBHOCTb MCKOMbIX
BE/IMYMH, YTO MO3BO/AET C BbICOKOW TOYHOCTHKO OLEHUTb pa3mepbl 06/1acTeli C HaKOMIeHHbIMM
HeobpaTUMbIMK feopMaLyamMM 1 OMNPeAeUTb YPOBEHb OCTATOYHbLIX HaMpsHKeHU Npu Nocneayro-
LLieM YMeHbLLUeHuM napameTpa T .

Cpeay HefoCTaTKOB MPeA/IOKEHHOro MeToAa pelleHWs CnefyeT BblAeUTb BbICOKOE BpeMst
pacuéta. TOYHOCTb YMCMEHHOTO PeELLeHNs 3aBUCWT OT npupalleHns napameTpa T, KOTOpoe
BblOMpaeTcs TakuM 06pa3oM, YTO6bI NPW 33A4aHHOM MPOCTPAHCTBEHHOM pasbMeHun ANS KaKAoro
“3MeHeHVUs T 06/1aCTb NNaCTUHECKOrO TEeYeHUS M3MeHsnacb MakcumyMm Ha 1 y3en B no6oM u3
HanpasneHWin. HeCOMHEHHbIM MPeUMYLLECTBOM MPES/IOKEHHOr0 anropuTMa SBNSETCA HenpepbiB-
HOCTb (DYHKUWIA NepeMeLLeHnid, HanpsXkeHWn 1 gechopmaunid, NOSBASIOWMXCA MPW anmnpoKcuMaumm
COOTBETCTBYHOLLMX YNCNEHHbIX peLleHunid. [laHHOe 06CTOATENbCTBO NO3BONSET KOPPEKTHO ONpeaensiTh
06nacT HeobpaTUMOro [eOpPMMPOBAHUA W YPOBEHb OCTATOYHbIX HanpsHXKeHWid aedopmaumnii 1
nepemMeLLeHWiA.

Pab6oTa BbINOMHEHa NPy (IMHAHCOBOW Noaaepkke rpaHTa PO®I Ne 15-31-21111.
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N3rMB ABYXCNONHOW MNACTUHKN MNPU YCTOBU CBOBEOAHOIO
CKOJNMbXXEHNA MEXXAY OPTOTPOINHLIMK C/TOAMK

Mpuwko A.M.

PaccmoTpeHa ABYXCNOWHas MpsIMOYro/ibHas NAacTuHa, OPTOTPOMHbIE CIOM KOTOPOrO 3aKpernsieHbl Mo KpoMkam. B
[aHHON paboTe MPUHATO YCNOBME CBOOOAHOrO CKOJ/IbXXEHWS, HAa OCHOBE KOTOPOr0 MOMy4YeHbl YpaBHEHUS u3rmba u
KoneGaHuii. OnpegeneHbl YCN0BUS, NPYU KOTOPbIX OTCYTCTBYET PacC/IOeHUE.

1. /13BecTHO 60/bLLIOE KONMYECTBO PaboT MO MCCNELOBAHUIO YNPYTMX MHOTFOCMOMHLIX MAACTUH
MPW YCNoBUW XECTKOrO KOHTaKTa Mexay crosmu nnactuHbl [1], [2]. B coBpemeHHOM MalLMHO-
CTPOEHUWM W  aBMACTpPOeHWW, 6Gnarofaps LEeHHbIM CBOMCTBaM, 00/blIOe MECTO  3aHVWMaeT
MCMOMb30BaHNe NonMMepoB. OYeHb YacTO COeAVHeHWe MeTann—mnoauMep peannsyeTcs C MOMOLLbHO
3aKNENOYHbIX LUBOB MO KOHTYPY. [ns uccnefosaHus Takux 3agad B pabotax [3], [4] ncnonb3syetcs
aCUMMNTOTUYECKNIA METO UHTErPUPOBAHMS.

B paHHOM paboTe paccmaTpuBaeTcs [BYXC/OWHAsA MaacTMHa MNpU  YC/IOBUMU  CKOJb3ALLErO
KOHTaKTa MeXzay OpTOTPOMHbIMK C0AMK Ha OCHOBe runoTesbl Kupxroga s Kaxgoro cnos B
OTAENbHOCTW.

MycTb B NPAMOYrO/bHOW [eKapTOBON CUCTEME KOOPAMHAT (X, Y, Z) CMOR ¢ uHAekcom (1) m

TONWMHOW h; 3aHMMaeT obnactb 0<Xx<a, 0<y<b, 0<z<h, a cnoii c nHgekcom (2) u
TONWMHOM h, —o0bnacte 0<X<a,0<y<bh, -h, <z<0.
YpaBHeHUs KonebaHus cnoés umetoT Bug [1]:
oo’ U g,
ox; o’
[lonycTum, BHELWHAs MueBas CTOPOHa CMosi ¢ MHAeKcoM (1) HaxoamTcs Nog HOPMasbHOM
Harpys3Koi

(1.1)

® _ 1 _ O _ _
Oy =—0(X,Y,), 63/ =063 =0 npn z=h, (1.2)
BHeLLHss CTOPOHa BTOPOrO C/10st CBOGOHA:

(2 _ (2 _ (2) _ —
Oy =0y =03 =0 npn z=h, (1.3)

YcnoBue CKOMb3ALLETo KOHTaKTa Ha CTbIKe CIOEB 3amuLUeM B CiefyHoLLem Buge:
™ _11@ 0 _ <2 ® _ @ _ —
U;” =U;”, 65 =053, 05 =0, o5, =0 npn x=0

oy =0, o =0 npn 2=0 (1.4)

MpuHMMas runoTesy Kupxroga OTHOCUTENIbHO KOMMOHEHT YMpPYrux nepemelleHnidi Cnoés
MNACTUHKN 1 OCPeaHsst ypaBHeHus (1.1), Nonyymm cnedytoLive ypaBHEHUS OTHOCUTENBLHO YCUANIA
MOMEHTOB:

oT®  6s® 0° h, ow
+ =ph— U ———
x oy ot 2 0
os® ot 8% (  hoow
8x+8y_1h16t2\/126'y
(1.5)
aT? 5@ o h, éw
=T, | Uy 2
x oy at 2 X
os® ot 0 h, ow
5 + 8; :rzhzﬁ V2 +?25
X
ON® NP o°w
—1+—2_Q(X1Y)_333(0):r1h1?

ox 0y

50



MP oHY rh? o2

Z]&N

—-NO® = o S
8X ay 1 2 atg( 1 )
oM HY o _Tih oot _ﬂ@)
y Ty T2

) (2) 2

ag)l( +6N2 +533(O):r2h2(2t_\2,v
M H? @ Tah az( ﬂ&w)
X oy ! 2w
Mz HY o Tl az( gaw)
y Ty 2

Ycnnua n momeHTbl 13 (1.5) 1 (1.6) npep,CTaBMM B CNeayoLLEeEM BUE:
ou OV.
My o Ny

by
Tl(l) :.[0 Sl(i)dz :Cﬁ)_ x 22 oy - 2

hy
Tz(l) = J.o S %)dz = Cg) oy 1oy - 2

hy
o _ D7 —c®
s = ['s §dz=C§ ~h,

0 _au ov
T =[ s@Pdz=C@| “2+n@ 2
-2

x 22 oy
0 i ov. ou

10 <[ s g =cg| e inp X
-, oy OX

Mo Ny

[ ou, Lo 0w

62
(8x

w o*w)]
®
- +N% 8y2j

o*w O o'w)]
2 11 2
oy X )

o, oy GZW}

Ly x o oaxy
hz[

+_
2
hz[

+_
2

+h,

0
2 _ @7 =C®@
_Jih S, dz=Cg
2
hy hy
NG = ["s@dz NP =["s Oaz

0 0
N = [ s@Pdr N = s Do

| oy  OX OXoy

2 200\ |
5_W+n<2>5_Wj

x: 7 oy

6y2 nll aXZ

|

MO = ["2s Oz = k2| 24 1p @ 2 hl ng W
0 _ax 2oy 3
_8v ) OU, o*w
J ZS élz)dZ— 1) A 11 AL hl 1(1) 2
_8y ax 3 ox
HO = ["2s Yoz =KY| 2 My 2y Ow
oy ax 3 Xy

0 ou ov
M@ :.[ zs Pdz :—Kl(f){ 240D 24
h, X

* oy

2
S

o*w @ 82WJ_

)
)

)

(1.6)

(1.7)
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ay 11 ax 3 8y2 11 axz

2
:IO 2s Ddz =K N, O 2 Zh, ow
1, oy ox 3 Zoxdy

B (1.7) BBeAeHbI criefytoLme 0603HaYeHNS:

1 _
Ci(kj) = hj Bi(kj) Ki(kj) - Ehszi(kJ)

, (1.8)
2. Mopgctasnas (1.7) B (1.5), nonyyaem crnefytoLllyt0 CUCTEMY YpPaBHEHWIA OTHOCUTENbHO
nepemMeLLeHNIA:

Céé)Aul+§[(Cﬁ) c<1>) +(c<l> 0+ cY) j

h o (Cﬁ i W (cov +2C(1)_j_ [ _ﬁ@j
2 OX ox’ 2 OX
COAy, +5[(c<1> c)2h o CEVE ) ]
P 2w ow (2.1)
21 ay[c 5 Y. "‘(Cg Vi 206?) j [ _ﬁaj

0 au,
e+ 2{ (e -2 e s 2

h, 0 o*w o*w
B2 cp g e 2t |-on [ 2

0
Oy, *5(“’5? )2 cop +cf) e

> ay[c() 8y +(C§2) il)+2Cé6)) _chz ot v +?5
MoACTaHOBKa BbIpaXeHUiA Ans Ml(k’, M,®¥ u H® n3 (1.7) Bo BTOpOE, TPETbE, MATOE W LLECTOE
ypaBHeHus cucTembl (1.6) MPUBOANT K ypaBHEHNAM:

2 2
Kéé)Au +£ fl ou, |:211 o, 2h1 6 K(l) o? W+ lel o'w N(l) P1hl 0 (Ul 2h, awj
OX OX T oy 3

¢ Moy 2 a3 ox
2
Kgan+— fla" F, Zhl O k@ lW g2 W) \o_ O (2 o
x) 3oyl 2o 2 o 3 oy
0 au, 2 OV, | 2h, 0 o*w oW h? &2 2h, ow
Ké?AU +a [flza_ E]‘i‘ 32 &(Kllz a—‘f‘ FZZ’lW]-i‘ Nl(Z):_pZZZ ?(uz—i_ 3 6’)(} (22)
2 2 2
KPAv, + ﬁ aV 5_ 2_?123 K(Z)a_W Flzza_‘i" +NP = Pty 62 v, + 2h, ow
2% )3 oyl E a2k 2 2 3oy )
rge

flk — (K(k) (k))
I:|k —nuk)K(k) + K(k) I,p, k=12
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Onpepenss N;%, N, npeHe6peras B cucTeme ypaBHeHuit (2.2) YneHamy, IMEIOLLMMU MOPSAOK
MOMEHTa WHEPLMM BpaLLEHWs, U MOACTABASAA B NepBOE W YeTBEPTOE ypaBHeHWs cucTembl (1.6),
nosyyaem:

4 4 3 3
2hikp S kg S n Tt Ké%?A@“ %J—ff—ixil—fsiyv;
X
o, _, %y o°w

F211 ox 8y Fl,z 8x8y2 +Plh1?=—(1(x, y) —633(0)

4
N[ LA WA PN ON L
ox oy 5X oy? OX 5)’
v o’ o*w
+ Fzz,l 8X282y + I:1,22 8X8;2 +p,h, ot =04(0),

(2.3)

26u 2 OV,

2+ 1, 5

+1

roe
_ © 1 nOKE $nPKE

Ak (2K66 +n11 K +n22 Kll )
MprXOAMM K PELUEHWIO CUCTEMbI M3 LIECTW ypaBHeHWiA (2.1), (2.3) OTHOCUTENbHO LUECTU

VCKOMBIX QYHKUMI Uy, Uy, Vi, Vo, W, O33(0) OT NepeMeHHbIX X, Y, t.
Wckntoyas 033(0) = 033(0,x,y,t) 13 ypaBHeHuiA (2.3), nonyqaelvl:

o'w 64w 2 o'w V.
D.—+D - K(l) +—L)—
W 280, T 2 + /xaay (<o 2y
ou
KG(E)A(EZ +&2)) _y( fllul - flzuz) _y ( f21v1 - f22\/2) - (2.4)
3 3 aZW
P 8y(lel 2) ay 5'X( 12u F1,12u2)+m¥:_Q(Xa y)
rge
m=p;h +p,h,

2
kk — g(th&) + hZKIEkZ))

Takum o6paszom, n3 (2.1) n (2.4) cnepyet, YTO 3agadv M3rMOHLIX U NiaHapHbIX KonebaHwuii He
OTAeNATCS.

3. paHWyHble YCNOBMA HA KPOMKAX MIaCTUHBI NOMYHatoTCs NPy NOMOLLM OCPeAHEHMUS YC0BUi
3afa4n B TPEXMEpHO nocTaHoBKe [5] 1 npuBeaeHsI B [6].

4. [Ons npvBefEHHON Bbllle MOAENN WUCCNefoBaHWA 3adad n3rnba u KonebaHuii ABYyXCOMHON
MAaCTUHKM MCK/OYaeTCs BO3MOXHOCTb OTAENEHWS CM0EB Apyr OT Apyra B npouecce gedopmaumm.
B03MOXHOCTb OTAENEHMS CNOEB NPOBEPSETCA NOCNe PELUeHMs 3ajadun 1 OnpeaeneHns HanpsXKeHns

033(0) = 033(0!X1y1t)-
Ycnosue OTcyTCTBMﬂ paCC}'IOGHI/IFI €CTb

05,(0) <0. (4.1)
PaccMOTPUM NNacTUHKY, KOTopas u3rnbaetcs B Buie LUMIMHAPUYECKOW MNOBEPXHOCTU MO/
[e/icTBMEM PaBHOMEPHO pacnpeseiéHHOM Harpy3Ku:

q=0, =const>0 (4.2)
C YYETOM LM/MHAPUYECKOrO M3rMba 1 He3aBUCMMOCTY MCKOMbIX (YHKLMIA OT BpemeHu t, us
BTOPOTO YpaBHEHUs cUCTeMsI (2.3) moxydaeM:

2 14
05(0) = §h2 K1(12)WIV + Kl(lz)uz (4.3)

MopcTasnas BbipaxeHus ana w' n u,"' | nonyuentble 13 (2.1) u (2.4), B (4.3) HaxoauMm:
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h,K}
O i

Kak BUAHO M3 (4.4) ANs JaHHOW 337auy, He3aBMUCWUMO OT FPaHWUYHBIX YCMOBWIA, HOPMaTbHOE
Harnps>XeHne Ha CTbIKe N1aCTuH CXXKMMatroLlee, N03TOMYy pPacCnoeHne 6y,ﬂ|eT OTCYTCTBOBATb.
PacCMOTPUM BO3MOXHOCTb PACC/IOEHUS B YaCTHOM Crlyyae, KOrfa Ha [BYXC/OVHYI0 CuUCTeMy
[le/iCTBYET NNLLIL 06bEMHAs Cuna Beca (Cna NPUTSHKEHMS).
B faHHOM Cllyyae MeHSIIOTCS TONbKO BTOPOE W YeTBEPTOE YpaBHEHMS cucTeMbl (1.7), KOTopble
nony4yaroTCs B BUAE:
ON®  oND o°w
1 2
+ —p,n g —044(0) =p;h
OX oy ot?
ON® N o*w
1 2 _
ox + oy —p,n,9+05(0) =p,h, ar (4.5)
[I19 3324 LMAVHAPUYECKOro M3riba 13 BTOPOro ypaBHeHus (4.5) nonyyaem:

(4.4)

2 m
05(0) = §h2 K1(12)WIV + Kl(12)u2 +p,h,g (4.6)
MopcTasnas BolpaxeHus gna w'" n u,"' B (4.6), nonyuaem:

h,g
05(0) = —W (P, K —piKS?) (4.7)
11 211

YcnoBuem HeoTAeNeHNs CNOEB Oy aeT:
) (2
p. Ky —p Ky’ <0 (4.8)
Ycnosue (4.8) ABNSAETCA KPUTEPUEM DKMBYYECTU [ABYXC/IOMHOM OPTOTPOMHON MNACTUHKMN.
CornacHo (1.8) u (4.8), KpuTepuii XX1BYYECTM CYLLECTBEHHO 3aBUCUT OT TOMLLMH CNOEB NNACTUHKN.
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CABU/IOBbIE BOJIHbI B ,U,BYXCHOMHOM CPEAE M3 NMbE3O3/TEKTPNYECKOIO
MPOBOAALLEIO MATEPNAJ1OB
\NaHosH 3.H), MkpTusiH C.A.

B HacTosiwieli paboTe  McCneayeTcs  CYWECTBOBaHWE W MOBEAEHME  3NEKTPOYMpPYrux  CABWTOBLIX  BOJH,
PacnpoCTPaHsOLLMXCA B ABYXC/ONHOW CTPYKTYpe, KOTOpas COCTOMT M3 Nbe303/IeKTPUYECKOro (knacca 4mm wuam 6mm) u

NPOoBOAALLEro CMOEB pasHbix TonwmH h,h, . CchopmynmpoBaHa rpaHuuHas 3agada. HaiifeHbl ynpyrue u anekTpuyieckue

BO/IHOBbLIE MOfIf, & TAKXXe AMCMNEepPCUOHHOEe ypaBHeHWe 3afayn. [AucnepcroHHOe ypaBHEHWE UCCNEA0BaHO AN PasUyHbIX
(*)VISVIKO-ME‘X&HVI‘-IGCKVIX XapPaKTEPUCTUK CTPYKTYpPbI 1 NMPU pasInvHbIX COOTHOLLEHNAX CKOpOCTeVI 06bEMHbIX BOJH B CMOAX.

WccnepoBaHve KonebateNibHbIX M BO/IHOBbLIX MPOLECCOB B CNOUCTLIX CTPYKTYpax C pasInMyHbIMU
(h13MKO-MEXaHNYECKMI CBOMCTBaMM B MOCNEAHee BPeMs CTaN0 O4HUM U3 BXKHEWLLNX HarpaBieHwWii
B MexaHuke W (hu3mke TBEpLOro Tena [1-7]. STOT MHTepeC BbI3BaH OOMbLUMM MNPAKTUYECKUM W
TEOpPeTUYECKNM 3HAYeHUeM 3TUX WUCCNefoBaHUA. PacnpocTpaHeHue ynpyrux BOSIH B [BYXC/IONHOM
cpefe uccnegosanock B pabotax [1,3,5,7]. MNMosefeHne CABUMOBbLIX 3M1EKTPOYNPYrnX BOMH Tvna J1ssa B
CTPYKTYpe, COCTOSILLEl U3 Nbe303NEKTPUYECKOr0 MOMy6ECKOHEYHOrO CI0S 1 BTOPOro NPOBOAALLENO
NN AU3NEKTPUYECKOrO CNOS, UCCnefoBanock B pabotax [2,4].

B HacToswein paboTe paccmaTpuBaeTCs [ABYXC/OWHas CTPYKTypa, KoTopas COCTOUT W3
Mbe303/1IEKTPNUYECKOr0 U MPOBOAALLEro CM0EB pasHbIX TonwmH h,h,. TMpueoautca uncneHHoe

nccnefoBaHne AMCNEepPCMOHHONO ypaBHeHUs. KIccnefytoTca yCNnoBuA MOABNEHWS 3M1EKTPOYNPYrnx
BO/IH J1sABa B 3aBMCUMOCTM OT OTHOCMUTE/IbHbIX TO/WMH CNOEB U (PU3MKO-MEXAHWYECKMX CBOWNCTB
maTepuana.
1. ¥YpaBHeHus B CNOAX CTPYKTYPbI.

[exapToBas c1CTEMa KOOPAMHAT Bbl6paHa TaK, YTo 0Cb Oy Harnpas/ieHa napasiiefibHo rpaHNnYHoO
NMOBEPXHOCTM CNOEB, a 0Cb Ox NePrneHANKYNAPHa K MOBEPXHOCTAM C/I0EB.
MpesnonaraeTcs, 4TO BO3MYLLEHWS YMPYroro W 3M1eKTPUYecKoro Mosjeld B paccMaTpyBaemoii
CTPYKTYpe He 3aBUCAT OT KOOpPAMHATbl Z W XapaKTepu3yloTcAd BEKTOPOM MepemeLlleHns W u
MOTEHLMANIOM ¢ 3MEKTPUYECKOro Mo/ B Mbe303/IeKTPUUECKOM C/oe, KOTOpble MpeAcTaBdloTCcs

creaytoLmmM 06pasom:

o(x y,t), E=-grade. D
WccnegyroTca  CylLeCTBOBaHWE UM MOBefeHWe  [ABYMEPHbIX  3/MEKTPOYNPYrux  BOJH,

pacnpoCTpaHALWMNXCA NapasinesibHO NOBEPXHOCTAM CNoéB.

cnonb3ys ypaBHEHMSt U COOTHOLLEHMS Mbe303/IeKTPUYECKON cpedbl B npeanonoxeHun (1), ans

KOMMOHEHT AehopMaLmii, HanpsHKEHUA W 3NEKTPUYECKOM WHAYKUMM NOMyyatoTes CneytoLive

BbIpPaXKEHUS:

YB=%%¥JB=%23, )
0132044aa—vxv+q52—()[:,023:C44%N+el5%p: (3)
Dl=811(2—()lz+elsg—vxv,D2=—811%+6152—Vyv, (4)

rae C,,, € — ynpyras u nbe303/1eKTpUYecKas NOCTOAHHbIE.
[na nposofsLLeii cpefbl COOTBETCTBYIOLLME COOTHOLLIEHMA nonyyum, nogctasms B (1)-(4) ¢ =0,
€;=0. W3 ypaBHeHMn 3nekTpOynpyroct W YMpyrocty,  WUCMO/b3ys BbILLENPUBEAEHHbIE

COOTHOLLIEHWS, MOMYYMM CMeAytoLve YpaBHEHWS, ONUCHIBAOLLKE PacNpOCTPaHeHUe 3NEKTPOYNPYrmnx
BO3MYLLEHUIA B MbE3031EKTPUUYECKOM C/I0€ 1 YMNPYrive BO3MYLLEHUS B MPOBOASALLEM C/IO€:
a) 41151 Nbe303/1EKTPUYECKOrO C/1081:

o'w, ,
ot =SAw, Ag; =0, ®)
[/je MPUHATbI CNeaytoLLe 0603HaYEHNS:
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$=8 -8 (1) =S 1rrd), =2, 0] =g, —awW,

P P Py ©)
q=cl<1+xf>,xl-if q-i,q ¥, g =cl), g =6,
l

30ecb BENUUMHBI C MHAEKCOM «1» OTHOCATCS K Mbe303NEKTPUYECKOl cpefie, S -— CKOpOCTb

pacnpocTpaHeHUs CABUIOBbIX 0OBEMHBIX 3/1EKTPOYNPYIvX BOMH, S,— CKOPOCTb PacrnpocTpaHeHus
COBWIOBbIX OOBEMHbLIX YMPYrMX BOMH B MbE303/IEKTPUYECKON Cpefe Npu  MPeHebpeXkeHnu
Mbe303((heKTOM, @;— MPUBELAEHHBIA MOTEHLMAN 3M1EKTPUYECKOTO MOMsl, 3aBUCSALLMIA OT WCTUHHOIO
rnoTeHLMana n nepemeLLieHnii Nbe3o3NeKTpuYeckoii cpefbl. Kak BuaHo u3 (5), none nepemeLueHns W
OTAenseTcs 0T BO3MYLLEHWIA NOTEHLMaNA 3NEKTPUYECKOr0 NONA, a BO3MYLLEHNE 3NEKTPUYECKOr0 NO/S
@), 3aBUCUT OT UCTUHHOTO NMOTEHLMaA W OT YNPYroro nepemeLLeHns:

6) ,qnﬂ nposo,qﬂLuero cnosi:

=SAW, S = =cy @)

2
C,— ynpyras MOoCTOSHHas MPOBOAALLEro Cnosi, P,— NAOTHOCTb, S— CKOPOCTb PacnpOCTpaHeHWs

06BEMHBIX YNPYryX BOJH B NMPOBOAALLEM C/OE.
1. I'paHUYHbIe U KOHTAKTHbIe YCNOBUA.
a) rPaHNYHbIe YCII0BUSA:

1. HarpaHnue X=+h: o =0, ¢, =0; (8)
2. Harpannue Xx=-h,: o2 =0; 9)

6) KOHTaKTHbIE YC/I0BMSI HA MOBEPXHOCTM X = 0 :
W _ ~@ -
Oj3 =05, W =W,, ¢, =0 (10)
2. PeluUeHVs B BWE NIOCKMX BOSH.

PelLeHuWe A471s yNpyroro nepeMeLleHns W 1 NpyBedeHHOro noTeHumana ¢; B o6nactm 0<x<h
W oA yNpyroro nepemelleHns W, B o6nactu —h, < X< 0 npegcTaBnstoTcs B BUgE:
w, =W (x)e P, @] = D, (x)€P, w, =W, (x)e ™™, (11)
rae W (X), ®@,(X), W,(X) — nckomble amnauTyAbl BONHbI, p>0 — NpoAonbHOe BOSHOBOE YMCHO,

o > 0 — Kpyrosas 4acToTa.
MoacTaenss Boipaxkenusa (11) B (5) u (7), nonyunm ypaBHeHWe [ANA OMpefeneHns amninTys

W, (X), D,(X), W, (X) , 0bLLee peLLeHe KOTOPOrO:

W (X) =W exp(ip,X) -+ W exp(—ipB,x) B, =, /\5’1—2—1 V=2 12)
D, (X) = ;, exp(px) + O, exp(— Px), 13)
W, (X) =W, exp(ipB, ) + W, exp(—ipp,X). B, = \é—f—l. (14)

V — (hasoBasi CKOPOCTb BOJHbI, 3, U B,— KOI(h(MLMEHTbI 3aTyXaHNS.

MonyyeHHble pewenus (12) - (14) noactasnas B rpaHuyHble ycnosus (9), (10) U KOHTaKTHble
ycnosms (11), Mbl NPpUAEM K CefyrowyM ypaBHeHUAM 4J1 ONpesesieHNs UICKOMbIX aMNNTYA:
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ICR." W, —iCBe W, +ee” ), —ge "D, =0,

g W, +8e W, + e D) +e Dy =0,

W + W —Wo, ~Wo, =0, 8W,; +8W, + Py + Dy, =0, (15)
TR, —1TBMW, —iCB Voo +1CB,Wog +€ Dy~ €D, =0,

e Wy — "W, =0, r=h /h,, &= ph,.

YCNoBMEM CYLLECTBOBAHMS HETPUBUAIbHBLIX PELLEHWA cucTeMbl (15) SIBNSETCA PaBEHCTBO HY/HO
ero onpegennTens. B pesynbTate NPUXOAUM K CieaytoLlemy AUCNePCUOHHOMY YPaBHEHUIO:

—-2C e8P, +chacosa, {elé_L (2CB, —c,B tgaytga, ) +

16
+tho[(-€[8’ + Elzﬁlz)tgal +GC,p,B,tga, 1} =0, (0
rae
o, =B.Er, a, =B, a=2&r. 17)

3. YucneHHoe nccnefoBaHne ANCNEPCUOHHONO YPaBHEHUS.
a) YncneHHoe nccnefoBaHMe AUCMEPCMOHHOIO YpaBHEHUS, KOrfja Mbe303/1eKTPUYECKUIA COoi
n3rotosneH u3 marepuana LITC-4, a npoBogAwmia crioi — n3 Al:

Hwke Ha puc. 1-6 nokasaHbl AMCNEPCUOHHBIE KPYBbIE YMCNIEHHOTO pacyéta B BUAE 3aBUCHMOCTY
V =V (&) npu pasHbix cOOTHOLEHUAX TonwwH I = h / h, cnoncToii cucteml.

r—0

5 81

m
¥
[

(X

Puc. 1

5

r—1.0

51

= B & Pmc. 3 ’ . ) Pnc. 4

A

r=2.1

B1o-

v
v
i
i

Tac. 5 £

DPac. 6
MCCﬂe,ﬂ'yﬂ nosefeHne ANCNEPCUOHHLIX KPUBLIX, MOKa3aHHbIX Ha puC. 1- 6, npmxognm K
cneayrouiemy BbiBoay npu OI'Ipe,qefIéHHOM 3Ha4yeHnn, COOTHOLLEHNAX TOLWNH T C/IOUNCTOM CUCTEMBI:
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BO3HUKAET 3/IEKTPOYrpyras BosHa J1siBa CO CKOPOCTbIO pacrpocTpaHeHus V. 3 3Toid BonHbI Npy
yBeNMYeHUM napameTpa & BO3HMKAET BTOpas MoAa BO/HbI J1siBa, CKOPOCTb PacnpoCTpaHeHUst KOTOPOA

V:VZ(E) npu yBenuueHun & y6blBaeT OT 3HauyeHus \, W B nepegene npu & — oo CTPEMUTCS K
3HaYeHUI0 S, , PaBHYH CKOPOCTM PacnpocTpaHeHNst 0GbEMHBIX YNPYTrUX BOH B Nbe303/1EKTPUYECKOM
cnoe. [lanee, TakuM e 06pasoM MpU HEKOTOPOM OMpefenéHHOM 3HauyeHus &;, BO3HMKAET TPeTbs
MOZia BO/HbI J19Ba, CKOPOCTb pacnpocTpaHeHus koTopoii V =V, (&) npu yBennyeHumn & ybbiaeT OT

sHaueHns V, W B nepegene nmpu & —> oo CTPEMUTCH K 3HAYEHMO S;, PaBHYIO CKOPOCTU
PacnpOCTPaHeHNs 06BLEMHBIX YNPYTUX BOMH B Mbe3031eKTPUYECKOM croe. [anee, TakiuM xe 06pa3om
BO3HMKAIOT OCTa/IbHble 60/1ee BbICOKME Mofpl V, (E) V;(§) v 1.4 BONHbI N19Ba, uncia KOTOPBIX NpK
& —> o0 CTPeMATCA K 6ECKOHEUHOCTH, 11 KOTOPbIE PacrpOCTPaHAKOTCS C YObIBAIOLMIMM CKOPOCTAMU. B
nepefene Npu & —» co BCE MOAbI CAMBAsACh COCTABASIOT OfHY 06bLEMHO-NMOBEPXHOCTHYHO BOMHY CO
CKOPOCTbIO PAacnpocTpaHeHusi S, TO €CTb CKOPOCTbHO, PaBHYK) CKOPOCTM PacrpoCTpaHeHus
06BEMHBIX YNPYrX BOMH B Mbe303/1EKTPUUECKOM CIIOe.

CnepyeT nof4epKHYTb 4To Npy I —> 0 CKOPOCTL PaCcMpPOCTPAHEHMS 3MeKTPOYNPYroi BOMHbI J1sBa
CTPEMUTCA K 3Ha4YeHMto S,, paBHOMY CKOPOCTW PacrpoCTpaHeHUsi O6bEMHbIX YMpyrux BOMH B
MNPOBO/ALLEM C/I0€, @ NPY 3HAYEHUAX T > 1 CKOPOCTb PacrpoCcTpaHeHUs 3NeKTpoynpyras BonH Jlasa
CTPEMUTCA K 3HaueHMto S, PaBHOMY CKOPOCTM PacrpoCTpaHeHWs OBbEMHbIX YMpYrnx BOMH B
Mbe30371eKTPUYECKOM CII0e.

6) YncneHHoe nccnegoBaHUe AUCMEPCUMOHHOINO ypaBHEHUS, KOrfa Mbe303/IeKTPUYECKUIA COoM
n3rotosneH u3 marepmana LITC-4, a npoBoAALLNIA C/OM — U3 MaTeprana Au:

UuncneHHoe WCCMeAoBaHME AMCMEPCHOHHONO YPaBHEHUSs, KOrAa Mbe303/IEKTPUUECKUIA  Coi
N3roToBMIeH 13 MaTepuana LITC-4, a npoBogswnid cnoit — u3 matepuana Au, npu ycnosum S > S,
371eKTPOYNpyre BO/HbI J1SiBa He CYLLECTBYHOT.

B) UucneHHoe uccnefoBaHne AMCMEPCUOHHOIO YPaBHEHUS, KOrja Mbe303IeEKTPUYECKUIA Coi
n3rotosneH u3 marepuana LITC-4, a npoBogALLMiA CNo — n3 matepuana Pt:

UuncneHHoe UccnefoBaHWe AWMCNEPCUOHHOTO YPaBHEHMSs, KOTAA Mbe303/1EKTPUYUECKUIA  CNoii
N3roToBfieH n3 matepuana LITC-4, a npoBogswmii cnoii u3 matepuana Pt, npu ycnosumn S > S,
3MEKTPOYNpPYrie BO/HbI J1sIBa He CYLLECTBYIOT.

4. 3aKnto4eHue.
Wccnefys AucnepcroHHoe ypaBHEHNE 3aaum, NPUXOANM K CNeaytoLeMy 3aKi0UYeHNIO:
1) B cnouctoii cucteme U3 Mbe303NEKTPUYECKOrO C0S U3rOTOB/IEHHbIN 13 MaTepuana LITC-4, n

nposogallero cnoii u3 martepuana Al, npu ycnosun S <S, anekTpoynpyrue BOMHbI J1fBa

CYLLECTBYOT U1 WMEIT C/efytoLyr0 CTPYKTYpY: UWCNO BOMH OGECKOHEYHO W CKOPOCTU
pacnpoCTpaHeHWs BO/IH 3aBUCAT OT COOTHOLLUEHWIA TONLLWH ' CNIOEB 1 BENMYMHBI NapameTpa §.

2) B CNoucTbIX CUCTEMAx M3 Mbe303/IEKTPUYECKOO C/OS, U3rOTOB/MEHHbIX M3 MaTepuana LiTC-4, n
npoBogsLiero cnos 3 Au unu Pt, npu ycnosum S > S, anekTpoynpyrue BonHbl JlsiBa He
CYLLIECTBYHOT.
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AHANN3 PACMNPEAENIEHVA TEMIMEPATYPbI A HAHPHH(EHMVI B YTPYI'OM TEJIE
C KPMBOJIMHENHOW TrPAHULIEN

3apy6uH B.C., KyBbipkuH I".H., CaBesnbeBa .1O.

PacuéT TemnepaTypHbIX HanpsXXeHWH  Npu HeYCTaHOBUBLUEMCS TEMIOBOM PEXMME NpeaCcTaBiseT U3BECTHble TPYAHOCTU
M3-3a MEHSIIOLLMXCS BO BPEMEHM OCHOBHbIX PACcUETHbIX MapaMeTpoB. Ha OCHOBE OHOMEPHON PacUETHOM CXeMbl
NPOaHa/IM3NPOBAHO BAKSIHME OCHOBHbLIX MapaMeTPOB Harpy>XeHWs, CBOMCTB MaTepuana U CpefHell KpUBM3HbI MOBEPXHOCTY
Ha pacnpefeneHns TeMMepaTypbl ¥ HANPSHXKEHWA.

1. Ons MHOrMX TEMNOTEXHUYECKMX KOHCTPYKLMIA XapaKTepHbl YYacTKM MOBEPXHOCTW ABOSKON
KPUBM3HbI, B 4YaCTHOCTW, MNOCKME, LWUAVHAPUYECKME, Cepuyeckne. PacuyéT TemnepaTypHOro wu
HanpsXXEHHO-AeOPMMPOBAHHOT O COCTOSHWI 3/1EMEHTOB KOHCTPYKLMI C KPUBOIMHEVHO rpaHnLeli B
MoNHOM 00bEMe npeacTaBnseT Cco60M [OBOMBHO CAOXHYH 3agady. Hambonbluve rpafueHTbl
TeMnepaTypbl ¥ HaNPsHXKEHWUI BO3HWMKAKOT B MOBEPXHOCTHOM C/0e KOHCTPYKLMUW B NepBble MOMEHTbI
BPEMEHW MOC/ME Havasla HarpyxeHus. B Takom cnyyae noBefeHME KOHCTPYKUUM HeOoO6XO0AMMO
nccneaoBaTb € YUYETOM AMHAMUYECKMX 3((EKTOB, Kak MpW OMpefeNieHUuy HanpsKeHWi, Tak wu
Temnepatypbl [1-4].

2. PaccmoTpum ynpyroe W30TPOMHOE WM OAHOPOAHOE Teno, OrpaHW4eHHOE KPWUBOMHENHOMN
MOBEPXHOCTLIO, C 33flaHHbIMY BHELLUHVMMMW Harpy3kamu. s nonyyveHns ypaBHeHUI A TepMOynpyroctu
W TensonpoBOLHOCTM MOMOXMM, YTO TepMOMEXaHUYecKas Harpyska [edCTBYeT M0 HOpMain K
rPaHNYHON MOBEPXHOCTW, OT/IMYHON OT HYNA ABNAETCA TONbKO fAepopMauys B HanpasieHUn 3TOn
HOpManu, a Temnepatypa W HanpsXKeHWs 3aBUCAT TOMbKO OT BPEMEHW W KOOPAMHATbI X,
Hanpas/ieHHOM M0 HOpMasn B ry6b Tena.

B KpMBONMHENHON OPTOrOHANbHON CUCTEME KOOPAMHAT 3aKOH COXPaHeHWs Konu4yecTsa
ABWKEHWS B MPOEKLMM Ha 0Cb OX, MOXeT 6bITb 3anuncaH B Buge [5, 6]

13do, ©p OH, o5 0oH;
Hy ox  HH, ox  HH; 0%

d YpaBHEHWE TENIONPOBOAHOCTU — B BNAE

pC€T+(3k+2u)a(T)Toi%=—i o4, G M, G oH, (2.2)
H, 0% H\ox H, ox H; ox
3peck G, — KOMMOHEHTbI TeH30pa HanpshkeHwi, i, j=1,2,3, p — MNOTHOCTb, C, — Y/e/bHas

MaccoBas TenjoéMKOCTb MpK MOCTOSHHOW aedopmauun, T — abcontoTHaa Temnepatypa, o' —
TeMMepaTypHbIi KO3MMULIMEHT NMHEHOTO PacLUMPEHMs, A, u — KOHCTaHTbl Jlave, g, — MpoeKuys

BEKTOpA MMOTHOCTM TEMOBOro NOTOKA Ha ocb OX,, U, — NPOEKLMs BEKTOPA MepeMeLLeHns Ha oCb
Ox,; H,, H,, H; - koahdmumeHTol Jlame, nmpuyem H, =1, H,=H](1+X/R,),
H,=Hj(1+x/R); Hj, H; — 3HaueHust K0a(hthMLMEHTOB Jlame [/ist Harpy)XaeMoil MOBEPXHOCTH,
R,, R, — rnaBHble paauychl KPUBK3HLI 3TO NOBEPXHOCTY. MOACTAB/SS COOTBETCTBYIOLLME BbIPaXKe-
Hua gna H,, H, B (2.1) v (2.2) n npeHebperas nocne AnddhepeHLpoBaHNs BEINYMHAMM |><1/RZ| n

|X,/Ry|, ManibiMu 10 CpaBHEHMIO C eMHILIEN, 3TV YPaBHEHUS MOXHO MPUBECTYA K BUAY:

____—:p[jl, (23)



pc.T +(3x+2u)a<T>T06—“1=—a—°ﬂ—[i+i]oﬂ. (2.4)
o 0% \R R
HOpMaﬂbHHe HarnpsH>kKeHnA G,,, G, , Oy W MPOEKUNIO BEKTOPA M/IOTHOCTW TEMA0BOro rnotoka ¢, €

y4étom H; =1 u© Haimumem fJedopMaumy TOMbKO B HampasieHun ocu  Ox,, Onpeaenmm

COOTHOLUEHUAMMWU:

o =(h+ zu)‘;_f;_(sm 20)a™ (T-T,), (25)
G, =0 =x2—:1—(3x+2p)a<” (T-T,). (2.6)
1,0 + G =" T /ox, . .7)

3pecb AT — KO3tDHULMEHT TENNIONPOBOAHOCTY CPEAbI, T, — BPEMS PenakcaLii TerI0Boro noToka.

Mpw nomowy (2.5) n (2.6) ypaBHeHve (2.3) MOXHO NepenucaTb, UCMo/b3ys TOMbKO HOPMasbHOe
HanpsHKeHne o, :

2

hor 20) %8 219,900 4 a3+ 20) 0™ ZL = pi, +p(3h+ 20) 0T (2.8)
X2 d 2 H
% % X

a 06benHsAn ypaBHeHus (2.4), (2.5), (2.7), MOXHO nepenuncaTtb ypaBHEHME TeMN0NPOBOAHOCTH:

(3+21)° 2 T
o (™)' T, |(z,T+T)=
o°T or 3i+2p . .
=27 5_X12+ 2k £ _7»+—2ua(T)T° (te811+6u), (2.9)

rae « =(1/R, +1/R,)/2 - cpepHAs KPUBM3HA FPaHNYHOM NOBEPXHOCTM.
KpaeBble ycnosums anis ypasHeHui (2.8), (2.9) 3anuwwem cnegyrowmm o6pasom:

t=0 T(x.,0)=T,, T(%.0)=0, 0,,(x.0)=0, &,(%,0)=0;

x =0 —X(T)%on(t)+quo(t), Q (t)= AMt"exp(-mt/t)), m>1, t,>0; o,(0,t)=0
X =, T(X’l't)_)TO’ 0-11()(1:t)_)0- (210)

Ecnm BBecTU 6e3pa3MepHble NapaMeTpbl U NepeMeHHbIe
z=x/\Jaty, T=tlty, 0=(T-To)/T", DZ=14/ty, T" =AM Jat, /A", a=2"/(pc),
G (T)=MEMexp(-mt), M =m™/(m-1)!, ®=x./at, Gzclll((3k+2u)oc(T)T*),

RE=ap/(r+2u)ty, 8=((3r+ Zu)oc(T))z TO/(pcg(m 2u)),
TO ypaBHeHUs (2.8), (2.9) 1 KpaeBble ycnosus (2.10) MOXHO NpeacTaBuTb B 6e3pa3mepHOM BULE:
d°c A dc . u 09

R2(6+é)= —2% +4K =,
A+2u 0z

— 211
oz Kk+2paz (211)
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(1+5)(Dzé+é)+5(D25+¢)=@+2E@, (2.12)
a a oz oz

t=0 0(z0)=0, 6(z0)=0, o(z0)=0, (z0)=0;

2=0 —%:qo(t)+D§qo(t), 6 (t)=ME"exp(-mf), m2L o(0,f)=0,

z>o 0(zt)>0, o(zt)—>0. (2.13)

MapameTp CBA3AHHOCTU & XapaKTepusyeT U3MEHEHWM TemnepaTtypbl BCecTBue AedopMUpoBaHNS,
AN MeTasinoB OH nexxuT B npegenax 0,01...0,03, Ang NOIMMEPHBLIX MaTePUaNoB ero 3Ha4eHns MoryT
ObITb 3HaUYMTE/NBHO BbiWe. B faHHOI paboTe nofoxum 6 =0.

PelleHve ypaBHeHus (2.12) c KpaeBbiMu Yycnosuamy (2.13), MofyY4eHHOE C  MNOMOLLGHO

npeo6Gpa3oBaHuns Jlannaca [7] no nepemeHHoii T, npw Dé =0 VMmeeT BUA;

0(zt)= eXp(—EZ)]eXp(—EZT)QO (T -1)x

xl;/% exp(—z—i] —Eexp(ﬁz+ Ezr) Erfc[i+ E\/;H dt; (2.14)

PelleHre ypaBHeHus (2.11) ¢ COOTBETCTBYIOLWMUMU KpaeBbiMK YycnosusMu (2.13), Takxke
Mo/sly4YeHHOe C MOMOLLBI0 MpeobpasoBaHust flannaca No MepemMeHHOR t, NpU ManbiX 3HaYeHMAX

BpemeHn T npu Dg =0 uMeeT BMA;

o(zt)= exp(EBlz){ﬁzlqo (t —U)T Fl(z,r)($+ uF;Tjdrdu+

0

L e )

0 0
t u
—ﬁ—zexp(—z(ﬁ + [31))j‘qO (t- u)jexp(—ﬁzr - z—zj(u —1)dtdu-
0

2
R 0 T

—l% (t —u)I F,(zt)(u-1)drdu, (2.15)

rae B, =A/(h+2u), B,=4xu/(A+2u), Fl(z,u)zJo(%,/uz—zzDé)H(u—zR),

2
FZ(Z,U)=eXp(—EZU—Z—JL—EGXD(ZE)EH:C(L-FE\/G]; H (t) - dyHKuma Xesucaiiga.
4u ) \nu 2Ju

Ha puc.1 npeactasneHbl pacripefeneHus 6e3pasMepHoii TemmnepaTypbl 6 Mo KoopauHate z B
Pa3NNUHbIe MOMEHTbI BpeMeHM T ans m=2. MyHKTUPHAA SIMHUSA COOTBETCTBYET Cnyyarwd k=0,
cnowHas — K #0. BWAHO, YTO MPU HAIMYMM MONOXKMUTENLHON CPeAHEl KPUBM3HBLI MOBEPXHOCTY
pPelleHre MapaboNNyeckoro YpaBHEHMS TErMIonpoBOAHOCTM npu k=0 [aéT 3aBbllUEHHbIE
pe3y/bTaThl.
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Puc.1. PacnpegeneHuve TemnepaTypbl No rAy6uHe NofynpocTpaHCcTea npu Dg =0

Ha puc.2a) npegctasneHbl pacnpefeneHvs HanpskeHnid npu k=0 [nsa OByX MOMEHTOB
BpPeMeHW: CMoLHasA NHUA — R? =100, NYHKTUPHaaA — R? =10, LWUTPUXNYHKTUPHAA — R? =1. Tak
KaK napameTp R’ 06paTHO MPOMOPLMOHaNeH CKOPOCTY 3BYKa B CPefie, BUAHO, YTO C YMeHbLUEHWEM

3HaueHns R? BOMHa HaMpsKeHWit BbicTpee pacnpocTpaHseTcs B cpefe. Ha puc.2 6), B) NpeacTasneHbl
pacrpeaeneHnss HampsKeHWiAi B 3aBUCMMOCTV OT CpPefHeli KPMBM3HbI MOBEPXHOCTV A1 ABYX

MOMEHTOB BPEMEHN: CM/OLWHaA MHMA — R =100 , nyHKTUpHas — R? =10.
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Puc.2. PacnpefeneHne HanpsXkeHWin No rny6rHe noaynpocTpaHCTBa Npu Dg =0

PaboTa BbINosiHeHa No rpaHTy MK-6573.2015.8 nporpammbl Mpe3ugeHTa P® rocyaapcTBeHHOM
MOALEPKKN MONOAbIX KaHAMAATOB HayK, a Takke B paMkKax npoekta 1712 B cdepe Hay4yHoiA
[eATeNbHOCTM B 4YaCTW  rocyfapcTBeHHOro 3agaHus Ne  2014/104 MwuHobpHaykm PP u
rocyaapcTBeHHOro 3agaHus no npoekty Ne 1.2640.2014.
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PA3PABOTKA METOJUKHU PACUETA I'’'TABHOI'O BEKTOPA M TJIABHOT'O
MOMEHTA CBETOBOI'O JABJIEHUS HA KOHCTPYKIIUU CJIOKHOM
TEOMETPUYECKOM ®OPMbI

3umun B.H., Heposnsiii H.A.

B pa60Te PacCMOTPEH BOIIPOC OIIPCACICHHUA CBETOBOI'O MAaBJICHHA HaA KOCMHYCCKHC KOHCTPYKIHHU CIIOKHOM
FeOMCTpH‘ICCKOﬁ q)OpMLI. H.II?I DJIEMEHTAa MOBEPXHOCTU KOHCTPYKLHHU 3allMCAHO YCJIIOBHUE, IO KOTOPOMY BKJIAaZ B CBETOBOC
JABJICHUC YYUTHIBACTCA TOJIBKO C BHEIITHEH CTOPOHBI. I[aHHO@ YCI0BHUE TIPEACTABJICHO B BHUAC PANOB IO IIOJUHOMaM
YeObimesa IepBoOro poJaa. HpeﬂCTaBHeHI/IS B BUAC PAAOB IIO MOJUMHMaM YeOplilieBa MO3BOJIIET HCpeﬁTH K psadaM 1o
TEH30paM BO3PaACTAOLICTO paHra JJid ONpEaACICHUS INIaBHOT'O BEKTOpA U INTaBHOT'O MOMCHTA CBETOBOI'O AAaBJICHUA. HOJ’Iy‘[eHLI
BBIpXKCHUA [JIA l'IpI/IGJ'lI/I)KéHHOFO METOJa I alIllpOKCUMallMKh CBETOBOI'O HaBJICHHA Ha KOCMUYECKUE KOHCTPYKUIUH
CIIO’KHOU Tr€oOMETpHUU C y'-léTOM CaMO3aTCHCHUA U NIEPEOTPAKCHUA. nOJ’[y'—leHHBIe BBIPDAXXCHHUS MOI'YT OBITH HUCIIOJIB30BAHbI JIsL
OaIITMCTUYECKIX paC'—léTOB COJIHCYHBIX IapyCoB, APYTUX KOCMHUYCCKUX O6’beKTOB, Ha IBMIXCHHUE KOTOPBIX CYHIECTBEHHOC
JIICHCTBHE OKa3bIBA€T CBETOBOC JIaBIICHHE. Taroke HpI/IBeHéHHHS PpE3yabTaTbl MOTYT OBITh HCIOJIb30BaHBI JJId  aHalln3a
JUHAMUKU BpalieHUuA prHHOFaGapI/ITHI)IX KOCMHUYCCKUX KOHCprKHI/Iﬁ BOKpYT' IICHTpa MacC II0J JIICHCTBHEM CBETOBOTO
JaBJICHHA.

1. PaccMoTpuM BbIpakeHHE JJIsl DIIEMEHTApHOW CHIIBI CBETOBOTO JIABJCHHUS HA JJIEMEHTAPHYIO
miaomanKky ¢ y‘léTOM TOro, 4TO CBCT HA He€ OKa3bIBaeT BOBHCﬁCTBHe TOJIBKO C OI[HOﬁ CTOPOHBI. I[J'IH
ATOTO B UCXOJHOM M3BECTHOM ypaBHeHUH [1] BBenEM 3aMeHy CKAJIIPHOTO MPOU3BEICHHUS SJMHUYHOTO
BEKTOpa MECTHOW HOpMau 1 Ha €JMHUYHBIA BeKTOp HampapieHus oT ConHIa § ClaeIyonmM
BhIpaKeHueM (aHanoruvHo [2]):

n-s—|n-s|

2
PasnoxxuM ¢GyHKIMIO MOAYIIS B S MO MOJIMHOMaM YeObIIeBa MepBoro poja:
~ Al — 2 4 oo (_1)nT2n(ﬁ'§)  VYWVmax = . a\2m 1 1
|n'5|—;—;anlw~Zm=o B (1-8)™, (1.1)
rac
B = _(cymam |Fme=l| o neme 1), 1.2)
m m(2m)! “N=M (—1+4n2)(n-m)! :

rae |x] — ¢yHkums ypoBHs, paBHas HauOOJIBIIEMY II€JIOMY YHCIy, MEHbIIeMy Xx. Psg mns B,
PACXOIUTCS TIPH CTPEMIICHUH Ny g, K OECKOHEUHOCTH, OHAKO JUIS JIFOOOr0 KOHEYHOTO YKCIIA YICHOB
pa3JOKEeHUsT  psfa [pd  OKOHYATEJIbHOM  CYMMHPOBAaHHHM  OOCCIICUMBACTCS  CXOAMMOCTb
armpoKCUMUPOBAHHOTO 3HaueHus | R - §| k Gpyukunu Mmoayns na unrepsaine [-1,1].

[Moyuum ciienyroniee BEIpaKSHUE IS JIEMEHTAPHOW CHJIbI CBETOBOTO JaBJICHHS:

dF = %2 (—2a4fi — ay (- )8 + ap(A- 5 — |- S — a;(R- § — |- $])*A)dA, (L3
rae P(R) — cuia CBETOBOTO IaBJIEHUS HA MOTJIOMIAIONIYIO TIACTHHY Ha paccTosiaud R ot ConHiia,

ag, Ay, Ay, A3 — HEKOTOPbIE 0000IIEHHBIE ONITHYECKHE MOCTOSTHHBIE [1].

2. lopcraBisisi B BEIPAKCHHE VIS SJIEMEHTAPHOU Criibl cBeToBOro masnenwus (1.3) ps s |71 - §|
(1.1), rpymmmpys craraemble, TPOBOAS ONEPAIMI0 3aMEHY CKaJPHOIO TPOM3BEICHUS HA
COBOKYITHOCTb CKaJIAPHBIX HpOI/I3BeZ[eHI/II71 mojinaJ; 1 HalpaBJIAIOMICTO BEKTOPAa CBETOBOI'O M3JIYUCHH,
Kak 3T0 ObUTO chenaHo B paborax [3,4], MHTErpUpys MO BCeil MOBEPXHOCTH, MONYYHM CICAYIOIIHE
BBIPQKCHUSI JUISl TJIABHOTO BEKTOpA CHJI CBETOBOIO JABIICHHS HA TEJIO CIOKHOW T€OMETPUYCCKOM

(dhopMmBI:
F=PR)(I1°8+ 11 +yNmaxn.5. .3 (2.1)

~——
n—-1

I[J'IH BbIPA)KCHMS INTABHOI'O MOMCHTA ITOJIYYHUM:

N A A
s ¥ K88 | (2.2)
n-1

B Boipakenusix (2.1) u (2.2) Conb3yI0TCs CleayoIne 0003HAUCHHUS:
"= [JrdA; K™= [LrdA; J0 =By JP = ~(ap + 4B ) = (Sag + asBo) I3

1
J?= E(_aﬂg - 2‘13]/3; - B1a2]/31);

M=PQR)(K?°-§+K'+Y
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1 1-(-D" 1+ (D"
J" =5 —Bn-1 ( )a2]£+B_n—2%
2

S| B (ayJp +2a3/}) | in > 3;

~——
n

]Zl = [ﬁ'l lﬁ']a ]Tl = [[ﬁi lﬁ]lEzl ; LZYO = %BORzr Ll = _(aO + aZBO)(RZ ' ﬁ),
n-—2

1 1
L*= (Eaz + a3Bo>L,24;L3 =5 (-, L} — 2a5L3 — By ayL);
1

1-(-1" 1+ (D"

Ln = = _Bn—l azLﬁ + Bn—z
e 2

2 — 2
n = [[ﬁ, ,ﬁ],(R2 ﬁ)] n= [[ﬁ ,ﬁ],Rzl,

rzie [a, b] — nmuannoe npousseieHue ABYX M Goslee BEKTOPOB; EZ — ¢IMHUYHBIN TEH30p BTOPOTO PaHIa;
R? — TeH30p BTOPOTO paHra, Mojy4aeMblii M3 ycloBus T X a = R?-a, rae @ — HeKOTOpBIi
MPOU3BOJIBHBIN BEKTOP, T — BEKTOD, 33/IAI0IINH ITOJIOKEHHE dJIEMEHTapHOH IIomaaku dA.
[TomyuenHble BbIpaXKEHHS IMO3BOJIIOT PACCUUTATh TJIABHBIM BEKTOP M TJIABHBIH MOMEHT CBETOBOTO
JaBJICHUS Ha ONTHUYECKH BBIMYKIbIe Tena. OAHako MomoOHBIH MOAXO0J MOXKHO PAacIpOCTPAHUTH HA
Tela CJIOKHOH TeOMETpUUYecKoil (HOpMbI, BBOJS JOTOJHHTEIBHYIO AaIlPOKCHMAIMIO BEKTOpa S,
HaImpuMep, B CIEIyIOIIEM BUE:

s =D?-5,

rie D? — HeKOTOpHIl TEH30p BTOPOrO paHra, arnnpOKCHMMHUpPYIOIIMHA JBYHANPABICHHYIO (DYHKIHIO
paccesiiust [5] B KOHCTPYKIIMH, BBIYUCIIICMYIO OJTUH pa3 Tl KaKI0# IeMEHTapHOH TIONIa KK,

(a L% + 2a3L%) |, n > 3;
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3AOAUYA MHOXXECTBEHHOIO KOHTAKTA PEFY1APHOW CUCTEMbI LUTAMIMOB
N MOBEPXHOCTHO HEOAHOPOAHOI O NMOKPbLITUA

KasakoB K.E., KypguHa C.IM.

B paboTe uccneayroTcs MAOCKMe 33faunt KOHTAKTHOFO B3aMOZAEWCTBUSI MOBEPXHOCTHO HEOAHOPOAHBIX CTapetoLLmx
BA3KOYMPYrMX OCHOBAHUIA C MOKPLITUSMU U PETYNSPHOI KOHEUHOI CUCTEMbI XECTKMX LUTAMMOB. YUUTHLIBAIOTCS BO3PACTHbIE
U CTPYKTYpHble HEOAHOPOAHOCTU MOKPLITWIA, CBSI3aHHbIE C MPOLIECCAMM UX WU3FOTOBNEHNs. Takue HEOAHOPOAHOCTU MOFYT
OMUCHIBATLCH KaK BbICTPO OCLUANMPYIOLMMU, TaK U paspbiBHbIMU (DYHKLMSMU. PacCMOTPeHbl pa3fivuHble BapuaHTbl
BO3MOXHOIi MOCTaHOBKM 3afiauu. MonydyeHa cuCTeMa paspellaloliMX WHTErpasbHbIX YpaBHEHW, KOTopas npuBefeHa K
OfiHOMY WHTErpaibHOMY YPaBHEHWIO C TEH3OPHLIM SAPOM B (DYHKLMOHAbHOM BEKTOPHOM MPOCTPAHCTBE, [1S peLLeHus
KOTOPOTO MCMOJb30BaH NMPOEKLIMOHHO-CMEKTPaIbHBIA MeTog,. PelleHne 3aa4 Nosly4YeHo B aHa/IMTUYECKOM BUZe, MPUYEM, B
BbIPKEHWAX A5 KOHTAKTHBIX HaNpshKeHWiA yHKLMS HEOLHOPOAHOCTW MOBEPXHOCTM OCHOBAHWS BblfeNeHa B SBHOM BULE.
370 N03BO/ISIET NPOBOAUTBL PACYUETHI AN1S MOKPbITUNA, HEOAHOPOAHOCTU KOTOPbIX OMMCHIBAKOTCS GbICTPO OCLMAMNPYIOWMMU 1
JaxXe paspbIBHBIMY (hYHKLMAMU. TaKkKe NoyyeHbl BbIPAXKEHWS 17151 ONPeSeNieHUs 0CafloK U Yr/I0B HAKMOHa LUTaMrOB.

Bszkoynpyruii oqHOPOAHbII CTapetoLuii cnoli ToNWmuHbl H ¢ TOHKMM NoKpbITUEM TonwwmHoi h
NEXUT Ha MOACTUNAIOLEM HeAeOpMUPYEMOM OCHOBaHWMMW. [MOKpbITUE 06/1a4aeT MOBEPXHOCTHON
HEOLHOPOAHOCTbH, TO ECTb €ro XKECTKOCTb MEHSIETCS OT TOUKM K TOUKe MOBEPXHOCTU. B HeKoTOpbIi

MOMEHT BPEMEeHW T, B MOBEPXHOCTb TaKOro CMOS HauMHaeT BAABAMBATHLCH PerynspHas cuctema
OJMHAKOBbIX MMOCKUX XECTKMX LWTamnoB cunamu P (t) ¢ akcueHTpucuTeTammn npunoxenus e (t)

(i=1,n,n- konnyecTBo LITamMnoB). O6MacT KOHTaKTa b —a& co BpeMeHeM He MEHSIHOTCS U OHM

3HaUNTENbHO 6OMbLLIE TONLWHBI NOKPbLITUA. 3aecb a, — /leBad KoopAuHaTa LwTamna, bl — €ro npaea#

KoopauHaTta. lNMpegnonaraetca Takke, YTO YKECTKOCTb MOKPLITUA MeHbLLE XECTKOCTN HWKHEro C/os,
WN )K€ OHW OQHOro nopAaaka.

3amMeHVB LITaMMbl HEKOTOPbIMW HOPMaslbHbIMM  pacnpefenéHHbIMU - Harpyskamm g (X,t),
[EVCTBYIOLLMMM Ha TeX Xe yyacTKax, rae v WTamrbl, N NprYpaBHsB BEPTUKa/bHbIe NepemeLleHns [1],
BbI3BaHHbIE 3TUMM Harpy3kamu, nepemMeLLieHnam Lwtamnos, nonyunm (i =1,n, Xe[a,,b])

X, t h 2(1- ((xt

GX) ( VZ)Z( qj( ) =8, (t) + xa; (x—m;), 1)
R(x) Ez(t_rz)

rie R(X) - yHKLLVIf-I, ONUCHIBAIOLLAA KECTKOCTb MOKPLITWA M 3aBUCALIAA OT YCNOBWIA ero

coegnHeHunA C HWXXHUM CNoeM, npuyem, B cny4yae naeasibHoOro KOHTaKTa

__ BEMXA-vi(¥)] E.(X) _
R(X)_[1+vl(x)][1—2vl(x)]’ a B Cnyyae r1agkoro R(x)_l V)’ v,(x), E/(X)

Koath(pmumeHT MyaccoHa W Moaynb KOHra nokpeitus, nN,, E,(t—1,) — KoadduumeHT MyaccoHa u

MOZy b YMPYroMrHOBEHHO AethopmaLn HxHero cnosi; O, (t) — ocagka i -ro wramna, o (t) —yron
ero noeopota; | — ToXAeCTBeHHbIV onepaTtop, V — MHTerpanbHbIi onepaTop BonbTeppa ¢ S4poM
nonsydect npu pactsxennn K(t,t), F —uHTerpanbHble onepatopbl ®pegronbma € SAPOM

OCECMMETPUUHON KoHTakTHOW 3amaun K [(X—&)/ H] [2], sasucswme ot ycnosuit coeguHeHus

HVXHEro c/1os 1 HeflehopmMmpyemMoro ocHoBaHus, 1, =5 (& +0) — cpegnHHas Touka i -ro wramna.
YCnoBws paBHOBECWS LUTAMMOB Ha OCHOBaHUM OMUCHIBAOTCS YPAaBHEHUAMM:

by b _
fa(xdx=R@®), [xq(xt)dx=e®R(), i=1n. @)
] g
Cpenas B (1) 1 (2) 3aMeHy NepeMeHHbIX Mo Gopmysnam
. —-n. . 2(E—n. . . .
oo 2xem) e 26TM) et m o, 2H 0 adh
b b T, T, b 2
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=28, 0 =a0, c0)- %
B h e 20-vd)g (k)
R G
oy BROEYD) ) BRIOROI-V)
E,(t—<,)b E,(t—<,)b
FRE) = [KI ) ) de, KK £) =2k, (lej

.
V() :_[K*(t*,r*)f(r*)dr*, K*(t', 1) = K(t—1,,1—1,)T,
1

W OMYCTVB B OKOHYATENIbHLIX (HOPMynax 3Be3f04KM, MOMYUMM CUCTEMY MHTErpasbHbIX YpaBHEHUIA
(xe[-11])

1 X6) B (5 B@®

]

TN
H
N
!
=

ct)m(X)q (x,t) + (1 - V)Zn: Fig'(xt)=8"(t)+a'(t)X, (3)

[dEnde=P'@), [&dEnde=m'@), i=Ln (4)

Jlerko BMAeTb, Y4TO Ha KaXKAOM LUTaMMe MOXHO 3afaTb OAWH W3 YeTbIPEX TWUMOB YCNOBWIA: OCafKy U
yros MoBOpOTa, BAAB/MBAIOLLYIO CWUMY W 3KCLEHTPUCUTET eé MNPUIoXKeHUs, 0CafKy U MOMEHT
MPUIOXEHNUA HArpy3KuW, BAABNMBAOLLYIO CWY W Yron roBopoTa LiTamna. PasymeeTcs, Ha KaXiom
LUTaMne BO3MOXEH CBOI Habop ycnoBuiA. OueBWAHO, YTO TOrfa CyLLEeCTBYET BCero 15 BO3MOXHbIX
BapvaHTOB MOCTaHOBKM 3ajayn. B faHHOI paboTe pacCMOTPUM /LWL PeLleHve 415 Cyyas, Korga Ha
BCEX LUTaMnax 3afaHbl CW/bl W 3KCLEHTPUCUTETbI MX MPUIOXEHNUS (KBasuCTaTU4eckue YCoBUS).
PeLueHna Ans oCTa/ibHbIX BAPUAHTOB CTPOATCA aHa/I0MMYHO.

MpvBesém cuctemy ypaBHeHW (1) ¢ 4ONONHUTENbHLIMU YCN0BUAMU (2) K OLHOMY ONepaTopHOMY
YPaBHEHWIO C AOMO/HUTE/IbHLIM BEKTOPHBIM YC/10BMEM. MprMeM, 4To

a(x,t)=q (xt)i', d(t)=8(t)i' ,a(t)=a'(t)i', P(t)=P )i,
M@t)=M'(@)i', k(xE)=k'(xE)i'i’, Gf(x):j_llk(x,g)-f(g)dg.

3[ech 1 fanee No BEPXHWM MOBTOPSIOLLMMCS MHAEKCAM MPOW3BOAMTCS CyMMUpOBaHMe oT 1 4o n,

eC/In N1eBas YacTb (hOpPMY/ibl HE 3aBUCUT OT 3TOro UHAeKca. Torga ypasHeHus (3), (4) MOXHO 3anucatb
B BUfe:

c(t)m(x)q(x,t) +(1-V)Gq(x,t) =0(t) +a(t)x, xe[-11], (5)
[LaEnde=P@), [ zactds=M). ©)

Bsegs (5), (6) 0603Ha4eHUs
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K(x.E) L
Q(x,t) = X)q(xt), K(xt)=——=—=—, F(X)=| K(x§&)-f(§)dg,
(x 1) =ym(x)a(x.t), K(xt) OOME) (X L (x.€)-f(6)dg
nonyunm (X € [-1,1])

QX 1) + (I = VIFQ(x, 1) :%\/%g))‘:mx,t), )

(AED 4o _pry [59GED 4o _mo). o
J. m(&) _Im/m(i) ==MO “

PelleHMe MOMYYEHHOrO pa3peLuaroLlero  OnepaTopHOro  ypaBHeHWst (7) C  BEKTOPHbIM
[0MONTHUTENbHBIM YC/IOBMEM (8) CTPOUTCS B Kacce BEKTOP—(YHKLMIA U3 Tnib6epToBa NPOCTPaHCTBA

L,([-11],V). Tak kak onepaTopHOe ypaBHeHWE W [OMOMHUTENbHOE YCNOBUE COAEPXAT (DYyHKLMM
JM(X), TO Npu NOCTPOEHWW peLleHWs CriedyeT YuuTblBaTb, YTO 3Ta (YHKUMS MOXET 6biTb
ObICTPOOCLMNNMPYIOLLE 1 AaXKe paspbiBHOW. [103TOMy B CTPYKTYpYy (yHKUMOHaNbHOro 6asuca
AOMKHbI BXOAUTL yHKUMK /M(X) . CuUCTEMA OPTOHOPMUPOBAHHBIX 6a3NCHBIX BEKTOP—(YHKLIA,
Y/A0BIETBOPAIOLLAS BbILLEOMUCAHHBLIM YC/TOBUSIM, CMOXET BObITb MOCTPOEHA MO CeAYHOLLEMY NPaBUy:

pk() i* T 1§kd§

, X)=p Xi', d,=1 J = ,

P (X) = oo Pk () =PI, d y [m@
T J, J, - J,

P P Cge L | P
k \]- \]., ‘ VOt [(Jea Ik o Jaa
k 2k 1 X Xk

Cnepys 0606LLEHHOMY MPOEKLMOHHOMY MeTogy [3-6], npocTtpaHcTtso L, ([-1,1],V) npegctasum
B BUfe MPAMOi Cymmbl eBkmgoBa npoctpaHctBa LY ([-1,1],V), 6ascom KoTOporo sBAsHOTCS
dyrkum {py(X), p;(X)}, w opToroHansHoro emy runbbeptosa mpocTpaHcTa LY ([-1,1],V) ¢
6asncom {p, (X)}, i=1n, k=2,3,... Toraa HenssecTHas BekTop—yHKUMA Q(X,t) 1 NpaBast yacTb
ypaBHeHust (7) nNpeAcTaBMMbl B BMAE CYMMbl (DYHKUWIA, OMpefenéHHbIX B MPOCTPaHCTBax
LO([-11,v) n L9(-11.V): Q=Q,+Q,, A=A, +A,. Mpnuem, W3 [OMNONHUTENbHBIX
ycnoBuii (8) cpasy MOXHO ONpesenunTh:
o e N ( JM'(t)-J,P'(t
Q% 1) = BOPL()+ 2PN e LOC-11V), 20 =2, 7= 2L OGO
V3 V36(3,3, - 39)
a  A(xt)=0. Bsead  OpPTONPOEKTOPbI P, :L,([-11],V) - LY ([-11,V) "
P,=1-P,:L,([-11,V) = LY([-11],V) v nopeiicteosas P, Ha (7), Mony4um ypaBHeHue ¢
13BECTHON NPaBOii YacTbtO
C(t)Ql(X,t) +(1 _V)PlFQl(X!t) = Al(xlt) - (I _V)PlFQo(X’t) = Al(x’t)!
peLLeHre KOTOpPOro CTPOWTCA B BWAe psda MO COGCTBEHHbIM (yHKUMAM onepatopa P.F:

PFOL() =00 (9, 0, = P! (¥).

1=2
Torga yHKUUS Ql(x,t):zzk(t)(pk(x), rae QYHKUMM Pa3NoXeHWs ONpeaensoTces U3
k=2

cootHowermit z, (t) = (1 - W ){A, (t)/[ct) + v I}, A, (t) — dyHKUMN pasnoxkeHus Npasoit yacTw
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no Bl(x,t) no 6asucy @, (x), W, — onepatopsl BonbTeppa ¢ Si4pom, SBASHOLLMECS pe30/IbBEHTaMM

anep v, K (t,t)/[c(t) + v, ]. OTmMeTUM, uTo peleHre nmeeT Bug, (i =1n):

i _L * i * i
q (xt) = m(x)[po(X)Zo(t)+ P (¥)z (1) +...],

TO €CTb B HEM OTA€/IbHbIM COMHOXWUTENEM BblAeNeHa (*)yHKLl'VIFI m(X) , YTO NO3BOJIAET NPON3BOANTL

BbIYMCIIEHNS B CAyYasx, Korga ()opMbl OCHOBaHWIA LUTAMMOB W MOBEPXHOCTHas HEOAHOPOAHOCTb
MOKPbLITUS ONMCbIBAOTCA BbICTPOOCLMNNMPYIOLLMMIA U AaXKe Pa3pbIBHBIMU QYHKUUSMM.

Onpegenv yHKUMIO Q. (X,t) MOXHO HaliTu N OCafikv 1 Yrnibl NOBOPOTOB LUTAMMOB, /15 Yero
Heo6XoAMMO MoZeiicTBOBaTL OMepaTopoM P, Ha ypaBHeHWe (7). YpaBHEHUS Ans 0CafokK W YrioB

nosopoTa npumyT Bug (i = 1,_n)

a'() = ﬁ{cm(l—vl)zi(t)+(l—vz){Kl”ozf(mKi‘lzf(t)iKikzk(t)}},
i _L B i B i o i 5 < _i i
50 = ﬁ{c(t)(l V)70 +( vz){Koozo<t)+K01zi(t)+kz_;,r<0kzk<t>}} e o

Takum 06pa3om, MocTaB/ieHa W peLleHa MnocKasd 3afada O KOHTaKTe Mexay BA3KOYMpyrum
CTaperoLMmM OCHOBaHMEM C TMOBEPXHOCTHO HEOAHOPOAHbIM MOKPLITUEM W KOHEYHOW CUCTEMOM
OAMHAKOBbIX YXECTKMX M/I0CKMX LUTAMIMOB, PACMONOXEHHbIX Ha OLHOM 1 TOM Xe pacCTOsAHWUU Apyr OT
Apyra (04HO 13 0606LLEeHNIA NeproanyYeckon 3ataun). PelleHre 3a4ad  MOMYYEHO B aHa/IMTUYECKOM
BUAE, MPpUYEeM, B BbIPDKEHWUAX 15 KOHTAKTHbIX HanpsHXKeHWA QyHKUMSA, OMuUCbiBatoLLas
HEOA4HOPOAHOCTL MOKPbLITUA, BblfefieHa B ABHOM BWAe. IDTO MO3BOMAET MPOBOAUTL PacyéTbl 414
MOKPbITWIA, HEOLHOPOAHOCTN KOTOPbIX OMUCHIBAIOTCA ObICTPO U3MEHSIOWMMUCS PYHKLUAMU.

ABTOpbI 61arogapsaT A.B.MaHXupoBa 3a MoCTaHOBKY 3afauyu, MonesHble 06CYXAEHUA U LiEHHbIe
coBeThbl. VccnefoBaHye BbINOHEHO NPY (IMHAHCOBOIN noagepkke PODU v MpasuTensctBa MOCKBbI
B paMKax Hay4yHbIX NpoekToB Ne 15-31-70002 «mon_a_moc» 1 Ne 16-31-00320 «Mos_a».
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PACIMPOCTPAHEHWE CABUITOBOW MN/1I0OCKOW 3nEKTPoyr|PyrQ|7| BOJIHbIB_
MbE3O3/TEKTPUYECKOM NMPOCTPAHCTBE C MNOJ/TYBECKOHEYHOW TPELLVHOWM

KazapsH A.A.

PaccmaTpuBaeTCs 3afiaua AUGPakLMM 3MeKTPOYNpPYroii BOMHbLI CABUra B AW3NEKTPUYECKOI COCTaBHOI cpefae, 06nagato-
Ll Nbe303hPEKTOM, MONYUeHbI BOJIHOBbIE MOAS YNPYTMX NepeMeLLEHNI 1 3N1EKTPUYECKOTO NOTEHLMaa.

Ynpyroe AuaneKTpU4eckoe NPOCTPaHCTBO 06/1aaeT Nbe303NEKTPUYECKUMI CBOACTBAMU, ABNISETCA
Mbe303/1IEKTPUKOM  TeKCaroHanbHOW CUMMETPUM Knacca 6mm € COBMajatoleli ¢ ocblo Oz
[EeKapTOBOI CUCTEMbI KOOPAMHAT rNaBHOW OCbO KpucTana. Mbe303eKTPUYECKMEe NOMYNpPOCTpaHCTBa

y>0, y< 0 wumetoT pasHble  TMbE303AINEKTPUYHECKME  TOCTOAHHbBIE: els, el(;), COOTBETCTBEHHO.
MonynpocTpaHcTBa ckpenseHbl no nnockoctn Y =0, X>0,-00< Z<oo (monHbIi KOHTAKT), a B
mwiockoctt Y =0, X<0,-0<Z<o0 wMexzy HHUMH OTCYTCTBYeT AaKyCTUYeCKUIl KOHTAaKT
(monyGeckoneunass tpemyHa B 1wiockocth  OXZ mpu X< 0). B momympocrpancrse u3
6eckoneurnoctu moz, yriom 0,(0<0, <m/2) x mmockoctu Yy =0 pacnpocTpaHsieTcs mrockas

BO/IHA caBura CO CneayrowmMmm 3Hav4eHUAMU aMnNanTygHbIX COCTaBAAKOWKMX MNepeMeLwleHna un
ANEKTPUNYeCKoro NoTeHLUMana:

| ) I

( ) |kxcoseo—|kysm60 n: ‘ :& —ikxcos 0, —ikysin 8,
%Y ri(n—r)!’ ®.00) Sue @
PaccmaTpuBaercs pmudpakumma nagamomeil  CABUTOBOH  siaeKTpoympyroi Boiaeel (1) B
IIbE302JIEKTPUYECKOM cpefie, OOYCJIOBIEHHAs HajaudyueM II0IyOecKoHewHO# TpemuHbl. Cpeza
HaXOAWUTCA B YCIOBMUAX AaHTUIUIOCKON gmedopmamuu. 3ajada 3aKII0OYaeTcs B OIpefeIeHHH
BOJIHOBOTO IIOJIE B COCTaBHOM IIPOCTPAHCTBe. Y YUTHIBAS TAPMOHHYECKYIO 3aBUCHMOCTb OT BpeMeHH!
(BPEMEHHOM MHOXUTENb €

iot

, ®—y4acToTa KonebaHui, t —napameTp BPEMEHM) BCEX COCTABIIAIONIMX

BOJIHOBOTO TIOJISI, JJISA ONPeJe/IeHNs aMIUIUTY IePEeMEIleH il U DIeKTPUIeCKOro norTeHyana (B
KBa3nCTaTUYeCKOM NPUBIMKEHNN) nmeeM crepyromue nuddepeHyansube ypaHesus [1]:
o° w, o’w

— +k*w=0,

oX ay

2 2
87?+8<D s =0, y>0 2)
ox' oyt gy

2 2

g V;ll+8 V;ﬂ+k12W2 =0,

oX oy

2 2 (1)

“§1+8‘D S kow, =0, y<0, 3)
OX ay g1
3gecb W(X,y), D(X, Y)— yHKUMM amnauTyg MNepemeLleHns 1 9MEKTPUYECKOro MoTeHuuana npu
y>0, a w(xy), ©(xy) npu y<0, k=w/c,k =w/c -BonHoBble uncna,
c=4/C, A+x)/p, ¢ =+/C, (L1+%,)/p — CKOPOCTM pacnpoOCTpaHeHWsi CABUIOBbIX 3M1EKTPOYMPYrHX
BOMH, % =65/Cu€y X1 =€5/Cr€y—  KOIDDULMEHTBI  3MEKTPOMEXAHWUECKON  CBS3M B

Nbe303/IEKTPUYECKMX Cpefiax, COOTBETCTBEHHO, ¢€,,,C,, — AMN3NIEKTPUYECKasd U yrnpyrad NoCTOAHHbIE
Mbe303/IEKTPNYECKOr0 NPOCTPaHCTBa, P — MJIOTHOCTb.

“ ]
Ha 6eperax TpewuHbl AN aMnanTyz HanpskeHnii G, Gy, NMeem ycnosus [2]:

ow oo
oyz(x,y):cMEJreﬂ.)E:O npn y=0, x<0, 4
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o (xy)= c‘l)awl+el‘§,) =0 npn y=0, x<0,

ay
a TaKke
W(X, Y) =W (X, y) =W, (X) npu y=0, x<O0. (5)
PeLLieHNs ypaBHeHvu7| (2), (3) BOMKHBI YO0BNETBOPATb KOHTAKTHBIM YCOBUAM:
o,(xy)=0 (x Y)=0y(X) npn y=0, x>0, (6)
W(X, y)-W (X y)=0 npn y=0, x>0. (7)

Beegém  dyHkumn 0, (X) =0y (X)0(X), w_(X)=w, (X)0(-x), rae 6(X)—yHKuns
Xasucaliga, ycnosus (4)-(7) MoXHO npefcTaBuTs B Buae [2]:

6. (%0)= 5 (x.0) =, (). ®
w(x,0)—w (x,0)=y_(x), (9)

T.€. 0, (X) — HanpsbkeHne npu y =0, a y_(X) NpeACTaBNSIET pasHuLY NepemeLLeHmii Ha Y = +0.

AN aMnAnTY [ 3NeKTPUYECKOro NOTeHLMaNa 1 COCTaBNSIOLLEN BEKTOPA M1EKTPUYECKOI MHAYKLN
MMEEM CeflyHoLLEe KOHTAKTHbIE YC/IOBUS:

O(x y)=,(xy) npn y=0, (10)

D, (% y)=D{’(xy) npn y=0, (11)
ow oD oW oD

rne DZ(X, Y)zelsg_ 1A Dél)( ) el(é)g_ 1 A~ oy (12)

— COCTaBNAtOLLME BEKTOPA 3NEKTPUYECKOW MHAYKLMW B Nbe303NEKTPUYECKMX MOMYNpPOCTPaHCTBax
y>0, y<0; g, — AnanekTpnyeckas noctosHHas cpegbl Yy < 0.

.51 peLLeHns NocTaBNeHHOM 3aaumn NPUMEHSIEM UHTErpabHOe Npeo6pasoBaHme dypbe:

0

v‘v(c,y):j w(x, y)e dx, (T)(c,y):id)(x,y)ei‘“dx

—00
a) B uactHocTn, npu €7 =€, T.e. NP1 Mbe303NEKTPUYECKOM MPOCTPAHCTBE C MOy6eCKOHeUHOM

TpewmHon onpegeneHve QyHkunin (o), (o) CBOAUTCA K PeLleHnto  (hyHKLMOHaIbHOrO
ypaBHeHus [2]:

g, (o) + %“\/02 —-k* L+ ) K(o)y_ =-2mikc,, (1+7%)sin0,5(c —kcos,), (13)
roe K(o)=1+y —% ,  8(o)— n3BecTHaa PyHKums [upaka.
c- -k

®yHkumna K(c) 1meeT HyneBble 3Ha4eHNs TONMBKO NpU G = £G,, rae
1+y

1+2y

CnepoBate/ibHO, B noaynpocTpaHcTBe X <0 pacnpocTpaHsieTcs 06yCnoBneHHas Audpakuueid u
Nbe303(heKTOM NI0KaM30BaHHas y 6eperoB TpewuHbl Y =+0 MoBepXHOCTHAs BO/HA CO CKOPOCTbIO

o/c,:

n-

c,=KkK > K.

—K?

Wy (X Y) =+ A, e e (14)

A - x@+%)i K*(c,)sin6,/2 \2k(c, +K)

1+2y  K*(kcos®,) kcosf,-oc,
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BO/IHOBOE MO/Ie COCTOUT eLg 1 13 AudparpoBaHHOl 3aTyXatoLeli 06bEMHO BOMHbI, MajatoLLein 1
OTPaXXEHHOW BOJH.

6) B cnyuae, ecnm efé) =—g;, T.e. x, =% K =K, TpaHcthopmaHTbl Pypbe QyHKLMIA aMnanTyq
NepeMeLLeHNs 1 NOTEHUMaNa 3MEKTPUYECKOro MOMSA AN Mbe303/EKTPUYECKMX MOMYNPOCTPaHCTB
y>0 n y<0 npeactaBnstoTca B BUAE:

2"’ e Ve y+2n(A —1)g9"% (s — kcos 0,) +
+21e¥""%§(c — kcos0,),
B=-—2ns A et Gy
€n €n

(15)

\,—\4:_E eV Lo A e §(5 —keosB,),

O, = ZnﬁA0 eY°%§(c — kcos 6,) —Ev_vl,

€1 €1

(16)

(L+y)sing,
(L+7y)sin®, —iy cos0,

roe A, =

npu 7y = 0 (oTcyTcTBrE Nbe3oadiekTa) Ay =1.
®YHKLMOHaNbHOE ypaBHeHWe Ans onpedenennii (o), T, (o) umeeT Bua:
q.(c) +°—§4\/52 —K? (L+7)¥_(0) = —2nikc,, (L+ ) sin 0,8(c — kcos @, ),

(17)
AGVICTBMTeﬂbHaﬂ OCb KOMM/IEKCHOM MI0CKOCTU 06XO,EI,VIT TOYKW BeTBNeHMs —K CBEPXY, a k CHU3y,

Vo? —k* =—-ivJk* -c* [23].

rlpVIHVIMaH BO BHMMaHWe, 41O

27id(c —kcos0,) = L —— : —,
c—kcos0,—-10 o—-kcos6,+i0

13 ypaBHeHus (17) nonyuum [2-5]:
. _ 24J2ksin0,/2 1

- o-k o—kcosf,-i0’

. (0) = V2Kc,, (L+ y)sin 2o YO K

2 6—-kcosf, +i0

(18)

CnepoBartesnibHO, umes (15), (16), aMnantyasl nepemeLLeHnii 1 (yHKUMIA 3N1eKTPUYECKOro NoTeHuuana

npeacTaBnATCA B BUAE:

(w00} = 5 ] (W5, B o e o
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(@O} = [ (80,80, e (19)

B cnyvae x<0, y>0 amniuTtyaa nepemeLLeHUst UMeeT BUL:

W(X,y) = —@sm—j e
2 ' Jo— k(G kcos, +|O)

_|_e—|kxcose0+|kysm90 +Ab |kxcoseo+|kysm90

BOJIHOBOE M0/1e COCTOUT U3 ,qmq)parmpOBaHHoﬁ 06BEMHOI BOMHbI, Majatowwen 1 OTPaXEHHON BOSH,
T.€. IOKa/IM30BaHHasA (NOBEPXHOCTHAs) BO/IHA HE BO30Y)KAAeTCs.
Mpu x<0, y<0

\/7 cz—kzy
o y)——sm—j . No—k(o—-kcos6, +i0)

A) _ 1)e—ikxcoseo—ikysin 69
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HOBbI TUM JTOKATN3AUNN BOJIHOBOW SHEPI M BBEJIN3U HEMALKNX
MOBEPXHOCTEW MbE3OANINTEKTPNYECKOIO BO/THOBOA
KamansiH A.A., YHaHsiH A A.

Moka3blBaeTcs, YTO pacnpoCcTpaHeHe HOPMasibHbIX CABUTOBbLIX 3/1EKTPOYMNPYrUX BOJH B Nbe30AN3NEKTPUYECKOM Cloe-
BOMIHOBOJE C LLUEPOXOBaTbIMV MOBEPXHOCTAMM, Hapagy ¢ BonHamu [ynsesa-bntocTeliHa xapakTepu3yeTcsi HOBbIM TWUMOM
NoKa/m3auyn BOMHOBOW 3HEPrvn BOMM3U Hernagkux MOBEPXHOCTel. BupTyanbHbIM BblfeEHNEM MPUMNOBEPXHOCTHBIX
TOHKMX C/I0EB MEpeMeHHOW TOJLMHBI 3afava MPUBOAUTCA K MCCMEA0BaHWMK) PacnpocTpaHeHUs HOPMasbHOM BOJHbI B
MHOFOC/IOIHOM BOMHOBOAE. PelueHne 3afaum ynpowjaeTcs BBogoM runote3 MELS. [MonydaeTtcsd, 4TO nokanun3aums
BO/THOBOW 3HEPrMM 3aBUCUT TaKXKe OT (PYHKLMWU HErnagkocTW MOBEpXHOCTeN BONHOBOAA. Mpu onpefenéHHbIX 3HA4YeHUsX
NHENHBIX XapakTePUCTUK LLUEPOXOBATOCTW MOBEPXHOCTEN MOXET BO3HUKATb BHYTPEHHWIA Pe30HaHC W (PUKTMBHbIE
[MNHAMUYECKMe Harpy3Ky B MPUNOBEPXHOCTHBIX CI0AX. BO3HMKAOT TakXe 30HbI 3aMpeTHbIX YacTOT B BO/IHOBOJE.

BBegeHue. Jlokanusauys BOMHOBOW 3Hepruv BOMM3M MOBEPXHOCTW Tena npu AUHaMUYECKUX
mpoueccax fBMeHUe OpAvHapHOe. YacTo 3TO ABMEHME HYXKHO YCTPaHUTb, KakK HEHY)XHOe, a 4acTo
MOXXHO BOCMO/1b30BaThCS HA/IMYMEM 3TOTO AB/IEHMS.

Bnepsble 0 fI0Ka/M3aLmMK BOMIHOBOW 3HEPruM BCTPeYaemcs B MepBONCTOYHMKaxX [1+4]. Bonee
NoAPOOHO 0 /IOKa/IM3aLMn BOJTHOBOWM 3HEeprumn BOAM3M rpaHunL, pasgena cpes MOXHO HaiTu B [5+7] n
Ap. 13BecTHO, 4YTO MPUYMHON NOKanu3auuy BOAM3W rpaHWL, pasgena cpef SBNSeTCH HapyLueHue
OZHHOPOAHOCTY 3N(EKTUBHBIX (HU3MKOMEXAHNYECKMX XapaKTepPUCTUK 3TUX MOJeld, NpUBOAsLLME K
AD(EKTVBHBIM «Harpy3kam» Ha MOBEPXHOCTU pa3fena cpef. Hapsagy c€ aTWMKM MpuYvMHaMu Ha
MOBEPXHOCTSAX BO/IHOBOAA FEOMETPUYECKMMM HEOAHOPOAHOCTAMM ABMSAKOTCSA TaKXKe MOBEPXHOCTHbIE
LLIepOX0BaTOCTK, 06pasyloLLye CBOeobpasHbIii 3(MMEKTUBHBLIA TOHKUIA HEOLHOPOAHbLIA CNoi B
MPUrpaHnYHbIX 30Hax BOMHoBoAa [8+10]. 3pecb wccnefyeTcs BOMPOC /0KanM3aLyMn BOSHOBOM
3Heprm BOGMM3M LUEPOXOBATHIX MOBEPXHOCTEN Mbe304MINEKTPUYECKOTO BOIHOBOAA MPM PasHbIX
3NEKTPOMEXAHNYECKMX [PaHNYHBIX YCNOBUSX.

MocTaHOBKa 3ajayun. PaccMaTpuBaeTcs pacrnpoCTpaHeHUe BbICOKOYACTOTHOIO (KOPOTKOBOJHO-
BOr0) BOJ/IHOBOIO YMPYroro CABUIOBOMO CUrHana B MNbe30AM3NEKTPUYECKOM Cloe-BOIHOBOAE

Q= {|x| <oo; h (X)<y<h(x); |z| < oo} MepeMeHHOM  TOMWWHbI, TFAe  MOBEPXHOCTHbIE
LLIEPOXOBATOCTM OMUCHIBAKOTCS CNABO MESHOLLMMUCS (hYHKLMSMY

h (x) =-h,[1+e_sin(k x)+35_cos(k x)]; h (x)=h, [1+e, sin(k x)+35, cos(k x)]. (1.1)

[/ MHa HOpMaIbHO BOHbI B BO/THOBOM CUTHa/le HAMHOTO MeHbLLe 6a30B0I TONMLWMHBI CNOA A < 2h,
1 cOnocTaBKMa C IMHENHBIMI XapaKTepyucTUKamu LLIepoXoBaTocTen A, ~y, U A, ~ A, (puc. 1.1).

3fech v, 2 \Je’ +5° — MaKcMasbHas

amnautyga, a |, — cpegHuid war
5 ‘?Ytgfé MOBEPXHOCTHBLIX He POBHOCTEN COOT-
: “ | BeTCTBEHHO.

MpeanonoXxum, 4YTo  HEpPOBHOCTU
NoBepxHOCTK BONHOBOAa Y = h, (X)

-

\.\ \ \\.\ \.:\_\\'\.\_ g

SO

TANN

[0 YPOBHA y=h +y, 3a11Tbl XOpo-
WUM [M3NEKTPUKOM, & HEepOBHOCTM
noBepxHOCTW BonHoBoga Y = h (X)

A0 YPOBHA y=-h -y 3aIuTbl

XOpOLUVM MPOBOAHNKOM.
Ha puc. 1.1 TaKKe HY>KHO 3aMeTUTb,
YTO BUPTY&/IbHO BblAENEHHbIE U3

Puc.1.1 IIsesopmanexTpuyeckuii  BOJTHOBOZ,  IIOBEPXHOCTHEBIE
IIEepPOXOBATOCTA  KOTOPOTO  3aIIOJIHEHBI  IOUDJIEKTPUKOM  W/WIU

SIEKTPOTIPOBO/IHITKOM BO/IHOBOAA  MbE30AMN3NEKTPUYECKME
cnou

QP 2{|x|<o; h(x)<y<-h +9; |7 <} (1.2)

0P 2{|x|<w; h —g, <y<h (x); |7 <o} (1.3)
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npu 06paboTKe NOBEPXHOCTEN BOSIHOBOAA B O6LLEM C/lyyae 0Ka3blBaOTC HEOAHOPOAHbLIMM MO CBOUM
TOHKUM TOJILLIMHAM.

Takum  00pa3om, Mbe30AM3NEeKTPUYECKUA  OLHOPOAHbLIA  BONIHOBOL —~ MOLENMPYeTCH  Kak
MATUCNONHbBINA HEOLHOPOAHbI BOSTHOBOZ B BAKYYMHOM MPOCTPAHCTBE.

B naeanbHO NPOBOASILLEN NPOCOiiKe
Q° 2{|x|<o0; —h —g <y<h(x); |7 <o}, (1.4)
KOTOpPbIA SBNSAETCA 3MEKTPUYECKUM 3KPaHOM  ¢° (X, y,t) =0, OyJeT pelleHO TONbKO YpaBHEHWe
ABVDKEHWS YNPYroro CABWra, 3anncaHHoro B Buae

LW (X, ) N do ., (% y,t) . W (X, y.1)

G p (1.5)
ox’ oy ot
1 MaTepuanbHOe COOTHOLLEHWE A/151 CABUIOBOr0 MEXaHUYECKOro HanpshKeHUs
ow°(x, y,t
o, (% y.t) =G°¥. (1.6)

Mpy peLleHnn 3atayn, B ABYX TOHKUX MPUNOBEPXHOCTHBLIX HEOAHOPOAHLIX Mbe30AN3NEKTPUYECKNX
cnosix (1.2) n (1.3) ypaBHEHWS 3N1EKTPOAKTUBHOIO casura 6yayT 3anvcaHbl COOTBETCTBEHHO B BUE:

2 2 o + oy, 2
Gi(y)wjuei(y) 0 (pi(Xz, ) + O, (% Y1) = pi(y)w (1.7)
oX oy ot
o (WYY () Tetey) B0y (1.8)
OX OX oy

rge MatepuasibHble COOTHOLWIEHWA O KOMMOHEHT MEXaHMYECKOro Hanps>XeHnda wun VIH,D,yKLWIVI
ANNIEKTPUNYECKOT 0 NoJid UMEKOT BUA:

. ow, (x, y:1) o9, (%, ¥:1)
o, (Xxyt)=C(y)————+e(y)————

. ow, (%, y,1) ¢, (%, ¥:1)
D, (x,y,t) = ei(y)*——si(y)T. (1.9)
B 6a30BoM O0AHOPOAHOM NbEe30AN3NTEKTPNYECKOM C/10€-BO/THOBOAE NMOCTOSHHOW TOJIWNHBI
Q2 {[x <0 —hy+y_<ys<hy—vy,; 7 <o} (1.10)
peLLatoTCs KBasuCTaTUYeCKme YpaBHEHNS aHTUMIOCKOW 3/1eKTPOYNPYrocTy
VZW(Xv Ys t) = C;IZ ' W(Xv yvt) (111)
Vi (% y.t) = (e, /e,)  V'W(X y,t) (1.12)

3pech ¢ £G,/p,— CKOPOCTb OGBLEMHOM CABWUFOBOI 3N1EKTPOYNPYTOi BOMHbI B MbE30AN3NEKTPUKE,
G,— WECTKOCTb CAiBUra, p, — MNOTHOCTb, €, — Mbe303NEKTPUYECKMA MOAY/b U &, — KOIDDULMEHT
[V3NEKTPUYECKOI NPOHMLIAEMOCTY Cpefpbl.

) ) d A . .
B AvanekTpuueckoii npocnoiike QO = {|x| <o, h(X)<y<h +g,; |z| < oo} (1.13)
6yayT peLleHbl YpaBHEHNS BVKEHUS YNPYroro CABWra 1 ypaBHEHME 3M1eKTPOCTAaTUKM:

d

AN I I O 2 A CA)

Z o 2 (1.14)
ox oy at
2’0 (x, y,t) oD (x y,t
00 (xzy ), D, (xy ):0, (1.15)
oX oy

rge MatepuasibHble COOTHOLWIEHUA O KOMMOHEHT MEXaHMYECKOro Harnps>XeHnda wun VIH,D,yKLWIVI

ANIEKTPMNYECKOI 0 Nond UMEKT BUA:
ow’ (x, y,t 30 (%, Y, t

o (X y,t) =G’
oy

; DI(xy.t)=—¢
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(e)

MoTeHUMan aNeKTPUYECKoro nonis ¢ ° (X, y,t) BaKyyMHOro NosyrnpocTpaHCTBa

o2 <{|X| <oo; hy+0, <y < oo |Z| < oo} (2.17)

2 (e

onpeenvm u3 ypasHeHus Voo~ (X, y,t) =0 ¢ y4€TOM ero 3aTyxaHus B 6eCKOHEYHOCTU Y —> 0

07 (x y,t) = Ee" ™™ (1.18)
Ha BHeLLHeii, MexaH14ecKn CBOOOJHOM MOBEPXHOCTN y =—h —y_ WAeaNbHO MPOBOAALLEr0 TOHKOrO
cnos 6yfiemM UMeTb TO/bKO rPaHUYHOe YC/IoBUE:

o, (x~h-y,1)=0. (1.19)
Ha Hernagkoi noeepxHoctn Y = h (X) y[0OBNeTBOPSETCA YCNOBME CONPSXEHHOCTMN 3/1eKTPOMEXaHN-
YeCKMX MoJei Nbe3oAMaNeKTpuKa U naeasbHoro NPOBOLHMKA

w (X h (x),t) =w°(x,h (x),t); ¢ (x,h(x),t)=0 (1.20)
h'(X)o, (x,h (X),t) + c,(Xh(x),t)= h'(x)c’, (x,h (x),t) + ccyz(x, h (x),t) .

Ha BupTyasibHO NpoBeAgHHOM cpese Y =—h +J_ y[OBNETBOPAKOTCA YC/OBUA COMPHKEHHOCTM
3/1eKTPOMEXaHNYeCKNX Nosei OA4HOPOAHOTO Y HEOAHOPOLHOTO Mbe30AN3NEKTPUYECKUX CNOEB

W (X,—h +y_,t)=w_(X,~-h +y_,t); o, (X-h +y_,t)=0_(x,-h +7_,1);

o) (X,—h +y 1) =0, (X -h +y t); D (x-h +y ,t)=D (x,-h +y 1) (1.21)
AHa/IOrMYHO, Ha BHELLHE, MexaHW4ecKn CBOOGOAHONM MoBepxHOCTM Y =h, +7y, YAOBNETBOPAIOTCSA

YC/IOBWSI COMPSKEHHOCTU 3NEKTPOMEXAHUYECKUX MONENA, C YUETOM TOFO, UTO Yepes AM3NEKTPUYECKMIA
C/I0V 9M1eKTPUYECKOE MOJIe NPOCAYMBAETCS BO BHELLHEE BaKyyMHOE Mo/ynpoCTPaHCTBO

0" (xh, +7.0) =07 (XN +y.D);
o, (xh +7,,0)=0; DI(xh +y 1) =00 (x,y,1)/ 6y| . (1.22)
y=h,+1,

Ha Hernagkoit nosepxHoct Y =h, (X) cooTBeTcTBEHHO YAOBNETBOPAIOTCS YCNOBUS COMPSKEH-
HOCTW 3/71IEKTPOMEXAHUYECKMX MO/el C YUETOM HErNMafKoCT! NOBEPXHOCTY

w, (xh (0.0 =wd (xh, (0,8 0, (xh (0.1 = (x,h.(x),1) (1.29)
h (x)o,, (X, h, (X),t) + G;Z(X, h (x),t)=h! (X)GSX(X, h, (X),t)+ ng(x, h (X),t) (1.24)
 (X)D; (x,h, (x),1) + D; (x,h, (x),1) = h (DY (x, h, (x),t) + D (x h, (x),) (1.25)

W Ha BMPTYa/lbHO NPOBEAEHHOM cpese Y =h —Q  COOTBETCTBEHHO Y/JOBNETBOPAKOTCA YC/OBUSA
COMPSHKEHHOCTM 3/IEKTPOMEXAHNYECKMX MONEN, C YYETOM:

wo(xh -y )=w (xh -yt @, (xh -y .t)=0 (xh-y,1); (1.26)
G(;Z(X, h -y, t)=0c,(xh-v,,1); D(y)(X, h -y, ) =D, (x h -y 1)

3 npvBefEHHbIX TPaHUYHbIX YCMOBWA BUAHO, YTO KPOME BbILIENPUBEAEHHBIX MaTepUa/IbHbIX
COOTHOWeHnin (1.11), (1.13) n (1.16), M3-3a HaMUWUA HErnagkux MOBEPXHOCTEA BOMHOBOLA B

rpaHnuHble ycnous (1.18) n (1.21) BXOAAT TakKe KacaTeflbHble KOMMOHEHTbI MEeXaHUYeCKmX
HaNPSYKEHUIA N MHAYKLWW 3NEKTPUYECKOrO MOMSs COOTBETCTBYHOLLMX C/OEB

(0 %) =6, () D g () S
. ow (X, y,t 0 Yt
D (x, y.t) = e, (y) 2D () ‘p*(axxy ) (1.27)
o' (6 yot) = G LV o vy e 20 (YD) (1.28)
OX OX
o5 (%, y,t) = G° W (xy.Y) (1.29)
OX
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2. PewueHve 3agayu. Npu NpoxXoxaeHu HOPMasbHOro BOIHOBOTO CUTHas1a MO KOMMO3UTHOMY
BO/IHOBOZY, BO/IHOBOE pelleHne cucTeMbl ypaBHeHnuid (1.11) u (1.12) B OCHOBHOM Croe QO
3anuLueTcs B BUe:

w,(x, y.t) =[ Ae™ + B Je™ (2.1)
0,(x y,1) ={Ce" + D,e™ + (e, /e,) [ A€™ + B ™ |} . (2.2)

B ocTasibHbIX YeTbIPEX MPUTrPaHNYHBIX CNOAX, YHUTBIBAA UX TOHKOCTb, BBOAWUM runotesbl MELS
[8,9] 0 pacnpefeneHMn WCKOMbIX XapaKTePUCTUK BOSIHOBbIX MOMeli MO TOMWMHe Cnoés. B

BMPTYa/IbHO Bbl€N1EHHOM HEOAHOPOAHOM Mbe30ANANEKTPUYECKOM C0e Qf MPeACcTaBUM YNpyruii
CABUT 11 NOTEHLMAN 3N1EKTPUYECKOTO MONS B BUAE:

sh[ak(y—h +v.)]
+ ,h ’ _ , B , , B , ,
okt (9 £y ] - O OND LR = D] w (R =)

ShSFJ&;fZX) f“h: I*;])] [o.(xh 00,0 0,060, ~7.,0]+0,(x b, =7..9 (2.3)
B 0f4HOPOAHOM AN3NEKTPUYECKOM C/0e Cr/IaXnBaHUs Qf npeacTaByM YNpyruin cagur u
NOTEHLMaN ANEKTPUYECKOIro Noada B BUAE:
sh[ok(y—h.(x)] I:Wd(X,hO-f-y ) -w_(xh (x),t):|+w (x,h (X),1)
sh[ak(h, +y. —h (x)] ' o o
sh[ak(y-h (x)]
sh[ak(h, +y, —h (x)]
AHaNOrM4yHo cooTHoweHmsam (2.3) un (2.4), B BUPTYa/lbHO Bbl4e/IEHHOM HEOAHOPOLHOM Mbe30-

w (x Y1) =

0, (X, Y, t) =

w (X y,t) =

¢ (X, y,t) = [0 hy +7,. D)=, (xh (X)) [+, (xh (x),1) (2.4)

[U3neKTpruyeckom cnoe ° npegcTasum ynpyruin CABUI 1 NOTEHLMAN 3EKTPUUECKOTO MONS B BUJE:
shak(y+h —7v.)]

v Y = ¢ lh 3 - l_h I} l_h Il
W (X, y,t) sh[ak(h(x)+ho—y)]|:w (%10, 0) =W, (x,=h, +7.,1) |+ w, (x,=h, +7_,1)
_ sh[ak(y+h -g)] |.
X, y,t)=11- (X,=h, +g_,t), 2.5
PGy { Sh[ak(h_(x)+ho—g_)]}1( oy .

a B MAeaIbHO NPOBOAALLLEM C/I0e CraXKMBaHNA Qf npeacTaBuM ynpyruin CABUT B BUAE:
sh[ak(y—h ()]
sh[ak(-h, -y -h (X))

+w (X h (x),t)

BblbopoM runoTeTnyecknx npeactaBneHunii (2.3)+(2.6) obecneunBatoTcsa nepsble Napbl rPaHNYHbIX
ycnosuii n3 cuctem (1.20), (1.21), (1.23) n (1.26), a Takke nepBoe rpaHUYHOE YC0BME U3 CUCTEMbI
ycnosuii (1.22). Y noBneTBopsisi rpaHnyHbIM ycnosmam (1.19), a Takke BTOPbIM Napam ycioBuii (2.22)
1 (2.26), obecneynBaem NpefCcTaBleHNs BXOAALLMX B TPaHNYHBIE YCNOBUA BEIMUYNH MOBEPXHOCTHBIX

3HadeHnn  w_(x,h (x),t), w°(x,—h -y ,t), Wd(X,h0+y+,t), w_(x,h (X),t) 1 ¢, (xh(xX),t)

W (X y,t) = ][W°(x,—ho—y,t)—w(x, h (x).1) ]+

(2.6)

MOBEPXHOCTHBLIMU 3HaYeHUAMW peleHni (1.18) Ha nnockocT y=h +y, ¥ peweHnit (2.1), (2.2) Ha

NNOCKOCTAX y=h —y, U y=-h +y_, COOTBETCTBEHHO. Y JOBNETBOPAS OCTa/IbHbIM NATU MPaHNYHbIM

ycnoBusM, TpeTbemy ycnosuto 13 (1.20) u nocnegHuM ABym napam ycnosuin u3 (2.21) n (2.23),
noslyyaem [AMUCNepcroOHHOE ypaBHeHMe 06pa3oBaHHOINO0 BOMIHOBOro nosns. W3 nosy4veHHOro
AVCNEPCUOHHONO YpaBHEHUS OMNPefenstoTcs, 3aBUCALLME OT MOBEPXHOCTHbIX HEOAHOPOAHOCTEN,
BO/IHOBOE 4YMCNO M KO3(huuUMeHT hopmaobpasoBaHUs 15 MHOrOC/MIONHOrO BONHOBOga. W3
MOSTYYEHHbIX 3HAYEHWUI ONPeLeNstoTCA 30HbI YaCTOTHOIO YMOMYaHWS BOSIH NMPW pacrpocTpaHeHuu
HOPMa/IbHOV BOJIHbI B CEHABUKE-BO/THOBOZE.

MofcTasnas NoyyeHHble 3HaYeHUA BOTHOBOIO ymcia M KoapuumeHTa gopmaobpa3oBaHms B
NpeLCTaBfeHUs YNpyroro cAsura U 3neKTpuyeckoro noteHuwana (2.3)+(2.6), OKOHYaTeNbHO
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onpefensemM MnofHoe pacnpeeneHne 31eKTPOYNpPYroro BO/IHOBOrO Mosisi N0 TONLMHE BOMHOBOAA. U3
MOMYYEHHbIX NPeACTaBNeHUA NErko OnpeaennTb BO3MOXHOCTb BO3HWKHOBEHWSI BHYTPEHHErO
pe3oHaHca, a Take A(eKTUBHOM Harpy3KM B CNOSIX KOMMO3MTHOTO BO/THOBOZA.

ViccnenoBaHme BbINOMHEHO NP (MHAHCOBOM MnoafepXke [ocymapCcTBeHHOro KomuTeta Mo

Hayke MOH PA B pamkax Hay4Horo npoekrta Nel5 T-2C026.

w

I

10.

JINTEPATYPA

Lord Rayleigh (1885). «On Waves Propagated along the Plane Surface of an Elastic
Solid». Proc. London Math. Soc. s1-17 (1): 4-11.

A. E. H. Love, «Some problems of geodynamics», first published in 1911 by the Cambridge
University Press and published again in 1967 by Dover, New York, USA. (Chapter 11: Theory
of the propagation of seismic waves).

Lamb, H. «<On Waves in an Elastic Plate». Proc. Roy. Soc. London, Ser. A 93, 114-128, 1917.
Bleustein J.L. A new surface wave in piezoelectric materials. - Appl. phys. Lett., 1968, v.13, No2,
p.412-413.

Achenbach, J. D. «Wave Propagation in Elastic Solids». New York: Elsevier, 1984,

BukTopos 1. A. 3BYKOBble MOBEPXHOCTHbIE BOSIHbI B TBEPAbIX Tenax., M:, Hayka, 1981, 287c.
Biryukov S.V., Gulyaev Y.V., Krylov V., Plessky V. Surface acoustic waves in inhomogeneous
media, Springer Series on Wave Phenomena, Vol. 20, 1995, 388.

Avetisyan A.S. The boundary problem modelling of rough surfaces continuous media with
coupled physico mechanical fields, Reports of NAS of Armenia, (2015), vol.115, Ne2, pp.119-
131.

Avetisyan A.S. On the formulation of the electro-elasticity theory boundary value problems for
electro-magneto-elastic composites with interface roughness, Proc. of NAS of Armenia,
Mechanics, (2015), vol. 68, No2, pp.29-42.

Avetisyan A.S., Hunanyan A.A. The efficiency of application of virtual cross-sections method
and hypotheses MELS in problems of wave signal propagation in elastic waveguides with rough
surfaces, (2016), J. Advances in Physics, vol.11, Ne7, pp.3564-3575.

CBefieHMs 06 aBTOpax

KamaniaH AHLpaHUK ApMEHOBUY — KaHf,. (I13.-MaT HayK, M/1. Hay4HbIi COTPYAHUK VHCTUTYTa
mexaHuku HAH ApmeHuu, (+37494) 90 96 92, E-mail: Kamalyan.Andranik@yahoo.com;

YHaHaH Aper ApMeHOoBUY — acnupaHT NHcTutyTa MexaHnkn HAH Apmenun, (+37491) 77 55 33,
E-mail: Hunanyan.areg21@gmail.com

79



O PA3BUTUN MOAENEWN BUXPEBbIX 9/IEMEHTOB HA NMPUMEPE PACUETA
MPOCTPAHCTBEHHOIO ABVXXEHUA BUXPEBbLIX KOJIEL,

Kouyp O.C.

PaccmaTpuBaeTCcsi MeTOZA BUXPEBbIX 3n1emMeHTOB (MB3), mnpefHasHaueHHbIi NS  MOAENMPOBaHWUS  TeYeHWi
HEC)KMMaEMON XMAKOCTW. CpaBHMBAKOTCH pasnyHble Mogenn BD, nOCTpOeHHble Ha  Pas3fMYHbIX  AOMYLLEHUAX.
PaccmaTpuBaeTca Takke MeToA obmeHa mMHTeHcmBHOcTAMM (PSE - Particle Strength Exchange) BO ans yuérta BSi3KOCTW
Xungkoctu. Mpueogutcs npumep pacyéra ¢ nomoLLbto MBS coygapeHns ABYX BUXPEBbLIX KOJIELL.

1. BBegeHue

MeTofbl BMXPEBbLIX 3MEMEHTOB MpefHasHaueHbl [J1 pelleHns pasnnMyHoro Kracca 3afgay
AVHAMUKW YKUAKOCTM (HECXKMMAEMOR) M 3afjay B3aMMOAENCTBMA xuakoctu v teépgoro Tena (FSI,
Fluid-Structure Interaction). MB3 paccmaTpuBalOTCA KakK asbTepHaTUBa TPafULMOHHBIM CETOYHbIM
MeTOAaM, TuUna MeTOLOB KOHeYHbIX 06bEMOB (MKO), KOHeuHbIX 3neMeHToB (MKQ3) M KOHeYHbIX
pasHocTeli (MKP), koTopble fAe-(hakTo SBNAKOTCA CTaHLAPTOM B Cepe WMHXKEHEPHbIX pPacyéToB.
CeTouYHble MeTOAbl MMEKT W3BECTHbI pAfL  HefOCTATKOB: CXeMHas BA3KOCTb, 60sbLuas
BblUMC/IUTENIbHAA CTOMMOCTb, 60/bLUME 06BEMBI NAMATN XKECTKOrO AWCKa 415 XpaHeHUs Pe3y/bTaToB.
FSI 3agaun TaKkke ABNAIOTCA OLHUM W3 cabblX MeCT CETOK, MOCKO/bKY [ABWKeHMe TBEPLOro Tena
TpebyeT WCMonb30BaHNE AMHAMUYECKMX CETOK, YTO CYLLECTBEHHO 3aMef/ifieT pacyéT n fABMseTcH
MCTOYHMKOM MOrPELLHOCTEN annpoKcuMaLuy 1 HTepnonsuum. Kpome Toro, BHOCUTCS OrpaHuyeHmne
Mo MakCUManbHOMY MepeMeLLeHNIO TeNa, YTOObl COXPaHUTbL Ka4YecTBO CETKM MpU AethopMaLini.

MBO3 n03BONSIET YACTUYHO PELLUNTL HEKOTOPbIE U3 3TWMX MPo6/ieM 3a CYET WUCMOJb30BaHMA
narpaHxeBoro (6ecceToyHOro) noAxoda K pelleHuto ypaBHeHWii HaBbe-CTOKCa, rfe B KayecTse
3aBUCUMMbIX MepemMeHHbIX PaccCMaTpyBAeTCs 3aBUXPEHHOCTb, & He CKOPOCTb. [one 3aBUXPEHHOCTU
packnafblBaeTcs B CyneprnosunLyio 3/1eMeHTapHbIX MO/ 0COObIX AUCKPETHBIX BUXPEN — BUXPEBbLIX
anemeHToB (B3). B pesynbrarte 3ajaya CBOAMTCA K OMPELENeHU0 Ha KaK[OM BPEMEHHOM Luare
WHTEHCUBHOCTY B3 M K WX NepeMeLLeHnto, KOTOPOe COBMafaeT C MEPeMELLEHNEM HECYLLMX WX
XUOKMX YacTul, (ons waeanbHOM XMAKocTw). [lone CKopocTeld BOCCTaHaB/MBAaeTCA W3 MNOSS
3aBUXPEHHOCTN C MOMOLLbIO 3aKoHa Buo-Casapa. [locfie nepemeLleHnss BUXPEBbIX 3/1EMEHTOB B
COOTBETCTBMM C MOJlyYEHHbIM MOJIEM CKOPOCTel npouefypa MOBTOPAETCA A1 ClefytoLwero
BPEMEHHOTrO Luara.

B cnyvae BA3KON >XMOKOCTU BUXPEBblE 3/IEMEHTHI Y)XXE He MepeMeLlaloTcs B MPOCTPaHCTBe
BMECTe C MaTepuasibHbIMK yacTuuaMun. [ns onucaHus BA3KWUX 3adad TpeOyeTcsd CO3faHue HOBbIX
Mofeneli BUXpeBbIX 3/1eMeHTOB. CyLLeCTBYET HECKO/IbKO METOZAO0/OrMIA yYETa BA3KOCTU, OfHA U3 HUX
3aK/I0HAETCA B HAXOXKAEHUM T.H. «CKopocTn ®puamaHa» [1,2], KoTopas peanns3oBaHa K HaCTOALLEMY
BPEMEHW TONbKO A1 ABYMEPHOro cyyas. [pyroii nogxog, KOTopblil GyfeT pacCMOTPeH B JaHHOM
paboTte — MeTo4 06MeHa nHTeHcusHocTaMM (PSE, Particle Strength Exchange).

OcHOBHas Lenb paboTbl — MNOKas3aTb TeHAeHUMM pa3suTus MB3 Ha npumepe HEKOTOPLIX MOAeNei
B3, ykasaTb nyTuM [anbHelwuX WCCMefoBaHWA NS MOBbILWEHWS TOYHOCTU  MOAenel 1
3 heKTUBHOCTM PacHETOB.

2. Mogenvn BUxXpeBbIX 3/1EMEHTOB

PaccmMOTpUM 1AeanbHYO XUAKOCTb B 6e3rpaHMyHOM npocTpaHcTBe. Mpu 3afaHHOl CKOPOCTY Ha

beckoHeyHocTM V| W HayanbHOM pacnpegeneHnn 3asuxpeHHocTn ,(r) TpebyeTca onpefenuTb

none ckopoctu V(r,t) n saBuxperHoctn Q(r,t) Teuenus xuakoctn, r € R®, t [0, T]. YpasHeHus

AMHamMuKK (1) 3anuncbiBaeTCs B (hopMe YpaBHeHUs eNbMronbLia,
DQ_q.wy,

Dt

Dr_
Dt
Q-VxV, (1)
limV=V_,

[r|—>o0

Q| =Q,
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Mpon3BoNibHOe Mone 3aBUXPeHHOCTM Q(r) MOXHO NpeAcTaBATb B BUAE Cymneprnosvuumn
HeKOTOpbIX (YHKLMIA @, (I), KOTOpble Ha30BEM 6asVCHbIMW PYHKLMAMY B3, C MHTEHCMBHOCTBIO O,

Q(I’) :Zn:ak(pk(r) (2)

3aBNXPEHHOCTb SBMISIETCA MO ONPefeNieHN0  COoNeHoMAanbHbIM  (6e34MBEPreHTHLIM) MOMEM.
CnepfoBaTeNibHO, XenaTenbHO, YT06bl 1 6a3UCHbIe (YHKLMM TakKe ObiM CONEHOUAAIbHBIMM, MHAYE
nX cynepnosuums OyaeT Hapywatb (hyHAaMeHTalbHble CBOWCTBA BUXPEBLIX MOMEN, Takue Kak
3aMKHYTOCTb BUXPEBbIX IMHUIA, HYNIEBOV MOTOK 3aBUXPEHHOCTY Yepe3 3aMKHYTYH NOBEPXHOCTb U Np.

CylLuecTByeT C€nocob BbIgeNUTb COMEHOMAANIbHYIO 4YacTb M3 /1060  [0CTaTOYHO ObICTPO
yObIBaKOLLEeiA Ha 6ECKOHEYHOCTU (PyHKUMKM [3]. OTO MO3BONSET MCMONb30BaTb NHOObIE «YA06HbIE»
(hYHKLMW B Ka4eCTBe 3aroToBOK /11 6a3nCHbIX (hyHKLMIA BD.

Myctb @, (r)— HekoTOpas HempepbiBHas BeKTOpHas (yHKuUMSA. CooTHoleHue (3) sBnseTcs
0AHOW 13 (hopM BblaeneHus coneHom,qaanon vact @(r) cyHkuym @, (r)[3].

o(r) = %(r)—— j Vo, ()~ v, 3)

| rof
re MHTErpupoBaHKe NPOU3BOAVTCS MO NepemMeHHON I .

Bcé pasHoobpasue meTogoB B3O 3akntouaeTcs B Bblbope yA06HOM dyHKumm @(r) nm @, (r) (1
MOCNeLyHOLLEro BbiAeNeHNs 6e3amBepreHTHol vacTv @(r)), KoTopas NPUHUMAETCA B KauyecTse
6asucHolt (yHkumm B3 @, (r). Ons Kaxgoro Takoro B MOXHO BOCCTaHOBWUTbL MO/e CKOPOCTH,
nHAyumpyemoe @, (r) ¢ nomoLlbto hopmysbl bro-Casapa:

vk(r)sz+j‘pk(r) T=%) gy, . @)
v Aplr—r
[lanee C NOMOLLBID YypaBHeHWA [enbMronibua nony4aroTes aAudhepeHLnaibHble ypaBHEHNS
OTHOCWTENbHO MHTEHCMBHOCTEN o, B3.

PaccmMoTpyM HekoTopble Mogenn B3.

MeTo4 BOPTOHOB. B kauvecTBe 6a3vCHOM (yHKLMW BbIGMpaeTca O -(hyHKUMS B TPEXMEPHOM
MPOCTPAHCTBE, UYTO MMEET CMbICT HEKOTOPON «KOHLEHTPauun» 3aBUXPEHHOCTUM B HeCcyllein eé
maTepuasibHON TouKe. Takme B3 Ha3bIBalOTCA BOPTOHAMM.

Q) = Xy, Od(r—, (). ©)

rae Y, (t) — nHTeHCMBHOCTb BOPTOHA — BEKTOPHASA (hYHKLMSA BPEMEHW, (PU3NYECKMIA CMbIC/T KOTOPOW —

VHTErpasl BEKTOpa 3aBMXPEHHOCTM MO /1I060MYy MasnioMy 06bEMY BOKPYT BOPTOHA, PacrofoXXeHHOro B
Touke I,. Haimume O -PyHKUMM MO3BONSET M36aBUTLCA OT WHTerpana B (4), 4T0 AaéT mpoctoe

BbIpaXKeHWe [/1 HaBeJEHHON CKOPOCTY BOPTOHA:
Vk x(r-r,)
V, (r)="——X (6)
4mr - rk|
Mone cKOpoOCTW, HaBeLEHHOE CUCTEMOM BOPTOHOB, MOJyYaeTCs cyneprno3uuueli (6) U CKOpocTu
Ha 6eckoHeyHocTn V  :

n
Y x(r-r,)
V)=V, +> K (7)
i 4m|r—r|
Mpn  [OBWXEHUM BOPTOHOB BEKTOP WX WHTEHCMBHOCTU Y, [AeopmupyeTtcs. YpaBHEHUE

JethopMaumMy BOPTOHOB MONYYaeTCA Kak peLleHve ypaBHeHWs [elbMrosibLa B ¢1aboM CMbICTE, T.e. B
CpefHeM Mo HEKOTOpoMY 06bEMY V:
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j%vsz-VVdv (8)
\% Dt \

Mocne HeCNOXHbIX NPeobpa3oBaHMin NONyYaeTCs CNeaytoLlas cucTeMa ypaBHEHWIA, NOMHOCTLIO
onncbiBaloLLyO METO BOPTOHOB B camMoi 6a30BOI K1acCMyeckon NoCTaHOBKE:

r. =V(r.t),

yk =Y« -VV(I’k,t)
rae VV(r,,t) MOXHO HaliT aHaIMT4eCKm, ncnonbays (7).

BopToH HoBuKoBa. HefocTaTKOM K/TaCCMYECKMX BOPTOHOB SIBNSETCS TO, UTO d -DyHKLMS He
ONWCLIBAET COMEHOMAANbHOE NOJIe, & 3HAYMT HapyLlalTcA (DyHLAMeHTa/bHble CBOMCTBA BUXPEBOr0
[BVDKEHMA. DTO HeM36eXHO OyaeT MPUBOAMTL K HAKOMIEHWIO OLIMOKM [aXxe ecnn BEKTOPHOe Morie,
BblOpPaHHOE B KayeCcTBe Haya/JbHOTO YCNOBUA [NF 3aBUXPEHHOCTM, 6bl0 CONeHOMAANbHLIM. 14
nonyyeHns 6a3oBori PyHKLMM BOpTOHA HOBMKOBA BOCMO/b3YyeMCA COOTHOLLUEHMEM (3) 1 nosyymm
6a30BYI0 (DYHKLWIO B CNefytoLLem Buae

Q. (r)=y d(r_r)_,_i 3(r—r)(Y, -(r=r)) Vi (10)
k k k 4p |r_rk|5 |r_rk|3

9)

rfe NnepBoe CNaraemMoe OMICLIBAET CUHIY/ISPHYH YacTb (KNacCUUecKuii BOPTOH), a BTOPOE OMWCHIBAET
[,06aBOYHYHO 3aBUXPEHHOCTb, JOMO/HSAIOLLYHO NCXOAHOE Mose A0 COMEHOMUAANBHOTO.

MoacTaenss (10) B (8) 1 ncnonb3ys paBeHCTBO Q-VV:Q-[VV]T, OMyCTUB PAf, BbIKNAAOK,
MOXXHO NONYYMTb CNeaytoLLee paspeLLatoLLiee ypaBHeHVe aethopMaly BOPTOHa:

3 ly,x r,(r,-(y,x 1(y, xr, T
_ 3 5 S LYoV g e (VexV)) L (VX )Yy M) 1)
4 2 | 2 el

roe r,=r.—r.

BopToH-0Tpe3oK. ToyeyHble BOPTOHLI HOBMKOBA ABMAOTCA He
0YeHb YAayHbIM NPUMepoM 6a30BOI (DYHKLMK, NOCKO/bKY reOMeTpus
BMXPEBOrO MOMIS Takoro BOPTOHA He MO3BONSET B MOMHOW Mepe
yunTbIBaTb MpoLecchl  fedpopmaumu, nepe3amMblKaHNA BUXPEBbLIX
NVHWUIA. B 3TOM CMbicnie 60/1ee YaauHOW ABNSeTCA MOAE/b BUXPEBOrO
oTpeska — «(hparMeHTOHa» (CM. puC). PparmMeHTOH MpeACcTaB/sfeT
CO6OI HanpaBfeHHbIi OTPE30K AnuMHOW  2h, KOTOpbIi  MOXHO
accoumMpoBaTb C Y4YaCTKOM BWMXPEBOW NMHUW. Ba3ncHas (yHKUuA
3aBUXPEHHOCTV (PparMeHTOHa Mo/y4YaeTCcqd WHTerpupoBaHWeM BAOMb CBOEW [A/MHbI  6a3nCHOM
(hyHKUMM BopTOHa HoBmKoBa (10) (CUHIyNspHYHO 1 f06aBoYHYHO YacTm) [4].

1
Q,(r,r,,h,,y,) =hy, j_lS(r —(r,+h,9))-e,ds—

Vi

_hy 1 €, 3(r—(rp +he9))((r = (r, +hyS)) &) s (12)
" |r- (g +ho9)f (s

rae €,— eAMHUYHbIA BEKTOpP, HarnpaBneHHbId BAonMb parmeHToHa, h — pgavHa, h, =he,. 3tor

MHTerpan 6GepéTcA  aHaIMTUYecKW. [1oApOGHOCTM M KOHeYHbIM  BUA  6a3MCHON  PYyHKUMK
3aBMXPEHHOCTY M MHAYLIMPYEMOrO MO/ CKOPOCTW MOXHO HainTu B [4].
[ns BblBOfa ypaBHeHMA Jedopmaumy (parMeHTOHa aBTopbl UCMONb3YHOT ypaBHeHWe Tuna (9),

rae BMeCTo Y, ctouT BekTop h, . Takoii mogxoA, OAHAaKo, He B MOSHON Mepe YYWTbiBaeT BAUSHME

[06aBOYHON 3aBUXPEHHOCTW. [MonyyeHve 6Gonee TOYHOrO ypaBHeHWs Ha OCHOBaHUM (8) TpebyeTt
[OMOTHUTENILHOTO UCCNeA0BaHuA.

C nomMoLLbIO BOPTOHOB-OTPE3KOB MOXHO 60/iee TOYHO MOZLENMpoBaTh NPOTSXKEHHbIE BUXPEBbIE
CTPYKTYpbI, 3aMKHYTble CTPYKTYpbl, TWMa BWUXPEBbIX KOMEL, BUXPEBLIX PaMOK, YeM TOYeUHble
BOPTOHbI HoBMKOBA. PacuéTtbl u nccnefoBaHus [4] nokasbiBatoT, UTO TPeOGYeTCS 3HAUUTENbHO MEHbLLE
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OTPEe3KOB, YeM TOYeYHbIX BOPTOHOB HOBMKOBa [1A afjeKBaTHOro anmnpoKCUMUPOBAHWA BUXPEBbIX
CTPYKTYyp. B pabote [5] Takxe fenaetca BbIBOA O MPeAnoYTUTENIbHOCTY UCMO/b30BaHUA BOPTOHOB-
OTPEe3KOB Mo cpaBHeHMIo ¢ B3 ToyeyHoro tuna.

CrnaxeHHble B3. Hannume J -(hyHKUMN BO BCeX LaHHbIX MOAENAX MPUBOAUT K CUHTYNIAPHOCTK
nonsi CKOpocT! B3 — npu npnbamxkeHnn K LeHTpY B3O CKOpoCTb pacTéT [0 6ECKOHeYHOCTU. DTO
ABNSETCA MPUYMHON HeycToumMBOCTM CcuéTa. [103TOMy Ha NpakTUKE Yalle WCMosb3yrTCs
Crna>keHHble BOPTOHbI — B KOTOPbIX O -PYHKLMA 3aMEHAETCA Kakon-nmbo o -06pasHoi qyHKLMel
[6-8]. B aTOoM cnyuyae BOPTOH MMeET XapakTepHbl pa3mep &, KOTOPbI XapakTepusyeT 06/1acTb
MPOCTPaHCTBA, 3aHATOI0 3aBUXPEHHOCTLIO.

B pa6otax [6,8] mpvBefeHbl OLEHKW W KOHKPETHbIA BuL W TpeboBaHMA K O -06pasHbIM
(OYHKUMAM, MOAXOAALLMM Ha pofb Craaxusalowmx ana BO. Onpefenaiorca nopsgku u ycrosums
cxogumocT MB3 npuy MCnonb30BaHUM Takux (yHKUmA. CneayeT OTMETUTb, YTO UX UCMO/b30BaHNe
3a4aCTyt0 NPUBOAUT K FPOMO3AKUM W CMIOXHBIM [19 BbIYNC/IEHNA YPaBHEHUAM.

B pa6oTe [4] Takke npeAcTaBieH NPOCTOW BapUaHT CrIaXMBaHUA CUHTYNSAPHOMO ()parMeHToHa ¢
MOMOLLbIO fiApa C MOCTOSAHHOW 3aBMXPEHHOCTbIO paguyca €. XOTA pacyéTbl 0OTEKaHWs MIOCKUX U
MPOCTPaHCTBEHHbIX NPOdMel NoKa3bIBatOT XOPOLLEe COBMajeHNe C 3KCNEPUMEHTaIbHBIMU [aHHbIMU
[5], oueHKM MorpeLIHOCTel Takoro noaxofa W MopsfKoB CXOAMMOCTV METOAOB He MpPOBOAUNCE.
TpebyeTca npoBefeHUe LONOMHNUTENbHbIX UCCNef0BaHUI 19 aHaNM3a CXOAUMOCTU U BIMAHUA Ha Heé
pasNMYHbIX NapamMeTPOB YMCIEHHON CXeMbl (Hanpyumep, pasMep f4pa BOPTOHa €).

MB3 ¢ yuéTom BA3KOCTU. MeTog 06MeHa MHTeHcMBHOCTAMU (PSE)

Bce npviBeféHHblE MOAENN MONYYeHbl ANA UAeaNbHOM >XXUAKOCTW, B KOTOPO HE YYMTbIBAIOTCA
MPOLIeCChbI BA3KOr0 TPEHMS U AMCCUnauny aHeprun. Hanmyme BA3KOCTU BHOCUT COXKHOCTM B MBO,
MOCKO/IbKY B3 yXe He ABWXYTCA BMECTE C XXUAKUMMW 4yacTuLaMK, a ABUXYTCA C T.H. CKOPOCTbIO
dpuamaHa (anddysnoHHas ckopocTb [2]). Ans AByMepHOro [2] n oceCMMMETPUYHOTO [1] TeueHwui
CKopoCTb dpuamMaHa W3BECTHA, W HEC/IOXKHble MOAWU(MUKALMM NPUBELEHHBIX Bbile MOZLenen
MO3BONSAIOT NOCTPOUTL MBD, yunTbIBAIOLLMIA BA3KOCTb XUAKOCTU. HaxoxaeHne ckopocT PpuamaHa
AN5 TPEXMEPHOTO TeYEHWA ABNAETCA NMOKa HepeLLEHHON 3afaqelt.

AnbTepHATUBHLIM MOAXOAOM K YYETY BA3KOCTWU SBMISETCA METOZL O6MeHa WHTEHCUBHOCTAMM
(PSE), KOTOpbIA CTPOMTCA Ha OCHOBE CrNaXeHHbIX BOPTOHOB. MpuHUMaeTcs, 4To B3 npogomkatoT
ABUraTbCA BMECTE C >XUAKUMU YacThLaMu, UX HECYLUMMW, HO WMHTEHCUBHOCTL B3 meHseTca npu
B3aUMOAENCTBUM C 6avKalimmmn B3.

[na BA3KMX HEC)KMMAEMbIX TPEXMEPHbBIX TEYEHWUI YpaBHEHVE MepeHoca 3aBUXPEHHOCTU UMeeT
BUA,

%:Q-vv +NAQ (13)

NannacmaH BekTopa 3aBMXPEHHOCTW B MPaBOi YaCTW MOXHO annpoKCUMMPOBATb C MOMOLLbIO
nHterpana [8]

Af (X):ZI (f(y) = F()h, (x=y)dy (14)
rae M. (X)— dyHKunsa, 3aBucCALLas OT BblOpPaHHOW CraaxuBatolleli (PYHKUMM BOPTOHOB. [1a

BbluMcneHns (14) poctatouHo npefctaBuTb € Kak cyneprnosvumio nonein B3 (2) m nocumtathb
NHTerpaJ.

B pab6ore [8, ¢.144] npuBeaEH pe3ynbTaT NPUMEHEHNs AaHHON METOAMKM K BOpTOHamM HoBMKOBa
C anrebpanmyeckoil crnaxusarowein yHkupeir. CnegyeT oTMeTuTb, 4T0 PSE noka ocTaércs
HepeasIn30BaHHbIM B MOZE/IM BOPTOHOB-OTPE3KOB, YTO ABNSETCA TEMOV BeLyLLMXCA NCCNeJ0BaHWIA.

3. Tpumep pacyéTa coyaapeHns ABYX BUXPeBbIX KOJieL, C ucnosib3osaHem MB3

B kauecTBe npuvmepa paccMOTPMM 3afiadyy O COyfapeHuW [BYX BUXPEBbIX KO/eL, KOHEYHOM
TO/ILLMHbI, PAcnoONOXEHHbIX MOJ Yrnom Apyr K Apyry. 3Ta 3afjadva npeActasfiseT CNOXHOCTb A4
K/1aCCUYECKMX HeBA3KUX MB3, MOCKONbKY MPW KacaHUy KoneL, MPOUCXOAWT MPOLIECC UX paspbisa U
nepesamMblkaHus, 06pasys pas/iMyHble BUXPEBble CTPYKTYPbl B 3a8BUCUMOCTW OT HaYaslbHbIX YCNOBUA.
MpoLecc nepesamblKaHWA He MOXET OblTb OMMCaH MOLENbIO WAEaIbHOW >XUAKOCTW, MOCKONbKY B
MEeCTe KacaHuA KO/feL, BO3HWKaeT CUHIYNAPHOCTb, M CKOpOCTb B3 HeorpaHWyeHHO pacTér. 3To
MPVBOAWT K PE3KOMY HaKOM/IEHWIO OLUMOKM U «B3PbIBY» pacyéTa.
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B peanbHOCTV B MECTe KacaHWsi MPOVUCXOAUT AMCCUMALIMS 3HEPTUM 3a CUET CWN BA3KOCTU, UTO
NPUBOANT (MPU ONpPeAeNnéHHbIX YCI0BUAX) K Nepe3aMblKaHUIO KOMeL, 1 UX fafibHeliLLeMy [BUKEHNIO.

‘A\f "

t=0 t=17 t=35

Ha pucyHke npwvBefeHbl pe3ynbTaTbl pacyérta nepesamblkaHWA KOJel, MeTOLOM CriaXeHHbIX
BOPTOHOB HoBMKOBa 6e3 yuéTa BA3KOCTU. Paguycel Koney, — 1, paguyc sgpa — 0.1, umpkynaums 1,
Yrfbl HakKMOHa Konew, K BepTuvKanu — 10°, paccTosHve MeXAy LeHTpamu Konew, — 2, KOJIMYeCTBO
BOPTOHOB — 5540. Kak 1 0Xnaanochb, MOMHOro nepesamMblKaHns BUXPEBbIX NUHWUIA KOMeL, HEBA3KUM
METOAOM [OCTUYb He YAaéTcs, W pelleHue pacnagaetca npu t=3.5. Tem He MeHee, B peLleHWM
HabnofaeTca NpasusibHas AMHaMKKa fethopMaLMm 1 paspbiBa Konew,

B fanbHelileM nnaHMpyeTcs MOLENMPOBaHWE 3TOM XKe 3adayn C NOMOLLb0 BA3KMX MBO. B
yacTHocTW, B pabote [8] ¢ ucnonb3oBaHWEM MeTOAMKM PSE AOCTUrHYTO MONHOE Mepe3amblkaHue
Konew, npveojsLlee M60 K 06pa3oBaHMIO eUHCTBEHHOMO LeIbHOr0 Kosbla, M60 K 06pa3oBaHuio
ABYX KOMeL,, nepe3amMbIKatoLLMXCA B APYroM HarpasieHnun.

STOT pacuéTHbIi Cnyyail CTOMT B OAHOM pAfy C ApYrvMW 3afaqyaMu AWHAMUKW [BVDKEHUS
BUXPEBbIX KOMeL, B TPEXMEPHOM MPOCTPAHCTBE, YAOOHbIX ANA OT/afKM U TeCTUPOBAHUA MOAeNen 1
anroputmos MB3. [119 HEKOTOPLIX U3 HWUX N3BECTHbI aHAIMTUYECKME PEe3yNbTaThl.
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N3MEPEHWA YTNPYT X MOAYNEN B OB bEMHbIX
HAHOCTPYKTYPUPOBAHHbLIX MATEPUANAX, MONYYEHHBIX MHTEHCBHbBIMI
NAACTUNHECKMW JEPOPMALINAMN

Maromegosa A.K.

B nocnegHee Bpems 60/1bLLIOE BHUMaHMWE YAeNsSeTCS HOBOMY K/lacCy MaTepranos — C HaHopasmep-
HbIMW 0CO6EHHOCTAIMU, CBOCTBA KOTOPLIX OT/IMHAKOTCA OT TPANLIMOHHO MCMO/b3yeMbIX MaTepuasios.
CyLLecTBYeT Uefbli pAf, METOAOB MOMyyYeHWsi 06BbEMHbBIX HaHOCTPYKTYPUPOBAHHBIX MaTepuasnos, K
KOTOpbIM OTHOCATCH, B 4YaCTHOCTW, METOAbl CUHTE3a MOPOLUKOB M WX KOHCONWZAuMW, B uTOre
Mo/lyyaroT mMaTepuanbl, B KOTOPbIX pasmep 38peH COCTaB/sSEeT BCErO HECKOMbKO HAHOMETPOB. Takum
06pa3om, MX BHYTPEHHASA CTPYKTYpa OT/IMYAETCA OT CTPYKTYPbI B TPAAULMOHHBIX MaTepuanax.

HaHOCTPYKTYpHbIM MaTepuanaM 4acTo COOTBETCTBYHOT M3MEHEHHbIE (PyHAAMEHTaNbHbIE XapaKTe-
PUCTUKW, TaKne Kak yrnpyrme mogynu, Temnepatypbl Kiopu n [ebas n ap. 3HaHue nofo6HbIX BENNYMH
MOMOXET YNyULUWTb UK CO3LaTb HOBble MaTepuanbl [1].

Ynpyrve CBOWCTBA OTHOCATCA K (DyHAaMEHTa/IbHbIM XapaKTepucTMKam maTepuana, KoTopble
onpeenstoT MexaHWYecKmne CBOWMCTBA, YTO MPeLCTaBNseT co60i GONbLUOM MPaKTUYEeCKUn MHTEPEC.
3Has aTn JlaHHble, MOXHO Npe/cKasaTb NOBeAeHWe MaTepuaa Npy onpesenéHHbIX HarpysKax.

B pnaHHol paboTe paccmaTpuBaeTcs MPUMEHUMOCTb TPEX Hambosnee pacrpoCTpaHEHHbIX METOAMK
AN8 HAXOXAEHUSA YNPYrux XapakTepucTvK TBEPAOro Tena, Takux Kak Mogynb FOHra un koathguumeHT
MyaccoHa MOCPeACTBOM W3MEPEHMst MPOAOSLHOA W MOMEepPevHoi CKOPOCTU  PacrpoCTpaHeHms
3BYKOBbIX BO/IH B HAHOCTPYKTYPUPOBaHHbIX MaTepuasiax. 1o nonyyeHHbIM 13 3TUX METOAOB AaHHbIM
MOXHO YBUAETb MPOMUAM NPOXOXKAEHWS BOSIH HArpy3ky Mo Matepuany, YT0 MOXET pacLuMpuTb
061acTb NPUMEHEHMSA MONYYEHHbIX JaHHbIX.

C NOMOLLBI0 M3MEPEHHbIX 3HaueHWiA npogonbHoi V, 1 nonepeyHold V, ckopocTeii pacnpocTpa-
HEHUA BONMH CUMTAINCb 3HAYEHUs MapaMeTpoB, XapaKTepu3yHLMX YMpyroe COCTOSHWE Tena:
E(l—u) G E
V= Vo=, —. e G=—r—
! 1+p)(1-2 ‘ 2(1+
p(L+u)(1-2n) P (L+1)
Ko3(h(hmumeHT MyaccoHa.
Hwyxe npuBeseHbl HENOCPEACTBEHHO METOAVKM MO NPOBEAEHMIO IKCMEPUMEHTOB.

— moaynb cagura, E — mogynb FOHra, p —

Pe3oHaHCHbIN MeTof. NS M3MepeHWsi CKOpPOCTM B 00pasel, NeprneHAMKYNSpHO K ero rpaHam
BBOAWTCS [OCTATOYHO KOPOTKWUI BbICOKOYACTOTHbIV Y/bTPa3BYKOBOW wMMynbe. [Ans BBeAeHUA
3BYKOBOIO VMMMYy/bCa MCMO/b3YeTC KBapLEBbIA NpeobpasoBatesib, KOTOPbIA MPUKIENBAETCA K
OHOMY 13 TOpLIOB 06pa3Lia. PagnovmnynbCc 0T nepefaTyumka NpUKIagslBaeTcs K ABYM napassefibHbIM
MI0CKOCTAM NNacTUHKX npeobpa3oBaTenis, U B Hell B pe3ynbTaTe Mbe303NeKTPUYECKOro adekta
BO30Yy)XJaeTca ynpyras BO/MHA, KOTOopas pacrnpocTpaHseTca B obpasel. B KayecTBe npuémHUKa
MCNOMb3YyeTCA BTOPOI Npeobpa3oBaTe/ib Ha NPOTUBOMONOXHOM TopLe obpasLia. VICXOAHbIA UMMYNbC,
npoias no obpastly, 0TpPaXaeTcs OT NPOTUBOMONOXKHON IPaHNLbl N NNLLb YacTb 3BYKOBOW 3Heprum
nepefaérca npeobpasosaTesito, C MOMOLLLIO KOTOPOro MpeBpaliaeTcs 06paTHO B 3/1EKTPUYECKHUI
CUrHaJ1, KOTOPbIV YCUNMBAETCA YCUIMTENEM U 3aTeM MOCTyNaeT Ha ocumnniorpad [2].

1-reHepartop NPAMOYro/bHbIX UMMY/LCOB; 2 — reHepaTop
1 BbICOKOQYACTOTHbLIX UMMY/bCOB; 3,4 — BONIHOBOA,; 5 — yCUu-
TeNb; 6 — ocuunnorpad; 7 — Nbe3ofaTyuK reHepaTopa;

8 — o6pasel,; 9 — Nbe3ogaTymK NPUEMHUKA.

9
e

£

Puc.1l. Cxema yCTaHOBKM.
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Ha  ocuunnorpage  HaGMOAAOTCS  MHOTOKpaTHble  OTOGPaKeHUs  WMMNynbca  OT
nocKonapanieNbHbIX rpaHeil. Bpems Mexay AByX MoCnefoBaTe/lbHbIX CUrHA/I0B — BPEMS BOMHOTO

2l
NPOXOX/AEHNS MMMyNbca No 06pasLly. Taknum 06pa3om, MPOAO/bHAA CKOPOCTb: V, = T roe | -pnvHa

o6pasLa, t — Bpems BONHOIr0 NPOXOXAEHWA UMMy bca No 06pasLy.
B xoge paboTbl MCNONb30BANINCL 06pa3Libl PasNMYHOW TOMWMHBI. Ha puc.2 npuBefeHbl OCLMIIO-
rpaMmbl /19 KaX40ro obpasuia.

. M S Tok L @asConde: MAsSSSe  CLRIR

Tek N ® fu Cuonlete M Puss 553008 CURROR PR BRI L AR A IR y -

F I
Tryps freev]
[ 1irec]
k3 Soxs
i 1 S o]
P 100 us M2rig M 20y
a) 27-Dec— 3 1325 6) o Lee T3TEEL B) & Lee 137371

Puc.2. Ocumnnorpammbl akycTUYeCKOro curHana s obpasyos Ti TonwmHoii: a) h = 19,5 mm, 6) h =14 mm; B)h = 9,6
MM.

MOoXXeM paccumTaTb NPOAOIbHYH CKOPOCTb 3BYKa:

MM
h, TonwwHa o6pasua Ti, MM V,, NpoAo/bHaA CKOPOCTb 3BYKa, e
MK
19,49 58-6
13,98 6,1
9,6 58

K coxaneHuto, TONWMHA NPeLCTaBNeHHbIX 06pa3LoB OKasaiacb CAMLWIKOM 6O0/bLUOW, 4YTO He
MO3BOMNMO MOMTYYNUTb [aHHbIE MO MOMepeyYHbIM BOMHaM, T.K. CUFHa 3aTyxan BHYTpWU Matepuana.
YT0o6bI HaliTW TONLWMHY 06pa3L0oB A4/ NPUMEHUMOCTI AaHHOTO MeToAa, TPeOYHTCS AONONHUTENbHbIE
nccnegoBaHus. Hac Xe MHTepeCcyrT A0CTaTOYHO «MacCHBHbIe» 06pa3Lbl. JaHHbIA MeTOA NOMHOCTLIO
He peLuaeT NpeACTaBNeHHYIO 3a4a4y.

NmnynbcHbI MeTog [3]. MpousBoguncs yaap SNeKTPOHHLIM MyYykoM fo Al MulieHW, B Heit
BO3GYXXAANCA WMMYNbC MEXAHUYECKMX HamnpsHKeHUA. 3a MULLEHbIO Obln YCTaHOBMEH [aTuUMK
[ABNEHNS, C MOMOLLLID KOTOPOr0 PerMcTpupoBasioch BPeMsi PacrpoCTpaHeHUs BOMHbI N0 06pasLly

(puc.3).

g .
——=|Al | D

- -h

Puc.3. MiHuymaums 3s8ykoBoro nmnysnsca B Al.

Tek i @ Acq Complete M Pos: 2000 s TRIGGER
+
Type
source
CH
Slope

Mode
Morrnal

Coupling

CHz - 5000 F S00ns
27-DOec—13 1512
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Puc. 4. Ocuymnnorpamma 3ByKOBOro nmnysbca B Al.
Mo  BblgeNeHHOMY  BPEMeHWM  paccumTanM  NpPoAo/nbHYH  CKOpocTb  3Byka B Al
6MM

V,=——— =61 MM nc.4).
A~ 0,98mKc Yk P14

Janee k Al npucTbikoBbIBaiCA 06pasel, HaHOCTPYKTYpMpOBaHHOro Ti, a 3a HWUM pacnofaraim
neesogartyuvk (puc.5). B nonyyeHHOM curHase OyfLeT HaBOAKAa WM3-3a METOAMKM MPOBELEHMS
3KCMepuMeHTa, HO HaBoAKa OyZeT NMPOUCXOAWTL B TO BPEMS, KOrAa CUrHan pacnpoctpaHsetca no Al.
CKOpOCTb pacnpocTpaHeHust BO/HbI N0 Al Mbl 3HaeM, NO3TOMY MOXET NocyMTaTh Bpems pacnpocTpa-
HeHWsa no obpasuy 6oV ANNHLI, CNefoBaTeIbHO, MO UTOrOBOW OCLUINONPaMME MOXEM BblAeNNTb
curHan B Ti ¥ NOCYUTATb CKOPOCTb B HEM.

2 i
—=|Al |Ti | D

o [

B3 i
Puc.5. Cxema nHuymaLms 38yKoBOro ummnysbca B Ti.
Hwuxe Ha puc.6 npeAcTaBneHbl OCUMIOrPaMMbl, MONYYEHHbIE NPU SaHHOM METOAMKE AN pa3iny—
HbIX 06pa3yoB Ti ¢ TonwwmHoi h=2,3mm.

[Al, h=8,9mm [Ti, h=2,3mn

20

15

10 A

. |
Otwﬂuﬂw\ﬂwAV,WVMAJ \‘\MJ k,v /ﬂl\vf\v\j \w

-10 U

Ampl, V

-15

r r r r r r Y
-0,000001 0,000000 0,000001 0,000002 0,000003 0,000004 0,000005
Time, s

Puc. 6. Ocumnnorpamma 3B8yKOBOro MMMy/bca B cxeme Al+Ti.
Moxxem paccumTaTtb NPOLOSLHYHO CKOPOCTL 3BYKA:

_ V|, NPOA0NbHAA CKOPOCTb
h, TonwwHa o6pasua Ti,
MM
MM 3ByKa, ——
MKC
2,3 5,9
2,3 5,85

[JaHHbIM METOLOM He yAanoch U3MepPUTL MOMepeyHy CKOPOCTb BOJIHbI, T.K. BO3HUK/IA HEOOX0AM-
MOCTb CO3aHWSA CMeuuaibHOro Jatymka A1s NPUHATMSA CUrHana, MosTOMY OH TakXe He fan Ham
MOJTHOIO PeLLEHNS NOCTaBNEHHOMN 3aauu

OnNTUKO-aKyCTMYEeCKNA MeTog [4]. V13 npo3payHoi cpedbl Ha rpaHuLy pasgena C nornoLaroLei
Cpefoi nafaet nasepHblil UMMNYNbC. 3a CYET HEOLHOPOAHOrO Harpesa Mpw MOr/IOWEHNUN 1a3epHOro
U3NyYeHns cpefa PacLUMpAeTCs, U B Hell BO3HMKAET UMMY/bC AaBfeHns. Ha rpaHuLe 4acTb 3Heprum
OTPaXKaeTca 3epKasibHO, YaCTb NPOXOAWT B MOI/IOLLIAIOLLYIO CPeAy, a OCTaBLLAACA YacTb paccemBaeTCs.
OnNTWKO-aKyCTUYECKUIN [ed)eKTOCKON MO3BONSET KOHTPO/MPOBATb O4HOBPEMEHHO OTPaXEHHbIE U
NPOXOASLLME aKyCTUYECKME UMMY/bCbI B UCCNefyeMblX 06pasLax.

[JedekTockon cxemaTtuyeckn M3o6pakeéH Ha puc.7. imnynsc nasepa (1) HanpaBnseTcsa B OMTU-
YecKoe KBapLeBOe BOJIOKHO (2). JlasepHblil MMMynbC, BbIWEAWWA U3 BOMOKHA, 4Yepe3 (hacKy Ha
GOKOBOI MOBEPXHOCTM MPO3payHOro uuanHapa (3) najaeT Ha MPOTMBOMONOXHYHO MOBEPXHOCTb
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UWAMHAPA C HaHeCéHHbIM Ha Heé norowarowmm cnoem (7). B 3TOM C/ioe reHepupyroTcs
aKyCTUYecKune cUrHasibl. LIninHAp ¢ nnockonapasniebHbIMU LWAXGOBAHHLIMU OCHOBAHUAMMW AB/ISETCS
OJHOBPEMEHHO 3BYKOMPOBOAOM A/11 TEPMOOMTUYECKM BO30YXXKAaeMblX B 06pasue CUrHasoB. ITu
CUrHa/Ibl  PErUCTPUPYIOTCA  LUMPOKOMOIOCHBIM  Mbe3onpueMHUKOM  (5)(10 MKM).  AKYCTUYeCKUiA
KOHTaKT uccrnegyemMoro obpasla C  /IMLEBOM  NOBEPXHOCTbIO  LWAMHApa-3Bykonposoga (3)
obecneumBaeTcs uepe3 TOHKWUIA cnoii Bogbl (7). C nbesonpueMHuka (5) curHan nocTynan Ha
umposoit ocuunnorpad TDS — 754 (6).

to TDS-754
2 laser =0
1 3 pulse =
3
4 |8
— |
_{i
I I 7
= 0 acoustic™ ¥
=\ ‘

a b
Puc.7. Cxema AeheKTockona: a) ABYXCTOPOHHUIA fOCTYN K 06pasLy; 6) CbeMHbIM AHMLLE AedekTockona: 1 - nasep, 2 -
ONTUYECKOe BOMIOKHO, 3 - FON0BKa AetheKTocKona, 4 - obpasel, 5 - nbesogarunk, 6 — cupnnorpad, 7- abcopbupytoLmii cnoi,
8 - OTpaXaroLLWiA CNoii.
Ha puc.8. npeacTtaBneHbl ocumnnorpaMmbl 4is pasnnyHbiXx 06pasyoB Ti, C MOMOLLbH0 KOTOPbIX
CUMTaeM MNPOAO/bLHYIO CKOPOCTb PacnpoCTpaHeHMsi BOSH, U3MEPEHUS MPOBOAWANCL MO HYNEBOMY

YPOBHIO:

0.005- h=19.49mm
[e%
€
<
-0.005
1.0x10° 1.5x10° 2.0x10°

Time,s
Puc. 8. Ocumnnorpamma 3ByKoBoro nmnysbsca B Ti OA meToga.
Ha pwvc.9 npefcrasneHa ocuuiiorpaMmmMa, ¢ MOMOLLBKO KOTOPOW CUMTaeM MOMEPeYHyH0 CKOPOCTb

pacnpocTpaHeHus BOSH B Ti.
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--- h=4,48 mm

-3,0x10™ .\

-6,0x10™

Ampl, V

6,0x10” 1,2x10° 1,8x10°

Time, s

Puc.9. Ocuyunnorpamma 38ykoBoro umnynsca B Ti OA meToga.
Hwvxe npeactasneHbl YACNEHHbIE AaHHbIe 418 HAHOTUTaHa, uccnegyemoro OA MeToaoM:

V|, NPOA0NbHAA CKOPOCTb V, , norepeyHas
h, TonwyHa o6pasua Ti, MM MM MM
3ByKa, —— CKOpOCTb 3BYKa, ——
MKC MKC
19,49 6,049
13,98 6,045
4,48 6,001 2,9-3,05
Pe3ynbTaTbl U3MepPeHNs MNI0THOCTU (METOZ, MMAPOCTaTUYECKOTrO B3BELLNBAHNS):
HaHo-Ti rp
p=4,4326—
cM
NexoaHbliii Ti r
A p=4,27902
CcM

C nomouypto OA MeTofa MosydeHbl 3HaYeHUs NMPOLO/IbHOM U MOMepPeyHon CKOPOCTER 3ByKa B
HaHOCTPYKTYPUPOBaHHOM TUTaHe. STW 3HaueHus: Mogynb FOHra E =1,18-10™ (Ma) u koathhuLmeHT

MyaccoHa p=0,33. OHM oTanuatoTcs OT Tabmnudbix: E =112-10" (Ma) u koahduumeHT
MyaccoHa p=0,32. 3T0 NOKa3bIBaeT B/UAHWE HAaHOCTPYKTYPUPOBaHWS Ha Ynpyrue CBOWMCTBa

TuTaHa. [aHHbli MeTof OKasaics 3(PMEKTUBHbIM NS W3MEPEHUS YNpPYrux CBOMCTB 06LEMHOIO
HaHOCTPYKTYPUPOBaHHOIO Ti.

3akntoyeHne. B paHHoi paboTe OblM pacCMOTPeHbl TOMbKO 3 MeToAa, OAMH M3 KOTOPbIX
OKasa/Ica [e/iCTBYHOLLMM /1 AaHHOr0 TUMa MaTepuasios.

B HacTosiLee Bpems BefyTCA AasibHeiiLline 1UccnefoBaHUs Mo NPUMEHEHWIO Pa3/IMYHbIX METOLOB
AN19 U3MEPEHMA YNPYrnx CBOMCTB HAHOMATEPUAIOB A5 MOMyYeHWs 60/ee LLMPOKOro CNeKTpa AaHHbIX
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K TEOPUN CTOXACTUYHECKOI O NOTEHUWAJIA B TEOPUW YTIPYT OCTW

Makcunmosa /1. A., KOgeHkos A. B.

B cTaTbe pa3BMBaeTCs CTOXacTUYecKas TEOpUs NOTEHUMana B CBA3N C eé NMPUMEHEHNEM K PELLUEHWIO OCHOBHbLIX 3ajay
Teopum ynpyroctun. Ocoboe BHUMaHWe yaenseTcs 3agade Oupuxne ans N-aHaMTUYeCKUX QYHKUMA. AKTYyanbHOCTb TeMbI
MCCNeA0BaHMsA CBA3aHa C TeM, YTO TeOpMsl CTOXAacTUYECKMX KpaeBbIxX 3afiad Ha Knacce N-aHaMTUYECKUX YHKUWIA TONbKO
thopmmpyeTcs.

B paboTe faHa TOYHast MaTeMaTnyeckasl NOCTaHOBKa CTOXacTUYeCcKon 3agaun Aupnxne ans N-aHannTuy4eckon QyHKuun.
Pa3paboTaH HEO6XOAMMbIN MaTeMaTUyeckuii annapat. [okasaHa Teopema O CyLIECTBOBAHWUMN M €4UHCTBEHHOCTM peLUeHUs.
MonyyeH O6LMIA anropuTM PeLLeHMs CTOXaCTUYECKON 3adayun [upuxnie ais [OCTaTOYHO LUMPOKOro Knacca obnactei u
KOHTYpOB, McCnegoBaHa eé ycTonunMBoCTb. [JaéTcs npuMep peLleHWs MepBOi OCHOBHOW 3afayn Teopuu ynpyroctm ¢
NPYMEHEHNEM CTOXaCTMYECKO 3adaumn Ampuxne Ans n-aHaIMTUYeCKUX yHKUMIA.

Mpn uccnegoBaHWKM MCMOMb30BalaCb TEOPUS KPaeBblX 3afady ANA aHaIMTUYECKMX W BMaHaIMTUUECKUX (YHKLWIA,
KpaeBble CBONCTBA X-aHaIMTUYECKNX PYHKLWIA, CBONCTBA CTOXACTMUYECKUX AMPHEPEHLMAIbHBIX CUCTEM.

BBepeHne

3apava [upuxne ABASeTCA OLHON U3 BaKHEMWMX 3afay Teopuu noTeHumana. EE 3HayeHue
onpefensieTcs, B OCHOBHOM, ABYMSI MPUYMHaMW: BO-MEPBbIX, OHa CMYXXUT OCHOBOW ANA PeLUeHus
6onee CNOXHbIX KpaeBblX 3afady (3agayva Munbbepta, 3agava Pumana v ap.) [4], BO-BTOpbIX, C eé
MOMOLLBI0 MOXHO OMpeAeninTb KOMMMEKCHBIA NOTEHUMaN CTauMOHapHOro BeKTopHoro nona [3]. B
60MbLIMHCTBE paboT 3ajava [upuxne paccmaTpuBaeTCcA [ aHIMTUYECKMX (rapMOHUYECKNX)
(DYHKUMIA. DTO CBA3AHO C TEM, YTO KOMIIEKCHbIA MOTeHUMan Hambonee MpPakTUYeCKN BaXKHbIX
BEKTOPHbIX MONEN SABNAETCA aHAIMTUYECKON (yHKUMEeRn. HecKobKO OCOBGHAKOM CTOAT KpaeBble
3aflaun  CTaTM4YeCcKOM Teopuu YMpyrocTv Ans  M30TPOMHOro Tena W Tena, 06najatoLero
NPAMOMIMHENHON aHN30TPONKEN. B 3TOM clyyae KOMMAEKCHbIA NOTeHUMan npescTasnseT coboi Mo
OGraHaIMTUYECKYIO (DYHKUMIO, NGO aHaIMTUYECKUIA BEKTOP OT GMaHa/IMTUYECKUX aprymMeHToB [1],
[4].

B HacTosLlee Bpems MOXHO BbIe/IMTb [Ba OCHOBHbIX Criocoba pelueHws 3agaun Oupuxne ons
aHaIMTNYECKMX (PYHKLMIA. TepBblli OCHOBAH Ha UCMO/b30BaHUM CBOMCTB MHTErpana tmna Koww n
ypaBHeHWli ®pearonbMa 2-ro poga. Hawnbonee nonHoe pelleHve 3agayv Oupuxnie ykasaHHbIM
METOAOM MOXXHO HainTh B pabote H.N. Mycxenuwsunu [4]. Momumo 3Toro, HaunHas ¢ 1923 roga,
paspabaTbiBancs BEPOSTHOCTHbIV MOAXOA K pelleHnio 3agaun Aupuxne n eé o6o6uieHnin. B 1944
rogy C. KakyTaHu nokasan, 4TO pelleHMe KpaeBON 3agauv Oupuxie MOXET O6biTb BbIPaXKEHO B
TepMuHax GPOYHOBCKOro ABWKeHUs. BTOpoli noaxon Mo3BOSET CYLECTBEHHO 0CMabuTb YCnoBus,
HaknagblBaeMble Ha Kpaesble KOIPMUUMEHTBI 3a4aun. DTO NPUBOAUT K TOMY, YTO 3adadvy Aupuxne
MOXHO paccMaTpumBaTh B CTOXaCTMYECKOI nocTaHoBke [5].

CToxacTuuyeckaa 3agada Aupuxie Ha 60/iee LUMPOKOM Kacce N-aHaIMTUYECKUX (PYHKLMIA He
paccmaTpuBanacb. KpaeBble 3afaunm ANA N-aHAIMTUYECKUX (YHKUMIA 6blin nocTaBneHsl @[,
"axoBbIM C Le/blo faTb 0606LEHHYO MOAENb OCHOBHbIX 3aa4 TeOpUM YNPYrocTu A4/ O4HOPOAHBIX
M30TPONHbIX Ten [2]. Ha cerogHAWHNIA feHb Teopus KpaeBbIX 3ajay Ans N-aHaIMTUYECKUX (DYHKLMIA
B KMacCU4ecKol MOCTaHOBKe focTaToyHOo passuTta [2], [10], [11]. MonyyeHHble peLleHns yCrewHo
MPUMEHSAOTCA NS UCCeA0BaHNA OCHOBHbIX 3aay Teopum ynpyroctu [8].

Llenb faHHOM paboTbl: MPOBECTU UCCNefoBaHME OAHOM M3 OCHOBHbIX KpaeBblX 3afay — 3afauu
[vipuxne ans n-aHanMTUYeCKUX (DYHKLMIA B CTOXaCTUYECKON NOCTaHOBKE.

[MocTaHOBKa 3agaumn

MpnBeaEM OCHOBHbIE 0603HAYeHNs, NCMOMb3yeMble B paboTe.

C — pacumpenHas 1n/10CKOCTb KOMIM/IEKCHOTO NepeMeHHOro Z.

D — obnacth (KoHe4yHasd Um 6eckoHeYHas) Ha niockoctu C.

L — KoHTYp, orpaHu4mBatoLnii 06nacts D.

Z = x — [y — KOMILJIEKCHO-CONPSXEHHAA BeNNYNHa.

['peueckumu Oyksamm 6yaeM 0603Ha4aTb aHaIMTUYECKMe (hyHKLMK B 061acTm D.
H(L) — Knacc (yHKUWiA, yA0BNETBOPAIOLMX Ha KOHTYpe L ycnosuio Mefbaepa
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lo(t,) - o(t)| < Alt, -t,|".

0 —NPOM3BO/IbHas TOYKa Ha KOHTYpe L.

1, =inf {t >0,X(2) ¢ D} — NepBbI MOMEHT Bbixoga 13 D andidysHoro npouecca UTo {X (t)} .
M(*) — maTemaTU4ecKoe oXungaHue.

OnpegeneHne 1. F(z) Ha3blBaeTCA n-aHAIMTMYECKON (hyHKumeln B obnactn D, ecnn oHa sBnseTcs
PELLEHNEM YpaBHEHUS

"F(z

IF@) g (1)
0z

MoXkHO flaTb paBHOCWU/bHOE onpefeneHue [12], [10].

OnpegeneHne 2. ®yHKuMo F(z), 3agaHHYl0 B HEKOTOPOW KoHeuHol o6nact D, Ha3oBéM n-
aHaNNTUYECKON, eCV OHA NpefCTaBMMa B BUE

F0)=S 70,2, @)

rae ¢, (z) - aHanuTyecke KOMNOHEHTI.
B cnyuae, Korga n=2, yHKUMS Ha3bIBAETCSH BUaHAIMTUYECKON
F(2) = 0, (2) + Z9,(2) . €)
B neTepmMmMHMpOBaHHOM cryyae 3afada [upuxie Ans n-aHaIUTUYECKUX PYHKUMWIA (hopmynmpyeTcs
cnegytoLmmM 06pas3om.

TpebyeTcs ONpefennTb HEU3BECTHYHO N-aHA/IMTUYECKYHD (YHKUMIO B 06nacTy D no KpaeebiM
YCNOBUAM:

0"'F (o)
an—kxak—ly
3pech C, (o) — 3anaHHble Ha KOHType L dyHkumm knacca H™(L).
HecnoxHo 3ameTuTb, 4TO Npy n=1 3agaya (4) NepexoanT B KNacCUMYecKyto 3agady Aupuxne ans
aHaMTUYecKnX (rapMoOHMYECKMX) (PyHKUMA. Mpu N=2 3agaya (4) npeactaBnseT coboil nepsyto
OCHOBHY!I0 3aia4y ynpyrocTu 4/ U30TPOMHbIX OLHOPOLHBIX Tefl.

Cchopmynvpyem Tenepb CTOXaCTUYECKUIA BapuaHT 3aaaun (4).
TpebyeTcsi OnpefennTb HEU3BECTHYIO N-aHaNNTUYECKYH (yHKUMO B o6nacT D no Kpaesbim

ycnoBusm (4), rae paBeHCTBa BbINOMHAKOTCA MOYTY HaBepHoe, C, () NPUHAANeXNT Knaccy yHKLWA,

=c (o), k=1..,n. (4)

MMEIOLLIMX MPOU3BOAHYHO cTeneHn (N-1), CXOAALLYIOCS B CPeSHEM KBaJpaTUYECKOM.

Bo3HuKaeT BONPOC, BOMPOC O CYLUECTBOBAHUM pelleHns 3agadun [upuxne Ans n-aHaIMTUYECKMUX
(DYHKUMIA, YOOBNETBOPAIOLWMX onpedeneHnam 1,2. B obwem cnyvae oTBeT oTpuuatenieH [5.c.215].
[ns pewwexuns 3agaum (4) HEO6XOAMMO PaCLUMPUTL NOHATME N-AHAIMTUYECKOW (DYHKLMN.

MaTemaTnyeckuii annapart

Beeaém noHsaTne N-aHaNMTUYECKOR (hyHKLUMN.
OnpegeneHve 3. PyHKLMA
F(2) =U (X, y)+IV (X, Y) = 0,(2) + 20,(2) +...+ 2", (2)
B 06nactn D HasbiBaeTcsi N-aHaIMTUYECKOW, ecnin ans BceX Z € D 1 BCex OTKPbITbIX MHOXECTB W,
AN19 KOTOPbIX We D, aHaUTUYeCKNe KOMMOHEHTbI @ (2),....,¢,(z) npepcTaBUMbI B CreaytoLLeM
BUAE:
0 (2)=U, (X, y)+iV, (X, y) =M U, (X_ .Y N +IMV, (X, Y, ) (k=0..n). ®)
®yrkumm U, 1V, cBasaHbl MeXay co60i cooTHOLLEeHVAMK Kowwmn-PumMaHa.

CnpaBsef/iMBO YTBEPXKAEHVE.
Teopema 1. INMycTtb F — N-aHanntuyeckas QyHKuus, Toraa

A'F =0,
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M(f(z,))-1(2)
M(z,)

O6patHo, ec F < C*"(D)u A"F =0, To F — N-aHanMT4ecKas hyHKLuS.
[okas3aTenbCTBO. [N [0Ka3aTeNbCcTBa MPU N=2 [OCTaTOYHO ABAXKAbl MPUMEHUTb K (YHKLM

roe Af(z) = !ﬂg — XapaKTepuUCTUYECKUI1 onepaTop.

F(z) =0,(2) +E(pl(z) XapaKTepucTUYECKUIA onepaTop.
[ns fokasatenbCTBa 06paTHOro YTBEPXAEHMS BOCMONb3yeMcs hopmysol ApiHKuHa ([5].¢.235):

M (F(2,,)) = 90(2) + lm M (j (Acpoxzs)dsjﬁ-mm [f (Acpl)(zs)dswl(z)J=<po(z)+2<p1(z).

Teopema fjoKa3aHa.

Takum o06pasom, N-aHaMTMUecKas (QYHKUMA ABNAETCA CTOXaCTUYECKUM  aHanorom n-
aHaIMTNYecKon (PyHKUMKn. C apyroi cTopoHbl, N-aHanMTUYecKas (yHKLMA AB/ISETCA eCTeCTBEHHbLIM
0606LLeHnEM X-aHAIMTUYECKUX (DYHKLWIA, LUMPOKO MCMOb3YeMbIX B TEOPUM CyYaliHbIX MPOLECCOoB

[51, [9]
PeLueHue 3agayn
C y4éTOoM npesbligyLumX MyHKTOB CHOPMY/IMPYeM CTOXaCTUYeCKYHo 3atadvy Avpuxne.

TpebyeTcs onpeaenuTb HeusBecTHYt N-aHaIMTUYECKYH YHKLMIO

F(2) = 9, (2) + 20, (2) +...+ 29, (2)
no KpaeBbIM nylOBVlﬂM:

0"F(2)
an—k X@k_ly
C y4éTom (5) 1 COOTHOLLEHWIA:

o o0 o0 0 .(8 8}
+ =i :

=¢.(0, ).k=L1...n. (6)

1=0C.p

x oy \a oz
Ycnosus (6) MOXHO nepenucartb B BUE:

n—k k-1 n-1 ] _
k-1 o p p-o-p —o—B-1
Re\i“'Y CLY (FD°CLL Y ————=0  (9,(c, )" r=c(c,). 7
p=0 p:a+[3(p_0'_B)'

WccnefoBaHve 3afayum HadyHEM CO Cnyyasd, Korga KOHTyp L npegctasnsieT coboli eguHUYHYHO
OKPY>XHOCTb. B 3TOM C/lyyae Ha KOHTYpe BbINOJIHAETCA YC/I0BUE

1

a=0

S=—. (8)
o

Beegém BcriomoraTesibHble (YHKLMK:

o) ( ) ica g( 1)Bcl3 ril p! (l}p_a_ﬁ( ( ))(n—u—ﬁ-l) (9)
Z) = e - g D e o, (z .

k =0 kB:O klp:a+B(p_a_B)! z P

YuuTtblBas (8), MOXKHO nepenucatb ycnosue (7) B CNeaytoLLEM BUIE:

Re{®, (o)} =¢ (c.,)- (10)

PaccmoTpymM nepsoe ypaBHeHKe cuctemsl (10).

Re{®, (o, )} =c,(c.,). (11)

3apava (11) sensetcs 3agadeii Amprxne 0THOCUTEIbHO 1-aHaMMTUYECKOW UK X-aHaUTUYECKOI

(DYHKUMW.
3admkempyem Touky Z, =0. MycTtb {Dk} — BO3pacTarLLas NocneaoBaTe/lbHOCTb OTKPbITbIX

MHOXeCTB, cofiepxallyx Touky z, npuyem D, « D n D =U D,.
k
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Monoxum t, =1y, , T=Ty. Toraa B ci1y MapKoOBCKOrO CBOVCTBA

Req)l(z‘tk) = le M o [Cl(zr)] = M i I:Cl(z‘r) F‘rk:l :
Cnpaseg/iMBO cnegytoLLiee yTeepxxaeHue (cMm. [5] cTp. 218):
i!i_rll Re q)l(zrk) = Ll_r)?o M i ':Cl(z‘r) Frk:| = Cl(zr) ' (12)
3/)eCb CXOAMMOCTb MO/AraeTcs NOYTY ANA BCeX peanusaumii Ha npoctpaHcTee L (Q7).
PaccmMOTpuUM CrieflyroLLmMiA npoLecc
N, =@, (2, v (tAT ) —Pi(Zy) -

[JaHHbIli npouecc Ans Nto6bIx 3HaYeHUI K ABNSeTCS MapTUHIanom.

Cnpaseg/imBa OLeHKa

2
_cbl(zrk)‘ }

QZ=Q{sup [®.(z)-P,(z,)]> } % [

T SSSTyyy €

Monyumm, uto npn kK >0 Q* — 0.
CnepoBatenbHo, GyHkums @D, (z) sBnseTcs peleHvem 3agaun  (11), 4TO foKa3blBaeT

CYLLLECTBOBaHVe PeLleHnst AaHHO 3aaaumn.
[LOK&XeM eIMHCTBEHHOCTb 3aJaul.

MycTb y(z) - X-aHanuTunueckas dyHkums. Torga w(z) =M *(w(z,)) ans Beex k.
MonoXum, 4to Re{\V(GTD )} =¢,(c, ). Torpa
Rey(z)=limM*[c,(Z)|F, |=c,(z).

Taknm 06pa3om, eanHCTBEHHOE peLueHre 3aaaun (11) gaétcsa popmynoii

®,(2) =M (c,(2, ) +i U_ oM (ZEZTD D g M (2:2’0 ) dy] =G,(2).

(13)

AHanornyHo, MoxHo onpegenutb yHkum @, (z)(k =2,...,n).
|/|CKOMbIe aHanTUyeckKme KOMI'IOHEHTbI ornpegenum no gopmynam [2]:
n-1

k-1
(p- k “yr 7)™ = S lZC L2 DT (D). (14)
p=k-1 v=0

MogcTaBnss B paBeHCTBO (14) nocnegosatensHo k=n, n-1, ...,1, onpeaenum hyHKunn ¢, (z).
MonyyeHHbIli METOA peLUeHUs MOXHO PacnpocTpaHUTb Ha cnydaid, korga qyHkuma o(§),
KOH(OPMHO OTO6paxaroLas BHYTPEHHOCTb €AMHWYHOr0o Kpyra Ha MaockocTn & Ha obnactb D,

SBNAETCA MOMMHOMOM WM paupoHaNbHOW (yHKUMel. HanomMHWUM, 4TO /19 KOHeyHoin obnactu D
KOH(hOPMHO OTOGpaXKatoLLas hyHKLUA UMeET BUA:

2
o) =0, +a,E" +..+ agég'
PaccMOTPUM KOHEUHY 061acTb. B 3ToM cyyae

Zo[%j =& (08 +0,E0 et a ). (15)

BBefém [LOMOMHUTENbHbIE (DYHKLMKW, KOTOPble B CUY COOTHOLWEHUA (15) OyayT sBnAtbea X-
aHaNMTUYECKUMN:

_n—k . k-1 BB n-1 pl —p-a-p l (n—-a-B-1)
P =2C 2 (DL D o e @(cpp(z))zzw@ . (16)

C yuétom (16) kpaeBble ycnosus (7) NpuMyT BUA:
Re{®, (s, )} =, (a(s,)). (17)
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34ecb S — TeKylas Touka Ha eAvHWYHON OKPYXHOCTU Y. Cuctema (17) uccnegyeTtcs aHalorMyHo
cucteme (10). [ns 6eCKOHEYHON 061aCTW CXeMa PELLEHNS HE U3MEHSETCS.

YCTOMUYMBOCTL 3afayvn. YCTONYMBOCTb 3adaun Oupuxne ans N-aHaIMTUYeCKUX (PYHKLUWI
3aBWCUT OT TOrO, YCTOMUMBLI N1 3agaun cucTembl (11). BHeLHMe (haKTopbl MOFYT MEHSATb HarpysKku

Ha Teno, 4To B KpaeBblx 3afayax (11) o3HauaeT M3MeHeHVe napameTpoB C, (o). CornacHo thopmyne
(13) GeckoHe4HO Manoe 13MeHeHWe napameTpoB C,(G) nprBeagT K 6ECKOHEYHO MasoMy U3MEHEHMIO
MaTemMaTnyecKoro oxugaHns yHkunii ®, (z) . Takoe CBOWCTBO OTBEYaeT CUCTEMAM, YCTONUMBbLIM B

p-kBagpaTu4yHoM [6]. O6bIYHO, BbIOBUPAETCA CXOANMOCTL B CPEAHEM KBaApaTUYHOM (C, € L%(Q%)).

3akntoyeHve. B paboTte vccnefoBaHa cTtoxactuyeckas 3afadva Aupuxne ang N-aHaIUTUYECKNX
(DYHKUMIA Ans [OCTATOYHO LUMPOKOrO Knacca KOHTYpOB. 3ajava UCCNefoBaHa Ha YCTOWYMBOCTb.
MpvBeeHbl YNCNEHHbIE NpUMepbl. BeegeHO MoHATME N-aHaIMTUYECKOW (YHKLUMKW, UccnesoBaHbl eé
cBoicTBa. lMpakTnyeckas BaXKHOCTb paboTbl COCTOMT B TOM, YTO pa3paboTaHHas Teopus Mo3BOUT
NPUMEHATL K PELLIEHNIO OCHOBHbIX 3aJay Teopun YNpyrocTu CTaTUCTUYECKNE METOABI.
Pa60Ta BbINOMHEHa Npy NoAaepkke rpaHta PO®I No 15-41-02453.
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KOHTAKTHBbIE 3AAOAYN A/1A TOBEPXHOCTHO MOAN®NLIMPOBAHHbBIX
MATEPUANOB N KOHCTPYKLUUW

MaH>xmnpos A.B., KasakoB K.E.

MoBepXHOCTHas MOANMDUKALINS SBNSAETCA OAHUM U3 CaMbIX 3(EKTUBHBLIX U B TO XKE BPEMS SKOHOMUUECKM BbIFOAHBIX
CMOCOGOB CYLLECTBEHHOIO YNYULLIEHNS (IU3UKO-MEXaHUYECKMX CBOCTB MaTepuanoB 1 KOHCTPYKLIMIA, a TakKe Co3aaHus UX
HOBbIX CBOICTB, COOTBETCTBYIOLWMX 33faHHbIM TEXHUYECKUM XapaKTepucTukam. BypHOe pasBuTHE COBPEMEHHbIX
TEXHOJOMWA, B TOM YnC/e afAUTUBHBIX TEXHOMOMA, B NMOCNeAHee BPEMS CO3Aa/I0 YCMOBUS ANS CYLLLECTBEHHOTO PasBUTYS
M3BECTHbIX METOL0B MOAU(MKALIMM NOBEPXHOCTU TaK e, Kak 1 Ans pa3paboTKy COBEPLUEHHO HOBbIX MNOAX0A0B. VI3BECTHBI
[Ba OCHOBHbIX HarpaB/ieHWs MOBEPXHOCTHOM MOAMMMKALMM MaTePUANoB U KOHCTPYKLWIA. STO (h3MKO-MeXaHUYecKas u
reomMeTpuyeckas MoaudmKaumn. K (r3nKo-MeXaHWYecKoin MOAMMMKALMMA MOBEPXHOCTM OTHOCATCS, B 4aCTHOCTH,
TEXHO/OMMYECKME MPOLIECCHI HAHECEHWS MOKPbITHN C pa3HOO6Pa3HLIMI CBOWCTBAMM, NA3ePHOI 11 TEPMUYECKOI 06paboTKM,
VOHHO MMNNaHTaLWUW, 3NEKTPOXUMMYECKOW 06paBoTKM, paavaLyoHHOro 06/ydyeHns. K reoMeTpuyeckoii MoanduKaLmm
MOBEPXHOCTU OTHOCATCS, HanpuMep, MPOLIECChl M3HOCA, LUAMAOBKM, WOHHOE W NnasMeHHoe Bo3felicTBue. B paGoTe
06CY)X[AOTC MaTemMaTUYeckne MOAENM U MeToAbl UCCMefoBaHUs Aed)OPMUPOBAHUS, KOHTAKTHOrO B3aMMOAEWCTBUS U
M3HOCA MOBEPXHOCTHO MOAMMULMPOBAHHBLIX Te/l C MOKPLITUSAMM C YYETOM PeasibHbIX (IM3NKO-MEXaHWUYECKUX CBOCTB
MaTepUaioB U reOMETPUM NMOBEPXHOCTHbIX C/I0EB.

PaboTbl MO TEOpPeTUYECKOMY W 3KCMEPUMEHTA/lbHOMY WCCMef0BaHWIO 3afady ans Ten ¢
MOKPbLITUAMM, LLIEPOXOBATOCTAMU U (PU3NKO-MEXAHNYECKMMU 1 TEOMETPUYECKUMU MOLNPUKALMAMM C
MO3NLMIA MeXaHWKK CTasin BCe 6osiee NpKBeKaTb BHAMaHWE VHXEHEPOB U YYéHbIX B 80-e rofabl XX
Beka. JTO0 BHUMaHVe 06YCNOBNEHO [ABYMS 06CTOATeNbCTBaMuW. [MepBOoe — 3TO C/IOXKMBLUEECS B
HaY4HON MbIC NMOHWUMaHWe TOro (hyHAAMEHTAIbHOrO (haKTa, YTO 3aKOHOMEPHOCTY MOBEAEHUs Tes
npu LedopM1pOBaHU BO MHOTOM OMNpeenstoTcA CBOMCTBaMU UX MOBEPXHOCTW. MpuUMepoM 3/ecb
MOXET CMYXWTb LUIM(OBKA MOBEPXHOCTU, YOMPAtOLLas NOBEPXHOCTHbIE TPELMHbI Tena, W, Takum
06pa3oM, CyLLECTBEHHO YBe/MYMBAIOLLAA ero npejen NpPoYHOCTW. BTopoe 06CTOATENLCTBO — 3TO
Haya0 WHTEHCMBHOIO pa3BUTUA HOBbIX TEXHOMOTWA, MO3BOMMBLLEE HA MOPAAKN YBENNUUTb
KO/IMYECTBO CroCco60B MoAMMMKaLMM UK 06PaboTKM NMOBEPXHOCTY.

MepBbIMK 3aja4aMn B paccMaTpuBaemoii 061acTV CTaIM KOHTaKTHbIE 3afayun W 3aa4n M3Hoca
AN YyNPYrux 04HOPOAHBIX MOKPLITUN (CM., Hanpumep, [1-4]). ECTecTBEHHbIM pa3BUTUEM 3TUX 3afad
CTa/IM 3afja4n And OAHOPOAHBLIX BAKOYMPYrMX MaTepuanos, a 3aTemM W 3afjadu ANd ynpyrux u
BA3KOYMPYrMX Te/fl C HEeOAHOPOAHbIMU MO rNybuHe MNOKpbITUAMM (CM., Hanpumep, [5, 6]).
YCNoXHUNMCb W WX MaTematuyeckue Mogenwn. [anbHeillee pa3BuTUE paccMaTpyBaemoid
npo6siemMaTVK BbIN0 MPOLOIKEHO MO MYTU UCCNEA0BaHUA MHOXECTBEHHOrO KOHTAaKTa 1 13Hoca Ten
CO C/IOXHbIMX CBOWCTBAMW W PACCMOTPEHbI 3BOMIOLMOHHBIE CUCTEMbI KOHTAKTUPYHOLLMX Ten.
MogobHoro pofa 3afayn Mpueen K Heo6XOAMMOCTW WCCNefoBaHUA CUCTEMbl N UHTErpaibHbIX
YpaBHEHWI 1 2N AONOMHUTENbHBIX YCNOBUIA (N — KOMMYECTBO LUTAMMOB, AEACTBYHOLLMX Ha CNON).

Bo Bcex ynomsHyTbIX 3afayax MOCTPOEHHOE pelleHue Obio 3PMEKTMBHLIM B Ciy4ae, Korga
(hopMa y4yacTBYHOLLMX B MpoLeccax KOHTAKTHOro B3aMMOAENCTBUA M U3HOCA TeNl 6blia rnaskon.
Opyrumn cnosamu, B 3afayax O LUTaMMax MOXHO Obl0 PaccMOTPeTb, (PAKTUYECKU, TO/MbKO
NPAMONVHENHYIO MOBEPXHOCTb MOKPLITUA W TNadKy MNPAMONUHEVHY0 (OpMYy LuTamna, 4To
6e3yCnoBHO ABMISAETCA CWIbHOW WAeanm3auyeil peailbHOro SBNeHWS. BONbLUMHCTBO COBPEMEHHbIX
1CCNefoBaHNA MPOLO/KAIOT CMefoBaTh B (hapBaTepe YNOMAHYTbIX 33fia4y, MCMo/b3ys Yalle BCero
YMCNIEHHbIE METOfbl W Mofaras CBOMCTBA MaTepuasioB OLHOPOAHbLIMU, a MOBEPXHOCTU A0CTaTOYHO
rnagkumn [7-12].

B 10 e Bpems OypHOe pa3BWTUE HOBbIX TEXHONOMMIA B pamkKax TPeTbeid MPOMbILLIEHHOMN
PEBOMOLUM C OYEBMAHOCTbIO MOKa3ano, YTO MOBEPXHOCTHbIE CMOW [feTasieil nocne 06paboTku
(TemnepaTypHOI, Na3epHOMN, NOHHO-NYYEBO) CUIbHO M3MEHSIOT CBOM CBOMCTBA OT TOYKM K TOYKe
MOBEPXHOCTW, a [reOMEeTpWUs CaMOoM MOBEPXHOCTM MOXET ObiTb OMMcaHa CAOXHOM ObICTPO
n3veHsoLenca yHkumein [13-23]. B 3Tol CBA3M pa3BMBa/INCb HOBble TEOPETUYECKME METOAbl U
noaxofpl ANs afekBaTHOro ONMCaHWs [etOpMUPOBAaHNS, KOHTAKTHOTO B3aMOLEWCTBUSA W M3HOCA
MOBEPXHOCTHO MOAMMULMPOBAHHBIX MaTepuasioB W KOHCTPYKUWMIA [AnS WX NPUMEHEHWs B
pa3HOOOpa3HbIX MPUIOKEHWAX. bBe3pa3mepHble ypaBHeHWs [AnA  3afa4 O MOBEPXHOCTHO
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HEeoAHOPOAHOM MOKPbLITUNA N O KOHTAKTE LLIEPOXOBATbLIX TE/T UMEKOT BU[,

c®mO)(1 - V)alx 1) +(I _Vz)_[ k(x,€)a(&,1)dg = 3(t) + a(t)x— g(x), )

[aende=P@), [aEtede=M),

roe m(x) — GbICTPO M3MEHSOWAACA (YHKLWMS, XapaKTepusyrowas HeOAHOPOAHOCTb MOKPLITUA UK
(hopMy OCHOBaHMS LUTamna, PYHKUMS q(x,t) CBS3aHa C KOHTaKTHbIM AaBNeHVeM NoA LWTaMmom, P(t)
n M(t) — c gelicTBytOLLel cunoii u MomeHTOM eé npunoxerus, o(t) n a(t) —c ocagkoii n yrnom
noBopoTa LWTamna, g(x) — ¢ opmoii ocHoBaHmsa WwTamna, a K(X,&) — A4po NA0CKOW KOHTaKTHOM
3agauu, yHkuma c(t) v agpa K, (t,t) onepatopoB BonbTepa V, CBs3aHbl C XapakKTepucTUKamu
MOKPbITKS. ECTECTBEHHbIM MPOAOMKEHNEM AAaHHOTO HamnpaBfieHUs UCCNefoBaHUIA CTann 3afayn o
MHOXECTBEHHOM KOHTaKTe BSA3KOYMPYrMx Tes C MOBEPXHOCTHO HEOAHOPOAHbIMM MOKPLITUAMU U
PErynspHo cUCTeMbI LLIEPOXOBATBIX LLITAMMOB.

[ns pelleHns 3afad, ONUCbIBAOLMXCS ypaBHeHMAMU (1), 6bln pa3BUT MeTOA, MO3BO/AOLLMIA
3h(heKTVBHO OMUCLIBATbL Ae(hOPMMPOBAHME, KOHTAKTHOE B3aMMOAENCTBME WM W3HOC MOBEPXHOCTHO
MOAN(MLMPOBaHHbLIX MaTEPUaioB M KOHCTPYKUMIA. Ero MOXHO KpaTKO MpeAcTaBUTb CNeayoLuM
06pasom.

BbigeneHvne 0co6eHHOCTW pelleHMs B siIBHOM Buae. OCOBEHHOCTb PeLLeHUs MHTErpanbHoro
YPaBHEHMS COCTOMT B TOM, YTO OHO JO/DKHO, B YaCTHOCTW, COAEpXaTb ObICTPO M3MEHSIOLLYHOCS
dyHkuto M(X) . 4ng onpefenéHHOCTY pacCMOTpUM ypaBHeHwue (1). MocTpoum ero peLueHue Tak,

4To6bl M(X) NPUCYTCTBOBANO B PELUEHMM B ABHOM Bufe. [N 3TOro CAenaeM 3aMeHy nepeMeHHbIX
no gopmynam
k(x, &)
Qx.t) =a(x,t)ym(x), K(x,§) =——7—.
AM(X)/M(E)

Torpaa ypaBHeHus (2) npeobpasyoTcs K Bugy
1

00~V +(1- V) K ( DQE D1 - 5“”3% 909 _ F(x,1),

()

jQ(i ,t) I Q(i t) idiz M (t).

PeLueHme Takoro I/IHTeI'paﬂbHOFO YpaBHeHUS ¢ AONOMHNTENbHBIMU YCIOBUSMU CNELyeT UCKaTb B
Knacce (yHKUMIA HenpepbiBHbIX MO BpemeHn t B runbbeptoBom npocTpaHctee L,[-11]c
HEKOTOPbIM 6a3nNCOM TakuMM, YTO OH cogepuT 1/,/m(X), a ocTanbHble (yHKUMM Basmca MOXHO
ObIN0 MPeACTaBUTb B BUAE MNPOM3BEAEHUS (YHKLUWIA, 3aBUCALMX OT X U BECOBOW (YHKLUM

m(X) :

RO g g g o[ 2%

pk(x)= mx

tm(&)
‘]0 Jk 1 :O :1 . :k (3)
d=/: . |, BRX= . - .
k J oo d dk 0 | Jo v da
K 2K 1 N

Mpn m(x) = const tyHkumn P, (X) ABAAIOTCA OPTOHOPMUPOBAHHbBIMY NOMMHOMaMW JlexaHapa.

OnucaHHasi 3afiada MOXET ObiTb CHOPMY/MpPOBaHAa 1 pelieHa B 0606LIEHHOM BufeE,
MPeACTaBIEHHOM HIKE.
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OGOOLLEHHbIA  MPOEKLMOHHbIA  MeToA.  [lycTb  [JaHO  OMepaTopHOe  YpaBHEHWe

ct)(1=Vy)y(t) + (1= V,)Ay(t) = f(t), 4)
roe y(t) v f(t)— HenpepbiBHble QYHKLUMM t CO 3HAYEHMSMMU M3 TMNbGEPTOBA NMPOCTPaHCTBA H |
c(t)>0 — HenpepbiBHas cKanspHas (yHKuMs t; | — eAWHWYHbIA onepaTop; A — BMOJHe

HenpepbIBHbIA CaMOCOMNPSHYKEHHBIA NONOXWUTENbHBI onepatop 3 H B H; V, 1 V, — onepatopbl
BonbTepa no t, npuuém Ans no6bIX HempepbiBHbIX MO T CcKanspHbIX GyHKUMA o, (t) n o, (t)
onepatopbl (1-V;), (1-V,), {l —[o, )V, +®,(t)V,]} n vm obpaTHble He BbIBOAAT PYHKLMN U3
Knacca HenpepbIBHbIX.

MNb6epPTOBO NPOCTPAHCTBO H MOXHO NPEeACTaBUTL B BUAE MPSMOIA CyMMbl OPTOrOHa/bHbIX
noANpocTpaHcTB H =H°@®H". Toraa HenpepbiBHble QYHKLUMM t CO 3HAUEHMSIMM M3 NPOCTPaHCTBA
H MOXHO 3anucaTb B Buae anrebpanyeckori CyMMbl (PYHKUMIA M3 MOANPOCTPaHCTBA H° U
nognpocTpaHctBa H™: f(t)=f(t)+f(t), yt)=y @®)+y (), rae f°(t), y(t) — HenpepbiBHble
(yHKUMM t CO 3HAYeHMsMM M3 NognpocTpaHcTBa H°, a f (t), y'(t) — HempepbIBHbIE (yHKUMM T O

3HAUYEHMAMU 13 NOANPOCTPaHCTBA H ™.
O606LLIEHHAs MPOEKLMOHHAs 3afaya COCTOMT B C/eflytolem: NycTb QYHKUMKM  y(t) 1

f (t) yAOBNETBOPSAIOT ypaBHeHUtO (4). Ans 3afaHHbIX y°(t) U f7(t) HE06X0AMMO HaliTW HeN3BECTHble
GYHKUMKM Y (t) 1 fo(t).
PaccMOTpUM OMepaTop P°  OPTOrOHaNbHOTO MPOEKTUPOBAHUS W3 MNPOCTPaHCTBA H B

MOANPOCTPaHCTBO H°. Onepatop P”=1-P° MPOeKTUPYeT MPOCTPaHCTBO H Ha NOAMNPOCTPaHCTBO
H” . TakKe UMEKT MECTO COOTHOLLIEHNS:
Pf®) =11, PTO)=f (@), Py)=y @, Pyt)=y @®.

MopeiicTByeM onepaTopoM P™ Ha ypaBHeHue (4). B pesynbTaTe MosyyMM HOBOE ypaBHEHWUE,
KOTOpPOe Noc/ie HeKOTOPbIX NpeobpasoBaHnin NpuobpeTaeT BUL;

ct)(1-Vy)y (1) + (1 - V,)P Ay (t) = f(t) - (1 - V,)P"Ay'(t). )
MOXHO MOKasaTb, 4TO onepatop P°A  £ABNSETCS KOMMAKTHbIM, CaMOCOMPSHKEHHBIM 1
NONMOXUTENbHBIM U3 H™ B H™.

Myctb @, — COGCTBEHHble (YHKLUMM onepaTopa P°A, COOTBETCTBYHLUME COGCTBEHHbIM

3Ha4eHnsAM vy, -

P AQ, =, - (6)
3TN CO6CTBEHHbIE (hYHKLMM 06pas3ytoT 6asuc npocTpaHcTBa H™ U Torda N6yt HenpepbiBHYHO

(hYHKUMIO t CO 3HAYEHUAMM U3 MPOCTPaHCTBa H™ MOXHO NPeACTaBWTb B BU/E PasNoXeHNs N0 3TOMy
6asmcy:

Y=y Mo, f'O=2F0e, fO=0-VIPFY®= 0. ™

roe y (), f (t), f’(t) HenpepbIBHLI MO t.
Moactasnasa npeactasneHuns (7) B (5) n ncnonbsys (6), NoNyYnM ypaBHeHWe ONS OnpeaeneHus
(hyHKUMIA pa3noXxeHns v, (t), a, CNef0BaTeNbHO, U HEU3BECTHOMN (YHKLMM Y (t) :

C(t)Vl + kaz f*(t) _ fk* (t)- 1tk* (t)
L] k - .
c(t) + v c(t) + v
OnpeaenvB MYHKLUMIO y'(t) , MOXHO HaiiTK 1 f°(t) . [ns 3Toro nogeiicTeyeM Ha ypaBHeHue (4)

onepaTtopom P°. lMocne NpocTeilnx apuiMeTUHECKUX Npeobpas3oBaHUil NoyYMM ypaBHEHME A1
OnpeaeneHns HeM3BECTHON PYHKLMK f°(t)

f(1) = cO)(1 = V)Y () + (1 = V)P A(Y (1) + Y (1)) -

Ye(t)=(1-V)* /@) =1+ W T (), V=
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PelleHne MHTErpaibHOro ypasHeHMs 3afaun. Vcnonb3ys nNpuém Bbl4eNeHUs O0COGEHHOCTM
peLleHns N 0606LLEHHBINA NPOEKLMOHHbIA METOA, B UTOFe NOMYYMM CleaytoLlee peLleHve 3agaum (1)
AN NOBEPXHOCTHO MOAM(MLMPOBAHHOIO Tena. PaHee 6bi10 NOKa3aHO, YTO MPW MOMOLLM 3aMeHbI
NePeMEHHbIX YypaBHeHue (1) NpMBOAWTCA K WHTErpasbHOMY YPaBHEHUK C [AONOMHUTENbHBIMM
ycnoBuamu (2), B KOTOPOM GyHKUMKM c(t) , m(x), g(X), P(t), M(t) M3BeCTHbI, a YHKLUMM q(x.t),
o(t) m oa(t) nognexar onpegeneHwto. Takke 6GblNO yKasaHO, YTO B KayecTse 6aswca cregyet
NCMo/b30BaTh PYHKLMUN, KOTOPbLIE CTPOATCA NPW nomoLLm (3).

3ameTnM, 4TO rMNbLGEPTOBO NPOCTPAHCTBO L,[-11] MOXHO MpeACTaBUThL B BUAE NPSAMON CyMMbI
OPTOroHa/bHbIX  NognpocTpaHeT  L,[-11] = LY[-1 @ LP[-11], rge LY[-11] - eBKAMAOBO
npocTpaHCcTBO € 6asncoM {p,(x), p,(¥)}, a LP[-11] — runbbepToBO NPOCTPAHCTBO C 6Gasncom
{p,(X), ps(X),..}. ToablHTerpasibHas QyHKUMA W MpaBas 4acTb (4) NpeAcTasnaldTCA B BUAe
anrebpanyeckoii CyMmbl (DYHKUMIA, HemnpepbiBHbIX N0 BpemeHn t B LP[-11] w LY[-11],
COOTBETCTBEHHO, T.e. Q(x,t) =Q (X% t)+Q,(Xt), F(xt)=F(Xt)+F(xt).

BBseaém onepatop OpPTOroHalbHOro NPOEKTMPOBaHMA, KOTOPbIA 0TOOPaXKaeT NPOCTPAHCTBO

LI-11] Ha LO-L1: Po(x,t) = [[Po () Py (&) + ()P (E) Jo(E, 1) dE.

MopgeiicTByeM Ha ypaBHeHWe (2) OMepaToOpoM OPTOFOHA/bHOTO MPOEKTUPOBaHUS P, =1—P,.
Monyunm ypaBHeHWe 415 onpeaeneHns Q,(x,t) C M3BECTHOI NpaBoii YacTblo. Ero pelleHue cnegyet
CTpOUTb B BMAe psfa Mo CO6GCTBEHHbIM (DyHKUMAM onepaTtopa P,A. CnekTpanbHas 3afavya fnis
onepaTopa P,A MOXeT GblITb 3arn1caHa B hopme:

P,AQ, (X) = 7,0, (X), (X)) = iq)i(k) p(x), k=23, ...,

kx8 =YY RPN E. R=[[kx&peop@dde i,j=01...

i=0 j=0 -1-1
MpeacTasnB UCXOAHYHO (YHKUMIO Q,(X,t) M U3BECTHYIO (DYHKUMIO F,(X,t) B BUAE Pa3/oxeHus

No HOBbIM 6asncHbIM dyHKumamM @, (X) (k=2,3,...) B LP[-11], Te. Qz(x,t):ZZk(t)(pk(x),
k=2

Fz(x,t)z—ZGk(pk(x), M NoACTaBMB 3TV npefcTasneHus B (10), Mony4YMMm, YTO HEU3BECTHbIE
k=2
(DYHKUMW pa3noxeHns z (t) (k=2,3,...) MOXHO HaiTK no (opmyne:

— (0) ()
20— (1 ) S HIVIEOK 50K

0 © t
e KO =Y R0k, KO=>Roe¥, Woxt)=[REt)ex7)dr, a R(t7) -
n=2 n=2 1

pesonbeeHTa sgpa K, (t,7) =y, K(t, 1) /[ct)+7,] (k=2,3,...).

OTMETVM, UTO peLLeHne UMEET CTPYKTYPY q(x,t) = %[z0 ORX)+zORX+...], T.e. ypaércs

BblAE/MTb B PELUEHNN B SIBHOM BuWAe BECOBYD (YHKUMIO m(x). [MpeanoXeHHblli MeTon AaéTt

NPUGAVKEHME BbICOKOV TOYHOCTW NPU YAepXXaHWU HEBO/bLLIOTO YMC/a YeHOB pasnoxeHus. Apyrue
M3BECTHbIE METOAbI Aa0T OWMOKY 40 100% fAaxke Mpuw yaep>KaHUM MakCMMasibHO BO3MOXKHOTO Yuncna
U/IEHOB B MO/yHYEeHHbIX Ha UX OCHOBE Pa3/IoXEHNSAX.

VccnefoBaHve BbINOHEHO NpK (huHaHCOBOM noagepxke PH® (npoekT Ne 14-19-01280).
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PELWWEHWVE 3AO0AYN O LUTAMIE MNP ANHAMUNYECKNX YCNOBUAX N TMNPU
HANTNYNN N3HOCA

MapTtupocan A.H., JasTaH A.B., AnHyHu A.C., MapTtupocsaH IT.A.

3ajaua 0 WTamne MNpW HaAMuMWM WM3HOCA ANS CTaTMKW pelueHa B [1], rAe MOKasaHO, 4YTO HaaMume W3HOca Wnn
LLIEPOX0BATOCTM MPUBOANT K YCTPAHEHUIO M3BECTHOW 0COGEHHOCTU HAMPSXKEHNS, UMEIOLLIE MECTO Y Kpast LuTaMna B TO Xe
3afaye MpU OTCYTCTBMM LUEPOX0BAaTOCTU. OCECMMMETPUYHLIE 33daun 06 yaape LiTamna no ynpyromy nosynpocTpaHCTBY
Npy Ha/IMYMK LLIEPOXOBATOCTM pelleHbl B [2]. 3agaun 0 wTamnax npy Hamumm TPEHUS U U3HOCA, TaK XXe, Kak B [2], B
KBa3NCTaTUYECKOW NOCTaHOBKe peLueHbl B [3]. Apyrvie HecTaumoHapHble 3afadn O LWTaMnax ¢ TPEHMEM M M3HOCOM pPeLUeHbl
METOZlaMV HACTOSILLEN cTaTby B [4], IAe TakKe NOKa3aHO OTCYTCTBME 0COBEHHOCTEN Y Kpas LuTamMna.

B HacTosLeli cTaTbe JaéTcs MUccneoBaHMe 3a4aum O LWTamne Npu HeCTaLMOHAPHbIX CMeLaHHbIX FPaHUYHBIX YCNOBUSAX
W MpU HaM4MM M3HOca METOAOM MHTErpasibHbIX Npeo6pasoBaHuii flannaca n dypbe B COYETaHUMM C MeTOAOM BuHepa-
Xonda. okaszaHO, YTO MPX HaMYMKU M3HOCA OCOBEHHOCTW PELUEHUs Y Kpas LUTamra WUcYe3atoT, OAHAKO, PacyéTbl
HanpsHKeHW A Mo4 LUTamMroM MOKa3biBaOT, YTO MPU HEKOTOPbIX 3HAYEHUAX FPaHMYHOTO MEepeMELLEHUs UMEHT MeCTo
MpeBblLLEHWE Npejena YNpPyrocTy HanpshKeHNA 1, Kak CreicTBMe, paspyLLeHUe Cpedbl B HEKOTOPOi 06/1acTy Mo4 WTamMnoM.

YpaBHEHWS ABUKEHUS B NepeMeLLeHNsX A5 M30TPOMHOM cpefbl B MIOCKOM C/lyvae UMEHT BUA:
o%u o%v  o%u o%v o°u 8%
a2 - - a2 = Q

2
2+|o2a—‘2’+(a?—b2)—_—2, a2 12
OX 0 oxoy ot oy oxoy ot

2
+b2%+(az—b2)

I"paHuyHble YCNoBUS MMET BUZ (puc.l1):

ny|y:0 = p[(a2 - 2b2)g—i+ a’ 2—;}

=0 npu x<0,

y=0

(%+ kcw] =C,H (x)3(t) npn x>0, 2
y=0

ou ov
ny|y:0 - bzp[a—+—j
y  OX yo

roe U,V — KOMMOHEHTbI MepemeLleHunid, a,b — ckopoctu ynpyrux BosH, K ecTb KoadtuumeHT
BEPTMKa/IbHOTO M3HOCA.

=0 NpU —o0 < X< 00,

GW=O,X<O

Puc. 1

PeLeHMe WILETCS METOAOM WHTerpaibHbIX MpeobpasoBaHuii Jlaniaca no t u ®ypbe No x .
O603Hauas U";v- npeobpasosaHue Jlannaca no t oT u;v, yepes U ;v — npeobpasosaHune dypse no
X OT U";V" MOXHO MCKaTb PELLEHIEe B BUAE

2 o _
uL;VL :z J‘ elaXHBnyunLF;VnLFda’ (3)

n=1_

rfe KOHTYP UHTErpMpoBaHus Mo o NoKasaHo Ha pic.2
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° . * — —= ® L . >
o e e {0 0 © o
G, b a a b Ck
Puc.2
MogacTaenas (3) B ypaBHEHUAX ABMKeHUA (1), nonyymnm
Q o —2 o O, —. 3 _3p"- . . .\ LF Bl LF.  LF o LF .
Bn: — —a, Bn: _ia'Bn:Ban’Cl:a' C2:b’ n:1'2' Vl =:U1 Vv, =—=U; (4)
Cn Cn o BZ

roe S=—io ecTb NapameTp NpeobpasoBaHus Slannacano t.

Mogactasnas (3) B (2), yunTbiBasa (4) » npoBoas obpaTtHoe npeobpasoBaHme Pypbe Mo X, MOXHO
nony4nTb ypaBHeHne BrHepa-Xonda:

KR (@) - e oX
—C,, Fz(a) —Q2 ((X)-l—Qz (OL),QZ —znia, (5)
(.32 _ R [ yLF
u-" Z;_(l 0)——2&2 G..; us” :—M, (6)
" pibR(a) (b7 G
rae
o~ Blws
—R(a) + _
— kb* — R(a
@)= 2 Fa) ™
Z(bz_azjﬁlﬁz 2B1B2(b2_a2]
17 BT I L X -
cw(oc)zz c yy‘y=0e dx; Q, (oc)zzj.(sv +ko W)‘y=oe dx;
0 e

032

2
R(a) = (F—zazj + 40 BB, — yHKLMS Panesi, G* — npeo6pasoBarme Jlannaca no t ot G,
MOXHO [J0Ka3aTh, 4TO ‘F(&)‘—)l, ‘Fz (&)‘—)1 npn o —> oo .

OTMETUM, UTO MH/EKC (+) YKa3bIBaeT Ha (YHKLMW, aHAMTUYECKME B BEPXHEN NOMYNNOCKOCTY o
, @ MHAEKC (-) — Ha (DYHKLUW, aH/IMTUYECKME B HKHEN MOMynaocKocTu. YpasHeHue (5) BuHepa-

Xonea peLuaeTcs U3BECTHbIM MeTOAOM [6]. MOXHO MoKasaTb, Kak B [7], 4TO (hyHKUmA F, (o) UmeeT

fBa Hyns. O603Ha4YMM MX 4epes i%ao_ Mpn %:\/5, akp=0.4 vmeem o, ~0.998188 , a npw

%:@, akp =0.8 1meem o, ~0.97917 .

C momompio TeopeMbl BuHepa-Mann [8], BBOAS BCMOMOraTenbHyt (YHKLMWIO, morydyeHa
dakropusanus pyukuuu F,(a) B Buge

@) :#(‘2_& _aZJ 0, ()0, (%) wm 7, ()= (a)F; (o), ®

1

rge
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®
—aoioc

A ,* + OL A ’— + (x
3 2

© 4(; \/C _ Q) EZ _0)7 3
D,” (_) expy— b arctg bz i<pb4 a® dt |

© ((0 B Zazj Ci o

a b2
AHa/orvyHo ans F (&) nonyuum [9]
)= (@) (a), .
rge

Eia % 452 EZ—O)Z\/(DZ_ZZ ~

EF* (a):CR— D* (a), D* (a): exp ljarctg a? '\l p? dc

o, — o, = o o L =2) zia
[Ca,l o+ © _
a \b * : (bz % j

Mocne atoro ypaesHeHWe BuHepa-Xonda (5) ¢ yuyétom (8) npumeT BuA
K (a)F; (o
ko, ——t et (_) g (_) 0, - (10)
F*(oc)F'(oc) 2rial
Wcnonb3ys paseHcTsa (8), (9), ypasHeHue (10) MOXKHO 3anucaTh B BUE:
— o — o —
7a0_aD— - C D+ - 7+a D+ a 7+(X, -
O 5 D) 20D () 2,00 O/ %, 1
Cx a a
PelueHune 3ToM 3agaum 418 noboro y >0 npuseeHo B [7]. B yacTHom criyyae, npu y =0, T.e. Ha

Kpae noaynaockKoCTn, OHO UMEET BUA:

4 -1
ny:_co a_a D(0) H(x) S E_% Dz(&j D(&Js(ﬂ_%}r (12)
k xo,cq D,"(0) a, | Cq a a X
D (0 _—
+145(ﬂj+1[&_£j F (i) 1t H[LLJH(L_EJ ;
a,c; D,/ (0) \x) at\a x x)\ ey X b x X a
ov H(-X)C D" (0) N
—+ko,, = 0 4 A% ip_2 D, _a oco—i 5l A2,
ot t a,c; D,(0)| x a Cq Cq C.) X ¢
-1
at)( a at < at a at at
+Hoa,+—||—+—| R|-—|H|=+— [H| —=1||+C,H(X)5(t).
2] (S () e
W3 dopmynbl (12) n (13) BuaHo, 4to pelleHme npu X — +0 He MMeeT ocobeHHoCTel. Kpome

TOro, M3 9TWX (OpMy/a ChefyeT, YTO pelleHWe YAOBNETBOPSIET TpPaHWYHbIM YCNOBUSM  (2)
MocTaB/EHHO 3aaum.

MpoBefeHbl YNCIEHHbIE PacyéTbl A5 3HaYeHW a)a/ b= V3, akp=0.4,06) alb= V3, akp=0.5

M NOJTyYeHbl rpaduki 3aBUCMMOCTY BENUMHBI Tkt (C, )'1c5yy oT X/at (puc.3 a), 6)).
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02 0. o '
4 06 08 \ 10 X 02 04 06 08 10 X
-05 \ —
\ —_ -05 \
A \ &
\ -10 ‘
-15 \‘ |
| -15 \
-20 | ‘\
| -20 “
-25 | ‘\
|
-30 ‘\ 28 “\
ikt \ ikt ‘
-35F —— GW | . 30— ny |
C, Puc. 34) G, Puc.3 )

W3 copmynbl (12) BUAHO, 4TO Npu O<l<E NMeem ﬁcsW =0, a gnd E<l<1 HECKO/IbKO
a a G a

3HaYeHWn NpmBeseHbl B Tab.1

Tabnuua 1

x/at 0.57735 0.74955 0.84615 0.93435 0.95955 0.98895

a)nkt(C,) o, | 00000102 | 0.05554 | -0.09082 | -1.94117 | -52744 | -26.5978
6) nkt(C,) o

w | 0.0000371 | 0.03156 | -0.06873 | -1.69922 -4.616 -21.67161

B uacTHom cnyuae, korga k=0, peweHue 3agaum (1)-(2) nonyyaetcs B Buae

2

) :_2copb4(22—1jH(x) a5(1) _1(:—8‘;]%?_1)

w a’c,D"(0) c.D (0) mt D(tj P 9
X X
rae
a 4C2 Cz_l az_(;z a a
Di(ljzexp _Iarctg b22 d(; =1+deu, D+1[£j:1+fmdu, (15)
X T {az_zgzj iit 1uiit X 1u4_rit
bZ X X X
1 a 4C2 Cz 1 a’ CZ
L fy()de L I T SN (9
O3 [ (E g (az ZCZJZ = 6]
a F_
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~1/2

W3 (14) BMAHO, 4TO Y Kpas LiTaMna UMeem M3BECTHYH 0COGEHHOCTb Buga X - . MpoBegeHbl

. a it
YMC/IEHHbIE PACUETLI AN 3HAYEHUN B=\/§ ¥ MOMyYeH rpatnk 3aBUCYMOCTUN BENIMYNHDI ﬂcw oT
oP
X o
s (puc.4), a HeCKONBbKO 3HaYeHNI NpuBeAEeHbI B Tab. 2.
al
~ X
01 02 03 04 65 -
at
2
—4 _— ////
6 /
-8 /
/
it o -0t
Cpob 7r
Puc. 4
Tabnuua 2

x/at 1-107® 0.00577 0.25403 0.3926 0.49652 0.54848

T

t(Copb)fl c, | -5.76-10% | -23.8199 -2.4489 -1.2514 -0.3823 0.26338

© ®
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YCTOMYUBOCTDb KOHCOJIbHOM BAJIKU C COCPEJ_'[OToqEHHQI?I MACCOM IPU
HAJIMYUU MACCHI BAJIKA IO JEMCTBUEM CJEJISIIENR HATPY3KH

Mukaeasa A.O.

PaccmarpuBaercst 3amada yCTOMYMBOCTH YIPYrod KOHCOJBHOW OAallké MpU HaJIWYMK MAacchl Oaiku, Korma Oaska
Harpy>xeHa CiesIield CHJIOW, NMPUIOKEHHOW Ha cBoOOAHOM KoHIe. Ilpu 3ToMm, KoHen Oajku KECTKO 3aKperviéH, a Ha
CBOOOJHOM KOHIIE HMMEETCS COCPENOTOUCHHas Mmacca. HailiieHa KpuTHYeckas CHia, MpU KOTOpPOH Oaimka TepseT
JUHAMHYCCKYIO YCTOHYNBOCTb.

Paccmotpum 3amady o moBeneHUN T'MOKON yIpyroi 6aaky MOCTOSHHOTO CeUeHUs], HarpyXKEHHOTO
cleNsIei Cuioil P 1 COBEPIIAIOIIETO Majble KOJIeOaH s OKOJIO HEBO3MYIIEHHOH (MPSIMOTHHEHHON )
dopmbl paBHOBecHs (puc.l).

VYnpyrast koHconbHasi Oanka jumHOW [, wmeromast kEcTkocth El, HarpyKeHa Clefsien
Harpyskoil P, mpuioxxeHHOW Ha cBoOoaHoM KoHue Oanku x = [. Ilpm stom, xonen OGanku x = 0
XKECTKO 3aKperiéH, a Ha CBOOOIHOM KOHIIE X = [ uMeeTcsi cocpeioToueHHas macca M

Puc.1

B pamkax OOBIYHBIX TIPEIIONIOKECHUH D3JIEMEHTapHOH TeopuH u3rubda ypaBHEHHE MaJIbIX
KosiebaHuii Oanku npuHUMaeT By [1]:

o*w ’w ’w
+ + =
ox* P 0x2 m ot? 0, (1)

EIl
IZie T — MOTOHHAs Macca OaJIKu.

B paccmarpuBaemMoii 3a7a4e rpaHUIHBIC YCIOBHS 110 KOHIIAM OaJIKi IPUHUMAIOTCS B BHJIC:

ow _

W =0, E_O npu x = 0, 2

*w _ —

Py 0 npu x =1, (3)

W = g2V =1 4
- Moz mpu x = [, (4)
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3amaya yCTOWYMBOCTH KOHCOJBHOW Oalikd, HArpyEHHOW CleNseld CHUjIoH, COCTOWT B
HAXOXKJIEHUM KPUTHYECKUX 3HAUYCHUI mapameTpa P, mpuU KOTOPHIX KpaeBas 3a/ava, ONHMChIBacMas
ypaBHeHueM (1) U rpaHUYHBIME yCIOBHAMHE (2) - (4), UMEeT pelieHH s, OTIAUIHBIC OT TPUBHAIBHOTO.

Vpasuenue (1) OyaeT ya0BIETBOPEHO, €CITH MOIOKUTD!
W(x,t) = f(x)e¥, )
rae f(x)—- nenussectHas dyHkuus, () — 9acToTa KONCOAHUS OATKH.

IMoacranoBka B ypaBHenue (1) maér:

Y L p _ 2p
ozt T hom @’ f =0, (6)

IJ/ie BBE/ICHBI Oe3pa3MepHbIe apaMeTphl:

=% =Pl o= aqr ™
§=1 B_El'a)_ﬂl\/;' (7

Pemrenne ypasrenns (6) umem B Buze f(§) = AeP? . Iloacrasiss 5T0 pelnenne B ypapaenue (6)
¥ pa3/IesIsisl IBe YaCTH yPABHEHHs Ha BhIpakenne AeP?, momydum:

p4 + sz —w?=0. (8)
Perras ypasuenwue (8), obiiee permierne f OymeT UMETh CIEAYIOINI BHT;

f(&) = Cysinp & + Cyco8p & + C3shpyé + Cychpyé, 9)

rue

=t -

vt =~ [

(10)

YV 1OBIETBOPSIsSi TPAHUYHBIM YCIOBUSIM (2) — (4), MoMyduM Clieyrolie ypaBHEeHUs ISl Ope/esie-
HUSI TIOCTOSTHHBIX WHTETPUPOBAHNS:

C;+C, =0, piC +pC3=0.

(C1(p1® sinp; + pip; shp,) + C(p,% cosp, + py*chp,) =0,

M .
Gy <—P13 cosp; — pyp2°chp, + ﬁﬂ)z (Sm p1— Z—:Sh Pz)) + (11)
l +0; (p13sinp1 — p,®shp, + - w?(cosp; —ch pz)) =0

OTCIO,Z[a, pupaBHUBAA ONPCACINUTEIb HYJIIIO, IIOJTYYUM XapaKTCPUCTHUYCCKOC YPABHCHUE!

A(py,p2, M,m, L, w) = pi* + p,* + p1p,(p1? — p2?) sinp; shp, —

M 1
——w? (p1% + p,%)(p, sinp; chp, — p; cOSp; shp,) +
ml® pip, P1 D27 )\P2 piCNp; —p1 p1SNp;
+2p;*p,* cosp; chp, =0. (12)

Bo3sBpaimasich k 0003HaueHUM (7), TOTydHM:
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A(pIIPZIMlm)l)wiﬂ) = BZ + 20)2 +ﬂa)S|np1 Shpz —+

2
M .

+2w?cosp, chp, — —2w (g) + w2(p, sinp, chp, — p; cosp; shp,) =0, (13)

rje S IpeAcTaBseT CKUMAIOIIYIO CHITY, & W — YaCTOTYy KOJIeOaHUH, TaK KaK OHU JIMHEHHO 3aBUCST OT

P u (), COOTBETCTBEHHO.

I[Ipu M = O momyyaem 3amauy beka, T.e. 3a7auy yCTOWYMBOCTH KOHCOJIBHOW Oallkh, CXKATOH
CIIeASsIIEH CHIION, IpU HaIu4duu Macchl Oanku. B 3amaue beka kputnueckas Harpyska moiryyaeTcs: B
CIIEIYIOLEM BUJIE!

P, =2-El (14)

JIis HaXOXICHHMsI KPUTHUYSCKOW CHIIBI PacCMOTpPEHBI 4YacTHBIC cliydau, korma M =ml, M =
1 1 3
~ml,M==-mluM ==ml.
2 4 4

3
I[J'IH KaxXaoro ciiydass mHDOJy4dacTCs, YTO MajlblIe 4YaCTOTbl IMOJYYarOTCA IIpU ﬂ = —T[2

2
CrnienoBatelnibHO, Kak BHIHO U3 (hopmyisl (7), 3HaueHHe B COOTBETCTBYET KPUTHIECKOI cuiie P:

37?2
Py =5 EL (15)

Bo Bcex ciyuasx ¢ Bo3pacTaHueMm mapaMeTpa [ Ba HAMMEHBIIUX YaCTOTHI KOJIeOaHUs Oanku
CONMMKAIOTCS MKy CO00i M IMPU HEKOTOPOM 3HAYCHHHU [5 CTAHOBATCS KpaTHbIMU (pucyHKH 2, 3, 4,
5). Ilpu nanbHeiilieM yBeTHICHHH [ 4aCTOTHI KOJICOAHHUS CTAHOBSITCS KOMILICKCHBIMH.

4
3 n*A(w, B) 3
m*A(w, B) B=5n k p=5n
. p=m* B=mn*
: . ) 3 1] -,-'.
— L S
p=3m S e
= _h_“ -— :" — —F."’ T- ' T 2 = TR 0] T FT) 1
wq = - ="
mat t w,*
ra
1
Puc. 2. M =ml. Puc.3. M = Eml.
7*A(w, ) e
3
. A, B) p=5r
p=mn?
,-"': p=n?
- ___)"
0030 n 1 e
o 1;_5112 . <
TR » &7 " B=5m?
=TT _:u L - e = 2
o= 77 0)_14 __'“—-a.:____ wo e = :
s wlz
- "
1 3
Puc.4. M = Zml Puc.5. M = Zml
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1 1 3
[Ipu yacTHBIX ciydasx, korna M = ml, M = Eml, M= Zml uM = Zml, YaCTOTHI KOJICOAHUS

Oanku u3 ypaBHenus (13) npu pasHbIx 3HaYCHHsIX [§ TpeaCTaBieHsl B Tab. 1, 2, 3, 4.

Taoauna l. M = ml.

B w,?/mt w, 2/t
%rcz 0,04 2,11
m? 0,08 1,49
gnz 0,19 0,78
Tadauna 2. M = %ml.
B w,*/mt wy?/mt
%nz 0,07 2,33
2 0,12 1,69
gnz 0,29 0,94
Tabmmua 3. M = %ml.
B w,?/mt w, 2/t
%7{2 0,09 2,66
2 0,17 2,01
gnz 0,36 1,23
Tabmuna 4. M = %ml.
B w3/t w, %/t
%n’z 0,05 2,19
mw? 0,09 1,56
grcz 0,23 0,84

B PE3YIbTATE IMOJIYYAC€TCd, YTO 3HAUCHHUA KPUTUYCCKUX HArpy30K, IMOJYYCHHBIX B YaCTHBIX
_ _1 _1 _3
ciyqasx M =ml, M = Eml, M= Zml, uM= Zml, COBIMAJIAIOT, T.€. COCPEAOTOYCHHAs Macca He

BJIMSCT Ha KPUTHUECKYIO HArpy3Ky YCTOMYMBOCTH.

Takum o00pa3oM, MONy4aercs, YTO 3HAYCHHE KPUTHUUCCKOM Harpy3kd, TIOJIYYCHHON B
paccMaTpuBacMOM 3ajade, IMOJy4aeTcsi MEHBIIE OT 3HAYEHUs HaligeHHoro bekom B 3amaue
YCTOWYMBOCTH KOHCOJBHOM OaaKH, CHKATOW CIEISIICH CHIOH, NP HaJIWYMKM Macchl Oanku [2], u
MEHbBIIE OT 3HAYCHMS] KPUTHUYECKOW CHJIbl HalJIeHHOro boJIOTMHBIM B 3ajlay€ yCTOMYHUBOCTHU
KOHCOJIbHON OaJIKi C COCPENOTOYCHHON MacCOH, C)KAaToW CIIEASIIeH CHIION, IPU OTCYTCTBHH MAacChl
6asku [2].
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YIIPABJIEHUE ITPOIECCOM JIOKAJIM3AIMU DJIEKTPOYIIPYI'UX CABUI'OBBIX
BOJIH B IIBE3OUIJIEKTPHYECKOM BOJIHOBOJE

Mxkprusin M.T'.

CdopmynmpoBaHa 3a/1a4a TPAaHUIHOTO YHPABICHHUS IPOIECCOM JIOKATN3AINN BOTHOBOH SHEPTUH BOIN3M MEXaHUYECKH
CBOOOJIHBIX, 3JIEKTPOJU3UPOBAHHBIX ITOBEPXHOCTEH IMbE30IMUAIEKTPUUECKOrO CIIOSA-BOIHOBOAA. [10CpecTBOM BPEMEHHOIO
HM3MEHEHUsS TOTEHI[NAa IEKTPUIECKOTO OIS Ha MOBEPXHOCTSAX BOJIHOBOJA, IEPBOHAYATEHOE HOPMATBEHOE PACIIPEeIICHNE
aMIUTUTYIHBIX (QYHKIUIE OJIEKTPOYNpPYyroil BOJHBI TNPHUBOJMTCS K IPEANOYMTAEMOMY PpACHpEICNICHUIO 110 TOJIIHHE
BOJIHOBOJA. PaccMOTpeH 9acTHBIH CcIydail TpaHUYHOTO YIPaBICHHS aMIUIUTYIHOTO pacHpeeleH sl IeKTPOYIPYroi BOIHEI
B IbE30/IMAJICKTPUIECKOM BOJHOBO/JIE U3 MTBE30KpUCTAILIA Ki1acca 6MM reKkcaroHaIbHOW CHMMETPHH.

BBenenne. CymecTBoBaHME U CBOMCTBA  JJEKTPOYNPYIMX  IIOBEPXHOCTHBIX BOJNH B
MbE303JICKTPUKAX TECHO CBSI3aHBl C TPAHHUYHBIMU YCIOBUSAMH. DPQPEKT pas3iIuvHBbIX TI'PAHUYHBIX
YCJIOBHIA Ha paclpoCTpaHEHHE MOBEPXHOCTHBIX BOJIH B IMBEOAICKTPHYESCKUX MaTepHallaX MCCIEeI0BaH
Wnrebpurcrenom [1]. B pabore bumtocreitna [2] mokazano, 4ro mpu CBOOOTHOI TpaHHUIE
MbE303JICKTPUIECKOr0  MOJYNPOCTpaHCcTBa (Kimacc 6MM)  MOBEPXHOCTHBIC CIBHIOBBIC BOJHBI
BO3MOKHBI 1 2 =c2€1-(cle? 2y

pacnpoCTpaHAIOTCS CO CKOPOCThIO Vi = C; él (Cleo ) / (e0+e11) 0

Hannume s5eKTponpoBOSIIEro CJI0si Ha TPAHUIE IbE30MOJIYIPOCTPAHCTBA U3MEHSET CKOPOCTh

pacnpocTpaHeHHsd TOBEPXHOCTHBIX BOJH Ha Vé = Ct2 (1—Cf). B pa6orax [3,4] paccMoTpeHsI

IIeNIeBbIe BOJIHBI, TAE JJIEKTPHUYECKHUE KOJeOaHWs IMPOCAYMBAIOTCS B BaKyyMHYKO IIEeNb M YacTh
BOJIHOBOM JHEPruM Mepenaércss B APYTyI0 INHhEe30JUAIEKTPUUECKYIO cpedy, Bo30yXJaas B HEM
BIIEKTPOYIIPYTyI0 BONHY. B crathe [5] moKassiBaeTCs, 4TO BaphbUPys LIMPHHOMN INENIH, H3MEHSIEM
BO3JICUCTBHE DJICKTPUUYECKOTO B3KpaHa Ha MOBEPXHOCTh MNbE30AMIICKTPUKA. IDTO MNPUBOJUT K
W3MEHEHUIO JUCIIEPCUM CABUTOBOHM AIEKTPOYNPYTOM BOJHBI U €€ aMIUIMTYAHOIO PacHpeneseHus 1o
rTyOWHE TTHEe30TI0IYTIPOCTPAHCTBA.

B HacTosimmelt crathe popMymHpyeTcs 3a/ada TPaHHYHOTO YIPABJICHUS TPOILIECCOM JIOKATU3AINN
CIABUTOBOW 3JICKTPOYNPYrOod BOJHBI BOJU3M MEXAHMYECKH CBOOOJHBIX, 3JICKTPOAU3IUPOBAHHBIX
MOBEPXHOCTEH MBE30AUIEKTPUUECKOTO CIIOS-BOJIHOBOAA.

ITocranoBka 3agayu. PaccMOTpuUM pacnpOCTpaHEHHE 3JEKTPOYIPYTMX CABUIOBBIX BOJIH B
MBbE30AMAIEKTPUIECKOM CIIO€-BOJTHOBOJIE TONIMUHON [, ¢ 3IMEKTPOAM3HUPOBAHHBIMH, MEXaHHYECKH
cBoOOHEIME TOBeXHOCTsIMH. [lycTh koopmuHatHas ock OZ coBmagaer ¢ riaBHONH OCHIO CUMMETPHH
MbE30KPHUCTAUIa Kjacca 6MM rekcaroHajdbHON cuMmMeTpuu. Hopmasib K MOBEPXHOCTH KpHCTailia
HamnpasieHa 1o ocu Oy, a BoyHa pacrpocTpaHseTcs BaoJb ocu OX.

YpaBHEHHs SIeKTPOYNPYrOCTH aHTUILIOCKOM 3amaun W = [0; 0; W (x, y, t] ans Ibe3031eKTpUIecKHX
KPHCTAJUIOB, TPHHAUICKAINNX  KjiaccaM 6 MM -rekcaroHaiabHoi W 4 MM -TeTparoHaibHOM

cuMMeTpuii, umerot Bup [6]:

Caa VAW = pW, V2@ = (e15/11) VW 1)
rie Cyq = C44(1+ %) — npusemenHas xécTkocTh cuBura, a y2 = e’ /(&11C44) — KOIPPUIHEHT
ANEKTPOMEXaHUYECKOI CBSI3M MaTepuana.

W3BecTHO, 4TO B TaKMX BOJIHOBOJAX BCETJa CYNIECTBYET BHICOKOYACTOTHAS AJIEKTPOYIPYyTras BOJHA
W(x,y, t) = F(y,t)exp[i(kx)] ¢ TOMUEHHBIM pacmpe/eieHneM amIuuTyaHoi ¢yakiun F(y,t),
omnpenesomas ¢opMooOpazoBaHue B BOIHOBOJIE.

OnHOMEpHOE BOJIHOBOE ypaBHEHHUE IO TOJIIWHE MbE30AMAICKTPHYECKOTO CJIOSi MOXKHO 3alucarh B

BUJIE
62F 2 _ -2 62F 62<p 2 __ €15 62F 2
372 kF =a™" -, 372 k“p = o [ay2 k“F] (2)
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Hauanpnble ycnoBus it pyHKIu#u HopMooOpa3oBaHus B MOMEHT BpeMeHn t = 0 MMEroT BHI:
F(y.0) =@(y), F(y.0) =¥(y), ©)
a COOTBETCTBYMOLIME (HHATBHBIC YCIOBHS B MOMEHT BpemeHH t =T (1O LENeBBIM KOHEUHBIM
3HAUCHUAM (DYHKIIHIT) 3aMUIITYTCS B BUIE:

F(y.T)=®,(y),  F(.T)=%O), (4)
rae, coorBerctBeHHo (ynkuus P(y), 3amaromas GopMy BOIHBI B HAYalbHBIA MOMEHT BPEMEHH,
W (y)-cKopocTh TOYKH Ha ()pPOHTE BOJIHBI B HAYAIBHBI MOMEHT, KOTOpPBIC 3apaHee u3BecTHBI. P4 (y)—
Gyukus, 3anaromas Gopmy BosHbl U Wy (V)—pyHKuus, 3a1a1011as1 CKOPOCTh TOYKH HAa (PPOHTE BOJHBI
B KOHCUYHBIIi MOMEHT BPEMCHH.

I'paHnuHbBIC yCIIOBHS HA TUIOCKOCTSIX BOTHOBOZA 33/IAI0OTCS AIEKTPUUSCKUMH MTOTSHIIHATAMH:

@(0,t) = u(®), o t) =v(t). )
Tpebyetcs maiitu Takue ynpapisiomue ¢yaxuun w(t) u v(t) B npocrpanctse C2[0,T], uto6bl as
pemenus W(y,t) ypaBHenue (2) ¢ 3aHaHHBIMM HayadbHBIMH YCIOBHAMH (3) M TI'paHUYHBIMH
ycnoBusiMi (5) B MOMEHT BpeMeHH t = T BBINMOJHIIOCH (pUHATBHOE ycioBue (4).

Pemenne 3amaum. [lns pemeHust cucteMbl ypaBHEHHH monb3yemcs MmeronoMm JlamamOepa. s
HIEPBOTO YPaBHEHHUSI CUCTEMBI (2) OHO UMEET CIICAYIOIIHIA BHI:

F(y, ) = 20020000 4 & 77w () dz, ®)
IIPOUHTETPUPYS BTOPOE YPaBHEHUE, IIOIyUHM:
o(.1) =EF(y.t) + Ay +B. @

VnosnerBopum yciosue (5)

u(t) = 25F(0,t) + B
€11

v(©) =25 FU ) + AL+ B

€11
Hns yno6ersa nmpumeM A = B = 0, oTKyAa noiay4um
FO,6) =2u(®), F(t) =2v(t) )
15 €1s
YuuTteIBas nocnegHee, peuieHne NpUMET CIEAYIONINA BU!
_ ®(y-at)+o(y+at) 1 ry+at €11 [ - Yy _ -y
F(y’ t) - 2 + 2a’y—at IP(Z) dz + eis [‘u (t a) v (t a )] (9)

rae [@(t) = u(t) na orpeske [0,T], g(0) =0 u f(t) =0 npu aprymenrax t < 0. AHaJIOrHYHBIM
YCIIOBHSIM YIOBIETBOPsieT U GyHKIms V(t).

VY noBnerBopuM (huHaNBHBIE yeioBue (4)
r ®(y—aT)+P(y+aT) 1 y+aT

> + —aT Y(z)dz +

() =00
@' (y+aT)-d' (y-aT) + Y(y+aT)+¥(y—aT) +
2 2a

L el () v Q=9

[IpousBogHOE O Y IEPBOTO YpaBHEHUS OyACT:

@' (y+aT)+d' (y—aT) + Y(y+aT)-W(y-aT) &4 [’u, (L—_y) — (3_/)] = @ (y). (11)
a

2 2a eis a

A<

(10)

CrioxuM TOJIy4eHHOE ypaBHEHHE W BTOpoe ypaBHeHue cuctembl (10) u BbIYTEM MHONyYEHHOE W3
BTOporo ypasuenusi cuctems (10). TTocne mpeoOpa3oBaHmii oTy4aeM [Ba yPaBHEHHSI OTHOCHTEIBHO
POU3BOJHBIX (DYHKIIUH L U V-

(1= ! ! Y(y—
22 (22) = wy (y) — @4 (y) + &' (y — aT) - 2220

ejsa a

2010 (2) = 9, () + 94 (7) - &'(y +aT) -

eisa a
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Cnenaem 3ameny t = (I — y)/a B nepBoM ypaBHEHHH, a BO BTOPOM ypaBHEHHH IOJOXUM t = y/a.
3aTeM MPOMHTETPUPYEM YpPaBHEHHWE U BOCIOJIB3YEMCS YCIOBHSAMH HPOIOIDKEHUS  (YHKIIUIA
oraocutenbHo Touek y = 0u y = [, rae u(0) = v(0) = 0. [Monyuum Beipaxenune mis w(t) u v(t):

e @, (I —at) —d,(1) —®(l—at —aT) + d(l — aT) —
u(t) = 2614 [ fl g (2)dz + = fll “Y(z - aT)dz ]

[®1(at) — ,(0) — d(at +aT) + b(aT) + (13)
L v(t) = 281151 [ + foat Y, (2)dz — %foat Y(z+ aT)dz ]
IIpumep. PacMoTpuM YacTHBIN ciTydail ¢ HAYaJIbHBIMU YCIOBUSIMU:
W(y,0) =Ce™, W;(y,0) =De™ (14)
(uHATBHBIC YCIIOBUSL:
W(y,T)=Ce™?, W (y,T)=De % (15)
Y TPAaHUYHBIE YCIOBUSL:
9(0,8) = pu(e), (1) =v(t) (16)

[Toctpoum HeuéTHOE MponomkeHue GyHkiuii (14) B obnactu (-0,0):

Ce™ mpuz<0 De™ mpuz<0
®(z)={ 0 npuz=0, P(z)={ 0 mpuz=0
—CeYnmpuz >0 —DeY npuz >0

PereHne BONMHOBOTO ypaBHEHHsI UIMEET BUI:

y+at
d(y — at) + d( t) _ _ l—
W(y,t) = y a;— y+a yfat ly(z)dz+a[ﬂ(t—%)+v<t— aJ’)]

I'padmyeckoe npencrarinenne B HadanbHbik t = O U KOHeuHbIH ¢ = T MOMEHTBI BPEMEHH HPUBEIACHBI

Ha puc.l.
Ip Bp

Puc. 1. V3MeHeHUST HHTCHCUBHOCTH BOJIHEI TNOCPEACTBOM SJICKTPUICCKOTO MMOTEHIIHMATIA
Ha JaHHOM IIPOMEXKYTKE BPEMCHHU

VY noenersopum (15) GpuHAIBHBIM YCIOBUAM.
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( ®d(y —aT) + d(y +aT) N
2

y+aT

1 €11 -y Yy 2
+— +— +v(=)|=Ce™?Y
2a f ¥(z) dz es [,u ( a ) v (a)] ce

y—aT
@'0-am) _ p'+al) L YO +al) +¥(y —al)
2 2a

&1 [, l‘)’) p J’] 2
+v' (=) =De Y
\ elsa[ﬂ( a V(a) ¢

Pemm 3amauy s ¢punaneHoro Bpemeru T = [/a. [omydum:
y+li
- €11 Iy Y -

+— | De™¥d +——[ ( )+ -—]=Ce2y

2 2a z e1s K a v (a)

y-l

-0 _ ca-+D -(+D) 4+ De—-O-D -

[ DO DY i [2) 1 ()] = Do
2 2a e15a

((Ce-OD 4 Ce-0+D 1

IManee, pemiass CHCTEMY YpaBHEHHMH OTHOCHTEIBHO (GYHKIHH { UV, u Aenas 3ameny, kak B (13),
HaAEM yrpaBisionye QyHKIIH:

ZEA#' (l‘_y) = De 2 +2Ce~2Y — Ce~0v-D — "0

eisa a a

De—(+D

17
2411 (2) = De? — 2Ce™2 + Ce~0+D —

eisa a a

Cnemaem 3ameny t = (I — y)/a B miepBOM ypaBHEHHH, a BO BTOPOM ypaBHEHHUH IOJIOKUM t = y/a.
3aTeM NPOUHTEIPUPYEM YPABHEHHUE M BOCIIOIB3YEMCS YCIOBHAMM IPOMODKEHHUS (DYHKLIUIM
oraocurensHo Touek Y = 0y = [, re u(0) = v(0) = 0. onyuum Beipaxkenue mis u(t) u v(t):

De~2!
2

ﬂ(t) — &5 [Ce—Z(l—at) —Ce~2l — et 4+ C + (_1 + eZat) + b (1 — eat)]
2€11 a

(et - 1)|

pe~!
a

v(t) = 2= [Ce-zaf —C—Ce (a4 Ce™l + 2 (1 — e72) +
2e41 2

rpadudecKoe IpecTaBlIeHHE KOTOPBIX MIPUBEJCHO HA PUC.2.

[ I3 5 ] P

Puc. 2. T'paduxu yrmpapisiromux QyHKIANR

3aknwuenue. ChopMyaupoBaHa 3ajava YIpaBJICHUS JIOKAIM3AlUEH BOJHOBOM SHEPruM BOJIH3H
MEXaHMUYECKH CBOOOJHBIX IMOBEPXHOCTEH MMbE30JUIICKTPHUECKOTO CIIOs-BONHOBOA. [locpencTBom
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BPEMEHHOTO HM3MEHEHHUS MOTEHIHAIa JIEKTPUUYECKOTO IMOJ Ha MOBEPXHOCTAX BOJIHOBOJA, MEPBO-
HayalbHOE HOPMAajJbHOE pAacCHpeAesiCHUE aMIUIMTYAHBIX (YHKIUH BJIEKTPOYHpPYrod  BOJHBI
MPUBOJUTCA K MPEANOYNTAEMOMY DPACIIPENIETICHUI0 M0 TOJIIMHE BOJHOBOAA. PaccMOTpeH 4YacTHBIN
CJIydail TpaHUYHOTO YIPABIEHHS PacIpeNeIeHHEM IEKTPOYIPYTrOd BOIHBIL.
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Ob N3Ir'bE BAJTK MNMOMNEPEYHBIMW N TNMPOAOJIbHbIMU CUTTAMU TP
KOHTAKTHOM B3AVMOAENCTBIU C YTIPYT UM MACCUVBHbLIM TEJ/TIOM

MKpTUaH M.M., LLeksaH J1.A.

OcHoBbIBasACb Ha NpeanoxeHHol C.M. TumoLueHko [1] 0606LWEHHO Moaenu u3rnba 6anku, Korga noMMMO NOnepeyHbIX
CWN, NPOJO/IbHbIE CXXUMAIOLLME WK PaCTArMBAOLLME OCEBbIE CWMbl TAKXKE BAMUAIOT Ha Nporubbl Ganku, PacCMOTPeHbI
HEKOTOpble NI0CKMe 3afaun KOHTAaKTHOrO B3aMMOAEWCTBMA 6asiki 1 YNpyroro MacCUBHOIO Tefia B BU/E OCHOBaHUA Tuna
YNPYroi noaynnockocTy WK Yrpyroro LLepoXoBaToro Cos.

3afjaun npvBefieHbl K PELUEHWIO JIMHEWHBIX WA HEMMHENHBIX WHTErpasibHbIX YPaBHEHWIA MpW  [AOMOSHUTENbHbBIX
ycnosuax.  MaTemaTWyeckoe — WCCMeAOBaHWe  PAcCMOTPEHHbIX  3ajay  MPOBEAEHO Ha  OCHOBAHWU  WM3BECTHOrO
YMCMIEHHO-aHA/IMTUYECKOr0 METOfA PELUeHUs CUHTYNAPHbIX WHTErpasbHbIX ypaBHeHuid [2] v no paspaboTaHHoi B [3]
METOAMKE, OCHOBaHHOV Ha TEOPUM HENIMHEMHbIX UHTErpasibHbIX YpaBHeHW MaMMepLuTeiiHa [4] U NpuHUMMA CXXMMAtOLLMX
0TOGPAXKEHNIA.

AHaNOrMYHble KOHTaKTHbIE 3a4a4u 06 U3rnbe 6asikm Ha ynpyroM 0CHOBaHWM PacCMOTPEHbI B [5-7] u ap.

1. PaccMOTpyM WU3rMé TrOpPWU3OHTaNbHOW Yynpyroii 6Ganku AAMHOW 2@ nopa  AeicTBueM
rmonepeyHbIX pacnpefenéHHbix cun g(X) , p(X) wn oceBbix Cxumarowmx cun T (puc.l).
AnddepeHymansHoe ypaBHeHWe w3rnba OGakM MnosyyaeTcsd K3 06wero AvddepeHumansHoOro
ypaBHeHUs 13rnba nNpAMoyronbHOM NIaCTUHKN NpY COBMECTHOM BO3ZECTBUM MOMEPEYHbIX CU U
CW1 B CPEAMHHOM MIOCKOCTY NNAaCTUHKK, HAXOAALLENCS B YCNOBUSAX NIOCKON Aethopmaumm ¢ 6a30B0i

niockocteto Oxz ([1], ctp.422, dopmyna 217, N, =-T ,w=-v, N =N, =0). OHo umeer

BUL;
A
I S
/QW NYIY /
R0 A
p(x)
Puc.1
d*v _d%
DWJrTy:p(x)—q(x), (ra<x<a) 1)
rae D:Eh3/12(1—n2) — OKECTKOCTb Ganku Ha uw3rm6, h, E u N — Bbicota, Mogynb

YNpYrocT 1 KoaguumeHT MyaccoHa COOTBETCTBEHHO, a V = V(X)— CMELLEHMS TOYEK OCK Gasku B

HanpaBneHun BepTuKanbHoii ocn OZ.
OunddepeHumansHoe ypaBHeHKe (1) paccmaTpyBaeTCs Npu CNeayowmnx rpaHUYHbIX YCOBUSX:
d’v d’v
M) ., = Dozl =0 = 4z
X x=ta X X=xa

YKasblBalOLMX Ha TO, YTO B KOHLEBbIX TOUKax Galkm X=ta wusrubatowme MomeHTbl M (X)
OTCYTCTBYIOT. [y 3TOM YCNOBUS PaBHOBECKS GaNKM UMEIOT BUL;:

=0, )

[[P(9-a(]dx=0,  [x[p(x)-a()]dx=0. (3)

Obulee peleHne anddepeHumansHOro ypasHeHust (1)  OTHOCUTENBHO dzv/ dx® MOXHO
npeacTaBuTb B BUZE [7]:
d’v . 1 ¢
pva C, coskx+C, sin kx+% Ism(k|x— sl)[p(s)— a(s)lds, (k = 1/T/D) (4)
rae C, n C,— nocTosHHbIE MHTErPUPOBAHN.
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Ha ocHoBaHun (4), 13 rpaHWuHbIX ycnosuin (2) nonyyum otHocutensHo C, n C, cuctemy
NMHENHbIX anrebpanyecknx ypaBHeHNIA:

C,coska—C,sinka= —%isin[k(ajt s)|-[p(s)-a(s)]ds,

. ()
. 1 .
C,coska+C,sinka = —%Lsm[k(a— s)]-[p(s)-q(s)|ds.

Bbluncnss rnaeHblii  onpeauTens 3Tol  cucTembl A =sin2ka, y6egumcs, uTOo npu
O<k<m/2a cuctema (5) UMeeT eANHCTBEHHOE peLueHme

Cl:—%jzcos(ks)[p(s)—q(s)]ds, cg

Torga opmyna (4) NpUHUMaET BUL

J'sm (ks)[ p(s)-a(s)]ds (6)

d2v_ 1 a , - - - )
dx*  kDsin 2ka I (cos? kasin kxsin ks—sin? kacos kxcos ks) p(s)- g(s)]ds+
1%
s sl )

Mposeas B hopmyne (7) npefensHbiii nepexos K — 0 1 yuntbiBas ycnosus pasHosecus (3),
MoNyYnM:

4V L fx-g[ols)-alsos. ®

Mpu k=m/2a, yuntoiBas 0603HadyeHne B (4), noay4Um T:(n/Za)ZD. 3710 - nepsoe

KpUTUYecKoe 3HadeHve T, MosyyeHHoe opmynoii Siinepa [1] yCTOMUMBOCTY CXKATOTO CTEXKHS C
LLIAPHMPHO-ONEPTLIMU KOHUaMK (puc.2). M'paH1YHbIe YCNOBUSA (2) TaKXKe BbINOHAOTCS.

z E,n
h _ o) 7 T
S S W N — AR WD WAL W W W W W v, P B
! ' X
f | 2a 7#2.%7
Puc.2

2 o
B cnyuae k>n/2a NMEEM T>(n/2a) D . Torpga 6anka noTtepseT YCTOWYMBOCTD,
HE3aBMCUMO OT Ha/IMumMsA nonepeyHbIxX Harpy3ok p(x) n q(x).

B cnyuyae oCeBbIX pacTarvBatoLyx cun B ypaBHeHun (1) cnegyeT T 3amMeHWTb Ha —T. [Mpu

aToMm, B hopmyne (7) cneayet napameTp K dopmanbHo 3ameHUTb Ha iK, rae i— MHUMas eguHMLa,
1 OT TPUrOHOMETPUYECKNX (DYHKLMIA NEPeinTh K COOTBETCTBYHOLLMM FMMNEPGONNYECKM (DYHKLMSM.
Ll,anee MPOVHTErpUPYs ypaBHeHwe (7), NONyYUM:

% o _[H x,s)|p(s)-q(s)lds+C, (-a<x<a) 9)
rae
H(x,s) = {L— cos[k(x—s)]}sign(x—s)+ ctg(ka)[1 - cos(kx)]sin(ks) - tg(ka)sin(kx)cos(ks), ~ (10)

C - NOCTOSIHHOE MHTErPUPOBAHKS.
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2. TlycTb ropusoHTa/IbHas 6asika, OTHECEHHas K MpaBoVi MPSMOYrO/IbHOM CUCTEME KOOpAMHAT
Oxz, pwHbl 2a, Bbicotel h, mogyns ynpyrocth E un koaduuveHta lMyaccoHa N nog
[eicTBMeM pacnpefeNiéHHbIX BepTUKa/IbHbIX CUN UHTEHCMBHOCTM q(x) W [eNCTBYIOWMX BAOSb

o 2
CPeAVHHOW NIMHUK Gaikn OCEBbIX TOPU3OHTAIbHBIX CXUMaloWmX cun T (O£T<(n/2a) D),

n3rnbascb BAAB/MBAETCA B HVDKHYIO YMPYryto MOMynaocKoCTb C Mogynem ynpyroctn E; u
KoathpmumeHTom MyaccoHa N, (puc.3). TpebyeTcs onpefennTb 3aKOHbI pacnpefeneHns KOHTaKTHbIX
AaBneHnii p(X), AeicTBYyIOLWMX MeXay 6ankoii n nonocoii, BepTUKaibHble nepeMelleHns V(X)
TOYEK W3OTHYTOM ocu Ganku, (yHKUMWM un3rmbalowmx MomeHToB  M(X) ¥ nonepeyHbIx
nepepesatomx cun Q(X) B ceyeHusx 6aku.

Naannaniasny el

>z X

Punc.3

Mpegnonaras, uTo Yynpyras nonynnockoctb z<0 Haxogutcs B YCMOBWSIX  M/IOCKOM
AehopmMaLmn, 3anuLLeM BbipaKeHUE BEPTUKaIbHbIX NepeMeLLeHUi Vl(x) ero rpaHnyYHbIX Touek [8]:

vl(x):_Z(ln—E:ﬁ )jiln|x_slp(s)ds+C*, (oo < x< o). (12)

Ycrnosme KOHTakTa 6asikvm v ynpyroro oCHoBaHus vl(x): v(x), (-a< x<a), koTopoe mocne
AnddepeHUMpPoBaHNS NPUHUMAET BUL
(dv,/dx)=(dv/dx), (-a<x<a). (12)
Tenepb nogcraenan BbipakeHns (9) n (11) B ycnosue KoHTakTa (12), NonyyYsM OTHOCUTESILHO
KOHTaKTHbIX AaBneHnii P(X) cneaytoLiee CUHTYAPHOE MHTerpaibHOe ypaBHeHue (CANY):
2(1-v?) 2 p(s)ds 1 @
(nE )_a ps(—)x =55 LH (x.s)[ p(s)-q(s)]ds+C, (-a<x<a) (13)
peLLleHre KOTOPOro fO/MKHO YAOBNETBOPATL YCNOBUAM paBHOBECUS 6anku (3).
O603Havass uyepes P M BenMuMHbl TNaBHOTO BekTOpa WM OTHOcMTeNbHO UeHTpa O
FNaBHOr0 MOMeHTa 3afjaHHoW Harpy3ku ((X) u Beeas 6Ge3pasMepHble KOOPAMHATbI, (YHKUUW W
BE/IMYMHbI

=xa, m=sa, r=ka, o(¢)=p(&)/E,, r(g)=a(a)/E, K(gn)=H(xs),

,__ 3E (aj Y:z(c R My, f(g)= [K(gm)r(n)dn, (4)

(1-v?)x*E\h 1-v/?) akE, a’E,
cny (13) 1 ycnoBmsi paBHoBecus (3) npeobpasyroTcs K Buay:
_j‘P n)dn ”jK (&n)o )dn%f(g)ﬂ, (1<t <1) (15)
jcp(a)da=P, [eo(g)de=M,. (16)
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Konb ckopo byfseM uMeTb 6e3pa3MepHOe KOHTaKTHOe [AaBfieHune (p(&), CHayana hopmynamu
(14) n (7) onpegenum d?v/dx?, satem usrubarowmii moment M (x)=D-d’v/dx* u
MepepesaroLLyto cuy Q(x): D- d3v/dx3 B 110GOM MOMepeyHoOM CeyeHumn Banikn ¢ KOOpAMHATOM X
(-a<x<a).

Ans nonyyeHus ahekTnBHOro peweHns CY (15) npu ycnosun (16) nprMeHsieM N3BECTHbIV
YMCNIEHHO-aHaIMTUYeCKUM MeTof, [2].  C 3TOl Lie/blo NOOXUM

&)/«/1—2’;2 , (—1<X <l), (17)
rae dyHkumst @ (&) onpepeneHa Ha otpeske [—1< & <1] v npuHaZNe)MT renbiepoBCKOMY Knaccy

(yHKUWiA. B pesynbTaTe, MpUAEM K Cneaytolleii cucteme (N +1) NIMHENHBIX anre6panyeckmx

ypagHeHuii otHocuTenbHo (N +1) HenssecTHbix (1), @(1,),... ®(ny), ¥:
N1 1 A
z—{ +kK(§,,nm)}D(nm)=—f(&r)+y (r=12,..,N-1),
m:lN nm_gr n
(18)
T - TS ®(n,) =M
NZ nm - O’ N;ﬂm (nm)_ 0"
3aecb
nmzcos(zrznl\jlnj (m=12,.,N), g _cos(Nj(r—lZ ,N-1) (19)

— U3BECTHbIE YEObILLEBCKME Y3/bl.
3. PaccmoTtpum 3agadvy 06 M3rnbe ropusoHTa/IbHOM 6anku MonepeyHbIMU U MPOLObHBLIMU
CKVMAIOLLMMMN CUMaMU Ha LLIEPOXOBATOW MOMI0Ce, HUXHASA FPaHb KOTOPOI XECTKO 3aLlemieHa.

BepTuKanbHoe ynpyroe nepemeleHne V,(X), KoTopoe mMonyyaeT Touka C KOOPAMHATONA
e[-a;a] rpannupl =0 nonockl, NpeaCcTaBUM B BIE CyMMbI 1BYX MepeMellieHnii [9]
V1 (X) = Vigepor (X)+Vinos (X),  (a<x<a). (20)
Mepemelienne V.. (X) 00ycnoBneHo [fedopmauyAMi BEPXHETO TOHKOFO  IPaHMUHOTO
LLIEPOXOBATOTO C/1051 MO/IOChI, COTIACHO 3KCrepuMeHTaM [10], MPOMOpPLMOHaIbHO HEKOTOPOIA CTeneHN
KOHTaKTHOrO faBeHnst P(X) AaHHOW TOUKM

p
Vueox (X)=A:[ p(X)],  (-as<x<a), (21)
roe A v - nonoxurenbHble NOCTOAHHbIE, NpuToM 0,3 < B <1.

MepemetlieHne V., (X) BO3HMKaeT BCMeACTBME TNOGAbHOM AeOpMaLi MONOCkI TONLLAHI

h,, ¢ mogynem ynpyroctn E; 1 KoathdmumeHTom MyaccoHa N, Korga Ha ydactke —a< x<a eé
BepXHel rpaHuubl z=0 npUNoXeHbl HOPMasbHble KOHTaKTHble AaBneHus P(X) , a HUXKHSAS

rpaHmua z=—h >écrtko sawemneHa [11]

Vinos (X) = 2(171_Ej1 )ja.U (SaxJp(s)ds, (-a<x<a), (22)

rae apepHas dyrkums U (z) sbipakaeTcs opmynoii
T (2esh2t—4t)cos zt
X 28Ch2t+1+8 +4t° )

Ha ocHoBaHun (9), (20)-(22) ycnoBue KOHTakTa Ganku ¥ ynpyroi mnonockbl V(X): Vl(x)
(-a< x<a) MOXHO CBECTU K HENIMHENHOMY WHTErpabHOMY ypaBHeHWio Tuna MammvepLuTteliHa [4]
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dt, (e=3-4v,). (23)



OTHOCWTENbHO HEN3BECTHOMN (YHKLUUN P, (&) KOTOpast XapakTepu3yeT KOHTaKTHOe AaBneHne Mexay
BGanKoii 1 crnoem:

po(&): j K(%ﬂ)'[po(n)]w d11+qo(§)+koi+Vo, ('13&31)1 (24)

roe K(@,n) M () —m3BecTHble (YHKLUMM, @ V, W K, — HEN3BECTHble MOCTOSHHbIE

VHTErpypoBaHus, XapakTepusyloliye COOTBETCTBEHHO >KECTKOE TMepemelleHne W Yr/ioBoi
KO3(PMUMEHT KacaTeNbHOW K W30rHyTON ocu 6Gankm B Touke ¢ KoopauHatoi X =0. lMpu 3Ttom,
yCnoBus pasHoBecus (3) NPUHUMAIOT BUS;

R=[m@]"de, M,=[[p ()] ede. (25)

Takum 06pa3om, pelleHMe MOCTaB/IEHHON MIOCKOM KOHTaKTHOM 3afayunM  CBOAMTCA K
onpegenennio P, (&), V, u K, n3 cuctembl ypaBHeHuii (24)-(25). SdhdeKTUBHOE aHaAINTUYECKOE

pELLeHMe 3TON CUCTEMbI MOMy4aeTcs MEeTOAOM MNOC/efOoBaTe/bHbIX MPUGAVXEHHWIA, CXOLUMOCTb
KOTOPOr0 B 3aBMCMMOCTM OT XapaKTepHbIX MapaMeTpoB 3afayuu, a TakkKe OLEHKY CTeneHu TOYHOCTU
MOMYYeHHbIX Pe3y/ibTaToB MOXHO BbISICHUTbL COrMacHo pa3paboTaHHON B [3] MeToAMKe, 0CHOBaHOM Ha
TEOPUW HENMHENHBIX WMHTErpasibHbIX ypaBHEHWA Tuna aMmmepLuTeiiHa M NPUHLMMNA CKMMAROLLMX
OTOOpaKeHWI B NPOCTPAHCTBE HENPEPbIBHLIX (YHKLWIA C YeObILLIEBCKON METPUKOIA.
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YMCNEHHOE PELLEHUE HEK/TACCUYECKOW 3AJAUYUN TPEXC/TONHOW
OPTOTPOMHOW MJIACTVHbI C YYETOM OBbEMHbIX CUN

MorocsaH A.M., Caprcad M.3., N'ynrasapsH J1.I'., AranossH M.J1.

Ha ocHoBe 13BeCTHbIX UCX0AHBLIX GPS aaHHbIX Ans 061acT Mexay ceBepHbIX WnpoT 39.00'-42.00" 1 BOCTOUHbIX JOATOT
42.00-47.00" (TeppuTopua ApMeHWM) uccefoBaHa 3afada onpefeneHns Hanps>KEHHO-AePOPMUPOBAHHOIO COCTOSHUA
TPEXCNOMHOM NNACTWHBI NPY MOMHOM KOHTaKTe MeXay Cnosmu ¢ y4&ToM Beca CMoEB. PacCMOTPeH TPEXCMOMHBINA nakeT u3
0Cafl04HOr0, rPaHNTHOrO W 6a3abTOBOrO Cr0EB. Ha OCHOBE BbiBEAEHHbIX paHee PeKYPPEHTHbLIX (HOPMyN B MPOrpamMMHO
cpepe Wolfram  Mathematica HanmucaHbl YHMBEpCabHble CKPUMTLI: MPOBEAEHbI YWCMEHHbIE PACUETbl  HaNPSHKEHHO-
[1ehopMMPOBaHHbIX COCTOSIHUIA CNOEB M NPeACTaBAEHbI UX Fpafuyeckme N306paXkeHus.

OnpefeneHve  HanpsHXKEHHO-Ae(hOPMUPOBaHHBIX COCTOSIHWIA  CECMOAKTVMBHBIX 30H 3eMHO  KOpbl U
MOHUTOPWHI WX W3MEHEHWSI BO BPEMEHW SIBASETCH aKTyalbHOM NpPO6/eMOli COBPEMEHHON Hayku. Huke
M3N0XEHHBI MoaXoA no3sonseT onpegenmTts HAC (HanpsiXKeHHO-AethOpPMUPOBaHHOE COCTOSIHME) 3eMHOI KOpbl
Ha Nt060OM y4acTKe 3eMIn NPU HANMYMKN JaHHBIX, MONYYEHHbIX U3 celicMocTaHLuii 1 GPS cuctem.

B HacToslLleli paboTe paccMOTpeHa 3agada onpegeneHus HAC obnactn mexay cesepHbIX wmpoTt 39.00'-
42.00' n BOCTOYHbIX gonroT 42.00-47.00' (TeppuTopms ApMEHWUM) C YYETOM 06BLEMHbLIX cui. PaccMoTpeH
TPEXCNOWHbIN NakeT (TPEXCcNoliHas NnacTUHa) U3 0Caf04HOro, rPaHUTHOrO M 6a3anbTOBOrO CMIOEB MPU MOSHOM
KOHTaKTe Mexpay CnosMu ¢ y4&Tom Beca Cfloés. B nporpammHoii cpege Wolfram Mathematica Ha ocHoBe
BbIBEAEHHbIX paHee PEeKYPPEHTHbIX (OPMY/ HamucaHbl YHWMBEPCA/IbHbIE CKPUMTLI: MPOBELEHbl YUCNEHHbIE
pacyéThbl HanmpsHKEHHO-AEPOPMMPOBAHHbLIX COCTOSIHWIA CIOEB 1 NPeACTaB/EHbI MX FpauyuecKme N306pakeHNs.

1. OCHOBHbIe ypaBHEHMSI U MOCTaHOBKa KPaeBoi 3ajauun.
PaccmaTpvBaeTCA MakeT M3 TPEX OPTOTPOMHbIX CMOEB TonwwmHbl h=h;+h,+h; B mpaAMoyronbHoii cucteme
KoopauHat Oxyz, 3aHUMatoLWmin 06acTs (puc.l)

Qz{x,y,z: 0<x<a0<y<b, 0<z<h=h+h,+h,}

roe b=333.6kM, a=432km, h =5kmM, h, =10 km, hz=20 KM, h=35KMm.

b G;ZZO’ G;ZZOY G;zzol U:,u;,u:
ofF——= . >
Lo (L) T T T X
- (,)' z=h
D) NS SR z=hth, . T
) z=h+h,+h =h
le Puc.1

TpebyeTcst HANTK HEHY/IEBOE PELLEHWE CUCTEMbI YPaBHEHWA U COOTHOLLEHWI A TPEXMEPHOI 3adaun Teopum
YNpyrocTut ¢ y4éTOM OGBEMHBIX CU/1 M TEMMEPATYPHOrO Nofs no Mogenu Jroamens-HeliMaHa npu rpaHUYHbIX

yCnoBusax Ha BerHeVI nnockoctm Z=0:

c,(xy,0t)=0, j=xy,z

@)
_ +
u;(x,y,0,t) =u;(x,y,t)
(rze Bpems t BXOAWT Kak napameTp),
KOrfa Ha NMoBEePXHOCTAX KOHTaKTa Mexay cnosmu z =h,, z="h +h, 3afaHbl yC/10B1SA NOMHOrO KOHTaKTa:
—h =D <2 o _ 3 P—
z=h:c}/ =0c},/, U’ =U;", j=XY,2 )
zefeh, 0P =0, uf=u®, joxy.z ©

YcnoBust Ha GOKOBbIX MOBEPXHOCTAX X =0,a;y =0,b He KOHKPETM3MPYeTCs, MOCKONbKY A/ AaHHOro

Knacca HeKNMacCMUeCKUX KpaeBbIX 3afja4 MU 06YCOB/IEH NOFpaHUYHbIi cnoii [5,6].
2. O6LLee aCMMNTOTUYECKOE PELLIEHNME 3aaulLl.

PaccmaTpuBaeTCsi CUCTEMA YPaBHEHMUIA M COOTHOLLEHWI A TPEXMEPHOI 3afaun TeopuK YMpyrocTu ¢ y4ETOM
0GBEMHBIX CU/ 11 TEMMEPATYPHOr0 Moss No Mogenw Jioamensi-HelimaHa Anst OpTOTPOMNHOTO Tena:
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0
00y AL 00y +P =0 (xY,2)
OX oy oz

OX

=@,0,, + 8,0y T 8,0, M=123

P¥=p“g, P*,P¥=0 k:1,2,3.

ACMMTOTUYECKOE peLweHne 3TOW CMCTEMbI COCTOUT U3 peLweHna BHyTPEHHeI\/’I 3afiavyn n peweHna Tuna

norpaHuYHoro cnos [6]. B paHHOW paboTe paccMaTpuBaeTCsl TONbKO BHYTPEHHSS 3afaya, PeLLeHune KOTOpoit
nonyyeHo B [1]:

ol =olP(Em) +ol (Em), J=XY.2

Sk _ _AY ok _ 7y 0% 4 69 (£,m,)

. auy auz .
=g +0,0 (XVY,21273), Ejtaz 14Oy, (¥,2,%4,5,6) 4)

XX Afk) zzO Al(k) XX* (5)
ok — _AY ok _ V% 0% 1+ 59 (£,1,)
Wy () Oz @) M
Ay Ay
(k,s-1) (k,s-1)
wo_ L[ a
Y &1 og on
k k k k, k,
u = aé5)§05<z05)+u(g S)(Exﬂr])"‘l»l*E S)(a’n’g)
k k k k, k,
vl = aldeols) + v (€,m) + v (€,m,0)
k A?, k k, k,
w? = Ai(i) colis) + Wi (€,m) + Wi (€,m, )
1
r,ﬂ.e
8G(k s-1) ac(.k,sfl) )
ol = I Flo+ +—2 __lde, j=xY,2
0 o€ on
k,s— k,s—
e 1| _gou® ™ avtet 5k
Oy = x) a22 _aiz 3 Oy
A, og on 6
k,s— k,s—
e _ L | v gau®t e ks
Oy =71 1 —ap _Ai3 Oyx
Ay on 0§

S 8W(k,s—l) S a\N(k,s—l)
w9 = [| a0t~ g v [l aots ~ M g
og, y on
0 0

(k,s) _ (k) (k s) (k) (k S) (k) (k s)
W H: xx* +a + zz* :Idg
k k) A (k k)\2 k k) A (k k) A (k
A =alfaly (@)’ AY =alfal) ~alfal)
(k)_ (k) (k) k) (k) (k) _ (k) (k) _ (k) (k) (k) A (k)
=ay a, Ay, A3 =a; A1 Az —ay A13
(k) (k) (k) (k) (k) (k) (k) 5 (k) (k) (k)
Yiiw =04 8y 2 Olyy'y Yoy =0y dyy” —dpp Oy

k=12, Q(k'm) =0 npu m<DO.
FO=¢XF, F*=0,5=0
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13BecTHO, UTO Korda pyHKUMM u*,v' W' SBNSAKOTCS MHOFOUYNMEHaMU OT KOOPAWHAT X, Y, UTepaLuoHHbIi

npoLecc 06pbLIBAETCS Ha OMNpeaenéHHOM MPUBAVKEHUU U COOTBETCTBYIOLLEE PELLeHMe TPEXMEpHOM 3aaaqun

CTaHOBWTCS MaTeMaTMYeCKN TOUYHBIM.
MockonbKy Hakom/ieHue aedopMaunii B JIMTOCHEPHBIX MAMTaX — MeA/ieHHbId npolecc (AAnMTcs 06bIMHO

JECATUNETNST), MPOLLECC NPaKTUYECKM GYAET KBA3NUCTALMOHAPHbIM.

3. YuncneHHoe peLueHwe.
MycTb B HEKOTOPbIA MOMEHT BpeMeHM t =1, B «N» TOYKAX SIMLEBOI MOBEPXHOCTN U3BECTHLI KOMMOHEHTBI

ekTopa nepemetyenmns u (x, v, t), v (x,y,t), W (x,y,t) — Kak daHHble GPS. Torga nepemeLieHns
NMILEBOI MOBEPXHOCTM MOXHO anmpOKCUMMPOBATL MHOTOYNEHaMu B MporpamMmHoii  cpege  Wolfram

Mathematica. OTmeTum, 4to umess GPS pfaHHble B pasHbIX Mepuvofax BPEMEHW, MOXHO MWCCNefoBaTb
KPUTMYECKME HAMNPSHXKEHUA W fJaTb KOOPAWHaTbl MPUOGAM3MTENbHOW TEPPUTOPUM  BO3MOXHOW MOTepu

CelicMoyCTOM4YMBOCTH.
Kak ncxogHble faHHbIe ¥ MaTepuasbl ClI0EB, BbiOpaHb! [2,4]:

TonwwmHa Mogynb Mogynb OO6bEMHBI KoathcpuumeHT | MNOTHOCTL
cnosi—h cagura HOHra Mozy/b lMyaccoHa - C/OEB -
(M) -G (Ma) - E (Ma) ynpyrocTu - | v(p) p (kr/m®)
K(Ma)
Ocafl04HbIi 5x10° 23,2x10° 54,99x10° | 29,09%x10° 0.184 2,45x10°
cnoi
MpaHUTHbIA | 10x10° 30,82x10° | 74,83x10° | 43,58x10° 0.21 2,61x10°
cnoim
BasanbToBbI | 35x10° 29,22x10° | 75,11x10° | 55,7x10° 0.27 2,91x10°
cnovi

TemnepaTypHoe Nosie A1 Hauaa He Y4MTbIBaeTCs, a AN1f U™,V , W' pacCMOTPEHbl fJaHHblE CeAyoLLMX
CTaHUuui (puc.2) n3 paboTsbl [3].

PaccmoTpeHa mogens ITRF 2000 /JJOURNAL OF GEOPHYSICAL RESEARCH, VOL.107, NO. B10, 2214,
doi:10.1029/2001JB000561, 2002/, npoBeaeHa annpoKCUMaLUWs WCXOAHbIX [aHHbIX, T.e. OTK/OHEHWSI He
YUUTLIBAKOTCA U NPESNOaraeTCs, YTO MECAYHbIN CABUT BbIBPaHHbIX TOYEK PABHOMEPEH.

AKHO (E-0.199167 mm/manth, N-
0.669167 mm/maonth)
BAVD {E-0.095 mm/month, N-0.485
mimy/month)
CHOD (E
066916
KARD (E- 33
0.55916 fmaonth)
<> KHOD (E-0.3375 mm/maonth, N-0.815833
mm/month)
20 (E-0.1075 mm/manth, N-0.376667

80833 mm/maonth, N-
nm/manth}
05 mm/manth, N-0.5%35

mm/month)

Puc. 2.
Mpu BbIWENPUBELEHHBIX AaHHbIX MOMYYeHbl FpauikK, XapakTepusytoLme HanpsxxeHHO-AeopMUMpoBaHHOE
COCTOSIHME WCCMEfOBaHHON 06/1acT: B 4YaCTHOCTW, HWKE MPWBEAEHbI TPadiuKyM HEKOTOPLIX KOMMOHEHTOB
BEKTOpA MepemeLLieHna 1 TeH3opa HanpskeHWin B 30Hax koHTakTa (h=h, h=h;+h,) 1 no TonwmHe nnacTuHsl

(h=hy+hy+h3):

121




. (D an
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(1 _ (1) _ () h-
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05,
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‘“Hﬂx'x --- 4x107,_y;y ______________________________________
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MonyyeHHble pe3ynbTaThbl NO3BOMAIOT CAeNaTb HEKOTOPbIE 3aK/OUYeHNs. Bec cN0éB, B OCHOBHOM, BAMSIET Ha
3HaueHwve BEPTUKa/bHbIX NepeMeLLeHUi CNOEB 1 Maslo BAIUSIET HA TaHTeHUMabHbIE KOMMNOHEHTbI NepeMeLLeHNiA;

. o o ok
YU€T Beca MPMBOAMT K CYLIECTBEHHOMY BO3DACTaHWIO 3HAUYEHUA HANPSKEHUA, KPOMe 3HAYeHWA G, .

HanpskeHns BHe 3aBUCMMOCTU Y4éTa MM HeydyéTa Beca CNOEB MMEKT TeHAEHUMI0 BO3pacTaHus no riybuHe
naketa [7,8].

ViccnegoBaHue BbINOAHEHO NpK MHAHCOBOM noagep>kke MocyfapcTBEHHOro KoMUTeTa no Hayke MOH PA
B paMKax Hay4Horo npoekTa Ne 15T-2C343.
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BOJIHbI B CNNOE C YMPYTO-CTECHEHHBIMU MTPAHVLIAMIA

CapkucsaH A.C., CapkucsaH C.B.

WccnepoBaHa 3aaya 0 pacnpocTpaHeHUW NeproaMYeckux BoMH B yNpyrom cnoe. MpegnonaraeTcs, YTo Ha rpaHmuax
CNosl HOPMasbHOE W KacaTeNbHOe HanpPsXKeHUs CTECHEHHBI. [1s (ha30BOV CKOPOCTW CUMMETPUUHBIX U aHTUCUMMETPUYHBIX
KoneGaHUin MosyYeHbl XapaKTepUCTUYECKME YpaBHEHMs. PacCcMOTpeHbl NpedenbHble Ciyyau W NPUBELEHbI YMCOBbIE
pacuéTbl 415 hasoBOV CKOPOCTY BOSHbI.

1. PacCcMOTpUM ynpyruii U30TPOMHbLINA CNOW ToNWMHOM 2h. Cnoi B NpsMOYro/ibHON AeKapTOBOW
cucteme koopauHat OXyz 3aHWmaeT obnactb X, Y€ (—oo,oo), Ze [—h,h]. B atom cnoe
pacrnpocTpaHseTcs Meproanyeckas BO/Ha C (ha30BOM CKOPOCTbIO C. Hudke paccMOTPUM MNOCKYHO
3amauy: U(u(x, z,t),0,w(Xx, z,t)) , T[1e U, W— MPOEKLMM YNPYr1X NepemeLLieHNi o HanpasieHuto Ha

KOOPZAMHATHbIE OCU X, Z COOTBETCTBEHHO.
Mpy nomoLm npeobpasoBaHuii

u2e_ov ,_% oy

= , = (1.2)
oX 0z 0z OX

CUCTEMa [MHAMWYECKUX YPaBHEHWIA TeOpUM YMpYrocTV NPUBOANTCA K aBTOHOMHBLIM BOMHOBbIM
YPaBHEHWAM OTHOCUTE/bHO AUHaMUYECKNX NoTeHLmanos (X, z,t) u y(x,zt) [1]:

azq) ) B aZ\IJ B 82 62

ZA =——, CAy=——rH, =——+—. 1.2
Go9e ot? 2 ot? oxt o0z (12)

MprMeM, 4TO Ha MNOCKOCTAX Z=+h, orpaHWuYMBAlOLLMIA CNOWA, 3afaHbl CNELYHLLME TPaHUYHbIE

YC/I0BUS:

o, =—aWw, o,=—PBu (a,p>0). (1.3)
Ycnosus (1.3) 661 npeanoxeHbl MuHanMHoM [2, 3] Ana UccnefoBaHUs 3afadun OTpaKeHus

yMpyrov BOMHbI OT FpaHuubl nosynpocTpaHcTBa. B pabote [4] M.B. Beny6eksaHOM uccnegoBaHbl

YC/I0BMA CYLLLECTBOBaHUA BOMH Panes B C/iyyae Ynpyro-CTeCHEHHOMW rpaHuubl. PacnpocTpaHeHue

rMepuonYecknx BOSIH B YNPYrom cnoe uccrefosaHa B [6]. Mpeanonaraercs, 4To Ha rpaHULAx Cros

HOPMaJIbHOE HaMpPsXXeHVEe PaBHO HY/IHO, & KacaTe/lbHOe HarnpshkeHue CTECHEHHO.

B uacTHOM cnyyae npu o =3 = 0 nonyyaroTCs YCNOoBNUS CBOOOAHON rpaHuLLbl.

C ucnonb3oBaHMeM 3akoHa Myka u npeo6pasosaHus (1.1) rpaHuuHble ycnosust (1.3) npu z=+h

NPUBOASTCA K BULY:
2

o’ . 09 oy op oy
A+2 +A +2 +o| —+—|=0, 14
(A+2n) oz ok Moxez “\az ox (14)

o’p o'y Oy op , , 0y
2 + = Fp—xp—=0
( oxoz  ox* o7 *P OX Baz
MocTaBMM crneaytoLlyto 3ajady. HaiiTv pelueHust ABYMEpPHbIX BO/HOBbIX YpaBHeHWid (1.2),

Y0B/IETBOPSAIOLLMNX rPaHNYHbIM ycnoBuam (1.4).
PeLleHns ypaBHeHMiA (1.2) MOXHO npefcTasuTts B Buge [1]:

¢ =(Ash(v,z)+Bch(v,z))expik(x—ct),
y =(Csh(v,z)+Dch(v,z))expik(x—ct), (1.5)
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A+2u

rae A, B, C 1 D - npoussosibHble noctosHHbie, vi =k*(1-n0), v; =k*(1-n), ¢ =
P

2

2
2 _ u e _ CZ _ ®

CG=—,9= z’n_kz 2"

p G G

Mogctansas (1.5) B rpaHuuHble ycnosus (1.4), MOAyYMM CUCTEMY YeTbIPEX JIMHEWHbIX
OAHOPOAHbIX  anrebpamyeckmx  ypaBHEHWA  OTHOCUTE/IbHO  MPOM3BOJIbHBLIX  MOCTOSHHbIX.
MpuvpaBHWBaHWe ONpeaeuTens 3Tol CUCTEMbI YPABHEHUI K HY/HO MPUBOAUT K XapaKTepUCTUHECKOMY
YPaBHEHWIO, U3 KOTOPOrO MpU 3afaHHbIX 3HaYeHusx p, W, A, o, U ©® MOXHO HaliTK (ha3oByto
CKOpOCTb C. YNPOCTUM 3aJady, pacCMOTPEB JBe CUCTEMbI HYaCTHbIX PELUEHNIA:

@, = Bch(v,z)expik(x—ct), y, = Csh(v,z)expik(x—ct), (1.6)
@, = Ash(v,z)expik(x—ct), y, = Dch(v,z)expik(x—ct). (1.7)

PeweHne (1.6) COOTBETCTBYET CMMMETPUYHOMY BUAY KonebaHwii, a peweHne (1.7)—
aHTUCMMMETPUYHOMY BUAY KonebaHuin. Mpu (1.6) nepemeltieHne U, HanpsXeHne G,, CUMMETPUYHBI;

nepeMeLLieHie W, HanpsbkeHWe G, aHTUCUMMETPUYHBI OTHOCUTeNbHO nnockocTn z=0; a npu (1.7)
nepemeLLieHre U, HanpskeHUe G,, aHTUCUMMETPUYHbI; NepemeLLieHne W, HanpshkeHue S, CUMMET-

PUYHBI OTHOCUTENLHO NnockocTn z = 0[1].
MoacTtaenss (1.6) B rpaHnuHble yenosust (1.4), npy Z=h nonyunm cuctemy AByX ypaBHEHWIA:

B((2-7)ch (v;h)—agv; sh(v;h))+Ci(2y1-7 ch(v,h)-a,sh(v,h)) =0,
(242-m0'sh (v.h) =B, ch(v;h) )iB+((n—-2)sh (v,h)+

+Boy/I-m ch(v;h))C =0, (18)

o
—, 0, =—.
uk uk
3 paBeHCTBa HYMIO AeTEPMMHAHTA CUCTEMbI YpaBHeHWIA (1.8) nonyyum cnegytoLee ypaBHeHve
OTHOCUTENbHO 6e3pa3MepPHOIi XapaKTEPUCTVKI KBazpaTa (ha3oBoii CKOPOCTM M)

(2-n)’ th(khy1-7)-4,/(1-n)(1-10) th(kny1-0 |+ BenyL1-n +
+otgnL=n0 th(Khy1=0n ) th (knyi-n )+aoﬁo(m th (khyL—0m ) - (1.9)
~th(kny1-m))-

YpasHeHve (1.9) npu o, =B, =0 cosnagaet ¢ AUCMEPCUOHHBIM ypaBHeHWeM Panes—/1amba [1].

2. PaccMOTpVM NpefienbHbIe CyYan.
MycTb ANMHA BOMHbI 04YEHb Masa Mo CPaBHEHMIO C TONLLMHO cnos 2h. Toraa 3 ypasHeHus (1.9)
MoNyUNM:

rae B, =

(2-7m)"=4(1-m)(1-n0) +Bny1-1 +onyI-n0O +

+ay ((1-m)(1-n0) -1) = 0.
YpasHeHve (2.1) npu o, =B, =0 coBnagaer c Knaccuyeckum ypasHeHuem Panes [1]. B
OT/MuKe OT ypaBHeHUs Panes, ypaBHeHwe (2.1) — AMcnepcrMoHHOE, T.e. (ha3oBas CKOPOCTb 1) 3aBUCUT

oT BonHoBoro uncna K. Mpun o, =0 wmm B, =0 ypaBHeHWe (2.1) NPUBOAUTCH K aHaNOrM4HbIM

YpaBHEHWSAM, UCCNeoBaHHbIM B paboTe [4].
YpaBHeHue (2.1) umeeT kopeHb M =0, KOTOPOMY COOTBETCTBYET TPMBMAIbHOE PeELUEHNE.

Cnepys pa6orte [5] , nckntoyas kopeHb 1 = 0, ypaBHeHwe (2.1) cBOAUTCA K BUAY:

2.1)
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S(n)=n- \/(L Jivn (4= 0By ) +Boy/1—M +0tg/1— M — B, =0. (2.2)

Wccnegyem ceoiictsa dyHkumn S(m). S(n) npu n=0 u n=1 npuHumaer cnepytolme
3HaueHWs::
S(0)=-0.5(1-0)(4— 0By )+ 0t + By — 0By,
S(1) =1+ a,v1-6 —a B,

YpasHeHue (2.2) GyaeT umeTb peluetue B unTepsane 1 e (0,1), ecrm S(0) <0, S(1) > 0. Mpw

ds
3TOM, pelueHne ByfeT eAUHCTBEHHbIM, ecnu R >0. Bblbupas 3HaueHns o, u B,, YAOBNeTBO-
psAoLLYE aHHBIM YCNIOBUSIM, MOXHO MOMYYNTb 3HaUYeHUs (Da30BOI CKOPOCTW NOBEPXHOCTHOM BOJHbI B
3aBMCUMOCTM OT CTENeHU CTECHEHHOCTM NOBEPXHOCTU MOMYNPOCTPaHCTBA.

%) Bo y

0 0 0.8464
0 0.2 0.8132
0 0.4 0.7672
0 0.6 0.7013
0 0.8 0.6032
0 1 0.4532
0.2 0 0.7765
0.4 0 0.6888
0.6 0 0.5819
0.8 0 0.4545
1 0 0.3054
0.2 0.2 0.7427
0.4 0.4 0.6108
0.6 0.6 0.4479
0.8 0.8 0.2497
1 1 0.0099

B TabnuLe NpuBOAATCS YMCNEHHbIE Pe3ynbTaTbl, BbIUMACIEHHbIE NO YpaBHEHWIO (2.2) ANs napa-
MeTpa I, XapaKTepu3yoLLEero Keaapar (a3oBoil CKOPOCTM MOBEPXHOCTHO BOMIHbI B 3aBUCUMOCTU OT

napameTpoB, XapaKTepu3ytoLLmMX CTeneHb CTECHEHHOCTM NOBepXHOCTU nosynpoctpaHcTea (0 =0.33).

21 o
Ecnv anvHa BonHb! | :? 0YeHb BENVKa MO CPaBHEHMIO C TOMLLMHOM COS, TO BeNMUMHbI v,h 1

v,h 6yayT Manbl Npu KOHEYHOM 3HauyeHu c. 3ameHss B ypasHeHun (1.9) runepGonuyeckue
TaHreHCbl MX aprymeHTamu, Noayunm:

LG 4(cf—c§)—kha0cf _Bon_ 23)

2
Gl 1-khe, @ ol

Ecim p=X (v = %) ,T0 ¢’ = 3C; 1 13 hopMy/ibl (2.3) NOAYUNM:

8—3kha
_, [8=3Koy Py (2.4)
3—kho, kh
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B o6Liem cnyyae CMMMETPUYHBIX KOnebaHWiA, (ha3oByHO CKOPOCTbL (C ) TpebyeTcs onpeaennTs 13
MOJIHOr0 AMCNEPCUOHHOIO ypaBHeHus (1.9).

Mepeingém K konebaHmsaM, BbipaXeHHbIMU opMmynamu (1.7). Yhosnetsopsas pewwenus (1.7) rpa-
HWYHbIM ycnoBusm (1.4), oNs aHTUCUMMETPUYHBLIX KONebaHWin MoNy4mMMm CreaytoLlee XapakTepuc-
TUYECKOE YpaBHEHWE OTHOCUTESbHO 6e3pa3mMepHOli XapaKTeprucTUKM Keagparta ()a3oBoi CKOpOCTH 1) :

(2-n)’ ot (knyT=n ) - 4,{1-n)(1-10) cth (knyT-n8)+BynyL-—n +
+agn 1—necth(khJ1—_en)cth(khJ1—_n)+%BO( (1—n)(1—n9)cth(khJ1——en)— (2.5)
—cth(kh\/ﬂ)):

B npegenbHOM cnyyae, Korga AnviHa BOJHbI 04eHb Mana No CPaBHEHWUIO C TONLWWMHON CNos 1 Npu
kh—> o, c<cC,<C ypaBHeHne (2.3) cBogMTCA K ypaBHeHWto (2.1), KOTopoe XapakTepusyet

MOBEPXHOCTHbIE BOJIHbI Panes Ansa ynpyro-CTeCHEHHOW rpaHuubl. Mpy 4pyrom npeaesbHOM cryyae 13
ypaBHeHUs (2.3) MOXHO OMpefennTb (Ha3oByH) CKOPOCTb BOMH M3rmba aHTUCUMMETPUYHbBIX
KonebaHwi.

Takum 06pa3om, 415 Pa30BON CKOPOCTU CUMMETPUYHBIX U aHTUCUMMETPUYHbLIX KOnebaHwWin cnos
C YNPYro-CTeCHEHHbIMU TPaHMLAMUN BbIBEAEHbI AWCMEPCUMOHHBIE YPaBHEHUA W MOKA3aHO BAUSHME
Ko3(h(hmumeHTa CTECHEHHOCTM Ha (ha30BYHO CKOPOCTb.
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MATEMATVYECKOE MOJAEJTMPOBAHWE MNPOLIECCOB
POCTA BNOJTOIMMYECKNX TKAHEN

CragHunk H.2.

PaccmaTpuBaeTcs  GMONMOrMYECKMiA POCT TKaHeli XXMBOTHBIX W YenoBeka. PacKpblBaeTCsi COAepXKaHWe MOHATMS
TKaHEeBbIA POCT B LUMPOKOM 1 Y3KOM CMbICAaX. AHANU3UPYHOTCS KOMMOHEHTbI TKaHU: MEXKIETOUHOE BELLECTBO U KNETKK,
BapuaL|Mm cocTaBa 1 MeXaHUYECKNX CBOMCTB MEXK/IETOUYHOTO BELLECTBA Pa3/IMUHbIX TUMOB TKaHENR, KOTOPbIe B 6ONbLUMHCTBE
CNy4aeB 1 06YCNaBNMBAIOT €€ MeXaHUUECKME CBOWCTBA. MPUBOAATCS OTNUMSA TBEPABIX U MATKUX TKaHeli Ha MONEKyNsipHOM
YpOBHe. B nepBoM NpubanmkeHnn paccMaTpuBaroTCs MaTemaTUyecKue NPeanockIKM Ans NOCTPOEHWS afeKBaTHON MOAenn
610N0rMYeCKOro pocTa TKaHel. [aétca KpaTKuii 0630p y)Ke CyLEeCTBYHOLLMX MaTeMaTUYECKNX MOAENENA.

MaremaTyeckoe MOJeNMpoBaHMe MpPOLECCOB POCTa OMOMOrMYeCKUX TKaHel MpUBMEKAeT BCE
Oorbllee BHMMaHWe COBPEMEHHbIX uccnegosaTeneid. Mpy 3ToM, CyLLECTBYIOLLME MOLENN TKaHEBOTO
pocTa MOXHO MoApa3fenvTb Ha [Ba Turna B COOTBETCTBMM C XapakTepoM uccregyemoro 6uonoru-
4ecKoro npouecca: Ha Mogeny 06bEMHOro [1-3] n NoBepxHOCTHOro pocta [4-7]. MocTpoeHne Nogo6-
HbIX MoZenell He06X04MMO NPOBOAWTL C FNYBOKUM NOHUMAaHNEM GMOOrMYECKMX NPOLLECCOB MpOTe-
KatoLLMX B UccnefyeMblx 06bekTax (TKaHsaX, opraHax u 1.4.).

OCHOBHOM Lenbto faHHOW paboTbl SBASeTCsS (HOPMY/IMPOBKA T1aBHbIX 0COGEHHOCTEN NPOLEecCoB
pocTa TKaHel NS NOCTPOeHWs afleKBaTHbIX MaTeMaTUYecKuX mogeneil 06bEMHOro [8] nnm nosepx-
HOCTHOro pocTa [9-17] pasnuyHbIX TKaHEBLIX CTPYKTYP YE/I0BEYECKOrO W >KMBOTHOTO OpPraHvi3MOoB.
O6ecyXaaeTcs afieKBaTHOCTb MPUMEHEHNS TOFO UM MHOTO NOAX0AA AN ONUCAHNUSA POCTa KOHKPETHbIX
BMONOrNYECKMX TKaHEeM.

TKaHb — 3TO COBOKYMHOCTb OAHOPOAHbLIX KNETOK W MEXKNETOYHOro BeLLecTBa, 00befUHEHHbLIX
06Leil (hyHKUMEN M UCTOYHMKOM MPOUCXOXKAEHMS. Y >KMBOTHBLIX WM 4YenioBeKa B 06LLeM Clyyae
BbIZENAKOT YeTbIPe TUMA TKAHW: COeAMHUTENbHASA, MblLLEeYHas, aNUTenaibHad 1 HepeHas. Kaxaplii n3
YeTbIPEX TUMOB TKaHel XapakTepusyeTCs NPUCYLLMMW TONbKO eMy XapaKTepuCTUKamu, OfHaKo
BHYTPU OAHOrO TUMA TKaHW MOFYT CYLLIECTBEHHO OT/IMYATbCA KakK MO MexaHWYecKuMm, Tak U Mo
OMOXMMUYECKMM CBOMCTBaM. Jlto6asd TKaHb MMEET [Ba OCHOBHbIX KOMIMOHEHTa, 3TO CaMu KIeTKM
TKaHW W MeXK/NeToYHoe BellecTBO. KrneTka — 3TO O(OpPMIEHHas Mem6paHol LMTOMNasma,
BK/IIOYatoLLas B CebA pasnMuHble opraHennbl v fapo. Ha onpefenéHHoM 3tane 3MOpPUOHANIbHOIO
pasBUTUSA K/IETKM 3apojbllia pPacTyT, Aendrcs v AudhepeHUMpyoTCs cHavaia Ha OAWH U3 YeTbIpEX
TUMOB TKaHeli, 3aTeM Ha ero noATunbl. KNeTku TkaHu Mexay co60i MoryT 06pa3oBbiBaTb KOHTaKTI,
KOTOpble XapaKTepu3yloTCs pas3/IMYHOM CTeneHbi MPOYHOCTM, YTO B LIEIOM MOXET CYLLECTBEHHO
B/INATb HA MEXaHWYeCKVe CBOMCTBA TKaHW B Le/IOM. MeXKNeTOUHOe BELLEeCTBO AB/ISETCA OKPY>KEHNEM
KNeTOK TKaHW, NpoAyLMpyeTcs camvMy KIETKaMu U BK/IKOYaeT B cebs psj KOMMNOHEHTOB: OCHOBHOE
BellecTBO (BOfa, HeOpraHW4eckue BeLLECTBA, OPraHWYecKue BELLECTBa, 3afepXyvBatoLive BOAY,
HanpuMmep, ruanypoHoBas KUCIoTa), gpubpunnspHble 6enkm (Konnared, 3nactuH M ap.), a Takxke
afire3nBHble 6eKn. MexaHWYecKre CBOMCTBA KOHKPETHOW TKaHW MOTYT CU/IbHO OT/IMYATbCA faxe B
paMKax OfIHOrO Tuna v 3aBUCAT B 6O0/bLUEHA CTENEHW UMEHHO OT KaY4eCTBEHHOrO U KOIMYECTBEHHOIO
cocTaBa MeXK/NETOYHOr0 BeLLecTBa, T.K. CTPOEHWE Y MeXaHUKa KIeTOK Pa3/INyHbIX TKaHeih 06blYHO
0YeHb CXOXW (MCK/HOYeHUe COCTaB/IAKT, HArMpUMep, MbllLeYHble KNeTKW, T.K. B UX COCTaB BXOAAT
CMeuMann3MpoBaHHble  COKpaTUTENlbHbIE  CTPYKTYpbl,  KOTOpble  CYLUECTBEHHO  WU3MEHSOT
MeXaHMYeCKMe CBOWCTBA TUMWYHOW KNeTKM). Hawbonbluee umcio Bapuauuini MOATUNOB TKaHel
MpeACTaB/IEHO Y COeAMHUTENBHON TKaHW. K JaHHOMY TUMy OTHOCATCH Kak TBEpble TKaHW: KOCTb U
XpAL, a TakxkKe psAf MATKUX TKaHER: XXMpoBas TKaHb, CYXOXWWSA, CBA3KW, PbiX/as CoefnHUTE bHAS
TKaHb W T.4. TBEPLOCTb MEXK/IETOYHOIO BeLUeCTBa KOCTHOW TKaHW, KOTopas 06ycnaBnvBaeT
OCHOBHbIE MeXaHWYeCKne CBOMCTBA, 3aBWCWUT OT OO/MbLUOINO COAEPXaHWs B Heil conell KaibLms,
OCaXKAEHHbIX Ha (MbpunnsapHole 6enku (konnareH), npugasas emy MPOYHOCTb W TBEPAOCTb,
XapaKTepHYO AN KOCTW. Pa3BuTMe TpybuaToin KOCTU KakK OpraHa, Win HenpsiMoi OCTeoreHes — 3To
CNOXHbIA BGMONOMMYECKWIA MPOLLECC, KOTOPbIA MPOTEKAeT B HECKO/IbKO CTafui, Kak MOKa3aHO Ha
puc.1.
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Puc.1. OcTeoreHe3 Tpy64aToil KocTu:
| — xpsweBas 3aknagka oygywein koctu; Il — nepuxoHapaibHoe (NepuocTasibHOe) OKOCTEHEHWE B
anamse (a); 11 — Havano aHxoHApanbHOro okocteHeHms (b); IV — o6pa3oBaHMe KOMMAKTHOM KOCTU
(c); V — nosBneHme KocTHoi nonoctu (d); oyarn sHXOHAPaNbHOIO OKOCTEHEHWs B anudmsax (e);
meTasnuhmsapHblin xpawy, (f): — 3aKOHYEHHBbI pOCT TPy6YaTOi KOCTWU; ¢ — CyCTaBHOM Xpsw; h —
KPOBEHOCHbIE COCY/bI.

B opraHu3Me »XMBOTHbIX M YeNOBeKa COeAMHUTENbHAA TKaHb 3aHuMaeT o 50% oT Bcex TWMoB
TKaHei 1 xapaKTepu3yeTcs B MepByH0 oyepesb HannumeM 60bLUel SO/IM MEXKIETOUHOMO BeLLEeCTBa.
O6pa3oBaHMe OpPraHMYeckMX KOMIMOHEHTOB MEXK/ETOYHOrO BeLlecTBa TKaHW 3TO, KakK Mpaswmsio,
CNOXHbBIA M MHOTOMN/IaHOBbIV NpoLecc, B O6LLUEM Crlyyae, BK/HOYAIOWWIA B Ce6S CUHTE3 MEPBUYHBIX
6e/IKOBbIX — MO/EKY/ C OnpeseNéHHbIMU CBOMCTBAMU BHYTPU KNETKU, UX NEPBUYHYIO MOAN(UKALMIO
BHYTPW KNETKW, BbIXOL W3 KNETKM W BTOPUYHYID MOAM(MKALMIO (06bIYHO, YCNOXHEHWE MyTEM
00beIMHEHNSA) B COCTaBe MEXK/IETOYHOro BeLlecTBa. FPKMM ¥ Havbonee O6LUMPHBIM MPUMEPOM
[aHHOr o npoLecca ABnseTcA CMHTe3 1 06pa3oBaHMe KOareHoBbIX BO/IOKOH (pUc.2).

CocTaB MEXK/IETOYHOrO BeLLecTBa COEAUHUTENIbHOW TKaHW CWUMbHO PasHWTCS, UYTO B 6GO/bLuel
CTerneHu 1 onpefenseT MexaHN4YecKre CBOMCTBA Pa3/INYHbIX NMOATUMOB AaHHON TKaHW.

PaccmaTpvBasl YaCTHbIVi POCT TKaHell YenoBeKa W >KMBOTHbBIX, MOXHO BblAENNTb OCHOBHbIE
MPUHUWMNbI 1 3aKOHOMEepPHOCTW. OnpefenéHHbIA  MHTepeC NpeAcTaBnsieT MpoLeccbl TUCTO- U
opraHoreHesa, peMOLeNVpoBaHNsA M pereHepauyun, 0CO6EHHOCTM POCcTa U MOP(OreHesa pas/NyHbIX
TWUNOB TKaHe YeNloBeEKa U XMBOTHbLIX (HEPBHOM, COEANHUTENbHOM, MbILLEYHON 1 ANUTENNANIbHON) Kak
OTAe/MbHO, TaK M B CTPYKType opraHa. B 4acTHOCTM, YHVKaNbHbIM SIBASETCA MEXaHWU3M pasBuTumA
XPALWEBOA TKaHW, ONMO3ULNOHHBIA U MHTEPCTULNAIBbHBIA POCT, NPSMOIA U HEMPSMOIA OCTEOreHes,
MpOLeCCbl PEMOAENMPOBAHUA U PereHepaumy KOCTHOM W XpALeBOW TkaHel. Tak, penapaTvBHas
pereHepauus KOCTHOM TKaHN MOXET MPOTeKaTb Mo [BYM MexaHu3mam: ¢ 06pa3oBaHueM (hparMeHToB
XPALLEBON TKaHW, 3aMeLLaloLmMXCA KOCTHOM MO30/1bi0, WKW B C/lyvae ONTMMasbHOW penosvuuu c
06pa3oBaHVEM LLEeNN MeXAy pernaHMpoBaHHbIMU KOHLIAMU KOCTU. POCT pa3/inyHbIX CTPYKTYP HEPBHOM
cuCTeMbl (POCT MEXHENPOHHBIX CBA3EM, POCT HepBa 1 €ro BOCCTAHOB/IEHUE NPU MOBPEXAEHNAX) TaK
XXe MpoTeKaeT MNo creumguyecknm MexaHusmam. OTAeNbHbIA UHTEPeC BbI3bIBAOT MPOLECCH pocTa
MbILLUEYHON TKaHW B HOpPME M MNaTofnoruu, B YaCTHOCTW, BO3pacTHas rvMnepTpodus MuoKapaa,
naTonorMyeckas [fereHepaums CepeyHON MbILLEYHOW TKaHW U e€ 3aMelleHue COeAuHUTENbHOM
TKaHbO B accoumaumm ¢ MweMmnyeckoin 60n1e3Hbto cepaua. OCHOBHbIE OCOGEHHOCTM POCTa YKUPOBOW
COeAVNHUTENBbHON TKaHW B MOCTHAaTa/IbHOM Meproje 3aK/IK4atoTca B TOM, YTO POCT OCYLLECTBNSETCA
MPEeVMYLLECTBEHHO 3a CHET YBeNNYEHUS B 0O6BEME N Macce KXo XXMPOBOW KNETKN B OT/AENbHOCTM.
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Puc. 2. OTanbl 06pa3OBaHVIFI KoJ/inareHa B TKaHW.

CoBpeMeHHble NpeAcTaBeHNs O MpoLecce pocTa TKaHei [0BOMbHO pacn/biBYaThl. B nepsom
NPUGAMXKEHUN NOJ POCTOM TKaHU MOXHO NOHUMATb MPOLIECC YBENNYEHNA MacChl U 06bEMa. C TOUKM
3peHns MoOpgoghn3N0IOrAKN, TKAHEBBI POCT NOAPA3LEeNSeTCs Ha COOCTBEHHO POCT, PEMOAEIMPOBaHMe
n pereHepauynto. COOGCTBEHHO POCT — MPOMOPLMOHANIbHOE YBE/IMYEHWE OpraHa Mpy pasBUTUn
MOMOAOro opraHusma. PemofenvpoBaHMe — W3MEHEHWE KayeCTBEHHOr0 COCTaBa TKaHW, eé
MeXaHMYeCKMX CBOICTB B MpoLecce agantauuy K U3MEHMBLUMMCA YCNOBUAM cpefbl. PereHepaums —
BOCCTaHOB/IEHVE CTPYKTYPbl TKaHM Mpu eé noBpexaeHun. PaccmaTpuBas pocT 6GMOMOrMYecKmX
TKaHel, BblAENAT NOBEPXHOCTHbIV UM annuKanbHbIA POCT, KOraa HOBble KNETKM 13 KambuanbHOro
cnos AndepeHUMPYOTCA U HaKIadblBalOTCa Ha MOBEPXHOCTb CYLLECTBYHOLLEA MOAENN TKaHW.
[JaHHbIA pocT ABNSETCA OCHOBHbLIM Ha 3Tare pocTa opraHu3ma v B 60/bLUei CTeNeHn XapakTepeH ans
TBEPAbIX TKAHEN, B CUNY X MEXaHNYEeCKMX OCOBEHHOCTEN, a TaKkxKe ANd ANUTeNNanbHON TKaHW, Korga
JeneHne KeTOK MPOMCXOAMT B TOHKOM C/I0E TKaHW, MpueXallem K 6asanbHOn MembpaHe.
OOBEMHBIN UM UHTEPCTULMANBHBIA POCT TKaHW XapakTepusyeTcsi TeM, UYTO OTCYTCTBYET YETKO
BblA€/IeHHass MOBEPXHOCTb pPOCTa, [efleHMe W PoCT KNeToK, a Takke o0b6pa3oBaHWe HOBOMO
MEXK/IETOYHOr0 BeLLeCTBa NPOMCXOANT B TO/LLE TKaHW. Takoi TMn pocTa npeobnafaeT, Hanpuwvep, B
XKVMPOBOM W MbILLEYHON TKaHSAX. PacCMOTPeHHble 3aKOHOMEPHOCTW [atoT MpPeanocbinkn  Ans
MOCTPOEHUA MaTeMaTUYECKMX MOZENEN, a TaKxKe BepuinkaLm napaMeTpoB X Mogenen.

ABTOp 6narogaput npodeccopa A.B. MaHXupoBa 3a MOCTaHOBKY 3aa4m 1 NOMOLLb.

Pa6oTa BbIMONHEHAa NpW (MHAHCOBOW MoadepXXke Poccuiickoro ¢oHga (yHAaMeHTabHbIX
nccnesosaHuid (NpoekTbl Ne14-01 00741, Ne15-31-21111).
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KOHTAKTHAS 3ALAUA [1/151 OJHOPOAHOW BECKOHEYHOW YMPYTOW
MAACTVHbI, YCUIEHHOW ABYMA KOHEYHBIMW U OHM BECKOHEYHbIM
YMPYT MU CTPUHIEPAMU

CykuacaH k.C.

B paboTe paccmaTpvBaeTCsi KOHTAaKTHas 3afja4a O nepejade Harpysky OT MapansiesibHbIX ABYX YMPYrUX KOHEUHbIX W
O[IHOTO BGECKOHEYHOr0 CTPUHIEPOB K M30TPOMHOW OfHOPOAHOW CM/OWHONA ynpyroil 6eckoHeYHol nnacTuHe. PelueHue
paccMaTprBaeMoli MOCKO KOHTAKTHOW 3afiaus MaTemMaTuyecku CHopMy/MpOBaHa B BUAE CUHTYNISPHOTO MHTErPa/lbHOro
ypaBHeHUs NepPBOro poja.

1. Tlycts ynpyrvid CNIOLIHOA M30TPOMHBIA JINCT B BHIE TOHKOH OHOPOHOM OGECKOHEYHOM
MiIacTUHBI Masoil MOCTOAHHOW TONWMHbLI H Ha nuHuax y=b u y=—b (b > 0) B oTpeske
—a<x<a (a>0) cBoeli BepXHeil NOBEpXHOCTU COAEPIKUT 1Ba TapasUTENbHBIX KOHEYHbIX, a Ha
nuann y = 0 oguH GECKOHEYHbIVi CTPUHrep C pasHbIMU YNPYruMu CBOMCTBAMU W [0CTATOYHO
MaNbiMKM  OZVHAKOBbIMK  MOMEPeYHbIMU  ceyeHusiMU.  [lpegnonaraeTcs, 4YTO  OTHOCMTENIbHO
FOPU30OHTaIbHOM OCY  CUMMETPUYHO PACMONOXKEHHblE YMPYre KOHeYHble CTPUHIEpbl UMEKT
OAMHAKOBbIE YNpPYrve CBOMCTBA, & 6ECKOHEUHbIV CTPUHIep — ApYyrue ynpyrue CBOCTBa.

Lenb paboTbl 3ak/O4aeTcsi B OMpefeNeHWM 3aKOHa pacnpefeneHus  UHTEHCUBHOCTEN
HEeM3BECTHbIX TaHTEeHLMa/IbHbIX KOHTAKTHbIX YCUAWIA BLOMb JIMHWIA KPENNEHNS YNPYTrUX KOHEYHbIX 1
GECKOHEYHOro CTPUHIepoB C YMNpPYrom CrIoWHOM U30TPOMHON OLHOPOAHON GECKOHEYHOW NIaCcTUHOM
1 TeM CaMbIM OMpeeNvTb B3aMMOBUAHME YNPYTMX KOHEUYHbIX 1 GECKOHEYHOr0 CTPUHIEpoB, Korga
KOHTAKTUPYHOLLas napa (nnacTuHa-CTpuHrep) AeopmupyeTcs 0CeBsiMu COCPEAOTOUEHHBIMYU CUlaMu

P, npunoXeHuasIMu Ha KOHLax YNpyroro KOHeUHoro CTpuHrepa (puc.1).

Puc. 1.1. Cxema nocTaBneHHO 3aaauu

B paccmatpvBaemoil KOHTaKTHOM 3ajadye ANA YNpyrux CTPUHIEPOB MPUHUMAETCH MOAESb
OHHOOCHOTO HanpPsHKEHHOr0 COCTOAHWA B COYETaHWM C MOZE/NbI0 KOHTaKTa No IMHUK, T.e. CUMTaeTcs,
4TO pacnpefefieHNe WHTEHCUBHOCTE/ HEU3BECTHbIX TaHTEHUMANbHbIX  KOHTAKTHbIX — YCWUWiA
COCPeAO0TOYEHbI BAO/b CPEAHUX NIMHWIA KOHTAKTHLIX YYaCTKOB U NPeANonaraeTcs, YTo CTPUHIepbl He
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CONPOTUBNAIOTCS M3rnby. OTHOCMTENLHO YNPYroi CNIOLWHON M30TPOMHON OAHOPOAHON GECKOHEYHOIA
NNaCTUHbI CYATAETCS CNpPaBeAIMBOIN MOAEb 0606LLEHHOO MAOCKOr0 HAMPSHKEHHOIO COCTOAHMA [1-7].
Ob6palLascb Tenepb K BbIBOAY PpaspeLlatolimx (PYHKLMOHANbHBIX YPaBHEHWI MOCTaB/1EHHO

KOHTaKTHOM 3ajayn, 3ameTUM, 4TO Ynpyrne O6eCKOHEYHbIA W  KOHEYHbIA CTPUHrepbl B
FOPU30OHTANIbHOM  HampaBNeHWM pacTArMBalOTCA WM CKUMAKOTCH, Haxofdacb B OLHOOCHOM
HaMpPsHKEHHOM COCTOSHUN.

Torga M3BecTHO, YTO eciiv B NGOV TOUKE OLHOPOAHON 6GECKOHEYHOM M30TPOMHONW MAACTUHbI
MPUMEHSETCA OceBas COCPeAOTOYEHHas Ccuna, TO TpaHcopmaHTa dPypbe rOpPU3OHTAIbHbLIX
nepemMeLLeHniA NiacTUHbI 6y4eT MMeTb cneaytowmii Bug [2-5]:

0©; y-n)=— NHBu 1 N
H| au(\"+2u) 19| 4p(™+2p)

(—o<o; y<oo,0<n<w),

[y etoly-n M

rge U(o;y-n)=F[u(x;y-n)]-TpaHchopmaHTa ®Pypbe ropu3oHTaIbHBIX NEPEMELLEHUNIA TOYEK

nnacTuHel; F[ ] — onepatop dypbe; O (-0 <0 <o) — NapameTp npeo6pasoBaHus dypbe; P —

WNHTEHCUBHOCTDH COCPEA0TOUEHHONM CWU/bl, MPUNOXEHHOM Ha KOHLIE YMPYroro KOHEYHOro CTPUHrepa,

(A*; W) — ynpyrue NocTosHHbIE Jlame, NpuyemM:

* Ev _ E

A= 12 T 2(1+v)’

rae v — koagguumeHT MyaccoHa maTepuana 6eCKOHEYHOM MNacTUHbI.
[ns TpaHcthopmaHToB Pypbe ropu3oHTasIbHbIX MepemeLLeHnid, cornacHo (1), COOTBETCTBEHHO Ha

AMHMAX Yy =+b ny=0 nonyunm:

G(c;y-b):T(O;b){ At 1 A |y—b|]e'|°||y'b| ©)

)

Ho | ap\+2u) [o] ap(a™+2u)
(—oo <o;y<w ),

T(0;-b) A3 1 A+
H | au™+2u) lo] apa"+2p)

U(o;y+b) = |y+b] ] eloly+ol 4)

(o <o;y <o),

T(0;0)| A+3p 1 NAE | o]
H * * Iy e !
au(\+2u) [o| 4\ +2u)

a(oy) = ®)

(—o<o;y<wo),

YuntbiBaad CUMMETPUUYHOCTb KOHEYUHbLIX CTPUHIEepoB OTHOCUTESIbHO I'OpVISOHTéU'IbHOVI ocu,
nonyvynm:

a(o;b)=0(c;-b), (—0o< o< w), (6)
CNefj0BOTENbHO, U
U(o;b)=T(o;-b), (o <o<w), (7)

Tenepb, yunTbiBas coOTHOLWEHMe (3)-(7), OKOHYaTENIbHO A1 TPAHCHOPMAHTOB MOPU30HTA/IbHbIX
nepemMeLLeHniA NoNy4YnM:
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U(o;b):T(O;b){ A+ 1 A+ 2b}e'|0|2b

Ho | au\+2u) 0] 4p(™+2u)
T(0:0 13y 1 *
OO | a3 A | ol (8)
H o | au\"+2u) o] 4p("+2u)

, T(a:b) N3 1
H o 4u(\"+2p) [0

T(o;b)[ N4+ 1 AT+p b]e-|0|b LT@0) AT+3p 1

(~o<o<w) .

N+ 20) 1] 2000 +2m)

(—o<o<w)

H H  au("+2p) |9 ©)
YunTbiBass MOAENb KOHTaKTa MO JIMHWW, YpaBHEHWE PAaBHOBECWSI CTPUHIEPOB Ha JIMHUSX
y=0un y=Db 6yayT UMeTb CNeaytoLLniA BUA;

d2u5 . _1(x; 0)

a2 (x;0) = TEF (-o<x<wx), (10)
%(X' b) = 1 )j(r(s;b)ds , (o< x<a) (11)
dx =’ E:F 4 ’

rae F— nnowags norepeyHoro cevenus ctpurepos;  T(X;0) u T(X;b) —HTeHCMBHOCTM TaHreH-
UMaNbHbIX KOHTAaKTHbIX YCWUINA, KOTOpble MPOSBAAKOTCA MOf GECKOHEUHbIM U KOHEUHBIMM
CTPUHrepamu; us(x;b) n uS(X;O) —  TOPW3OHTa/bHble MepeMeLleHns TOUYeK Ha MMHUAX

y=bwny=0,E, — Mogynb ynpyroct 6eCKOHEYHOTO CTpUHrepa, E, — MOAYy/b YMpyroctu

KOHEYHbIX CTPUHIEPOB.
MpyMeHmnB K ypaBHeHMtO (10) npeobpasoBaHne dypbe, NOMYUUM:

—02_3(0;0)=E:FT(0;0), (-0 <0 <). (12)
[lanee, uMes BBUAY YCNIOBNE KOHTAKTa
E(O;O)zﬁ(o;o), (-0 <0 <), (13)
Ha ocHoBe (8) 1 (12) nonyunm cesiss Mexgy  T(0;0) U T(0;b):
2(kbc52—|0|)e_Iclb
T+o|

T(0;0)=T(o;b) (-0 <0 <0). (14)

CneposatefnibHO, Ha ocHoBe (9) 1 (14) nonyymm cBA3b U(O;b) n T_(O; b) B CNnefytowem Buae:

T(ob) | T-2kbTlo|-K?b?lo]* ool L1

T(ob)= TE F o](T +/o]) ¢ o]

(—o0 <0 <0). (15)

MpW 3TOM, 3[1eCb BBE/EHbI CiefyHoLLyie 0603HaAYEHNS:
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*
4u(A +2u) H )\*+u
A +3u 0 A +3u
Tenepb, NpUMeHss 06paTHOe NpeobpasoBaHMe Pypbe Ha (15) U yunTbIBas CreayroLLue YcoBus
KOHTaKTa:
da(x;b) dug(x;Db)
dx dx

Ha ocHoBe (11) OTHOCMTENbHO T(S;O), MPOSIB/ISIOLLETOC B KOHEYHOM CTPUHIEpe, Moy4nm

T= (16)

(-a<x<a) (7

CcreaytoLLee CUHTYNSPHOE MHTErpabHOE YpaBHEHME:

X
+ j [+R (s—x) }T(S;b)dS:AO_'[aT(S;b)dS, (-a<x<a), (18)
rae BBefiEHbI CreaytoLLye 0603HaUEHNS:

oo(T—ZkaO’-KZbZGZ)e_ZbGSin(O't) 4u()\*+2u) Y
R (t)=] do, A =

0 T+o 0 >\*+3u FE, '

(19)

3aMeTUM, YTO CUHTY/SIPHOE MHTErpaibHOe ypaBHeHMe (18) Hafo pewaTtb NpU HaMuMK YCIoBUS
PaBHOBECUSI KOHEYHOTO CTPMHIepa:

a
[ 1(s;b)ds =P. (20)
—a
[na uicneHHOro aHann3a nepengém K 6espasMepHbIM KOopaHaTam, BCNeACTBME YEro ypaBHEHMS
(18) 1 (20) 3anuyTca B BUAE:

d f {+R(x s):l(p(s)dS:A)I((p(S)dS, (-1<x<1), (21)
T -1 -1

}(p(s)ds =1, (22)
-1

rae caenaHbl creaytolie 0603HauYeHUs:

2b
R
[aT—Zkat—Kz(b] t3Je a sin(ut)
00 a

R(u)= dt
() (I) aT +t (23)
4u()\*+2u)
(p(s):gr(s;o), A=aA = Ha
P A +3u FE

B utore, peleHns CUHIynspHOro MHTerpasibHoro ypasHenus (21) npu ycnosun (22) nosyyeHsl
rpaduku, KOTOpble OMUCHLIBAIOT MOBEAEHVE (DYHKLMN (p(x) Ha vHTepsane (-1,1) B 3aBUCUMOCTM OT

(hM3NYECKUX 1 TEOMETPUYECKMX NapaMeTPOB CUCTEMBI.
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O PELLEHVW HEPEIYTAPHOW BECKOHEYHOW CUCTEMbI YPABHEHUI
MOCPEACTBOM OAHOIO AHAJIOIA ®OPMYJ1bl ®POBEHUNYCA
TopocsH B.C.
B paboTe nonyyeHoO AOCTaTOYHOE YC/IOBME, MPU KOTOPOM pELLEHME HEperynsipHoli 6eCKOHEYHOI CUCTEMbI YpaBHEHUI

MOXHO MOMYYUTb MO CXEME PELLEHMS KBA3UPErynspHO 6eCKOHEUYHON cucTemMbl. MpuBeAEH COOTBETCTBYIOLLMIA YNCIEHHBI
npuMep.

Mpn nccnefoBaHUM 6ECKOHEUHBIX CUCTEM JIMHENHbIX anrebpanyeckmx ypaBHEHUIA 3a4acTyto
yhaéTca [oKasaTb CyLUeCTBOBaHWE OrpaHWYeHHOro (rNaBHOMO) peLUeHUs, MCNoMb3ys TO, YTO B
HEKOTOPOM (DYHKLMOHaIbHOM MPOCTPAHCTBE OMNepaTop, COOTBETCTBYHOLWMIA BECKOHEUYHOW MaTpuLe B
MpaBoii YacTu, ABNSETCA CKMMAIOLLIMM. B 4aCTHOCTW, 3TO BbINOSIHEHO, eCN BECKOHEYHas CMCTeMa

zm:icnmzn +b, m=1.2,... (1)

y,El,OBI'I:;BOpFIeT YCNIOBUAM PEryNAPHOCTY

i|cnm| <1m=12,. )

E::lnm yKasaHHOe YC/OBME BbIMO/HAETCS He C MEpBOro, a C HEKOTOPOro M> P, T.e

i|cnm|<1 m=p+1,p+2,... (3)

vT: 1Kpome TOrO,

i|cnm|<+oo n=12,..,p (4)

=}

b, <Kr,=K|1- i |Con| | M= p+1,p+2,..., (5)
nopi1

TO GECKOHEUYHasi CUCTEMA Ha3blBAeTCS KBA3UPErynspHON. 3BECTHO, UTO peLLeHUe KBasvperynsipHoi
6ECKOHEYHOI CMCTEMbI NPEACTABNSETCA B BUAE OAHOW KOHEYHOI 1 0AHOI 6eCKOHeYHol cuctem [1,2]:

p 0

Zn =D CmZot| D, CmZ o | M=12,..,p, (6)
n=1 n=p+1

z, = i C.nZ, +(Zw:cnmzn +bmj m=p+1,p+2,.. (7
n=p+1 n=1

[lanee, cHauana pelUaeTc perynspHas 6GeckoHeuHas cucTema (7) (3TO pelleHMe MOXHO HaiTy
MeTOOM pefyKuuu), rhe uckomble {Zz (M= p+1,p+2,..) OKasbIBAOTCA 3aBUCMMbIMU OT

{z,} (m=1.2,...,p). Mocne peLueHusi PerynsipHoii GECKOHEUHON CCTEMbI (7) PELLAETCS KOHEYHas

cuctema (6) otHocuTenbHo {Z.} (M=1,2,...,p). Jlerko y6eauTLCs B TOM, YTO MOC/e YCeueHus

KBa3VpPerynspHoii CUCTEMbI Ha OCHOBe YC0BUS (3), BBEIEHNEM OUYEBMAHLIX 0603HAUEHWIA, peLlerme
MONYYeHHO KOHEYHOI cUCTeMbI AaéTcs Npu nomoLym opmynbl dpobeHnyca [3]:

C, CY [ H? ~HCC? 8
(Cz Cj “l-c'c,H* cl+cllc,HcCHt) ®)
roe

H=C,-CC;'C,, 9)

eCNN CYLLECTBYIOT BCe BbINMCaHHbIE 0OpaTHble MaTpuupbl. [ KBasuperynspHor OGecKOHeYHOW
cuctembl Matpua C, — HeocobeHHas. BO3HMKaeT BOMPOC: BO3MOXHO /I UCMO/Mb30BaTb aHa/I0rny-

HbIli NOAXO0A K PELLEHNIO HEPErysPHbIX GECKOHEUHbIX CUCTEM W, €C/IN [a, TO NPK KaKnX YCNOBUSX?
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1. MycTb paccMaTpuBaeTCsi 6ECKOHEYHAs CUCTEMA NIMHEHbIX anrebpanyecknx ypasHeHuin (1),
KO3(h(pMLMEHTBI 1 CBOBOAHbIE UNEHbI KOTOPOIA Y0BNETBOPSHOT CNEAYHOLLMM YC/IOBUSIM:

1<i|Cnm|<+oo m=p+1,p+2,.. (10)
n=1
i |Con| <1 M= p+1,p+2,... (11)
n=p+1
b, < Ko, =K, [1— i |cnm|j m=p+1,p+2,. (12)
n=p+1
|G| < Kn(l— i |cnm|j n=12,.,p; m=p+1,p+2,.. (13)
n=p+1

Torga cuctemy (1) MOXHO PeWMWTb TeM >e CMNOCOGOM, YTO W KBasMPErynspHyyl CUCTEMY.
[eiicTBUTENbHO, PACCMOTPUM PErY/SPHYH CUCTEMY YPaBHEHWIA

z, = Zw: C.nZ, +(icnmzn +bmj m=p+1,p+2,.. (14)
n=1

n=p+1
PerynspHas cuctema (14) co cBo6ogHbIMM YneHamu b, nmeeT orpaHuyeHHoe peLueHme|§m| <Ky,

npy cBOGOAHBIX uneHax C,, (N=1,2,..,p) 3Ta cuCTEMA TaKKe MMEET OrpaHU4YeHHOEe peLLeHie

B

<K, . CnegoBatenbHo, peLleHe perynspHoii cuctembl (14) MOXHO BbIpasuTb (hopMynoii

2, =Pz +pPz +..+pPz +h, m=p+1p+2,.. (15)

MogacTaBnAA 3TM 3HaYEHUsA B ypaBHeHue

Z,=Y CmZ,H, m=12..p, (16)
n=1

KOTOPOE MOXXHO OCYLLECTBUTb B cuy ycnosus (16), noayynum cUCTEMY P YPaBHEHWIA C P HEW3BECT-
HbIMW [i/151 ONpejeneHns Z ,z,,...,Z,. ECn 3Ta KOHeuHas crcTema ypaBHeHUi IMeeT peLueHue, To C

MOMOLLbIO hopmynbl (15) HaliiéM peLeHre HeperynsapHon cucteMbl. ECnv peLueHme 31O KOHEYHOA
CUCTEMbI EJMHCTBEHHO W BbINO/HEHO YC/I0BME NS eAUHCTBEHHOCTU PELLEHUS PErynspHON CUCTEMbI
(14), TO 1 peLLeHne HeperynsapHoOW CUCTEMbI e4UHCTBEHHO.

2. YUMCneHHbIn npumep. PaccMOTPUM CUCTEMY YPaBHEHMWIA:

D Cwz +b,=0 m=12,.., (17)
i=1
rge
1 . .
C,= - — i,m=1,..p; 1#m
(2m+1-2i)(2m-1-2i)
1 1 .
=—+— 1=12,.,
Y2 24 P
1 .
C_ = im=p+l,p+2,.., N
™ (2m+1-2i)(2m-1-2i) PrLPE S PE
3 .
Cl.p+i :8rn—_2 | :1,2,... (18)

1 .
C. =——————— |=2,....,0; Mm=p+1,p+2,...
m 18i% +10nY P P+=Pp
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P .
1T @-np-2+) P

1
iZ+m
Jlerko nposepuTb, 4YTO 6eckoHeuHas cuctema (17), KoapuumMeHTsr KOTOPOA onpeaenstoTes u3
(18), sBnsetca HeperynapHoi Vpe N. YuCneHHbIA 3KCNepyMeHT NPOBEeLEH ANA HeperynspHoin

C m=12,..p; i=2,3,...

p+i.m =

cuctembl (17)—(18) npwm zi:—% i=1,2,..., nonaraa p=4. Torga CBOGOAHbIE YNeHbI
+
HeperynspHoi cuctembl (17) onpegensaTcs Mo gopmysne
= C
b = /™ m=12,.. 19
" iZ:l:i+2 (19)

O6o3HauMM Yepe3 S,  cpefHeKBafpaTUYHYIO MOrPewwHocTs  (N—nopagoK  YCeYEHHOI
OECKOHEUHON cucTeMbl). PesynbTatbl Anf S, NPy pasnMyHbIX 3HAYEHUAX N MNpefcTaBneHbl B
Tabnuue.

D=4 8 32 64 128 300

S 0.2246 0.1048 0.0831 0.0692 0.0563

YuncneHHble pe3y/bTaTybl M0Ka3blBalOT, 4YTO MpY  ONPefenéHHbIX YCNOBUAX HeperynspHyto
cucTeMy 3(PEKTUBHO MOXHO PELLNTH TakXKe 1 C MOMOLLb0 (hopMynbl PpobeHuyca.
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JTOKANU3ALMA BLICOKOUYACTOTHOW HOPMAJIbHOW CABUITOBOW BOJIHbI B
YMPYTrOM OAHOPOAHOM BOJIHOBOJE C C/TABO HEOAHOPOAHbLIM
MOBEPXHOCTAMMU
YHaHsaH A.A.

Wccnepyetcs BnvsiHue cnaboli HeoAHOPOAHOCTW MOBEPXHOCTEW YMpYroro Cfos-BO/HOBOAA Ha pacnpocTpaHeHue
HOPMa/IbHOI CABMIOBON BOSHBI MPY PasHbIX MEXaHUYECKMX FPaHWYHbIX YCMOBUAX. MOKa3bIBAETCS, UTO MPU MEXaHUYECKM
CBOGOAHbLIX HEernagKMx MoBepXHOCTEli B MPUMOBEPXHOCTHBLIX 30HAX MPOMCXOAMT YacTU4Has foKasm3aums BOSHOBOW
3Hepruun. BcneacTeme BO3AENCTBMA HEOLHOPOAHOCTY MOBEPXHOCTEN Ha pacnpoCTpaHeHMe BbICOKOYACTOTHOW HOPMasbHOM
BO/HbI NOSIBMIAOTCA [BE HOBblE NMPWBEAEHHbIE YacTOTbl. Cnabas HEOAHOPOLHOCTL MeXaHUYeCKu CBOBOAHBIX MOBEPXHOCTEN
MPUBOAMT K MOSIB/IEHNIO 30H YaCTOTHOrO YMONYaHWA, a TakKe YaCTOTHbIX 30H NPONYCKaHWs BHOBb (DOPMMPOBaHHOI BO/HBI
1 NOKa/IM3aL[Mm BOSIHOBOM 3HEPT M B MPUMOBEPXHOCTHBIX MPOC/O0liKax BOIHOBOAA.

BeegeHve. BsanmogeicTBve Yy/bTpa3ByKa C LLEPOXOBATOM MOBEPXHOCTbIO BOSIHOBOAA B
HacTosiLLee BPeMS aKTUBHO WCCMELYeTCA Kak C TEOPETUYECKON, TaK U C 3KCMNEePUMEHTaIbHON TOUKM
3peHunsa [1-3] v Ap., NOCKONbKY MPUNOXEHWUS YNPYTUX BOSIHOBbIX SB/IEHWIA CTaHOBATCA BCe 0Gosee
BaXXHbIMW B 06/1aCTW 3/1eKTPOCBA3N (06paboTKa curHana), MeanumHbl (YbTPa3ByYKOBOE M3MEPEHUE),
MeTannypruv (HepaspyLuatoLLMin KOHTPO/b) U B APYrUX 061acTax.

YUéT HEeOAHOPOAHOCTW MOBEPXHOCTEN BOHOBOAA 6e3yCNOBHO YCMOXHAET MaTemMaTuyecKyto
KpaeByto 3afayy, HO AaéT BO3MOXHOCTb BbISBUTb MPUMOBEPXHOCTHbIE BO/IHOBbIE HOBbIE 3N(EKTHI U
60/1ee TOYHO BbIYNC/IUTL KOMIMYECTBEHHbIE XapaKTePUCTMKN 06pa30BaHHOr0 BOTHOBOrO MOASA B MpU-
MOBEPXHOCTHON 30He. PasHbIM C/yvasM MoTepy YCTOMYMBOCTM PacrpOCTPaHAIOLLENCA HOPMa/bHOM
BbICOKOYACTOTHOM BOMHbI (MOHOXPOMATMYECKNIA KOPOTKOBO/IHOBOW CUrHan), Oyab 3TO NOKam3aums
BO/IHOBOW 3HEPruM, BHYTPEHHWUIA pPe30HaHC, MOSABMEHMA 3amnpeTHbIX YaCTOTHLIX 30H WU ApYyroe,
MOCBALLEHO MHOro pabot [4+7] wn gp. B cratbe [8] wnccnefoBaHbl BO3MOXHbIE UCKAXKEHWS
amnanTygHol 1 a3oBol (yHKUMIA Npy pacnpocTPaHEHUM HOPMasbHOrO BO/IHOBOrO CWUrHana B
(m3nyeckn cnabo HeOAHOPOLHOM YMPYroM BONHOBOAE. BbisiBNeHbl Cnyvan BO3HUKHOBEHWS
BHYTPEHHEr0 pe3oHaHca, YCN0BUS CyLLLECTBOBAHMSA 30H 3anpeTHbIX YacToT.

B npeactaBneHHOM cTaTtbe  MUCCNeAyeTcs  BAUSHME TEOMETPUYECKOW  HEeOLHOPOLHOCTM
MOBEPXHOCTEN (LLUEPOX0BATOCTb) CNOSA-BOMIHOBOAA HA PacnpocTpaHeHMe HOPMabHON CABWUIOBOM
BO/HbI.

1. MNocTaHoBKa 3afauyun. B ynpyrom, n30TpPOMHOM BO/IHOBOZE LUEpOX0BaTbIMX MOBEPXHOCTAMM

y=h(X) n y=h(X), Q={x<o; h.(x)<y<h(x); |g<ow} pacnpoctparseTcs Hopma-
HbIi BO/THOBOW CUTHa/ YMCTOrO CABUTA

{u(x, y,t) =0; v(X y,t) =0; w(X, y,t) =W,(y)-exp [i(kox— mot)]} :

Torfa, B yNpyrom 0f{HOPO/HOM C/0e PELLAeTCs ypaBHEHME BIKEHIS Cpefbl

OWx,y) dw(xy) L, dw(xY)
e + ayz Y at?
rae ¢ 2G,/p, — CKOPOCTb NpeaenbHOi CABUMOBOI BOMHbI B BONHOBOAE, G,— MOZY/b CABATA U p, —

MNOTHOCTb COOTBETCTBEHHOIO O/JHOPOAHOIO MaTepuana.

He Hapylwas O6LHOCTW, LUIepoXoBaTOCTb MoBepxXHocTell BonHoBoga Y =h,(X) npeactasnsetcs
rapMOHUYECKUMMN (YHKLMAMN:

h (X) £ h[1+¢, -sin(k, -X) +38, -cos(k, - X)]

h (x) £ -hy[1+e_-sin(k_-X)+8_-cos(k_-X)] (1.2)

rae h,— 6asoBas NonyToLHa CNOS-BOMHOBOAR, €, W O, — aMMINUTYAHble OTHOCKUTENbHbIE KO3(-

, (1.1)

(MLMeHTbI BbICOT NPOGNEN LLIEPOXOBATOCTH, 11 KOTOPbIX U3BECTHO, YTO {8 ) i} <1, nockonbky
BbICOTbI BbICTYMOB LuepoxoBatocTt h,-€, u h, -8, Bcerga HamMHOro MeHblue 6a30BOW TONMLMHDI

cnos: {I”b g5 hy '5¢} <h. Kk, 2 21/\, — 4YMCNO BONHUCTOCTM MPOGIUNS LLIEPOXOBATOCTU U A, —
Lwar (411Ha BOJIHbI) NPOMUSA LLEePOX0BATOCTY.
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Torga rpaHUYHbIe YCMOBMS Ha MEXaHWYecKM CBOOOAHBLIX Hernagkmx MOBEPXHOCTAX BOSIHOBOAA
+
o (X Y)-n; (X) =0 3anmwyTcs cooTBETCTBEHHO B BIAE:
oW(X, oW(X,
h;(x)~M +M =0 (1.3)
OX lyon () Ny
13 thopmynmpoBaHHO rpaHunyHoi 3agaun (1.1) n (1.3) oueBMAHO, YTO BO3JENCTBME TEOMETPU-
YeCKOl HeO4HOPOAHOCTM NoBepxHoCTen (1.2) B peLleHne 3aga4m BXOAUT Yepe3 rpaHnyHble YCI0BuUS.
MoCKO/bKY LLEPOXOBATOCTb — eCTECTBEHHAsA Cnabas HeOLHOPOAHOCTb {I”b g, -0 i} < h,, T0 B3an-

Mo/eliCTBME LLIEPOXOBATOCTUA, B OCHOBHOM, 6YfieT OTHOCUTLCA K BbICOKOYACTOTHbIM (KOPOTKOBO/-
HOBbIM) BO/IHOBBIM CUTHa/IaM, PN KOTOPbIX A, ~ A, < Iy, nam uto T0 e camoe — K h, ~ k.h, > 1.

Torga eCcTeCTBEHHO, MHTEPECHO WCCNeAoBaTb B/MSIHUE FEOMETPUYECKON HEOAHOPOAHOCTW MOBEpPX-
HOCTeiA C10s-BOMIHOBOAA Ha PacnpoCTPaHeHe HOPMasbHOM BbICOKOYACTOTHOM CABMUIOBO BO/HbI.
2.PewueHue 3agaun. PelueHre 3agaun npoBeaéM AByMs MeTOo4aMmn: METOAOM NOCNefoBaTeNbHbIX
NPUGAKEHWIA 1 METOAOM BBEAEHWS TMMNOTE3.
Moaxod NepBblil: NPy pacnpocTpaHeHUy B YNPYroM C/I0e-BOSIHOBOE BbICOKOYACTOTHOIO HOp-

MasIbHOro CABMroBOro curHana W, (X, Y,t) =V\/0(y)-exp[i(kox—oaot)] B MPUMNOBEPXHOCTHBIX 30HAX
NPOUCXOANT B3aMMOAEICTBME BOMHOBOrO CUrHana C BOSIHACTOCTbKO MOBEPXHOCTEN, YTO COOTBET-
CTBEHHO MPMBOAMT K aMNINTYAHOMY M (Pa30BOMY MCKaXKEHUSM MEPBUYHONO CUMrHana. ECTeCTBEHHO,
BO3HMKAIOT HOBbIE FAPMOHWKM 1 06pa3yeTcsl HOBOE amnIMTYAHO-(a30BOe B3aMIMOLECTBME.

MpeactaBuM pelleHne Kpaesoi 3agaum (1.1) n (1.3) B BMAe psda rapMOHUK, (YHKUMAMU C
pa3feneHHbIMU NepeMeHHbIMU

WX, Y, 0) = SIW, () - X, (X)-exp(-iey,) (2.1)

n=1
Torga, YCNOBMSi MeXaHWYeCKM CBOGOAHbLIX MOBEPXHOCTE BOMHOBOAA, HA  LLIEPOXOBAThIX
noBepxHocTax Y = h, (X) cooTBETCTBEHHO, /NSl KaXA0M rapMOHMKI PacrpoCTPaHsIOLLEACS BOMHBI

W/(h,(x)) =Fh)k, -[¢, -cos(k, - X) -5, -sin(k, - x)]-i'l‘—(X;Wn(n(x)) (2.2)
X

n

MOACKa3bIBaeT, YTO Hes3aTyXalolMe MO HampaBfeHWsIM pacrnpocTpaHeHuin +X (npmlm[kn]EO),

peLeHwve (2.1) ypasHeHUs (1.1) MOXHO NpefCcTaBUTb B BUAE MHOXUTENEN:
X, (x) = C_ exp(=ik x) (2.3)
W (y)=C,_exp(ik o y)+C, exp(-ik o y), (2.4)
2 A 2 2 A 2y,-2 -2

KOTOpble MpW MeAJIeHHbIX BO/MHAX, Korga o =n -1<0, rge mn =ok’'c’ COOTBETCTBYET
3aTyxaloLmMM OT MOBEPXHOCTE B rNybb BONHOBOAA rapMOHMKaM, a Npu ObICTPbIX BOSHAX, KOrja
0’21 -1>0 COOTBETCTBYET He3aTyXaloLyM MO TO/LUMHE CMOA-BOSHOBOAA TapMOHMYECKVM
(hopmam.

YuuTbiBasd, UYTO reoMeTpuyeckas HeOo4HOPOAHOCTb MOBEPXHOCTEW BONMHOBOAA Crnabas wn eé
BO3[elCTBYE Ha PacnpOCTPaHSOLLYHOCS BOJHY ONUCHIBAETCS MPaHUYHbIMW YCIOBUAMM (2.2), peLLeHwe
ypasHeHud (2.3) npescTasnM B BUAE:

Xn(x):iym-Am exp(ik, x) npu nmmeN". (2.5)

Mpuuém, 3HayeHrne m=0 COOTBETCTBYeT C/lyyald BOSHOBOAA C OAHOPOAHLIMK MOBEPXHOCTSMM.
BBegéHHOe 34ecb BOMHOBOE 4MCMO K. AO/MKHO 00pa3oBaTbCs BO3AEMCTBMEM  HOPMasbHOO

BO/IHOBOTO CMIHana U BOIHUCTOCTU MOBEPXHOCTEW BONHOBOAA. BOMHWUCTOCTL NOBEPXHOCTEN, B CBOKO
ouepefb,  XapakTepusyetcs  HaubOoNblUMM  OBLWWM  [enuTeseM  BOJHOBbIX — uumcen,

k. 2min{k /p; k /a} = (2n/).) — HanmeHbluee 06LLee BOJHOBOE YMC/IO HEPOBHOCTEN Ha MOBEpX-
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HOCTSIX, COOTBETCTBYHOLUMX BO3OYXKAEHHON m-0/i rapMOHUKW BOJIHE, a yémax{«/giﬁsi}«l -

MaJlblii NapaMeTp, XapaKTepunpyoLLmii cnabyto HEOAHOPOAHOCTL NOBEPXHOCTEN BOHOBOZA.
Toraa rpaHnYHble YCNOBKS NPUHUMAIOT BUL:

knO(’n I:Cnl EXp (I kna‘nhi (X)) - C:n2 EXp (_I kna‘nhi (X)):I i ym ' Am exp (I k*mx) =

=Fhyk. -[e. -cos(k, - X) =8, -sin(k. - X)] x (2.6)

<[ Cexp(ik,h, (X)) + oy exp(<ik s, ()3 Ko™ Ay XD (1K)

YunTbiBasi, YTO MpaBble YacTV FPaHUYHbLIX YCNOBUIA (2.6) — Manble M+1 nopsgka, B Hy/JEBOM
MPUGIVKEHUN NS HETPUBUAbHBIX PELLeHWi A M3 (2.6) mosyyaeM AMCMEPCHOHHOE YpaBHEHWE CO
CnefytoLLnM PeLLEHEM:

Do = KonGy = Gy (27/ g, ) = G (/M ) 27
CIeloBaTe/NbHO, B HYNIEBOM MPUB/IVKEHUN ELUE He MOSBAETCS B3aMMOZECTBIE HOPMAbHON BOMHbI
Wy (%, Y, t) =W, () -expl[i(k,x—yt)] ¢ nosepxHocTHbIMM HeposHocTsmm h, (X), 1 pacnpocTpasi-

toLLas BOMHA Moka OYeT HOPMasbHOM, KaK B HY/IEBOM MPUBVKEHUN NPOLO/BHO CaGo HeoAHOPO.-
HOr0 BO/IHOBO/ja C MEXaHUYECKIM CBOGOAHBLIMI MOBEPXHOCTSIMU [8]:

w, (X, y,t) :iAjn -exp[i(nmx/hy — oy t)] - (2.8)

[N VCKaXKeHWI HeTpUBMANbHLIX PeLleHnidi B NepBOM MNPUOAMXKEHUW, C YYETOM YCNOBUN
CMHXPOHM3Ma MOBEPXHOCTHLIX WCK&XXEHWIA B CPeAVHHON mniockocTh BonHoBoga Y =0, nerko

Nony4vnTb pa3peLllaemble AJINHbI BOJTH:
k, -[e. -cos(k, -x) 3, -sin(k, - x)]}

k -[s_-cos(k_-x)—5_-sin(k_-x)] (2.9)

3 rpaHNYHbIX YpaBHeHWiA (2.6) 6yLem UMeTb:

eXp(iKOnO(‘n (h+ (X) - hﬁ(X))) - exp(_ikOnan (h+(x) - hﬁ(X))) =0,

0TKya Haxoaym KoathhmumeHT hopMo0bpa3oBaHNs FreHEPUPYEMbIX UCKaXKEHWIA:

Kon0n = Nt/ (h, () —h.(X)). (2.10)

BonHOBOE 4MCNO MNepBOli reHepUpPOBAHHOW FapMOHWKM YXKe 3aBUCUT OT MOBEPXHOCTHbIX He-
rnafikocTel BO/IHOBOAA

,1/2
K, (%)= (/0 )(h (9 —h () K +(h (9= (9)" ] (2.11)
N y)>Xe B NepBOM |'|p|/|6ﬂ|/|)KEH|/|I/| BSB.MMO,UIEI\/IICTBVIG HOpMafIbHOI‘/JI BOJIHbI C NOBEPXHOCTHLIMW HErnaaKoc-
TAMU NPUBOAUT K PacrpoCTPaHSIOLLEICs BOMHE:

N _h k(Y . h ok, (x)y :

W (X, y,t) = {Cm exp(l— +C, exp| —i —————— | [-exp|i(k, (X) - Xx—a,t)].
' Z (h.(9~h (%) (h.(9~h (x) [ o)

Moaxog BTOPO: NpU UCCNeLOBaHUM PacrnpoCcTpaHeHUs HOPMa/IbHOrO BO/THOBOFO CUrHaia Y1cTo-

ro casura: Wo(X, y,t) =W, (y)-exp[i(k,x—yt)], a Take u(x, y,t) =0 n v(x, y,t) =0, ¢ yuétom

Ae(X) = A, - 2marccos ™ {—

TOrO, YTO B M3OTPOMHOM YMPYroM BOnHOBOZe €)= {|x| <o; h (X)<y<h (x); |z|<oo} HeofHo-

POAHOCTU LepoxoBaTbix noBepxHocTeid Y=h (X) n y=h (X) onucbiBatoTcs dyHKumammu cnaboit
HeogHopogHocTM (1.2), BMPTYya/ibHO BbIAEMM  MPUMOBEPXHOCTHbIE TOHKME C/I0M  MEepPeMEHHON
TO/WMHDBI, MPEACTaBAA UMEIOLMIACA BONHOBOA B BuUae TpéxcroiHoro Q=0Q wQ,UQ , rge

Q 2{x <o h()<y<-h+y U-h+y <y<h-y,Uh -y, <y<h(X); |7<o).
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Bo Bcex TPEX YNpyrux OAHOPOAHBLIX CNOSX PeLaeTcs ypaBHeHue aBwkeHus cpeabl (1.1) c
rpaHNuYHbIMK ycnoBuamy (1.3) Ha MexaHM4YecKn CBOGOAHbLIX Hernaakmx nosepxHocTax Y=h (X) u

y=h (X) gna ynpyrnx nepemetienmnii W, (X, y,t) cooTBeTcTBEHHO, CnoéB €2, , a Takxe YCNOBWIA

MOJHOM CONPSXKEHHOCTY Ha BUPTYa/bHbIX ceveHusx Y=—h,+y n y=h —v,:

wWo(x, YO =Wy Wy, =w ey (2.12)
M (X Y, 1) _ow (X y,1) . (% y.1) _ow (% y.t) (2.13)
oy y=—tp+v_ oy y=—tp+v_ oy y=ho-v, oy y=ho-r,

YunTbiBas TOHKOCTb MPUMOBEPXHOCTHBIX CNOEB €2, , peLUeHns B HUX C Y4ETOM XapakTepa W3MeHe-

HWIA UCXOAALLMX W3 HepoBHoCcTell moeepxHocTed Y=h (X) u y=h (X) npescrasum B cooTseT-
cTBMM C runoTesoin MELS-a [7,9]:

sh(w, [y-hy+v.])
5h(H+[h+(X)_ho +Y+]

sh(u,[y+ho—%]) Jw (x.h (X))=w, (x =h + +W, (X,—h, +
sh(p [h () +h-v.]) (W (% () =W (% —hy+7.) [+ Wo (x—hy+7.)  (215)

PelleHNs B MPUMOBEPXHOCTHBIX TOHKWUX CMOSX BOMHOBOAA (HOPMMUPYIOLLMECS  BCMeACTBUE
PacnpoCTPaHeHMs HOPMabHOI BOMHBI W (X, Y, t) =W, () -expli(k,X—mt)] B 6asosom cnoe O

w, (X, y) = )-[W+(x,h+(x))—w0(x,ho—y+)]+wo(x,ho—y+) (2.14)

W (X, y) =

w, (%, ) = F, {, 09: b (0)ish (i, 09 [ (09 =y +7. 1)} wy (x =) (2.16)
W (%)= F {1 09;h (93sh (1w (9[h (0 +hy =7 ])} - (x,—hy +7.). (2.17)
MpeacTaBnss HOPMaIbHYO BOSHY B 6a30BOM crioe €2, B 0GLLEM BUAE:

Wy (X, ¥, t) =[ Acos(p.y) + Bsin(u.y)]-exp[i (k. x—ot)]. (2.18)

3pecb k. 2min{pk ; gk } = (2n/).) — HauMeHbLLee 06LLee BONHOBOE UMC/IO HEPOBHOCTEN Ha MOBEPX-

HOCTSIX, COOTBETCTBYHOLLX BO30YXKAEHHO! TapMOHUKE BOJHbI.
N3 ycnoBuil COMPSDKEHHOCTU MeXaHUYECKMX HanpskeHuid (2.24) nonyyMm  AvcnepcuoHHOe

ypaBHeHWe [19 onpeeneHns Ko3pquuyeHToB (hopmMoobpa3oBaHus LL. :
wl —p-ctg (e (2hy = (v, +v.))-(f, (nsh (0) = f(nsh (%)) =

1 (i () (130 09),

rae BBefEHHble (yHKLMOHaNbHble 0603HaueHus f, (u+; h (X)) n f (HJ hﬁ(x)) XapaKTepu3yrT

BNMSIHWS LLIEPOXO0BATbIX MOBEPXHOCTEN Ha KO3(h(hMLMEHT hopMO0Bpa30BaHus.

3akntoyeHne. TlokasaHO, 4TO C/nabble MOBEPXHOCTHbIE  HEOLHOPOLHOCTM  MPUBOAAT K
HEYCTOMYMBOCTI PaCcnpOCTPaHSIOLLECA HapMa/IbHOI BONHbI B BOJIHOBOAE. Hanmume noBepXHOCTHbIX
HEeO4HOPOAHOCTEA MOXET MPMBECTM K 3anpeTy BOMH ONpefenéHHbIX [/IMH B 3aBUCMMOCTM OT
XapaKTEPUCTUYECKMX BEIMYUH (PYHKLMIA HeoaHOpoaHocTel (2.10). MponcxoanT TOMbKO YacTMYHas
NOKanM3aums BOMHOBOM 3HEPrM B  TOHKMX MPUMNOBEPXHOCTHBIX 30HaX HEOLHOPOAHOCTENA.
Jlokann3oBaHHble MOBEPXHOCTHbIE BOMHbLI HE BO3HWMKalOT. Metog Beoga runotes MELS nossonser
60nee NogpPo6HO MCCnefoBaTh NMPOLECC UCKaXKEHUS HOPMa/IbHOW BOJHBI, YTO, 6e3yC/lI0BHO, CAenaet
ero yaoOHbIM NpU MCCNeA0BaHMSAX BOSIHOBbLIX MPOLECCOB B BOHOBOAAX C  YCOXKHEHHLIMU
CBOWCTBAMM W C/IOXHbIMW  XapakKTepHbIMW HEOAHOPOLHOCTAMM MaTepuana BOMHOBOLA W €ro
MOBEPXHOCTEN.

WccnegoBaaHume BbIMOIHEHO NpU (PMHAHCOBON Nogaepxkke ocyaapcTBeHHOro KomuTeTa no Hayke
MOH PA B pamkax Hay4Horo npoekra Nel5 T-2C026.

(2.19)
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MATEMATUYECKAA MOAE/Tb ANHAMUK MUKPOMONIAPHBIX YTNPYT X
KPYTOBbIX TOHKNX CTEP>XHEW/

XavatpsH M.B.

B paboTe paccMaTpuBatOTCsi CUCTEMA YPaBHEHWI W TpaHUYHble YC/OBWSI MJIOCKOTO HAMps)XEHHOrO COCTOSHYSA
MUKPOMO/ISIPHOI Teopun YNpyrocTu B KPYroBoid MIOCKoi o6macTv. [ns paccMaTprBaemMoro crydasi, 0606Las rynotessb
paboT [1], nocTpoeHa NpUKIagHas MOAEeNb MUKPOMONSAPHBIX YNPYTX KPYroBbIX TOHKWX CTEPXKHENA.

BeegeHve. B pab6ote [1] acMMNTOTMYECKMM METOLOM M3yyeHa TPEXMepHas KpaeBas 3ajava

MWKPOMONSPHOA Teopun ynpyroctn B 06/1aCTU TOHKOW MNNACTUHKM MU Ha OCHOBE KauyeCTBEHHbIX
pe3ynbTaToB 3TOr0 UCCNef0BaHUA CPOPMYNMPOBaHbI afeKBaTHbIE MNOTE3bl, NPV MOMOLLM KOTOPbIX
NoCTpoeHa 06Las NpUKIafHas Teopus MUKPOMOAAPHBIX YNPYrMX TOHKMX 000/104eK (M3 KOTOpPOro
CNeaytoT TaKXXe NPUKNagHble TEOPUM 41 MUKPOMOAPHBIX TOHKMX MAACTUH U CTEPXKHEN).
Kak ykasaHo B paboTe [1], Ha OCHOBE COOTBETCTBYHOLUMX aHA/IOMMYHbIX TMNOTE3 MOXHO NOCTPOUTb
TaKXKe Knaccuyeckue MpuKnagHble Teopun € YYETOM MOMNepeyHbIX CABUIOB ANA YNPYrnxX TOHKMX
060/104eK, NNacTVH 1 cTepxHeid. B paboTax [2,3] Ha OCHOBe TaKMX rMnoTe3 NOCTPOEHbI KNacCU4ecKme
NPVKNagHble CTaTUYeCcKas U AMHaMUYeckas MOAENN AN KPYroBOro YMpPYyroro CTEPXHSI C YYETOM
nonepeyHbIx cAsuros. B pa6ote [4], pa3BmBas nogxoq runotes paboThbl [1], MOCTpOeHa cTaTuyeckas
MOZeNb MUKPOMO/IAPHOTO YNPYroro KpyroBoro TOHKOrO CTePXKHA. B gaHHO paboTe aHa/lorMyHbIM
NoAX0A0M MOCTPOeHa NMPUKIagHas MOAENb AMHAMUKMA  MUKPOMOSAPHBIX YNPYTrMX KPYroBbIX TOHKMX
CTEPXKHE.

MocTHOBKa 3agaun. PaccMOTpUM MUKPOMONSAPHBIVA YNPYTnid CTEPXKEHb C KPUBOIMHEHON OCbHO

(ocb-myra OKpyXHOCTM paguyca [,), UMelowWmnii MOCTOAHHOE TOMepeyHoe CeyveHWe: BbICOTOM
2h=r,—r, v wupnHoii b, nocnegHee HACTONbKO Mano, YTO B CTEPXKHE MMEET MecTO MN/IOCKOe
HanpsX8HHOe COCTOoAHMe.

B cpegyHHOI NI0OCKOCTU CTEPXHSA, rae 6yaeM BBOAWTL MOMSPHYK CUCTEMY KOOpAMHAT (r,(p)

(L<r<r,,0<@<@,), UMEIOT MECTO AMHaMWYECKME YPAaBHEHWUS TMIOCKOrO HaMpsHKEHHOrO

COCTOSIHMA MUKPOMONAPHOW Teopun ynpyroctu [5]:
YpaBHEHNS LBVXKEHNS:

10c,, 0o, 1 oV, 0o, 1 1 0oy, oV,
S U Tu T (g, 40, )=p—t, —2+(0,,-0,)+-—R=p—~
f op | or o r (02t 00) =Pt 55+ (0n —ou)+] 2o ot
10w,  Ouy 1 0’
——=+—= 4+ —Uyy+06,— Oy = —. 11
r oo or ; Ho3 TG, =0y o (1.1)
COOTHOLLIEHNS YNPYrOCTH:
1 1 pn+o nL—a
Y= E [611 - 0022], Yoo = E [622 - UG11] v Y12 = m 12~ 4u—a021
nL+a nL—o 1 1
= (e} — (@) , = — , - 12
Vo1 Ao 21 e 120 Xa3 B Mz, Aoas BH23 (1.2)
FeOMeTpI/ILIeCKI/Ie COOTHOLUEeHUA.
1ov, 1 oV, 1oV, 1 A
=__+_V ’ = :__2__V_(D ] :_+('0 ]
Tu=y op r ’ T2 =75 Y =y o r 0 Y=g T
= 1% _ o0, (1.3)

X1z = v A3 = .
r oo or
3f€Cb Gy, Gy, Opy, Oy~ CUNOBbIE (0BbIYHBIE) HAMPSKEHUS; Lz, Llo3— MOMEHTHbIE HAMPSHKEHWS;

Yo Voo:Vi2sYor— DEPOPMALMN;  Yi5, Kps— U3MMO-KpyueHus; V, V,- nepemelleHus; ,—
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cBoGoAHbIi moBopoT; E, v, p= ) o, B- ynpyrve nocTosiHHblE MMKPOMONSPHOrO

20+v
maTepuana; p— NI0THOChL MaTepuana, | — mepa nHepuum maTeprana npy BpaLLeHUN.
By/iem cuuTaTh, YTO Ha IMLEBBIX IMHUAX ' =T, I =T, 3a/jaHbl BHELLHWE YCUINA N MOMEHTBI:

Ha I'=T1, Gy =0, 0, =0, ; M23=+m_’ (1.4)

+ +.

Ha I'=1,, Gy =0 ,0,5 =0, Uy =M,

a Ha KpaliHbix ceueHmsix obnacth  (@=0, =@,) uMeeT MECTO OAWH M3 BapUAHTOB

HVKENPUBEAEHHBIX MPAHNYHBIX YCIOBUIA:
’ ’

’ n "

a) Ha =0, 6y, =6;;, G}, =0y, Uiz =Hy3; HA Q=0;, Gy =Cy; , Op = Oy, g3 =gy (1.5)
b)Ha =0, V, =V,, V, =V, , @, =, ; Ha 9=¢, V.=V, ,V, =V, , o, =0, , (1.6)
B)Ha ¢=0, o, =0y, V, =V, , iz =13 5 HA @=¢;, 6, =0y , V, =V, , ly3 =H5 (1.7)
ou ow  0Q,
CrieayeT TaKxKe NPUCOEANHNTL Haua/bHble YCIIoBUA Anst U, W, Q) = " ot

B panbHeiwem pagnyc BeKTOp ¢ MPOU3BO/bHOM TOYKM paccMaTpuBaemoii 061acT npeactasum
Tak: F =1, +2, rie —h<z<h (,=r,—h, r,=r,+h).

2. F'nnoTesbl. BbiBOA OCHOBHOM CUCTEMbI YPaBHEHWI JUHAMWKY MUKPOMO/IAPHOIO YNpyroro
KPYroBOF0 CTEPXHsl. Byfem cuuTaTb, YTO TO/LMHA CTepxkHsi 2N HamHoro meHblue paguyca I

CPefHel NUHUN CTEPXXHS, a TakkKe OT [A/MHbl Ayrn 3TOW KPUBOSIMHENMHOW ocw. Hawa uenb
3aK/t0YaeTCs Ha OCHOBE HEKOTOPbIX 06LLMX MPeanonoXeHnin (rmnoTes) [1]: nocTpoeHve NpUKNaaHoiA
MOJEeNM AMHAMUKM MUKPOMO/IAPHOTO YNPYroro KpyroBoro CTepxHs. MprHMMaeMble 34eCh rmnoTessl
M0 COAEPXKaHMI0 MOXHO paccMaTpyBaTh Kak KMHeMaTuyeckme 1 ctatnyeckme [1].

KnHematunyeckvie runotesbl, XapakTepusytoLye “3MeHeHne nonepeyHbixX AetopmaLmii, a Takxke

M3MeHeHe MOBeeHNs CBOGOHOTO MOBOPOTA (s, MPEACTABNAIOTCS B BUE:

V. =u(@,t)+2y(o,t), V,=w(e,t), o,=Q,(e,t), (2.1)
rae U(@,t) n W(@,t)- nepemewyenns Touek cpeaHeit IMHIM B HaMPaBREHNSX M0 €8 KacaTenbHOIA ¢
no Hopmamm (T.e. W(@,t)- ato nporu6 crepxis); W(@,t)- yron nosopota nepeoHauanbHo

HOpMasIbHOr 0 3neMeHTa; (2, ((p,t)— CBO6O/HbI NOBOPOT TOYEK 3TOr0 3/IEMEHTA.

Hapafy C nNpuvHATOM KMHEMaTW4eCKOn MOfenbio Aedopmauv MUKPOMOAPHOIO  ynpyroro
KpPYroBOro TOHKOr0 CTEPXKHA NPUMEM CNeAytoLLme CTaTUYecKme NpesnonoXKeHus:

1. TpeAnonoxeHns No ManocTi HOPMaNbHOIO HamnpsKeHUss G,, OTHOCUTE/IbHO HOPMasIbHOTo
HanNpsKeHna G, B NepBoM ypaBHeHUM 3akoHa Myka ((1.2),).

2. Mpwy onpegeneHnn aedopmaunid, U3rmboB-KpyUeHUiA, CUMOBbIX U MOMEHTHBIX HanpsXXeHW,
CHaYas1a AN KacaTeslbHOro HanpsXXeHus G ,, NPUMeM:

0
0, =oa(@t). (2.2)
Mocne onpefeneHns BbilleyKa3aHHbIX BENUYMH, (OPMYNY And G,, Gy[em nonpasiaTb Crefyto-

LWmm obpasom. NHTerpupyem no z sTopoe 13 (1.1) ((1.1),) ypaBHeHMEe ABWKEHWUA U NPW ONpeaeneHnn
MOCTOSHHOIO MWHTErpMpoBaHns (BepHee (YHKUMM OT @), Oygem Tpe6oBaTb PaBEHCTBO HY/HO

nuterpana oT —h go h orT nonydeHHoro BblpakeHws. [locne yKasaHHOrO WHTErpUPOBaHKA
Nosly4YeHHOe OKOHYaTe/lbHOe BbipaXkeHune byem npubasnsatb K popmyne (2.2).
1, HakoHeLl, MprMMeM YCI0BMEe O TOHKOCTEHHOCTW KPYroBOrO CTEPXHS:

1+ e (2.3)
r0
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npy NOMOLLK KOTOPOTO eLle MOXXeM HanucaTtb:

1 1 1 1
—= = r—. (2.9)
rn+z rl+z/ir) 1

B cooTBeTCTBMM C MPUHATBIM 3aKOHOM pacnpefefieHnst nepemelleHnii 1 nosopota (2.1),
nogctasnsas ux B oopmynsl (1.3), Haxogum geopmanu n N3rnbbl-KpyveHUs:

lou 1 1oy low 1
Yu=| ot WHZ———, 7, =0, y,=>——-—u-Q
h0p T o Op Iy 09 T
1 0Q
Yu=V+Q, A=——>, Axn=0. (2.5)
r, Op
MpuymeM cregytoLme 0603HaueHUs:
| :ia—u+iw, r,= la—W—iu—Qs, I, =v+Q,,
fh 09 T o 00 T
10 10Q
112__W’ k13=_ *, (2.6)
Iy O¢ r, 09
Torga Aans geopmauuii, U3rnboB-KpyUYeHUA Monyymm:
Yo =T+ ZKiy, 12, =0, 13, =Ty, Y21 =T, a3 =Kigs %23 =0. (2.7)

3pecy I, npescTasnseT coboil MPOAOILHYIO OTHOCUTENbHYIO AedhopMauuio cpeaHen nmHum; K, -
N3MEHEHWE KPVBW3HbI CPeAHen NuHUK (0T CUMoBbIX Hanpsxkewuid); 1, ,15,, — casurosble gedop-
Maumu; K, ; — n3MeHeHne KpUBIU3HLI CPeaHER IMHIN (0T MOMEHTHbIX HaNPSHKEHMWIA).

Wcnonb3ya runotesy 1) n dopmyny (2.7);, us qopmynbl (1.2); nd HanpsxeHun o, 6ygem
VMEeTb:

0 1
o, =ou(@,t)+zon(e,t), (2.8)
rne
0 1
ou(@,t)=El,;, ou(e,t)=EK,,. (2.9)

[na onpefeneHns CUIOBOTO HanpPsXeHua o, , ucnonb3ya dopmynbl (1.2); | (2.5); , (2.5)s ,
noyynM:
O = (H + a)rn + (u _a)rzl- (2.10)
MpuHumMaa BO BHWMaHWe opmynsl and o, ((2.8)) n o, ((2.10)), paccmoTpum BTOpOE
ypaBHeHue aBmkeHus ((1.1),), KOTOpoe NPOUHTErpupyem Mo r, ¢ Y46TOM TOHKOCTEHHOCTY 061acTuh U
rpaHNYHbIX YCnoBuii u3 (1.4) ana G ,, , OKOHYATEIbHO NONYHUM:
h* 11 10 1loon, w| 11 2

1
Cp=—\0 +0, )] -———o0u+2z —cu—— +—0u—. 2.11
#? 2(qz %) 2 A T T e Par |, T2 @1

[N MOMEHTHOrO HamnpsXeHus |, Ha ocHoBaHWUW thopmyn (1.2)s 1 ¢ y4éToM hopmysbl U3 (2.7)
ANA %45, OYAEM UMETD:
Hys = BK;,. (212)
3HayeHne N9 MOMEHTHOTO HaMPXKEHNUSA L, NOMYYUM U3 TPETLENO YpaBHeHUA ABvKeHNnd ((1.1)s)

WHTErpupoBaHueM ro r ¢ yuyértom copmyn (2.12), (2.10) n (2.2):

0
0 0 2

£%+612—621—| 0 %3

r, 0Q ot

Mg :%(m*+m‘)—z (2.13)
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Ons onpegeneHnst CUMOBOTO HAmpsKeHUs G,, B OCHOBY OYyAeM NPUHUMATb CTaTUYECKYH

rmnoTesy 2), Torga C MCnonb3oBaHUEM NepBOro ypasHeHus aewxeHus ((1.1);), a Takxke qopmyny
(2.2), OKOHYaTeNbHO NOYUYUM:

0
0 h® 10 0%y h? 10 10 o%u 2110 0
0, 621((P,t)+€—ﬂ— —\ZV—— — ou —On—P——5 |7~ | — ou (2-14)
r, 0p ot” 6 r, 0p I, ot 211, O ot
BBoanm 0606LLEHHbIE YCUINS Y MOMEHTbI:
h h h h h
N= _[Glldza Q= _[Glzdzn Q= IGZle, My, = J.GnZdZa L = Iulsdz- (2.15)
—h —h -h -h -h

Tenepb 6yAeM MpuHUMaTL B OCHOBY OpMynbl ans o, ((2.14)), o, ((2.11)) un p,5((2.13)),

YOBMIETBOPAA rpaHuuHbIM ycnosuam (1.4), ¢ yuyétom copmyn (2.15), npuxogmm K CUCTeMeE
YpaBHEHWUIA [BVKEHUSA NPUKIALHON MOLENM MUKPOMONSPHOrO YNPYroro KpyroBoro CTepXHS:

1 10 o’w 1 10N _ o°u
“N-— Q h—r, —Q+— (q1 9 )+2ph—
[ r, 09 ot oy oy 8(p ot?

1 oM, .\ 2ph®d*y
—— 11 _h + _
® (o +oy)

Janee npu nomowy dopmyn ana o, ((2.8)), ©,,((2.10)), ©,,((2.14)), H5((2.12)) nonyymm

= (o - )-
(2.16)

1L, . 0°Q
’ = m+_m _2|h 3
3 o 279 r, 0 ( ) ot

COOTHOLLEHIS YNPYTOCTY 191 YKa3aHHON MOZeNM:
N=2Ehr,;,, Q=2h(p+o)l,+2n(p-a)l,, Q,=2h(n+o)l,+20(p—a)l,,

2Eh? (2.17)
Mll 3 Kll’ L13 - ZBthB

MpucoeamHNUM K YypaBHeHUAM [ABUMXKeHWs (2.16) 1 cooTHOoWweHMsM ynpyroctn (2.17) ewgé wu
reoMeTpuyeckme ypasHeHus (2.6):

lou 1 low 1 19 100
F11=——+—W, r12: - _Q3’r21 W+QS’K11 W k13 =

L, 0p I, h, 0Q T, A 6(p r, 0p
YpaBHeHUs ABMKeHUA (2.16), cOOTHOLWeHMS yrnpyroctu (2.17) n reoMeTpmyeckme COOTHOLLEHWS
(2.18) npepcTaBnsAOT CO60M OCHOBHbIE YPaBHEHWS NPUKIALHOW MOAENN MUKPOMONAPHOIO YNpyroro
KPYroBOro CTePXKHA.

I"paHUYHbIe YCNOBUA ANSA NOYYEHHOW CUCTEMbI NPUKNALAHON MOAEIM MUKPOMONAPHOro Ynpyroro
KPYroBoro TOHKOr0 CTepXXHs OyZem BblBOAMTb BapuaLyOHHbIM CrOCOBOM Mocne MOCTPOeHUs
NpuHUMNa Tmna MamMunbToHa /19 YKa3aHHOM Mofenn. SToMy Bonpocy 6yfeT NocBsleHa OTAebHas
cTaTbs.

Monb3yscb Cny4yaem, Bblpaxar rNyOOKy 6/1arofapHoCTb MOEMY HayYyHOMY PYKOBOAWTENO
yneHy-koppecrnoHgeHty HAH ApwmeHun C.O. CapkucaHy 3a NOCTAHOBKY 3afjayn M 33 LeHHble
yKasaHus npu eé BbINONHEHNN.

(2.18)
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THE THICKNESSINHOMOGENEITY IN LINEAR AND NONLINEAR
MAGNETOELECTRIC EFFECT IN MAGNETOSTRICTIVE-PIEZOELECTRIC LAYERED
STRUCTURES

Galichyan T.A., Firsova T.O.

Theoretical and experimental studies of linear and nonlinear magnetoelectric effect in bilayer magnetostrictive-
piezoelectric structure in the low-frequency spectral region and in the electromechanical resonance region are presented.
Influence of the thickness inhomogeneity on the amplitude of magnetoelectric effect is investigated. The case of longitudinal
orientation of the electric and magnetic fields was considered for structures in the form of a rectangular plate. The frequency
dependence of the magnetoelectric effect is obtained using motion equation and electrostatic equations for both phases taking
into account the boundary conditions on the interface. The results of experimental research of permendur—lead zirconate
titanate bilayer structure are presented to examine the nonlinear magnetoelectric effect.

Magnetostrictive-piezoelectric structures have attracted much attention because in these structures
there are effects which can be absent in magnetostrictive and piezoelectric components separately.
They appear due to mechanical interaction between the magnetostrictive and piezoelectric subsystems.
Magnetoelectric (ME) effect is one of such effects, which is caused by the elastic interaction of
magnetostrictive and piezoelectric subsystems in bilayer structures. The action of the magnetic field in
the magnetostrictive phase induces mechanical deformations which pass via mechanical coupling into
the piezoelectric phase and leads to a change of the polarization of the sample.

The theoretical consideration of the ME effect in magnetostrictive-piezoelectric composites has
two main methods at the present time. The method of effective parameters is one of these methods.
Using this method, theory of the ME effect in bulk and multilayer composites was presented in works
[1-6]. In these papers, an expression for ME voltage coefficient was defined by the method of effective
parameters and the frequency dependence was analyzed. One of the disadvantages of the method of
effective parameters is its usage limitation. The method is applicable when the characteristic size of
the structural units of the composite is much smaller than the length of the acoustic oscillations, so that
the composite can be considered as a homogeneous medium. Thus, the method of effective parameters
is applicable for bulk composites. Bilayer structures attract much attention because of the value of ME
effect, which is greater than in bulk composites [7]. But the method of effective parameters can not be
used for these structures, because the thickness of the layers is comparable with the acoustic
wavelengths. The second method is based on the simultaneous solution of the equations of motion and
the constitutive relations for magnetostrictive and piezoelectric phases taking into account the
boundary conditions on the interface. It was previously presented in [8-13]. The problem of this
method is the consideration of the boundary condition between magnetostrictive and piezoelectric
layers. These boundary conditions are presented formally by an interface coupling coefficient in [8-11]
or by an assumption of ideal coupling [12,13]. The ME effect was investigated in laminated composite
structure in work [14] where strain and ME voltage coefficient distributions were presented in
piezoelectric, but in this work, the amplitude change of the oscillations over the thickness of the
sample (in direction perpendicular to the interface) was not assumed. Recently the wave propagation
and the ME effect in bilayer magnetostrictive-piezoelectric structure has been presented in case of a
perfect bonding taking into account the changes of the amplitude in oscillations over the thickness of
the sample in works [15-17]. But in these works, the spatial distribution of displacement and stress on
the thickness of the sample were not analyzed and the influence of inhomogeneous distribution on the
value of the effect was insufficiently analyzed.

In this paper, the dependencies of displacement and stress on the thickness of the sample are
presented and their influence on the ME voltage coefficient is analyzed. The expressions for the ME
voltage coefficient in the cases of longitudinal and transverse orientations of electric and magnetic
fields were obtained using these dependencies and the open circuit condition. It is shown that the
consideration of the change of oscillations amplitude over the thickness leads to a noticeable
contribution to the magnitude of the effect.

As a model, we consider a bilayer structure in the form of a rectangular plate of length L and width
W, consisting of mechanically interacting magnetostrictive and piezoelectric layers of thickness ™t and
Pt, the values which are not assumed to be small (Fig.1). Thin metal contacts are applied on the top and
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the bottom of the plate. Let us consider that the origin of the coordinates coincides with the boundary
of the partition of magnetostrictive and piezoelectric layers.

7 Preliminarily, the piezoelectric

layer is polarized perpendicularly to

/Y4 the contact (Z axis). In the case of

longitudinal orientation of the electric

\ ! and magnetic fields (longitudinal

effect) the magnetic fields (bias Hoand

% alternating H with the frequency)

) o o . coincide in direction with the

Flg.l. Schema}tlc view gf the sam_ple. 1-Magnetostr|ct|ve phase with Mt polarization vector P. We restrict our

thickness, 2-Piezoelectric phase with Pt thickness, 3-Electrodes. . . . .
consideration to the planar vibrations

propagating along the X axis. The
alternating magnetic field causes elastic oscillations in the magnetostrictive component, transferring
through the interface of the partition to the piezoelectric component through the shear stresses, which
brings to interconnected oscillations of magnetostrictive and piezoelectric subsystems. As there is a
nonuniformity along Z axis and the width of the plate is small (Y axis), under the first approximation
we can assume that the displacements along plane Y are homogeneous and the nonzero components of

stress are only *T,, and *T,, . The value of the stresses will depend on the thickness of the sample,

perpendicularly to the interface between magnetostrictive and piezoelectric phases. Therefore the

equations of motion for the x projection of the “u, displacement vector for the magnetostrictive and

piezoelectric phases are of the form

0% U, _ 0T, L 0T, O
ot? OX oz

where upper-case index «a» is correspondingly «m» for ferrite and «p» for piezoelectric, “p is the

o—

03

density of ferrite and piezoelectric layers, “T,, and “T,, are the components of the stress tensor.
The constitutive equations for the magnetostrictive and piezoelectric phases are

1

pSxx :p_YpTxx+pdxx,z pEz ) (2)
1

prz :p_G psz ) 3)

pDZ = p8ZZ pEZ + deX,Z p-l-XX' (4)
1

msxx :Wm-rxx"'qux,z "H 70 (5)
1

mez @mez ) (6)

. we —bEb*—4ac _ o o
where *S_ and °S,, oa are the strain tensor components; "E, and "H, are the vector

components of the electric and magnetic fields; PD, is the vector component of the electric
displacement; “Y and “G are the Young's and shear moduli; Pd,,, and ™q,,, are the piezoelectric

and piezomagnetic coefficients; "¢, is the tensor component of permittivity.

Using the solution of equation for the displacement vector of the medium and the condition of
mechanical equilibrium at the free surfaces of the plate, i.e. points x=FL/2, we obtain the expression
for displacement of the magnetostrictive and piezoelectric media in final forms

"u, = [exp(— 2™ )exp("yz) +exp(— mxz)] Bsin(kx), (7
P, = [(cos( "y2) - tg(")sin("x2) ) (1+ exp(—me))} Bsin(kx) , ®)
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mY I’ntm(:]XX,Z<mHZ>-i_ pY pt deX,Z< pEZ>

where B = " . : k=KkL/2 and
kcos(k) (l+ exp(-2 '"K))[ my Mt tfniK)+ PY Pt tg(pK)j
K K
(02
k=" are non-dimensional parameters; My?=-2(1+ v){ nZ o kz} ,
L

Py?=2(1+ v)[ LZ — VLZ = W; 4V, are the velocities of longitudinal waves respectively in

the magnetostrictive and piezoelectric medium and n is the Poisson’s ratio.
Expressing the stress tensor components °T,, and “T,, by the strain tensor components in

XX

Egs. (7), (8), (10) and (11), we obtain the final expressions

®’ 2} 1 “p

T, ="Y [chos(kx)(exp(—ZmK)exp(mxz) +exp(—"x2) )~ "t mHZJ, (9)
M, ="GC mx[exp(— 2" k)exp("yz) —exp(— ’“xz)} Bsinkx, (10)
T, ="Y [chos(kx) (1+exp(—2"x))(cos("x2) —tg( *x)sin(Pxz) ) - "d,, , pEZJ, (11)
T,=—-"G pX(l+ exp(—ZmK))[sin( Pxz)—tg( " k)cos( pxz)] Bsinkx. (12)

As can be seen in Egs. (7) and (8), the solution is represented as plane waves whose amplitude is
changed over the thickness of the sample. These dependencies have nonlinear character and depend on
the frequency of oscillations in general. It is easy to show that in the case of low frequencies, when the

I

ri(n—r)!
the thickness of the sample. Thus, the results obtained earlier in [12], where the change of oscillations
amplitude was not taken into account, take place only at low frequencies and thin layers. Using Egs.

_“u (@)
©u,(0)
magnetostrictive and piezoelectric phases are presented in figure 2 and the distribution of relative

displacement in the piezoelectric phase is presented for three different cases of frequency (fig.3) in
bilayer nickel-lead zirconate titanate (Ni-PZT) structure.

14

dimensionless parameters "« and "k are less than one, the amplitude ceases to depend on

a

u on the thickness of

(7) and (8), the distributions of relative displacements

h 10 (kHz)
0.9 1 0.94
(‘Pxo_g, 0.8 150 (kHz)
:X
fé 0.7+ ng: 0.74
§ 06 é 0.6-
a B
5 0.5 g 0.5
g =
g 041 < 04/
14
2
0.3 0.3 300 (kHz)
0.24 0.2
0 01 02 03 04 05 06 07 08 09 1 0O 01 02 03 04 05 06 07 08 09 1
Thickness of the layer Z (mm) Thickness of piezoelectric Z (mm)
Fig.2. Relative displacement distributions on the Fig.3. Relative displacement distribution on the
thickness of magnetostrictive (line 1) and thickness of piezoelectric layer in cases of different
piezoelectric layers (line 2). Frequency of the ac frequencies. Frequencies of the ac magnetic field are
magnetic field is f = 300 kHz. f=10kHz, f = 150 kHz, f = 300 kHz.
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The following parameters of the structure were used in the calculations; for nickel -"Y =204GPa,
"5=8900kg/m?, MOy, =1156-1072m/ A ; and for the PZT: PY =65GPa, Pp=7600kg/m*,

Py, =-175-10?m/V, Pg, [ &, =1750, ac magnetic field H = 100 Oe.

Magnetoelectric voltage coefficient is defined as the ratio of the average value of the electric field
to the average value of the external magnetic field, which induced it, i.e.:

(og) =(E)/(H), (13)
where (E) :U/(mt+ Pt) is the average value of the electric field of the structure, U is the potential
difference between the electrodes.

In order to define a theoretical expression for the ME voltage coefficient, we use the method
developed earlier [15,16]. Substituting the expression in Eq. (11) into Eq. (4), using the condition of
open circuit and the fact that the potential difference between the electrodes is defined as
U =(PE,)Pt, we obtain the expression for the ME voltage coefficient in the case of longitudinal
orientation of the fields in the final form

g, = Y s " _ Yt tg(x) t9("x) i "t (14)
’ Pe, AL my mg th("«) L Py Bt tg("x) x Pk "t+ "t
Mk Pk
p p 2
where A =1-K 7| 1- Py Pt t9(x) t9(°x) |, with K? :M the squared
p m p p €
mYmtthsn K)+prttgg K) K K 22
K K

coefficient of electromechanical coupling. As follows from Eq. (14), the peak increase in the effect is
observed at the so-called antiresonance frequencies when condition A_ =0 is fulfilled. It should be
noted that the antiresonance frequencies are near the resonance frequencies determined by condition
K =(m/2)(2n - 1) or L = (M2)(2n — 1), where A is the wavelength of acoustic vibrations, and n=1, 2, ...
is the integer number. Then, with allowance for Eq. (10), the frequency of the first or main resonance
will be observed near the frequency determined by condition

_ 1 "y "t + PY Pt
2L\ "pMt+ PpPt
The experimental studies of the effect were performed on bilayer rectangular structures having the
composition permendur—lead zirconate titanate (PZT). The plate length was L = 28 mm, and the plate

width was W = 4.6 mm. The piezoelectric thickness was Pt = 0.4 mm, and the permendur thickness was
M =0.2mm. Using these parameters of the structure, the Young’s moduli ™Y =180 GPa and

(15)

U. mv PY =67 GPa, and the numerical values of the
3000+ permendur density "p = 8.1 x 103 kg/m® and PZT

density Pp=7.0 x 103 kg/m®, we calculated the
2500 % frequency of the electromechanical resonance by

Eq. (15) and obtained the value of about 70 kHz.
In the experiments, we measured the frequency
dependence of the voltage induced on the capacitor
electrodes placed in an ac magnetic field generated
1000 by the Helmholtz coils. Figure 4 shows the
' dependence of the voltage induced on the capacitor

500k 1} electrodes on the frequency of the applied
_ Pat \.\ magnetic field at the bias fields Hy,s =0 and 2 Oe.
0 = = *  We see well two resonances in Fig.4: the first

20001

1500+

T
——a
~ —

20 30 40 Slﬁ 60 70 80 resonance is at a frequency of 35 kHz, and the
[requency, kllz second resonance at a frequency of 70 kHz. The

second resonance height increases with increasing

Fig. 1. Frequency dependence of the magnetaelectric bias f|6|d, and it iS due to USU8.| electromechanical
etiect in bias fields Hpios — (/) Oand (2) 2 Oe. resonance appeared during the linear effect [6,18].
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The existence of the second resonance at a zero bias field seems to be due to the Earth’s magnetic
field. The first resonance frequency is a half of the frequency of the electromechanical resonance, and
it is related to the nonlinear ME effect. As follows from Fig. 1, its value remains unchanged with
varying the bias field. It should be noted that the nonlinear resonance becomes almost invisible against
the background of the resonance related to the linear effect at the bias field strength exceeding the ac
magnetic field strength by several times, because the resonance value of the ME effect at the
frequency of the electromechanical resonance increases with increasing bias field strength.

In the low-frequency region of the spectrum, expression (14) can be significantly simplified using
the circumstance that dimensionless parameters Kk, "k, Pk<<1. Going to the limit K, "k, "k tends to zero,
we obtain for the low-frequency value of the nonlinear ME effect the expression

DY Dd m mY mt pt
aE ow — XX,Z qXX,Z — — — , (16)
' Pe A, ™Yt PY Pt Mte t
Py P
where A, =1-K ? [1_ﬁ] .
+

So we may assume that the inhomogeneity of the structure, associated with the presence of the
ferrite-piezoelectric interface, leads to the change of displacement and stress amplitudes over the
thickness of the sample. This inhomogeneity can be neglected, and we can assume that the amplitude
is not changed over the thickness of the sample only at low frequencies.

Composite multiferroics based on magnetostrictive—piezoelectric structures demonstrate the
nonlinear ME effect, along with the effect linear in ac magnetic field. The nonlinear ME effect leads to
resonance excitation of electric field oscillations under the action of an ac magnetic field whose
frequency is two times less than the frequency of the electromechanical resonance. The nonlinear
effect is quadratic in ac magnetic field strength and does depend on the bias field in weak fields.
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FINITE ELEMENT ANALYSISOF EPITHELIAL TISSUE BENDING DUE TO APICAL
CONSTRICTIONS

Khurshudyan As.Zh., Ohanyan SK.

Finite element analysis of epithelial tissue bending caused by apical constriction of cells is performed. A single cell is
modeled as elastic hexagonal prism of constant thickness. Apical junctions and cell-cell adhesion are also contributing to the
bending. Epithelia are modeled as continuous sequence of cells. Stress-state analysis for epithelial tissues of flat, cylindrical
and spherical initial configuration is performed and main characteristics of deformation are studied.

1. Introduction

Morphogenesis, the evolutionary process of shape and structure development of an organism or
its parts, is driven by certain types of cell shape changes (deformations). One type of such
deformations is the apical constriction— visible shrinkage of the apical side of cells, leading to bending
of epithelia— cell sheets which surround organs throughout the body. First occurring at early stages of
embryogenesis, apical constriction results initially at epithelia to be bent obtaining three-dimensional
form, which, depending on physiological context and morphogenetic stage, leads to different
consequences. It has been first hypothesized in [1], that in various developmental systems the apical
constriction may drive the bending of epithelia. Using bulky mechanical construction, the hypothesis
of Rhumbler is first practically tested in [2]. The testing mechanism was consisting from 13 identical
bars (cell walls) that are kept apart by means of stiff tubes connecting their centers (cell kernels), and
are held in a row by rubber bands connecting their ends (cell membrane). In the first stage, the rubber
bands at both sides are stretched equally and the mechanism is in straight equilibrium. Shortening the
rubber bands at one, for instance, upper side uniformly in each segment, the mechanism naturally is
bent on the side of the greater tension. So, there were evidences proving Rhumbler‘s hypothesis.

A more illustrative, computer model to prove Rhumbler‘s hypothesis is suggested in [3], where
bars and bands are replaced by virtual cells. Prescribing certain mechanical properties to the cell
membrane and cytoplasmic components, and assuming that as a result of deformations (which is
implicitly done by Rhumbler and Lewis), the volume of a single cell is preserved, a model of cuboidal
epithelia folding is suggested, based on the local behavior of individual cells. The model is
demonstrated for ventral furrow formation in Drosophila. A sequence of cells in the form of
cylindrical shell, representing the cross section of ventral furrow, is deformed such that apical
constriction occurs in its lower row of cells. Increasing the applied stresses, different steps of the
furrow formation are illustrated. Fig.1 expresses how much the Odell‘s model is close to the real
microscopic picture [4].

. :;: 1y w Jm‘ﬁ‘# N R ¢
Fig. 1. Ventral furrow formation in Drosophila according to [3] (upper) and [4] (lower)

Much is known about causes of apical constriction, but some issues still remain unexplored [5-8]. The
most studied causes include contraction of actin filaments— fibrous network localized at the cortex of
the cell, by interacting with motor protein myosin— the most known converter of chemical energy into
mechanical work. Under influence of myosin, actin fibers contract leading to shrinkage of the cell at
area of their localization [9, 10]. The contraction size and principal direction of the fibers, i.e. the
microscopical deformation of a single cell, mainly depends on the tissue type: actin-myosin network
contraction may deform columnar (occurring, for instance, in digestive tract and female reproductive
system) or cuboid (resp. in kidney tubules) cells into trapezoidal, wedge or bottle-shaped cells. The
deformation size strongly depends also on emplacement of the cells: cells with different placement are
constricted differently, so that macroscopically one observes localized wrinkles (see Fig.2).

Because of mechanical nature of cell shape change, in particular, apical constriction, its
theoretical study first of all must rely on mechanical principles and constitutive laws. In early
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mechanical models the tissue is modeled as a continuum material, so that the position and behavior of
individual cells are unimportant, i.e. only macroscopic deformation of the tissue is studied.

= Ohbjartive
Apical_ s

Liasa \l,

Ohbjactive

Fig. 2. Apical constriction of

(L L4

Fig. 3. Ventral furrow formation in Drosophila according to [11]

Moreover, the height of the cells (viz. thickness of the tissue) is supposed to be negligible with respect
to other measures, such that the deformation of the tissue can be described in terms of its middle
surface. In such models the actin network is not explicitly accounted and the contraction forces are
modeled as a force term acting on the outer surface of the epithelium. Actin network is explicitly
accounted in [11], where thin elastic shell model based on linear Cauchy relations is derived to
describe apical constriction in initially non-at epithelia. The model is tested to simulate ventral furrow
formation in Drosophila (Fig.3).

It becomes evident from comparison of Fig.1 and 3 that the model, being three-dimensional, is
in good correspondence with that from [3]: Figure 1 corresponds to cross section of cylindrical shell
from Fig. 3. However, it does not involve the behavior of individual cells.

For further introduction into other mechanical models see [12-19] and references therein.

2. Main Results
In this section we summarize main results of finite element analysis of a single layer tissue model, the
elastic energy of which is given by [20, 21]

E[r]=hE,[Vr]+h’E,[Vr,vr],
in which r is the deformation, h is the thickness of the tissue, E,, and E, are the stretching and

bending contributions to the energy.

In Fig.4 we bring the model of a single cell (element) and cell-cell junction (in red). All
structures (plate and shell) considered in this section entirely consist of such cell groups. In all tissues
considered below the height of a cell h=4r =200d, in which r is its side and d is the diameter of

actin fibers. The ratio of Young‘s moduli of a cell and actin fibers is E,, =3E_,, and of actin fibers

and cell-cell links E,, =1.5E,.

We consider
i) rectangular plate (Fig. 5 (left)),
i) cylindrical shell (Fig. 7 (left)),
iii) spherical shell (Fig. 9 (left)).

Elements of the middle part of the rectangular tissue are compressed in apical sides to imitate
apical constriction in cells. Increasing the compressing stresses, the tissue is bent and a blaster shaped
pattern is formed as shown in Fig. 5 (right). The quantitative picture of the stresses arising in the tissue
is drawn in Figure 6.

Next we consider a cylindrical shell to imitate ventral furrow (generally all tubular patterns)
formation. Elements of the top part of the cylinder are constrained in the apical sides by compressing
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the links standing for apical fibers (see Fig.7). Increasing the compressing stresses, ventral furrow
formation is simulated similar to stages presented in Fig.1. The quantitative picture of the stresses
arising in the tissue is drawn in Fig.8.

e

AA o

AV

Fig. 4. Single cell model (left) and adherens junction model (right): diagonals of the top hexagon
imitate actin fibers, red areas between cells imitate junction bonds

Fig. 5. Apical constriction of initially flat tissue. It consistsrom 5050 elements or cells and has
529245 DOFs.

Fig. 6. von Mises stress distribution in deformed configurations

Fig. 7. Apical constriction of initially cylindrical tissue. It consists from 5975 elements or cells and
has 621375 DOFs.

Finally, a spherical shell is simulated. Cells at the top of a semi-sphere are constrained in apical
sides and depending on values of compressing stresses various stages of blastopore formation in
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archenteron can be described (see Fig. 9 (right)). The quantitative picture of the stresses arising in the
tissue is drawn in Fig. 10.
3. Conclusions

A three-dimensional discretized model of epithelial tissues undergoing combined stretching and
bending deformations is constructed. Discretization elements correspond to single cells forming the
tissue. Actin fibers and cell-cell adhesion links, mainly contributing on the tissue energy, are explicitly
embedded in elements. Deformations characteristic to specific embryonic tissues (ventral furrow,
neutral tube, neurosphere) observed earlier are described quantitatively increasing contractile stresses
in fibers.

1.0+C:
Q.0+C05
.00
7.0+C0
G.0+C
5.0+C
40400
3.0+00

2.0+005

1 0+00F

Fig. 9. Apical constriction of initially spherical tissue. It consists from 3126 elements or cells and
has 325245 DOFs.

Fig. 10. von Mises stress distribution in deformed configurations
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METAMATERIAL MODELSOF CONTINUUM MULTIPHYSICS

Kovalev V.A., Murashkin E.V., Radayev Y .N.

The present study deals with multiphysics modelling framework problem in order to describe the thermomechanical behavior
of the metamaterials having highly specific mechanical and physical properties. The complementary microstructural variables
are introduced in order to describe essential physical characteristics of metamaterials. An approach attributed to the field
theoretical formalism is used. Natural density of thermoelastic action and corresponding variational least action principle are
discussed. Differential field equations and constitutive ones are derived from a special form of the first variation of the
action. The objectivity of constitutive equations is provided by the frame indifference principle. The rotationally invariance
principle for thermoelastic continuum allows to obtain two discriminated sets of functionally independent thermodynamical
arguments. The constitutive equations for dissipative thermoelastic continuum follow from the general rules of the
irreversible thermodynamics formalism and the thermodynamics orthogonality principle. Only two functionally independent
phenomenological functions (the dissipative potential and the Helmholtz free energy) are needed for specification the
constitutive equations.

1. In recent years, metamaterials manufacturing and processing have attracted significant attention
from the engineer’s community and researchers. These artificial metamaterials exhibit abnormal
physical properties not usually found in nature. Examples include negative Poisson’s ratio (auxetic
materials), negative thermal expansion, negative electric permittivity and the magnetic permeability.
These physical phenomena cannot be described in terms of the theory of classical continuum
mechanics. In this case, microstructure continuum theories based on the necessity of additional (extra)
freedom degrees are required. The physically infinitesimal volume in such continua is not a material
point, but a much more sophisticated object, with its intrinsic additional freedom degrees
(microrotations, microoscillations). Therefore, the derivations of non-linear Lagrangian, Hamiltonian,
extra-stress and extra-strain, valid in the most general case of finite deformations and microrotations,
to continua with microstructure [1,2,3]. It stands today as one of the most important problems of the
continuum mechanics. That is why a development of complex continuum theories seems to be actual.

The thermomechanical behavior of metamaterials can be described in terms of field formalism and
frameworks of micropolar thermoelasticity. In the present study the Green—Naghdi (GN-theory) [4]
thermoelastic model is employed. Application of the field formalism principles to continuum
mechanics leads to a natural forms of constitutive equations [5,6]. Rotationally invariant Lagrangian
forms along with the requirement of the Galilean translational invariance provide determination of a
complete system of strain measures.

2. Theory of micropolar thermoelasticity can be developed in terms of the field theory formalism
by using the action integral. Following considerations shall be restricted to a plane spacetime. Thus a
general form of action furnishes

3= [2(X] "0, d*X, (1)
where | “ are covariant physical fields; ¢ is the Lagrangian density; X° are the referential

coordinates; d*X = dX'dX *dX ®dX * is spacetime elementary volume.

The least action principle states that the actual field is realized in the spacetime in a way that the
action integral (1) is minimum, i.e. for any admissible variations of physical fields dj Kand dX® =0
the following equation is valid

d3=0. (2
The Euler—Lagrange field equations corresponding to action (1) are
o0 o0«
ﬁ ((Z) == k Ya - K =
d 0(0.) )
In field theory a conservation law can be formulated as the following equation
0,J° =0, (3)

where the vector J° = J°(X",j ¥,8,j ¥) is called the 4-current. The 4-current can be obtained in
the form
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wherein d" =d /e denote finite variations corresponding to symmetry transformations of X" and
I

] .

In fact the current (4) can be determined if variational symmetries of action (1) are known.

3. Thermoelastic action for micropolar continuum is taken in the form
3= [ (X, x,d1,3,0,x),0,d",0,,0,x),8, d',8,3 )dX dX *dX *dX *. (5)
A A A

In (5) X (a =1,2,3) are referential coordinates; x’ (j =1,2,3) are spatial coordinates; ¢’ are
A

micropolar directors; J is temperature displacement. Equations X' = xj(Xa) determine the

deformation of continuum.
We assume the action density (5) in the following form

. . AB . . . . .
Q=1(54Xk)r M(04XJ)+1(84d')Su (0,d)-y (X*,x,d",J,0J,0,x",0,d",0,J). (6)
2 2 A A A A
AB
Hereafter J;; denotes the microinertion tensor; r; is mass density tensor; y is referential volume

AB
density of the Helmholtz’s free energy. For tensors J;; and r; the symmetry conditions r; =r
AB AB ]
Jij = 3 are to be valid.
The differential field equations corresponding to action integral (5) read
. o0« e
838_6} -0,P = v @a=123;)=12,3),

XJ

i

0, M*+A-0,(Q)=0 (a=123=123), ")
A .j Aj Aj

. o0/
0.jé+0,5=—— (a =1,2,3),
alr +0,8=— ( )

and are supplemented by the following equations:

S 2 AT oL _0% o, _ o4
o) A ae,d) Al ad T 90X
A A
8
o0 _ oY A 0 ®

Q = IR
N

@) a0y Ty

where S is the first Piola-Kirchhoff tensor; I\A/Ial are the extra-stress tensors; ﬁ\ are generalized
] J
moments; P, and Q are generalized momenta; S is entropy density; jr is the referential entropy
Aj

flux. 1% eq. of (7) is the motion balance equation. 2™ eq. of (7) is the momentum balance equation. If
o0«

9(0,9)
We proceed to conservation laws for the system of field egs. (7). It is known that action integral

¢/ is invariant under translations of all coordinates X® if < does not depends on X?* explicitly.
Therefore, the 4 -covariant energy-momentum tensor can be easily obtained and the corresponding
conservation laws are formulated. There are four groups of equations for the components of the

canonical energy-momentum tensor T, (1 ,m=1,2,3,4):

=0 then 3" eq. of (7) constitutes the entropy balance equation.

161



T =G+ SP0X)+M 7@, d) - iR@) (1 m=123) ©

TP=STX+MTd - T (m=123), (10)
T =-(@x)R-(0,d)Q-s(3) (I =123), (11)
A Al
T, =« -XR-d'Q-sJ. (12)
A Al

It is clearly seen that the above components of the energy-momentum tensor for micropolar
thermoelastic field can be treated as: T, =H , is the Hamiltonian, T," =P is Umov-Poynting

vector, T," =T'™ is pseudomomentum vector, T\" = P is the Eshelby stress tensor.
Conservation laws corresponding to the translational symmetries of action read

o, T =0 (1 ,m=1,2,3,4). (13)
Eqgs. (13) are splitted into the following symmetric canonical equations
~H+o,I'™=0, ~-P +0,P™"=0. (I,m=123) (14)

Eqgs. (14) are the energy balance equation and the pseudomomentum balance equation respectively.

4. Action and action density are to satisfy some conditions of invariance with respect to arbitrary
rotations of spatial coordinate system and time translations. Since the choice of spatial coordinates is
rather arbitrary it should not in any way affect formulations of physical laws. For this reason the action
invariance under rotations and translations of spatial coordinates and time translations is presumed.

The action, in particular, should be invariant under translations and rotations of the observer’s
coordinate system and time translations:

X'=Rx'+C', d'=Rd’', t=t+C, (16)

A

A
wherein C', C are constants; R} IS an arbitrary orthogonal tensor.
The action invariance under spatial coordinates translations is known as the Galilean relativity

principle. This principle is supplemented by the temperature displacement translational invariance (C’
is an arbitrary constant):

J =J+C/, (17)
that is provided by the following condition
2%
9 _, (18)
oJ
By the above reasons the Helmholtz free energy is a function of the variables
X®, J, 0,d, (19)

and the following independent and invariant with respect to rotations of the spatial coordinate system
arguments [3]:

Jap = 95 (0, Xi)(abxj)a R =9;(9, xX)d!, T = 9; (0, Xi)(ab d’). (20)
Aa A Aab A

Here g; is spatial metric tensor; g,, is convective metric tensor.

It can be shown that (19) and (20) constitute a complete system of independent rotationally
invariant argument of y .

The completeness of the rotationally invariant arguments system given by (20) can be proved by
means of the algebraic invariants theory considering the contravariant vectors

0,X,d!,0,d". (21)

A A

A complete system of vectors invariants (21) consists of pairwise inner products, which leads to the
rotational invariants (20).

This system of invariants also has all kind of 3x 3 -determinants, which are located in columns of
various components of the Euler vector triples (21). It is clear that the determinants must contain at
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least one column of Euler component of strain gradient 0, X'. The determinants calculation can be

carried out using the Gram-Schmidt process, i.e. through the determinants, which are all kinds of
internal products of Euler vectors arranged in columns basic determinants, and the metric coefficients

gab '
Assuming that the continuum is homogeneous, i.e.,
P =0 (b=1.273), (22)

and, consequently, all Lagrangian variables X®° are cyclic (neglected). We get the following
rotationally-invariant form of the Helmholtz free energy, which satisfies the frame indifference

principle: (A,a,b =1,2,3)
y :y (gab ’5 1-|A- b 1‘]"an ) (23)

We implicitly assume that the reduced form (23) should also depend on the referential metrics and
referential position of d -vectors d! (A =1,2,3).
A

Thus one can conclude that mathematical models of modern metamaterials and their multiphysics
behavior (including finite deformations and heat conduction) are formulated in the unified framework
provided by thermomechanical field theory.
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ON HYPERBOLIC THERMOELASTIC WAVESIN A CYLINDRICAL WAVEGUIDE

Kovalev V.A., Radayev Y .N.

The present paper is devoted to problem of coupled hyperbolic thermoelastic waves propagation via a long cylindrical
waveguide with circular cross-section. Sidewall of the waveguide is assumed free from tractions, insulated from or permeable
to heat. The present study is carried out in the framework of coupled theory of type-I1I thermoelasticity (GNIII). The theory
combines the both significant mechanisms of heat transfer known as thermodiffusion and propagating wave. Type-Il|
generalized thermoelasticity includes classical thermoelasticity (GNI/CTE) and the theory of hyperbolic thermoelasticity
(GNII) as limiting cases. Solution of the coupled GNIlI-thermoelasticity equations satisfying the required boundary
conditions is obtained. As an example, wavenumbers, displacement and thermal modes of the coupled type-111 thermoelastic
waves of a given azimuthal number are computed and visualized by the aid of Mathematica system. Sample numerical results
for the coupled thermoelastic waves of the first and the seventh azimuthal numbers are presented. Real wavenumbers for the
case of the hyperbolic thermoelastic propagating wave are localized. A numerical analysis of the coupled thermoelastic
waves of the higher azimutal numbers is discussed. Numerics for thermoelastic waves of the 7th and 70th azimutal numbers
are obtained.

1. Introductory remarks and requisite equations. Although much efforts have been put into
theories of thermoelasticity, the scientific community has not yet accepted one approach and
systematic studies especially of non-classical theories are going on worldwide. Bio first in 1956 [1]
proposed a correct theory of coupled thermoelasticity by the methods of irreversible thermodynamics.
The theory of thermoelasticity developed by Green and Naghdi [2] incorporates the approach based on
the Fourier heat conduction law (usually referred to as GNI/CTE (conventional thermoelasticity)), the
theory without energy dissipation (GNII) and a theory which allows finite wave propagation as well as
energy dissipation (GNIII). Thermomechanical orthogonality in the nonlinear theory of type-IlI
thermoelasticity is discussed in [3].

We start from recalling the constitutive laws of linearized variant of type-lll thermoelasticity.
One of them is the Duhamel-Neumann law which is formulated by the equation

S =2ue+ (AMre—a(6—6,))I, (1.2)

where we employ the following notations: S for the stress tensor, e for the strain tensor, | for the
three-dimensional unit tensor, A, p for the isothermal Lame parameters, o for the thermomechanical

constant (a:%(3k+2p)[3*), B for the coefficient of thermal expansion, 6 for the absolute

temperature, and 0, for the referential temperature.

The second one states that the heat flux vector h is a linear combination of the temperature
displacement gradient and temperature gradient

h=-A.N6—-ANS, (1.2)

where 3 is the temperature displacement (the basic thermal state variable in GN theories), A. is the

thermal conductivity, A is the thermal conductivity rate, N denotes the three-dimensional nabla
operator.

Besides, the closed system of equations of linear type-I11 thermoelasicity includes:
the balance of momentum

N.s—pii=0, (1.3)

where U is the displacement vector, p is the mass density;
the entropy balance equation

$+N-j=Z+¢&, (1.4)
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where S is the entropy density per unit volume, | is the entropy flux vector, X is the external
entropy production, & > 0 is the internal entropy production, or in another form

05+N-(0j)=(NO)-j +0(Z+E); (9
the balance of energy
—(\jf+9$)+tr(s-é)—h-%=9§1 -

where  is the Helmholtz free energy density per unit volume.

The following equations for the heat flux, internal entropy production and small strains are added
to those given above:

h=6j, 1.7)
[0V ) R

0¢ = (H@NS) NS, (1.8)

2e=N®u+(N®u)". (1.9)

We shall use the notation © for the temperature increment 6—0,. Let K denote heat capacity

per unit volume at zero strains. Finally the equations of linear type-lll thermoelasticity can be
formulated as follows
pAU+ (A +pu)NN-u—aNO—pli =0,

A*

e o 1.10
A-Z6-%R.u=0, (1.10)
A A A

A+

In this equation the constants A, A. and k have been related to referential temperature 0, .
Symbol A designates the three-dimensional Laplace operator.

Equations (1.10) are very convenient when discriminating the limiting case of hyperbolic
dissipationless type-1l thermoelasticity (GNII) as A. — 0 from the conventional thermoelasticity
(GNI/CTE)as A — 0.

Problem of propagation of harmonic type-11l thermoelastic wave via a waveguide requires the
equations (1.10) have to be resolved inside infinite circular cylinder of radius R. The equations (1.10)

are to be complemented by boundary conditions on the sidewall of waveguide.
The first of boundary conditions expresses the fact that the sidewall is free from tractions

n-s=0. (1.12)
The second is the linear law of convective heat exchanging on the sidewall

n-h=c(0-0,,), (L12)

where o is the thermoexchange coefficient, 0,,, is the environmental temperature, n is the outward

\

unit normal vector. In the following discussion the equality 6, =0,,, is assumed.

2. Displacement vector and temperaturein propagating thermoelastic wave. Solution of equations
(1.10) in the form of propagating harmonic thermoelastic wave satisfying boundary conditions (1.11)
and (1.12) on the sidewall can be obtained by separation of variables in the co-ordinates of the circular
cylinder r, @, z. Omitting details (see [4] for the comprehensive study) we give the final formulae for

displacements and temperature in a propagating type-I11 thermoelastic wave
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1 =[cl<pf -0 1A Rl (pr) |+ Co (9 - ) PP+ P a(pr) |+

cosn I
+2C5In(q2r)iik£c3ﬂ+(c3_C4)In+1(q2r)j:|{ ) P }eilkz—lu)t’
' Q.1 —sin ne

) 2
u, = [ilk£c3q—r:+ (G, +C4)'n+1(Q2r)]+C5 (? I (Qpr) + Q2|n+1(q2r)j_

2

N, 2 2 2 2 SINNG | iy i
— (R =g (AN +Co(P} -9 )In(pzr))Hcosn(p}e ,

u, =[ £k ((Pf = g1, (P +C,(PF - )1, (P,1) + (C,+C,)g n(qzr)}{_‘:s;”ip}eﬂkz_m,

_ hoa
A*
In these formulae n is the azimuthal number, Kk is the wavenumber, pj2 =Kk? —y?,
2y* _ih 17 +JGihg - 1)’ + 4k (ih 1)
K ih; -1 '
1+ik o’ G K
h: 2 , 2:1+ 2_’__’ 2:_’ 2 , —,
1+h n " pA k |2 ¥ A A
Kl is the wavenumber of the longitudinal elastic wave (P-wave), K is the wavenumber of the shear

0

., . COSNQ | ik it
[0 = RN+~ 01 ) ]| o e

: Ao 1 hh?
= T gzzkz_Ekﬂz’

wave (elastic Swave), C, —C, are arbitrary constants. | designates the modified Bessel function of
the integer order.

3. Determinant equation for coupled thermoelastic wave of an arbitrary azimuthal number.
Arbitrary constants C, —C; in the representations of U, U, U,, 0 are determined by the boundary
conditions (1.11) and (1.12) which can be rewritten for the sidewall of circular cylinder as

r=R: c,=0, ¢,=0, c,=0; (3.1)
r=R: A@m*@m(}:o. (3.2)
or or

Substitution of u,, U, u,, 0 in (3.1) and (3.2) and taking account of the calibrating equation lead

to a 5x5 system of linear algebraic equations
D.C. =0. (3.3)

[/
The coefficients D; are obtained as a result of rather lengthy symbolic computations:

_ 1 22 2 _ 2 _ (Zqu_qzz_kz)(plz_gz)x
Du=1z— g (P g*)((N* =n+ P21, (P) = Pl () + KK )

x((n=n =k*)1,(p) + Pl () —hs? (K = p))1 (),

I TP ST SIS ~ (29 - -K)(P;-9")
iy =g (PE = 0O (0 = DL () = ol (P2)) 4= oy 2

x((n=n%=kA1,(P) + Pyl s (P,)) — s (K = P)1, (),
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2 2
D, — ik 2 [Zn 2n+q2(I

kz_q22 N n—1(q2)_ In+1(q2))+(n_1)|n+1(q2)]|

) 2
D14 = $Iquz(_q2|n(q2) + (n+1)|n+l(q2))’
2

. 2
Dys = ¢|kw((n2 -1 ,(a,)+ag,nl n+1(q2))’
2

D,, =2(p - g*)((n—1*)1,(p) - Ryl (P)),
D,, =2(p; = g°)((n=1*)1,(p,) —1p,1 .4 (P,)),

D,; = iik(%(lqu)— @)+ <2n—2)ln+1(q2)],
D24 = iik((flzln(qz) - (Zn_ 2)|n+1(Q2))’

Dys = (2n—2n" — )1, () + 20,1 ,.,(a),

D,, = +2ik(p2 = g2) (n1,(P) + Pl (PY)),

D, = £2ik(p; — 9”) (N1, (P) + Pyl ha(P2)),
_2K g

D33 - 2 (In—l(qz)_In+1(q2))+(k2+q22)|n+1(q2)1

Dy, =—ng,1,(q,) — (K* + ;)1 ., (a),

D, ==iknl (q,),

Dy = (K* = ) (N1, (B) + Bl () + 1y (K = P (),
Dy, = (K = ) (N (P) + Pyl oua (o)) + Dy (K* = P31, (py),
D;;=0, Dy =0, Dg=0, D;;=0, D;,=0, D;;=0p,
Dy, =0,, Dy ==ik.

2 2
a

. a’R . .
Hereafter the notations ¢f =k’ —k*, s’ =—— hi = and dimensionless constants
pA. PALG

) ’r , OG ) |h§2 ~ S ~ —~ —_ ) A*CI
= , =—, = - , S =——, = R, L= _R’ L= _R’ = —
hs hB kII hG A 1+|h$ o kII kﬂ pJ pJ ql qJ hO AR

are used. The superimposed widetilde symbol will be omitted. The dimensionless constants

h, h, h, h, k—L:&> 2 can be varied independently. Their values do not depend on

|
frequency. The sixth dimensionless constant ﬁ we treat as dimensionless frequency.

The linear system (3.3) has a non-trivial solution if and only if the determinant D =det(D, )

equals zero. Thus we can formulate the determinant equation
D=0. (3.4)
We employ Mathematica computation system to deal with the equation (3.4).

4. Localization of complex wavenumbers for the coupled thermoelastic wave. A number of
complex roots of the determinant equation (3.4) when n=1 has been localized by the aid of
Mathematica. For example, the four roots (when “dimensionless frequency” kH =0.1)
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—0.011814+6.085313i, —0.19-3.39887x10**i,
1.98107x107" +2.81428i, 1.71312x107™™ +0.456983i

are computed for given values of the independent dimensionless ratios:

A G R [og G
= =0.1 =—=100. h, = =0.01 =, /—=11 —+=1.09.
h, R 0.1, h | 00.0, h,=a oA 0.0, h " , . 9

The complex wavenumber
k =0.35813631327764267 + 0.13995345934802972i .
can be numerically localized for the same values of dimensionless frequency and ratios considering
the thermoelastic wave of the seventh n=7 azimuthal number.

Localization of the thermoelastic wavenumbers on complex plane k becomes much more
difficult problem as the azimuthal number n of thermoelastic wave is increasing. This problem is still
not completely solved for azimuthal numbers exceeding n=250 due to direct computations in

Mathematica shows that the determinant D has very small values (approximately 107°%) near the co-
ordinate origin if the independent dimensionless ratios have those values assigned previously. For this
reason, for instance, the D -determinant zero isolines are not plotted by Mathematica.

However using a special decomposition of the determinant D makes it possible to plot to some
extent the zero isoline curves for propagating thermoelastic wave of the 70th azimuthal number while

scaling the complex determinant D by the factor 10°°. Even more accurate computations

demonstrates that the zero isolines of D densely cover the considered domain of complex plane and
are characterized by a chaotic geometry.
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SHEAR WAVESIN A LAYERED ANISOTROPIC WAVEGUIDE

Papyan A.A.

Based on the constitutive model and the equations of anisotropic elastic body of monoclinic symmetry the shear wave
propagation in a bilayer waveguide is studied. The waveguide consists of two layers made from different elastic anisotropic
materials of monoclinic symmetry. For waveguide with traction free or clamped walls the corresponding dispersion equations
are obtained. The analytical and numerical stimulations are presented.

Shear wave propagation problems are studied in numerous works, particularly in [1, 3, 4, 6]. Effects of
localization in the vicinity of free edges of elastic body and resonance vibrations are considered in [2,
3, 4]. In [3] the problem of propagation of shear horizontal waves is studied in bilayer isotropic elastic
waveguide. Here the propagation problems of shear horizontal waves are studied in waveguide
consisting of two layers made from different elastic anisotropic materials of monoclinic symmetry.
The problem of propagation for shear horizontal wave in bilayer waveguide is studied. The waveguide
consists of two layers made from different anisotropic materials of monoclinic symmetry. The
thickness of first layer is a the second is b .
We consider antiplane problem, the components of displacement are presented in the following way
[5].
W = =0, W= (x,y.t) W)
Hereafter index i =1, 2 stand for materials of the first and the second layers.
For monoclinic anisotropic materials stresses can be written as [5].
aw<' ) ow
o (x y,t)=C +Cyy
oX oy
i) ) i)
8x oy
where C!!, Css), Cflis) — are the elastic constants.
The equatlons of motion without body forces have the following form
6(5&') 86 (i) 82\/\/“)
x oy P ar
Inserting (2) into (3), we come to

o*w" Lach W o*w! L w 00 w
o X0y oy? ot?
Here p( ) _ are the bulk densities of layer materials.
On the walls of the waveguide we take the two alternative types of boundary conditions:
Traction free conditions:
y=-4, G(yl) =0
2) N 5)
y=b, c,7=0
Clamped and free traction conditions
y=-a, w'=
y=Dh, G(yz) =0

The boundary conditions must be considered together with contact conditions of displacements and
stress continuities y on the material separation line y =0

)

@)

C5 5

=0 @

b) (6)

w =w? W= 6@ (7
! y y

Presenting the solutions of the problem under consideration in the form of plane wave

W (% y,t) = £, (y) expi (ot —kx) (8)
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we get the following equations related to wave amplitudes
ct) p(i)COZ
2
d f,(y)=0 ©)

. Clo ;
f(i)(y)_ZIKE oY) - K =5+
The solutions of differential equation (9) can be written in the form:

44 i  Gi

iy (y)=exp(ai k){cli sin( p(i)y)+ C,; cos( p(i)y)} (10)

where the following notations are used

i i i i i

o) = G Py = \/ ol Gl Sl i (11)
Ci/ Ci/ Ci*

Satisfying the solutions to the boundary and contact conditions (5, 6, 7) we’ll get a simultaneous sets

of algebraic equations with respect to the arbitrary constants C; ,C,; . From the solvability condition of

these simultaneous sets the dispersion equations can be obtained by equating the determinants of these

simultaneous sets to zero.

The equation (12) corresponds to the displacements functions of the first and the second layers in
the case of traction free wall boundary conditions.

W (%, y,t) =C, exp (oL ky){sin ( p(l)y) + ctg( p(l)a) cos( p(l)y)} expi(ot—kx) , (12)

. Py . .
w? (X, y,t)=C, exp(a,iky) {%sm ( p(z)y) +ctg ( p(l)a) cos( p(z)y) }expl (ot—kx)
2
The equation (13) is the dispersion equation according to the case of the traction free wall boundary
conditions

In? — k2a26? o2
nz tg (i n’ -k’a’e’ ) =-tg [Bivx\/y—znz -k*a’’* ] (13)
By\/aznz _ k23202

Y

The corresponding equations for the displacement functions and dispersion equation according to the
case of the clamped wall boundary conditions are the following

w? (%, y,t)=C exp(ayi ky){sin(p(l)y)+tg( p(l)a)cos( p(l)y)} expi (ot —kx),

w? (% y,t)=C, exp(a,iky) {%sin ( Po) y) + tg( p(l)a) cos( p(z)y) }expi (ot—kx) (14)
2

In? — k2a26? o2
n2 ctg (&x/nz -k*a’0’ ) =1g (Bv&x\/y—znz -k*a’? ] (15)
By\/aznz _ k23202

Y

Here the following notations are used

pochcl . g _(Gled-ct)ecl
cfic' T &' (clic-ci)edc
g G g CiCW-C b
el el cdad a
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From solutions of the dispersion equations (13, 15) the relative thickness y of layers can be chosen in

such way that these equations would have the simple simultaneous analytical solutions, which can be
defined from the equations.
Case a)

tg(@/n2 _Ka%0? ) -0

(1/2
tg By&x\/Fnz—kzazez =0.

Equating solutions of these equations (frequencies) we’ll get the conditions for the relative thickness
of layers in the following form.

= Tn (16)
op \/(n m)’ +k*ae?6? (1— 722]
a
Case b)
y = hn (17)

0LB\/(R(Zm"’l)) + kzazazez [1_“{22j
4 o

where n, mare integer numbers.
The dispersion equations (13) and (15) have two types of solution, solutions satisfying both conditions

2 2
n’ >Y—292 or n’ SY—ZGZ.
a a

2
The dispersion equations (13) and (15) have solutions satisfying nz > V—Zez (natural oscillations),
o

2

Y

and 1’ 3—262 (localized vibration at a free edge). The frequency of localized vibrations with
o

increasing of kaincreases and in the case of ka= K can coincide with the frequency of natural

oscillations in the which can be reason of an vibration inner resonance of bilayer waveguide.
Numerical results.

For numerical calculations, the following mechanical property data is used [6] for the bilayer
waveguide materials

ClY =57.94x10° N/ m? C =39.88x10°N / n?

CY =—17.91x10°N/m*  p" =2649kg/n?’

ClY =94x10° N /m? C? =93x 10°N / n?®

C =—11x10°N/m*  p, =7450kg/m?

In the case of given elastic constants, from (16) and (17) equations we can determine calculate the
values of the ratio of layers thickness depending on m, n, ka

In the Tab.1 the relative thicknesses of layer are presented based on (16) and (17) for the cases
admitting the exact analytical solutions for waveguide

n m ka Ratio = b/a according to (16) Ratio y = b/a according to
according to (17)

1 1 1 0.61 0.41

1 2 1 0.31 0.25

3 2 1 0.94 0.75

1 1 0.5 0.62 0.42

1 2 0.5 1.25 0.84

Table 1. The relative thicknesses data
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For the fixed % and the elastic constants in the case of (ka) =1, let’s find the frequency of natural

2
oscillation, the minimum value of 1 which satisfy the condition 1> > Y—ZGZ :
a

We demand that the frequency of natural oscillations will coincide with the frequency of localized
vibrations for some values of parameter(ka) , which will be determined from the following equations

[ 2 2,202 2
n k a 9 tg(& ,nz—kzazez)=th[Biyx\/k2a262_(;_2nzj (18)

2
By\/kzaZGZ _(;Cznz

[ 2 k2a20? o

1 ctg(en’ —k2a292)=tg(Bv&x\/k2a292—y—2n2] (19)
a -

By\/kzaze2 ——

i

In the Table 2 are presented the frequencies of the natural oscillations and localized vibrations n,,n,

as well as dimensionless values of wavelength (ka)*, (ka)/ under which the frequencies of natural
oscillations and the frequencies of localized vibrations are coincide. The two data are presented
correspond to case a) (equations (13, 18)) and to case b) (equations (15, 19)). Here (ka)* stands for

natural oscillation wavelength (ka)/ for localized vibration wavelength

. (ka)/ in the case . (ka)/ in the case

1 2

* according to (13) when e =m, according to (15) when e =,
according to (18) according to (19)

0.33 4.56 3.87 3.54 3.55

0.16 4.96 441 3.78 2.94

0.07 5.16 472 3.92 4.06

3.00 3.75 3.90 6.02 5.27

0.10 5.09 461 6.32 5.28

Table 2. The frequency of natural oscillations and localized vibrations (ka)/, n,,M,— the minimal
frequency of the natural oscillations, n,,. - the frequency of the localized vibration ((ka)* =1)

From the data of Table 2 it follows that exist such value of parameter of (ka)/ under which the

frequency of natural oscillations coincide with the frequency of localized vibrations.

Conclusion.

For the problem of the horizontal shear wave of propagation in the anisotropic bilayer waveguide for
the two cases on waveguide wall boundary conditions the analytical and numerical analysis of
dispersion equations are carried out. As a result it is shown that for bilayer waveguide the effect of
vibration inner resonance is possible when the frequencies of natural and localized vibrations are
coincide.

This research was supported by the State Committee of Science of Armenia Grant No. SCS
115T-2C031.
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CONTROL OF SH WAVESIN A PIEZOELECTRIC PERIODIC WAVEGUIDE WITH A
LINE DEFECT

Piliposyan D.G.

The paper investigates coupled electro-elastic waves propagating along a piezoelectric finite width waveguide consisting of
same piezoelectric layers separated by metallized interfaces and arranged in a periodic way along the guide with a line defect.
An analytical expression for the transmission coefficient is found that can be used to accurately detect and control the
position of the passband within a stopband.

1. Introduction

In order to control the frequency band structure, including the location and bandwidth of stopbands,
tunable periodic structures can be designed by introducing defect layers into the structure, changing
the geometry and altering the elastic characteristics of these inclusions [1-2]. In this paper, we propose
a novel tunable phononic waveguide with a defect mode made by inserting a dielectric layer into a
piezoelectric waveguide with metalized interfaces. The Sylvester theorem allows us to find an
analytical formula for the reflection/transmission coefficient which can be used to easily modify
different parameters, the number of layers and develop a tunable phononic waveguide.

2. The statement of the problem
We investigate the reflection/transmission properties of a finite stack of cells in a piezoelectric
waveguide by coupling the wave fields in neighbouring layers via a matrix propagator. We consider a

structure consisting of a stack of M cells, each containing a pair of layers a;, j= 1,2 made from

different piezoelectric crystals and one additional single layer, thus 2M+1 layers altogether. On each
side the waveguide has two infinite piezoelectric substrates made from material 2 (Fig 1.).

Fig. 1. Periodic waveguide with the unit cell made froim two piezoelectric media.
For an anti-plane problem the interconnected elastic and electro-magnetic excitations in a transversely
isotropic piezoelectric crystal are described by the following equations for U,, E_, Ey JH,

dc,, 0o o’u, ou, ou,

ox + 8yyz =p o Gy, =Cyy ox -&5E,, oy, :C44a_y_eisEy’ (2.1)

OB, OE, - 0H, &H, oD, oH, oD, .,

ox oy F ol ox ooy ot (22)
ou ou

D, :elsa_)(z+811Ex’ Dy 2615EZ+811EW (2.3)

where U, is the displacement, o, the stress tensor, D,, D, and E,, E_the electric displacements

and electric field intensities, and H, the magnetic field intensity, P, C,, €., €, and [, are the
mass density, the elastic, piezoelectric, dielectric and magnetic constants respectively. The mass
density p, the elastic, piezoelectric and dielectric constants C,, €, and &, are piecewise

continuous functions with a period . Harmonic time dependence, exp(i®t) for the all physical
variables with ® as wave angular frequency is assumed henceforth. We assume that waves propagate
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in the (x,y) plane. Taking notations H =imH,, U, =U the system of equations (1.1)-(1.3) can be

reduced to the following uncoupled system of equations for H,(X) and u(X)

d’u(x) d’H(x)

p
Y pzu(x)+oa26u(x) =0, — =~ P*H (X) + e pqsH (X) =0, (2.9)
—Gu'(x) + &P _ &s
o,,(X) =Gu'(x) + H(x), o,(X)=Gpu(x)+—H'(x), (2.5)
€ €
e U(X)+ pH(X) /
E, =i €s ’ Ey(x) _ g;pu(x)+H'(x) . (2.6)
€ €n
The solutions of u(x), H(X) and 6,,(X), E,(x) in the m" cell have the following form
u(m)(x) 1 1 0 1
e (X) _ Al TG daem) | g -iGq e | o ~€’p/e &S0 | p ~e’p/e st (2.7)
H i (%) 0 0 1
E,m (X) ep/e ep/e —ie’s/e ie’s/e

For continuity of wave fields between layers the matrix propagator can be constructed directly. The
electrically shorted case however cannot be obtained from this as a particular case since the
amplitudes at interfaces will become connected via degenerate matrices which cannot be inverted. To
get around this problem electrically shorted boundary conditions

O (v — @ (y) —
E,’(x)=0, E;”(x)=0, (2.8)
at the interfaces X=(mM+1)B—a between two layers (m1) and (m2) (the same at the interface

(m,2)/ (m+1,1)) can be incorporated into the continuity boundary conditions for displacements and
stresses

u®(x) ~ u®?(x) 29)
¥(¥) \o@(x)) |

and all the parameters apart from p have superscripts (j) which are omitted and (j=1,2) correspond to
the material number in the unit cell. We will investigate the transmission properties only of acoustic
waves since the piezoelectric effect does not have a noticeable effect on electromagnetic waves. From

(2.8) the amplitudes C”and D" in the expression for E{"(x) can be expressed via the amplitudes
A and B in the following way:
COY) [(nogac?-a") LogaEay)(AD) (c n@ehE?-d) @) ) (A@) (2.10)
S —® B )| D® )| _y@eiat ) _n@eiaE ) | g® |
. ia (S(j)iq(j))
() _ipd-e” )

: st g _q)

The amplitudes C“and DV will be eliminated by substituting (2.10) into the expression for

Gg)(x) in the boundary conditions .(2.9). Formulae (2.9) will have only the incident and reflected

amplitudes A and B of a coupled elasto-electric wave. Using the modified boundary conditions
(2.9) a 2x2 unimodular transfer matrix coupling the amplitudes of forward and backward travelling
waves A and B®in @ layers of the two neighbouring cells (m) and (m+1) can be constructed as

follows:
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(1) (1)
(Q;)st[p’“ j S =5®sW (2.11)

m

the elements of matrices S and S® are

(2) (2)

0 _awr_ i@ (W =D +y(y? 1) 1) _ Q) Hipd® (W =D +y(y? +1)
%1 _SZZ =€ \jf(l) \jl(l) 2 ' %2 -2 € \l/(l) \jf(l) 2 ! (212)

2)_g@r— giald”-a?) WY =) +7(? -1 o ey da(@@+a?) (W@ +)+y(y? -1)
SH @ o) S=S) =e @ (2) ,(2.13)

Y(v” -y -2) Yy -2)
ia, (s (D) 2ia, s )

() _ () 1=2€ " e gy eV

Vs e’ _q : ~ q@sd

Using Sylvester’s theorem for a 2 by 2 unimodular matrix, the mth power of thematrix (2.11) can be
written as

gM :[3*1 S*ZJ (31 M a1 ] SZUM j , (2.14)
Sz Sl SZ SlUN “Uu
where U,, = SN(M +1kB)
sin(kp)

and * in the superscript denotes the complex conjugate. The amplitudes of the incident A, reflected

B. and transmitted Ay acoustic waves in the two substrates will thus have the relation

AY (A
A= (4) e

S™is a unimodular transfer matrix connecting the amplitudes of incident and reflected waves in the
8, layers of (m) and (m+1) cells, and where the Bloch wave number k is defined by the equation

cos(kB) = (S, + )/ 2.

From (14) and (15) the reflection/transmission problem can be written as

(A]:(S.lurvl_UM1 ) S.ZUM j[AJ (2.16)
Br azum SuUM _UM—l 0
From (16) we find that
B S U
- Pr_ 12~ m (2.17)
A S11UM _UM—l
and
S |2
R’=——— |5, | > (2.18)
| S, I+ (sin(kB) / sin((M +1)kp))
At the band edges, where k3 = 7tn, the reflectivity and the transmissivity will be given by
2
Ri=—== 5, - [TI=1HR?. (2.19)
S, [+ (M +1))
Within the band gaps, where k3 is complex, kp = zn+1id, formula (2.19) takes the form
2

|'S, %+ (sinh(8) /sinh((M +1)3))?
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It follows from (2.19) that the reflection coefficient will approach unity as the number of cells
increases and the total reflection regions will precisely coincide with the stopband for Bloch waves.

3. Transmission coefficient in the piezoelectric composite waveguide with a defect layer

We now introduce a defect layer Z as shown in Fig.2, such that the wave guide has a mirror symmetry
about this layer.

| . /
( .(21. ,vﬁ/ @ / (2) ///‘/f @ /]/ 2y 1) ‘-.2} : {r\

Fig. 2. Finite stack piezoelectric waveguide between two infinite substrates and a defect layer.
The transfer matrix now will have the following form:

(A}SMZSM[A}, (3.1)
B 0

r

and Sylvester’s theorem can be used to obtain an elegant expression for the transmission coefficient

rlA_ 1 . 32)
A leuM—Z _ZZUM—ZUM—1+Z3UM—1
where
Z= (Z“ Zlfj. (3.3)
Z, 4,

is the transfer matrix through the defect layer and the following notations are introduced:
Z,=25,Z,+ SZZLZ + SZZL*Z Z, =| S, |ZZ;1 +S, (Zz - Slzll)'

The analytical expression for the transmission coefficient (47) can be used to investigate the defect
mode in a waveguide having a finite stack of cells each with either two different or two identical
piezoelectric elements.

3. Numerical Results

Numerical calculations have been carried out for two piezoelectric phononic crystals. Material
parameters of PZT-4 and BaTiO3 have been used for one photonic crystal and PZT-4[1]. for the

piezoelectric waveguide with identical layers. Using the transmission coefficient (3.2) the
transmission properties of SH waves are investigated in the piezoelectric waveguide with a defect

layer (Fig. 2)
1 1
1 08 0.8 v
038 KT izl
_ 06} T = Al
" o4} pal =
& 0 85 50 95 1 YR 8s 30 as o iw
i 85 5.0 o5 100 Mgmnliced Requency. oplco Nommalized frequency. cffeo
Nommalize¢ frequency, wi/cy (a) (b) (c)

Fig.3. Absolute values of the transmission coefficient for a LilO; and BaTiO; piezoelectric phononic crystal with
displacement-clamped and electrically-shorted boundaries on the guide walls for f/h=0.5, M=25 (a) without a defect layer,

(b)with a defect layer with thickness dC = [3 , () with a defect layer with thickness dC = 1.5B.

Fig.3 compares the transmission spectrum of the piezoelectric composite waveguide LilOz and BaTiO;
with and without a defect layer. Without a defect layer (Fig.3a) a typical propagation feature with an
acoustic bandgap is observed. The presence of a defect layer (Figs.3b & 3c) results in a broadening of
the forbidden band. Further, a passband with a transmission peak of 100% appears within the
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bandgap. Increasing the thickness of the defect layer from d. =f (Fig. 3b) to d.=1.58 (Fig.3c)

moves the passband from P /¢, =8.7 to ®wB/c, =8.4, demonstrating that the passband can be
tuned by changing the thickness of the defect layer.

| 1
08 0.8
0.6 0.6
o4 T D4 -
2.2 0
?D".ﬁ 25.% ns'o 762 204 236 258 27.0 i 2 : : A ;
AR SR e AR e, SRR 256 258 200 262 164 266 258 170 250 258 200 202 264 200 268 270
Wornabes] Freuency o Normalized fraquency, wg/cg Normalized fraquency, wdicy
(a) (b) (©)

Fig. 4. Absolute values of the transmission coefficient identical PZT-4 crystals in both layers of the
unit cell with displacement-clamped and electrically-shorted boundaries on the guide walls for

hB/=0.5, M=25, (a)without a defect layer, (b)with a defect layer with thickness d, =@, (c) with a
defect layer with thickness d, =1.50.

Fig.4 shows similar results for a piezoelectric waveguide with cells composed of identical
piezoelectric materials PZT-4. The transmission spectrum for a waveguide without a defect layer is
shown in Fig.4a. Figs.4b & 4c show that the presence of a defect layer results in a slight broadening
of the bandgap and the appearance of a 100% transmission passband within the bandgap. Changing the

thickness of the defect layer from d, = (Fig.4b) to d,=1.58 (Fig.4c) moves the passhand from

®f /¢y, =2.263 to ®P /¢, =2.262 though in this case without changing the width of stopband.

4. Conclusion

The propagation of elasto-electromagnetic coupled SH waves in a quasi-one dimensional periodic
piezoelectric waveguide is considered within the full system of Maxwell’s equations. Such a setting of
the problem with perfectly matched physical fields at the interfaces allows the investigation of Block-
Floquet waves in a wide range of frequencies including both acoustic and electromagnetic waves.
Controlling wave propagation properties including slowing down the propagation of light or sound or
creating passband inside the stopband is also possible by introducing some disorder in periodically
layered structures. We have found an analytical expression for the transmission coefficient that can be
used to accurately detect the position of the passband inside a stopband. This can have applications in
designing tunable waveguides which can even be made of layers of identical piezoelectric crystal
separated by metallized interfaces.

This research was supported by the State Committee of Science of Armenia Grant No. SCS
115T-2C031.
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OPTIMAL STABILIZATION OF DOUBLE MATHEMATICAL PENDULUM VIA
PRIORITY BASED CONTROL

Shahinyan A.S.

We consider the problem of the optimal stabilization of double mathematical pendulum via the mathematical framework of
the priority based control, where different control actions are prioritized by different weights, or coefficients. We address the
problem by means of Lyapunov’s second method, by minimizing an appropriately defined functional. Specifically, we
construct the optimal Lyapunov’s function and optimal control actions. Our solution also allows to numerically find the
values of the priority coefficients corresponding to the optimal control.

Introduction

The problems of optimal control and stabilization of dynamic systems with more than one control for
the priority of controls have been studied recently. Such problems arise in different applications. In
those problems it is sometimes necessary to take into considerations some parameters which describe
the controls, so that choosing those parameters enables one to decide the priority of each control.
Several problems of control, optimal control and optimal stabilization of linear systems with more
than one control have been formulated and solved for the priority of controls in [1-3]. As a concrete
application of the above framework, Ref. [3] solved the problem of controlling the dynamics of center
of mass of an artificial earth satellite in a circular orbit.

In this paper we consider the problem of the optimal stabilization of double mathematical pendulum
using the framework of priority based control. The solution of the problem is constructed by means of
Lyapunov’s second method and functional (double) minimization. We construct an optimal
Lyapunov’s function and optimal control actions. We also numerical methods to find the priority
coefficients corresponding to optimal control.

Problem Statement

Suppose we have double mathematical pendulum constructed with lightweight rods 1 and 2 with
lengths 1, and |,, respectively, and material points M, and

M, with masses m and m,, respectively (Fig. 1). Assume

|

: M, that the lower pendulum swings about the axis Oz, which is
| 2 mg perpendicular to the plane of drawing (perpendicular to the
: v plane Oxy) and the upper pendulum swings about an axis
: o which passes through the point M, and is parallel to the

axis Oz. There are two controlling moments él and EZ

mg applied to the rods 1 and 2 respectively. The gravitational
S8 forces mg and m,§ act on the material points M, and

@ M, respectively. ¢, and ¢, are the angles between Oy

_ and the rods 1 and 2 respectively, which uniquely
determine the state of the system.
We use the Lagrange equations [4] to describe the dynamics
of this system:

Fig. 1.

apar) dr __d, e, i=12 (L1)
dt\ d¢; ) de, do,
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where T and IT are the kinetic and potential energies of the system, respectively, and o, € [0;1] are

the parameters which describe the importance of the controlling momentums &, .
The kinetic energy T and the potential energy IT of the system can be written as:

T= ?1@1"'%('1@1 Iz(Pz+2|1I2¢1¢2COS((P2_(P1))

1.2)
—(m+m,)gl, (1-cose,)-mygl, (1-cos ¢, )
Inserting the expressions (1.2), into (1.1) we get the following system of equations
(mi + mz) 12 o+ mll, o, COS((Pz - )_ myL,1,, sin ((Pz _(Pl)((Pz _(bl)_
MLy, sin (@, — ;) = (m +m,) glsing, + et 13)

mzlz (P2+ myll, @, COS((p2 )_ myl,1,, sin ((Pz _@1)(¢2 _(i)l)+
+myl 1., sin ((Pz _(Pl) =m,gl,sine, + o,

We can linearize the system (1.3) with the assumption that the angles ¢, and ¢, are small, i.e.

cos(@, —¢,)=Lsin(e, —@,) = (¢, —@,),sing, = ¢,,SiN@, = ¢,. After linearization and some
simplification, we get

. _(m+m)g g
(Plzm :’ﬂz (i mzl Iz‘:l Il‘toz
ml, ml, ml, mil, (1.4)
5 - (M+m)g - (m+m)g o, (M +m,)
¢, =— ¢+ &+ &
ml, ml, mﬂﬂz mmyl,
To make the system (1.4) look simpler we introduce the following notations:
+
A:(m rnZ) B_ rnZg k2U1= élz,kz _ &2 (15)
ml; ml, ml; ”1'1'2
where K has the meaning of frequency. We now have
{ ¢, = Ap, + Bop, + alkzul - OLzkzuz (L6)
= _ALl(pl + AL, —a LKy, +a, LKy,
l, _m+m, . . . .
where L, = I— ———=%L . To have dimensionless quantities we define T=kt. Eqg. (1.6) then
m,
becomes
{ $, = ag, + b, + o U —a,u, (L.7)
¢, =—aLo, +aLo, —oy Ly, +a,L,u,
where
+
a(M¥M)g,  mg 18)
k*m, k'my,
.. .. d’o, d’o, : : :
Letususe ¢, and ¢, for —= and ——=, respectively. Now let us introduce phase coordinates by

defining X, = @;; X, :%; X, = @y X, = dd(iz

. The system (1.7) now will be written as
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X =%
X, = ax, +bx; + U —a,U,
X =X,
X, =-alx +al X —o, Lu +a,L,u,

(1.9)

Here for simplicity the notation X = ((11_& (i=1,2,3,4) was adopted. The acquired system (1.9) is a
T

controlled system of linear nonhomogeneous differential equations.

The necessary and sufficient condition for the existence of a unique solution of the system (1.9)
requires that the system is completely controlled [3,5], i.e. rankK =4, where K is the Kalman
matrix and has the following form

0 0 o -0, 0 0 o,(a-bl) a,(bL,-a)
Ko| & % 0 0 o(a-bl) a,(bL,-a) 0 0
0 0 -ol ol 0 0 ao,L, (L -1) ao,L,(1+L,)
ol al, 0 0 aml(L-1) aom,l(1+L,) 0 0

It is obvious that rankK =4 so that the solution U’ (i :1,2) for the system (1.9) exists and is
unique. Now let us formulate the optimal stabilization problem for the system (1.9).
Problem. The optimal control problem is to find the actions U° and parameters o € (O;l] (i =1 2)

so that the solution X =X, =X, =X, =0 of the system (1.9) asymptotically stable and satisfies the
constraint

J[-]:J'(xf+x22+x§+xj+uf+u§)dr—>min (1.10)
0

Solution. To solve the problem, we use the Lyapunov-Bellman method [3,5]. In this case the Bellman

expression is as follows:

dv dv dv dv
Ble]=——X +— X +— X, +—— X, + X’ + X + X + X, + U +U> 1.11
(1= G T T S T T R U (L.11)
where V =(X1,X2,X3,X4) is the Lyapunov function for the system (1.9). Now substituting the

expressions for X, X,,X;, X, into the Bellman expression, and taking into consideration that

oB[+] |
-t =0(i=12 t
el ( ) we ge
o oy dV dv o O, dv dv
_ )V Voo % OV OV 1.12
“ 2 [dx2 lex4 2 2 ( Zdx, dx, (112)

To find the optimal controls, we substitute the expressions for u’ and u; into the Bellman expression
Eqg. (1.11), and require that the resulting expression is zero. Thus, we get
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B[]

:d_v _|_d_V +b 1 d_V_L1 _5 Ld_V_d_V +
u=u’ gy & dx, % dx, ) 2 “dx, dx

av dv L1 av av | all, dv dv
+—X, +—| —aL X +al +— + 1.13
dx, dxi L+ ek 2 [dx2 Lide 2 ( 2 dx, dxzD (.13
av i 5 v avy
XX+ X+ X +— ——L1 —“=|L—— =
dx, dx, dx, dx,
The Lyapunov function is sought for in the following form
V= C11X12 + szxzz + 033X§ + C44X§ +2C, %%, + 2C13X1X3 +2C, %X, + 2C23X2X3 + (1.14)
+2C24X2X4 + 2C34X3X4
We now introduce the Lyapunov function (1.14) into (1.13). Thus, we obtain a system of equations

with respect to C,j,(i,j:1,2,3,4) in case of I1:2I2,ml:2r‘nz,k2:|g (i.e azg, bz—%,
1

L=2,1,=6)

3¢, - 66, — (o + 03 ), +4( 0] + 305 ) c,6, —4(0f +90a3 ) +1=0

26, (o +05 )¢5, +4(af +3a3)C,,C, —4(af +9a3 ) ch, +1=0
—c23+6034—(af+a§)c§3+4(af+3a§)cz3c34—4(ocf+9a§)c§4+1=0

2¢,, —(0f + a3 ) C3 +4(orf +303 ) CyuCyy — 4( 0t} + 9013 )€y +1=0

26,1 +3C,, —6Cy, —2G,Cy, (af + 3 ) +4(f +303 ) (GCyy + GGy ) ~8(f +9015 ) CyiC,y = 0 (1.15)
Gy +3Cy = 6Cy, +6G, —26,C,q (1] + a3 )+ 4t +3013 ) (GG + CreGy ) —8(0tf +9013 )€€y, = 0
3C,, + 2G5 — 6C,, — 2C,Cyy (01f + 005 )+ 4( 01f + 3015 ) (CyChp + CouCiy ) —8(0tf +9013) GGy =0

26,5 +6C,, +6C,, —2C,,Cys (a1f + 3 )+ 4 +303 ) (G +CpgCyy ) —8(0tf +903 ) GGy, =0

26, + 26,3~ 2C,,C,, (f + 013 )+ 4(tf +3013 ) (CCyy + S5, ) —8(f +903 ) C,,C,y = 0

~Cpq + 2Cy5 + 6C,, — 2,5C, (01f + a3 )+ 4(af + 303 ) (CyaCup + CoyCos ) —8(f + 9015 ) €€y =0

Solving the system (1.15) for different values of o, and o, from the interval [0;1] with step 0.1 for

each o, and o, we will get the optimal values of the coefficients G, (I j=1 2,3,4). The obtained
values show that the minimal value of the functional in case of initial conditions

x(0)=1, (i=12,34)is, J°[*]=29.8658 which is gained in case o, = o, =1. The optimal values
of the coefficients ¢, (i, j =1,2,3,4) are the following,

¢, =5,9206, c,, =5,2064, c;, =1,4539, c;, =0,3821, ¢, =5,0023, c, =0,5229

¢, =0,8513, ¢;, =0,7097, c,, =0,9776, c;, =0,3876.

For the optimal Lyapunov function we have

VO (X, %, X5, X,) = 5,9206%" +5,2064%7 +1,4539%2 +0,3821x; +10,0046X X, +1,0458% X, +
+1,7026x, X, +1,4194x,X, +1,9552%,%, + 0, 7752%,X,,

And the optimal controls are given by
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u’ =-3,2997x —3,2512x, +0,0655x%, —0,2134X,,
u, =-0,1055x, —0,6592x, —1,6159x%, —1,3168X,.
Thus we have obtained a closed form expressions for the optimal control actions for the system (1.9).
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TO THE MODELLING OF DEFORMATION PROCESSES IN ELASTIC MEDIUM WITH
COMPOSITE COATING
Telyatnikov I.S.

Dynamic problems of the coating interactions with deformable base have numerous applications in material science, me-
chanical engineering and construction, as well as in seismology and other fields.
A problem of harmonic vibrations of a composite coating, modeled by system of plates rigidly coupled with an elastic sub-
strate, was considered. Differential factorization method for block structure with different dimensions was used in the con-
struction of solution. A simplified method of block element was applied in case of plates with rectilinear boundaries. New
types of functional equations, solvable by the method of factorization, were constructed based on the proposed method.
Values of the stress-strain state parameters of described structure, allowing to formulate and solve specific problems of geo-
physics and the strength theory of materials with composite coating, including defective ones, can be calculated with help of
the presented approach.

The mechanical concept of the area seismicity evaluation based on the determination of the stress
concentration zones in lithospheric plates [1-3], which is one of the signs by which one can judge the
possible locations of the seismic events, their consequences and sometimes - probable time of their
occurrence.

We consider the implementation of this mechanical concept on the example of the simplest model
of the lithospheric plates. Therefore we focus on the topological approach in the theory of block
structures in the case of different-sized blocks. Usually such a situation arises when considering
structures in the form of three-dimensional deformable bodies contacting with two-dimensional shells
or plates. A three-dimensional body can be coated with a two-dimensional shell or contain inclusions
in the form of plates, wherein the plates and the shells may be layered, some of them may have cracks.
Namely this situation is characteristic for lithospheric structures that can have both internal and
opening onto the surface fractures.

Based on the model described above, we consider the plate with fractures as a two-dimensional
manifold with boundary. The area occupied by the plate is denoted by Q. We divide the plate into
homogeneous blocks with constant properties; moreover, we divide the resulting blocks on the frac-

M
tures crossing them, if any exist. As a result, we obtain a partition of the area Q =UQj , where M —
j=1

number of derived blocks. On different parts 6, of block boundaries oQ; =U6£2jk Cj=LM dif-
k

ferent boundary conditions can be met: a rigid coupling with an adjacent block, the contact with the
friction, free displacement, etc.

Further we use the notation adopted in the theory of plates [4]: G={u,,u,,u,}, u, u, — dis-

placements of the middle surface points of the plate in its tangential directions, u, — in directions of its

normal. In the scalar case of vertical oscillations for steady-state mode (with frequency ) differential
equations of a flat coating displacement have the form [4]

R (0%, 0% )Us; (X, %, ) = €50, (X, % ) = =€ ks (%, %,), =L M . (1)

o o* o* . .
Here R, :sj{@+ Zera_x; —&4; O5;(X,%,) — vertical component of the contact stress
h? 1-v?
ﬁ; 8]4:0)2pj E.] ;

J

amplitude acting on the lower border of the plate in the area Q;, ¢, =

1-v3 . . . . . .
€5 =—1L: h, — thickness of the j-th plate; p; — its density; v, — Poisson’s ratio; E; — Young's
it
modulus.
Homogeneous layer or stack of layers, homogeneous or layered half-space, etc. can be considered
as a deformable substrate. For specified substrate variants it is possible to build the integral relations

between the amplitudes of displacements u, and stresses g, on the surface of the substrate of the form
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U (%, %,,0) = IJ‘K33 a,,0,,0)G; (al,az)exp( (ocl)<1+oczx2))doclda2, (2)

02 01

where K,, — function of complex variables o, o,, which has a finite number of real zeros z and
poles p,, examples of which for various media types are presented in [5, 6]; K33(oc1,oc2,0)=0(oc’1)

when a=\/a’+a; >w; G, =V,0,; — a two-dimensional Fourier transform operator, the posi-
tion of o,,0, is determined by the prlnC|pIe of limiting absorption [6].

After applying to (1) the integral Fourier transform by the variables x,x, the equation of dis-
placement for each element of the plate partition takes the form

Rj(—i(ng,—ia;)uqE|:8j3((alj)2+(a;)2)_gj4j|ugj=8j5v gaj+'[3J Ioa . j=1 (3)

Here o; — the external form is as follows:

B R o 83U3- L 82u3. 2 OU 3 VRN 53U3-

o, =, exp(i(0/% +alx)))| - a(xzjj)a—.a;a(xzjiz (ad) axzjw.(a;) u3j+zm_
o 82u3- . 83U3- L 82u3. 2 OUy, 3 .

—2ia) a(leiz dx' + a(leJ)S —io a(le;z —(qll) axl'J +|( 1) Uy, |dx;

Further the conditions specified on the interblock boundaries should be added in the pseudo-
differential equations constructed on the basis of the execution of the automorphism requirement of
the manifold applied to functional equations (3). To construct a pseudo-differential equations we need

to find the zeros of the expression R; (—icv,1 (i ) and then calculate the corresponding Leray's res-
idues [2, 3].

For a rectilinear part of the block boundary o€, the outer form in a local coordinate system
takes the form [7]

(ojk=—813exp(i(ocljk>(ljk+ocikxzjk))[|oc2 M, D"1 ijDj"l—[(ocgk) +v. ( jk)zJ—

+Hal [(a;k )2 4—(2—vj )(aljk )z}u?,jk)dxijk :

Uy Uy ephy
where Q, =-D, —3+( —-V,)J——=——| - transverse force, D, =—— - rigidity of the
ik ik ik <.
o(x") o(x") ax °
Uy 0%Us

plate occupying the area Q;, M, =— — bending moment. Curved sections

DJ 2 +Vj o\ 2
o) o)
of interblock boundaries can be approximated by broken lines.
Built on a rectilinear part of the border oQ;, group of pseudo-differential equations can be repre-
sented as

vll(x;k){ [ (Dij(ia;,k_Mjk_ij)_[(agl f v, (o) ]‘2“_+

iy X,

+i0tg|(_|:(ag|<_)2+(2—vj)(aljk)zi|U3jk)eXp(iOL1ij1j ) Xl _SJSV [g3jk 31k:|_ ,[ (’Oj}zo,

20, \o0,
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where o = ol , 1=1,2, alt =i (o) = [2; el =i (o) + [, x*eoQ,,
8j3 81«3
V™ — Fourier inversion operator.

Piecewise linear approximation can be constructed for the curved sections of the boundaries, then
for each rectilinear section pseudo-differential equations will have a similar look. At the same time,
the main operator of pseudo-differential equations contains all types of boundary conditions possible
for the considered case of vertical oscillations of plates [7]. By writing the pseudo-differential equa-
tions for all sections of the border and adding in them given boundary conditions we obtain the system
of integral equations, deciding which we obtain the representation of the solution in the following
form in each planar block:

Us; :V;{Rj'l(—ialj,_ia;)[gjsvz[ggj _tsj]_ .[ O)JJ]' J=1,_M (4)

0Q;
where V,* - a two-dimensional Fourier inversion operator.
Constructed in this way expressions for the displacement amplitudes u,; for the case of vertical
oscillations of the two-dimensional composite block structure, further should be equated to the values
of the displacement amplitudes of substrate (2) (in the case of ideal contact) in the area (xlx2)e Q,,

when x, =0. The resulting integral equations will allow us to determine the stresses at the contact are-

as of the coating and substrate.
Consider the case where the coating is a system of two extensive plates, bordering along a straight
line. The coordinate system is chosen so that the axis Ox, is perpendicular to the surface of the coat-

ing/substrate system and the axis coincides with the boundary between the plates. Let's denote the
right half-plane of the plane x,=0 as Ql:{(><l,x2):0<xl<oo,—oo<x2 <oo}, and the left as —
Q, = {(xl X, )10 <X <0,—0 <X, < oo} . Suppose that the system is exposed to the focused harmonic
surface load Aés(xi—xf,x2 —xg)exp(—imt), A=const, x’,x; >0. Then the integral equation for the

stress amplitudes at the border of the coating and substrate can be reduced to the following functional
equation

C1.1 N Cp n CZ.l n Cyp
o +Ig; o, +Q, oy —Ify o0y
_815cexp(ialxlo)+ &5 Cexp(ic’uleo)_Ge:rl(oazvocz)+i Aexp(—oﬂle)—G;l(iom,az) N
R 2(q121+0u22)813 Oaz(al_oaz) qll(Otl—iGM)
" _ 8252 {Gzz(_qzziaz)_kiGsz(_iqz%’az)} , )
2(Qz1+%2)823 q22(al+q22) q21(al+|q21)
where K =-K,"K,, C=C(a,)=Aexp(ia,x;), KJ.(ocl,ocz)zi(K33(a1,a2,0)—8j5(R )_l), here we

)

G, +KG,, = Kll[

use the representation R (ay,0)=2; (o —igy)(ay —a;, )(ay +iay )(oy+ap), A=),
i, k=1,2, the superscripts «+» and «—»indicate the regularity of the function above and below the
contour o, .

Equation (5) is solved by the Wiener — Hopf method with factorization by the parameter o, rela-

tive to the contour o, . The unknown C,, (j,k=1,2) are determined further from the boundary condi-

tions in the contact area of plates.
To perform the factorization on the o, in relation to the selected contour o, function

Ky (ay,0,) is  represented in  the form  K=S(oy,a,)(oy,a,) [6,7], where
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S(Otl,(XZ)Zdl/«/Otlz-f-dz, d’(a,)=d; +0;, d =limaK(a,,a,), the parameter d, is selected

|ef] >o0
large enough [6] (for numerical implementation d, =10). The behavior of S matches the behavior of
the function K,; at infinity, and the function S has no singularities on the real axis. The function
(o, a,)=S"K,, has the same singularities as K,,, moreover, ‘Iim I(ay,a,)=1 and it can be ap-

N —
proximated by a rational function TI(a,0,)~TT"=]](cs -2z )(af - pi) Y A=72-d
k=1

Pl = ¢ —a;. Functions K, (j=1,2) have the same behavior at infinity as K;,, poles of these
functions are: poles of K,, and zeros of R. Then they can be represented as

]
d.
K, =——=—TI, (ay,0, ), where

]
Joi +d’

_ — NJ N -
1y =115 = (af + o) (o — ) T (o 2T (o - P s =

lim oK, (o,0,).
k=1 k=1 ol

For each value of the frequency o rational functions TI", IT] can be approximated using the Bern-

stein polynomials.
Integral characteristics of the plate displacement amplitudes are determined from the relations (4)
Usj ((11,(12): SjSst (a1’a2)+ B3j (OLI,OLZ) + le + Cjz

R, o, £1q;;  a,£Qq,

_ 1 SjSGSj (iqu’az) i8j5G3j(iiqjl’a2) B3j (iquvaz) ist' (iiqjl’az)
F* 5 5 — + — + — + —
Z(qj1+qu)813 qu(al"'qu) qjl(a1+|qj1) qu(al"'qu) qjl(al‘f"qjl)

where B, =—g,Vit;,, Bl(al,az):—elsAexp(i(ocle +a2x§)), B, (y,0,)=0, the top sign in the

storeyed symbols « =+ » corresponds to the value j=1, the lower— j=2.
Representations of transforms of the plates displacement amplitudes contain the unknown constants
C, (J.k=1,2), which are determined from the boundary conditions.

The proposed approach allows to study the influence of the properties of plates and foundation, as
well as the type of boundary conditions in the area of contact of the coating elements on the defor-
mation properties of the system and the nature of the signal passage. Figures 1, 2 show the graphs of
the complex displacement amplitudes of the surfaces of plates on elastic foundation in the case of con-
stant properties of the system in the direction of the axis Ox, for the following dimensionless parame-

ters of the substrate: p=1, u=1, v=0,3, ®=2,5. Dimensionless frequency is determined by the
formula®’® = po’a’u™, where m — shear modulus, a r — the density of the elastic foundation, a —
characteristic linear dimension. Concentrated vertical load specified in the pointx, =5. On graphs the

displacement amplitude plotted on the vertical axis (the real part of the complex displacement ampli-
tudes corresponds to the solid line, the imaginary — to dotted), on the horizontal axis — coordinate x; .

The calculations were performed for two relations of plate rigidity: p,/u, =5 (a), p,/p, =0,2 (b).

0OUg;

—0|.
X |, o

The figures illustrate the case of clamped edges of the plates {uﬂ = 0, p
)(1:
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Fig.1. Real and imaginary components of the displacement amplitudes of plates

The problems of studying the objects discussed in this paper, including the cases with fractures,
occur in seismology, geophysics and in various fields of technology, where constructions, which can
be modelled by structures of described kind, are used.

The study has been carried out with support of the grants of RFFR 16-31-00067 and 16-41-
230184 r_south.
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Anti-plane contact problem for a compound elastic half-space with a stamp and inclusion

Contact problem for compound half-space consisting of elastic infinite layer attached to elastic half-
space with different young's moduli is considered. A rigid stamp with a flat base is attached to the
external surface of the half-space. Layer contains a rigid, thin inclusion perpendicular to the layer
boundary. External sheering loads, applied to the stamp, external surface of the layer and on the
surface of the crack, create anti-plane stress state in the compound half-space. Solution of the problem
is reduced to a system of two singular integral equations for unknown stresses under the stamp and on
the boundary between the layer and inclusion. Solution is constructed using method of mechanical
guadratures based on roots of Jacobi polynomials. Formulas for contact stresses and intensity
coefficients are obtained and numerical analysis is performed.
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Stress state of homogeneous plane with periodic system of parallel, partially detached rigid
inclusions

The stress state of homogeneous plane with periodic system of identical parallel absolutely rigid
inclusions, one long side of which is detached from matrix, thus creating cracks, is considered in
present paper. By the generalized Fourier transformation method the discontinuous solutions for the
equations for the elasticity theory for homogeneous plane with periodic system of identical parallel
defects are built. On the base of these solutions the governing system singular integral equations in
special case, when defect is the absolutely rigid inclusion, one side of which is detached from matrix,
is obtained. The effective solution of governing system of equations is constructed by the method of
mechanical quadratures.

Hakobyan V.N., DashtOyan L.L. ...ttt see e enee e 15
Axially symmetrical stress state of homogeneous space with periodical parallel coin-shaped defects
The axially symmetrical stress state of homogeneous space with periodical system of coin-shaped
parallel defects is considered in present paper. The discontinuous solutions for equations of axially
symmetrical theory of elasticity, which make it possible to directly write the governing equations of a
number of problems, are constructed by Hankel transform method. As an example the special case,
when the homogeneous space contains the periodical system of parallel coin-shaped cracks, is
discussed. On base of obtained discontinuous solutions the governing integral equation is written.
After application of rotation operator the governing equation is reduced to the Fredholm type integral
equation, the solution of which can be constructed by the iteration method. The simple formulas for
determining the crack opening and to determine the stress intensity factor are obtained.

Amirjanyan A.A., SANAKYAN AV ...ttt et e ee et 20
Singular integral equations with logarithmic singularity in right part

The numerical solution of a singular integral equations with Cauchy kernel on the finite interval, a
right part of which have a logarithmic singularity on the end, is built. The necessity of taking into
account the mentioned singularity and efficiency of proposed approach to solution of such equations is
shown.

ANtonyan S.S., VasIYan NL.G. ...ttt e e sre e e ene e e e 25
Research equations of bending of isotropic and orthotropic plates

In this article, the stress-deformation state of bending plate in around of fixed edge is investigated. A
problem of semi-infinite plate strips, which one edge is jointed supported is investigated. An approach
of Nadai is applied. The generalized cutting forces in the center of fixed edge for isotropic and
orthotropic plates are obtained.
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The effect of aging on deformation and fatigue properties of polyurethane

Polymers and composite materials are widely used in engineering, medicine, aircraft building, etc. At
the same time physical and mechanical characteristics of these materials after long-term exploitation
are significantly changed caused by the aging process [1-4]. So the investigation of aging processes in
these materials is needed. In this work as a model material is used polyurethane. The experimental
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research program includes experiments on deep compression of rectangular samples at various times
of climatic and deformation aging. It is also investigated the effect of aging on fatigue strength.
Fatigue experiments of round specimens under repeated tension (the coefficient of asymmetry of a
cycle is equal to 0) at a given amplitude variation of displacement and loading frequencies equal to 10
and 5 Hz were carried out. The received experimental resuls shown a significant hardening of the
material due to aging. This effect is observed both in experiments on deep compression, and cyclic
loadings.

Arutyunyan A.R., ATULYUNYAN R.A ... ..ottt ettt sre e sraesnee e e 33
The problem of mechanical and chemical degradation and destruction of polymer materials

Taking into account the aging effects the interconnected kinetic equations for the creep rate and
damage parameter are formulated. The Maxwell equation, written in the scale of effective time, and
the equation of the hereditary theory of visco-elasticity of Boltzmann-Volterra are used for the
description of the degradation and destruction processes in polymer and composite materials. The
analytical relations for creep, stress relaxation, damage parameter and the criteria of long-term
strength are obtained. Corresponding theoretical curves are constructed and their qualitative agreement
with the experimental curves is shown.

Barseghyan V.R., Barseghyan T.V .. ...ttt st sre e e 38
Condition for complete controllability of a linear stationary system with many control actions

The issues of controllability of a linear stationary system with many control actions are considered.
The necessary and sufficient condition for complete controllability is obtained. It is shown that the
system separately for each control action can be not completely controllable, but in combination with
control actions such a system can become completely controllable.

Belubekyan M.V., SAhakyan A A. ...ttt sttt e teenee e 43
Local instability of rectangular plate under the compressive load at the free edge

The problem of stability of a rectangular plate with three freely-supported and one free edges is
investigated. The plate is pre-compressed by the load applied at the free edge. The conditions of
occurrence of instability, localized in the vicinity of the free edge, as in the case of conservative load,
as well as in case of load tracking are obtained.

Gorshkov SA., DatSE.P., MUrashkin E.V. ... 47
On numerical solution of the three-dimensional problem of temperature stress theory under
irreversible deformation

The present study deals with the approach to the numerical solution of the thermal stresses theory
problems during the irreversible deformation process. As an example, the elastic-plastic cube deforms
due to thermal non-free expansion has been considered. The differential equations system, allowing at
each time step to numerically calculate the irreversible strains, thermal stresses and displacements in
the material has been derived. The algorithm of search of the irreversible deformation domains under
unsteady heat has been developed. The fields of residual stresses formed during cooling of the material
have been computed and analyzed.
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The bending of two layered plate under the free sliding condition between the orthotropic layers
The two layered rectangular plate, two layers of which are clumped, is discussed. The equations of the
bending and vibrations are obtained under the smooth contact conditions between the edges. The
conditions under which layers do not laminate are determined.

Danoyan Z.NJ, MKIChYAN SH. .......ivveeeereeieseeeeeessseesss e sssesessesessssssssesssssssssesssssssesessssesseeees 55

Shear waves in two-layered medium consisting of piezo-electric and conducting materials
Existence and behavior of shear waves in two layered structure consisting of piezo-electric and
conducting materials is investigated. The dispersion equation is obtained and investigated.

Zarubin V.S., Kuvyrkin G.N., SAVEIYEVA LY ..ottt 60
Analysis of temperature and tension in an elastic body with a curvilinear boundary

Calculation of temperature tension at the unsteady thermal mode presents the known difficulties
because of the key calculated parameters changing in time. On the basis of the one-dimensional
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settlement scheme influence of key parameters of loading, properties of material and average
curvature of a surface on distributions of temperature and tension is analyzed.

ZIMIN VN, NEFOVNY NLA . ettt ettt et e st e et esteeseenee s st eeesaeeneeseesseensesaeeneensens 65
Development of the method for calculation of the main vector and main moment of light pressure
on structures of complex geometric shape

In this paper we consider the question of determination of the light pressure on the space structures of
complex geometric shape. For the infinitesimal surface element of structure we wrote the condition
that this element can be illuminated only from the front side. This condition is represented in the form
of series of Chebyshev polynomials of the first kind. Representation of a series in Chebyshev
polinomials can be reformulated as the series in increasing rank tensors to determine the main vector
and main moment of light pressure. We obtained expressions for the approximate method for
determination of light pressure on space structures of complex geometry taking into account self-
shadowing and reflections within the structure. The proposed expressions can be used in the ballistic
analysis of solar sails and other space objects, which are significantly affected by the radiation
pressure. Also, these results can be used to analyze the dynamics of movement of large scale space
structures around the center of gravity under the light pressure.

Kazakov K.E., KUFAINA S.P......e ettt sttt e te e s ts e s st a e e s st e e e s s eaae e e s senbeeesssnreeasaans 67
Multiple contact problem for regular system of punches and surface inhomogeneous coating

Plane problems of contact interaction of surface inhomogeneous viscoelastic aged foundations with
coatings and regular system of rigid punches are under consideration. Aging and structural
inhomogeneities connected with manufacturing processes taken into account. Such inhomogeneities
can be described by rapidly oscillating and even discontinuous functions. Various versions of the
mathematical formulation of the problems are under consideration. Main system of integral equations
is obtained. It is reduced to one integral equation with tensor kernel in functional vector space. The
projection-spectral method is applied. The solution of the problem is obtained analytically, and, in the
expressions for the contact stresses, the stiffness function of the foundation is distinguished explicitly,
which allows one to perform computations for actual inhomogeneities of the coating surface, which
are described by oscillating and discontinuous functions. The explicit formulas were obtained for the
punch settlement and the tilt angle.
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Diffraction of surface shear electro-elastic wave on the semi-infinite metal layer in piezoelectric-
dielectric space.

Thr electroelastic wave diffraction problem of a shift in the composite dielectric medium having a
piezoelectric effect is considered and the wave field of elastic displacements and electric potential is
obtained
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A new type of localization of wave energy at a rough surface piezodi€l ectric waveguide

It is shown that along with well-known waves of Bleustein-Gulyaev, near rough surfaces piezo-
dielectric waveguide, is characterized by a new energy localization of an electro-elastic shear wave
signal. Virtual emitting surface roughened zone, as a thin heterogeneous layer of variable thickness,
built a wave solution of the propagation of electro-elastic monochromatic signal in a homogeneous
waveguide. The solution of the problem is simplified by the insertion of hypotheses MELS. It turns
out that the localization of wave energy will also halt functions are not smooth surfaces of the
waveguide. Under certain values of the linear characteristics of the roughness of surfaces can cause
interior resonance and the dynamic dummy load in the surface layers. There is also the zone of
forbidden frequencies in the waveguide.
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About the development of vortex element models through the example of simulation of vortex rings
spatial movement

The article demonstrates Vortex Element Method (VEM), intended to simulate incompressible fluid
dynamics. Various vortex element models, created within certain assumptions, are compared with
each other. We review also Particle Strength Exchange (PSE) method to account for viscous effects.
Finally, we present an example of VEM simulation of collision of two vortex rings.

191



Y=o o g L= (01 7= N I 20 SRR 85
On the measurement methods of elastic moduli in bulk nanostructured materials produced by
severe plagtic deformation.

A review of measurement methods for the elastic characteristics of solid-state materials was made.
Methods for determination of elastic moduli on measurement of the longitudinal and transverse
velocities of sound-wave propagation both in harmonious and in pulse modes [1, 2] were implemented
for a number of nanostructured materials (copper, aluminium, titanium alloys) and original substances.
Nanostructuring influence on values of elastic properties of the sampling materials was revealed. The
distinctions between obtained values of the measured quantities for different methods were
established. The physical nature of these differences is analyzed.
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To Theory of stochastic potential in the theory of elasticity

The article develops a stochastic potential theory in its application to the solution of basic problems of
the theory of elasticity. The Dirichlet problem for N-analytic functions attracts special attention.
Topicality of the research subject relates to the fact that the theory of stochastic boundary value
problems on the class of N-analytic functions is just being formed. The authors give an exact
mathematical formulation of a stochastic Dirichlet problem for N-analytic functions and developed the
necessary body of mathematics. A theorem about existence and uniqueness of the solution is proved.
The researchers developed a general solution algorithm for stochastic Dirichlet problem for various
classes of areas and contours, and investigated its stability. They give an example of solving the first
basic problem of elasticity theory with stochastic Dirichlet problem for n-analytic functions.

The researchers applied the theory of boundary value problems for analytic and bianalytical functions,
boundary properties of X-analytic functions, properties of stochastic differential systems.

Manzhirov A. V., KazaKov K. E. ...ttt 95
Contact problemsfor surface modified materials and structures

Surface modification is one of the most effective and at the same time cost-effective way to significant
improvement in the physical and mechanical properties of materials and structures, as well as the
creation of new properties corresponding to predetermined specifications. The rapid development of
modern technologies in recent years has created conditions for a substantial development of the known
methods of surface modification as well as for the formation of entirely new approaches. The paper
deals with two main areas of surface modification of materials and designs. They are physical and
mechanical and geometric modifications. The physical and mechanical surface modification includes,
in particular, the processes of coating, laser and thermal spraying, ion implantation, electrochemical
treatment, and radiation effects. Geometrical surface modification includes, for example, the wear and
polishing process as well as ion and plasma impacts. The paper contains an overview of mathematical
models, contact problems, and research methods for surface modified solids, including those with real
properties and geometry of surface layers.

Martirosyan A.N., Davtyan A.V., Dinunts A.S., Martirosyan H.A. ..o 100
The solution of the problem of the stamp in dynamic conditions and in the presence of the wear

In the present paper non-stationary mixed boundary plane problem of stamp is studied by the Wiener-
Hoph method, along with the Laplace and Fourier integral transforms. In the analytical solution of this
mixed boundary problem of stamp where the impact of the wear of contact surface on the performance
of the stresses on the edge of a stamp is studied, it is shown that the wear eliminates the singularities
on the edge of the stamp. The calculations of the stress distribution under the stamp are given in the
form of graphs, on which one can notice the possibility of exceeding the yield stress, not on the edge,
as in the classical formulations without wear, but in some areas, under the stamp. i.e. for certain values
of the boundary movements of stamps the stresses exceed the elastic limit for these materials resulting
in destruction of structure.
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Stability of a cantilever beam with a concentrated mass under the influence of a following load

The stability of elastic cantilever beam under the influence of a following load is considered. One edge
of a beam is rigidly fixed and on the free edge there is a concentrated mass. The critical force is
determined in which cantilever beam looses dynamic stability.
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Control of electro-elastic shear waves localization processin piezo-dielectrical waveguide

Herein is formulated a control problem of wave energy localization near mechanically free surfaces of
a piezo-electrical waveguide layer. By the changing of electrical field potential over time period on the
surfaces of waveguide, the original normal distribution amplitude function of electro-elastic wave
comes to preferred distribution along the waveguide thickness. Considered a particular case of
boundary control of the amplitude distribution of electro-elastic wave in piezo-electrical waveguide
from a hexagonal symmetry piezoelectric crystal of class 6mm.

MKrtchyan M.M ., SNEKYAN L.A. ...t 114
On the bending of beam in view of transverse and longitudunal forces in contact with elastic
massive body

Based on the proposed S.P. Timoshenko [1] generalized beam bending model, when in addition to
lateral forces, longitudinal tensile or compressive axial forces also affect the deflection of the beam,
some plane problems of contact interaction of elastic beams and a massive body in the form of a base
such as an elastic half-plane or rough elastic layer is considered. The problems is reduced to the
solution of a linear or a non-linear integral equation with the additional conditions. An effective
solution to the problems is obtained on the basis of the known numerical-analytical method for solving
singular integral equations [2] or developed in [3] methodology, based on the theory of non-linear
Hammerstein integral equations [4] and the principle of contraction mapping.

Poghosyan H.M ., Sargsyan M.Z., Ghulghazaryan L.G., Aghalovyan M. L. .....ccccceevevvieniennenee. 119
Numerical solution of nonclassical problem of three-layered orthotropic plate with volume forces
Basing on the existing GPS data for the territory of Armenia (the area between the northern latitudes
39.00-42.00" and eastern longitudes 42.00’-47.00") the problem of determining the stress-strain state of
three-layered plate with a full contact between the layers is investigated by taking into account the
weights of layers. A three-layered package of sedimentary, granite and basalt layers is considered.
Basing on the derived recurrence relation formulas general scripts are written in Wolfram
Mathematica language. Numerical study of the stress-strain states of the layers and their graphical
plots are presented.

Sarkisyan A., SArKISYAN S.........ooi i 124
Wavesin alayer with the elastic-restrained boundaries

The problem of propagation of periodic waves in elastic layer is studied. It is assumed that at the layer
boundaries normal and shear stresses restrainedly. For the phase velocity of the symmetric and
antisymmetric vibrations characteristic equations are obtained. The limiting cases are considered and
the numerical calculations are brought for the phase velocity of the wave.
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On mathematical modeling of the biological tissues growth

We consider the growth of biological tissues of animals and humans. The concept of tissue growth in
the broad and narrow senses is eliminated. Tissue components such as cells and intercellular
substance, variations in the composition and mechanical properties of different types of extracellular
matrix tissue are analyzed. We discriminate the hard and the soft tissues at the molecular scale. The
first approximation of the mathematical prerequisites for the construction of an adequate model of
biological tissue growth is considered. A brief review of existing mathematical models of growth is
given.
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Load transfer from two finite and infinite stringers to elastic homogeneousinfinite elastic plate

In the present paper a contact problem on load transfer from infinite and two finite parallel elastic
stringers to isotropic homogeneous elastic infinite plate is considered. Solution of the problem is
mathematically formulated as a system of constrained singular integral equations of the first kind with
moving singularity with kernels consisted of singular and regular parts. Numerical analysis is carried
out
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On the Solution of an Infinite Irregular System of Equations by means of an Analoque of
Frobenius Formula

In the present paper, a necessary condition is obtained under which the solution of an infinite irregular
system can be obtained by the scheme of the solution of a quasi-regular system. Also, an appropriate
numerical example is presented.
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Localization of high frequency shear wave in eastic homogeneous waveguide with weakly
inhomogeneous surfaces

The influence of surface geometrical heterogeneity of surfaces of the elastic waveguide is investigated
on the propagation of high frequency normal shear wave for different mechanical boundary
conditions. It is shown that for mechanically free smooth surfaces, the partial localization of the wave
energy occurs in the near-surface zones. Due to the impact of inhomogeneity of the surfaces on the
propagation of high-frequency normal waves, appear two new frequencies. The weak inhomogeneity
of mechanically free surfaces leads to the appearance of frequency zones of transmission of the newly
organized waves, as well as the zone of frequency silence, and to the localization of wave energy in
the near-surface layers of the waveguide.
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Mathematical model of dynamics of micropolar elastic circular thin bars

In the present paper system of equations and boundary conditions of plane stress state of micropolar
theory of elasticity is considered in a plane circular area. Generalizing hypotheses of paper [1] for the
considered case applied model of micropolar elastic circular thin plates is constructed.

Galichyan T.A ., FIrSOVA T.O. ..ottt st e e s ae e tesae e e e steeneeneeseeeneenaens 150
The thickness inhomogeneity in linear and nonlinear magnetoelectric effect in magnetostrictive-
piezoelectric layered structures

Theoretical and experimental studies of linear and nonlinear magnetoelectric effect in bilayer
magnetostrictive-piezoelectric structure in the low-frequency spectral region and in the
electromechanical resonance region are presented. Influence of the thickness inhomogeneity on the
amplitude of magnetoelectric effect is investigated. The case of longitudinal orientation of the electric
and magnetic fields was considered for structures in the form of a rectangular plate. The frequency
dependence of the magnetoelectric effect is obtained using motion equation and electrostatic equations
for both phases taking into account the boundary conditions on the interface. The results of
experimental research of permendur—lead zirconate titanate bilayer structure are presented to examine
the nonlinear magnetoelectric effect.

Khurshudyan As.Zh., Ohanyan S.K ...t 155
Finite element analysis of epithelial tissue bending due to apical constrictions

Finite element analysis of epithelial tissue bending caused by apical constriction of cells is performed.
A single cell is modeled as elastic hexagonal prism of constant thickness. Apical junctions and cell-
cell adhesion are also contributing to the bending. Epithelia are modeled as continuous sequence of
cells. Stress-state analysis for epithelial tissues of flat, cylindrical and spherical initial configuration is
performed and main characteristics of deformation are studied.

Kovalev V.A., Murashkin E.V., RadayeV Y .N. ... 160
Metamaterial models of continuum multiphysics

The present study deals with multiphysics modelling framework problem in order to describe the
thermomechanical behavior of the metamaterials having highly specific mechanical and physical
properties. The complementary microstructural variables are introduced in order to describe essential
physical characteristics of metamaterials. An approach attributed to the field theoretical formalism is
used. Natural density of thermoelastic action and corresponding variational least action principle are
discussed. Differential field equations and constitutive ones are derived from a special form of the first
variation of the action. The objectivity of constitutive equations is provided by the frame indifference
principle. The rotationally invariance principle for thermoelastic continuum allows to obtain two
discriminated sets of functionally independent thermodynamical arguments. The constitutive equations
for dissipative thermoelastic continuum follow from the general rules of the irreversible
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thermodynamics formalism and the thermodynamics orthogonality principle. Only two functionally
independent phenomenological functions (the dissipative potential and the Helmholtz free energy) are
needed for specification the constitutive equations.

Kovaley V.A., RAOAYEV Y IN. ...ttt sttt et et e sne e e e tesneeneeeees 164
On hyperbalic thermoelastic waves in a cylindrical waveguide

The present paper is devoted to problem of coupled hyperbolic thermoelastic waves propagation via a
long cylindrical waveguide with circular cross-section. Sidewall of the waveguide is assumed free
from tractions, insulated from or permeable to heat. The present study is carried out in the framework
of coupled theory of type-11l thermoelasticity (GNIII). The theory combines the both significant
mechanisms of heat transfer known as thermodiffusion and propagating wave. Type-Ill generalized
thermoelasticity includes classical thermoelasticity (GNI/CTE) and the theory of hyperbolic
thermoelasticity (GNII) as limiting cases. Solution of the coupled GNIII-thermoelasticity equations
satisfying the required boundary conditions is obtained. As an example, wavenumbers, displacement
and thermal modes of the coupled type-Ill thermoelastic waves of a given azimuthal number are
computed and visualized by the aid of Mathematica system. Sample numerical results for the coupled
thermoelastic waves of the first and the seventh azimuthal numbers are presented. Real wavenumbers
for the case of the hyperbolic thermoelastic propagating wave are localized. A numerical analysis of
the coupled thermoelastic waves of the higher azimutal numbers is discussed. Numerics for
thermoelastic waves of the 7th and 70th azimutal numbers are obtained.
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Shear waves in a layered anisotropic waveguide

Based on the constitutive model and the equations of anisotropic elastic body of monoclinic symmetry
the shear wave propagation in a bilayer waveguide is studied. The waveguide consists of two layers
made from different elastic anisotropic materials of monoclinic symmetry. For waveguide with
traction free or clamped walls, the corresponding dispersion equations are obtained. The analytical and
numerical stimulations are presented.
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Control of SH Waves in a Piezoelectric Periodic Waveguide with a Line Defect

The paper investigates coupled electro-elastic waves propagating along a piezoelectric finite width
waveguide consisting of same piezoelectric layers separated by metallized interfaces and arranged in a
periodic way along the guide with a line defect. An analytical expression for the transmission
coefficient is found that can be used to accurately detect and control the position of the passband
within a stopband.
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Optimal stabilization of double mathematical pendulum via priority based control

We consider the problem of the optimal stabilization of double mathematical pendulum via the
mathematical framework of the priority based control, where different control actions are prioritized
by different weights, or coefficients. We address the problem by means of Lyapunov’s second method,
by minimizing an appropriately defined functional. Specifically, we construct the optimal Lyapunov’s
function and optimal control actions. Our solution also allows to find numerically the values of the
priority coefficients corresponding to the optimal control.
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To the modelling of deformation processesin elastic medium with composite coating

Dynamic problems of the coating interactions with deformable base have numerous applications in
material science, mechanical engineering and construction, as well as in seismology and other fields.
A problem of harmonic vibrations of a composite coating, modeled by system of plates rigidly coupled
with an elastic substrate, was considered. Differential factorization method for block structure with
different dimensions was used in the construction of solution. A simplified method of block element
was applied in case of plates with rectilinear boundaries. New types of functional equations, solvable
by the method of factorization, were constructed based on the proposed method.

Values of the stress-strain state parameters of described structure, allowing to formulate and solve
specific problems of geophysics and the strength theory of materials with composite coating, including
defective ones, can be calculated with help of the presented approach.
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