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Dedication to Professor
Alexander Vladimirovich M anzhirov

Prof. A.V. Manzhirov is a prominent scientist in the field of mechanics and applied mathematics.
The principal directions of his academic activity are Mechanics of Growing Solids, Theory of Creep and
Viscoelagticity, Contact Mechanics, Tribology, Integral Equations and their applications.

A.V. Manzhirov is a founder of a new scientific area (Mechanics of Growing Solids), which has
been originated in connection with the needs of the applied mechanics in the study of complex techno-
logical and natural processes. The Mechanics of Growing Solids, in particular, can effectively describe
awide range of phenomena, such as concreting, solidification and polymerization, electroforming and
pyrolytic deposition, laser spraying and fusing, melting curing and crystal growth. It also provides means
for an adequate description of the glaciers formation, sedimentation and volcanic rock massif growth,
gravitating objects accreting, volumetric and surface growth of biological tissues. From the beginning
of 80" of the previous age until now he extensively developed the foundations of the Mathematical
Theory of Growing Solids, proposed a classification of growing processes, derived models governing
eguations and resolved a number of boundary value problems. Early experimental studies have been
carried out in order to identify the physical properties of growing solids and to predict the stress-strain
state evolution. New mechanical effects attributed exceptionally to the growing solids have been found
and studied under his supervision.

A.V. Manzhirov is aleading Russian scientist in the area of Contact Mechanics. He devel oped the
theory of mixed integral equations with constant and variable integration limits aimed at study of com-
plex evolutionary processes of contact interaction and wearing. His projection method for solving mixed
integral equations allows us to study the contact problems by employing experimental surface profilo-
grams described by rapidly changing functions. Heisalso an outstanding expert in the field of Nonlinear
Creep and Viscoelasticity of Inhomogeneous Aging Materials.

A.V. Manzhirov is an author of severa fundamental reference guides on Higher Mathematics and
Integral Equations published in Russia and abroad. “Handbook on Integral Equations’ is a unique sam-
ple of reference books. “Handbook of Mathematics for Engineers and Scientists’ published by CRC
Pressin 2006 in English is the comprehensive one in the math world, covering the huge material from



different branches of modern mathematics and until now is unsurpassed with respect to collected meth-
ods for solving various equations arising in numerous applications of mathematics.

A.V. Manzhirov considers Academician of Academy of Sciences of the USSR (RAS) 1.1. Vorovich
(1920-2001), Academician of National Academy of Sciences of the Republic of Armenia (NAS RA)
N.Kh. Arutyunyan (1912-1993) and Prof. V.M. Aleksandrov (1936-2012) as histeachers. He very much
appreciates his contactswith academicians A.Y u. Ishlinsky (1913-2003), V.A. Babeshko, D.M. Klimov,
N.F. Morozov, F.L. Chernoushko and Prof. V.N. Kukudzhanov (1931-2013) during joint work in the
editorial boards of several scientific journals, Scientific Council of the Russian Academy of Sciences on
Mechanics of Solids, Higher Attestation Commission (HAC) of the Ministry of Education and Science
of the Russian Federation and Russian Foundation for Basic Research (RFBR). Their fundamental
works, books, papers and viewpoints mostly formed his scientific backgrounds.

A.V. Manzhirov was born on May 24, 1957 in the city of Rostov-on-Don. His father Viadimir M.
Manzhirov was a well-known expert in the field of chemical technology of leather and fur production,
an Honorable Rationalizer of the USSR, and was awarded by Medals for Vaorous Work and Veteran
of Labour. His mother, Tamara S. Manzhirova, began working during the Great Patriotic War (1941-
1945) in 28th Army of the 4th Ukrainian Front. As aveteran of the Great Patriotic War she was awarded
by Jubilee Medals in Honor of the Victory in the Great Patriotic War. In the post-war years she worked
in industry and pharmacy production. However she devoted herself mostly to her family. His sister
TatyanaV. Manzhirovaa so is mathematically educated (she graduated Faculty of Mechanics and Math-
ematics of Rostov State University). Now sheworks as I T specialist (since 1983 in Spain).

In 1974 A.V. Manzhirov graduated with excellence Specialized Secondary School No. 14 in Ros-
tov-on-Don with deep study of English. In 1974 he entered Faculty of Mechanics and Mathematics of
Rostov Sate University, where he was specialized in mechanics and applied mathematics at Department
of Theory of Elasticity. Mechanics and Mathematics Department of Rostov State University in those
years provided the highest level of education in various branches of mathematics and mechanics. Lec-
tures at that time were delivered by such brilliant scientists and lecturers as Corresponding Member of
RAS (Academician of RAS since 1990) I.1. Vorovich, Prof. V.M. Aleksandrov, Prof. (Academician of
RAS since 1997) V.A. Babeshko, Assoc. Prof. (later Prof., Rector of RSU) A.V. Belokon (1941-2013),
Assoc. Profs. (later Profs.) Yu.A. Ustinov, L.M. Zubov, S.G. Samko, E.N. Potetyunko, |.G. Kadomtsev,
Assoc. Prof. (currently Prof., head of Department of Elasticity Theory of the Southern Federal Univer-
sity) A.O. Vatulyan.

In 1979 A.V. Manzhirov graduated with excellence the Rostov State University and was awarded
by Master of Mechanics Degree (M.Sc.). Title of his master thesisis“ Dynamical Problem for a Stripe:
Limiting Amplitude Method”.

On the invitation of N.Kh. Arutyunyan and V.M. Alexandrov (August 22, 1979) A.V. Manzhirov
came to Institute for Problems in Mechanics of the Academy of Sciences of the USSR (IPMech AS
USSR). At that time N.Kh. Arutyunyan was the head of Laboratory of Mechanics of Viscoelastic Solid.
V.M. Aleksandrov was a leading researcher at the same laboratory. Despite A.V. Manzhirov was edu-
cated at Moscow Engineering and Construction Institute (MIS) as a postgraduate student after he had
passed the entrance examinationsin December 1979, actually in 1979-1982 he studied mechanics under
the supervision of N.Kh. Arutyunyan at IPMech ASUSSR.

N.Kh. Arutyunyan is an outstanding scientist and statesman of the USSR and one of the founders
of the scientific school of mechanics in Armenia. He and his students determined a number of new
scientific trends in the Mechanics of Solids, in particular, in Mechanics of Growing Solids. By now
A.V. Manzhirov is the head of the scientific school at IPMech RAS founded in early 1980s by
N.Kh. Arutyunyan. At the same time Prof. V.M. Aleksandrov involved A.V. Manzhirov to the studies
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of contact and mixed problems of the Mechanics of Solids. Until now these studies are a part of his
permanent scientific interests.

In November 10, 1983 A.V. Manzhirov successfully defended his Ph.D. thesistitled “ Stress-Strain
Anaysis of Inhomogeneous Viscoelastic Solids and their Interaction with Stress Concentrators and
Rigid Indentors’” and was awarded by Ph.D. Degreein Physics and Mathematics from Moscow I nstitute
of Electronics and Mathematics.

In April 1983 A.V. Manzhirov entered Institute for Problems in Mechanics of the Academy of Sci-
ences of the USSR as an engineer at Laboratory of Mechanics of Viscoelastic Solids. Since 1984, after
the approval of his Ph.D. thesis by the Higher Attestation Commission, as ajunior researcher. In 1989-
1992 he worked as aresearcher, and since 1992 as a senior researcher. In October 7, 1993 he defended
his doctor dissertation titled “ Contact Problems of the Theory of Viscoelasticity of Growing Solids” at
Dissertation Council of the IPMech RAS.

Since 1995 he has been working as a leading researcher, since 2004 as the head of Laboratory for
Modeling in the Mechanics of Solids of IPMech RAS. In September 2015 he was appointed to the posi-
tion of deputy director for scientific work.

In 1988 the results related to contact problems were summarized in the joint monograph by
N.Kh. Arutyunyan and A.V. Manzhirov “Contact Problems of Creep Theory”, Yerevan, Publishing
House of NAS RA, 1999. For the first time the foundations of the creep theory of inhomogeneous aging
solids (including various types of constitutive equations and relaxation kernels, analysis of creeping
structures, study of the correspondence principles) have been elucidated. Theory of Nonlinear Steady
Creep, aswell asthe Mechanics of Growing Solids, and within the framework of the above theories the
problems of contact interaction have been formulated and investigated. A significant place in this book
isgiven to mathematical methods for constructing solutions of integral equations and systems of integral
equations usable in the analysis of contact problemsin the creep theory and algorithms for constructing
exact and approximate solutions of nonlinear problems. One of the principa scientific achievements
there has been a method of solving integral equations, which in application to contact problems allows
us to obtain a sequence of independent Volterra's equations instead of infinite systems of integral
Volterra s equations. The monograph includes solutions of a number of applied problems.

In 1991 the monograph by N.Kh. Arutyunyan, A.V. Manzhirov, and V.E. Naumov “Contact Prob-
lems of the Mechanics of Growing Solids’, Moscow, Nauka was published and recognized as a an
important step in the development of continuum mechanics. This book is entirely devoted to the new
problems of mechanics of solids: contact problems of continuously and discretely built up solids with
complex rheological properties (including aging and age-related inhomogeneity). In this study the the-
oretical foundations of the mechanics of the contact interaction of solids have been broadly discussed.

Since the mid of 1990s A.V. Manzhirov devoted himself to the development of the Theory of Inte-
gral Equations. Integral equations can be found in many areas of the continuum mechanics and physics
(in Elasticity, Plasticity, Theory of Heat and Mass Transfer, Hydromechanics, Electrodynamics and the
Theory of Wave Propagation). Since 1998 A.V. Manzhirov published a series of joint books devoted to
exact solutions of integral equations and methods for their solution.

In 2006 A.V. Manzhirov with the co-author published aremarkable reference guide: A.D. Polyanin
and A.V. Manzhirov “Handbook of Mathematics for Engineers and Scientists’, Boca Raton, London,
Chapman & Hall / CRC Press, 2006. In 2007 they released the most complete, extended and revised
second edition of the handbook on integral equations. A.D. Polyanin and A.V. Manzhirov “Handbook
of Mathematics for Engineers And Scientists’, Chapman & Hall / CRC Press, Boca Raton, London,
2007.



A.V. Manzhirov actively participatesin international scientific cooperation with Armenian, Indian,
Polish, and South African scientists. During recent years A.V. Manzhirov is a coordinator of the Inte-
grated Long Term Program of Scientific and Technical Cooperation between Russia and Indiain the
field of mechanics. Together with the coordinator from India, Prof. N.K. Gupta he organized a perma
nent Russian-Indian seminar, which had been personally attended by the leading scientists from the two
countries. The result of this activity was the publication of three collective Indo-Russian monographs.
The work being a joint project of RFBR and Ministry of Science and Technology of India includes the
latest theoretical and experimental achievements in continuum mechanics.

Traditional relations and cooperation with Institute of Mechanics of the National Academy of Sci-
ences of the Republic of Armenia are now realized in the framework of the agreement between RASand
NAS RA, being extended to new areas of mechanics, in particular, to the processes of growth. In 2007
Prof. A.V. Manzhirov organized (in conjunction with the Director of Institute of Mechanics of NASRA,
Prof. V.N. Hakobyan) the International Conference “Actua Problems of Continuum Mechanics’ dedi-
cated to the 95th anniversary of the birth of N.Kh. Arutyunyan. Since then, this conference has become
atraditional, the most representative and popular among the scientific community in Armenia.

Important studies devoted to thermomechanics of laser processing of materials have been carried
out in cooperation with Tshwane University of Technology (Pretoria, South Africa) following a plan
supported by ajoint grant (RFBR and the National Research Foundation of South Africa). These studies
are focused on the theoretical and experimental problems of laser deposition and fusing.

A.V. Manzhirov put into practice the fruitful cooperation with Instytut Podstawowych Problemow
Techniki Polskiej Akademii Nauk (IPPT PAN) under the Agreement of Cooperation between RAS and
PAN.

Professor Manzhirov is a winner of the First Competition of the Science Support Foundation in
2001, Moscow. He was awarded by the State scientific grant for outstanding Russian scientists (1997-
2003).

Dueto Prof. A.V. Manzhirov the studies in the Mechanics of Growing Solids has been internation-
aly supported: in 2015 the IUTAM Symposium on Growing Solids took place in Moscow at Institute
for Problemsin Mechanics of RAS.

Since 1994 A.V. Manzhirov works as a professor of higher mathematics at Moscow State University
of Instrument Engineering and Computer Science; since 1997 heisaprofessor of Department of Applied
Mathematics of Bauman Moscow State Technical University; since 2002 he is the head of Branch of
MSTU at the IPMech RAS since 2014 heis a professor of Department of Mathematics of the National
Research Nuclear University (MEPhHI). He delivered original lecture courses on analytical geometry,
higher algebra, calculus, differential equations, probability theory and mathematical statistics, queuing
theory, mathematical physics. Special courses on the theory of creep of solids, mechanics of growing
solids, non-classical problems of solid mechanics, mechanics of materials of constructions, integral
equations have been also prepared.

A.V. Manzhirov is a member of the editorial boards of scientific journals Mechanics of Solids,
Computational Continuum Mechanics, lzv. of Saratov State University. New Series. Mathematics. Me-
chanics. Computer Science, Proceedings of National Academy of Sciences of Armenia. Mechanics, Vest-
nik of Yakoviev Cheboksary State Pedagogical University. Series of Mechanics of Limit State. Heis a
member of Russian National Committee on Theoretical and Applied Mechanics, American Society of
Mechanical Engineers (ASME), American Mathematical Society (AMS), International Association of
Applied Mathematics and Mechanics (GAMM), International Association of Engineers (IAENG), Euro-
pean Society for Mechanics (EUROMECH).



Since 2015 A.V. Manzhirov is a foreign member of the National Academy of Sciences of the Re-
public of Armenia (NASRA). 19 May 2017 he was elected asafull member of the I nter national Academy
of Engineering (1AE).

Prof. A.V. Manzhirov isaspecialist of the highest qualification deeply involved in Russian educa-
tional and research systems. He is very kind to colleagues, associates and students. He always defends
the principal scientific viewpointsin al professional and educational controversies. In view of it Prof.
A.V. Manzhirov is known as arespectful professional in the Science of Mechanics.

The author is grateful to Ph.D. E.V. Murashkin for his assistance in preparing the present paper.

Publications about Prof. A.V. Manzhirov in the press:

e Y.N. Radayev, Dedication to Professor A.V. Manzhirov on Occasion of his 50" Birthday [in Russian]. Vestnik
of Samara State University. No. 4. (2007)

e D.D. Ivlev, Manzhirov Alexander Vladimirovich [in Russian]. Vestnik of Y akovlev Chuvash State Pedagogi-
cal University. No. 2. (2007)

e B.G. Mironov and Y.N. Radayev, On Election of Professor A.V. Manzhirov as a Member of the National
Academy of Sciences of the Republic of Armenia[in Russian]. Vestnik of Y akovlev Chuvash State Pedagog-
ical University. No. 3(25). (2015)

e G. Iskandaryan, Alexander Manzhirov [in Armenian]. The Gitutyun Newspaper, 2016, February. No 2(291).
(2016)

e H. Altenbach, R. Goldstein, E. Murashkin, Preface. In Mechanics for Materials and Technologies. Series. Ad-
vanced Structured Materials. Cham: Springer. (2017)

e The 60" Birthday of Professor A.V. Manzhirov [in Russian]. Mechanics of Solids. No. 5 (2017)

Selected Publications by Prof. A.V. Manzhirov
Monographs and Textbooks:

e N.Kh. Arutyunyan, A.V. Manzhirov, and V.E. Naumov, Contact Problems in Mechanics of Growing
Solids [in Russian], Nauka Publishers, Moscow, 1991

e A.D. Polyaninand A.V. Manzhirov, Handbook of Integral Equations. Exact Solutions [in Russian], Fac-
torial Press, Moscow, 1998

e A.D. Polyaninand A.V. Manzhirov, Handbook of Integral Equations, CRC Press, Boca Raton, 1998

e A.V. Manzhirov and A.D. Polyanin, Methods for the Solution of Integral Equations: A Handbook [in
Russian], Factorial Press, Moscow, 1999

¢ N. Kh. Arutyunyan and A.V. Manzhirov, Contact Problemsin Creep Theory of Creep [in Russian], Na
tional Academy of Sciences of Armenia, Erevan, 1999

e A.D. Polyanin and A.V. Manzhirov, Handbuch der Integralgleichungen: Exakte L&sungen, Spektrum
Akademischer Verlag, Heidelberg, Berlin, 1999

e A.V. Manzhirov and A.D. Polyanin, Handbook of Integral Equations: Solution Methods [in Russian],
Factoria Press, Moscow, 2000

e A.D. Polyanin and A.V. Manzhirov, Handbook of Integral Equations [in Russian]. Nauka Publishers,
M oscow, 2003.

e A.D. Polyanin and A.V. Manzhirov, Handbook of Integral Equations. Second Edition. Chapman &
Hall/CRC Press, Boca Raton, 2007

e N.K. Gupta and A.V. Manzhirov, Eds., Topical Problems in Solid Mechanics, Elite Publishing, New
Delhi, 2008



e A.D. Polyanin and A.V. Manzhirov, Handbook of Mathematics for Engineers and Scientists, Chapman
& Hall/CRC Press, Boca Raton—London, 2008

e ALl Chernoutsan, A.V. Egorov, A.V. Manzhirov, etc., A Concise Handbook of Mathematics, Physics,
and Engineering Sciences. Ed. by A.D. Polyanin and A.l. Chernoutsan. Boca Raton-London: Chapman
& Hall/CRC Press, 2010

e A.V.Manzhirov, N.K. Gupta, and D. A. Indeitsev, Eds., Topical Problemsin Solid and Fluid Mechanics,
Elite Publishing, New Delhi, 2011

e N.K. Gupta, A.V. Manzhirov, and R. Velmurugan, Eds., Topical Problems in Theoretical and Applied
Mechanics, Elite Publishing, New Delhi, 2013

e A.D.Polyanin, A.V. Manzhirov, Integral Equationsin 2 volumes. Handbook for Higher Education. Part 1.
Second Edition, revised and extended [in Russian]. Urait Publ. House, M oscow, 2017

e A.D.Polyanin, A.V. Manzhirov, Integral Equationsin 2 volumes. Handbook for Higher Education. Part 2.
Second Edition, revised and extended [in Russian]. Urait Publ. House, Moscow, 2017

Selected Papers:

« Manzhirov, A.V., Kovaenko, E.V.: Contact problem for a two-layer aging viscoelastic foundation. Journal of
Applied Mathematics and Mechanics. 46(4) (1982)

e Manzhirov, A.V.: Axisymmetric contact problems for non-uniformly aging layered viscoelastic foundations.
Journal of Applied Mathematics and Mechanics. 47(4) (1983)

* Manzhirov, A.V.: Plane and axisymmetric problems of the action of loads on a thin nonuniform viscoelastic
layer. Journal of Applied Mechanics and Technical Physics. 24(5) (1983)

e Manzhirov, A.V.: On a method of solving two-dimensional integral equations of axisymmetric contact prob-
lems for bodies with complex rheology. Journal of Applied Mathematics and Mechanics. 49(6) (1985)

e Grishin, SA., Manzhirov, A.V.: Contact problems for a thin layer in nonlinear steady creep. Mechanics of
Solids. 21(6) (1986)

e Manzhirov, A.V.: Some formulations and solutions of contact problems of creep for arbitrary systems of dies.
Mechanics of Solids. 22(3) (1987)

« Manzhirov, A.V.: Contact problems of the interaction between viscoelastic foundations subjected to ageing
and systems of stamps not applied simultaneously. Journal of Applied Mathematics and Mechanics. 51(4)
(1987)

e Aleksandrov, V.M., Manzhirov, A.V.: Two-dimensional integral equationsin applied mechanics of deformable
Solids. Journal of Applied Mechanics and Technical Physics. 28(5) (1988)

e Arutyunyan, N.Kh., Manzhirov, A.V.: Contact problems of the mechanics of bodies with accretion. Journal of
Applied Mathematics and Mechanics. 53(1) (1989)

e Manzhirov, A.V.: The torsion of a growing cylinder by arigid indentor. Journal of Applied Mathematics and
Mechanics. 54(5) (1990)

« Manzhirov, A.V., Chernysh, V.A.: Contact problem for alayered inhomogeneous aging cylinder reinforced by
arigid ring. Journal of Applied Mechanics and Technical Physics. 31(6) (1990)

e Manzhirov, A.V., Chernysh, V.A.: The contact problem of the discretefitting of an inhomogeneous viscoel as-
tic ageing cylinder with asystem of rigid collars. Journal of Applied Mathematics and Mechanics. 55(6) (1991)

¢ Manzhirov A. V., Chernysh, V.A.: Contact problem for alayered inhomogeneous aging cylinder reinforced by
arigid ring. Journal of Applied Mechanics and Technical Physics. 31(6) (1991)

¢ Manzhirov, A.V.: The genera quasistatic initial-boundary value problem for a viscoelastic ageing solid with
pi ecewi se-continuous accretion. Journal of Applied Mathematics and Mechanics. 59(5) (1995)

¢ Polyanin, A.D.; Manzhirov, A.V.: The model solution method in the theory of linear integral equations.
Doklady Mathematics. 55(3) (1997)

e Kazakov, K.E., Manzhirov, A.V.: Conformal contact between layered foundations and indentors. Mechanics
of Solids. 43(3) (2008)

e Manzhirov, A.V., Lychev, SA.: Mathematical modeling of growth processes in nature and engineering: A
variational approach. Journal of Physics: Conference Series. 181(1) (2009)
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Lychev, SA., Manzhirov, A.V.: Differential operators associated with the equations of motion and non-dissi-
pative heat conduction in the Green-Naghdi theory of thermoelasticity. Journal of Physics: Conference Series.
181(1) (2009)

Manzhirov, A.V.: The wear contact problem for an elastic foundation with an inhomogeneous coating. Pro-
ceedings of World Tribology Congress 2009. 6-11 September 2009. Kyoto, Japan. Kyoto: Japanese Society of
Tribologist. (2009)

Lychev, SA., Manzhirov, A.V., Joubert, S.V.: Closed solutions of boundary value problems of coupled ther-
moelasticity. Mechanics of Solids. 45(4) (2010)

Lychev, SA., Lycheva, T.N., Manzhirov, A.V.: Unsteady vibration of agrowing circular plate. Mechanics of
Solids. 46(2) (2011)

Kuznetsov, S.l., Manzhirov, A.V., Fedotov, |.: Heat conduction problem for a growing ball. Mechanics of
Solids. 46(6) (2011)

Manzhirov, A.V., Lychev, SA.: The mathematical theory of growing solids. Finite deformations. Doklady
Physics. 57(4) (2012)

Levitin, A.L., Lychev, SA., Manzhirov, A.V., et d.: Nonstationary vibrations of a discretely accreted thermo-
elastic parallelepiped. Mechanics of Solids. 47(6) (2012)

Manzhirov, A.V., Shatalov, M., Fedotov, |.: On the resonant behaviour of longitudinally vibrating accreting
rods. 8th South African Conference on Computational and Applied Mechanics (SACAM2012), Johannesburg,
South Africa, 3-5 September 2012. (2012)

Lychev, SA., Manzhirov, A.V.: The mathematical theory of growing bodies. Finite deformations. Journal of
Applied Mathematics and Mechanics. 77(4) (2013)

Lychev, S.A., Manzhirov, A.V.: Reference configurations of growing bodies. Mechanics of Solids. 48(5)
(2013)

Manzhirov, A.V., Lychev, SA., Gupta, N.K.: Nonlinear Models of Growing Solids. Proceedings of the Indian
National Science Academy. 79(4) (2013)

Manzhirov, A.V.: Mechanics of growing solids and phase transitions. Key Engineering Materials. 535-536
(2013)

Joubert, S.V., Shatalov, M.Y.; Manzhirov, A.V.: Bryan's effect and isotropic nonlinear damping. Journal of
Sound and Vibration. 332(23) (2013)

Manzhirov, A.V.: Multi-body contact problem for a nonhomogeneous elastic coated foundation with wear.
Conference: 5th World Tribology Congress, WTC 2013, 3 (2014)

Manzhirov, A.V., Lychev, SA.: Mathematical modeling of additive manufacturing technologies L ecture Notes
in Engineering and Computer Science. 2212(1) (2014)

Lychev, S.A., Manzhirov, A.V.: Discrete and continuous growth of hollow cylinder. Finite deformations. Lec-
ture Notes in Engineering and Computer Science. 2212(1) (2014)

Manzhirov, Alexander V.: Mechanics of growing solids: new track in mechanical engineering. Proceedings of
the ASME International Mechanical Engineering Congress and Exposition, 9 (2014)

Manzhirov, A. V., Parshin, D. A.: Influence of the Erection Regime on the Stress State of a Viscoelastic Arched
Structure Erected by an Additive Technology under the Force of Gravity. Mechanics of Solids. 50(6) (2015)
Manzhirov, A. V., Parshin, D. A.: Arch Structure Erection by an Additive Manufacturing Technology under
the Action of the Gravity Force. Mechanics of Solids. 50(5) (2015)

Manzhirov, A.V.: A Method for Mechanical Design of AM Fabricated Viscoelastic Parts. Transactions on
Engineering Technologies. Springer: Singapore. (2016)

Manzhirov, A.V.: A mixed integral equation of mechanics and ageneralized projection method of its solution.
Doklady Physics. 61(10) (2016)

Manzhirov, A.V., Parshin, D.A.: Application of prestressed structural elementsin the erection of heavy visco-
elastic arched structures with the use of an additive technology. Mechanics of Solids. 51(6) (2016)
Manzhirov, A.V: Fundamentals of Mechanical Design and Analysis for AM Fabricated Parts. Procedia Man-
ufacturing. 7 (2016)
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Manzhirov, A.V.: Advances in the Theory of Surface Growth with Applications to Additive Manufacturing
Technologies. Procedia Engineering. 173 (2017)

Kazakov, K.E., Kurdina, S.P., Manzhirov, A.V.: Contact interaction between surface nonuniform bases and
regular systems of rigid punches. Procedia [UTAM. 23 (2017)

Lychev, SA., Manzhirov, A.V., Shatalov, M., Fedotov, |.: Transient Temperature Fields in Growing Bodies
Subject to Discrete and Continuous Growth Regimes. ProcedialUTAM. 23 (2017)

Manzhirov, A.V., Gupta, N.K.: Fundamentals of Continuous Growth Processes in Technology and Nature.
Procedia IUTAM. 23 (2017)

Manzhirov, A.V., Kazakov, K.E.: Contact problem with wear for afoundation with a surface nonuniform coat-
ing. Doklady Physics. 62(7) (2017).

Manzhirov, A.V.: Mechanical Analysis of an AM Fabricated Viscoelastic Shaft under Torsion by Rigid Disks.
Proceedings of the World Congress on Engineering 2017, 5—7 July 2017, London, U.K. Voal. 1. London:
IAENG (2017)

Manzhirov, A. V., Parshin, D.A.: Additive Manufacturing of Conical Viscoelastic Parts under Axial Tension—
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JIEKTPOAKYCTUUYECKHI NPEOBPA3OBATEJIb JIOKAJIM30BAHHBIX YIIPYTHUX
BOJIH

ABerncsn A.C.

Annotamus: Ilpemmaraercss cxema ABYXCIIOHHOTO MbE30JIEKTPHUYECKOTO MpeoOpa3oBaTeis SJIEKTPOAKYCTUUSCKUX BOJIH.
IMoka3sIBaeTcs, 9TO MOXKHO MHAYIUPOBAHHEM JIOKAJIM30BAHHOW y CBOOOMHOI NOBEPXHOCTH AJIEKTPOYIPYTrOH CIBHIOBOM
BOJIHBI B OIHOM CJIO€ TE€HEPHPOBATh BJICKTPOYIPYTYIO BOJHY IUIOCKOH Jedopmanuu B OPyroMm cioe u, HaoGopor. Taxxke
HaJUIeXKalMM BBIOOPOM MaTtepuaia (U cpes3a) OAHOro cios (Ie BO3MOXKHA IUIOCKas NIEKTpoynpyras aehopManus) MOXXHO
YCUIIUTh MM OCIaOUTh JIOKATM3AIUIO BOJHOBOM 3HEPTUH CIBHIOBOH 3JIEKTPOYHPYToH BOJIHBI B IPYroM CIIO€ U, HA000POT.
MO’XHO MONTYy4YUTh BHYTPEHHHH pPE30HAHC B BOJHOBOJE MM OPraHU30BaTh JMHHU 3aMPETHBIX YACTOT, MHAYLHUPYS B HEM
BOJIHY C HEPE30HAHCHOM YaCTOTOW ISl OTJENIbHBIX MbE30UIEKTPUUECKUX CIIOEB.

BBenenue. Bo3MokHasi JoKaM3aIisl BOJTHOBOW 2HEpPruM Iniockoi aedopmarmu (PV — BomHA)
BOJIM3HM MEXaHUYECKH CBOOOTHON TOBEPXHOCTH yIPYTOM M30TPOIHOM cpesibl Obliia 0OHapysKeHa enlé B
1885r. Paneem Rayleigh J.W. [1]. 13BecTHO, 4YTO MeXaHMYECKH CBOOOAHAS MOBEPXHOCTH YNPYIOM
H30TPOITHOM CPEeAbl HE AOIYCKAeT JIOKAIM3ALUI0 SHEPIHU YHCTO CIBUTOBOM ympyroi BojHbl (SH —
BOJIHBI aHTUIUIOCKOH aedopmanuu). OxHako, B 1968r. birocreitnom Obi1o mokazano Bluestein J.L.
[2], BO3MOXKHOCTH JIOKaNHM3aUMU SHEPTUHM SH — YyHOpyroil BOJHBI MpPHU MEXaHWYECKH CBOOOIHOU
MOBEPXHOCTH IbE30JIEKTPUIECKON Cpeabl onpenenéHHoil cumMmerpun. Ha ocHOBe aHanm3a CTPYKTyp
TEH30pOB (PH3UKO-MEXaHMUECKHUX ITOCTOSHHBIX Marepuana, B 1985r. ABerucsn A.C. [3] omyOnm-
KOBaJl YCIIOBHS O BO3MOKHOCTH DPAacHpOCTpaHEHHs pa3felEHHBIX MOJeW MIOCKOW M aHTUIUIOCKOH
ynpyroi neopManuy B MbE303JIEKTPUIECKUX KpucTamax. CTaThs IOTOM B IIeJIOM Oblla IPUBEICHA B
kaure [lapTon B.3., Kynpsisues b.A. [4].

Hacrosuum npemaraeTcst CMCTEMHBIN MOAX0.1 TpaHC(hOpMaIlMK JOKATHM30BaAHHBIX BOJIH 3JICKTPO-
AKTHBHOM IIOCKOH e(opMaluyl B BOJHBI aHTUILIOCKOH AedopMaruy 1, Ha000pOT.

IlocTranoBka 3anaum. [Ibe30351eKTprUYECcKOE HOTYIPOCTPAHCTBO, MaTepuan KOTOPOro AOIyCKAaeT
pasienbHOEe  pacHpocTpaHEeHHe AIIEKTPOYIPYTOH BOJTHBI AQHTUTUIOCKOH  JeopMariu

{0; 0;w, (X(}L;)(B;t);(p1 (Xa;)(ﬁ;t)} , 6€3 MEXaHWYEeCKOr0 KOHTAKTa IPAHUYHUT C APYTHM IHE303JICKTPHU-
YEeCKMM  TOJIyIIPOCTPAHCTBOM, MAaTepUal KOTOPOrO JONMYCKAeT pasJeibHOe pacIpOCTpaHEHHEe
{uz(Xa;)%;t);Vz(Xa;Xﬁ;t);O; (pz(Xa;Xﬁ;t)} — DJIEKTPOYNPYIOM BOIHBI ILUIOCKON aedopmManuu. Bei-
OOpOM KOOPJMHATHOM CHCTEMbI Tak, YTOOBI CPE3bl, MOMYCKAIOUIME pasjeieH s noseil aedopmariuii,
COBMAZaIM C KOOPIAMHATHON IUIOCKOCTBIO XOY, a IMOBEPXHOCTh pasJelICHUs IMOIYyIPOCTPAHCTBA
COOTBETCTBOBAJIA KOOPIMHATHOM IIOCKOCTH Y =0 , KBa3HCTATHYECKHE YPABHEHHUS DIICKTPOYIPYTrOCTH
B 00IIIel 3aMUCH MOKHO TIPEJCTABUTh B BUJIE

L, [WIO (6 Y); 9,0 (% y)] = _plmzwlo(X; Y); L, [Wlo (% Y); 0,0 (X y)] =0 (0.1)
L, [uzo (6 Y); V20 (X Y); 0 (X Y)] = =P, 0" Uy (X, Y);

0.2)
L, [uzo(X; Y); Voo (X5 Y); @40 (X y)] = —p20)2V20 (XY)
Lys [0 (% )5 V20 (% V)05 (6 Y)] = 0, 0.3)
rae L [*] — mnbdepenumansHeie omepaTopsl B YaCTHBIX IPOM3BOAHBIX BTOPOro mopsiaka. Jlms

3aTyXarluX B IIyO0b COOTBETCTBYIONIMX MOJYIPOCTPAHCTB AIEKTPOMEXAaHHUYSCKUX BOJHOBBIX MOJICH
YCIIOBHUSI COTPSDKCHHS JJIEKTPUUYECKUX TOJe Ha TOBEPXHOCTH pasfieNa TOIYIMPOCTPAaHCTB OyIyT
MMEThb BU]I;

P19 (%0) = 0, (%0); B, [uzo (X% Y); V4 (X ¥)5 00 (X Y)]‘yzo =B, [Wlo (X% Y); 00 (X Y)]‘yzo 0.4)
Yca0BuUS MEXaHUUECKHA CBOOOTHBIX MTOBEPXHOCTEH TaKKe HMEIOT MPOCTOW OJTHOPOTHBIN BUI:
B, [WIO(X; Y); 0,0 (X y):”y=0 =0

B, [0 06 Y)i vy 6 Y000 6 Y| =05 By [ung (6 Y5 vag (% V300 (W], =0

B rpannunsix coorHomenusix (1.4) u (1.5) B”- [*] — muddepeHEaTBHBIE OMEPAaTOPHl B YACTHBIX

(0.5)

IPOU3BOAHBIX IEPBOIO MOPSIKA.
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Pemienne rpanuuHoii 3agaun. U3 GopMynHpoBaHHOW TpaHWYHOW 3aJadd  OYCBHIHO, YTO
HHAYLUPOBAHHLIE B IIEPBOM IOJIYIIPOCTPAHCTBE HOPMAJILHEIE JJIEKTPOYIIPYTHUE CABUTOBBIE BOIHEI

(Wi (% Y) - exp(-iot); ¢, (X Y)-exp(-iot) (0.6)
KaK pelieHusi cucteMbl ypaBHeHui (1.1), mocpeacTBOM yCIOBUI CONMPSKEHUS SJEKTPUIECKUX MOJeH
Ha TIOBEPXHOCTH paszjeia moxynpocTpancTB (1.4) cBs3aHBl ¢ pEIICHHSIMH BO BTOPOM HOIYHpO-
CTPaHCTBE U, CIIEZIOBATEIBHO, MOTYT TE€HEPHpPOBaTh B HEM OJIEKTPOYNPYrod BOJHBI TUIOCKOM
nehopMaiuu

{uy (X Y)-exp(-imt); v, (% Y)-exp(-imt); ¢, (X;Y) - exp(—iot)} (0.7)
[Toacrapisast 3aryxarompe B TIyOb COOTBETCTBYIOIIMX MOIYyMpocTpaHcTB pemenus (1.6) u (1.7) B

rpannuHble yeinoBus (1.4) u (1.5), U3 ycloBHUs CYIIECTBOBAaHHS HETPUBUAIBHBIX PEIICHUN MOIYYHM
IUCIIEPCUOHHOE YpaBHEHHE

det Hg” (o k(o)))HSX5 =0 (0.8)

pellleHueM KOTOPOro HaxoAuM (a30oBble CKOPOCTH CYIISCTBYIOIIMX JIOKAJH30BAHHBIX BOJH B
MOJTYTIPOCTPAHCTBAX Vn¢ (®). ®a3oBas CKOPOCTL €CTECTBEHHO B 9TOM CJIy4ae JOJKHA YIOBJIETBOPATH

YCIIOBUSIM JIOKAJIM3aLUU B 000UX MOJIyIPOCTPAHCTBAX.
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KOHTAKTHAS 3AJIAYA JIJISI YIIPYTOM MOJIYBECKOHEYHOM IIJIOCKOCTH
C KOHEYHbBIMHU U MOJYBECKOHEYHBIMU CTPUHT'EPAMUA
Ara6exsu ILB., Aposin J.11.

AnHoTammsi. B paGote paccmarpuBaercsi KOHTAKTHas 3aja4a IJisl MOJTyOECKOHEYHOH IIOCKOCTH, YCHICHHOH IBYMS
KOHEYHBIMH M TOTyOECKOHEUHBIMHU CTPUHIEpaMH, IPUUEM, BCE TPU CTPUHIEPA PACIIOIOKEHBI HA TPAHULIE TTOTYTIIIOCKOCTH.

3amava 3aKIOYaeTCs B OINPEACICHUM TaHTCHIIMATBHBIX HANPSHKEHUH JEHCTBYIONIMX HA MECTE
COCJIMHEHHUSI CTPHHIEPOB C MOJTYIIIOCKOCTBIO.

ITycth ynpyrasi momymiocKoCTh 1ehOpMHPYETCS TOJ| ICHCTBUEM CHII, MIPUIOKEHHBIX HA KOHIAX
CTPUHIE€POB.

[Ipennonaraercs, 4TO TOJ CTPUHIEPAMH JACWCTBYIOT TOJILKO TaHTEHIIMAIbHBIC KOHTAKTHBIC
HaIPsHKCHHUS ¥ CTPUHTEPHI HE COMPOTUBIIAIOTCS m3ruoy [1,2,4].

ypaBHeHI/IH PaBHOBECHA CTPUHI'CPOB B CUITY BBINICCKA3aHHOT'O 3aITMIIYTCA B BUAC

u® p Q Q R
ax —ﬁS(X)—QS(X—a)+§8(x—b)—56(X—C)+
7, (X) T (x) T (x)

+——38(x—d)- ,
En Eh  Eh Enh

(M

UY(x)=[0(x)-0(x- a]—{e (x—b) e(x—c)]d;:)+9(x a) ux
7, (X)=[6(x)- x—a)]t(x) 1,(X)=[0(x—b)—0(x—c)]t(x), T, (x)=6(x-d)7(x),
7, (X)+ 1, (X)+ 75 (X) =[ 0(X) - 0(x—a)+0(x-b)—0(x—c)+0(x—d) ]t(x)=1"(X)

S(X)— GyHKIWS I[HpaKa, 0( ) - (byHKum Xesucaiima, T ( X) — HHTCHCHBHOCTb TAHTCHLMATbHBIX
M|
xonTakTHBIX Hanpskermii, U ropnsonTtansHble mepememenms Touex cTpurepos, h-rommma
crpunrepa, P,Q, R— MHTEHCHBHOCTH COCPENOTOUEHHBIX CHJI, JIEUCTBYIONIMX HA KOHIAX CTPUHIEPOB,
E,E,, E,— Moxymu ynpyroctu crpunrepos.
C 1pyro#t CTOPOHBI, ISl [PAHUYHBIX TOYEK YIIPYTOii MOTYIUIOCKOCTH uMeeM [2,4]:

(2) o ot
du :_LIT (S)ds 8_2M(X+u)
e

dX 2 >

' S—X A+2u
2
rue u< )_ TOPHU30HTAJIbHBIE TIEPEMEIEHHUS TPAHUYHBIX TOYEK MONYIUIOCKOCTH, A, — KOY(MPUIMEHTHI

Jlame.
du(2)
ﬂanee Hpe,ﬂCTaBI/IM B BUJIC
X
(2) © _+
du_zw_u(ﬂ(x)JrUEZ)(X)Z_L T—(S)ds, @
dx € me S S—X
rIe
0 0(x—b)+0 o(x_d)e 3
[0(x-a)~0(xb)+6(x~c) ~0(x-0)Js 2
du(Z)
0(x 0 b - 0(x—d
)=[0()-0(x~a)+0(x—b)~6(xc)+0(x-)] %2
) du(z)
UE )(X) = 9(—X)F, MOCJIe Yero, yCcIOBUE KOHTAKTa MEXIy TUIOCKOCTBIO U CTPUHTEpaMu OyJeT
crleyromee:
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Ul (x)=U"(x). 3)
Tenepr mpumenuB k (1), (2) u (3) nmpeobpazoBanue dDypbe, 3amada CBOIUTCS K PELICHUIO
(YHKUMOHAJILHOTO YPaBHEHHUS

(|G|+7\.3)?+ (o)+ iceU " (o)= klP—icé(G)+(l3 -7 (0)+ (X —1,)T, (o) + f_(c), 4)
e T(0)=Q(1,e™ 1,87+ R(Le™ ~1,6%). T (0)=7(0)+T,(0)+% (o)
YL YL N YN
Eh Eh Eh
OyHKITMOHAIbHOE YpaBHEHHE (4) MeTOIOM (haKTOPH3AIIMH M C ITOMOIIBI0 HHTETPATLHOTO TIPeo0-
pa3oBanus Oypbe NPUBOIUTCS K CISAYIONIEMY UHTETPaIbHOMY ypaBHEHUIO [2,3]:

v (x)= (0, —kl)IOL(x,s)rl (s)ds+ (2, —kz)j:oL(x,s)rz (s)ds-
U (x9)G(s)ds+ Q[ (xb) ~ A, L(xa)]+ )

+_R[x3|_(x,d)—x2|_(x,c)]+ AK, (x),

YIS

~ K. (x-O)K_(t-s)at, L*(x,s):disTK (x-)K_(t-s)d,

A +|c5|

K, (c)=(c%i0) %exp[ﬁi (G):I, =—Tl — 1 e”dx

Vmes B BuAy, YTO 1:+(X)=0 npu XG{(a,b)u(c,d)} u T+(X)=r(x)7npn

ol

e{(O, a)u(b, C)}, n3 (5) momyduM pa3pellarollyl0 CHCTEMY HHTErpalbHbIX YpaBHEHUH

OTHOCUTENIPHO KAacaTeJIbHBIX HANPSDKEHUH, OEHCTBYIOIIMX 10 KOHEYHBIMU CTPHHIEpaMH U
OTHOCUTENFHO JedopMalii TOYEK, HAXOSMIErocs B NPOMEKYTOYHOM HHTEpBAE MEXIY
CTpUHTE€paMH.

o *
N3 uccnenoBanuit sigep L(X, S) u L (X, S) clenyeT, UYTO NMOJyYEHHass CUCTEMa MHTErPaIbHBIX

YpaBHEHUH C MOMOIIBIO TONMHOMOB YeObIieBa MOKHO CBECTH K PELICHUIO KBA3UBIOIHE PETYIAPHBIX
OCCKOHEUHBIX CHCTEM alnreOpandecKux YypaBHEHWH, CJIeQyeT TakXke, 4YTO TaHTCHIUAJIbHEIC
KOHTaKTHBIE HANPSDKEHUS B KOHIIAX CTPUHIEPa UMEIOT KOPHEBYIO OCOOEHHOCTH [2,4].
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BBIHYKJIEHHBIE KOJIEBAHHUSA JIBYXCJIONHOM OBOJIOYKH ITPA
HAJIMYUH BA3KOI'O COITPOTUBJIEHUA

AraguossH JL.A., I'yarazapsu JLI.

AHHOTaHHﬂ. PaCCManI/IBaIOTCSI BBIHYXXJICHHBIC KoJieOaHus IIByXCJ'IOfIHOfI OpTOTpOHHOﬁ 000JI0YKH IIpHU HaJIMYUU BA3KOI'O
COIIPOTUBJICHUSA B HUXKHEM CJIOC obostouku. Ha BerHeﬁ JIATIEBOU NMOBEPXHOCTHU 000JIOUKH 3a/laHbl /IBa BapyuaHTa IIPpOCTpaH-
CTBCHHBIX TI'PaHUYHBIX yCHOBHﬁ, a Ha HWKHEH 3ajlaH BEKTOp IMECPEMEIICHUS. ACUMITOTHYECKUM METOIOM IOJIYUYCHO
PEHICHUE COOTBETCTBYIOMIUX NUHAMHUYCCKUX ypaBHeI—mﬁ Y COOTHOIIICHHI TpéXMepHOﬁ 3aa4yu TCOpUU YIIPYroCTu. Onpe)le-
JICHBI aMIIJINTY 1bl BBIHYKACHHBIX KOHe6aHHﬁ, YCTaHOBJICHBI YCJIOBHSA BO3HUKHOBECHHUS PE3OHAHCA.

1. OcHoBHbIE YypaBHEHHS H MOCTAHOBKA KPaeBoii 3agaun. TpeOyeTcs HAlTH HEHYJIEBbIE PEIICHUS
JTMHAMUYECKHUX YPaBHEHMH M COOTHOIICHMII Teopun ympyroctu B obmactu Q = {a,f,v;0,B € Q,

—h, <y <h} [1], yooBrerBopsiomue Ha JNIEBBIX IIOBEPXHOCTIX 000I0YKH IPAHUYHBIM YCIOBHSIM:

npu y = h,

©M=0 7,()=0 7 (H)=0 (1.1)
U'(h)=0, V'(h)=0, W'(h)=0 (1.2)
ampu y = —h,

U"(-h,))=u(a,B)sin(Qt), V" (-h,) =V (a,B)sin(Qt), W" (=h,) = w (a,B)sin(Qt) (1.3)
Ha nmoBepxHOCTH KOHTaKTa CIOEB TOJKHBI BHIITOIHATHCS YCIOBHS MOTHOTO KOHTAKTA.

YcioBust Ha GOKOBOI MOBEPXHOCTH HE KOHKPETU3UPYIOTCS, B 3a7a4ax JaHHOTO Kjacca UMHU 00YCIIOB-
JIEHO TMOSIBIIEHUE OTPaHUYHOro cjost [1].

2. Pemienne BHelHei 3agayu. /(s pemrennsi chopMyTMpOBaHHBIX KPACBBIX 3a/1a4, B THHAMHYCECKHUX
YPaBHEHHUAX TCOPUU YIPYTOCTH COBEpIIACTCS MEepPexoa K Oe3pa3sMepHBbIM KOOpJAMHATAM U IEepeMe-

menuamM no dopmymam a=RE, B=Rn, y=eR{=h{, U=Ru, V=Rv, W=Rw,
h=max{h,h,}, rne R — xapaxrepHslil pasmep 060/104KH! (HANMEHBIINIT U3 PafiyCOB KPUBH3HBI U

JMHEHHBIX pa3MepoB MOBEPXHOCTH KOHTaKTa cioéB), € = h/ R — masblii mapamerp. Pemenue npeo6-
pa30BaHHBIX ypaBHEHUI OTHICKUBAETCS B BUJIC

QP (% ¥,z =Q(En,0)sin@) +Q (& n,0)cos@t) (ouB,y);  j=1,1I 2.1

rae Q;[IS) — nmrobas U3 BEIUYMH HaHpH)KeHI/II/I n HepeMeH.IeHI/II/I, Q) — yacrora BBIHYXXJAIOMICTO BHCII-

HEro BO3JICHCTBHSA, | — HOMED CJIOS.

B pesynbraTte moirydaeTcsi CHHTYJISIPHO BO3MYIIECHHAs MalbIM ITapaMeTpoM € CHUCTeMa ypaBHEHHi
(D
2

OTHOCUTEJIBHO Ql(”, , pelIeHne KOTOpOH ecTh cymMMa pelleHHi BHeIIHed (outerior) 3amadd U

. t
norpannunbix (boundary) cnoés: | = Q™ + R, [1,2,4].
Pemenne BHENTHEH 33291 OTBICKMBAETCS B BUIE ACUMITOTHYECKOTO TIpeacTaBiIeHus [3,4]

D EN,0) = U0 (ML), mk=123 s=0,N; j=1,11;i=12 (22)

mkl

0™ &m0V Em 0w Em,0)) = 509 (€m0, En 0w . 0)

[ToacraBuB BeIpakeHus (2.1) B TONYYCHHYIO CHHTYJISIPHO-BO3MYIIEHHYIO CHCTEMY YpaBHCHHUU,
KOMITOHEHTHI TEH30pa HaNpsUKCHMH BhIpaxkarorcs wepes u'l®, v w® a mua onpenenenus

KOMITOHCHT BCKTOpPa NEPEMCIICHUS MMOJTYHYarOTCS YPAaBHCHUSA:

a u(l S l,s 1,51 a (b | |
oc +6155p Q7 u( ) = assps(n )+Ta (U,v; as5,8,,; 61,51)
2.p,(1,9) (D)

—6 g\éz + i(') p 'Q? Wi("s) = Fvsi' S (2.3)
2,,(1,s) (,s-1)

8—C2+a5”5<p”95u§,”’5> +(=DP2KQuUE) = ag R + T,(u,v; &, 61,51)
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62V\,§JII,S) A(”)
acZ A(”)

rre @\ — nocrosumsie ynpyroctn, p’ — mmornoctu cmoés, AV = alle(zjg +a1j3A(2j) +a,A),

(p“Q W(|| S)+( 1)p+12KQ W(|| S)): FVS:JI’S_I) (p:L p(_)(p_'_l))

p+1

() — i gl I qi () — [l gl I qi () — qi ql i ql () — i 4l iy2 _1?
Al =a;38y; — 834, Az =a,8,; —anda;, A3 =a,;a;, _a]1a23’Ank = 85 _(ank) anak =13.
ITocne ynoBnerBopenus: rpannvHbM ycnosusiM (1.1), (1.3), Bo nzbexxanne pe3oHaHca HEOOXOIMMO,
YTOOBI BBIITOHSIIOCH YCIIOBUE

8+ (KN
== y“ ——4 cos” "¢, (ch2y, &, +¢c0828,C,) +-2—— ( ) sin® "¢, (ch2y, &, —c0s28,C,) —
a 2a;,°

5 5

ut

(ru)
__X

Tl Sil’l 2X(|’U)C1(6u Sil’l 28uC2 +YUSh2YuC2) # Oa (U,V, W) (24)
5%55
a mpu FpaHI/I‘{HLIX yenoBmsix (1.2), (1.3) — ycnosue:

(L)
w = ”y“ sin® "¢, (ch2y,&, +¢c0s28,C,) + oy cos’ "¢, (ch2y &, —c0s28,C,) +
235 2al>
(1w

K sin2y "¢, (8, sin 28,8, +7,5h27,8,) # 0, (U, W) 2.5)
5

Yy =Ja5“5£2*/2(\/p“ QI +4K? -Q.), §, =Ja;'59*/2(,/p"2§zf +4K? +Q,),

X(I,u) = aSISpI Q*’ (U,V,VV; a55,a44,A/A12)

B ciyuae onHOCTOMHOM 0005104KH [3] O€3 BA3KOr0 COMPOTUBIICHHSI BCET/Ia €CTh PE30HAHC (aMILTUTY A
OceCcKOHEeYHa), a MPH HATUYWHU BS3KOTO COTMPOTHBICHHS [5] mpu pe3oHaHCEe B 00OJIOYKE aMILTHTYA
BBIHYKJICHHBIX KoJieOaHWH KOHeuHa. B TaHHOM cilyyae Halu4ue BSI3KOTO CONPOTHBICHHS TOJIBKO B
HMWXKXHEM CJIOC O6OJ'IO‘IKI/I MNPUBOAUT K BO3HHMKHOBCHHUIO PE30HAHCaA C HeOI‘paHH‘IeHHOﬁ aMHHHTYZ[Oﬁ

BBIHYKJIEHHBIX KoneOaHui, Tak kak ypasHenus A, =0, A, =0 (U,V,W) umeroT aelcTBUTEIbHbIE

KOPHH, KOTOPBIE SIBJISIOTCS 3HAYCHUSMH TJIABHBIX YacTOT COOCTBEHHBIX KOJICOAHWH, W MPU COBIIA-
JICHUH TPUBENEHHONW YacTOTHl BHIHYKIIAIOIIETO BO3IEHCTBHS C YaCTOTOW COOCTBEHHBIX KoJeOaHWi
BO3HHKHET PE30HAHC.
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HPOJIOJIBHBINA CABUTI' COCTABHOI'O YIIPYT'OI'O IPOCTPAHCTBA C
KOHIIEHTPATOPAMHU HATIPSI)KEHUM TUIIA TPEIIMH 1 )KECTKHUX BKJIIOUEHUI

Arasu K.JL., 3akapsin B.I'., Mycaejsin A.A.

AnHoTamms. ccnenyercs aHTHMIIIOCKAas CMELIaHHas 3afada A JABYXKOMIIOHEHTHOTO YIIPYTroro IpOCTPaHCTBA,
COJIEPIKAIIETo MPOU3BOIBHOE KOHEUHOE YHCIIO TPELIUH U JKECTKUX BKIIFOUCHHUH, PACTIONOKEHHBIX B MOMTYNIPOCTPAHCTBAX U HA
JMHUHM pa3fiena MaTepuasnoB. M3ydatoTcss HEKOTOpblE KOHKPETHBIE 3a/1aul C CHHTYJISIPHBIMU CITy4assMH, KOTJa KOHIIbI TPEIHH
1 BKITFOUCHUH OTAEIBHO MII BMECTE BBIXO/ST HA JIMHHIO PA3HOPOIHOCTH.

BBenenue. 3amaun 711 COCTABHBIX TEJ ¢ KOHIICHTpaTOpaMU HANPSDKEHUHN, B YaCTHOCTH, 33J1a4H C
YaCTUYHO OTOPBAHHBIMHU OT MaTPHUIIBI )KECTKUX BKIIOUCHHM, IPUHA]IEKAT CMEIIAHHBIM i KOHTaKTHBIM
3aa4aM TEOPHH yTIPYTroCcTH. BBUly WX aKTyallbHOCTH JIJIsl TEOPETHUECKUX NCCIICIOBAHNHN B B pacyEéTax
WHXXEHEPHON MPAKTHUKH, TOJOOHBIMHU 3a/ladaMi 3aHUMAJIICh MHOTHE HCCIICIOBATENN. 31ECh YKAKEM
JIMIIIb HEKOTOPbIE pa0dOThl OTCUECTBEHHBIX HCCienoBareinei [1-5], muTupoBaHHbIX TaM pabor. [lpu
o0mmx (OMHOMMEHHBIX W CMENIAHHBIX) TPAaHWYHBIX YCIOBHAX Ha Oeperax TPEIUH IOCTPOCHO
pa3peIBHOE PEIIEHHE paccMaTpUBaeMOW 3ajjaduu, T.€. TOMydeHBI SIBHBIE BBIPAKEHUS YIPYTHX IIepeMe-
LICHUH Yepe3 BO3MOXKHBIE CKauKH 3aJaHHBIX TPAHUYHBIX YCIOBHI.

1. ITocTanoBka 3agaun. PaspriBHOe penieHue. PaccMoTpuM cocTaBHOE yIIpyTroe MpoCTpPaHCTBO,
COCTOSIIIIEE M3 ABYX Pa3HbIX YIHPYTMX MOJYNPOCTPAHCTB. B mpaBoCTOpOHHEH NE€KapTOBOW cucTeMe

OXyZ nonynpocrpasctsa 3anuMaroT obnactu (), (y > 0) u €, (y < O) ¢ moxyisimu ciguros G, G, .

[TomympocTpancTBa 1O MOJIOCaM {X: A, L(lk) = (ak <y<b, ), Z| < oo} IN‘ obnactm  Q,

Z|<oo} 2obmactn €2, u {L(Ok)zllgl)<x<|£2) ,Z|<oo}lN°

{x =a,, LY =(-d, <y<-¢),
obOmactu QO octabJIeHb! TYHHCJIbHBIMHA MOJIOCAMU — TPCUIMHAMU, BHYTPHU HEKOTOPBLIX U3 HUX MOTYT

OBITH CIIOSHBI JKECTKHE BKItoueHus. [Ipeanonaraercs o0oe B3aMMHO BO3MOXXHOE COUETaHUE PaCIO-
JIO)KEHHsl TPEIIMH ¥ BKJIIOYCHMI. BHemHuWe Harpysku, paBHOMepHO pacnpenenénusie mo ocu OZ,
3aJal0TCs Ha Oeperax TPeUINH B BUJIE KacaTENIbHbIX HANPSDKEHUH WK TTepeMeIleHHH, a TaKkKe 3HaUeHUe
[JIaBHOT'O BEKTOPa B BUJIE COCPEIOTOYCHHON CHIIBI, IPUI0KEHHON Ha KaI0M BKIIIOUCHUU.

TpeOyercst onpenennTh OCHOBHBIE MEXaHHYECKHE XapaKTEPUCTUKU: KOHTAKTHBIE HATPSDKEHUS Ha
3alleMJIEHHBIX Oeperax TpeluH ¥ Ha JuHuM KoHtakta Y =0, Kod(pUIUEHTH MHTEHCHBHOCTH
HaNpsOKEHUH Ha KOHIIAX TPEIINH, U PAaCKPhITHE OEPETOB TPEIIHH.

OueBuIHO, YTO B TaKOI MOCTAaHOBKE, paccMaTprBaeMas ynpyras cucrema 0yaer aeopMHpOBaThCsI
B YCIIOBMSIX IPOJIOJILHOTO CIBUra (aHTUILIOCKas neopmanust) B 6a3oBoii muockoctn OXY ¢ oTaM9HBIM

OT HyJisl InepeMerieHiemM W, (X, y)— no Hanpasienuto ocu OZ, KoTopas, Kak M3BECTHO, SBISETCS

rapMOHHUYECKOH (PYHKIMEH B COOTBETCTBYIOMIMX oOmacTsx 6a3oBoil miockoctH. dyHIamMeHTansHOE
JI L& (i = (k)

peurenne ypasHeHus Jlarmaca B 9THX MONYIUIOCKOCTSX, Koraa Ha otpeskax L (] =12)u L,

PacCIiojIoKCHUA TPEIIHUH U BKJTIOUCHHH 3alaHbl, 3HA4YCHUS CKA4YKOB HepeMeIlIeHI/Iﬁ 1 COOTBCTCTBYIOIINX
HaHpH)KCHI/Iﬁ HpCI[CTaBJ'I}HOTCﬂ B BUJC:

ZI parctg =1 ; Lgi (n)-Iny’ ) |dn +

1 — !
—ZI arctg y—aﬁ + yarctg Xy an g (n)+ ln\/(x—ajk)z+(n—y)2 +

jk

M,

’ 1 J T]_y '
+Yln\/(x—ajk> +(n+y)2 fjk (Tl) dn—gmm LZ[) arctgx_—ajkgmjk (T])+

m
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+ln\/(n_ y) +(x—ajk)2 fri () | dn (1=12) (1)
raep =G /G,, y=(1-p)/(1+pn), M; =N, +N,d,,, m =2-8,,, u; =8, +ud,,

9y () = w (8 +0,y) - w; (2, =0,y)

fc(Y)=[ e (@i +0.Y) . (3, —0.y) /G,

Jox (X) =W, (X,+0) —w, (x,—0)

foe (%) =1, (6+0) =7, (x-0)]/(G, +G.)

Ha Kpasax KECTKHUX BKIIOUCHUHN 3aJal0TCA OAJMHAKOBBIC CKaAYKHU nepeMemeHHﬁ (g;k = 0) , 4 CKa4KH

HaIPsHKCHUM fijBHﬂIOTCH HEW3BECTHBIMU (YHKIUSMH. B ciyuae TpemuH, Ha000pOT, HEM3BECTHBI

(YHKIIMH CKaYyKOB TepEMEIIEHUI TPH U3BECTHBIX Pa3phIBaxX HAIPSKSHH.

Y IoBIETBOPSIS TPAaHUYHBIM YCJIOBHSAM, MpH Momomu (1), TpUXoAuM K CHCTEME HHTETPaTbHBIX
yYpaBHEHUH M Kaxaod 3anaud. [IpucoeanHUB K 3TOM cCUCTEME JONOJHUTENbHBIE YCIIOBHS,
obecrnieunBarole HEMPEPHIBHOCT MEPEMENICHIA Ha KOHIIaX TPEIIMH MU K€ yCIOBHE PaBHOBECHS
BKJIIOUEHUM, MTOTYYUM pa3peiaroyto CUCTEMY CUHTYJIIPHBIX UHTETPaJbHbIX YPaBHEHUH.

B pabote my1si HEKOTOPBIX YACTHBIX (CHHTYJISIPHBIX) CIIYYacB PACIONOKECHUS TPEIIUH M KECTKUX
BKJIFOUEHH, MOCTPOCHO pEIICHHE 3TUX 3a7ad. MeToIoM MEeXaHHMYECKHX KBaApaTyp MOCTPOEHBI UX
pemieHus. [ Kaxkaoro ciiyvasi B pe3yJbTaTe YUCICHHOTO aHaIN3a BBISBJICHbI 3aBUCHUMOCTH HCKOMBIX
CKaYKOB TaHTE€HIMAJbHBIX HANPSXKEHUH U CMENIEHUN, MMEIIIMX MECTO Ha KOHIIEHTpaTtopax, OT
TEOMETPUUYECKUX apaMeTPOB U OTHOILICHHUSI MOAYJEH CIBUTa MaTEpUAaOB.

3akmaouenue. [locTpoeHOo perieHre BRIETIOCTABICHHOW o0IIel 3a1adu. Bo Bcex paccMOTpeHHBIX
KOHKPETHBIX CIIy4asix MPOBEJEHO MCCIEAOBAaHUE Pa3pPEIIAONIMX CUCTEM I10 BBISABJICHUIO BO3MOMXHBIX
0c0OEHHOCTEH, MPUCYIIUX PEHICHUSIM cUcTeMbl. D) (QEKTUBHOE pelIeHNE ONPENENIONINX YpaBHEHNH
MOCTPOSHBI METOJIOM MEXaHUYCCKUX KBaAPaTyp (B IBYX CIIy4asx pelieHue 1aéTcs B 3aMKHYTOM BHJIC).
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OCOBEHHOCTHU CONNPOTUBJIEHUA CABUT'Y I'NIMHUCTBIX TPYHTOB B
YCJOBUAX JUHAMWYECKNX BO3JEVCTBUM C MEHSIOIEVCSA B IIMPOKUX
IPEJEJAX KOHCUCTEHIIMEN.

(€ HeJIbI0 OLIEHKH YCTOHYMBOCTH CKJIOHOB)

Aiiposin I'.C., Aiiposin C.I'., Kapanersin K.A.

AnHoTamuss OOCYXNaI0TCsl pe3yJbTaThl Ja0OPATOPHBIX HCCIEIOBAHUI OOpa3IOB TIUHHUCTBHIX IOPOJ TPEX Pa3IUYHBIX
koHcucTeHwid (IL) ¥ BIaXHOCTH (W) Ha MPEAMET BBISBICHUS OTIUYUTEIBHBIX OCOOCHHOCTECH 3HAUCHHU COMPOTUBIICHHS
CIBUT'Y MIPU PA3IMYHBIX PEKUMAX, B YCIOBUSIX LHUKIMYHO U3MEHSIOIUXCS CABUTAIOIIUX HAINPSDKEHUH. DKCIIEPUMEHTAIbHO
000CHOBAaHO, YTO BHECEHHE COOTBETCTBYIOIIMX IONPABOK B IPHUHATBIX PpACUETHBIX CXEMaxX ISl peaJbHOM OLCHKU
YCTOWYMBOCTHU CKJIOHOB SIBIIAETCS MPoOIeMol, TpeOyIommeil CKopeHIero permeHus.

OCHOBHOI1 11eNTbI0 TaHHOW paboTHI ABISETCS: IKCHEPUMEHTAIBHBIM IyTEM YCTAHOBHTH ,4TO JUISA
peaylbHOM  OLEHKA YCTOWYHBOCTH CKJIOHOB CJENyeT YYHUTHIBATh W3MEHEHHs IapaMeTpoB
COIIPOTHUBJICHUS CABUTY, KOTOPBIE MOSBJISIOTCS B TPYHTAX BCIEACTBUC JUHAMUYECCKUX BO3JICHCTBUI.

CnemyeT OTMETHTh, 4YTO B MaJOYHUCAEHHBIX paboTax 1o JgaHHOW mpoOieme [1,4]
paccMaTpHBaEMBIi 3/I6Ch BOIIPOC CEPHE3HO HE 0OCyKaaics, a B AeicTByrommx Hopmax[S] BooOmIe
HE YINOMHUHAeTCA SBJICHHWE KAaKUX-THOO W3MEHEHHWH COMpPOTHBIIEHUS CIBUTY B TPYHTaxXx WH3-3a
JUHAMUYECKUX BO3ACHCTBUI

OKcnepruMeHTanbHasg paboTa ObuTa OCyIIecTBIeHa Ha MOJEPHU3UPOBAHHOM MpUOOpe KpYUeHHS
M-5.Kak 0ObeKT HCCIeTOBaHHUS TOCTYXWIn  ImumHApudeckue obpasmbl (h=24mM.; d=101mm)
TJIMHUCTBIX TPYHTOB MpH TpeX pa3NnyHbIX KoHcucTeHIMsX (Ip) ¥ BmakHocTH (W): TOIyTBEpAOit
1:=0,045, w =0,155 ; tyromiacruunoit 11=0,28, w =0,186; msarkomnactuunoit I1=0,727, w =0,245.
OO0pa3iiel OBUH ITOMEIIEHBl BHYTPH 3aIIUTHBIX KOJIeN BBICOTON h=2-4MM., 9TO TIO3BOJHIIO BO BpeMs
AKCIIEPUMEHTA CIIEAUTH 3a MPOIeCCOM pa3BUTHA AcdopManuu casura [2,3]. McuslTanus oOpas3iioB
(Scepuit mo 9 00pa3smoB IS KaXAOTO Cioydas KOHCHUCTEHIIMM W BIAXHOCTH) IPOBOIMINCH II0
crenyromeit metoauke. CHayana, omnbITHbIE 00Pa3Ibl, MPEABAPUTEILHO HAXOSIIHECS B YCIOBHUIX
HOPMAJIBHBIX YIDIOTHSIONINX HAIMPsDKEHUH (C cooTBeTCTBYROIMME 3HaueHusMu 6=0,1; 0,2; 0,3MIIa),
HAarpy>KaJucCh OTHOCUTEIHLHBIMU CIBUTOBBIMUA HAIPSKCHUSAMU To/Trst=CONSt , TIE Tre - CTAHAAPTHOS
COTIPOTHURJICHHUE CABUTY IJIs TAHHOTO BHma TrpyHTa [2]). 3areM, mocie cradbmim3anud aedopMariim
caBura, o0pasiaM MpHUAaBaIiCh TUHAMHYECKHE Pa3HO3HAKOBEIC HANPSDKEHUS cOBUTA AT= T (Tre-To)

pa3anyHOi 4acToThl f M MPOBOAMIIUCH 3aMepPbl KOJCOAHUSA aMILUIUTYIbI AehOopMalliK Yepe3 KaKable
10; 30; 60; 120; 360 cexyH.

Tabmuma
Koaddunment BHyTpeHHETO
CuerieHue
Ilokazarenn TpermA
BnaxnocTs,
NN KOHCHCTECHIIMHU . JIMHAMHUYECKOE
W Crarudecknii | Nygamuueckuii | Cratnueckoe
I CJIHHaMJ MPa
tg(PCT' tg(Pdin‘ CCT.) Mlla
1 0,155 0,045 0,421 0,379 0,018 0,015
2 0,186 0,280 0,338 0,257 0,016 0,013
3 0,245 0,727 0,224 0,124 0,018 0,005

[lomydeHnHble pe3ynbTAThl, MPENCTABICHHBIE B BHIAE TpaQUKOB M TaOMWI] OBUIM TIIATEIBEHO
MPOaHATN3NPOBAHBL.
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BeiBoger

Konebanus HampspKeHHW CIBUTA, BO3HUKAMOIIWE MO Pa3HBIM MPUYWHAM, MOTYT IMPHUBECTH K
YMEHBIIEHUIO CIIOCOOHOCTH TPYHTA COIPOTHUBIISITECA CIIBUTY, CTETIEHb KOTOPOTO CYIIECTBEHHO OyaeT
3aBUCETh OT KoHcucTeHIud rpyHTa (I1), OT BETUYMHBI OTHOCUTEIHHOTO CTATUYECKOTO HAIPSHKCHUS
CHIBHTY T0/Ttst , OT 4aCTOTHI f KOJEOaHUN NUHAMHYECKUX CIBUTOBBIX TAT HAPSKECHHI.

IIpu 3TOM KOrAa:

T0o/Tt5<0,7 1 f <12 repu, B TpyHTax C TMOJYTBEpAOW ¥ TYTOIUIACTUYHON KOHCHCTEHIHHI
HCYEpIIaHUE CONPOTHUBIICHUSI CIIBUTY HE POUCXO/MNT;

T0o/1t5>0,7 u  8<f<12 repm B TrpyHTax C MONYyTBEPAOW W TYTOIUTACTUYHON KOHCHCTEHITHEH
HaOIoZaeTcs IMOCTEIIEHHOE yYMEHBIIEHHEe W WCYEpHaHWe CONpOTHBIEHHsS caBury. HeobOxommmoe
BpeMs [Tl UCUEPIIAHMSI CONIPOTUBIICHUE CABUTY C YBEIMYEHUEM To/Trs U f yMeHIIaeTcs;

To/tts>0,4 u f>6 repy B rpyHTax ¢ MSTKOIUIACTUYHOM KOHCHUCTEHIMEH BCErga MpPOUCXOAUT
WCYEpIaHne CONPOTHUBIEHHS CIBHTY, W B OTOM CIydae HEOOXOIWMOE BpeMs Ui HCYEepHaHFS
COTIPOTUBIICHHS CABUTY C YBEIIMYCHUEM 3HAYCHUS To/Trs U f yMEHbIIaeTcs.

Takum o0Opa3oM, Ha OCHOBAaHWU aHAM3a PE3YJIbTATOB, TMPOBEICHHBIX JKCIEPUMEHTAIHLHBIX
HCCEeIOBaHUM, MOXKHO YTBEpP>KIaTh, UYTO BHECEHHUE COOTBETCTBYIOLIUX IOMPABOK ACHCTBYIOIIHUX
pacueTHBIX cXeMaXx JIJIs peaqbHON OICHKH YCTOMYMBOCTH CKIIOHOB SIBIISIETCS TIPOOIIeMoid, TpeOyrolei
CKOpEWMIIIETO PEIICHUS .
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HANIPSIKEHHOE COCTOSIHUE KYCOYHO-OJHOPO/JHOI'O PABHOMEPHO
CJOHUCTOI'O MPOCTPAHCTBA C IEPUOJINYECKOM CUCTEMOM
IMAPAJUIEJBHBIX BHYTPEHHUX TPEIIIWUH
AxonsH B.H., Akonsan JI.B.

AnHoTanmsi. B HacTosmeld paboTe Mcciie[0BaHO aHTHINIOCKOE HANPSHKEHHOE COCTOSIHIE PABHOMEPHO KYCOYHO-0JJHOPOIHOTO
MIPOCTPAHCTBA, IOJNYYEHHOTO MOOUYEPETHBIM COCAMHEHHEM [BYX Pa3HOPOAHBIX CIOEB PABHOW TOMIIMHBI M3 Pa3THYHBIX
MaTepuaoB, KOTOPbIE HA CBOMX CPEAMHHBIX IUIOCKOCTSX pacciablieHbl MEePUOANYECKUMH MapajleNbHbIMU TYHHEJIBHBIMU
TpeIHAMH. 3alHicaHa CHCTEMa ONPEEIIONX CHHTYIISIPHBIX HHTETPAIbHBIX YPAaBHEHHH U MTOKa3aHbI IyTH WX PEIHICHHH B
obmeM cirydae. B o1HOM KOHKpPETHOM ciTydae, KOTJa B Pa3HOPOJHBIX CIOSX HMEIOTCSI OAMHAKOBBIE IIEHTPATBHBIE TPEIIUHBL,
MOJIY4YEHO 3aMKHYTOE PELICHUE 3a1a4u.

BBengenne

OmHuM U3 Pa3BUBAIOLIMXCS HANpPaBICHUH TEOPUM KOHTAKTHBIX W CMEIIAHHHBIX 33734
MaTEeMaTHYECKOH TEOPHH YIPYTOCTH SIBJISIIOTCS IIEPHOANIECKHE U JBOSKO-IIEPUOINIECKUE 3a1a4u TS
YOPYTUX OJHOPOJHBIX MAcCHBHBIX TeJl C TpelIMHaMHU. MHOTHe pe3yJbTaTbl, NOIYYEHHBIE B 3TOM
HanpaBJIeHUH, TpHUBelIeHbl B MOHorpadusx [1]. Yucno ncciemoBaHHBIX aHAJIOTMYHBIX 3a1ad s
KyCOYHO-OJHOPOAHBIX TeJl OYCHb Majo. PacCMOTpEHBI JIMIIb HECKOJNBKO AHTHUIUIOCKMX M IUIOCKHX
MEPUOANYECKUX 3aflad IJIsl COCTABHOTO JIBYXKOMIIOHEHTHOT'O MPOCTPAHCTBA M HECKOJIBKO TEepHOIH-
YEeCKHUX M JABOSKO-NIEPUOAMYECKHX 3a7ad IJisl pABHOMEPHO KyCOYHO-OJHOPOAHBIX Tell ¢ MeX(a3HbIMU
TpemuHamMu. Cpein HUX OTMETUM padoThI [2-4].

1. IlocTraHoBKa 3a1a4u U BHIBOJ Pa3PhIBHBIX pellleHUH

PaccMoTpuM  aHTHIIIOCKOE HANPsDKEHHOE COCTOSHHE KYCOYHO-OJHOPOIHOTO TPOCTPAHCTBA,
M3TOTOBJICHHOTO TIPH IMTOMOIIH MOOYEPEMHOTO COSTMHEHUS ABYX Pa3HOPOAHBIX CIIOEB TOIMHBI 2N ¢

momymsimu cauroB G, u G,, Ha CpeOMHHBIX IUIOCKOCTSX KOTOPBIX Y= (2n + 1) h (n € Z)
COOTBETCTBEHHO 110 GeckoHeuHbIM nostocam L, u L, (—oo <Z< oo), COCTOSIIIINX COOTBETCTBEHHO M3
COBOKYIMHOCTH KOHEYHOTO YHCJia HeMepeceKaroluXcsi HHTEpBaJIOB (aj , bj ) ( j=1- n) u

(CI ,di) ( i=1- m), Pa3HOPOIHBIX  CIOEB COAEPKUT IEPUOAMUYECKYIO CHCTEMY TYHHEIbHBIX
napajjieNbHBIX TPEeUMH. byaeM cuuTaTrh, 4TO MPOCTPAHCTBO AeopMHUpyeTcs MoJ BO3ACHCTBHEM
. 1 2

OJIMHAKOBBIX, MPOTUBOIOJIOKHO HANPABICHHBIX PACIpPENEIEHHBIX Harpy30K TE)) (X) u TE) ) (X) ,
JEHWCTBYIOLIMX COOTBETCTBEHHO Ha Oeperax TPelMH B pa3HOPOAHBIX CIOSX.

CraBuTcs 3ajada: MOCTPOUTH pELICHHE IIOCTABICHHOW 3aJadd, BBIICHUTH 3aKOHOMEPHOCTH
W3MEHEHUsT Kod((UIMEHTa NHTEHCUBHOCTH HANPSDKEHUH B KOHIIEBBIX TOYKaX TPEUIMH U PACKPBITHS
TPELIVH B 3aBUCUMOCTH OT YIPYTUX XapaKTEPUCTUK PA3HOPOJHBIX CIIOEB.

IlocTaBrnenHas 3agadya MaTeMaTH4YCCKHU (bOpMy.]'II/IpyeTCH B BHIC FpaHH'IHOﬁ 3agadu  JJId
ABYXKOMIIOHCHTHOI'O CJIOA MCEXKAY INIOCKOCTAMU y:ih, peuicHue KOTOpOfI, npu nomMouun

npeo6pazoBanus Pypbe CBOAUTCA K PELIEHUIO CUCTEMBI ONPEAEIIAIONIUX CUHTYIIPHBIX HHTETPAIbHBIX
YpaBHEHUH OTHOCUTEIHHO MIPOU3BOIHOM OT cMelleHui OeperoB TpemuH. HeTpyaHo nokasaTh, 4To B

06H_I€M ClIy4ae, korga Ll u L2 — MPOU3BOJIBHBIC, OIPCACIIAOIIY0 CUCTEMY MOKHO PCIIUTH MCTOAOM

OPTOTOHAJIBHBIX MHOTOYWICHOB YeOnleBa U MCTOAOM MCXaHUYCCKUX KBAAPATYP.

2. HanpsaaxénHoe coOCTOSIHHE KYCOYHO-OJHOPOJHOI0 TMPOCTPAHCTBA € MNEPUOAUYECKOMH
CHCTeMOMH OIMHAKOBBIX NAPAJLJIeJbHbIX BHYTPEHHUX TPelIUH

Jns opocToThl paccMOTPUM YacTHBIM ciydail MOCTaBJIEHHOW 3ajauM, KOrja TPELIMHBI B
Pa3HOPOAHBIX CIOSIX oguHakoBele L, =L, = (—a, a). B 5ToM uyacTHOM ciyyae penieHue 3aAadu

CBOOUTCA K PCHICHUIO JIBYX HE3aBUCHUMBIX CHHTYJIAPHBIX WHTCTPAIbHBIX ypaBHeHI/Iﬁ, AOITy CKaronux
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3aMKHYTBIE pemreHus. [lomydeHs! sBHbIE BUABI MPOU3BOAHBIX OT CMEMICHWH TOUEK OEperoB TPEeIIrH U
KO3(Q(UIIMEHTOB ~ WHTEHCHUBHOCTH  Pa3pylIalONIMX  HANPSHKEHUH. B cly4yae,  Korua

‘cg) (X) = ng) (X) =T, (X), OHH MUMCIOT BHU]I:

W/ (x) = (-1)’ jaoo*(i)ro(s)ds; (m*(x):\/ch(2ua)—ch(2px));

2hG, . (x) 7, shu(s- X)

o (s)ds

nIWI Shu )

Otcroa BUIHO, 9TO KO3 UIIMEHTH HHTEHCHBHOCTH Pa3pyIIAOIINX HAMIPSDKEHUH HE 3aBUCAT OT
MEXaHUYECKIX CBOWCTB MaTepHAIIOB CIIOEB.

K{) (xa)= ; (j=12 p=n/2h).

3akaouenue

ITocTpoeHs! onpeensonye ypaBHEHUT AHTUILIOCKOM 3ajaull TEOPUU YIPYTOCTH JUIsl pABHOMEPHO
KyCOYHO-OJTHOPOJIHOTO IPOCTPAHCTBA C TYHHEIBHBIMH MapajUIebHBIMU BHYTPEHHUMHU TpEIIMHAMHU.
[TokazaHo, 4yTO B ciy4ae, KOr/la TPEIIMHBI B Pa3HOPOJHBIX CIOSX OJUHAKOBBIE, MOKHO MOCTPOUTH
3aMKHYTBIE PEIIECHUS dTUX ypaBHEHUN. [IoCTpOEHEI penteHys B cioy4ae, KOTAa B pa3HOPOAHBIX CIOSX
UMEIOTCS OJIMHAKOBBIC IICHTPANbHBIC TPEUIMHBL. [loNydeHBl TaKke MpOCThle (OPMYJNbBI s
omnpeneneHus K03)HUIMEHTOB UHTEHCHBHOCTH B KOHIIEBBIX TOYKAX TPELIHH.
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HAINPSI)KEHHOE COCTOSIHUE KYCOYHO-OJHOPO/JHOM PABHOMEPHO
CJIOUCTOM IIJIOCKOCTH C ABOSIKONEPUOJUYECKON CHCTEMOM
BHYTPEHHUX TPEIIIUH

Axonsx B.H., lamrtosu JLJL.

AHHOoTauusi. B paboTe paccMOTPEHO IUIOCKO-Ae(OPMHUPOBAHHOE COCTOSHUE KyCOYHO-OJHOPOJHON, PaBHOMEPHO
CIIONCTOH IUIOCKOCTH, TOMYYEHHOH MyTEM MHOOYEPEAHOTO COEAWHEHHS JBYX Pa3HOPOAHBIX MOJIOC PAaBHBIX BBICOT, Ha
CPeAMHHBIX JIMHMSX KOTOPBIX MMEIOTCS JBOSKOIEPHOIMUYECKHE CHCTEMBI TpemuH. [lomydeHa cucTeMa OIpeAelISIONIX
CHHTYJISIPHBIX MHTETPAJIbHBIX YPaBHEHUI OTHOCUTENIFHO IVIOTHOCTEH AMCIIOKAK TPEIIMH U yKa3aHbl MyTH e€ perieHuil. B
cIydae, KOT/la TOJIBKO OJHA M3 PA3HOPOIHBIX IIOJIOC COAEPXKUT OAHY JIBOSKO-TIEPUOAMYECKH MOBTOPSIOIIYIOCS TPEIIHHY,
MIOCTPOCHO PEIICHHUE 3a1a4l METOJJOM MEXaHHIECKUX KBAJpaTyp.

BBenenue

HccnenoBanuio NepuognYecKUX U JBOSKOIEPUOINYECKUX 3a1a4 JJII MACCUBHBIX OJHOPOIHBIX
TEJ C TPEIIMHAMU ITOCBSIIEHO OIPOMHOE KOIM4YeCTBO paboT. M3 Hux ormetum monorpaduu [1], rae
MOABITOKEHBI OCHOBHBIE PE3YJIbTATHI, TOJIYYCHHbIE B 3TOM HanpaBieHuu. [lepuonnueckue u IBOSKO-
MEPUOANYECKUE 3a7aYdl IS KyCOYHO-OJHOPOTHBIX PaBHOMEPHO CJIOWCTBIX TEN C MeX(a3sHBIMHU
nedekTaMu paccMOTpeHbl B paboTax [2-4]. UTo ke Kacaercs MCCeIOBaHMs HamnpskEHHO-Iedop-
MHPOBAHHOT'O COCTOSIHUS KyCOYHO-OJHOPOJHBIX PABHOMEPHO CJIOUCTBIX TEJI C BHYTPECHHUMHU JBOSIKO-
NMEPUOJUYCCKUMHU TPCUIMHAMHU, KaK HaM U3BECTHO, 3/1ICCh paCCMAaTPpUBACTCA BIICPBEIC.

1. ITocraHoBKa 3a/1a4M U BBIBO/ ONIPEACIAIOIINX YPABHCHUH

IIycTs KycOYHO-OAHOPOIHAS YIpyras IUIOCKOCTh, OTHECEHHAsh K JEKapTOBOM cucTeMe
KOOpPIUHAT Oxy, M3TOTOBIICHHAS IPY TIOMOIIH TTOOYEPETHOTO COSTUHEHNS ITOJI0C TOIIUHBI 2h us3

Pa3sHOPOAHBIX MaTepHaNOB ¢ KO3(GPUIMEHTaAMHU YIIPYTOCTH E1 , E2 1 kodpdunmrentamu Ilyaccona vV,

U V,Ha CPEIMHHBIX JIMHUAX PA3HOPOIHBIX TOJOC Y = (2n+1)h (n € Z) no quauam L, u L,,
COCTOSIIIEN M3 COBOKYNHOCTH KOHEYHOTO YHCIIA HENEPECEKAIONINXCS MHTEPBAIOB M CUMMETPHUYHO
PACIIONOKEHHBIX OTHOCHTENBHO muHuE X = 2N (n € Z), COJIEPKUT TIEPHOIMYECKUE C MEPHOIOM
2| opuHakoBble BHYTpeHHHE TpEIIMHBL ByleM CUMTaTh, 4TO TLIOCKOCTh Ae(OpPMHUpYeTCs MO.

BO3/IEHCTBMEM CHMMETPHUYHBIX OTHOCHTENbHO nmuui X = 2N (n S Z) , OJIMHAKOBBIX HAarpys3o0K,
MIPIWIOKEHHBIX K OeperaM TpemuH TakuM o00pa3oM, d9To JHHHH X = (2n + 1)| u (n S Z)

SABJIAIOTCA JIMHUAMU CUMMETPUH. Bcneacrrue 9TOro, MOCTAaBJICHHYIO y = (2n + 1) h 3aaa1y MOXHO

chopMyIHpoBaTh Kak 3amady Il KyCOYHO-OJHOPOJHOTO MPSMOYTOJIbHHKA (0a30BOHM sSUCHKN),

3aHMMAIOIICH Ha TIOCKOCTH 00JacTh Q{‘X‘ <lI; y\ <H }, Ha rpannnax 1 Y = N koroporo Bre

TPEIMH 3a/laHbl YCIOBHS CHMMETpPHH, a Ha Oeperax TpelMH — HOPMajbHbIC HANPSKCHUS COOTBET-
CTBEHHO HHTEHCHUBHOCTE Ff)(J) (X) (j = 1,2).

CraButcs 3amada: MOCTPOUTH PEIICHUS MOCTAaBJICHHOM 3a7aud, BBISCHUTH 3aKOHOMEPHOCTHU
M3MeHeHUs K03 QHIMeHTa HHTEHCUBHOCTH HANPSIKCHUH B KOHIEBBIX TOYKAX TPEIIUH M PACKPBITHS
TPEIIrH B 3aBUCHMOCTH OT YIIPYTHX H TEOMETPUIECKIX XapaKTePUCTHK 3ada49H.

Pemenne moctaBneHHON 337291 TTPH MTOMOIHN (DYHKIIMH HAPSHKSHUA DPU CBOJIUTCS K CUCTEME
CHUHTYJISIPHBIX YPaBHEHUI OTHOCHTENFHO MPOW3BOIHBIX OT HOPMAJBHBIX CMEIICHWI TO4YeK Oeperos

TpeumH VY, (X) (j = 1,2) . [lokazaHo, 4TOo B 00LIEM Cilyyae MOTy4YEHHYIO CUCTEMY MOKHO PEIIUTh

KaK IPH MOMOIIH aIapara OPTOrOHAIBHBIX MHOTOWICHOB UeObIeBa, Tak U METOJAOM MEXaHHUECKUX
kBaapatyp [4,5].
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2. KycouHo-oqHOpOIHAS TUIOCKOCTH C JBOSIKONIEPHOAHYECKOH CHCTEMOH BHYTPEHHUX
TPeLHH, PACNOJI0KEHHBIX B OHOH U3 MOBTOPAIOMIUXCS MOJI0C

He ocrtanaBnmuBasich Ha pelleHWH 3aJaddl B OOIIEM ciydyae, B KadecTBE IPHMeEpa PacCMOTPUM
CIy4ail, KOrja WMeeTcsl MEePHOTWYCCKH TMOBTOPSIONIAsCA OHA TPEIIMHA, 3aHMMAIomas Ha Kparo

GazoBoil sueiikn Y =h wunrepBan (q,bl):(—a,a). B sTOoM uyacTHOM ciydae ompenensomiee

CHHTYJIIPHOE MHTETpaIbHOE YPaBHEHHE UMEET BUJI:

LPYAIE, T (s (1= 1.0 (<)

—-a
MPU YCIOBUH

TVI’(s)ds:O,

rue R” (X)I/I f1 (X) — 3aJJaHHBIC PETYISIPHBIC (YHKIINM.
Pemenne »TOrO0 ypaBHEHHS MOCTPOCHO METOAOM MexaHWYeckux kBaapatryp [4]. I[IpoBenén
. N 1
YUCIEHHBIH pacu€T B ciy4ae, Korma PO()(X) = const., ¥ W3ydeHBl 3aKOHOMEPHOCTH H3MEHEHUS

PacKpBITUS TpEIIMHBI U Oe3pa3MepHOro Kod(pduIMeHTa WHTEHCHBHOCTH B KOHIIEBBIX TOYKax
TPELINHBI B 3aBHCHMOCTH OT COOTHOILIeHHs Moxyneit FOHra pasnopoxusix momoc | =E, /E npu

3aJlaHHBIX 3HAYCHHSAX OCTaJbHBIX HapameTpoB. [lokazaHo, 9yTO mpu BoO3pacTaHWM MapaMeTpa | Kak

PacKphITHE TPEIIUHBI, TaK 1 KO3 OUIIUEHTH HHTEHCUBHOCTH HAITPSHKEHUH YMEHBIIIAI0TCS, CTPEMSICh K
OTIPEICIIEHHOMY MPEIETy.

JUTEPATYPA

1. MNanacrox B.B., CaBpyk M.II., Jdausmun A.Il. Pacnpenenenue HampspKeHHH OKOJIO TpEIIMH B
miactuHax u obomoukax. Kues: HaykoBa nymka, 1976. 443c.

2. AxonssH B.H., [Hamrosu JILJI. JIBoskomepuomuueckas 3ajada [Jisi KyCOYHO-OJHOPOIHOU
IocKocTH ¢ TpetmuHamu // COopHHK TpyaoB [V-eit MexyHapo HOH KOHPEpEeHIINN « AKTyalbHbIC
po0IeMBI MEXaHUKH CITIONTHOM cpensl»y, Eperan-2015. C.33-37.

3. Hakobyan V., Dashtoyan L. Doubly periodic problem for piecewise homogeneous plane with
absolutely rigid inclusions // Proceedings of 8th International Conference Contemporary Problems
of Architecture and Construction, Yerevan, 2016, pp.125-128.

4. CaakssH A.B. Meton NHCKpPETHBIX OCOOEHHOCTEH B MPUMEHEHHH K PEIICHHI0 CHHTYISPHBIX
HHTETPAIBHBIX YpPaBHEHHH C HEMOIBMXXHOW ocoOeHHocThio. // WsBectms HAH Apmenun.
Mexanuka. 2000. T.53. Ne 3. C.12-19.

5. AmnekcarnpoB B.M., Mxurapsa C.M. KoHTakTHBIE 3amaqul JIA TE€J ¢ TOHKAMHU TTOKPBITHSIMH H
npocnoiikamu. M.: Hayxka, 1983. 488c.

Caenenns 00 aBTopax:

Axonsin Barpam HaciaeTHmkoBWY — JOKTOp (pu3.-MaT. Hayk, mpodeccop, aupekrop MucrtutyTta
mexannkn HAH Apmenun, teun.: (37410) 52-48-90, e-mail: vhakobyan(@sci.am

Jamrosan Jlunut JleBoHoBHA — KaHmuaar ¢(wus.-MaT. HayK., Y4€HBIH cekperaph MHcTHUTyTa
mexaaukn HAH Apmennn, Ted.: (37410) 56-81-89, e-mail: lilit_dashtoyan@mechins.sci.am

26



OB OJJHOM KJIACCE KOHTAKTHBIX 3AJIAY U3I'UBA BAJIOK HA YIIPYT'OM
OCHOBAHUUN

AmupOexsan A.H., MkpTusasn M.M., Hlexsn JLA.

AnnoTtanus. B pamxax treopun C.I1. Tumomenko [1] 06 0600ménHoN Moaenu u3ruda 6anok, rae MOMUMO MONEPEUHBIX
CHJI, TPOAOJBbHBIE CXKMMAIOIIUE MM PACTATUBAIOIIUE OCEBbIE CUIIBI TaKK€ BIMSAIOT Ha MPOTHOBI OaloK, MPOBEAEHO
TEOPETHIECKOe MCCIIeIOBAaHNE OTHOTO Kilacca KOHTAKTHBIX 33/1ad M3ruba OJHOU, ABYX HIIH NMEPHOANYECKOH CHCTEMBI Oallok
Ha yIIpyroM OCHOBAHHUH B YCIOBHAX IUIOCKOH JeopManum.

3amgaun GopMyIPYIOTCS OTHOCHTEIILHO JEHCTBYIOINX B KOHTAKTHOM 00JIaCTH HOPMAJIbHBIX KOHTAKTHBIX HAIIPSHKEHUH K
COOTBETCTBYIOLIEMY CHHIYJISIPHOMY HHTerpaigbHoMy ypaBHeHuio (CUY). Dddexrunoe pemenne stux CUY momydaercs
HETOCPEACTBEHHBIM IPUMEHEHUEM K HUM H3BECTHOIO YHCIICHHO-aHAJMTUYECKOro Meroja [2,3], OCHOBaHHOIo Ha
KBaapaTypHbIX (opmyiax ["aycca ms unterpanos tuna Kommm v 0OBIMHBIX MHTEIPAJIOB C NPHUBJICUYCHHEM MaTEMaTHYECKOTro
anmnapara MHOrowieHoB YeObImeBa.

BBenenne

[IpobnemMsbl, cBsA3aHHBIE C HMCCICAOBAHMEM KOHCTPYKIHM, JIGKANIMX Ha YIPYTrOM OCHOBaHUH,
MPEJICTABJISAIOT COOOM ONHO W3 aKTyallbHBIX, CJIIOXHBIX W HaWOOJee WHTEPECHBIX 3a/ad TEOpPUU
yrpyrocti. OOLIMpHBIE KJIACCHI 3a7a4 00 M3rube TOHKOCTCHHBIX 3JEMCHTOB B BHIE OAaJOK, TUTHUT,
o0oouek Ha AePOPMUPYEMBIX OCHOBAHHSX Pa3IMYHBIX (POPM M B paMKax PasIUIHBIX (PH3UICCKUX
Z[OHymeHHﬁ, TECHO NPUMBIKAIONIUEC K KIIACCUYCCKUM KOHTAKTHBIM 3a/ladyaM TCOPUU YIIPYI'OCTHU, BBUAY
MX aKTYaJlbHOCTH U MPAKTHYECKON 3HAYMMOCTH CTANM MPEIMETOM HCCIIEIOBAHUS MHOTHX aBTOPOB
[4,5].

1. IloctaHoBKa 3a1a4

B ycrnoBusx miockoi nedopMmariivi paccMaTpUBAIOTCH 3afadd 00 M3TMOe OJHOW Oallkd, IBYX
0aJIoK, a TakKe MePUOTNIECKON CUCTEMBI 0aI0K Ha HIDKHEH YIIPYTOH MOTYIUIOCKOCTH IO ACHCTBHEM
3a/IaHHBIX BEPTHKAJIBHBIX PACTIPEICAEHHBIX CHJI HHTCHCHBHOCTHIO ((X) M OCEBBIX CHKUMAIOIIUX HITH
PaCTSATHBAIOIINX CHJI | , IPHIOKEHHBIX Ha KOHIIEBBIX TOYKAX CPEIMHHOMN JTMHUH OAJIOK.

CraBurcs 3agada: onpeaCJIMThb BJIMAHUC OCEBLIX CXKUMAIOMIUX WM PACTATUBAIOIINX CUJI HA ITPOrU-

661 6anok v, = V,(X), 3aKoHbI pacnpezesenus u3rubaromux MoMentoB M (X) ¥ nepepe3arommx Cui

Q(X) B MOTEPEYHbBIX CEUCHHAX 0aJOK, a TAK)Ke KOHTAKTHBIX AaBieHUM P(X), ACHCTBYIOMINX MEKIY
0aJKaMu ¥ MOJTYTUIOCKOCTBIO.

2. BpIBOI U pellleHHe ONpele/IsIIOIIMX YPABHEHMIl MOCTABJIEHHBIX IVIOCKUX KOHTAKTHBIX
3aaa4

Huddepenumanbaoe ypaBHeHHE H3rHOa OXWHAPHOHW TOPU3OHTAIBHOM OalKu MOMEpEeYHBIMU

pacnpenenéunbivu cunamMu ((X) u P(X), yuurtsiBas mpu 3toM o Teopus C.I1. TUMOIICHKO BIUSIHUE

OCEBBIX COKMMAIOIINX CHIT | Ha CPEeAMHHON TMHUN OaKW, HUMEET BHI:

4 2
I 19 pg-a9. (xeL) (n
dx dx
rme D — xéctkocTs Oanku Ha m3rub, L — obmacte koHrtakrta. Juddepennnansusie ypasaenus (1)
paccMaTpuBaeTCs MPU TPAHUYHBIX YCIOBHUAX, YKa3bIBAIOIIUX OTCYTCTBUE W3THOAIONIUX MOMEHTOB B
KOHIIaX OaJIoK.

IMyrém wunTerpupoBanus auddepeHnuanbHoro ypaBHeHuss (1) TOIy4eHO aHAIHTHYECKOE

D

BbIp@KEHHE MPOruOoB Ganku V,(X), Ipu 3TOM paccCMOTPEH TOJIBKO Cily4Yaid, KOT/a BEIMIUHA OCEBbIX
C)KUMAFOIIUX CHJI HE TIPEBBINIACT MEPBOE KPUTHUECKOE 3HAUCHHE, ITOTyuYeHHOTo GopMymoi Ditnepa 06
YCTOMYUBOCTH OalkW TPH OCEBOM CXKATHH, KOTJa H3THOAIoIMe MOMEHTBI B KOHIAX Oallku
OTCYTCTBYIOT. AHanoruuHbIM o0OpasoM (3amensiss B (1) T ma —T ) momydueHsl Takke MPOTHOBI
TOPU30HTAIBHON yNpyroil OaJiku MpH yKa3aHHBIX BHIIIC MOMNEPEYHBIX HATPYKEHHUSIX U MPH OCEBBIX
PACTATHBAIONINX CHJI, TPHIIOKCHHBIX TAKXKE HA KOHIIEBBIX TOUKAX CPSITUHHON JTMHUH OAITKH.
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Jlanee npuBeeHbl aHATUTHYECKHE BBIPAXKCHUs BEPTHKAIBHBIX MepeMeleHnii V,(X), kotopsie

MOJIy4aoT TPaHUYHBIE TOYKU YHPYrod HIKHEH IOJYNJIOCKOCTH IOJ JeHCTBHEM HOPMAJbHBIX
KOHTaKTHBIX JaBlieHUid P(X) A1 pacCMOTPEHHBIX BCeX TPEX KOHTAKTHBIX 3a[ad, MPEIrosaras, 4To

TOJIYIUIOCKOCTh HAXOIUTCS B YCIOBHAX IIIOCKON nedopmanuu. Ternepb, yautbiBas BipaxeHust V,(X)
u V,(X), ycnoBue KoHTakTa 3amaud 00 u3rube Oanku JUIMHOM 28 Ha HIKHEH MOIYILIOCKOCTH,

sanucannoii B Buge V,'(X)=V,'(X) Xe(—a,a), mpeacraBisercs OTHOCHTENBHO KOHTAKTHBIX
napyenuit P(X) cuHTyIspHOE MHTErpatbHoe ypaBHenue (CUY), KoTopoe B 6e3pa3MepHBIX BETMIUHAX
MMeEET BUJI:

,JB(P Wl ij ¢(n)dn= Xf(i)ﬂ(:ié(—l,l) )

-1

rue B(p(ﬁ) — Oe3pa3MepHOe KOHTAKTHOE JaBJICHHE, Y — HEU3BECTHBIN MapaMeTp, XapakTepU3y O

YTOJI TOBOPOTA EHTPAIBHOTO TIONEPEYHOTO CEUEHHs OalKu, a MapaMeTp A W PeryispHbIe (yHKIUH

K (&,n) , f (&) — u3BecTHble. B ananornunbix CUY, noay4eHHbIX NPU PELIEHUN KOHTAKTHBIX 3a/1a4

00 m3rnbe nByX 0aoK MIIM TIEPHOTUICCKON CHCTEMBI 0ajI0K Ha YIIPYTOH MOIYIUIOCKOCTH, epeiieHa K
HOBBIM IIEpEMEHaM, U, B UTOTe, OIy4eHb! cooTBeTcTBYIoNMe CUY Brma (2). [lpu pemenun ykazaHHBIX
KOHTaKTHBIX 3a/1a4, cooTBeTcTBYIonIe CUY paccMaTpuBaroTCs ¢ YCIOBUSIMHU PaBHOBECHS OAJOK.

[IpuMeHss U3BECTHBIM YHCIICHHO-aHATUTHICCKUN MeTox [2,3], pemreHne KaXaoro U3 yKa3aHHBIX
CUY 1mpu COOTBETCTBYIOIIUX TOTIOJHUTENBHBIX YCIOBUN CBEACHO K KOHEUYHON 3aMKHYTOM CHUCTEME
JUHEWHBIX ajre0panveckux ypaBHeHWH. Jlanee mNpUBOAATCS pe3yibTaThl YWCICHHOTO aHAIU3a
OCHOBHBIX MEXaHHYECKUX XapaKTEPUCTHK 3a/1a49H U BBISICHICTCS 3PPEKT BIUSHUSA HA HUX CKUMAFOIIINX
Y PaCTATUBAIOIINX OCEBBIX CHII, ACHCTBYIOIMX HA CPSTUHHON JTMHUHU KaXXIOU OaJIKH.
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YCJIOBUE NIEPEXO/JIA B HECTABUJIBHOE COCTOSIHUE (INEHKOOBPA30OBAHUE)
METAJUVIMYECKOI'O OBPA3IIA IIPU PACTSI’KEHUHN

ApyTionsiH A.P., ApyTionsin P.A.

Aunnoramusi. C yuérom Ttekymiero kod¢duuueHra monepedHoi aedopmanun chopMyIHPOBAHO YCIOBHE Iepexoaa B
HECTaOUIIBHOE COCTOSIHHE ISl CKMMAEMOM TUIACTUYCCKON CPEIbl.

TunuuHas quarpamMma HampspkeHue-IeGpopMarust il METaUINYECKOro 00pasiia, MoiyvYeHHas B
OIBITaX Ha IIPOCTOE pacTshKeHMe, mokasaHa Ha puc.l, rne 6 = P/ F =6 F, / F — nctunnoe nanps-

xenne, P —cuna, 6, = P/ F, — ycnosroe (HomMuHansHOe) Hanpskenue, €, = | — |, /|, — ycnosHas,
e =In(l /1,)— norapudpmuueckas nepopmanmn, l,, F, — Havansnsie, |, F — Texymme mmuna u

rmjaomanb MmonepeYHOro CEUCHUA CTCPIKHA.

AO‘, o,

———
&

Puc. 1. HI/IaI‘paMMa HaHp)I)KGHI/Ie—I[e(bOpMaLII/IH B UCTUHHBIX U YCJIIOBHBIX HAIPSKCHUAX.

B touke M Ha puc.] ycrnoBHOE HANpsKEHUE TOCTUTAET MAKCUMYyMa, Ha 00pasiie BOSHUKAET
nrelika u npouecc 1eOpMHUPOBAHHS CTAHOBHUTCS HECTaOMIBHBIM. 11l onpeaeseHus yClIoBHUs AOCTHU-

KeHHs: MakcuMyMa B Touke M (puc.l) npurumaeres yenosue Hecxumaemoctn |,F, =IF u dpopmy-

nupyercs cooTHolieHue [1-2]

do
. =6, 6]
de

B peadpHBIX MeTaIMYECKMX Marepualiax B TMpoIlecce IUIacTHUeCKoW aedopmanuu, B
0COOEHHOCTH B 00JIACTH HECTaOWJIBHOCTH, BO3HUKAlOT MHOT'OYHCIIEHHBIC MOBPEXKICHUS (IOPBHI,
TPEIINHBI), TOITOMY IPH (HOPMYITUPOBKE YCIOBHUS ITepexoa B HECTAOMIIEHOE COCTOSTHAE HEOOX0MMO
YUYUTBIBATH MMPOLCCCHI PA3PBIXJICHUA U CUUTATh MaTCpUal COKUMACMBIM. Ot IMPOUCCChI MOKHO YYECTh
C MOMOILBIO TEKYIIEro ko3 puureHTa nonepeuHon aehopmannu

InR/R,

YT @)

rae R, — HavalbHbIA, R — TeKylmil paiyc MOIepevHOro cedeHns obpasua.

2 =)
Ipunnmas Bo BEuManme cootHomenme F, /F =(1/1,)"" [3], umeem P =ocFe"".

HuddepeHnupys 3T0 COOTHOLICHHUE TI0 £ W NMPUHUMAS YCIOBHE ITOCTHKEHHS MaKCHUMyMa Ha KPUBOH
Hanpspkerne-nedopmarus dP / de = 0, momyuum ycrosre nepexosa B HeCTaOUIBHOE COCTOSIHIE

do dv
— =20v+20e— 3
e oV + 20¢ 4 (3)

CoruacHo omsrram Moxro cantate AV / A€ = 0 B Touxe makcumyma, Torna u3 (3) cienyer [4]
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— -9
de @

Jlns HecoxkuMaemoro marepuana vV =1/2 u coorHomenue (4) cosmaner ¢ Gopmyinoii (1). B
NPWIOKEHUH PACCMaTPUBAECTCS YpaBHEHHE JKECTKO-IUIACTHYECKOM cpepl JIfoaBura, 3amicaHHOe
yepes TeKyIHi KO3 PUIMEHT MONEPEYHON qedopManuu v

G, = (GT - bsm)e_2V£ , (5)
rie G; — mpejel TeKydecTd, D, M — mocrosHHsLE.
Teopernueckue kpusbie (5) mpu o =200 MPa, b= 5.10° MPa, m=0,5 u s

pa3IMYHBIX 3HAUEHUI V TMOKa3aHbl Ha puc.2.

200
o, Mila
600

400

200

]
] 5 10 15 20 25 30
£ %%

Puc. 2. Teopernueckue KpuBbIe cortacHo dpopmyie (5).
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IJIOCKASI 3AJIAYA TEOPHAHU YIIPYT'OCTH JIJIA BHEIIHOCTH KPYTOBOI
JYHOYKH

ApyTtionsin JILA., Enosin B.A.

AHHoTanusa. PaccmarpuBaeTcs IUlockas 3ajadya BHEIIHOCTH KPYTOBOM JIYHOUKH IIPU CMELIAHHBIX TI'PaHUYHBIX
yCJIoBHsIX. B OHIIOIApHON cHCTeMe KOOpAMHAT, IPH MOMOIIY aBTOMOPGHBIX (QYHKIMH, pelieHHe 3aJadd HPUBOAUTCS K
HHTETpalbHbIM ypaBHeHHAM PpearoasMa BTOPOro poaa.

BremHne 3amaum i OTOW 0O0JACTH  PEmIalOTCs B HECKOIBKO BHJIOM3MEHHOH CHCTEME
OumoNsApHBIX KoopauHar [1]:

gX=sinP, gy =sha, ag=cha—cosf, a-— pasmepusiii mapamerp. (D
3amavya pemiaercd HpU TOMOIIM (DPYHKUIWH HaIpsLKEHUH (I)(OL, B) , KOTopas YJOBIIETBOpSET

OUrapMOHHUYECKOMY ypaBHEHHUIO [1]

[a“ o o 5 o’ o°

+2 + - +2 +1 =0
oot oa’op’ OBt oo’ op’ }(gd))

BurapMoHnuecKyo QyHKIHIO (I)((x, B) uiieM B Bujie uHTerpana ®ypoe
go(a,p) = ﬁ j [ A(t)cht(B, —B)cos(B—B,)+ A (t)cht(B—P,)cos(B, —B)+
+A (t)sht(B, —B)sin(B—B,)+ A, (t)sht(B—p,)sin(B, —B) | *dt

Ha mmunu B =P, 3amaHsl nepemenienys, a Ha IMHUA [3 = [3, — HAPSDKCHHUSL:

u(o,B,)=u,(a); v(o,pB,)=v,(a); gd)((x,B)‘ﬁ:ﬁZ:cO(a), M =1,(a) 4)

aB B=B,

[Moxacrapisist (3) B (4), yIUTHIBAS CBSI3b HANIPSDKCHUH U TTIEPEMEIICHIN B OUITOJISIPHBIX KOOPIMHATAX

2

3)

gyepe3 (QyHKIUU HanpsHDKEHUH d)(oc,B) [1], momy4aeM XapakTepUCTHUYECKYIO CHUCTEMY CHUHTYJSPHBIX

HUHTETPAIbHBIX yPaBHEHUH:

iakm(t)xm(t)z K(.t) j E'(‘)Xk(r)dwck(t) (k=1,2), (5)

ni < E(t)-E(t)
rie
a“(t)z( )shzty+( —1)2t2 sin” y +A,tsin 2y + A}
a, (t)=e™"M [(7»2+1)sh ty+2, sh2ty+(k2 1) t? sin2y+kf}
a, (t)=3a ( t); a,(t)=a,(-t); K(t)=2irtsin’y; E(t)=¢€"
q(t) 2A, (o) {[u +V0 t ]tsinzy—c_so (t)[shtycosy+tchtysiny+ (6)
+\, (chty cosy +tshtysiny ]+ T, (t)siny(shty + A chty)}

Ky

(t)=2n.e" {[UO —¥, ( ]tsm ¥ —5, (t)[shty cosy +tchtysiny —

—\, (chty cosy +tshtysin y)] —7, (t)siny(shty - klchty)}

v=B,-B,, A =2+&, G, (t), T, (t), U, (t) u v, (t) npeoOpasoBanre Dypbe OT (QYHKIUH
i

G, (), T(a), Oy (o) m v, ().
Koaddurmentsr A (t) k z(l, 2, 3,4) gepes X, (t) u X, (t) BBIPAXKAIOTCS POPMYJIIaAMHU:
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A=, A (1) E ((tt)); A(t) = sh’ty+sin’ y

F(t) F()shty : shty % (1)
t) = 2 (r+b)x (1) — e X (t %
() tsin2y+ A(t) siny+[e TORLERSY )]2X1tsin2y tsiny

Fi(t) shty

A (t)= A0 siny [67P0X, (1) -e "X, (1) ]

shty )
2\ tsiny

(1) =[e@X, (1) +e ™ X, (t)}d“%-ao (t)cosy

R (1) =-[ WX, (1) +e" X, (1)] “’23 45, (t)chty
Beeném onHonepruoguuHble aBTOMOPGHBIE QYHKIINH

1 7 E'(7)X. (7
R(2)=— | X )y (k=1,2) ®)
27l * E(’E)— E(Z)
I[To ¢opmyne Coxouxoro-Ilimemena wHTerpanbHbie ypaBHeHHUs (5) cBelméM K KpaeBoH 3amade
Pumana-Tmnebepra [2,3]. PemeHne 3TOro ypaBHEHUS TPUBOAWTCS IIyTEM PETYJIAPU3AINH, T.C.
MpHUBEJIEHNEM K HHTETpaibHOMY ypaBHeHHI0 Openaronsma [3].

R (0)-55 g0 | (6) 696, JR (e

" 2ni < E(t)-E(t
(GM) [1 7 E@H(E),
2 {EI E(1)-E(1) “H(t)}

rae G(t) — MaTpuia Ko3QPUIHEHTOB TMOJyYEeHHbIX chcTeM, a H (t) — BEKTOPBI CBOOOIHBIX WJICHOB,

)

—+

E,— enunnunas matpuna. Ilocne HeclnoXHBIX mpeoOpa3oBaHMii BEKTOpHbIC ypaBHeHHs (9)

TIIPUBOATCS K yPAaBHEHHSAM OTHOCHTENIBHO X, (t) (k =1, 2) .
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OTPAKEHME YIIPYT'OM CIBUTOBOM BOJIHBI OT IOBEPXHOCTH
GOEPPOMATI'HUTHOI'O IIOJYIIPOCTPAHCTBA

Atosn JLLA., Tep3sau C.A.

AnnoTtamus. [Ipemiaraemasi paboTta MOCBsIICHA U3YUYCHUIO BOIPOCA OTPAXKCHUS M MPEJIOMIICHHS YNPYTOi CIBUIOBOM
BOJIHBI, TAJAIONICH M3 HEMArHUTHOW YMPYroil cpelbl Ha MOBEPXHOCTH YNPYroro (eppoOMAarHUTHOTO IMOJIYNPOCTPAHCTBA,
MIPUMBIKAIOIIET0 K HEMarHUTHOH cpere.

1. MocranoBka 3a1aun. JlexapToBas cucTeMa KOOPAMHAT BHIOMpPAETCs Tak, 4To miockocts XOZ
COBIIaJacT C MOBCPXHOCTHIO COIMPUKOCHOBCHUA [ABYX IIOJTYHOPOCTPAHCTB, a OCb Oy HalpaBJICHa
BIIIyOBb (eppOMarHuTHOM cpenbl. Y paBHEHHE B HEMAarHUTHOM cpelie MeeT BULL:

)

W = GrAw,, (M
cucrema ypaBHeHPIfI, OIIMChIBaAroIIas BOJIHOBOH mnmponoecc B (beppOMaFHeTI/IKe, OpeaACTaBIIACTCA B
CJICAYIOIIEM BH/JIE:

w2

wW=c Aw+ fM, (p’x +u,y)

L=, (Bv + BMOW,y) )
V=-0, (Bu + EMOW,X)
rue Cfl :(31/[31 , Ctz =G/p, b=b+ HO/I\/IO, b=b+f, H ,— Hanpsok€HHOCT  BHEIIHEro

marauTHoro nonst, D u f — kospduimentsr nsesomaruutroit cesisu, G, p, u G, p — Moay/IH CABUrOB

U IUIOTHOCTH MaTtephaioB obemx cpen, M ,— 00bEMHas IIOTHOCTH HAMArHMYCHHOCTH HACHIIICHUS
deppomarrerrka, [, =— M —MaccoBas IIOTHOCTP HAMarHMYEHHOCTH HACBHINCHUS, ®,, =YM,,

Y — TUPOMarHuTHOC OTHOLICHHUE, W, V\I1 — DepeMEmCHus, [,V — KOMIIOHCHTBI BEKTOpAa HaMarHH4CH-

Hoctu [ 1o ocsam koopaunar OX u Oy .

B cucreme (2) BO3MyIIEHHE HANPSKEHHOCTH MArHUTOCTATHYECKOTO MOJIS U OOMEHHOE B3aHMO-
NeHCTBYE HE YUTEHBL YCJIOBHMS HENMPEPHIBHOCTH MEPEMEIIEHNH M HanpshkeHui Ha rpanune Y =0
NPECTaBJISAIOTCS B BUJIE:

1)

wl =W, [oW] =[o.] 3
[ 1ly=0 y=0" Y2 Jy-o YZ Jy=0 ( )
_c M
yz = Tl ay ’
BoJHEL, [1,4]. 3amava 3akirodaeTcss B TOM, YTOOBI BRISICHHTH BOTIPOC CYIIECTBOBAHUS OTPAKEHHON U
MPETOMIICHHOMN BOJTH, a TAKXKe HAWTH 3aBUCUMOCTH MX MTapaMeTPOB OT MapaMeTPOB MaJatoueil BOJTHBI.
[Toxoxwue 3a1a4n paccMaTpUBaINCh U B paboTax [1-4].

2. Pemenne 3amauun. Pemenns ypaBHenus (1) u cuctemsl (2) UIIyTCS B BUJE TUIOCKUX TaPMOHH-
YeCKUX BOJH, B pE3yJbTaTe Mbl IPUXOAWM K AWCHEPCHOHHBIM YPAaBHEHUSM B MAarHUTHOM H
HEMarHuTHOM cpenax:

h» W,— Hafiatomas ¥ OTpakEHHAs

ow —
6, =G—+bMyv, W =w_ +W,; W
oy

©’ (co2 -boy, )

foby, 3, M, + ¢ (0)2 ~ 0w, )

Kk =o’/c -k K +k = (4)

rae kl’ k2’ k3 — KOMITOHCHTBI BOJTHOBBIX BEKTOPOB. I[anee, BOCIIOJIB30BABIINCH T'PAHWUYHBIMU YCJIIOBUS-

MU (3), ToSTy4aeM CBSI3U MEXKAY aMIUTUTYJaMH OTpaxxEHHOM (IpeTOMIEHHOM) 1 TaalolIel BOIH:
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5 kG —kG+bMp 2k,G,

kG kG- BMB " TKG kG M p
_ 2ock2(31_ AN = 2[3sz1_ A
k.G +k,G, —bM k.G +k,G, —bM

o, by, (cok3 +ik bo,, ) - o, by, (i6k3coM - klco)

rame o =

b

2 2 2 2 2 2
b oy, —o b o, —o

Takum 00pa3oMm, YHCTO yHpyTas CABHIOBas BOJIHA, MAJarolias W3 HEMAarHUTHOTO IOJIYyIpPOC-
TpaHCTBA Ha MOBEPXHOCTH pazjieisia ABYX cpea (HeMarHuT/(eppoMarHuT) B OOIIEM CITydae YaCTUIHO
OTpakaeTcsi B BUE YNPYrol BOJHBI M YAaCTHYHO IpeoMiIsieTcs, Bo30yXkIas B MarHUTHOW cpere
B3aMMOCBSI3aHHYO YIIPYTO-CIIMHOBYIO BOJIHY.

B 3axmoueHue BeipakaeM OnarogapHocTb npod. M.B. benyOeksiHy 3a uiero 3a1auu ¥ MOJIC3HbIC
00CcyXneHus IpH e€ pereHUH.
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MATEMATHUYECKOE MOJEJTUPOBAHUE KOJEBAHUM TPEXCJIOMHOM
MATHUTOCTPUKIIMOHHOM IJIACTUHKH
Barpacapsau I'.E., lanosin J.A., Mukuisin MLA.
AHHOTaI_IPHI. PaCCMOTpeHa TOHKas IJIaCTUHKA, COCTaBJICHHAA U3 Tpex OAHOPOJAHBIX U30TPONHBIX YIIPYIUX CJIOEB. HyCTI)
CJIOM TUIACTUHKHU, CUMMETPUYHO CO6paHHLIe OTHOCHUTCIIBHO CpCHHHHOﬁ TIIOCKOCTH, HW3TrOTOBJICHBI U3 OUIJICKTPUYCCKUX
MarHUTOCTPUKIMOHHBIX (DEpPPOMArHUTHBIX MaTepHajoB. [lmacTMka OTHeCEHa K MPSMOYTOJIBHOW NEKapTOBOW CHCTEME
KOOPIHUHAT X1 X,X3 TaK, 9YTO KOOPAMHATHAS IIOCKOCTH X1 X, COBMANAET CO CPEAMHHOM IIIOCKOCTHIO CpeIHeTo clost. BepxHue

Y HWKHHUE CJIOM U3TOTOBJICHBI U3 OAWHOI'0O MaT€prala U UMEIOT OANHAKOBYIO TOJIIIUHY. C‘II/IT&ETC}I, YTO CJIOH ITOCJIC ne(bop-
Malliy OCTAr0TCA YIIpyrumu u pa60Ta10T COBMECTHO 0€3 CKOJIbXKCHHS.

ITocTtanoBka 3aaavu. H}’CTL IJIaCTUHKA IMMOMEIICHA B CTAIIMOHAPHOC MarHUTHOE I10JIE€, KOTOPOE B
OTCYTCTBUH IINIACTUHKH XapaKTCPUIYCTCA I/IHI[YKL[HCfI BHCUIHETO IOJIAPU3YIOIIETO MAarHUTHOTO IIOJIA

BO(O,O,B3O ) IIpn nmoMemeHuu CIOUCTONM MAarHMUTOCTPUKLIMOHHOM IUIACTUHKM B MAarHUTHOE IIOJIE

IPOUCXOJUT HAMarHWYMBAHHE CJIOEB IUIACTMHKH, NPHUBOJMANIEE KAK K M3MECHCHHIO XapaKTEPHCTHUK

MarHUTHOTO MOJII BO BCEM IPOCTPAHCTBE, TaK M K AeOPMHUPOBAHHIO IIACTUHKH. [IpencraBum

XapaKTepUCTHUKY MarHUTHIO NOJISI B BUJE

B=B,+b, M=M,+m, H=H,+h. (1)
3necy By,M,u H — coOTBETCTBEHHO, MArHUTHASA MHIYKINS, HAMATHUYEHHOCTh U HAIIPSKEHHOCTh

MarHATHOTO TIOJIS, BOHUKAIOIIEEe BO BCEM NMPOCTPAHCTBE BCIIEICTBUE TIOMENICHUS HeaepopMupyeMoit
IUIACTMHKM BO BHEIIHEE IOJIAPU3YIOLIEE MArHUTHOE Tosie, b, m,h— XxapakTepucTHKU WHIYLHPOBAH-

HOro MarHuTHOro mond. OkpysKaromash TeJOo cpeJa B OTHOLICHWH 3JIEKTPOMAarHUTHBIX CBOWMCTB
NPUHUMAETCS B IPUOJIKEHUN BaKyyMa.

B paborax [1,2], ucmonb3ys OCHOBHBIE IIOJIOKEHUS HEITWHEHHON TEOPUU MAarHHTOYIIPYTOCTH
(dbeppoMarHuTHEIX Tel [ 1] ¥ Teopuy MajbIX BO3MYIIEHUH, Iy TEM JIMHEAPU3aL|H [10JIyYeHbI CIIEAYIOIINE
JUHEWHble YPaBHEHUS W TPaHWYHBIE YCJIOBHS, ONMCHIBAIOIINE MOBEIEHHE MAajbIX BO3MYIICHHUH B
yKa3aHHOW MarHUTOaKTHBHOM AedopMupyemoii cpexe:

JJ1s1 BHyTPeHHeii 00,1aCTH MJIACTHHKH B €JI0€ C HOMEPOM Ol (OL = 1,2,3)

O [ (o), (a)non OU; (c)ron on® () OH, (iJrn (@ Oy,
—| s+ — [+ M, —— Y, - = -,
P R L e
roth® =0, div®™ =0, »“ =, (W +m® ) )
o o au o o o o au j o o
st = ng])a—x“ruo e m®, n =gl x‘/ + A m\®),
i k

non
im

rac s, — BO3MYIICHHS KOMIIOHCHT TCH30pa MarHuTOypyrux HaHpH)KCHI/If/’I; S, — KOMIIOHCHTLI TCH30pa

HAIPSDKCHUH HEBO3MYIIEHHOTO COCTOSIHMS; U, — KOMIIOHEHTBl BO3MYILCHHUS BEKTOpAa YHPYIHX
nepemerueHuit; A,,m, u b, — KOMIIOHEHTHI BEKTOPOB h,m ¥ b, mpencrapisiomye BO3MYIICHHS

COOTBeTCTBeHHO HampsukéHHoct H ™", mamaramdennoctn M "™ u marHutHOW wHaykuuu B

HEBO3MYLIEHHOTO MAarHWTHOTO TOJS. 3/eCh W B JalbHEWIIEM, NMPH COOTBETCTBHU BEIMYUH WIH

ypaBHEHHH K KOHKPETHOMY CIIOK0, OYEBHIIHO, OY/EM 3alUChIBATh HX, OIyCKas yKa3aHHBIC HHIICKCHI,
JJIsl BHEIHel o01acTn

e : e e e
roth' = 0, divh' ), b = uoh( ) , 3)
HHJIEKC «€» 371eCh U B JAJIbHEUIIIEM O3HAYaeT MPUHAIICKHOCTD K BHEIITHEH CpEJIe;
YCJI0BMS HA IOBEPXHOCTH Sy HexeGopMUPYeMOro TeJia, rpaHuYaiieii ¢ BAKYyMoM (x3 = ih)
ou,

au' e non(e non
Sik +S1’;Zn axl nl(c) = |:tl(d) _tk[:|nl(c) +|:T;{m i _T}cm }g”ga (4)

m m
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(b, b ]! = [B:f" —B;;“”“’} ou, L,

%n
ey { [~ |l [ = 1 ] 2t =0,

m

non Tnon(e) o .
rac T;{m n i, — TCEH30pbl HAIIPSKCHUU Makcaeimia HEBO3MYIICHHOI'O COCTOSHHA IUIA TClla U

9 0 ~
OKpY2Karolceu Cpeabl, COOTBETCTBCHHO, /1, — KOMIIOHCHTBI BEKTOPAa BHECIIHCH HOPMAJIH, gijk — CHMBOJI

JleBu-UuBmura,

tkl' — b[HI:wn + th[non _ MOSkI-Hnonh, t/Ele) — HO |:h/£e)Hnon(e) + h:H[non(e) _ SkiHnan(e)h(e) :| . (5)

i

YCJIOBHS HA MOBEPXHOCTH pa3sjesa ABYX JHIIEKTPHUECKHX MATHUTOCTPHKIHOHHBIX CJI0EB (x3 = iS)
ou, ou,
non i 0 _ (0c+1) _ (OC) 0 ((x+l) _ (cx) i 0
Sk T Skm n = |:tki L' | +| T, T n,
ox,, ox,,

[b,fa) _b£a+1)i|no _ |:B((x) _Br(na+1):|%nl(€)’ e, |:h((x) —h,ga“)}n,? —[H(“) —H,SM)]%;@,? _o, (6)
m m
rie oo=1mpu x;=—0 uoa=2mpu x, =9.

B mnpuBenéHHBIX ypaBHEHUSX M YCJIOBUAX HCIOIB30BAaHBI O00O3HAUEHUS, KOTOPHIE 31eCh He
MIPUBOJISITCS W3-3a TPOMO3AKOTO Buaa. K ypaBHeHHsAM (2) HEOOXOAMMO TPHUCOCAWHHUTH YCIIOBHUS
3aTyXaHusl BO3MYIICHUY MarHUTHBIX BEJIMYUH Ha OECKOHEYHOCTH.

Ha ocHoBe mpuBeE€HHBIX ypaBHEHUI U YCIIOBHH, MPUMEHSISI TIPOIENyPy BBIBEICHUS JBYMEPHBIX
ypaBHEHUN MarHUTOYNPYTON YCTOWYMBOCTH TOHKHX IUTACTHH, HEOOXOIUMO HAWTH XapaKTEPUCTUKU
(HanpsHKEHHOCTh, MArHUTHYIO MHAYKIIMIO 1 HAMarHUYEHHOCTh) MarHUTHBIX MOJIEH HEBO3MYIIIEHHOTO U
BO3MYIIEHHOTO cocTosHWi. Mx ompenensem, pemass onpenenéHHble TpEXMEpHBIE 3agadu
MaTemarnyeckon (usuku. s npuBeneHs TpEXMEPHBIX YPaBHEHUH MarHUTOYTIPYTOd YCTOHYUBOCTH
(1) k aByMepHBIM nprHUMaeTcs runoTe3a Kupxroda muis Bcero makera B LEIOM.

Jns 3aMbIKaHUSl TOJTYYEHHOM CHCTEMBI CIEAyeT ONpPeIeNUTb KOMIOHEHTHl HWHAYLHPOBAHHOTO
MarHATHOTO ToJisl B racTuHKe. C 3TOH LeNbio ISl j-TOTO CJOS, BBEIS MOTEHIMAIBHYIO (DYHKITHIO U
ompeaenss WHAYHUPOBAaHHOE MarHUTHOE TI0Je B CJ0€, CHadala pemraercs 3aaava Juisi OECKOHEYHOM
IIJIAaCTUHKH, a4 3aTEM HCU3BCCTHBLIC BOJTHOBLIC YK CJIa OIIPEACITIAIOTCA C UCIIOJIb30BHUEM ACUMTOTUYCCKOT'O
MeToJa MHTeTpupoBaHus [1] ¥ yciioBUil 3aKpervieHns Kpa€B IIacTUHKH. Vcmonb3ys monydYeHHbIe
(hopMyIBI W TpaHWYHBIE YCJIOBHA WAYIUPOBAHHOTO MAarHWTHOTO TOJIS, HAXOIUM BBIPAKEHUS IS
MAarHuTHBIX IIOTCHIIMAJIOB CJIOEB MIACTUHKH U BHE IJIACTUHKU. HO}ICTaBHS[H Haﬁ)ﬁ[eHHBIe BBIPAXXCHUSA B
COOTBETCTBYIOIIKE (POPMYJIBI, TOTYUYEHA CUCTEMA IBYMEPHBIX YpaBHEHUH KoleOaHWi paccmarpuBae-
MO TPEXCIIOINHONH MarHUTOCTPUKIIMOHHOH TUIACTHHKH B ITOTIEPEYHOM MAarHUTHOM IIOJIE.

JIUTEPATYPA

1. Barpacapsin I'.E., lanosn J.A. MaremaTtuueckoe MOAEIHPOBaHHE KOJIEOaHM ABYXCIOHHBIX
MarHATOCTPUKIIMOHHBIX TacTyH. //U3B. PAH. MTT. 1992. Ne3. C.87-94.

2. barmacapsin I'.E., Jlanosin J.A. Bo30yxacHue BBIHYXICHHBIX IONEPEUHBIX KOJICOAaHUN B
CJIOMCTON MarHWTOCTPUKIIMOHHOW IIJIACTUHKE IMPH IOMOIIM HECTAlMOHAPHOTO MAarHUTHOTO ITOJIS.
//B xH: «VHXeHepHO-pHU3HYecKre MpoOJeMbl HOBOW TEXHUKH» Te3UChl JOKIAAOB TPETHETO
MeXayHapoaHoro coermmanms. M3ma-so MI'TY um. D3.baymana, 1990, ¢.96-98.

Information about authors

Baghdasaryan Gevorg Yervand — Academician of the NAS RA, Professor, Main researcher at the
Institute of Mechanics NAS RA; E-mail: gevorgb@rau.am

Danoyan Edvard Haykaz — PhD., Docent, Yerevan State University; E-mail: edan@ysu.am
Mikilyan Marine Alexander — Ph.D., Docent, Senior researcher at the Institute of Mechanics NAS
RA; E-mail: mikilyan@rau.am

36



TEPMOYIIPYT'ASI YCTOMUYUBOCTh 3AMKHYTOM HUJIMHIPUYECKOMN
OBOJIOYKH B CBEPX3BYKOBOM IIOTOKE I'A3A

Barpacapsu I'.E., Mukunsu M.A., Bapaansaun U.A.

AHHOTanus. B Hacrosmeld pabore B JMHEHHOH IMOCTAHOBKE PAacCMOTPEHAa OCECHMMETpPHYHAs 3afada yCTOWYUBOCTH
LUJIMHPUYECKOH OOOJIOUKM MOJA JEHCTBHEM IIEPEMEHHOr0 II0 TOJIIMHE TEMIICPaTypHOro IOl M OOTEKaromero
CBEPX3BYKOBBIM ITOTOKOM ra3a (C HEBO3MYIIEHHON CKOPOCTBIO, HANIPABICHHON BHOJbL 00pasyrommx). IlomydeHsl ycioBus
YCTOMYMBOCTU HEBO3MYILIEHHOTO COCTOSHUS paccMaTpUBaeMON TepMOra3oymnpyroil CUCTeMbl U Ha UX OCHOBE IOCTPOEHA
obyacte ycroiiumBocTH. [loka3aHo, YTO COBMECTHBIM JAEHCTBHEM TEMIEPAaTYpHOIO HOJII M OOTEKAIOIIEro I0TOKa MOXKHO
perynupoBaTh MPOLECC YCTOWIUBOCTH U IPH MOMOILM TEMIIEPATYPHOTO OJIS CYIIECTBEHHO H3MEHUTD BEIMUMHY KPHTHUECKON
ckopoctH ¢uartepa.

IlocTanoBka 3agauM W OCHOBHBIE Pe3yJbTAaThl. PacCCMOTPUM TOHKYIO H30TPOIHYIO 3aMKHYTYIO
KPYTOBYIO IMIIMHAPUIECKYIO O0OJIOUKY ITOCTOSSHHOW TONMIHHEI h, paguyca R u mmussl |. Ob6omouka
OTHECEHa K OpPTOTOHAJBHBIM KOOpAWHATaM a,f,y. KoopauHaTHple TUHUM o W [ COBHIAZAIOT C
JMHUSMH KPUBU3HBI CPEIUHHOM MOBEPXHOCTH 000JI0YKH (oo — BAOJIb 00pa3yrollei, f — Mo ayre more-
peuHoro ceueHwusi). Ilycth 00oJOYKa OOTEKaeTcs BHEIIHMM CBEPX3BYKOBBIM ITOTOKOM Ta3za C
HEBO3MYIIEHHON CKOpOCThIO U , HampaBlieHHOM B0Jib ocu Oo . McciiemyoTcst BONIPOCH! yCTOMYUBOCTH
paccMaTprUBaeMOi a’dpoyIpyrol CHCTEMBI B CIIydae OCECHMMETPUYHOCTH aedopmanuii. B ocHOBY
WCCIIeIOBaHUS IPUHUMAIOTCS CIIEAYIOIINE U3BECTHBIE MTPEAON0KEHHS:

a) runore3a Kupxroda-Jlsea o Henegopmupyembix Hopmasix [1,2];

0) nedopmanyy Kak HEBO3MYIIEHHOTO, TaK M BO3MYIIEHHOTO COCTOSHUN HACTOJNBKO MAJbI, YTO
MOJKHO BOCIOJIb30BaThCA JIMHEHHON TEOpHEH a3pOoTepMOYIIPYTOCTH;

B) «3aKOH IJIOCKUX CEUEHHID» MPHU OMPEICeICHUN adpOANHAMHYECKOTo faBieHus [1];

T') TWHEHHBIN 3aKOH U3MEHECHUS TeMITepaTypHOTO o T (a,ﬁ,y) 0 TONMImKHE 000109KH [1];

1) runore3a Helimana 00 OTCYTCTBUH CABUIOB OT U3MEHEHHSI TEMIIEPATYPHI.
JL1st IpOCTOTHI M HAIISIAHOCTH IPUHUMAETCS TAK)KE, YTO U3 JIULEBBIX TOBEPXHOCTEU (y =zxh/ 2)

000JIOYKH TIPOUCXOIUT TEIUIOOOMEH C OKpy’Karome cpemoil mo 3akoHy HeioToHa-Puxmana (Ha
MTOBEPXHOCTSIX COXPAHAETCS MOCTOSHHAS TeMIlepaTypa co 3Ha4eHHAMU T U T~, COOTBETCTBEHHO), a
00KOBBIE TIOBEPXHOCTH (00 =0 U o =| ) TEIION30JUPOBaHbl. [IpH TaKOM MPEINOI0KEHHH, B 001aCTH
3aHUMaeMOU 000JIOYKOM, 3a/7aua ONpeae/iCHHs CTAIlMOHAPHOTO TEMIIEPATypHOTO MO B 000J0UKe
CBOJIMTCS K PELICHUIO YPABHEHHS TEIJIOMPOBOAHOCTH COOTBETCTBYIONIUX MOBEPXHOCTHBIX YCIOBHSIX.
CdopmyanpoBaHHast 3a/jada TEILIONPOBOAHOCTH Hpeacrasisiercst B uge T =T, (o,B)+yO(a.p) , Tae
+ - T
L o KT -T)
2 kh-2A
3nech A — KO3(QPHUIMEHT TeIIONPOBOAHOCTH, K — KOA(PDHUIIMESHT TEIJIOOTAAYH.
[ox nefcTBHEM HEOAHOPOIHOIO MO TOJIIIMHE CTALMOHAPHOTO TeMIeparypHoro mois (© #0)

MPOMCXOANUT BBHIMyYHBAHWE OOOJOYKM W BCJIEJCTBHE ITOrO MOSIBISETCS a’3poOylpyroe JaBJCHHE,
KOTOpOE, COIJIaCHO MPEANOI0KEHHUIO (B), OmpenenseTcss U3BeCTHOW (opMyJiol MOPIIHEBOH TEOPHHU.
VYKa3zaHHOE BBIIYYEHHOE COCTOSHHE IPUHMMAaeTcs Kak HeBo3MylIEHHoe [3] u umcciexmyercst ero
YCTOWYHMBOCTH MO ASHCTBHEM TEMIIEpaTyPHOTO MOJIS U JaBJICHUSI OOTEKAIOIIero MOTOKa rasa.

Ha ocHoBe NpUHATHIX NPEANONOKEHUH U TEOPUH TEPMOYNPYTOCTH H30TPOIHOTO Teja, aHallo-
rugHo [1,3] momydaercs crnemyromiee NuHeiHOe MudQepeHInanbHOe YpaBHEHHUE YCTOHYHMBOCTH
paccMarpuBaeMoOi TEPMOTra3oyIpyro CUCTEMBI:

4 2 2 2 1
pZW —S{NTG Nl(l+6w+dv‘4ﬂ+ h [phsﬁpWJ‘Z—‘:’mpraW el e S (g

—+

oot oo’ R da’ dad’ ot? s oo 2 " da da
rJi€ BBEJEHBI CIIEYIOIME 0003HAYECHHS:
Eh Eh 8\N 0, xorna kpas 060IOUKY CBOGOIHO CMEIIAIOTCS,
N =-———aT,, N, = j 5= ©)
- a( da 5(1 1, xorna Kkpast 060TOUKH HETIOMBHIKHEL

B (1) u (2) w(o,t)— BO3MyIIeHHs MONEPEYHOr0 MepeMelieHus o0onouky, D =Eh'/12(1-p%),
E —Momyns ynpyroctu, p— kodddunuent [lyaccona, o — ko3 GumeHT TMHERHOTO TEIUIOBOTO PACIIIH-

peHusl, p— IUIOTHOCTh MaTepuana 000J0uKH, €— KO3()(UIMEHT JTHHEHHOro 3aryxaHus, M =Ua]
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yuciao Maxa JJIsL HeBO3My1_I_[éHHOFO II0TOKa, P, — JaBJICHHUC ra3a B HeBOBMyLLIéHHOM COCTOsAHUH, & —

MoKa3aTesb MOJUTPOIBL.
CdopmynupoBaHHS KpaeBas 3afada pemieHa meronoMm PDypee u ucmosssys Teopemy [ypsuua,

MOCTPOEHBI 00JACTH YCTOWYMBOCTH Ha IJIOCKOCTSIX (U,TO) (cmy4ail OIHOPOAHOTO TeMIepaTypHOTrO
nosst (© =0)) u Ha mwiockocrn (U,0) (ciyuait oxHopoasoro temneparyproro noist (T, =0)). Ha puc.

1 u 2 npuBeneHsl yKa3aHHBIE 00JIACTH, TIOCTPOCHHBIC MPH CICIYIONUX JTaHHBIX: a=23.8*10° rpaz['l;
k=1200 Bt/(m* rpan); A=210 Bt/(m rpan); u=0.34; a=1m; h/a=1/100, R=c0. Ha puc. 1 u 2 0603HaIeHBI:

2 2 L2
SO A = A - YY)
h) \ h) 36+K*V? po; h’ a ph\ a o, o, ph

v, = 3(y2 —1) / 4K (1 +2y° (y2 + 1) / (yz —l)2 )m — KpUTHUYECKast CKOPOCTh IMOTOKA IIPU OTCYTCTBUHU TEMIIEpa-

TYpPHOTO MO (MK B ciiy4ae 00OJOYKH CO CBOOOJHBIMH KpasMU B MPUCYTCTBUU PacCMaTPUBACMBIX
TeMITepaTypHBIX TOJICH).
W3 5THX pECYHKOB BUIIHO, YTO: @) eci T, >0, TO TeMIepaTypHOE MOJe CYIIECTBEHHO CyXKaeT

obnacTs ycrounBocTH; 0) ecnu T, <0, TO TeMIepaTypHOe 10JIe CYIECTBEHHO yBEIMIMBAeT 001acTb

YCTOMYMBOCTH; B) eciii @ >0, TO TeMmmepaTypHOe MoJe 3aMETHO CyXkaeT 00IacTb yCTOWYHBOCTH;
r) ectu ©<0, TO IO HEKOPTOPOIO OMNpPEeneiIEHHOTO OTPHIATENBHOTO 3HaueHus O, o6macTb

YCTOI\/'I‘H/IBOCTI/I 3aMETHO YBCJIMYUBACTCA, IIOCJIC Y€ro, C YBECINYCHUCM |®| MOPOUCXOAUT CYIICCTBEHHOC

yMeHbIIIeHHe 00JIaCTH yCTONYNBOCTH.

F ¢
et [ .
s e
“.r: +4 L
8 \ L
1 i
' 0
12 v,
=Ky Y
3 v r
B
C 10
Puc.1 P
. o % 1 1
O061acTh YCTOWYMBOCTH MPH MTOCTOSTHHOM
TEeMIEepPaTypHOM I10JIe
Puc. 2

O6macTp yCTOHYHUBOCTH IIPU ?:) =0
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3AJJAUYA YIIPABJIEHUA JIJISI OTHOM CUCTEMBI .JII/IHEI‘/'II-EI)IX
HATI'PYKEHHBIX TUOPEPEHIIUAJIBHBIX YPABHEHHNU

Bapcersin B.P., bapcersin T.B.

AHHoTanmsa. PaccmoTpeHa 3ajaua ynpaBieHMs W ONTMMAJIbHOIO YIIPABIEHWS OJHOM CHUCTEMbI JIMHEHHBIX
Harpyx€HHbIX IuddepeHnuanpHeix ypaBHeHHH. CQOpMyIHpOBaHE HEOOXOOMMOE M JIOCTATOYHOE YCJIOBHE BIIOJHE
YPaBISIEMOCTH, YCIOBHS CYIIECTBOBAHMS MPOTPAMMHOTO YIPABICHUS M ABIKEHMS. [10CTpOSH SBHBIM BHA yNPaBIISIOIIETO
BO3JICHCTBHS [UIS 3a1a4X YIIPaBICHHS U IPEUIOKEH CIIOCO0 perIeHus 3aladl ONTHMAaJIbHOTO YIIPABICHHUSI.

N3zyuenne pazHOOOPa3HBIX MPOLECCOB YIPABICHUS M3 Pa3iIMYHBIX 00jacTell HAyKW M TEXHHUKU
MO3BOJIAET 3aKJIIOYHUTh, 4YTO Oynylee TEYeHHE MHOTUMX IIPOLIECCOB YIPABICHUS OKa3bIBAETCS
3aBHUCAIIMM HE TOJIBKO OT HACTOSIIET0, HO M CYIIECTBEHHO OIpeJeNseTcsl MpeapICTOpUell mpoiecca.
MaremaTrrndeckoe ONHCaHHE yYKa3aHHBIX TUHAMHUYECKUX MPOIECCOB MOXKET OBITh OCYIICCTBICHO NPH
HOMOIIY OOBIKHOBEHHBIX AU((HepeHINaIbHbIX YPABHEHNHN C AMSTHIO PAa3IMYHBIX BUIOB, HA3bIBAEMBIX
TaKXKe YPaBHEHHSIMU C TIOCIIEJICHCTBUEM WM HArpyXEHHBIMU TUPQPEepeHINATEHBIME YPaBHEHUSIMH.
Harpyxénnpimun and¢depeHnanbHBIMA - ypaBHEHUSIME B JuTepaType [1-5] mpuHATO Ha3bIBaTh
yYpaBHEeHHUs, cofepkamme B Kod(pGHUIMEHTaX WIM B MPaBOH YacTH Kakue-1u00 (GyHKIHMOHAIBI
(byHKITNN) OT pelIeHns, B YaCTHOCTH, 3HAUCHHUS PEIICHUS, B KOTOPHIX ()a30BOE COCTOSHHUE MpoIecca B
KaKo#i-1100 TOYKEe M B KaKOW-IMOO MOMEHT MOKET OKa3bIBaTh BIMSHHUE Ha JUHAMHKY TIpoliecca B
nesnoM. Ha mpakTuke Takoro pojaa 3ajadd BO3HHUKAIOT, HAIPUMEp, KOTJa MpHU HEOOXOAMMOCTH BECTH
HaOJroleHNe AMHAMUYECKOTO IIpolecca, U3MEpSIoTCs (ha30BbIe COCTOSHUS B KaKHE-THOO MOMEHTHI
BPEMEHH U HETIPEPBIBHO TepeatoTcs HHPOPMAIIHH C IOMOIIBI0 OOpaTHOH CBS3H.

Hanmuune B 1OUHAMUKE CHCTEMbl HArpyXEHHOIO CllaraéMOro He BCeraa MO3BOJIAET
HETIOCPEICTBEHHO NPHUMEHSITh HM3BECTHBIC METOIbI HCCIICAOBAHMN, Pa3BUTHIC NPH HCCIECIOBAHHUAX
OOBIYHBIX (HEHArpy>KEHHBIX) TUHAMUYECKUX CHUCTeM. DTO MOAUYEPKUBAET KaK TEOPETHUYECKYIO, TaK H
MPaKTUYECKYI0 AaKTyaJIbHOCTh HCCIICOBAHHUA Ppa3IMYHBIX 3aJad yNOpaBlieHHA Uil HarpyXEHHBIX
muddepeHnanbHBIX ypaBHeHHH. B mocnemHue roasl NMPOBOIUTCS HWHTEHCHUBHOE HCCIIEIOBAHUE
Harpyx€HHbIX An((epeHInanbHbIX YPaBHEHUH, CBA3aHHOE C Pa3IMYHBIMH NPUKJIAIHBIMU 3a1a4aMi
MEXaHHUKH, OMOJIOTHH, SKOJIOTUH U XUMHH, MOJICITHPOBAHHBIX C HATPYKEHHBIMU YPaBHEHUSIMHU.

HHTepec uccnenopateneil K 3agadyaM yHOpaBiIeHUs] HATPYKEHHBIX TUHAMHUYECKUX CHCTEM CBS3aH
TaKXKe C BO3MOXKHOCTSIMM COBPEMEHHOH BBIYMCIMTENBHOW M HM3MEPHUTEIBHOW TEXHUKH, KOTOPHIE
MO3BOJISIIOT HCIONB30BaTh HanOojiee aJeKBaTHBIE MaTeMaTHYeCKHe MOJENd pPaccMaTpUBAEMBIX
nporeccoB. VccrnenoBaHHWIO BONPOCOB CYLISCTBOBAHHMSA pEIICHUS HArpyKEHHBIX JIMHEHHBIX
i depeHIanbHbIX YpaBHEHUH MOCBSILIEHO MHOTO paboT, HO 3ajayaM UX YIPaBJICHUS yAENAIOCh
CPaBHHUTEIBHO MAJIO BHUMAHUSI.

B nanHoii paboTe paccMaTpuBaeTcs ynpaBlsieMblil Mpolecc, JMHAMHKA KOTOPOTO OMMCHIBAETCS
HarpyXEHHBIMH JTUHEHHBIMH AU (epeHIaIbHBIMUA YPaBHEHUSIMU

X=AOx+ADOXE)+ A OXL,)+ ADXE)+BMu (1
rae X(t) € R"— ¢asosbiit Bextop cucremsr, A (1), B(t) (k=0,1,2,3)~ marpuusi napamerpos
cucrems! (HempepeiBHEI Ha [t,T]), U(t)— ympaBmsromee Bo3zxeiicTBHE, COOTBETCTBEHHO, C
pasmeproctsvmu A (1) —(nxn), B(t)—(nxr), u(t)—(rx1).

B dopmyse (1) cnaraemsie A (t)X(t,) (K=1, 2, 3) xax ¢pyHKImMH, BIUAIOT HA CHCTEMY, HAUHHASI
¢ MmomeHTa Bpemenn t > 1, . Tak kak 3HaueHue pasoBoro cocrosiaust X(1, ), Kak pesynprat u3MepeHus,

ompe-zenseTcs B MOMeHT BpemeHn =1, u c storo momenra (mpu t>1t,) HenpepbiBHO BiMseT Ha
CHCTEMY.
[Ipenmnonaraercsi, 9T0 3aJaHbl MOMEHTHl BpeMeHH Todek Harpyxenmst t, (K=1,2,3) u

0<t, <t <t,<t;<t, =T, a tawke nHauamsHoe X(t))=X, u komeunoe X(T)=X cocrosHus
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cucremsl (1). ®@ynkmust X(t) HempepeiBHa Ha maTepBamax [t ,t,) (K=1,2,3,4) u B TouKax

HarpyxeHus {, umeer koHeuHsle neBocTopoHHHe npeaensl lim X(t) = X(t, ) .
t->t,-0

[Ipeamnonaraercs, 9To cucTeMa Harpy>KEHHBIX AUQhepeHINATLHBIX ypaBHeHHH (1) Ha TPOMEXYTKE
Bpemenu [t),T] sBisercs BnonHe ynpasiasemoit [6-9].

Tpebyercss HaWTH yCIOBHS, IPH KOTOPBIX CYIIECTBYET MPOTPAMMHOE YIIPABIIAIONIEe BO3IEHCTBUE
U =Uu(t) u nporpamMmHOe ABM)KEHHE, IEPEBOIAIICE ABMKEHHE CUCTEMBI (1) M3 HAYaIbHOTO COCTOSHHS

X(t,) B xoneunoe cocrosuue X(T) Ha mpomexytke Bpemenu [t,, T], a Takke mocTpouts ux.

[Ipeamoaraercsi, 4TO A7st 0TOOpa ONTUMANBHBIX PEIICHHUI Ha IpoMexyTke Bpemenu [, T ] 3agan

KputTepuii kauectBa @[ U], KOTOPBIH MOMXKET MMETh CMBICI HOPMBI HEKOTOPOTO HOPMHPOBAHHOTO
MPOCTPAaHCTBA. PaccMaTpuBaeTcsl TakkKe 3ajada ONTUMAIBHOIO yhpaBieHus s cuctembl (1) ¢
3aJ]JaHbIMU HaYaJIbHBIMH, KOHCUYHBIMH YCIOBUSIMH U KpHTEpHeM kadecTa &[ U .

B pabote mpeaiokeH KOHCTPYKTHBHBIA TOJXOM WCCIEAOBaHMS 3a7ay  YIpPaBJICHHS IS
PacCMOTPEHHON CHCTEMBI JIMHEWHBIX Harpy>KEHHBIX AuQdepeHITNaIbHIX ypaBHeHni (1). BBemena
(dopmyia onpeneneHus (a3oBOTO COCTOSHUS CUCTEMBI JIJIs JIFOOOr0 MOMEHTa BPEMEHH, MPH 33JaHHOM
HayanbHOM cocTOSIHUH. ChopMynHpoBaHbBl HEOOXOJUMOE U JOCTATOYHOE YCIOBHE BIIOJNHE
YPaBIISIEMOCTH, YCIOBHS CYIIECTBOBAHMS IPOTPAMMHOIO VyIpaBlieHWs H JBWKeHHs. I[locTpoeHo
pelleHre 3a1a9y YIIPaBIICHUS THHEHHBIX HATPYKEHHBIX AU (epeHIIHANTBHBIX YPaBHEHUH U TIPEIIOKEH
croco0 perieHus 3a/1a4i ONTHMAIBHOTO YIIPaBICHUS.
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O JUBEPTEHIIUU CKATOM ITAHEJIM ITPU HABEI'AHUHU CBEPX3BYKOBOI'O
IIOTOKA I'A3A HA EE CBOBO/IHBIM KPAU

Bbeayboexssn M.B., Maptupocsu C.P.

AHHOTanus. B npexnaraeMoii ctaTbe Ha MPHMEPE CKATOW NMPSIMOYTOJBHON IUIACTHHKUA C OZHWUM CBOOOIHBIM H C TPEMs
MIapHUPHO 3aKPEIUIEHHBIMH KpasiMH, 00TeKaeMOH CBEPX3BYKOBBIM ITOTOKOM rasa, HaberarommuM Ha ¢€ CBOOOIHBIN Kpaii, B
JIMHEHHOH IIOCTAaHOBKE HCCIIENyeTcs CBOEOOpa3HOe BIMSHHE HAYAIBHOTO HANPSDKEHHOTO COCTOSIHUSI Ha YCTOWYHMBOCTB
HEBO3MYIEHHOI'O COCTOSIHUSL PAaBHOBECHS IUIACTUHKHU.

IMoka3zano, uyTo mnpU OOTEKAHWM HAYAIbHOE HANPSHKEHHOE COCTOSIHHE HPUBOAUT K dS¢Qekty necrabuiaMzaluyd —
«CKauK00Opa3sHOMY» IMaJICHUIO 3HAUEHUH KPUTHIECKOH CKOPOCTH AMBEPTEHINH TTaHEI! U JIOKATN30BaHHON TUBEPTEeHIINH.

PaccmarpuBaercst TOHKas ympyras HpsMOYTONbHas IUIACTHHKA, 3aHMMAIOIIask B JIEKapTOBOM
cucteme koopamHaT Oxyz obmacte 0<x<a, 0<y<b, —h<z<h. Cepx3BykoBOll NOTOK rasza

00TeKaeT MIACTUHKY C OJHOW CTOPOHBI B HampasiieHHH ocu OX ¢ HEBO3MYIIEHHOH CKOPOCTHIO V .
[Mpeamonaraerca, 4ro kpalh X=0 TJIaCTUHKKM CBOOOAEH, a OCTaJbHBIE Kpas LIAPHUPHO

3akperieHbl. [InactuHka cxxara Bmosb kpaéB Yy=0 u y=Db cxumaronmmmu cunamu Ny = 2h6y.

Yeunus Gy npeamnojararoTCsa MOoCTOAHHBIMHA BO BCEH CpeI[HHHOﬁ IMOBCPXHOCTHU IMAHCIU W HEMCHSIIO-

IIUMUCS ¢ U3MEHEHUEM TPoruba ToUeK CPEIMHHOM MOBEPXHOCTH ITACTHHKH W= W(X, Y) .
B mpeamnonoxennu cnpaBemuBOCTH TUOTe3bl Kupxroda u «mopmHeBoit Teopun» auddepen-
HaJLHOE YPaBHEHUE M3rH0a MPSMOYTOJIBHON TIAaCTUHKYN uMeeT Bux [1,2]

2
DA’W+N, gy‘f’+aop0va—""=o. 1)

OX

3nech, A’'W=A(AW), Aw - oneparop Jlannaca; D — nunauHapuueckas KECTKOCTb, &, — CKOPOCTH
3ByKa B HEBO3MYLIEHHOM ra30BoOM cpesie, p, — IVIOTHOCTh HEBO3MYILEHHOIO MOTOKA rasa.

I'pannuHBIE YCIOBUS B MPUHATHIX MPEATIOIOKEHUSIX OTHOCHTEIBHO CITOC00a 3aKPETIEHUS] KPOMOK
IJIACTUHKA UMEIOT BUT [1]

2 2 2 2
oW, oW, 21O )T npu x=0; 2)
OX oy OX\ oOXx oy
2
w=0, a‘f’:o npu X=a; 3)
OX
2
w=0, a‘f’:o npu y=0u y=>0b; (4)
oy

v —koaddunuent Ilyaccona.
TpeOyerca HallTH HAMMEHBLIYIO CKOPOCTh ITOTOKA ra3a — KPUTUYECKYIO CKOPOCTh V, , IPUBOAS-

IIYI0 K TOTEPE CTATMYECKOW YCTOHYMBOCTH HEBO3MYIIEHHOTO COCTOSHHS PaBHOBECHs OOTEKaeMOM
MPSIMOYTOJIEHOW TUTACTUHKY C HAarpy>XKEHHBIMU Kpasimu Y=0 u y=b.

C momompio TpadoaHaTUTHISCKIX METONOB aHAJIM3a IMPOM3BEIACHO pa30MEHHE IMPOCTPAHCTBA
CYIIIECTBEHHBIX MMapaMeTPOB CUCTEMBI KIUTACTHHKA—TIOTOK» Ha O0JIACTH YCTOMYMBOCTH M CTATHYECKOH
HeycToMunBOCTU. MccnenoBana rpanuiia 00JIacTH yCTOHYMBOCTH.

OrnpeaeneHsl yCIoBUs, MO3BOJSIONIUE BBIIBUTh BOZMOKHOCTD IOTEPH CTATUYECKON YCTOMUHBOCTH
IUTACTUHKY B (popMe TUBEPreHIINU ITaHEIH WK B (popMe JIOKaTM30BaHHOW AWBEPIEHIINU paHee, eme
A0 TIOJMYYCHUSA W HCCICAOBaHUA OHUCIICPCHUOHHBIX ypaBHeHHﬁ, XapaKTECpU3yromux aOCTAaTOYHBIC
MIPU3HAKHU MOTEPH YCTONYHUBOCTH.

Haiinens! kputnyeckne CKOpOCTH TUBEPTEHITNH TTAHEIH U JIOKaJTM30BaHHOMN AUBEPTeHIINH, Pa3rpa-
HAYUBAIOMINE 00JIaCTH YCTOMYMBOCTH M CTATHYECCKOW HEYCTOWIHUBOCTH.

[TokazaHo CyIIECTBEHHOE JECTAOMIU3UPYIOIIEe BIUSIHUEC HAYAILHOTO HANPSHKEHHOTO COCTOSIHUS
Ha YCTOHYHMBOCTH HEBO3MYIIEHHOTO COCTOSIHHS PaBHOBECHSI TUTACTHHKH, O0TEKAaeMON CBEPX3BYKOBBIM
MMOTOKOM Ta3a, NPUBOAMAIIEE K «CKAauKOOOpa3sHOMY» («MTHOBEHHOMY») TQJCHUIO 3HAYeHUI
KPUTHUYECKUX CKOPOCTeW JAMBEPreHIMH TMaHeNd M JIOKAJIM30BAHHOM JMBEpPreHUUH. 3HaueHUs
KPUTHYECKUX CKOPOCTEH IUBEPreHIMM TaHEeTH W JIOKAJTW30BAaHHON JUBEPIeHIIMU IUIACTHHKH C
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HarpyXEHHBIMH KpassMu MIPUMEPHO 1.5—4 pa3a MEHBIIIE COOTBETCTBYIOIINX CKOPOCTEH, HAWEHHBIX ITPH
pEIICHUH 3a/1a4l YCTOWYMBOCTH 00TEKaeMOil IJIACTUHKH C HEHArpy»XEHHbIMU KpasiMu [3-5].

HaubGonee sipko addext necrabuimzanuy MpOSBISETCS B CIy4asX, B KOTOPBIX y JIOCTATOYHO
JUTMHHOW TUTACTUHKHU KO3 (UIIMEHT HANPSDKEHMSI MIPEBHIIIAeT 3HaUeHHe 25, a Takke Py YMEPEHHBIX
3HAYCHMSX OTHOIICHHS CTOPOH IUTACTUHKY MPH MPEBBIIICHUN KOIPPHUIIMSHTOM HATPSIKSHHS 3HAYCHHUSI
1.25. B 3THX ciiydasx HadallbHOE HANPSHKEHHOE COCTOSHUE TUIACTHHKY MPU 00TEKaHUU

MPUBOANT K «MTHOBEHHOI» MOTEpPE YCTOWYMBOCTH HEBO3MYIIEHHOT'O COCTOSHHS PaBHOBECHS
TUTACTUHKY B (hOpMe TUBEPTEHINH MTaHEH.
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KOJIEBAHMSL, TOKAJIM30BAHHBIE B OKPECTHOCTH INAPHUPHOTI'O
COEJUMHEHHUA COCTABHOMU IVIACTHUHBI

Bbeay6exsan M.B., Canosan 10.T.

AnHotammsi. B pamkax Teopum Kupxrogda pemrena 3amada M3rHOHBIX KoyieOaHWiA, JIOKaJIM30BaHHBIX B COCTABHOM
IJIACTHHC, como;{meﬁ U3 IByX U_IapHI/IpHO-COCZ[I/IHéHHLIX MPSAMOYT'OJIBHBIX yacTeu (HJ'IaCTI/IHOK). Kpaﬂ IIJIACTHHBI CB06OZ[HO
onéptel. [lomydeHo nucnepcroHHOE ypaBHeHuUe. [l 4acTHBIX ClydaeB, KOTAa M3rMOHbIE KECTKOCTH OIHOM 4acTH 3HAYH-
TEJIbHO OOJbILe APYTOi U ISl IUTACTUHOK C pa3HbIMU 3HaueHUsIMU ko3 duuuenToB [lyaccona, HailieHbI YCIIOBHUS CYLIECTBO-
BaHMA JIOKAJINA3aLUU KOJIEeOaHU.

Beenenue. B 1960 r. FO.K. KonenkoB npezcraBun pemieHne 3a1adu 00 M3THOHBIX KONEOAHUSX,
JIOKaJTM30BAaHHBIX B OKPECTHOCTH CBOOOMHOTO Kpas IutacTuHbl [1]. KomeGanus, MoOKaaIn30BaHHBIE B
OKPECTHOCTH KECTKO CKPEIUICHHBIX MOTYOCCKOHEYHBIX IJIACTUHOK, BIEPBBIC OBUIM PAaCCMOTPEHBI B
cratbe A.C. 3unnbeprieiita u U.b. Cycnooii [2]. [TonHOe pemenne 3Toit 3aqaun naHo B pabote [3].
Pemenne aHagOrMYHBIX 3a7ad I COCTaBHBIX IIACTHH KOHEYHBIX pa3MepoB mpuBoauTcs B [4,5]. B
3TOW CTaThe PACCMOTPEHBI JIOKAJTM30BAHHBIC KOJCOAHUs COCTABHOM IUIACTHHBI KOHEYHBIX Pa3MEpoB,
COCTOSIICH U3 MIAPHUPHO COCAUHEHHBIX MPSMOYTOIBHBIX ITACTHHOK.

IInacTuHa COCTOUT U3 COCTHIKOBAHHBIX BJIOJIb OCH Y IJIACTUHOK C AJIUHaMU b, mupuHamiu q, (i=1,2),

TONIIUHAMH //2, C INIOTHOCTAMH P, , M3THOHBIMH kEcTKocTsIME D, 1 k03¢ durmentamu ITyaccona v, .

CpenvHHBIE INIOCKOCTH IIACTUHOK COBIAAAIOT ¢ KOOPAUHATHON miockocThio z=0. [lepBast mnacTuHKa
3aHMMaeT obnacTb —a, <x<0, a BTopast O0<x<a, a1 0<y<bh. B pamkax Teopun Kupxroda
ypaBHEHUS KOJIeOaHUN JJIs1 KaX/10H MIaCTUHKYA UMEIOT BUJ:

o*w

D[Azwi +2pihaTzi=O (1)

rae A—oneparop Jlariaca, D, = Eh’ / [12 (1 —v; )] , E, —momymu IOnra. Kpast mmacTuHb! cBOGOJHO

OHépTLI — NEPpEMCUICHU A Wi :O, a 1/13r1/16a101une MOMCHTEI Ha KpasX IJIaCTUHBI

M)((l) =M% =0 mpux=-q,,a,; M)(,l) =M§,2) =0 mpu y=0,b 2)
Ha cThIKe IIIaCTHH UMEIOT MECTO CICAYIOIINE YCIOBHSI COCTUHEHUS (IICIIb):
wo=w,, MP=M®=0, NP=N® npux=0. A3)

Pemrenus ypaBHenuii (1) ¢ IpOM3BOIBHBIMU IOCTOSIHHBIMU 4, , C,, yJOBIETBOPSIOIIUX YCIOBUIM
CBOOOIHOTO OMMPAHUS Ha KPasX 4acTeH MIACTHH, MPEICTABUM B CIEIYIOIIEM BHUJIE:
_ jot :
w(x,y,t)=e [A,,shknp11 (a,+x)+Cshr p, (a,+ x)] sink,y,

w, (x, y,1) =€ [Azshkn p,(a,—x)+C,shi, p,, (a,— x)] sini,y, 4)
raoe p,; = \/1—TL- s P = \/1+n; :nz‘z = 2pih(’02 /(Dt}\’i) (5

Mexay 1, ¥ T, UMeeTCs CIeayIouIas CBI3b.

P,
=KnN,,K= |—. 6
N, M, o.D, (6)

IMoacrasmsist (4) B ycmoBus (3), MONYYHM CHUCTEMY OTHOPOJHBIX aNITreOpandecKUX ypaBHEHHIA
OTHOCHUTEIBHO HEU3BECTHEIX 4., C,:

Ashp, &, + Cishp, &, = 4,shp,&, + C,shp,,E,,

4, (p121 —-vshp, & +C (pil =V, )shp, & =0

4, (p122 =V, )shp,&, +C, (P;z =V, )shp,,&, =0,

Apy, (plzl -2+ VI)CthE)l +Cpy (p221 -2+ VI)ChpNal =

—y [A2p12 (plzz -2+v, )chplzﬁ2 +C,pyy (pzzz -2+v, )chpzzé2 ] , tne&, =\,a,=nma, /b (7).

B gactHOM cityuae y =0 (D, << D,) ompezeneHue 4acToT KojeOaHUN MEpBOM 4acTH IUIACTUHBI

CTAHOBUTCSI aBTOHOMHOM M CBOJUTCS K PEIICHUIO CUCTEMbl YPaBHEHUM BTOPOW M YETBEPTOM CTPOK C
nocTOsAHHBIMH 4, , C,. IIpupaBHUBAas JETEPMUHAHT 3TOM CUCTEMBI HYJIIO IIOJIyYUM:
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P2 (plzl -V )(pil -2+ Vi ) th p]lél =Pn (p21 -V )(p12| -2+ A ) th pZIEJI : (8)
U3 pemenus (4) cnenyer, uto yenosue 0 <1, <1 NPUBOAUT K JIOKAJIN30BAaHHBIM KONebaHWAM B ruiac-
THHE. YpaBHeHUe (8) UMeeT TpUBHANbHBIN KOpeHb M, =1( p,, =0). Eciu pazgenuts ypaBHeHue (8) Ha

D, ¥ TIEPEUTH K TIpefeiry 1, — 1, To Mory4um

(2-v,)*th(+28,) =2v2¢, . ©9)
Ecnu 0603HaunTh KOpeHb ypaBHeHUs (8) &, , TO yCIOBUE CYLIECTBOBAHUS PELICHUM, YI0BIETBOPSIO-

mux ycinoBuro 0<m, <1, Oymer & >¢&,, .Uncnennsle pacuéTbl MOKa3bIBAIOT, YTO HPUOIMKEHHE

th(\/EE_,l) ~1 paéT nocTaTouyHO TOYHOE BBHIPAKCHHE IS YCIoBHS &, > &,
&=2(2-v,) /(V2v) (10)

Takxum o6pa3om, B cirydae Y =0 gacToTsl KonebaHuit (o0mme s 00enx 4acTei IIacTuHbI) Oy IyT
OTIPENIeNIATHCS U3 aBTOHOMHOTO YPaBHEHHS YacTOT MEPBOH YacTH IIACCTUHBI (8). DTH 4acTOTH OyayT
COOTBETCTBOBATh KOJICOAHUSM, JIOKAIM30BAHHBIM B OKpecTHOCTH Xx=0 IepBOI 4acTu MJIACTUHBI, €CIIU
yIOBIETBOPAIOTCA ycaoBusa 0<m, <1. AMmIuTyabl KoneOaHMil BTOpOW 4YacTu miacTuHsl (4,,C,)
OTIPEICIIAIOTCS U3 IIEPBOTO U TPEThEro ypaBHeHUH cucteMsl (7) uepes otHomenue C,/ 4, . Konebanus
BTOPOH 4acTH IUIACTUHBI OyAyT JIOKAIN30BaHHBIMU, €CIH 1), = K1), <1, ¥ HEJTOKAJIN30BaHHBIMH, €CIH
M, =kn, 1. T.e. npu Hanu4KUK JTOKAIU30BAaHHBIX KOJeOaHUN MEPBOI YaCTH IUIACTHHBI, CYIECTBOBA-
HHE MX BO BTOPOIl YacTH CYIIECTBEHHO (MJIM TOJBKO) 3aBHUCUT OT K. AHAJIOTHYHBIC PE3YJIbTaThI
MOJYYalOTCs U B IPYTOM YacTHOM Clly4ae y = oo .
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ONITUMM3ALNIUA HPHMOYFOJIJ;HOFI IJIACTUHKH KYCOYHO-IIOCTOSHHOM
TOJIIIHUHBI, U3I'OTOBJIEHHOU U3 KOMIIO3UIIMOHHOI'O MATEPHAJIA, ITIPU
W3I'UBE C YYETOM BJUAHUS MIONMEPEYHBIX CJIBUTOB

beay6exsu J.B., Janueasu C.B., Apetucsin I'.P.

AHHoTanms. PaccmarpuBaercs MNpsSMOYrojibHas ILIACTUHKA KyCOYHO-IIOCTOSHHOI TOJIIMHBI, W3TOTOBJICHHOM U3
KOMITO3ULIMOHHOTO MaTepuaa, IapHUPHO ONEPTON MO ABYM IIPOTUBOIOI0KHBIM IIPOAOIBHBIM CTOPOHAM U 3aJCJIaHHOMU 110
TOPLEBBIM KpasiM, 1101 ACHCTBUEM MIONIEPEUHON HArpy3KH.

Ha ocnoBe yrounéHHoi# Teopuu msruba miactuH C.A. AmOapiymsHa, penraeTcsi 3ajaya ONpeAeIeHHs] ONTHMAIbHBIX
reOMETPHYECKUX U (PU3MYECKUX MapaMeTpoB CTYNEHYATOH IUIACTHHKH, 00ecIeunBaromux e€ HaubobIIyIo KECTKOCTD IIPU
3aJaHHBIX Ta0APUTHBIX Pa3Mepax MIIACTUHKH U IOCTOSIHHOM BECE, PABHOM BECY TIACTUHKH MOCTOSHHON TOJIIHHBI.

IMpuBomsTcs umcnoBble mpuMepsl. CpaBHEHHE Pe3yNbTAaTOB, IMOMYYEHHBIX Ha OCHOBE YTOYHEHHOM M KIIaCCHYECKOI
Teopuil m3rnba MIACTHH, MO3BOIAET OLEHHUTHh BIMSHHE IONEPEYHBIX CABUTOB HAa ONTHMAIBHBINA NPOEKT IUIACTHHKH B
3aBUCUMOCTH OT €€ TOJILUHBL.

PaccmatpuBaetcst U3ruG cBOOOJHO OMEPTON MO KOHTYPY HPSMOYTOJIBHOMN TUIACTUHKU KyCOYHO-
NOCTOSIHHOM ~ TONIIMHBI pasMepamu 2L xb mox jgeificTBueM MONEpeyHOl HArpysKH q(y).

[Ipenmonaraercsi, YTO IUTaCTHHKA HW3TOTOBJIEHA W3 KOMITO3UIMOHHOTOo Matepuana (KM) myrtém
MOOYEepPEAHON YKIIAJAKH €r0 MOHOCIOEB MOJ YriioM 1@ K ocH X IUIACTUHKH, IMPUYEM Ha ydacTKe

—a<x<a muacThHKa uMeer ToimmHy h,, a Ha yyactkax —L<x<-a m a<x<L- tommuny h,
(puc.1).

VA E A

e X

Puc. 1. PacuéTHas cxema IIaCTUHKH

Ha ocnoBe yTouHéHHON Teopuu wu3ruba miuactuH [l], yuwuTeiBaromied BIWSHHUE MOMEPEYHBIX
CIIBHT'OB, PEIIAETCs 3a/1a4a ONPEACICHUs ONTHMAaIbHBIX 3HAUCHUH ITapaMeTpoB IUIacTUHKU a, h,, h,,

o0, O6€CHC‘II/IBaIOH.[I/IX MHUHHMAaJIbHOE 3HAYCHHE HAMOOJIBIIOrO nporn6a npu e MOCTOSTHHOM BECC,

PaBHOM BECy IIIACTUHKU MOCTOSHHOM TonmuHbl hy 1 3a1annbIx rabaputhbix pasmepax & =2L/b.

Pemenne paccmarpuBaeMoll 3aJaud Ha OCHOBE KIJIACCHYECKOH TEOpHH M3rHba OpTOTPOIHBIX
IJIACTHH TpHBEACHO B pabore [2]. Pacuéry onTtumanbHOW peOpHCTON IUIACTUHKHA M3 KOMIIO3UITHOH-
HOT0 MaTepuaia ¢ yu4€ToM MOIMepeyHbIX CABUTOB MOCBAIIeHa padoTa [3].

3agaua ompeneneHUsT HamnpsLKEHHO-IEPOPMUPYEMOTO COCTOSHUS IUIACTHHKU peraeTcst is
KaXIOH W3 oliacTel (pzl, 2), cooTBeTCTBYIONMX TommuuHam h u h,, ¢ ynoBierBopeHnem
YCIIOBHH CONpSDKEHUS Ha JIMHUM WX pasfena. [Ipu 3ToM, BBUAY CHMMETPHH pPaccMaTpUBAECTCS
TOJIOBHHA TIACTHHKH ( X > ().

[MpunsTass CcTpyKTypa MakeTa IUIACTUHKM TMO3BOJSET cuuTaTth €€ oprorponHoil. CormacHo
YTOUHEHHOM Teopun u3ruda OpTOTPONHBIX IulacTWH [l], 3amavya CBOAMTCS K ONpEACICHUIO
MOTEHIUANBHBIX  (PYHKIHH CDp(X, Y) s Kaxmod w3 obnacreit (pzl, 2), YIOBJIETBOPSIIOIIUX
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YpaBHEHUSM

0" o* o* 12 hy o°
D > 2D + 2D§§))—8X28y2 + DY) W}D b~ —h—;ﬁ a,,D}f'D;Y Vo

[ > 0°
e e 0
ox' oy
r 6 6
(PIp(e) _>pPp® _(DP ) (npe]_°2 (p)p(p) 9 _ 144
_ass(Dn Dzz _2D12 D66 _(Dlz ) )*a44D22 D66 ] 4 A2 +a~55D22 D66 _6}(I)p =0
oy " oX oy hp
Y CJICAYIOIUM IPAHUYHBIM YCIOBUSM:
— WApHUPHOTO onMpaHus Ha cTopoHax Y=0uy =D
w,=0, M=o, ¢,=0 (p=12)mpn y=0,y=bh, )
— CUMMeTpHH Ha TUHUN X = 0
oW,
=0, 2=0, M@ -0 mpu x=0, 3
(Pz aX Xy p ( )
— 5KECTKOI 3a/1e1Ku (B ClIydae KECTKOM 3a1enkn kpas X=L)
ow (W 3z
W1=0, l//1=0, —8—)(14‘(?—? 855@120 npu X:L, (4)

— COIIPsDKCHUS HA JIMHHAA X = a

aW 2 2 aW 2 2
W =W,, __1+[hl_ Zojass(%:_ 2"’(& Zojass(l)za (Zo:ﬁja YV, =V,

oX 4 3 oX 4 3 2
1) _p 2 1 2 M _N®@ -
MO =M@, MO-MZ, NV=NP 1mpn x=a. (5)
3anava pemaetcs meronoMm Hemiepa-Mupna [S] B coueTaHUM ¢ METOJIOM MPSIMOTO TIOUCKA.
Kak cnemyer u3 pe3ysibTaToB pacyéra, JJsl CPABHUTEILHO TOHKHX TUIACTUH 3HAYCHHS MPOTHOOB,
MOJTyYEHHBIX 110 YTOUYHEHHON M KIIACCHYEKKOH TEOpHsIM, OTIIMYAIOTCS HecymecTBeHHO (1o 1.6% mpu

ho =0.02 u mo 5.7% npu ho =0.04). Ilpu yBenM4YeHHH TONIIMHBI IUTACTHHKU YYET IMONEPEYHBIX
caBUTOB AaéT OoJee 3HAUMTENbHBIC MONPABKU K pe3ybTaTaM Kiaccudecko teopuu (mo 27.8% npu

ho = 0.1 1 10 51% pu ho =0.2).
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OTPAKEHME 3JIEKTPOMATHUTHOM BOJIHBI OT IT'PAHUIIBI
NBbE30RJEKTPUYECKOI'O IMOJYIIPOCTPAHCTBA KYBUUECKO CUMMETPUU
BepoOepsan A.X., I'apaxos B.IT'.

AHHoTaums. VccinenoBaHnio BIMSHHS IbE303JIEKTPUUECKUX CBOMCTB MaTepuaia Ha paclpoCTPaHEHHE YIPYTHX BOJH
nocesnieHo Oombiioe komuuecTBo pador [1-3]. Ilpu 3TOM, B OCHOBHOM, HCIIOJB30Balach KBAa3UCTATHUECKas MOJAENb
be30yIpyrocTd. B 3amade oTpakeHHs HJICKTPOMArHUTHOHM BOJIHBI OT YIIPYTOH CpeIbl CO CBOMCTBAMH ITbE303JIEKTPHKA

MOSIBIISICTCS. HEOOXOIUMOCTD Y4ETa TUIIEPOOIHYECKUX ypaBHEHUH [4].

1. B npsaMyronbpHO# 1eKapTOBOI cucTeMe KOOpAWHAT (X, Y, Z) MOJYTIPOCTPAHCTBO U3 MaTepHaa,

00JIafalomero  NbEe30YNPYTMMH  CBOMCTBAMHM  KyOWMYeCKOW CHMMETPHH, 3aHMMaeT 001acTh

(o< X<, 0<y <o, —0< Z<®).

B paborte [5] Obina npeasnoxkeHa KBa3urumnepOoIMuecKas MOJAETIb JJIsl UCCIIEAOBaHUS paclpocTpa-
HEHHMS BOJIH B MbE303JICKTPHUUECKHUX CpeAax KyOnuecKko CHMMETpHHU. Y Ka3aHHAs! MOJeNb IPEACTaBIIsET
yIpOILIeHHEe TOYHOH CUCTEMBI ypaBHEHHUI ¢ COXpaHEHHEM CBOHCTBA THIIEPOOIUIHOCTH.

AHanornuHasi MoJeNb KBa3UTHUIEepOOTMYHOCTH AJIS MBE303NEKTPUKOB TeKCATOHAIBHONW CHUCTEMBI
panee Oblia peJIoKeHa B cTaThe [6].

YpaBHEHHE pacIpOCTPaHCHUS CIBUTOBBIX DJIEKTPOYIIPYTHUX BOJH, COTIACHO [2], HIMEIOT BU

2 2 2 2
6(p:paw A(P_ZeMaw:SM@cp. (i
oxoy

C,, AW+2 ,
* & ot e OXoy ot
MartepuanbHble YpaBHEHUS CIEAYIOLIUE:

op=c, M, 020 o o W e 0
137y €4 ay: 23 = Ly oy €4 ox )
D1:_8@+Q48\_N> D2:_8@+Q4ﬂv

OX oy oy OX

HpI/I PacrpoCTpaHCHUHU BOJIH IMMOABJIACTCA TaAKXKC MAarHUTHOC IT0JIC, IIEPIICH ANKYJIIPHOC K INIOCKOCTH

pacrnpocTpaHeHHUs1, KOTOPOE OMPEeIIeTCs U3 YpaBHEHHUS

)
oH;’ _ 14D, q:L (13)

S N

B cootBercTBHHE ¢ ipuBeA¢HABIMA YpaBHeHMsIMH (1.1)—(1.3) mamaronias Ha TpaHUAITY TbE303JIEKTPH-

geckoro noxynpocrpancta Y = 0. DnexrpomarauTHas BoiaHa n3 odnactu Y < 0, Kotopas oToxaec-

TBIISIETCS C BAKYyMOM, JTOJDKHA OBITh pEIeHHEM YpaBHEHHUN

0H, 10E oH, 10E, 0E OE 10H,

dy cét’ ox cot’ ox 9y ¢ ot

(1.4)

Takum 06pa30M, nagaronas (I/I OTpa)KéHHaﬂ) QJICKTPOMAIrHUTHAA BOJIHA ABJIICTCA PCIICHUCM

ypaBHeHu#i (1.4), a nperoMieHHas BoiHa — ypaBHeHwid (1.1).
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Ha rpanune paszgena Y =0 HE0OX0IMMO yIOBICTBOPUTH IPAHUYHBIM YCIOBHSM [7]
— g —HO —

E=E’ H,=H;’, o,,=0 (1.5)
31ech BETMYMHBI YJIESKTPOMAarHUTHOTO TOJIS 0€3 BEpXHEro MHAeKca OTHocATes K oomact Y <0, a

¢ uaaekcoM (1) — k obmactu Y > 0.

2. M3BecTHO, uTO U3 (1.4) BRIpaXKEHUS AJIs MAAAMOIICH U OTPAKEHHOW BOJHBI MATHHUTHOTO TOJS

HUMEIOT BUJI:

H,, = Aexpi(ot-kx—-k,y), H,, =Bexpi(ot—kx+k,y) (1.6)

Ucnone3ys (1.6) u ynoBieTBOpsisi TpaHWYHBIM ycioBUsM (1.5), momydaeM BBIpaK€HUS s
K03 PUIIMEHTOB OTPaKEHHON U MPETOMIICHHON BOJIH.

[Taparomias Ha MOJYNIPOCTPAHCTBO U3 MBE30UIEKTPUIECKOTO MaTepuaia KyOHMUecKol CUMMETPUH
3JIEKTPOMArHUTHAsI BOJIHA IPUBOJUT K BO30YXIEHHIO YIPYTrod BOJHBI. AMIUINTYyJa YHIPYTOW BOJIHBI

3aBHCHUT OT YTJIa MAJCHHUS 3JIEKTPOMArHUTHON BONHBI M KOO HUIMEHTA HIEKTPOMEXaHHIECKON CBSI3H.

[Tpy HOpMaNbHOM HaCHUU 3JIEKTPOMATHUTHOM BOJIHBI (k1 = 0) ynpyras BoJiHa HE BO30yKIaeTcs.
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OIIPEAEJIEHUE OCTATOYHbIX HAH}’SDKEHPIFI B JETAJIAX IIPU UX
MMPOU3BOACTBE METO/JOM ITOCJIOMHOU ®OTOIIOJMMEPU3ALINN

borukos I1.C., Ko3zunnes B.M., ITonos A.Jl., Yenmon A.B.

AnHotammsi. [IpemnnoxeHa pacyéTHO-IKCIIEpUMEHTAIbHAS MOJENb  ONPENENCHUs  yCAJOYHBIX  HaIlpsDKEHHI,
MIPOSIBIIIOMINXCS TIOCTIE AJAJUTUBHOTO W3TOTOBJIEHHs aeraneii meromom DLP mewatn. Monens paspaboTaHa Ha OCHOBE
aHanmu3a M3THOHBIX YCaJoOuHBIX Aedopmaruii cepun o0pasloB B (opMe MIACTHH-NIONOC U3 (HOTOMOIUMEPHON CMOJBI C

OJWHAKOBBIMU pasME€paMu, HO C pa3HbIM BPEMCHEM IOJIMMEPU3ALINHN.

BBenenmue. Ycajka geranei U3 mMoJMMepOB, U3TOTOBJIEHHBIX C TOMOIIbI0 3D MpUHTEPOB, SBISETCS
ONTHOW W3 OCHOBHBIX IIPOOJIEM COOTBETCTBHS JETald HCXOJHOMY TIpoekTy. s ee perneHus
MPOM3BOANTENN TPUHTEPOB HCIONB3YIOT TPH T€YaTH CIHEelUalbHBIe TIOIJIOKKH, KOTOpEIe
MPETATCTBYIOT YCaJKe MaTepuaia JIeTand B XoAe H3roToBieHrsa. OAHAKO MpH 3TOM B JeTalu
(hOpMUPYIOTCSI OCTaTOYHBIE yCaTOUHbIE HAMPSKEHUS, KOTOPHIE TPU OTACICHUH JAETaIH OT TOJIOKKH
CTpeMsTcs mpoiehOpMUPOBATH JIETallb, HAPYIIas €€ MPOSKTHBIC pa3Mephl.

1. ®opmupoBaHue ycago4HbIX HanpsikeHuil nmpu 3D meyaTn. 13-3a TOro, 4ro mpu 3acBETKE
KHUIKOTO (OTOMONMMEpa MPOUCXOAUT 00pa3oBaHHWE TOJMMEPHOW IIETIOYKH C YMEHbBIIEHHEM
paccTOSHUS MEXIy MOJIEKyJaMH MOHOMEpa, TBEPACIONIMI MaTepuall HpPOSBISIET CKIOHHOCTh K
ycaJike, KOTOpOH IpemsTCTBYeT aiare3us marepuaia K TMOAJIOXKKe. B pesynprate, B NOITy4eHHOMH
JIeTamy BO3HUKAIOT YCaJO4Hble HampsokeHus. llpu oTaeneHuM neranu OT MOAJIOXKKH, Ha KOTOPOM
MPOMCXOAMI POCT, YCAJOUHBIE HANpPsDKEHHS CO3Aal0T AedopManuu, HCKaXKarollue MPOSKTHBIE
pa3meps! netanu [1].

2. TeopeTnueckass MojAeJb /ISl OINEHKHM YCaJO4HbIX HanpsoxkeHuil. Hanpspk€nno-
neOopMUPOBAaHHOE COCTOSHWE, BBI3BAHHOE YCAJOYHBIMH JedopmarmsiMu rpu 3D medaTw, MokeT
OBITh ONMHCAaHO C TIOMOIIBI0 MOJENTH BHEIEHTPEHHOTO W3ruba yMpyrod IIaCTHHBI-TIONOCH. Takoe
TIPEACTABIICHUE OOBSICHICTCS TEM, UTO KKIBIHA ITOCICAYIOMUI HAalTleYaTaHHBIN CJIOH IMOTy4YaeT HEOIr-
HAaKOBYIO TI0 CPaBHEHHWIO C MPEIBIIYIIAM CIOEM 103y OOIydeHHs, YTO OOBSACHSIETCS CBETONPO3-
padHOCTRIO (hoTomoNMMepa. BenmeacTBrEe 3TOT0, MEPBBIN CIIOH, MPUMBIKAIONTHN K TOIOXKKE, OKa3bI-
BaeTCsl TBEPIKE BTOPOTO, BTOPOM TBEPIKE TpeThero W T.n. BMecTe ¢ TeMm, yBenW4ymBaeTcs MOAYb
YIPYTOCTH MOJIOCHI [2].

VYpaBHEHHE, CBS3BIBAIOINEE KPHUBH3HY 1/0 HEHTpadbHOTO CJOS Oamkd MTPSIMOYTOJIBHOTO
MOTIEPEYHOTO CEYCHHS C KPaeBhIMHU M3THOAIOIIMMU MOMeHTamMu M nmeeT Bun [3]:

LM bh’
p EJ’ 12
rae £ — Monyiab ynpyroct, b, & — COOTBETCTBEHHO, LIMPHHA W TONIIMHA TMOMNEPEYHOTO CEUCHUS
Oanku.
Bennunna m3rubatomero MomeHTa M MOKeT OBITh BBIpaKeHa yepe3 MaKCHMallbHOE 3HaYeHHE

MPUBEIEHHBIX YCATOYHBIX HAMPSHKCHUH Gsm=maX os(y)= o5(h/2), pe3yIbTUPYIOIIYI0 OCEBYIO CHITy P U
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IJI€490 8, 3aaroniee pacCTOAHUC TOYKHU IIPUIIOKCHUA pe3ynLTI/Ipy10meﬁ CHJIBI (I.IeHTp TSXKCCTHU

NPSMOYTOJIFHOTO TPEYTOJIbHUKA C KaTeTaMH A U Gsm) OT MOJIOKEHHS HEUTPAIbHOM OcH OalKHu:

1 h
M =P5, P=—c, bh, 6=—
2" 6

ComnocraBinss aBe npeaAbLAYyUeC q)OpMy.]'H:I, MOJIYy4YuM MNPOCTOC BLIPAXKCHUEC IJII MAKCUMAJIbHOI'O

3HA4YCHUA HpI/IBeI[éHHOFO yCagO4YHOI'0 HAIIPSKCHU

Gsm = Eﬁ

p

3. DkcnepuMeHTAJLHOEe MOJeJMPOBAHUE YCATOUYHBIX Aedopmanuii. s sKcriepuMeHTaTb-
HOT'O MOJIENHPOBaHHA JedopMannii, 00yCIOBICHHBIX YCaIOYHBIMH HAIMPSHKEHUSMHU TPU MTOCTOHHON
3D meuaru, HWCCIENOBAINCH NPAMOYTOJBHBIE TOJOCH C OJWHAKOBBIMH pa3MepaMH, HO Ppa3HbIM
YHCIIOM CJIOEB M BpEeMEHEM 3aCBETKH OTIENBHBIX CI0EB. OTHOBpEMEHHO OBLTH HalleuyaTaHbl 00pasiibl C
TOHKOH pa®oueil 4acThiO0 U IIUPOKUMHM KpasMH ISl OLpPEIeNICHUS MEXaHHMYECKHX XapaKTEpPUCTHK Ha
pa3pbIBHOM MaIllMHE MOMYYaIONIUXCS MaTEpHAloB C TEM JK€ KOJIMYECTBOM CIOEB M TEMH XKe
BPEMEHAMH 3aCBETKH, YTO U Y TECTOBBIX MPSIMOYTOJIBHBIX MOJOCOK.

Omnpenenenue MoIyJed ymnpyrocTu oOpas3LioB IPOU3BOIMIOCH HAa HCIBITATENbHOW YCTaHOBKE
MTS Synergie 400. Pactsokenne o0pa3loB, Hale4aTaHHBIX B TeX JK€ YCIOBUSX 3aCBETKH, YTO H
MOJIOCKH, TPOM3BOAMIACH CHHXPOHHO C OKOHYaHHEM M3THOHON yCaJKH MOJIOCOK.

HccnenoBanus mokasand, YTO PEANbHBIA M3TMO CHATOH € MOAJIOXKKH IMOJIOCKH 3aTBEPAEBLIECTO
¢doromonumepa mOA IAEHCTBUEM YCAJOUHBIX HANPSHKCHWH BIIOJHE aJeKBAaTHO ANNPOKCUMHPYETCS
OKPYKHOCTBIO. TakuM 00pa3oM, MpeIOKEHHBIH HKCIEPUMEHTAIbHO-TEOPETUYECKUI MOAXO0] M03BO-
JIIET OTpeNEeNsTh OCTATOYHBbIE HAIPSDKEHUS, BO3HUKAIOUINE TpH afAUTUBHOM H3rOTOBIEHHH IUTac-
THUHBI-TIOJIOCKH METOJIOM MTOCTIOWHOM (poTomomumepr3anuu.
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UCCJEJOBAHUE AMILTUTYTHO-YACTOTHOM 3ABUCUMOCTH HEJIMHEWHBIX
TEPMOYIIPYTUX KOJTEBAHUM VIJIMHEHHOM IIJIACTUHKH B KPUTHUYECKHUX
CKOPOCTSAX OBTEKAIOHIEI'O IOTOKA CBEPX3BYKOBOI'O I'A3A

Bapnansan U.A., Carosin P.O.

AHHOTaHHﬁ. HaCTOSIHIaﬂ pa60'ra IIOCBAIICHA HCCICI0BAHHUIO aMHHHTyI{HO-‘IaCTOTHOﬁ 3aBUCHUMOCTH yIIJ'IPIHeHHOﬁ
HpHMoyFOHLHOﬁ TIACTUHKH I101 Z[eﬁCTBPIeM NMEPEMEHHOTO 110 TOJIIHUHE TEMIICPATYPHOI'O IIOJIA U 06Te1<a}0mero IUIaCTUHKY
CBEPX3BYKOBOI'O IIOTOKAa rasza (C HEBO3MYIUEHHOW CKOPOCTHIO, HAIIPABIEHHOH BIOJIb KOPOTKMM CTOPOHAM IUIACTHHKH).
[loka3aHo, YTO COBMECTHBIM ICHCTBHEM TEMIIEPATYPHOTO MOJS M OOTEKAIOUIETO MOTOKA MOXKHO PEryJIMpoBaTh IpOLECC
yCTOfI'-IPIBOCTPI 1 [IpU IOMOIIU TEMIIEPATYPHOI'O MOJIA CYIIECCTBEHHO UBMCHUTL BEJIMYUHY KpI/ITI/I‘-IeCKOﬁ CKOpPOCTH (bnaTTepa
(HWKHAS KpUTHUYECKass CKOpocTh). lIpu pemieHMM HENMHEHHOW 3agadd yCTOMYMBOCTH, KpOME OOBIYHOW KyOmueckoin
reOMETPUYECKON HEIMHEHHOCTH, YYHTBIBAIOTCA TaKKe KaK KBagPaTHYHYIO, TaK M KyOHMUECKYIO0 a’pOIUHAMHUYECKYIO
HEJIMHEHHOCTH.

IlocTaHOBKA 3a]a4M M OCHOBHBIE Pe3yJabTaThl. PACCMOTPHM TOHKYIO H30TPOIHYIO MPSMOYTOJIb-
HYI0 IUIACTMHKY TOCTOSHHOW TOJIIUHBI /i, HaXOMASAIIYIOCS B CTAIllMOHAPHOM TEMIICPATypPHOM IOJIS
T=To(x1,x2)+x30(x1,x2). BBeném mexapToByI0 CHCTEMY KOOPAHWHAT (X1,X2,X3) TaK, YTOOBI CpeIUHHAS
TUIOCKOCTh TUIACTHHKYU COBIAJNIA C KOOPAWHATHOM TUIOCKOCTHIO (X1,X2). [IycTh mmacTuHKa o0TeKaeTcs ¢
OJTHOM CTOPOHBI CBEPX3BYKOBEIM ITOTOKOM T'a3a C HEBO3MYILEHHOM CKOPOCThIO U, HallpaBIeHHON BAOIb
ocu Ox;. HccrnenyroTcss BOIpPOChl YCTOMUMBOCTH paccMaTpUBaeMOM a’poOTEepMOYIIPYTOM CUCTEMBI, a
TaKKE BIHUSHUE TEMIEPATypHOTO MO Ha aMIUIUTYAHO-YACTOTHYIO 3aBHCHUMOCTb HEJIMHEHUHBIX
(aTTepHBIX KOJICOAHNUN YKa3aHHON CHCTEMBI.

Ha ocHoBe Teopuu TEepMOYNpPYrocTH H30TPONHOIO Teja IMONMY4aeTcsl CIEAyIoLlas HeJIWHEeHHas
cucreMa IuQQepeHIIUaIbHbIX YPaBHEHUH JBIKEHUS TUIACTHHKH OTHOCHTEIHHO BO3MYIIEHHS W(X1,f)
MIOTIEPEYHOTO NIepEeMEIIEeHNUs TUTAaCTHHKY [1]:

4 2 2 2 2
pa _nr 2 W—N,(a v.4 WTjerh%?+[phs+—&pxj%—?+mpmMa—w+
a

ot e e dxd o B ox, )
@®(y+1) d ow |ow =(=+1) d ow ] ow)
+’Y—pr2 2ﬁ+_w _W+—pmM3 3ﬁ+_w _W =
4 dx, 0Ox, |0x 12 dx, Ox, |\ Ox
rae
1 ‘K 3 . 9 .2
wT(xl)z—RG{—xl(xl—a)+a—\;2 = Kvsin ot 4 ——sin =L |
2 36 +K°v™ | 8n a lé=n a

0, xorma kpas IJIaCTUHKH CBOOOIHO CMEIIAIOTCH,
N/ =1 Eh N, :{

- O(,TE) , KOraa Kpasd IJIaCTUHKU HETIOIBUKHEI,

0, xorma kpas CBOOOJIHO CMEIIIAIOTCS,

t,,, KOTIa Kpas HEeIOABHUKHBI.

Pemenns ypaBHeHust (1) Z0IKHBI yJOBICTBOPSTH CIIEIYIOIINM YCIOBUSM:

w=0, &’w/0ox’ =0 npu x, =0, x =a, (2)
[Toy4enHas HenuHeiHas 3aqa4a (1)—(2) perena npuOIMKEHHO, IPEICTABILASA PEIICHNE €€ B BUJIC
w=f(t)sinnx/a+ f,(t)sin2nx/a.

¥l OTHOCHTENBHO Ge3pasMepHbIx GyHKumii X, = f;(t)/h nomyuena cucrema:

d’x dx - 2
del +Xd_117+(1_T6)x1 —gKvxz + 0, X+ O, X + X, (B”xf +Blzx22)+ G)

+3x, (xlz +4x22)5+@[61®1x1 +30%, +onx +a)xs +0L1@;x1x2]=0,

d’x dx = 2
dT; + Xd—; + (y2 - 4T8)x2 +§Kvxl + 0, XX, + X (Blelz +B,x; ) +

2 2 o (C] (C] 0 _ 2 0 2 [C]
+12x, (xl +4x; )6+®[821xl +0,,X, + 0y X, + 0Ly X, +0L23x1x2] =0
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TAC Hapsagy € 6e3pa3M€pHLIM BPEMCHEM T = (Dll BBCICHLI CICAYIOUINEC 0003HAYEHMUS:

2 2 2
_ _ 4 ;
T=RT0(%) (%j ®=R®h[£j N . N VL. E(Ej (i=12).

s - ]
T h) 36+KV’ pw’h’ a ph\ a
o, 1 ap. | s 0, Korga Kpas IUIACTHHKH CBOOOJHO CMEIAIOTCS,
’Y =—, X =—| €+ s =
0} o, ph 1, xorna kpas IJIaCTHHKH HENOIBUKHBI.

a TaKkke Ko OUIIUEHTHI ix M Pik, YIUTHIBAIOIINE a3POJUHAMUICCKYIO HETHHEHHOCTD, KO (PUITHEHTHI

6®

;> YUYATHIBAIOIIME JIMHEHHOE B3aWMOJCHCTBHE TEMIEPATypbl K OOTEKAMOLIEro MOTOKa ¢

KoneOmomeiicss MIACTHHKOH M Kod(Q(HUIMEHTH o, YYHTHIBAIOIIME HeNMHeiHOoe (KBaJpaTHoe)

i

B3aMMOJICHCTBUE YKa3aHHBIX MPOIICCCOB.
[TpubmmkénHoe MepruoanIecKoe pereHue CUCTeMBI (3) OyeM UCKaTh B BHIIC

X, = A cosOt+B;sin0t+C +..., x,=4,c0s0t+B,sin0t+C, +... 4)

3nech 4;, Bi, C;u 0 (i=1,2) — HEeW3BecTHEBIE MOCTOSHHBIC. Permenwe (4) moncrapisercs B cucteMy (3)
Y TIPUPABHUBAIOTCS HYIO KO3(PQUIMEHTHI IIPH CBOOOAHOM uiieHe, cosOt u sinft. [lomywaromas mpu
3TOM CHUCTEeMa HEJMHEHHBIX ajdreOpanvdecKux ypaBHEHHH JOBOJBHO TPOMO3IKA sl HCCICAOBAHUS U
3geck He mpuBoxuTcs. IIpuBenéM nHIIE HEKOTOpPBIE PE3yJIbTaThl YHCICHHOTO HCCICIOBAHUS ATOW

CHCTeMBI IIPH CJICAYIOIIMX HCXOMHBIX JaHHbIX: E=7.3-10"HM; u=034;p,=2.79-10ko/M’  (mopai),

a4, p, =129/ M; a, =34029m/ c (Bo3myx). [Ipu ®=0, Korja Kpas IUIIACTUHKA CBOOOIHO CMEIIAIOTCS B

cBoell mickocTu (6=0), BBHIUMCIICHHS TOKA3bIBAIOT, YTO BIMSHHE TCOMETPHUYECKUX MapaMeTpoB Ha
YKa3aHHYIO 3aBHCHMOCTb HMMEET JIMIIb KOJWYECTBEHHBIM XapakTep: INpH yMEHBIICHHH 3HAYCHUH
napaMerpa h/a 3HaueHHMe aMIUTHTYIB (raTTepHBIX KoneOanmii yBenmumBaercs (Puc.1l). Korma kpas
TUTACTMHKMA HETOJABMXXKHBI B CBOed miockoctu (6=1) kak Temmeparypa, Tak U TE€OMETpUYECKHE
napaMeTpsl IDTACTHHKH HMEIOT CYNIECTBEHHOE BIMSHHE Ha aMIUIUTYIHO-YaCTOTHYIO 3aBOCHMOCTB
¢maTTepHBIX KONebannit acTuHkH (Puc.2).

A A
3." N Tl B l'*%f = 7-©0 /U v/’\
N N 7V 12
_______ R / N 1057
N e e s 10 /
AN S 0.
' S . T=3.8
h_ 1 AN ~ P2 iliniini === --._/l
0 A0 . N e \ =~
) \\\ \\\ 04— "~"=== = S
0 I — s K ™0 <—A~N"‘~~N Tl
— | e R 02 Pl ——ry .
Y s I T,
05 1.0 15 2. 25 3 35 2 4
Puc.1. Ilpu ©=0, 5=0. Puc.2. ITpu =0, 6=1.
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K MOJAEJUPOBAHHNIO U UAEHTU®UKALUU TIAPAMETPOB OCTATOYHOI'O
HANPS)KEHHOI'O COCTOSIHUS B DJIEKTPOYIIPYT'UX TEJIAX
Baryabsan A.O., Henun P. 1., lynapes B.B.

AnHotauus. ITomydena oOmas ciabas MOCTAHOBKA 3a/laud sl IbE303JICKTPHYECKOrO Tela IPHU HAIUYMU T10Jei
OCTAaTOYHBIX HanpspkeHuit u nedopmarnuii. Ha e€ ocHoBe chopMynpoBaHbl psiMbie U 00paTHbIE KOG PUIIMESHTHBIEC 3a1a41 O
KOJIEOAHUSIX 3JIEKTPOYNPYroro CTEP)KHA M TOHKOTO JucKa. PelneHne mpsAMBIX 3a7ad MOJYYEHbl YHUCIEHHO € MOMOLIBIO
MeTozia IpHCTpenkd. Ha ocHoBe aHanm3a CBOOOIHBIX KOJIEOaHMH paccMaTpUBACMBIX OOBEKTOB IPEUIOKEHO pELICHHE
COOTBETCTBYIOIIMX OOpaTHBIX 3a7ad 00 OIpeNeICHUH YPOBHS IPEABAPUTENBHOIO HANPKEHHO-1e(OPMUPOBAHHOTO
coctostaust (ITHJC).

1. O6masi ciiabasi MOCTAHOBKA. PacCMOTPHM KOJIEOaHUSI ITHE303JIEKTPHIECKOT0 Tena 00béma V
¢ y4€TOoM ToJiell TpeABapUTENbHBIX HANpsDKEHUH W ocTaTOuHBIX Aedopmanmii. Ha ocHoBe cootBert-
CTBYIOLIEH JIMHEAPU30BAaHHOW MOJENH, BBHITUCAHHOHM B METPHKE BO3MYIIEHHOW KOH(MUTypanuw,
HoTy4YeHa ciaabas HOCTaHOBKA 3aJaum:

H:(Cijkluk,l +emij(P,m)Vi,j "'(ekijui,j _Ekn(p,n)w,k]dv +

\Y

0 A0 0 2 A 0
+I|:(Cijkl U, 6,0 n UL (Cijkl U + &y (P,m)+ U nOry )Vi,j +
v

+( &t — 6@ )\V,k}dV = f Pv.dS+ fpwzuividV- (1.1)
S, v
[pu 3TOM, 3¢ deKTUBHEIE MOy JIH ONpeensIoTCs o HpaBUIAM:
<0 _ 0 0 0 0 0o _ 0 0 0
Ciu = (Sim + ui,m)cmjkl + U Coig + 840y » Gk = CimUcm t CiamUmn + Crija Pm s
o _ 0 0 0 0o _ 0 0
€nij = GmUin TCH Uk — Imnij Pns  &m = Irmij U —€m®;. KommoHeHTsI Cljk| — ynpyrue

HOCTOSHHBIE, € — MbE303JICKTPUIECKUE MOCTOAHHBIC, €, — IUDJICKTPHYECKUE MPOHMIAEMOCTH,
o 0 0
Cijklmn, emjk, s> €y s |mnij XapaKkTePU3yIOT OSJIEKTPOYNPYIMe CBOMCTBA Marepuana, O; H u -

KOMIIOHCHTBI TCEH30pa IIH u BEKTOpa OCTAaTOYHBIX HCpGMeH.ICHPIﬁ, COOTBCTCTBCHHO, \/I uny -

HpO6HBIe (1)YHK]_[I/II/I JJIsL HepeMeHleHI/Iﬁ U NOTCHIMaJa, YAOBJICTBOPAIOMINEC TJIABHBIM TI'PAaHUYHBIM
YCIIOBUSIM 3a/1a4H.

Crnabasg mMocTaHOBKAa WCXOIHOW 3afjadd MOJIe3HA TPH PEIIeHHWH YacTHBIX 33/ad C IOMOIIBIO
METOJa KOHCYHBIX 3JICMCHTOB, a4 TAaKXXC JId BbIBOJA ypaBHeHI/Iﬁ AJI1 pelICHUsA O6paTHBIX 3aga4d II0
UACHTH(PUKAIUN MEXaHUUECKUX HIIH AIEKTPUIECKUX CBOMCTB.

2. ITocTaHoBKAa 3aa4M VISl IbE30JIEKTPUYECKOI0 NpeHANPSKEHHOT0 cTepxHa. Ha ocHoBe
cmaboit mocranoBku (1.1) chopMmynmpoBaHa KpaeBas 3amada 00 YCTAaHOBHBIIHMXCS ITPOJOTHHBIX
KOIeOaHHAX MPeBAPUTENHHO HAMPIKEHHOTO IHE309IEeKTPUYECKOTO CTEPKHS THHBI |, KOHCOMBHO
3aKpEeIUIEHHOTO Ha JIEBOM KOHIIE:

! !
[(E u'+d (p’)F] +pFo’u=0, [(d'U'—cp)F] =0,
u)=0, Eu()+do'()=P, du'(0)—ep’(0)=0, d'u'(l)-ep'(l)=0. (1.2)
3nech 6}, =6°(X) u U’ =U"(X) — KOMIOHEHTE OTHOOCHBIX MPEIBAPHTETBHBIX HATPSKEHHH H
nepemerennii, E =E(l+U))’ +c,, d =d(I+U]). Dnexktpomsl Ha TOpUAX  CTEPKHSA
OTCYTCTBYIOT.

3. IMocranoBKa 3aga4l sl NMbe303JeKTPHYECKOro IMPEIHANPSIKEHHOI0 TOHKOIO THCKA.
[Tony4eHa MOCTAHOBKA 3aayd 00 YCTAHOBUBILIMXCS PAJMAIbHBIX KOJEOAHHAX OSJIEKTPOYIPYrOro
TOHKOTO JJUCKA C 3JIEKTPOAMPOBAHHBIMU TOPLIEBBIMU MOBEPXHOCTSIMH. KoJleOaHusl BBI3BIBAIOTCS My TEM
MoJaud PasHOCTH TOTCHLUHUANOB ¢ (QUKcHpoBaHHOK dwactoTod. [locne peanmsanuum mMporesyphl

OCPE/IHEHUS TIO TOJIIIVHE IOJIyYCHbI YPABHEHUS KOJCOAHWA M TPaHUYHBIC YCJIOBHS OTHOCHUTEIHLHO
paguaTbHON KOMITOHEHTHI CMEITICHHS M IIOTEHITHANA:

ur,rrsz +ur,rs +ur (me - S}) =—%éleUU0, -rrr =0 (13)

>
r=n.n
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0t 10, B0, =-aZ(1U,,), . Pl =2 D[ =0, (1.4)

r=n,r,

. . , . C,(a+u )Y +o°

e s-2{e 1] e} Sfunt i) S =(C ettt oS

~ 2 u’ 0 0 - -
SZ:C“(I"FU:)J) +O-2, Uozu:)'rr_l_i_u_;’ U:(1+u;)r)urr+ 1+u_r &’ a:?SCL’a’ ﬂ:€33/€ll’

rr o rjr €,Cy;
~ C? ~ C? _ C ~ C
Cu:Cu(l_ - j: Clzzclz(l_ - J: %1:%1(1_Leﬁja elszels[l_LejSJ'
C.C; C.Cy C.e, C.:8;5

4. Pemenne MoIeJbHBIX 3aaau. [IpsMbie 3amaum Ui CTEpXKHS M JHCKa 00 OIpenciieHur
(GYHKUMM CMEIIEHHS PENICHbl YHCICHHO NYTEM CBEACHUS K cHCTeMaM Jau(@epeHIHaNbHbIX
ypaBHEHUI MEPBOT0 MOPsIKA U MOCIEAYIOUINM MPUMEHEHNEM MeToa npuctpenku. [IpoBenén anamms
n3MeHeHus: QyHKumu cmemieHuss 1 AYUYX, u3MepeHHOW Ha HarpyXaeMbIX 4acTAX TPaHULBI, HPU
pasnuaHbIx ypoBHsx [THJIC.

[Ipennoxen moaxon Ui pemeHus: 00paTHOM 3a1a4u 00 OINpeNeIeHUH YPOBHS 3TOT0 COCTOSHUS
10 AaHHBIM 00 W3MEHEHUH 4YacTOThl CBOOOIHBIX KojeOaHui 1 (opme KonebaHuil paccMaTpUBaeMBbIX
00BEKTOB NIPHU OTCYTCTBUU IPEAHAIPSKEHUH.

Pabora BemonHena mnpu mnojuepkke IIporpamMmbl (hyHIAMEHTAaNbHBIX HWCCIENIOBaHUH T10
CTpaTernyeckuM HampaBieHUsM pa3BuTus Hayku llpesnmuyma PAH Nel «®DynaameHTanbHbIe
poOIEeMBI MAaTEMaTHUYECKOI0 MOJETUPOBAHUS (1140-7287-0112) «Maremaruueckoe
MOJIeIMPOBaHNE HEOJHOPOIHBIX W MHOTOo(a3HbIX CTPYKTYyp», rpanta llpesuaenta Poccuiickoii
Oepnepannu Ne MK-5440.2016.1, PODU Nel16-01-00354.
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HAHPH)KEHHO-IIE(I)OPMI/IPOBAHE—IOE COCTOSITHHUE IfAJIPIBPOBO‘IHOfI
IVIACTHUHBIL, HOJABEPI'HYTOU JPOBECTPYUHOU OBPABOTKE

Bunpoxypos U.B., Bungokypos /I.B., Brageikun A.B., Keanep U.3., Omenkosa 0. /1.,
Tpodumos B.H.

AnHoTamusi. MccremoBaHbl KadeCTBEHHBIE OCOOEHHOCTH —HANpsHKEHHO-IE(OPMHPOBAHHOTO COCTOSIHUSL  CTaJIbHON
KannOpOBOYHOI INTACTHHKH, TOJBEPTHYTOH OIHOCTOPOHHEH IpobecTpyiHoi 06padoTke. C 3TOi meNbIo ITOCTpOeHa MOJIENb,
MO3BOJISIOIIAS CBA3aTh NMPO(QHIb IIOIPAHCIION IIACTHYECKUX AedopMaluii ¢ 3KCIIEPUMEHTAILHO HAOII0aeMbIMU TTapaMeT-
paMu — MpOruOOM IUIACTUHKY M HPOQHIEM OCTATOYHBIX HANPSDKEHUH B IOTpaHCiIoe. BBINONHEH SKCHIEPHMEHT, TaHHBIC
KOTOPOT'O YJIaJIOCh YAOBJIECTBOPUTEIILHO COIIIACOBATH APYT € APYTOM B PAMKAX MOJEIH.

BBenenue. CoBpeMEHHBIE PETIIAMEHTHI MPOEKTHPOBAHMS aBUAIIMOHHOTO ABHUTATENS COAEpIKatT
TpeOOBaHMs MPSAMOTO yu€Ta B pacuérax Ha MPOYHOCTH MOBEPXHOCTHOI'O CJIOS TaHTCHIMAIBHBIX
C)KMMAIOIUX OCTATOYHBIX HAIPsDKEHWH, HABOAWMBIX JApoOeCTpyiHOH 00pabOTKON ¢ IeNbro
TTOBBIIICHUS YCTAIOCTHOW MONTOBEYHOCTH. HeoOxomuMas IIMTEBEHOCTE ApoOecTpyitHOW 00paboTKn
JICTaI OMPEACNSASTCS 1O IUIACTHMHKE, MPOTU0 KOTOPOH KaJuOPYHT B COOTBETCTBHHM C YpPOBHEM
OCTaTOYHBIX HaIpsKEeHUW, ndmepseMmbiM sl He€ merogoMm H.H. JlaBuneHkoBa. Llenbio Hactosmien
paboTHI ABISIETCS MOCTPOSHUE U BepU(PHUKAIMSI MOACTH HANPSHKEHHO-IEOPMHPOBAHHOTO COCTOSIHUS
KaJTMOPOBOYHOH TITACTHHKH.

1. Moageab u meroa eé Bepupuxanmu. Meton H.H. [laBunenkoBa mo3BONISET IKCIEPUMEH-
TaJbHO OMPEIENATh MPO(UIb TAHTCHIIMATHLHONH KOMIIOHEHTHI TE€H30pa OCTATOYHBIX HAIMPSHKEHUH 110
rIyOWHEe MMOBEPXHOCTHOTO cliosl. HaxokaeHre paBHOBECHOTO TONSI OCTAIhHBIX KOMIIOHEHT JAaHHOTO
TEeH30pa IpeacTaBisieT coboi ompenenéunyo npobaemy. Hambonee mupoko pacmpocTpaHeH ceifdac
METOJ TPSIMOTO MOJEIUPOBAHUSI TEXHOJIOTHYECKOTO MPOIecca, MOCPEACTBOM KOTOPOTO HABOISTCS
ocTaToYHBIC HanpspkeHwsI [ 1]. BmecTo aToro B HacTosmei paboTe npemraraeTes moao0path GpyHKITHIO
norpancnos nuactudeckux aepopmanuii f(Z) (McTounmka ocTaTOUHBIX HampsKeHMIt), HapaMeTphI

KOTOPOW MOTYT OBITh HalJICHBI IO JaHHBIM DKCIEPUMEHTA B Pe3yJbTaTe PEIICHUs 00paTHOW 3ajadu.
Jlns Bepu(UKAIMM MOJCIHM pPAcCMaTPUBACTCS KAaTHMOPOBOYHBIA SKCIEPUMEHT IO OJHOCTOPOHHEH
npobecTpyiiHOM 00paboTke IIIACTHHKH, HAONIOMaeMBIMH TapamMeTpaMu (MHIAKATOpPaMH) IS
KOTOPOTO BBHICTYNAIOT aMIUIMTYAa W TIyOMHA OCTATOYHBIX HAIPSIKCHWUH B MOTPAHCIOE U TPOTUO
rtacTHkA. CamMa MOJIENb B CHJTBHOW MOCTAHOBKE BKITIOUACT B ce0s1 YPaBHEHUS PABHOBECHS YIIPYTOroO
TeJa C IIACTHYECKUMU Jie(hOpMalnsIMH

uv-Vu+ A +pu)VV-u=2uv g (1.1)
H yCJIOBHS
AnV-u+un-(Vu+uV)=2un-g® (1.2)

Ha TpaHMLAX muacTuHel (U — BeKTop mepeMelnenuii, £° — Tensop mmactuueckux aedopmanuii, N —
BHEIHs HOpManb K rpanure). B (1.1)-(1.2) npuHATE THMIOTE3b 00 M3O0TPOTHH W HWIACHTUIHOCTH
YHOPYTHX CBOKCTB B IIOIPAaHCIOE KATMOPOBOYHOMN IUIACTMHKY M BHe ero. dyHkuus ucrounuka f(2),

onpeiensomas HEHyJIeBbIE KOMITOHEHTBI TeH30pa IJIACTHYECKHUX nepopmarmii
ey =&y, = —%&5 = f(2), 3anasanacs B Bune f(2)=ath(kz—b).

2. DKCIepUMEHT, PpacyéT W WX comocramiieHue. KamnOpoBouHas mnactuHa u3 cramu 6571,
3akanénHoi 1o tBépmoctu HRCS1, pasmepamu 100x19x1,3 mm, Obl1a o6paboTaHa ¢ OJHOI CTOPOHEI
MHKpOITIapUKaMH Ha ITHEBMOAPOOeCTpyitHOM ycTaHOBKe. [Iporn6 oOpaboTaHHON MIIACTHHBI OKa3ajcs
paBubM 0,32 MM. W3 3TOH TIIaCTHHBI 3JIEKTPOIPO3UOHHBIM CIOCOOOM OBIIIM BHIpE3aHbl TpU 00pasia,
1t kotopeix Ha ycraHoBke AITOOH metonom H.H./laBunenkosa o meronuke [1U 1.4.804-84 Obim
OTIpe/IeTICHBI paclpeieNIeH s] OCTaATOYHBIX HAIPsDKEHUH 1Mo TiryonHe. YHNCIeHHBIN pacy€T, BHITOIHEH-
ueli B makere ANSYS Mechanical 14, nossonun Boccranoutsh Gynkuuio f (Z), obecneunaronryro

COOTBETCTBHE PACCUMTAHHBIX 3HAYCHWH WHAWKATOPHBIX MapaMeTPOB 3KCIEPUMEHTAIHHBIM IaHHBIM
(puc.1). B pacuére 3amaBanuch (UKTHBHBIE MAacCOBBIE M MOBEPXHOCTHBIE CHIIBI B COOTBECTBHHU C
noctanoBko# 3amaun (1.1)-(1.2). KauecTBeHHBINH XapakTep MOBEACHUS IMOJICH MO3BOIMII MOCTPOUTH
TOYHOE aHanuThieckoe pemenue 3amaunm (1.1)-(1.2). PacnpenencHue HampspKEHH KauyeCTBECHHO
OTJIMYAETCs OT BBIPAa)KEHUs, OJyYEHHOro 3apKoi [2].
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Puc. 1. Paccuurannslit npouiib 0CTATOYHBIX HAMPSDKEHHUIT O TOJIIMHE [UIACTHHBI (CJICBa) U B IOTPaHCIIOe B
COMOCTaBIIEHUH C FKCTIEPUMEHTAIbHBIMU JaHHBIMHU (CIIPaBa).

3aximouenne. [loctpoeHa Mozenb, OCHOBaHHAs Ha JOMYIIEHHUSX O XapaKTepe MOIPaHUYHOTO CIOS
rutacTuyeckux Aedopmanuii 1 00 OXHOPOJHOCTH YIPYTHX CBOWCTB IUIACTHUHBI Mocie e€ 00paboTku, ¢
MOMOIIBI0 KOTOPOH YZajJoch BOCIPOM3BECTH OSKCIEPUMEHTAIBHO HAOMI0AaeMble WHAWKATOPHI
HanpsLKEHHO-1e(OPMHUPOBAHHOTO COCTOSIHUS IUIACTHHBI, TIOABEPTHYTOM OTHOCTOPOHHEH ApodecTpyii-
HOIT 00paboTke.

Baaromapuocts. PaGota momnepxana PoccuiickiM ¢GoHIOM (GYyHIAMEHTAIBHBIX HCCICIOBaHUN
(mpoext Nel17-08-01085).
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3AIAYA JIAME JJ11 MHOT'OCJIOMHOTI' O BA3KOYIIPYT'OI'O MOJIOTO MIAPA C
YYETOM HEOJHOPOJTHOT'O CTAPEHMS
I'acnapsin A.B., laBTsH 3.A., Mup3osn C.E.

AnHoTamus. OmpezeneHne XapaKTEPUCTUK HAMPSHKEHHO-IE(POPMHUPOBAHHOTO COCTOSIHUSI COCTaBHBIX YIPYTHX H
BA3KOYIIPYTUX TEIl MIPEJCTAaBIIET TCOPETUUECKUM U IPAKTUYECKUI HHTEpEC.

B nacrosmelt pabote B paMKax TEOPHHU IMOI3YYECTH HEOTHOPOIHO HACJICICTBEHHO craperomux Ten H.X. ApyTioHsHa
[1, 2] paccmarpuBaeTcs 3agaya Jlame 1 pa3HOBO3PAaCTHOTO MHOTOCIIOHHOTO BA3KOYIPYTOro MOJIOoro Iapa.

Pemenue ykazaHHOI 3a1a41 CBOAUTCS K PEIIEHUIO KOHEYHO-Pa3HOCTHOI'O HEOJHOPOIHOTO ypaBHEHUs BTOPOI'O MOPsI/IKa,
COJIEPIKAIIIEro OMEPATOPhI MO BPEMEHHBIM U 110 POCTPAHCTBEHHBIM KOOPIHUHATAM.

IMonmyueHHble (GOPMyJBl MO3BOJISIOT ONpPENEIUTh TpeOyeMble KOHTAKTHbIE HANPSDKEHHS W JPYyrue MEeXaHMYeCKue

XapaKTEPUCTUKH 3a]1a4H, CBA3AHHBIE C Pa3HOBO3PACTHOCTHIO KOHTAKTHPYIOIIKX IAPOB.
1. IlycTh KOMIO3WT MPEACTaBIseT COOON MAKET W3 MPOU3BOJILHOIO KOHEYHOro wymena N
BSI3KOYTIPYTHX MIAPOB (I’k_l <r< I’k) (k = l,n) ¢ MTHOBEHHBIMH Moxyisimu nedopmamnn E (1),

CHasiHHBIX MO OOKOBBIM IOBEPXHOCTSAM. ByJaem cuurtarh, YTO KOHTAKTHPYIOIIWE IIAphl O0JIaIar0T
CBOICTBAMHM TION3Y4eCTH M MMEIOT pa3Hble Bo3pacThl. IlycTh mamee B MoMmeHT Bpemenu =7, k

moBepxXHOCTAM I =1, u I =l TPUIOKEHE DPaBHOMEPHO paCIpeIcI€HHbIE KacaTelbHBIC CHIIBI

unrencusaocreit P (t) u P (1), coorercrBenno:
o (ry|_, =-RO, o@b, =-RO (L.1)

3nech O, (I,1) — KOMIIOHEeHTa panabHBIX HAPSDKEHUI. [IpH 3TOM, B CHITy CHMMETPHH, KacaTelbHbIE

HanpspDKeHUs OyayT paBHBI HYJIIO.

st BBIBOJA OTIPEAENSIONINX YPaBHEHHUM MOCTAaBICHHOM 3a/1adyul PaCCMOTPUM K -b1it cioit maxera.
Torma, cormacHo Qopmymnam Jlame, ans ompeaeneHUs YOPYro-MrHOBEHHBIX HANPSIKCHHNU U
MepeMENICHUN CT0EB UMEEM CIIEAYIOIINE BhIpakeHus [3]:

s (r,t) = mAk (t) + A (DOBv, -2) Bkgt) , A (D) = E (DA,

vV, D r (I+v)(I-2v,) (1.2)
UMty = A, (t) + B, (t)/r? (k=1,_n)
oy =-R,®, oP(rn _=-R® (13)

k
3nece A, (t) u B (t)— memssectnsie kodddumments, momnexammue onpenenenmo, U (1, t)—
YIPYro-MrHOBeHHOE panuambHoe nepemetenue K-oro cmoss, P (t) u P (t) — Heussectnrie pamu-
QJIbHBIE KOHTAKTHBIE HATIPSKEHUS], COOTBETCTBEHHO, HA OKPYKHOCTSX I =1, _, u I =1, cnoés, V, —Ko-

s¢durmentsr [Tyaccona marepuaios cioés, a E, (1) — ux ynpyro-mraoBensstit Moxyis nedopmarui.

Y noBneTBopsis rpaHUYHBIM yeiaoBusM (1.3), st paananpHOTO NiepemerieHus u3 (1.2) momydanm:
i (RO-PL®) 1 (WRO-1RLM)
d.(®l, r’ c (Ol
e C (1) = Xk(t)/vka dk =2, MOCv, - 2)/vk7 ||< = rk3 - r|<—13

Teneps, yciaoBust HEMPEPBIBHOCTH CMEILEHUH HA TOBEPXHOCTH KOHTaKTa I = I, JIByX IIApoB, C

U® (5,t) = r, (1.4)

Y4ETOM MOJI3YyYECTH, IPUHUMAIOT BUJL:

(I-L)UP @D =(1 L U@, (k=1n) (1.5)

3neck L [Y(t)] = _t[ E WK (t+p,u+p)Y(Udu, p =1 -1,
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1 o
K, (t,u) = {E(ﬁc‘(t,u)} (|=1,n—1),

rae T,— Bospactel, a C, (t,U)— mepsr momsydecrtn cioéB (i =1Ln- 1) .

Ypasuenus (1.5) mpu momoru (1.4) MOKHO CBECTH K KOHETHO-Pa3HOCTHBIM YPAaBHEHHSM BTOPOTO
nopsnka [4]

(I - L) (a g, 1) +b ®g.®) = f (1) (1.6)
(1= Lot ) (8t (DG (D) + B, (DG, (D) = Gy (V) (1.7)
npu yenosusix T, (1) +9,,,(1)=0 (k = l,n——l) (1.8)

Ypasuenus (1.6) u (1.7) MOXHO COOTBETCTBEHHO MPEACTABUTH B BUC

3, (g () +b Mg M = (I +R) f (1) (1.9)

Oy, (DG, (1) + &, (D], (1) = (I + R ) O (D). (1.10)

3mecs R(t,U) — pesombenta simpa K (t,U) (S =1,n- l) , BBEJICHBI TAK)Ke 0003HAUECHUSI

a () =1c Ol ~1/d Ol gqO=rRO) @ =r/1
b () = ¢, /d DI, =1/c Ol (1) =1/, d, DI, ~1/c (D, .

2. PemeHne KOHEYHO-Pa3HOCTHBIX ypaBHeHH#T meporo mopsaka (1.9) m (1.10) moctpomm
M3BECTHBIM MeTonoM [4, 5]. Omyckast IpoMeXyTOYHBIC BBHIKJIAIKU U yuuThiBas (1.8), oTHOCHTENHEHO

nemssectHbix T (t) (i =1, n—l) MOJTyYUM CHCTEMY HMHTETrpaIbHBIX ypaBHEHHH Boibpreppa BTOpOTO

TopsIIKa:

(

10
Ml(t)(l +R) fi()+

.H(t) _RM RO T
ZHm g RO =gE s (k=ln-)

rneQ.(t>=1/h(t) H. () =1/a,,(t)
M.®=]Tb®/a® =1,k) N, ®=[]3.0/a.,® @=kn-D.

[Tocne pemeHus: onpeensioniel CUCTEeMbl HHTETpabHBIX ypaBHeHu (2.1), u3 ypaBuenwuii (1.9) u

2.1)

(1.10) onpenenstoTcss KOHTAKTHBIE panaibHble HanpsuKeHus g, (t) (k =1Ln- 1) .
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O JMHAMHWYECKOM HEYCTOMYUBOCTH MPAMOYTOJIbHOM IIJIACTUHKMU C
OJIHUM CBOBO/JHbIM KPAEM

I'eBoprsin I'.3., Caaksan A.A.

AnHoOTanus. PaccmarpuBaeTcs 3amada yCTOMYMBOCTH MPSMOYTOJIBHOW IUTACTHHKUA CBOOOAHO ONEPTOH IO IBYM
CTOpOHAM, TPEThsI CTOPOHA KOTOPOH MO0 IapHUPHO Omepra, JMOO0 JKECTKO 3allleMIIeHa, a YeTBepTasi CTOPOHA CBOOOIHA U
SIBIIICTCS HOCHUTENIEM KOHEYHOH Macchl. IlmactuHa coxumaercs ciefsied Harpy3Kod, MPUIOKEHHOH K 3TOMy Kparlo.
[Tomy4eHsl 3aBUCUMOCTH KPUTUYECKOM HArpy3Ku OT OTHOCUTEIILHOM JUIMHBI IIACTUHBIL, T.€. PACCTOSHUS MEX]ly CTOPOHAMHU C
Pa3HBIMU YCIOBUSMHU.

BBenenue. He ocranaBimBasich 37iechb Ha MHOKECTBE PalOT, MOCBSIIEHHBIX YCTOMYHUBOCTH CXKATOM
MPSIMOYTOJILHOW TUIACTHHKW, OTMETHUM, 4YTO B pabore [l] Obula wWcciaemoBaHa cTaTU4ecKas
JIOKaITM30BaHHAsI HEYCTOMYNBOCTh IIACTUHKY NIPH PA3INYHBIX YCIOBHIX ONMUPAHHS CTOPOH.

B macrosmelt pabote paccMaTpwBacTCs AMHAMHYECKAs YCTOMYHMBOCTH YIPYTOW MPSMOYTOJIBHOM
IJIACTUHKY B roctanoBke B.B.bomoTuna [2].

IocTranoBka 3agauu. [lycTe TOHKas ynpyras IJIaCTUHKA B IPSIMOYTOJIBHON IEKAPTOBOM CHCTEME

KOOpIUHAT (X, Y, Z) sanumaet obnacth: 0 < X<a, 0<y<b, —h<z<h. Cornacno [2] ypaBuenue
YCTOMYMBOCTH IIIACTUHKU UMEET BHI:
o*w(x, y,t P
2 ( - y ) — O’ aZ - (1)
OX D

rue W( X, y,t)— nporud, 3aBUCHMOCTh KOTOPOTO OT BpeMeHH [ TposBisSeTcs NUIIb B TPaHHYHBIX

A*W(X, y,t)+a

ycnoBusx, P — HMHTEHCHBHOCTH PaBHOMEPHO pACIpPENETIEHHON CKMMAIONMIEH HArpy3Kd, KOTopas
noslaraercs ciensdmei, D — n3rnOnas mECTKOCTh IIACTUHKH.

[Monaras, uro kpas mmacturku Y =0, cBoGogno omeprel, Ha >THX Kpasx OymeM HMETh
CJIEYOIUE TPAHUYIHBIE YCIOBUS

o’w
w=0,  =5= pu y=0,b, @)
Ha cBoGomgrom kpae (X=10), rae mpezmonaraeTcs Hajaudde PaBHOMEPHO PacIpeleleHHOM 10
HeMy Macchl M, Oy1eM UMETh yCIOBUSI

o*w(x, y,t) . *w(x, y,t)
A%
8)(2 ay2

=0,

3
o | o*w(x, y’t)+(2 )azw(x, y,t) m o*w(x, y,t) ©)
- - 7 7 -Vt |
OX ox’ oy’ D ot
YcnoBus Ha kKpae X = a OyAyT 3aJaHbl HUXKE.
Pemenne ypasuenus (1), ynosnerBopstoriee yciuousam (2) u (3), MOXKHO 3arucaTh B BUIE
w(x,y,t)=€"> f (X)sini,y (4)
n=1
o’ a P M’
= 1-=", =" =) N=—, A, =nm/Db,
HeOSTNITL 2T YT T
s(1-v+4s))
fo(X) =B, {cosA S XshA §X+—————5sink S, XchA §X +
s (1+v-4s)
(%)
A2
+C, —ﬂsinknsszhknqur %sinxnszx+cosknszx chi sx
2sS, s, (1+v-4s))
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YIOBJIETBOPSIOIIEM YCIOBHSIM Ha TPEX Kpasx INIACTHHKU U COAEPIKAIlEM ABE NMPOM3BOJIBHBIE IIOCTO-
SIHHBIE [1J11 YJOBJIETBOPEHUS YCIOBUSAM HA YETBEPTOU CTOPOHE, KOTOPBIE PACCMOTPUM Pa3AEIBHO.
Ha kpae X=a Oyzaem UMeTh YCIOBHI

o’w .
w=0, o =0 IUTS CBOOOHO OTIEPTOTO Kpast 6)
X
ow .
w=0, 6_ =0 JUTS 3AIIEMITIEHHOTO Kpast @)
X

W3 ycnoBust paBeHCTBA HYJIIO JETEPMHUHAHTA MATPHUIBI OJHOPOHBIX C.J.a.y., MOJyY4aeMbIX MOCe
YIOBIIETBOPEHUS YCIOBHUAM (6) vutr (7), HaXOIuM:

s ((1-v) —dsv)sin2G, =5, (14 v) —4—dsiv)sh 2,
- 2s5's, (ch2g, —cos 2, )

() 45 (1-28) S (1) agv]eos2t, Sy —a-avs ]2,
28@ (sz sh2f, -5 sin2(;2)
2
Y4uuTteIBas mpencTaBIeHue 1) = ? , IUTSI TTHAMHYIECKOW YCTOHIMBOCTH TUTACTHHBI HEOOXOAMMO

D

BBIITOJTHEHUE YyCIIOBUA T| >0. I/ICCHG,Z[YSI HYJIN YUCIUTCIIA U 3BHAMCHATCIIA, IPUBOASAIINC K U3MCHCHUTIO

. G =rs5a(i=12) (8)

o o 2
3HaKa 1), Hai{IeHO, 4TO KOpHeH, yJOBIeTBOPSIOUIIX YCIOBHIO Ol <2, B 000MX CIydasx HeT, T.C.
JIOKAJTM30BaHHAsi HEYCTOHYMBOCTh HE MOXKET UMeTh Mecta. Ha puc.l, mokazaHel rpaduku 3aBHCH-

MOCTH 0Oe3pa3MepHOro mapaMeTpa 550(,1/ V2, XapakTepu3yIOIIero BHEUIHIOK HArpys3Ky, OT

mapametpa @ = a/b.

Puc.1. 3aBucHMOCTh KPUTHUECKOH CrEsIIEl HArpy3KH OT MapaMeTpa a* : KpuBasi | COOTBETCTBYET MAPHUPHOMY
ONMPaHHUIO, 8 KpUBas 2 — KECTKOMY 3amiemiienuio kpas X = d..
ABTOpBI BEIpaXaroT OJarogapHocTh mpod. M.B.benyOeksHy 3a MOCTaHOBKY 3aJaud U [ICHHBIC
COBETHI IIPH BHITIOJIHEHUH PaOOTHI.
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OB OJTHOM PASHOBUJHOCTH IUHAMHUYECKOT O AHAJIN3A MAHUITYJIITOPOB
HOCPEACTBOM OBPALIEHUA UX MATPULIBI MACC

I'eBopksn I'.A.

AnHoTanms. JlokazaHo, 4TO OCHOBaHHbBIE HA MeToAe HpioToHa-Diinepa mporpeccuBHbIe (HOPMaIM3MbI pacuéTa JUHAMH-
YECKUX CHCTEM IIPEBOCXOJAT [0 CKOPOCTH BBIYMCIUTEIBHOTO IIPOIecca METOAE! M (hOPMaIIN3MBI, OCHOBAHHEIEC Ha IIPOILETY-
pe oOpalleHusT MaTPHIBI MAacC yKa3aHHBIX CHUCTEM, HMYEM IIPU 3TOM MM HE YCTyIas 110 TOYHOCTH BbraucieHui. OgHako,
BBISICHSCTCSI, YTO IIPH MAJIOM YHCIIE CTeNeHeH cBOOOIbI HEKOTOPbIe MOAN(HKAIIMY METOIa ¢ O0pallleHHeM MaTPHUIIBI Mace He
YCTYMAlT MO pPacuyéTHOM CKOpOCTH Hamboyiee mporpeccuBHbIM (Gopmanum3mam. OO0 OJHON W3 TakuX MOIUPHUKAINUI

BBIUUCIIUTENBHON CTPAaTEruyl ¢ 0OpaleHneM MaTPHLBI Macce 371eCh U MONHAET peyb.

BBenenue. B TedeHue mociemHUX NECATHICTHH YCTAHOBJICGHO, YTO TPHU3BAHHBIE IS HCCIIe-
JIOBaHMS IIMPOKOTO Kilacca TUHAMHUYECKUX CHUCTEM (OPMAaJM3MBI, KOTOpbIe 0a3upyroTcs Ha Memooe
Hviomona-Diinepa, umnu memode 6e3 obpawenus mampuybl Macc, TPEBOCXOIAT MO CKOPOCTH
BBIYHCIIMTEIBHOTO TIpoIiecca (POpMaIi3MBbl, SBISIOMINECS TEMH HITH HHBIMH MOIU(QUKAIISIMEA Memood
Jlacpanoica, unu memooa 0Oe3 obpaweHus mampuybl MAcc, COXPaHAS HEW3MEHHOW TOYHOCTH
BBEIYHCIUTEIRHOTO Tporiecca. Kak wum3BectHo [1 — 3], B mMerome HrpioroHa-Ditnepa nuHeitHas
3aBHCHMOCTh YHCJIa MPOU3BOJAUMBIX apU(METHUSCKUX ONEpaIfii OT Pa3sMEPHOCTH KHHEMAaTHYCCKUX
mereld TPUMEHHTEIRHO K YHCICHHOMY pEIICHHIO TIpAMOM W oOpaTHOW 3agad JAWHAMHKH
MAaHUITYJIATOPOB JOCTHUIaCTCAd IMOCPEACTBOM BHCAPECHUA B aJrOPUTM pAda BCIIOMOI'aTCIIBHBIX
HUTEPaTUBHO-CUMBOJINYECKUX BEIUUYUH — MATpPHUII, BEKTOPOB U CKAIAPOB. [I0HATHO, UTO HATUYHUE ITUX
BCIIOMOTATEIbHBIX MTAPAMETPOB CYIIECTBEHHO 3arpOMOKIAET TEJIO allTOPUTMA.

B poGoToTexHmKe MHUPOKOe pacpOoCTpaHEHHUE TTOMYIMINA TPEX3BEHHBIE MAaHUITYJISITOPHI, KOTOPHIE
B 3apyOCKHOM JINTepaType MPUHATO Ha3biBaTh poboTamu SCARA, 11s1 KOTOPBIX CUCTEMBI aBTOMATH-
3MPOBAHHOTO MPOEKTUPOBAHUS U yIpaBieHUs (QOPMYIHPYIOTCS B HauOoJiee AOCTYITHOW M JIAKOHWY-
HOM (hopme. BBICHSAETCS, YTO I ATOM Pa3HOBUAHOCTH MAHMITYJISATOPOB mpu co3nanmu CAIIP
11e1eco00pa3Ho MCMOIp30BaTh He MeTol HploToHa-Oiinepa, KOTOPBIH, Ka3alock OBI, IO MOKa3aTeNto
OBICTPOJICHCTBUS OE30TOBOPOYHO OIEPEIKACT BCE JNPYTHE CYIIECTBYIOIIME METOJbI TUHAMHYECKOTO
WCCIIEJIOBaHNA, a OJHY OCOOyI0 pa3HOBHIHOCTH MeToaa Jlarpamika, HCIIONB3YIONIYI0 MPOIERypy
oOpareHus1 MaTpHUIbl Macc.

1. IlpuBenenue pynnamenTaabHbIx ypaBHennii Herorona-Jiisiepa k rinodansnomy Buay. B
COBPEMCHHOW JIUTEepaType IO MOJICIMPOBAHUIO W ympaBieHUIo podotamu [1] meTonm HeioroHa-
DOiinepa  GopMymHupyeTcsl CICAYIOMMM 00pa3oM. Bo-mepBbIX, 3aJar0TCs KHUHEMATHUCCKHE
COOTHOIICHUSI MEXIy IOJIOKEHUSIMH, CKOPOCTAMU M YCKOPEHUSMHU 3BEHBEB MAHUITYJISATOPA, YHCIIO
KOTOPBIX TIOJIATaeTcsl pPaBHBIM N TIOCIEAHWE BEKTOPHBIE COOTHOIICHHS, B COOTBETCTBHH C
TepMHUHOJIOTHEHN UCTOUHHUKA [ 1], 3amuchIBatoTCs:

v o_ i R AT A PR

V. =IT - 7'V +§.a+ %%, j=L..n, (1)

rae 'V, =['v,, J(Y)j]T — 0006wennbie ckopocty, 'T; | — 0606mEnHas MaTpuLa NpeoOpasoBaHus [IBH-

keHus Mexay 3seHbaMu C. . u C. pasMepHOCTH 6x6, a 'a. u 'y, — 0000mEHHbIE eNMHUYHEIN 1
-1 j > i j

TMPOCKONUYECKUH MIECTUMEPHBIE BEKTOPBI, BBIPAKEHUSI KOTOPBIX MPUBOIATCS B MOHOTpadu [1].
Bo-BTophIX, ycTaHaBiuBaioTci Aud¢epeHInanbHble YPaBHEHHUS ITUHAMUYECKOTO PaBHOBECHS

3BEHBEB LI, COINIACHO TEPMHUHOJIOTHH [ 1] 3T ypaBHEHUs IPUHUMAIOT BUL:

iy iV R T iR i

J, 'V, ='"F-"T - "F,+B,, j=L..n, 2)
iF = ML 5

rae 'F, =["F,,"M;]’ — Bexrop BHYTpeHHHX ycHIMi B conpsbkeHnsx 38enbe C, , n C;.
[Tyrem oOBemUHEHUS IMIECTUMEPHBIX BEKTOPHBIX ypaBHeHHH (1) u (2) B nBa rIoOanbHBIX

BEKTOPHBIX YPaBHEHUs Pa3MEPHOCTH On , OTydaeM:

HV=AQ+7 u JV=H"F+, 3)-@
rac
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Ioo 0o - Og 'a, 0., .. 0, W, 04 o 04
2 -

H=|" T, I - 044 , A 0., ’da, .. OM’ . 0. *J, o 0
Oce Opis - Toue 0, 0., .. "3, 0ps Ops - "J,

{7:[1 1,2{]2’.“’“{/"]1"’ F:[1F1:2F25~~':nin]Ta Q:[1615262a~~~a“Qn]T5
E:[IBpZEz:-":an]T: y:[ly1’272"“’n7n]T‘

2. YucseHHOe pellleHne BTOPOi 3a1a4d ANHAMUKH YIIPYTUX MaHUMYJSITOPoB. B pe3yibrare
UCKITIOYEHHsT U3 TII00ATbHBIX BEKTOPHBIX ypaBHEHH BEKTOpa BHyTpeHHHX ycmimii F oOpasyercs

CHCTeMa IMHEHHBIX YPABHEHHI OTHOCHTEIBLHO BEKTOPA 0000IEHHBIX YCKOpeHui Q :

Q=[H'T'Z-H¥+H'B),
e H'=A"THT, H>=A"H"JH" u H=A"H"JH'A,

B KOTOPBIX T =[T,,T,,...,T, ] BBIPAXKAET BEKTOP IPUBOIHBIX YCHIIMHA, T.€. 0GOOIIEHHBIX CHII ¢ YUETOM

()

BIIMSHUS TPEHUH B KMHEMATHUCCKUX Iapax. YucienHoe pemieHue (5) BTOpoi 3a1aui TMHAMHAKH YTIPY-
TMX MaHMITYJISATOPOB YIPOIIAETCS TeM o0cToATenscTBoM, uto Matpunsl H' uw H' =(H™")" ana

a0COJIOTHO JKECTKUX 3BEHBEB 1IeMH 0€3 0c000r0 TpyJa pacCUUTHIBAIOTCS aHATUTUIECKH.

3. CpaBHHUTe/IbHASI OLIEHKA METOA0B ¢ o0pameHueM u 0e3 oOpameHuss MaTpuubl Macc. Ha
npUMepe YUCIICHHOTO PEIleHHsT CMEIIaHHOW 3a]auil TMHAMUKHA MaHUIYJISITOpoB [3] mocTpoeH rpaduk
3aBHCHMOCTEN pacdy€éTHOTO BPEMEHU OT pa3MEpHOCTH MaHMITYJIATOpa MPHU HCIOIB30BAaHHUM METOIOB
MUHAMHYECKOTO aHanm3a Oe3 oOpameHust (merox Herorona-Diinepa, mpsmas 1 Ha puc.l) u ¢
obpamenuem (MomudumpoBaHHblii Meron Jlarpamka, kpuBas 2 Ha puc.l) marpur; macc. M3 puc.l

BHJIHO, YTO PACUETHOE BpPEMs

t,cog -
o UIE  000MX METOIOB TIpHU
60 + N
HCCIENOBAHUU  TPEX3BEHHBIX
50 +
MaHUITYJISITOPOB, T.C.
40 —— Series1
. _mSeiep | MAHHUIYJISITOPOB, COCTOSIINX
20 L U3 OOHOTO HEMOABUKHOTO
10 1 (cTOMKH) U JABYX TOJBHKHBIX
0 n 3BCHBEB, MIPaKTUYECKU
0 1 2 3 4 OJIMHAKOBO.

Puc.1
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ACUMIITOTUYECKME PEHIEHUA NEPBO U CMEIIAHHOM KPAEBBIX 3AIAY
TEOPUMU YIIPYT'OCTHU IJIAA OPTOTPOIIHBIX TOHKHUX I1OJIOC KOHEYHBIX
PASMEPOB

I'eBopksn P.C.

AHHOTaIMs. ACUMIITOTHYECKMM METOJOM BBIBEJICHBI PEKypPEHTHbIE pacu€THble (GopMysbl JUIi KOMIOHEHT TeH30pa
HaNpsDKEHUH U BEKTOpa NEpeMEICHUs] BHYTPEHHEH 3afaul ynpyroi TOHKOH mojocsl. Ilocie omnpenenéHHOro KoJn4ecTBa
IIarOB UTEPALIMH BBOAATCS YETHIPE HEM3BECTHBIX (DYHKIIMIA, KOTOPBIE 3aT€M OJJHO3HAYHO ONPEIENAIOTCS U3 YCIOBHIT 3a1laHHBIX
Ha TOPLAX MOJOCHI.

ACHMITOTUYECKHI METOJI PEIICHUS HEKJIACCHUECKUX KPAeBhIX 33724 TECOPUH yIIPYrocTH (KOTaa Ha
MPOJOJBHBIX ITOBEPXHOCTSAX TOHKOTO Telia 3aJaHbl KOMIIOHEHTHI BEKTOpa TIepeMeIeHus) ObLT
TIPEIOKEH W BIIEpBBIC TpUMEHEH B [1]. DddekTHBHOCT, MeTO[a IO3BOJIMIIA PEIINTh MHOXKECTBO
CTaTUYCCKUX M TUHAMHYECKUX 33J]1a4 JJIs1 aHH30TPOIHBIX MOJIoC (0aoK), TIACTHH U 00oio4ek [1,2].
Ota 3(p¢EeKTUBHOCTh, B YaCTHOCTH, 3aKIIOYAeTCs B TOM, 9YTO MPEAJIONKEHHBIM NoaxomoM [1-3]
BBIBOJSTCS PEKYPPEHTHBIE pacuéTHbIe (GOPMYIIBI TSI KOMIIOHEHT TEH30pa HANPsDKEHHUH M BEKTOpa
MEPEMEIICHHS YIIPYTOr0 TOHKOTO TEla, KOTOPHIE IMO3BOJSIOT BBIYUCIUTHE WX 3HAUCHHUSA C 000
ACUMIITOTHYECKOUN TOYHOCTHIO. U, MOCKOJIBKY 3TH pacUETHBIC pEKYPPEHTHBIC (DOPMYIIBI TIOCIIE KAXKIOTO
mara WTeparyy MMoApa3yMeBaroT oaHO muddepeHITnpoBaHue O MPOJAOILHEIM KOOPAMHATAM U OJHO
WHTETPUPOBAHUE IO IOTMEPEYHOM KOOPIWHATE, OHM TPHUBOIAT K 3aMKHYTOMY MaTeMaTHUYECKOMY
PEIICHUIO KPASBOW 3a/1a4H JIJIsl aHU30TPOITHBIX MOJIOC U TUIACTHH OECKOHEUHBIX MPOIOJIBHBIX Pa3MEpPOB,
MocJie KOHEYHOTO YHCia [IaroB, KOT/ia 3aJaHHble B YPaBHEHUSX W B TPAHUYHBIX YCIOBUSAX (DYHKIINU
SIBJISTFOTCS] TIOJTMHOMaMU TIPOOJBHBIX KOOPIUHAT.

B pabore myTéM HamOXEHHSA MOMOJHUTEIBHBIX YCIOBHM Ha AaCHMITOTHYECKOE pEIICHUE
BHYTpPEHHEH 3aaud OPTOTPOITHOHM IOJIOCH OECKOHEYHOW JIMHBI, KOT/ia Ha ©€ MPOJONBHBIX Kpasx
3a/1aHbl KOMITOHEHTHI BEKTOPA MIEPEMEIICHUS, CTPOUTCS AITOPUTM JUTS PEIIESHUS 3a1a91 TIOTPAHIIHOTO
CJIOSI OPTOTPOITHOM TOJIOCH! C 3aJJaHHBIMH Ha MPOJOJBHBIX KpasX OJHOPOJHBIMHU yCIOBUSMU MEPBOM
WIH CMEIIAHHOW KpaeBhIX 3ajjad Teopuu ympyroctu. [Ipeanonaraercs, 4To Ha MOMEPEYHBIX Kpasx
(TOp1ax) MoyoCH YCIIOBUS IEPBOH, BTOPOU WITH CMEIIaHHON KPaeBBIX 3a]]a4 TEOPUH YIIPYTOCTH 3a/1aHbI
B TIOJIMHOMHAJIBHOM BHUJE (WM IPHUBEACHBI K TaKOMYy BHUIY). lIpuBeeHB MpUMEpHI, KOrJa Mojioca
KOHEYHBIX Pa3MEpPOB CaMOYPaBHOBEIICHEI BHEITHUMHY Bo3eiicTBusIMH (1)-(4)

1. TpeGyercs onpenenuTh HAPSKEHHO-1e(HOPMHUPOBHHOE COCTOSTHUE MONIOCHI (ur.1).

z=1h:c,(x,z=2h)=0= U (x,z=£h)=?, u,(x,zZ=%h)=?

(1)

x=tl:0,,2)=0,(2= U (X) =2, U;(X)=?

s o

—>

O@ur. 1

2. Korma Ha Topriax moJjochl 3aaHbl KOMITOHEHTHI BEKTOpa niepeMetieHus (hur.2)
x=xl: u(x,2)=u; +u'z+u,Z’, u,(t,2)=wW, +Wz+w,Z’ )
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A +
u, u,
= + X
z z
= x=I
®ur.2
3. A g TONOCEl CO CMENIAaHHBIMH TPaHUYHBIMH  YCIOBUSMH Ha Topuax (¢wur.3)
x=0:u, =(0,2)=0,u,(0,2) =Wz, x=1:06,(0,2)=0,05,,(0,2)=0 3)
z
u, =0 T 0, =0
u, =Wz X X
Xx=0 |5
4. o)
0%
/]
/]
uj (_Iz > Z)
®dur.4
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PEI'YJIAPU3NPOBAHHOE AHAJIMTUYECKOE PEINIEHUE 3AJJAYHU KOLIUA JIA
YPABHEHMUSA JIAME

I'puropses H0.M.

AHHOTanus. B MHxeHepHOI pakTHKe BO3HUKAET HEOOXOIUMOCTh BOCCTAHOBIICHHSI HAIIPSHKEHHO-1e(OPMHUPOBAHHOTO
COCTOSIHUSI BHYTPHU 3JIEMEHTA KOHCTPYKIMU MO JaHHBIM M3MEPEHUH Ha JOCTYNHOI 4acTu ero rpaHuipl. B pamkax ympyroit
MOJIENH TaKas IOCTAHOBKA MPUBOAUT K HEOOXOIMMOCTH pelLIeHHs] HEKOPPEKTHOM 3agaun Komu asst >amunTrdeckoil cucTeMsl
ypaBHenuit Jlame. B nannoit paboTte mpemnaraercst aHATUTUIECKUA METO/I PEIICHHS TaKOH 3a1a4d BHYTPH NPSIMOYTOJIBHUKA.

1. BBEJEHHUE

ITyctb rpanuna S = S; U S, ynpyroro sineMeHTa KOHCTPYKIUH COCTOUT U3 ABYX 4acTel: S; u S,.
YacTs S; AOCTYIHA I H3MEPEHUH, a ocTaBIIasICs YacTh S, HeJocTymHa. Takum oOpa3oM, Ha S; Oyaem
HUMETh IepEeoNpeAeIEHHbIC IPAaHUYHbIC JaHHBIE U MaTeMaTHdecKas IMOCTAaHOBKA 3aJadd CBOIUTCS K
pemenuto 3axauu Ko aiis cucremsl ypaBHeHHid Jlame (BekTopHoTro ypaBHeHus Jlame). Takue 3agaun
SIBIIIIOTCSL YCIIOBHO KOPPEKTHBIMH M OCHOBHAsl TPYAHOCTh COCTOMT B HEyCTOMUMBOCTH 3aaaud. s
npubmmwkEHHOro pemieHus 3agaun Komm B Teopuu ynpyrocTd pa3paOOTaHbl YHCICHHBIE METOIHI,
OCHOBAHHBIE Ha Pa3IMIHBIX METOMIAaX peryispusanuu (cm. [1, 2]).

[na Gonee mpocroro ciryyast ypaBHeHus Jlammaca uMeroTcsl pa3indHble BapUAHTHI TTOCTAHOBKH
3agaun Komu. B mepBom 13 HUX HEOOXOIUMO HANUTH TapMOHHUYECKYIO (DYHKIHIO B LMJIMHAPUYECKON
obmactu Q=S x (0,T) € R3, orpanuuennoii mwkunM ocHosanueMm S; € R%,  Gokosoi
MOBEPXHOCTHIO S, U BEPXHEN MOBEPXHOCTHIO S5. Ha Sy 3anarores nanubie Komwn: u = f, du/on = g,
Ha OOKOBOIi TIOBEPXHOCTH S, 3a1al0TCs OOBIYHBIC KpacBblie yCaoBHs, Hampumep, U = 0, Ha BepxHei
MIOBEPXHOCTH KpaeBbIe YCIOBUS HE 3a/laHbl. Takasl 3ajjaua Ha3bIBaeTCs HA4aJIbHO-KPAaeBOM 3aiade st
ypasHenus Jlammaca (em. T, 9 B [1]). B apyroii mocTanoBKe nMeeTcs orpanudenHas o6macts (L € R3
C TpaHMYHOH MOBEPXHOCTHIO S = S; U S, 1 nannble Komu 3amanel Ha yactu S; rpaHuisl S. Mel Oynem
HMMETH JEJI0 C aHAJIOTOM MEPBOM MMOCTAaHOBKU B TEOPHM YNPYTOCTH BHYTPH MPSIMOYTOJIBHUKA. ABTOPY
HEM3BECTHBI MyOJUKaMU 00 aHATUTUYECKUX METOAAaX PELICHMs TaKOH 3a/laud B TEOPHH YNPYTOCTH.
W3BecTHBIE pe3yIbTaThl C UCIIOIb30BaHUEM MeToa Kapiemana kacaroTcs aHaiora BTOpoi IOCTAaHOBKU
B TEOPHH YIPYTOCTH.

2. IOCTAHOBKA 3AJJAYHA

VpaBueHue Jlame paBHOBECHS TEOPHH YIIPYTOCTH HMEET BH/]
Lu=pAu+ A+ w)V(V-u) =0. @8

3akoH ['yka B nmekaproBbix koopauHatax x; (i = 1,2,3), Bblpakalomuii CBA3b KOMIIOHEHT TE€H30pa
HaNPsHKEHUH 0;; ¥ TeH30pa iepopMannil &;;, UMEET BUJL

1 [0u; ou; L.
oij = A+ 21V -ud;; + 2ug;j, &; = 5(6—1;] + 6—xi) (i,j = 1,2,3) )

Jns mpocTOTBHI PacCMOTPHUM  Cilydaid IUIOCKOM Jedopmanui, KOTAa KOMIIOHEHTHI BEKTOpa
TnepeMEeNIeHHH U UMEIOT BUIL: Uy, = U(X,Yy), Uy, = (X, Yy), u, = 0. Ilycts Q € R? — 061macTh B BUE
npsimoyronsHuKka r € (0,a) X (0, b). PaccmaTpuBaemas 3aada iMeeT BUA:

Lu(r) =0, reQ u=Vv,T,=Fnpuy =b; u, =0y, =0npux =0ux = a, 3)

rae T, — Bextop HanpsbkeHus; Vv u F — 3aganHble rpanndHable QyHKIUH. TakuM o0pa3oM, Ha BEpXHEH
CTOPOHE IPSAMOYTOJIbHUKA UMeeM AaHHble Koy, ycaoBus I1agKkoro KOHTakTa Ha OOKOBBIX CTOPOHAX,
a Ha HIDKHEH CTOpOHE TpaHUYHbIE YCIOBUA HE 33/1aHBI.
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3. METO/J PELIEHU

Bynem npenmnonarath, 4To pelICHHE UMEET JOCTATOYHYIO TIaJKOCTh U TPaHHYHBIC YCIOBHS B
YIJIOBBIX TOYKaX CONPSDKEHBI IJIsi OOECIeYeHHs TaKoil TIiaakocTH. BBenéMm BcroMorarelibHYIHO
rapMoHHuecKyto GpyHkmo fu = (4 + 2u)V - u. Ucnons3ys rpaHuuHble ycnoBus u3 (2) u 3akoH ['yka
(3), MOKHO TMOKAa3aTh, YTO JJISl ATOH (QYHKIMM MBI MMOJy4aeM yIMOMSHYTYIO Bbilie 3aaady Komw s
rapMOHHUYECKOTO ypaBHEHHs. Peryisipu3upoBaHHOE pelieHHe fy* TaKoW 3aJaudl MOJydaeM METOJ0M
JIuy [2], B cnenytoiieM BUE:

asmh[krr(b y)/a] kmx
fo(x,y) =Xg=1a K sinh[knb/a] sin s (4)

a _  2sinh[kmb/a]
k krr+aasmh [kmb/a] Y0

kn’f

Jy 1 (&) sin—>d¢,

IJie @ — mapaMeTp peryispuzanuu, QyHKims h(x) BbIpaxkaeTcs yepe3 rpaHiudHble QYHKIIMH UCXOTHON
3agaun (3). Ilpu 3TOM, pemraercs MHTErpaJbHOE ypaBHEHUE TIEPBOTO POJa METOJIOM PETyJIIpHU3aIiH
M.M. JlaBpeHTheBa ¢ HCHOIB30BaHHEM psioB Dypre. Sapo 3TOro MHTErpasbHOTO YPaBHEHUS UMEET
MOYJICHHO Pa3/eNEHHbIC IEPEMEHHBIC, YTO MO3BONISET MOJYUYHUThH PEIICHHUE B 3aMKHYTOM BHje. [locne
HAXOXKIEHUA f* JUIS HAaXOXKJEHHS KOMIIOHEHT IEPEMEIECHHS Uy H Uy MBI TAKXKE TOTYYaeM 3a]aun
Koy, HO myist ypaBHenust [Tyaccona. DTu 3aa4uu TakKe PelIaroTCs aHANUTHUECKH. TakuM oOpasom,
IJI1 KOMIIOHEHT NIEPEMELIEHNS Uy U Uy, B 331a4e Kommu (3) MbI omydaem GopMyIibl, aHaorHIHbIE (4),
HO C TpeMs mapamerpamu peryisipusaiuu. Ecnu rpaHuudble (QyHKnud u3 (3) orpaHHYeHbl Ha
3aMKHYTBIX WHTEpBaJIaX, TO PSJbI, BHIPAKAIOIINE PEUICHUE, CXOIATCS aOCOIIOTHO U PaBHOMEPHO K
TOYHOMY PEUICHUIO U MOTYT OBITh MOWIEHHO NpoauddepeHINPOBAHEI JIF000E KOJTMYECTBO pa3 BHYTPU
obmactu. ITodgy4eHbl ONEHKU JJIsi OTKIOHEHHS MPHONMKEHHOTO PEHICHUS OT TOYHOro. YucieHHbIe
MIPUMEPHI TTOKa3bIBaOT () (PEKTUBHOCTH HOBOT'O METOA.

4. 3AKJIIOYEHHUE

Meton Jlny ananutuyeckoro pemieHus 3amnaud Komwm s ypaBHenus Jlammaca o000mIéH st
3agaun Komm B Teopuu ynpyroctu. ITo MO3BOJISET MOIYYUTh MPUOIMKEHHOE PEryIIsIPU3UPOBAHHOC
peleHue 3a1a4n B BUie a0COMOTHO U PAaBHOMEPHO CXOMSAIINXCS PSAIOB, TO3BOJSMIOMNX 3(h(HEeKTUBHO
MIPOBECTH YHCIICHHBIC pacuéThl. Imockast 3amaga paccMoTpeHa sl MPOCTOTHI, METO] HEITOCPEICTBEHHO
000011aeTca Ha TPEXMEPHYIO 3a71a4y.

PaGora BeimonmHena mpu (QuHaHCOBOW momnepxke Poccuiickoro ¢oHaa (yHIaMEHTATBHBIX
uccienoBannii (ko mpoekra 15-41-05081).
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KOHTAKTHAS 3AJTAYA JIJIS YIIPYTOI COCTéBHOfI OPTQTPOHHOI71
HOJYIIVIOCKOCTHU C MEXK®A3HOU TPEHIMHOU

I'puropsin A.7K.

AnHoTanus. PaccmaTpuBaercs IUIOCKas KOHTaKTHas 3ajada Ui COCTaBHOM yIpPYyroi MOIYyIUIOCKOCTH, COCTOsAIIEH U3
OECKOHEYHOH IOJIOCHI M TIOJMYIUIOCKOCTH W3 PA3IMYHBIX OPTOTPOIHBIX MaTepuaynoB. Ha JMHUM COeAMHEHHS IIOJIOCH U
HOJIYTUIOCKOCTH COCTaBHas IOJTYIUIOCKOCTb OCIabieHa TPEelMHOH KoHeuHo! JiuHbl. Ha cBoGOIHOM rpaHuie IOIOCH U Ha
KpasiX TpeLVHbl 3aJlaHbl HanpspkeHus. Ha JIMHMM coelMHEHUs MOJIOChl U INOJYIUIOCKOCTH, BHE TPEILUHBI, UMEIOT MECTO
YCJIOBHSI TTOJTHOTO KOHTaKTa. Pelienne 3a1auu CBEJEHO K PELIEHHUIO CUHTYISPHBIX HHTETPATIbHBIX YPaBHEHHI.

1. BBegenme. B mocinenHee BpeMss B HMHKEHEPHOM NPAaKTHKE IIHPOKO MCIOJIB3YIOTCS
aHU30TPOIIHBIE, B YAaCTHOCTH, OPTOTpOINHBIE MarepHaibl. IlosToMy, HM3ydeHHE 3aKOHOMEPHOCTEH
paspylIeHHus 3TUX MaTEePHaJIOB SIBISIETCS aKTyalbHOU. Oco0yr0 BaXXHOCTb MPHOOPETAIOT KOHTAKTHBIE
3aa4l JUISI COCTaBHBIX OPTOTPOMHBIX TeJ, KOTOpHIE OcialjeHbl KOHIICHTPATOpaMH HAIpPSKEHHIH
pasHoro tuna. B nanHol paboTe uccuenoBaHo HANPSHKEHHO-1e(OPMHPOBAHHOE COCTOSIHAE COCTaBHOU
OpPTOTPOTIHOM TOJIYINIOCKOCTH, MMEIOIIYI0 KOHEUHYIO TOPHU30HTAJIbHYIO TPELIMHY Ha CTHIKE ABYX
Pa3HBIX OPTOTPOITHBIX MAaTEPHAIOB. AHAJOTUIHBIC 3319l MOKHO HaiTH B [1,2] ¥ IUTHPOBAHHBIX TaM
paborax.

2. IlocTanoBka 3agauM, TPaHMYHbIe M KOHTAaKTHbIe ycJaoBusi. IlycTe ympyras cocrtaBHas
OpPTOTPOIHAs TOJNYIUIOCKOCTh, OTHECEHHAs K JEKapTOBOW CHCTEME KOOPIWHAT oxy, HaIpaBICHHS

OCel KOTOPOro COBIAMAIOT C TJIABHBIMHU HAIPaBICHUSAMHU OPTOTPOIUU MaTepuajia, H3rOTOBJICHA
COEMHEHHEM OECKOHEYHOM MoJochl MMPUHOM b (—-b<y<(0;—0<x<w) € MNOIYIUNIOCKOCTHIO

(y20; —0<x<0o0), U3 PA3TUYHBIX OPTOTPONHBIX MATEPHAJIOB, HA JIMHUHM CTHIKa KOTOPBIX (y=0)

HMECTCA KOHCYHad TpPCIIUHA (—a<x<a). HpeanonaraeTCﬂ, 4YTO Ha TIpaHuLC COCTaBHOU
MOJYIINIOCKOCTH (y:—b) ):[CﬁCTByIOT HOPMAJIbHBIC M KaCAaTCJIbHBIC HAIIPAKCHUA, 4 HAa KPOMKax

TPCHINHBL (x € (— a;a)) — HOPMAJIbHBIC HAIIPAKCHUS.

['pannuHbIe YCIIOBUS 33aYU M YCJIOBUS TIOJHOTO KOHTAKTA ITOJIOCH U TIOJTYIUIOCKOCTH 3alACHIBAIOTCS
B criefytouteM Buje (gyuxyuu f;(x) yooenemeopsiom ycnosusm JJupuxie):

) (X;O) =c? (x;())
o (x;—b)=f1(X); W (50)= £ (s W< 1 o o)
() (x) [t (x:0)= £ (x) <a (yl) y'(z) (1)
x H UL (50)= U (x50), a<|x <o

U (x;0)=U® (x;())’ B

y y

s a<|x| <o

Nawk
—~~~
5
Il
=
—

3. O0miee pemenue 3amauym. PemieHne 3amadyd MOCTPOMM C TIOMOIIBI0 OHTapMOHHYECKUAX
GbyHKIMA HanpspkeHuss Dipu it moayrmiockoctd (i =1) u monocer (i =2). ®OyHkimu Diipu
HpeI[CTaBJ'IeHBI B BHJIE cnez[y}omnx uHTerpanos Pypsoe:

(1 —iowc C
() z tjy da _ @(2)(” ): Z[ sh az-ky)+ Ck(a)ch(arky)]d 2)
w j=1 ay,a,,00e ’ 4 b b
o k=1 11040

3pecs a,,;4,,;a,,;d,, — MOLYIH YIpyroctu moaymiockocty, a b ;b,,;b,,;b,, — Mogynu ynpyroctu
nonocel, A4, ((x);Bk ((x) u C, (a)— HEHM3BECTHBIC (YHKIIMHM WHTETPUPOBAHUS, KOTOPBIC IOJIKHBI
OIpEENAThCS U3 TPAHMYHBIX YCIOBHIA 1 yCIOBHIL [IOJIHOTO KOHTaKTa (1), a ¢, U T, ONpenensioTes us
CIIEYIOIUX OMKBAAPATHBIX YpaBHEHUH (Re( ) >0, 1, <t,; Re(r j) >0, 1, <T1,)[L1,2]:

aya;'t! +(a2 ala, +2a,a; —aya, )t +1=0;

24! 1211 Qs G T Andy
-1_4 2171 -1 12 1
byby, T + (blzbn by, +2b,b, —byb,, )Tj +1=0

KoMIOHEHTBl HanmpsHKeHHH W TepeMElICHU  BBIPAKAIOTCS dYepe3 HEH3BECTHbIE (DYHKIMH
WHTETPUPOBAHMS N3BECTHBIMH COOTHOLIEHUAMHU TEOPUH YIPYrocTH [3].

3)
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BBeném (yHKIMM CKaYKOB CMeIIeHU 1 Hanpsbkenuit U (x), V( ) (x) u T(x) :

G(x) = G(yz) (x;O) - G(l) (x'O)' U(x) = U)(f) (x;O) ul (x O)

X

()= (50)-7) (50); ¥ (x)=U] (x0)-U} (x:0)

XV

“4)

Hmest BBUZY, YTO Ha JIMHUM CTHIKA BHE TPEIIUHBI 3TH CKaYKH OOPAILAIOTCS B HOJb, VIS ONPEACICHUS
U'(x) u V'(x) momyunum cucTemMy CHHIYISpHBIX MHTETpPaIbHBIX ypaBHEHUH BToporo pona [1,4]:

U+ ] UE) gy 4 b 2 j "Z'_(i)dgqu (50U (x)dC +_j K (x:0)V(x)dC = F, (x)

Y C-x .

- b3 104 b4 a iy’ a . ’ a . ' ?
() -2 Ilc (i)dC_EIZCf(i)dC+IK3 (x:8)U" (x)dC + | K; (n:Q)V' (x)dC = F ()

|x|<a ®)]

3I[CCB bi BBIPAKCHBI U€PE3 MOAYJIHN YIIPYTOCTU MOJJYTIIIOCKOCTH U IOJIOCHI, a F}(x)— 4epe3 U3BCCTHHIC

¢yHkuun 1 TpanchopmanToB Pypbe CKAUKOB HAMIPSIKEHUH HA TPEIIUHE.
Cuctemy (5) Hy>KHO paccMaTpHUBaTh IIPH yCIOBUSX:

I x)dx = j[]@ ﬂ(x)]dx; jr(x)dx:j[ﬂ (x)—fﬁ(x)]dx;
- - (6)
.[U' dx =0, J.V )dx =0

Jlnst pemieHust cucteMbl (5) MepBoe W3 ypaBHCHHM YMHOXXHM Ha IOCTOSIHHOE YHCIO A H
IIPOCYMMHUPYEM €O BTOpPBIM. B pe3ynpTaTe nomyuum:

\P(x)+xb2n;b4 j‘é’fgx)dm TKI (x:¢) % ( dg+j1< ) (¢)dg = F(x), %
rae A onpe;[emeT:a 3 KBa,Z[paT;IaOFO ypashenus A2b, — (zb +b,)h+ib, =0.a
W (x)=2U"(x)+iV'(x); ¥ (x)=AU"'(x)=iV"(x); F(x)=AF (x)+F,(x);
K, (x:C) ——[xK (x:0)+K: (x c)]+—[M< (x:6)+K; (x:6) J;

Pemenne ypaBHeHus (7) TOCTPOSHO METOIOM MEXaHUYECKHUX KBAAPATYp.

5

®)
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PACIIPOCTPAHEHME YIIPYI'UX BOJIH B ITIOJTYIIPOCTPAHCTBE C
YCUWINBAIOIIUM TOHKHUM INOJTYBECKOHEYHBIM YIIPYTI'UM CJIOEM

I'puropsn I.X., Arasu K.JI., Barnacapsan P.A.

AnHotamus. Vccnenyercst TMHaMUYecKass KOHTAKTHAs 33j1a4a O PAclpOCTPaHEHHH M JU(PAKIHUU YIPYTHX IUIOCKHAX
BOJIH, HAJaloOMX M3 OECKOHEUHOCTH, B CHCTEME MOJYNPOCTPAHCTBO — MONyOecKoHeuHslil cioil. Ilpeanonaraercs, 4To
BCJIEICTBUE MAJIOCTU TOJIIMHBI [UIACTHHBI BO3IEHCTBHE YCHIMBAIOLIETO CIIOS 3aMEHsIETCA ONpeNeNEHHBIMU IPaHUYHBIMU
YCJIOBHSMM Ha TPaHULE HOIyNpocTpaHcTBa. Pelienne 3agaun cBoauTCSA K (QyHKIMOHAIBHOMY ypaBHEHHUIO Tuna Pumana Ha
JIEWCTBUTENBHOM OCH, PEIIeHHE KOTOPTO MOCTPOCHO METOAOM (haKTOPH3AIUHL.

Beenenue. Ilo 3amauam pacnpoTpaHeHHsS U OTPaKeHHS YNPYTHX M MOBEPXHOCTHBIX BOJH Pames
win JIsBa B ynpyroM HoJyHOpOCTPaHCTBE, CJIO€ MM B CUCTEME IOJIyNPOCTPAHCTBO — CJIOH, IIPU pas-
JUYHBIX TPAaHUYHBIX ¥ KOHTAKTHBIX YCJIOBHUSX MMeeTcsi oOlmmMpHas iautepatypa. He ocranaBimBasch
MoIpPOOHO Ha 3TUX paboTaX, YKaXeM JIMIIb CTaTtbu [1,2] ¢ mUTHpOBaHHOW Tam OubOimoraduel, a
Takke padoThl [3—5], TeCHO CBS3aHHBIE C pacCMaTPUBAEMOMN 3/1eCh 3amadell 0 MU(PaKIUN YIIPYTHX
BOJIH Ha Kpae 10JIyO0eCKOHEYHBIX HEOJHOPOAHOCTEH.

1. IlocraHoBKa 3agauM W pa3pemiamniee ypaBHeHue. [IycTb ympyroe moOIympoCTpaHCTBO

(ympyrue XapakTepUCTUKH —A, L, P) ¥ TOHKHH MOJyOECKOHEUHBIH CIIOM (El,vl,pl) Tommuusl Ny

COCAUHCHBI 110 MOBCPXHOCTHU X3 =0 nu HaxXoJATCA B YCJIOBHAX IMOJHOI'O KOHTAKTa (pI/ICI) Ha Kpac

MOJYMPOCTPAHCTBA H3 OECKOHEYHOCTH TaJaeT BEePTUKAIBHO
MOJIIPU30BaHHAS BOJHA.

B ycnmoBmsax mmockoit medopmaruu  TpeOyeTcs  ONpeAciuTh
pacripefiefiecHHe BOJHOBOTO TOJISI B MOJYNPOCTPAHCTBE, KOT/Ia W3
OCCKOHEYHOCTH II0JIaT BEPTUKAJIBHO MOJSPU30BaHHAS IUIOCKAs
BoNHA. Pemenue 3a1a4uu, OTHOCUTENBHO TpaHchopmaHTOB Dyphe

aMIUIUTY BOJIHOBBIX IIOTCHLHUAIOB ( X, X ) u vy ( X, X )

CBOJIUTCA K CIEAYIOIIEH KpaeBoi 3aaye:

¢ (0.%)—(0" =K )3(c. %) =0,

- — (M
Puc.1 \IJ"(G,XB)—(GZ—k;)\P(G,X3)=0,
(5"—x(x+2p)‘l5—2iu(x+2p)‘lG\T/) ~0
X3=0
’ )
=n 2= - R
((p +0 \|/+2|0(p)x3:0— [T (G)

e ki =& =3, Ay =Kecosy, w3, %, 1) = (%, X, 1) = o (X, %, 1);
v, (%.%,t)=b’ exp(i (EX, — 3% — mt)) — Tajamas IonepevyHas BONHA (CTydail NPOMONBHOMH
BOJIHBI PACCMATPHBACTCSI AHAIOTHYHO).

B (1), (2) ® —wuacrora, t—spems, K,K,,E— coorserctBytomme BonmHOBBIE umcIa, bf—
aMIUTHTY/(a TIOJAOLIEiT [ONePeYHOM BOIHBL, Y — yroJ MOJACHHUS, T, (Xl,t) — KOHTaKTHOE HAINpsDKCHUE

HOJ CIIOEM.
Pemas kpaeByro 3amauy (1)—(2) coBMecTHO ¢ ypaBHEHHEM KoJIeOaHUs TMOITYOECKOHEYHOTO CIIOSI
[2,3]

(6" -4’ )T +(0) i (0)-0+(ER) " T (o). 3)
rie q=0/g =“)/ JE/p,. U (c)-rpancopmanta ®ypbe OCPeIHEHHOTO 3HAYCHHMS TOPH3OH-
TAIBHBIX NepeMelieHuii U, (Xv X3) CIIOSi, W YJIOBIETBOPSS YCIOBHIO KOHTakTa U, (G) =T ((5,0),

NPUXOAUM K clieAylomeMy (YHKIHOHAIFHOMY YpaBHEHHUIO (KpaeBas 3ajada Tuma PuMana) Ha
JEWCTBUTENBHON OCH OTHOCHTENBHO T (G) nuu (G,O):
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(G—q)ﬁ’(G,O)—K(G)?*(G)/(G+q)=4nibff(&)(§+q)8(c+q)—iﬁl(O)c/(c+q), 4)
rae q:co/clzoo/JE/pl, f(i) u K(G)— 3agaHHble (QYHKIWH, a UI(O) ornpeaenseTcs u3

YCIIOBUS pAaBHOBECHS CJIOSI.
Pemenne ypaBuenus (4) moctpoero meronoMm Bunepa—Xomnda [4,5]. B urore perienue 3amauu

npezcTaBisercs B Buae (Y (G) MMeeT aHAJIOTHIHBIN BHN)

(o) =2 &) { 2 (é+Q)(G+Q)} “

p, ()P, (&) 1-IERP>(4)  o+E+i0

4o {m(a)) cﬂ{ 2 (é+Q)(G+Q)}

all

o(o%)= R WP (5) P.{o) |ImENP(q) o+Eri0

| 1: (20° K3 i(0* 12 )0 K [ (o &) blel

rae R(G) = (262 - x; )2 —4c° \/(62 - kl2 )(62 - kgz) — ¢ynkuus Paned, a P, ((5)— n3BeCTHasl PYHK-

U, CB3aHHAA ¢ (PaKTOpU3yeMoil (QyHKIUEH.
[Tocne obparHoro mpeoOpazoBanus, U3 (5) MOIYyYUM paclpeneieHue KOHTAKTHBIX HampspKeHUH
Ha JMHUM KOHTaKTa, a u3 (5) — pacmpeleslHue BOJHOBOTO MO B moiympocTpaHcTBe. Ilpu

(6)

h =O(%+ (G)EO) (5) maér mssectHoe peruenue [1], a npu E, =c0 — pemenue nocraBieHHOM

3aJ1a4u, KOrJa CJI0W He CONPOTHBISAETCS U3THOY, a B MTPOJI0IHHOM HAlpaBJICHUU HE Je(hOPMUPYETCS.
WccnenoBanne pemieHus 1MOKaszajo, 9TO B JANBHAX 30HAX Yy TPAHMIBI MONYIPOCTPAHCTBA IPH

X, <0 mmeercs 0OBIYHBIN TIpoIIECC OTpaXkeHus, a mpu X, > 0 BciencTBue MUGPAKINY TTOABIAIOTCS H

MIOBEPXHOCTHBIC BOJHBI Panes.

3akaiouenne. llocTpoeHo pemieHne 3amadnM O paclpefesieHHH BOJHOBOTO TOJS B YIPYTOM
MOJIYIIPOCTPAHCTBE, KOHTAKTUPYIOMIEH C MOITyOSCKOHEYHON TUTACTHHON Maod TONIMIMHGL. [lomydeHbt
ACUMITOTHYECKUES (hOPMYJIBI, IPECTABIISAIONINE TU(PPArHPOBAaHHOE BOJHOBOE MMOJIE B JATLHUX 30HAX.
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INPUMEHEHUE MOJEJIH TIPOT'PECCUPYIOIIEI'O NOBPEKEHUA K OHEHKE
IMPOYHOCTHU KOMIIO3UTHbIX COEJMUHEHUU

I'puminn B.M., Kopasienko H.A., I'ycesa H.B.

AHHoTanus. [IpoBeneHO SKCHEPUMEHTAIBbHOE HCCIENOBAaHUE IPOYHOCTH OOPa3LOB OONTOBOTO COEAMHEHHUS U3
yraemtactukoB KMKY u Torayca T700. Ha ocHOBE Mopaenu MpoTrpecCHpPYIOUIETO MOBPEXKICHUS MpPOBENCHA pacuETHas
OLIEHKA pa3pyIIalomiell Harpy3KH M THUIA pa3pyIICHHUS IBYXCPE3HBIX OONTOBBIX COCIMHEHHH B CIOHCTBIX KOMIO3HTAX.
PesynpTarhl pacuéTa CpaBHUBAIOTCS € SKCIICPUMEHTAIBHBIMY JaHHBIMHU.

[IpenmaraeTcss MOJENb MPOTPECCUPYIONIETO Pa3pyIICHUS KOMITO3UIIMOHHBIX MaTepuaioB (KM),
peanu3oBaHHas B TPEXMEPHOH IMOCTAaHOBKE M BKIIIOYAIOLIAs B ce0s aHAIN3 HAPSHKEHHOTO COCTOSHHUS,
aHalM3 pa3pylleHHHd W Jerpajallfio CBOWCTB MaTepuaia B 3aBUCHMOCTH OT OOHApy»XEHHOTO BHUIA
paspyuIeHus.

Jnsa mMonenupoBaHUS COEIWHEHHMH HCIONb30BaHA TPEXMEpHAs KOHEYHO 3JIEMEHTHas MOJENb
(KOM) KOHTaKTHOTO B3aMMOJEHCTBHUS OOJTOBOTO COEAMHEHHUS C y4ETOM KOX(QQHIMEHTa TPEeHus,
co3daHHAas Ha OCHOBE BBIUHCHHTENbHOTO KoMmimiekca ANSYS. Cmom KM  cMmomenmpoBaHb
OJTHOPOJHBIM OPTOTPOIHBIM MAaTE€pPHAJIOM C MEXaHWYECKUMH XapaKTEpPUCTUKAaMH MOHOCIOS, IO
TOJILIHE MOHOCJIOS PACIIOJIOXKEH OJANH KOHEUHBIN AJIEMEHT.

[Tocne mpoBeneHust pacu€ra Ha OCHOBE BCTpoeHHOro B ANSYS s3blka ImporpaMMHpOBaHUS
APDL paspabotaH MakpocC, KOTOPBHIM IMPOBOAWUT aHAIN3 pa3pylmICHUN, MPEICTaBIAIOMUNA COoO0
MPOBEPKY Ha HAJIM4ME TOBPEXKICHUN 0 KPUTEPUAM pa3pyllieHus. B npencTaBieHHOM UCCIEI0BaHUT
JUTS aHaIlM3a pa3pyIIeHUH HCIONB3YIOTCS KpuTtepun XamuHa [1]. BeiOpaHHbIe KpUTEpUH TO3BOJISIFOT
Pa3IMYUTh CeMb BHAOB pa3pylIeHHUsS BHYTPH IaKeTa: pacTpeCKUBaHHE MATPHIIBI MPH PACTSHKEHUH U
C)KaTuH, pa3pylIeHne BOJIOKHA MPU PAaCTSHKEHUH M CKATHH, OTPBIB MAaTPHUIIBI OT BOJIOKHA IIOCPEICTBOM
CIIBUTA U PACCIIOCHUE IIPU PACTSKECHUU U CXKATHUU.

OO0Hapy>keHHe ONpeNeEHHOTO BHIA Pa3pyIICHUs MPEAIoNaraer, 4To B 00JacTH MOBPEKICHUS
MaTepuan MepecTaéT BOCHPHUHUMATh COOTBETCTBYIOIIYIO HArpy3Ky IOJHOCTBIO HJIM YaCTHYHO B
3aBUCUMOCTH OT HCIIOJIb30BAaHHOTO IpaBWIIa JIerpajaluu Marepuana. Vcmonb3yemble Ha MPaKTHKE
MpaBwiia erpaganyy MOIYYSHBl SMIUPUUYECKUM IyTeM W 3aKIIOYAIOTCS B CHIDKEHUH ONPEIeNEHHBIX
CBOHMCTB MaTepualia B TMOBPSKIEHHON 00NacTH B 3aBUCHMOCTH OT BHAa paspylicHus. B manHoi
paboTe UCIOJIb30BaHbI IPAaBUJIA JIETPaIalluy, MPeaioKeHHbIe TaHOM 1 ero koyuieramu [2].

Bepudukanus npuMeHuMocTH U 3G(GEKTUBHOCTA MOJETH MPOTPECCHPYIOMIETO Pa3pyIIeHUs B
WCCIIEJOBAHNH MTPOYHOCTH OOJNITOBBIX cOeAMHEHNUH B ciaoncThix KM BBITONHATIACH HA 00pa3max, 3CKu3
KOTOpBIX TpHBenEH Ha puc.l.

[lepast vacTh 00pa3lOB KOMIIO3MTHBIX IUIACTHH, BKIOYala 16 TpyII, BhIPE3aHHBIX U3
yraeractika tuna KMKY. Bropas wacte 00pa3iioB ObUTa H3roTOBIIEHA U3 YIJICIUIACTHKA HA OCHOBE
MoHocost Torayca T700 u BKITFOYaa 4eThIpe TPyIIbl. MeTauimdecKne TUIACTHHBI B 00pa3iax ObLIH
n3rotosieHsl u3 nucta 16T Tommuuoit 6 MM. BonTel, ucnoibp3yemble B 00pa3uax, BHIOJHEHBI U3
BBICOKONIPO4HO# ctamu. O6mmii B KOM o0pasiia 601TOBOro CoeIMHEeHUs TpeICTaBlieH Ha puc. 2.
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Ha puc.3 mpencraBneHbl pacyéTHbIC JHATPAMMBI «HArpy3Ka-TIEPEMEIICHUE» W JAarpaMMbl,
MOJyYCeHHBIE TPU HCIBITAHMH HEKOTOPBIX 00pasnoB BTopod rpymmbl. ComocTaBieHHE Iuarpamm
MOKa3bIBACT CYIIESCTBCHHOE Pa3IM4Ke B yriax HAKJIOHA 3KCICPUMEHTAIBHBIX U YHCICHHBIX KPUBHIX,
9TO O0BACHAETCS pasHullel B mogaTmBocTd KOM G0ITOBOTO COSMMHEHUS W HCIIBITAHHOTO 0o0pasiia ¢
MIPUCIIOCOOIEHUEM.

Pesynbrarel paboThl [8] MOKa3bIBaOT, UTO YUYET BKIIAJAa KACATEIbHBIX HAMPSHKCHUH NPU OIICHKE
paspyleHHs BOJIOKHA MPH PACTHKEHUH, UCTIOIB3yEeMOe B KPUTEPHUIX XalllHa, 2 UMEHHO,

2 G 2 2
(&) (¢
T T RERGIN
2000 | KkpuTepuii Makcumambapbx | | O6paseu3_| t SXY Se ( 1 )
HanpsDKEHUH /
1800 i ’/‘,q — TIPUBOIUT K KOHCEpBaTUBHOMU OIICHKE
¥ 4 [}

1600 A NPOYHOCTH OOJTOBOTO COEAMHEHHS, IO3TOMY

& y L]
1400 ? \ /,' ! aBTOpaMH  PEKOMEHJOBAaHO  HMCIIOJIB30BaHUE
1200 ; \ o/ I KPUTEpPUS MAKCUMAJbHBIX HANPSOKEHUN IIpU
1000 J/ ; OLICHKE pa3pbIBa BOJIOKHA:
200 J O6pasery 2 _ | O6pasen 1 |

4
w1 [3}1 ®)

a4 \ < |2
400 / / | !
/ // KpHuTepHil XammuHa
200 | | | | B Bepaxenusix (1) u (2) BenmumHa Xi—
u,
0 ———— = 3HAUEHHE IPENENOB MPOYHOCTH MOHOCIOS Ha
0 02 04 06 08 1 1,2 14 16
. pacTsKeHue, a Sy, Se — Ha CJIBHT.
Puc. 3. /luarpammbl «Harpy3Ka-nepeMenieHnue» Uit BTOpOil IPyIIIbI o
o6pasios B mpomecce wuccienoBaHui BBISICHUIIOCH,

YTO KPUTEPUN MAKCUMAJIbHBIX HANPXKEHUN AAET

0oJiee BBICOKYIO OIICHKY pa3pylIarolieidl Harpy3Kd IO CPaBHEHWIO C KpUTepHeM XammHa. Brioop
KpUTEpHs TPAKTHUSCKH HE BIMACT Ha PE3yNbTaT PACUETHOW OICHKA TPOYHOCTH COCTUHEHUS B
cinydae, koraa B ykinaake ciou 0° cocraBusiorT 50%. Jlns Bcex oCTalbHBIX 00paslOB M3MEHEHUE B
pacuy€THOM OLICHKE JICKUT B npenenax 5-13%.

Ompenenenne B Tpormecce pacdéra ¢ HCMOIL30BAHUEM MOJCIH  IPOTPECCHUPYIONIETO
MOBPEKICHHUS MTOCIECIOBATEIIFHOCTH Pa3pyIIEHHBIX MOHOCTIOEB B DJIEMEHTAX KOHCTPYKIIHH, IO3BOJISET
MPEeJICKa3aTh THUIl pa3pylIieHUus oOpasna (pa3phiB, CKOJ, CMSTHE), YTO BAXKHO MPHU MPOCKTUPOBAHUU
OTBETCTBEHHBIX COEIMHEHHMM.

JIUTEPATYPA

1. Hahin Z. Failure criteria for unidirectional fibre composites // J. Appl. Mech. — 1980. — Vol. 47. —
P.329-334

2. Tan S.C. A progressive failure model for composite laminates containing openings // J. Compos.
Mater. — 1991. — Vol. 25. — P.556-577

Information about authors:

I'puminn Baivecsia UBanoBHY, 1.T.H., mpodeccop, TIaBHbIH HaydHbIH coTpyaHUK OIYIT « [ TAT W».
E-mail: dzuba@tsagi.ru (mns I'pumnuna), (495) 556-47-06, 8-916-565-88-78

KoBanenko Hatanbst AHapeeBHa, aciupaHT Kadeaphl MPOYHOCTH JIeTaTeIbHBIX anmmapatoB HI'TY.
E-mail: natasha kovalenko@mail.ru KoBanenko H.A.

I'yceBa Hatanbs BsiueciiaBpoBHA, K.T.H., Hay4HbI cOTpyaHUK OI YT «IATW».
E-mail: nata_gus@rambler.ru, 8-916-578-27-48

72



3AJAYA ONITUMAJBHOTI'O IO BBICTPOJAENCTBUIO YIIPABJEHUA JBUKEHUEM
TOYKHU MEPEMEHHOM MACCBHI
I'ykacan A.A., MarteBocsiH A.T'.

AHHOTaIUSA. PaCCManI/IBaeTCSI 3aJa4da OITUMaJIbHOT'O 110 6];1CTpOZ[eI71€TBPIIO yrapaBJICHUA TOYKOH HepeMeHHOﬁ MaccCBhbI.
HpPIBe}Z[éH CHHTE3 OINTUMAJIBHOI'O YIIPaBJICHUA. HOJ’[y'-IeHLI OIITUMAaJIbHBIC (1)3.30BLI€ TpaCKTOpUH Jid Cliydas, Korja macca
TOYKHU BO3paACTaACT U y6LIBaeT KBaZIpaTUIHBIM 3aKOHOM.

PaccmaTpuBaeTcs 3a1aua ONTUMAIIBHOTO MO OBICTPOACHCTBUIO YIIPABICHHS TOUYKOH ITEPEMEHHOM
Macchl. [IpuBenéM OCHOBHOE ypaBHEHHE MeNIepcKoro Juis JABHXKCHHS MAaTepUATBLHONH TOYKH
TepeMeHHON Macchl [1]

av = dm,._
mazF‘FE(VI—V) (1

roe m= m(t) — mepeMeHHas Macca TOUKH, V—abCoIIoTHAs CKOPOCTh TOUKH, Vl— a0CoJII0THAS CKO-

—

POCTH OTACTIAIOMINUXCA WU ITPUCOCTUHATONIUXCA YaCTUII, F — BHCHIHAA CHJIA.

Hwuxe paccmarpuBaeTcs 3amada yIrpaBlieHHS JBIDKEHHEM MaTEPHAIbHOW TOYKU MEPEMEHHOM
Macchl B YaCTHOM CJIydyae, KOTJa aOCONIOTHAs CKOPOCTh OTACIISIFOIIUXCS WIIH MPHCOCTUHSFOIIXCS
JacTHI] paBHA HyIO [1].

YpaBHEHUE IBIKEHUS TOUYKH B TOM CJIy4ae B BEKTOPHOH (hopMe UMEET BUJT

d

—(mv)=d 2
OIt(mv) u )

3mech U — ympaBisiioree BO3ACHCTBHE.
VYrpapisemMoe JBH)XEHHE TOYKM IEPEMEHHOM MacChl C OJHOM CTENEeHBbI0 MOABMKHOCTU
OIIUCBIBACTCSA ypaBHeHI/IeM

. m. u

X=——X+— 3)
m m

rne M= f (t) Beens cnenyromue 0003HaYCHYS:

X=X, X=X, M=X,, 4)

ypaBHeHUs1 (3) TepenuchIBalOTCS B BHJE CleAylomed cucrteMbl auddepeHInanbHbIX ypaBHEeHUH
MEPBOTO MOPSIAKA:

X =%
% =1(t)

PaccmoTpum cityuaif, Korja mMacca MaTe€pUallbHOM TOYKM H3MEHSETCsl KBAaJpaTUYHO, TO €CTb
m= f (t) =const =Pt + o, rae Pt + oL — CKOPOCTH H3MEHEHHUSI MACCHI.

B

OTaenbHO HHTErPUPYS TPEThE YPAaBHEHHE CUCTEMEI (5) X, = Etz +at+7vy, rme v — HavanbHOE

3Ha4YE€HHE MaCChl MATEPHAJILHOM TOUKH, U TTOJCTABIAA X; BO BTOPOE YPaBHEHHUE, IO YUM CIIETYIOITYI0

cHCTeMY JIMHEWHBIX TuddepeHInanbHbIX ypaBHEHUH ¢ IepeMeHHBIME KO3 uiinenramu:

x=A()x+B(t)u, (6)
0 1 0
me A)=|o __Btre | py=| 1| x=[ 5] u=["
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PaccMmoTpum 3a1a9y ONITUMATEHOTO OBICTPOIACHCTBUS.

0 0 0
3agaua 1. TpeOyercs mpuBECTH MaTepHAIBHYIO TOUKY M3 HAYaJbHOTO COCTOSHUSA X = (X1 » % )

B HAYaj0 KOOPIHUHAT (0,0) 3a MUHMManbHOe Bpems (T —min ) mpu ClIeAyroeM OTpaHHYEHHH Ha
YIIPaBISIIOLIEE BO3ACUCTBUE:
lu<1. (7)

Brionse yrpasisieMocTs cucteMsl (6) CIeayeT U3 TOro YCIOBHsI, YTO CyHIeCTBYeT 3HaueHue {,

s kotopoii  rangK (t) =2, rne K(t) — marpuna Kanbmana fuis IMHEHHBIX HeCTALHOHAPHEIX
cuctem [2]:
" Et2 +1oct +v
K (t)= B(t),A(t)B(t)—dBd—Et) - 2 (8)
gtz +at+y "

Jli1st perieHust TOCTaBIICHHOM 3aa9d UCITONIb3yeM MPUHITAT MakcumyMa [loaTpsruna [3].
HpI/IBeI[éH CHUHTE3 ONITUMAJILHOTO YIIPABJICHHUA U IOCTPOCHBI OIITUMAJILHBIC (1)330BI)IG TPACKTOPHUH.

I[J'ISI KOHKPCTHBIX 3HAYCHHH rnmapamMeTpoB O(.,B,’Y YHUCJICHHBIMU MCTOJaMH MOXXHO BBIYHCIUTH

KOOpAWHATBI TOUKH NEPEKIOYCHUA U ONPEACTIUTE MHOXKXCECTBO HAYAJIBHBIX TOUCK (1)a30B0171 IIJIOCKOCTH,
JJI KOTOPBIX CYIIECTBYCT PCHICHUE 3aja4r OIITUMAJIbHOT'O YIIPAaBJICHU.
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OB OJTHOM MOJIEJIH ITPOIIECCA OBCJYKUBAHUS MAHUITYJISATOPOM
TEXHOJIOTHYECKOI'O YYACTKA

I'ykacsan A.A., Opasin A4

AnHoTanus. [IpuBoasaTcs pe3yapTaThl MATEMAaTHYECKOT0 MOASIHPOBAHUS TIPOIIecca 00CTyKUBAHHS TEXHOJIOTHIECKOTO

y4acTKa, KOTOPhIH COCTOUT W3 K nonBIKHBIX MIM HENOXBIKHBIX 0GBEKTOB (uerneit) ¥ ymnpaBisieMOr0 MHOT'O3BEHHOTO
Manumyssitopa [1,2]. IIpeamnonaraercs, 4To B mpolecce 0OCTyKUBAHUS, THHAMUYECKUE XaPAKTCPHUCTUKH MAaHHUITYJIATOPA B
3aBUCHMOCTH OT MacChl IEPEHOCHMOrO rpy3a WIH HHCTPYMEHTa MOXET H3MEHSAThCS B HEKOTOPbIe KOHEUHBIE MOMEHTHI
BpeMeHH [3].

Hccnenyercst cimydaid, Korzna ABMKEGHHUE MaHHUIIYJIATOpPA HAa KaKIOM HHTEpBajie OOCIy>KHBaHUS
OIMCBHIBACTCS JIMHEHHBIMU T epeHInaTbHBIME YPAaBHEHUSIMH C MIOCTOSIHHBIMU K03 dUIeHTaMu, a
IMHAMHKA JBIKEHUS 00BHEKTOB 3a1aHbl.

X =AX +bu, e A, =A(0')(i=12,...k) (1.1)
rle K — KOJIMYECTBO DTAIOB OOCIYKUBAHHUSL, KOTOPHIM COOTBETCTBYIOT MHTEPBAJIbI BPEMEHH [ti_l,tl.]
(z' =1, 2,~-~,k), x' 7, -MepHBIH (a30BbIii BEKTOP COCTOSHHUS MAHHITYJISTOPA HA MHTEPBAJE BPEMEHH
te [tH,tl.] , A —(nl. an.) -MEpHasi MaTpulia ¢ IIOCTOAHHBIMH JJIEMEHTAMHU Ha MHTEPBAle [tH,tl.], B
3aBHCHMOCTH OT mHapameTpa ©',b' —n, -MepHbIH MOCTOSHHBIA BEKTOp, U— CcKansApHas QyHKIUA
yIpaBJieHus € [tO,T ] (t,— HavanbHbIA, f, =7 — KOHEYHBII MOMEHT BPEMEHH, COOTBETCTBCHHO).
ITpoMexXyTO4YHbIE MOMEHTHI BPEMEHHU I, (i = 1,2,w,k) (to <t <t,<--<t,_, <t,=T ) MOTYT OBITH
(PUKCUPOBAHHBIMH HITH OTPEICISATHCS U3 JOTIOJIHUTEIBHBIX YCIOBHIL.

[IycTh B NPOCTPAHCTBE COCTOSHHS 3aJaHbl IIPOM3BOJIBHBIC HadambHOe (mpu f=t,,i=1) u

koneunoe (npu ¢ =T,i = k ) monoxenus cucremsi (1.1) B Buze
1 ok _ ok _ ok
x(to)—xto,x (tk)—x (T)—xT (1.2)
. 1
rae (hasoBbIii BEKTOP X, MMECT PasMEpHOCTE 7, , a x'T‘ — Pa3MEpHOCTb 71, .

B obmem ciyuyae npeamosnaraercs, 4ro A, # 7, U B IPOMEKYTOYHBIE MOMEHTBI BPEMEHH I;

(i =12,....k— 1) (ha30BBIE BEKTOPHI COCTaBHBIX cHcTeM (1.1) ZOIKHBI yIOBIETBOPATH YCIOBUSM:
X (1)=2'(t)=x""(t,).(i=12,....k 1) (1.3)

rae z' (ti )— (bazoBoe cocTosiHHE 00BEKTOB B MOMEHTBI BPEMEHH ¢/, (i =12,....k— 1). (1.3) sBusercs
YCITOBHEM TIPEEMCTBEHHOCTH W O3HAYaET [4], 9TO KOHEIl JABWKCHHS MaHHIYJISATOpa Ha HWHTEpBaje

BpEMCHHU [ € [tH,ti] SIBJISIETCS. HAYAJIOM JIBYDKEHUS Ha CIIEAYIOIEM MHTEPBAIIC BPEMEHU [ € [ti i ] .

He napymas obuoctu, npeanonaraem uto n,,,>n, (i =1,2,---,k—1). Jina cornacosanus
pPasMEPHOCTU (1)330BI)IX BCKTOPOB Ha pa3HbIC 3Tallbl ABUKCHUA, (bOpMaJIBHO CUMTACM, 4YTO ABHXKCHHUC Ha
[-OM JTale IPOHUCXOAUT Ha M, -MEPHOM MPOCTPAHCTBE, € IMOCIEIHHE (nl.+1 - nl.) KOMITOHEHTEI

¢asosoro BekTopa X' (Z) TOKJIECTBEHHO PaBHBI HYJIIO, TO €CTh

i(t)_ N ) 0 0 .0 T i+1(t)_ RN & N & 2 B £ i+l Loyt T (14)
X - xl’x2’ ’xniﬁ 412 Y420 LR ) X - xl ’x2 s ,x X X ,x .

n 2+l 420 n

(307 () = (1) 7 (1) = 23 (1) (1) =, ()00 (6) = 0,y (5) = 0,007 () = 0)

AHaIOTMYHBIM 00pa30M, MOKHO (POPMATBLHO YBEIMYMTH Pa3sMEPHOCTH MPOCTPAHCTBA COCTOSHUM Ha
i +1 srane nBuxeHuit HA BeJ‘II/I‘lI/IHy(}’li -n,, ) ,Korma n,, <n, (i =12, k— l) )
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BaxxapIM BOIIpOCOM /IS JANTbHEHIIIEr0 HCCIIEIOBAHNS TIPOIIecca 00CTYKIUBAHHSI MaHHITYJIATOPOM
00BEKTOB (TEXHOJIOTHYECKOT'0 YUACTKa) SBIISIOTCS BOIIPOCH YIIPABIIEMOCTH, KaK Ha OTACIBHBIX 3Tarmax
o0CTyXKMBaHMS, TaK U YIPABIIEMOCTh BCEH CHCTEMBI B IIEJIOM, TO €CTh Ha BCEM MHTEPBAJIC BPEMCHH

[5] . Ha BceM unTEpBasie BpeMeHu [to, T ] MaTpHLIbl YIIPaBIAEMOCTH M* (2.4), c yuérom (2.28), (2.39),

UMEET CIISYIOUIYIO CTPYKTYpY:

M11 012 013 t Olk—l Olk
021 Mzz 023 t 02k—1 02k
M= {M M,,--M, M= T~ : , (1.5)
{ 1 ’ ! k} Ok—ll Ok712 0k—13 Mk—lk—l Ok—lk
Okl 0k2 0k3 t Okk—l Mkk

k
Marpuua M* nmeer pasMepHOCTb l:(z n jj {Zn H Onpeaenurens MaTpULB! YIIPABISIEMOCTH
1

spusercs detM* = detM,, xdetM,, x---xdetM,, , tae M, (j=1,2,...,k) sBusercs marpuueii

YIPaBIIIEMOCTH CUCTEMBI ITOJ] HOMEPOM ] ( j=1 2,-~,k) Ha MHTEpPBAJIC BPEMEHH JBIKCHUS [t 15 ,J

U UMEET Pa3MEpHOCTh (nj X nj) [6] .

CraenoBarensHo, u3 (1.5) cimemyer uro, mpouecc OOCIyXKMBaHHS MaHUMYJSTOPOM Ha BCEM
UHTEpBaJIe BPEMECHU [to , T ] BIIOJIHE YIIPABJISIEM, €CJIM KaXKIbIH 3Tall 00CIyKHUBAaHUS BIIOJIHE YIIPABIIEM

U HEYyTpaBiIsieM, €CIIM XOTs Obl Ha OJTHOM MHTEpPBase 0OCIYKHBAaHUS MPOLIECC HEYIPABIIECMBIH.
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O CBOBOJHBIX KOJIEBAHI/IHXMTOHKOI?'I YIIPYT'OM OPTOTPOITHOM
HE3AMKHYTOHU HUJIMHAPUYIECKOHU OBOJIOYKHU CO CBOBOJHBIMU KPASIMU

I'yaraszapsu I'.P.

AnHoTanmsi. B pa6ote, ncrnonb3ys cucteMy ypaBHEHHUI COOTBETCTBYIOIIECH KIACCHYECKOI TEOPUH OPTOTPOITHBIX LMIMHIPH-
YEeCKUX 000JIOYEK, HCCIIeIYIOTCS CBOOOJHBIE KOJeOaHHs OPTOTPOITHOIM TOHKOW YIpYyroil He3aMKHYTOH HMJIMHIPHYECKON
00071049KH cO cBOOOTHBIMU KpasiMu. [[11s HaxoxaeHus NpUuOIKEHHBIX COOCTBEHHBIX YaCTOT M COOTBETCTBYIOIIMX COOCTBEH-
HBIX (OPM HPHUMEHSETCS METOJ CBEICHHMS K OOBIKHOBEHHBbIM auddepeHunanbHbiM ypaBHeHusaM Kanroposuua-Biacosa.
[Momy4eHs! AUCTIEPCHOHHBIE YPAaBHEHHS IJIsI HAXOXKICHUS TIPUOIIMKEHHBIX COOCTBEHHBIX YaCTOT BO3MOXKHBIX THIIOB KoJeba-
HUHA. YCTaHOBIEHAa aCHMITOTHYECKAass CBA3b MEXAy IHCHEPCHOHHBIMH YPaBHEHHSMH pPAacCMAaTPHBAEMON 3amaddl u
aQHAJOTMYHOM 3a/lauMl A1 OPTOTPOITHOH IPSIMOYTOIBHO INIACTHHKY.

HccnenoBanus KpaeBOro pe3oHAaHCA IUIACTHH W HE3aMKHYTHIX HWIMHIPUYSCKUX O00O0JIOUEK CO
CBOOOJIHBIMU KpasMH SIBJISIOTCS Hauboliee TPYIHON 3ajadyeii B TEOpHH KONeOaHWM TUIACTHH M 000-
mouek [1]. Ilpeamomnaraercs, 9ro oOpa3yioniue MIIHHIPAICCKOW 000JOYKA OPTOTOHAIBHBI TOpIIaM
obonouku. Ha cpemuHHOM MOBEPXHOCTH 000JIOYKH BBOJSITCS KPUBOJIUHEWHBIC KOOPIUHATHI (o, B) , TIC

a(0<a<)u B(OLP<LS) ABIAIOTCSA, COOTBETCTBEHHO, UIMHON 00Opa3yromiell W IJIMHON HaIpaBIIsio-

e OKpyKHOCTH. | — JUIMHA IUINHAPUYECKO 00010UKH, a S— JUIMHA HalpaBJsIoIIeld OKPYKHOCTH.
B kauecTBe MCXOIHBIX YpaBHEHHMH, OMMCHIBAIOIINX KOJIeOaHUsI 000JI0UEK, HCIIOIB3YIOTCSl ypaBHEHNS,
KOTOPbIE COOTBETCTBYIOT KJIACCUYECKOI TEOPUU OPTOTPOINHBIX IMINHIPUYECKUX 000I0UEK, 3aIUCaAH-
Hble B BBIOpaHHBIX KPHUBOJIMHEHHBIX KOOpAWHaTax [2-4]. BBoasTcs NUCHEpCHOHHBIE YpaBHEHHUSA U
acUMIOTOTHYECKHE (HOPMYJIBI AJS HaXOXKIACHHUS NPUOIMKEHHBIX COOCTBEHHBIX YacTOT BO3MOXKHBIX
TUIOB KoJieOaHUH. Pemenne ncxoaHoro ypaBHEHUS UILETCS B BUAC

(U, U, uy,) = {Un W (,,B), VWi (6,8, W, (0,B)} B* (B —9)” exp(0,x ) , M
rae (Ul ,U,,Us ,) — BCKTOp INCPEMCIICHUS TOUYKHN CpeHHHHOI;’I NOBCPXHOCTH, U,V , % — HeOHpeI[eJ'IéHHLIG

nocrosiHHble, a 0 m=100 u W,_(0,B),m=1,00— COGCTBCHHbIC 3HAYCHUSI M COOTBETCTBYIOIIHEC
=0.

cobCcTBeHHBIE QyHKIMHK 3amadn: W =0*w, w" =w" sos

B=0,s

ch6,s—cos0,s
shO,S—sin0,s
a 0, — kopHH ypaBHeHus: ch 6S cos0s—1=0.

W, (0,8)=chO B +cos0 - (sh®,B+sin6,B) , ()

XapaKTepI/ICTI/I‘ICCKOC YpaBHCHHUC I/ICXO,I[HOf/i CUCTEMbI UMECT BU.
RnCon+ 8| Co = (B, / By) 8y ~ BB + 8 [ R Gy +, (147, +2((B, +4B,0) / BB’ ) |+
+a’e2d, (b, + (B, / B )X’ )~ a'l,0n (B + (B, +4By) /By )y* )} = 0. 3)

31€ch R s Con s Or> s By | oy — HEKOTOpBIE MHOTOMWIIEHBI OT % 1 B, B,.i,] =126 — koo dpuumenTs!

ynpyroctu, € =R /0, rne R — pajnyc HanpasIsiomeii OKpyKHOCTH CPEAMHHOM MOBEPXHOCTH,

B = [ B2 (B— 97 W, (0,) w, (0,B)dB / [ B (B— 97 W (0,8) dp, & =031/ @

I[J'IH AUCTICPCUOHHOT'O YPABHCHUS UMECM
8 2 N2 2N 2 N D2 N\ 2 (a2 2
Det|m[  =(By /B,)" N*(m2) E(Z) Bz)K: (n}) +O(e2) = 0. )

i,j=l
Ilpu ¢, — 0 ypaBHeHue (5) pacnaiaeTcsi Ha ypaBHEHUs
_ SBfI (PO |
EM2)=KI (%) (1+expQz, +22,))+ —— 12202
’ 1 (B, +By)’
Blzl(llllzz +|12|21)2 4BIZI|121|221
(Blz + B66)2 (Bu + 866)2
B(nrzn) = Kl2 (nrzn) (1 + exp(2Z3 + 2’Z4 )) + 8b11b22b21blz exp(Z3 + 24) - 4b11b21 (bllb22 + b12b21 )(exp(z4) -

4B|21|11|21(|11|22 +|12|21)
(BIZ + 866)2

exp(z +2,)— (exp@,) -

[lez]2 =0 (6)

exp( Z, ))[Zl Z, ] - (eXp(Z Z, ) + exp(2 Z, )) -
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exp(2,)[2,2,]- (b, by, +b,b, ) (exp(22,) + exp(22,)) ~ 4b3b3[ 2,2, =0 ©)

2
Kf(nfn) = ﬂ(aﬁn” +aszz(B12 + B66)/(BIIB66)I|'(nJ)) =0, (8)
i=1
2
Kz(ﬂi)z(ﬁm+ﬂr2n)(a By ~8; B, +nmj Mdidas Mo = Bmg2 ,
31 66 66 'm

N = O +2)00 + 2000 +1)00 + 1), 2 =021, 9)
K (o) = %32 +4(Bgg / B BrkaXs — (Bu/E’ﬁ) m> [2Z,1=6,] (exp(z)—exp(z)) /(7 - 7).

31ech ® — yrioBas 4acToTa, P — IUIOTHOCTb MaTepHuana, h — TONIMHA O0OTMOUKU. ¥,,%, U Y;> Y.~
KOpHH ypaBHEHUI

Cm=x“+{B“B”_§2B;ZB”B“ﬁm B“al nm}c +(Br +nm(§jﬁ +Bh jzo, (10)

2 +2B B
er a [Bll (Blz 66)BmX2+1 66 11,21120 (11)
BZZ %2 2
C HENOJIOKUTEIbHBIMH JIeHiCTBUTEIBHBIMH YacTSIMH COOTBETCTBEHHO. I“) b(” ad 1D b~

m > 'm 2 'ijoMij
HCKOTOPbIC MHOTOWICHBI OT ) ; U B,
VYpaBuenus (6) u (7) ABISAIOTCS TUCTICPCUOHHBIMU YPAaBHEHUSIMHY IJIAHAPHOTO U U3THOHOTO KOJICOaHMi
aHAJOTUIHON 3aa4yM IS MPSMOYTOJIEHOHN IUTACTHMHKH, COOTBETCTBEHHO. YpaBHEHHE (8) ompenemnseTr

YaCTOTHI MPEUMYIIECTBEHHO TIAHAPHOTO THUIIA KOJICOAHUH IIMIIMHIPUIECKON 000T0UKH.
Ecmm y,,%,, %;,%,— KOpPHH ypaBHeHHH (3) UMEIOT OTPHLATENbHBIE JEHCTBUTENBHBIE YaCTH, TO TPH

0, — oo nucnepcuoHHOE ypaBHEHHE 3a7aull [IpeoOpa3yeTcs B ypaBHEHHE

X s 2 4
DethJ H. j=1 :(DethJ H. j=1) +ZO(eXij)= 0, Zi = emle > (12)
: : =
ampu 0 | > u g, —0 ypaBHeHue (5) u (12) npeobpasyroTcs B ypaBHEHHE
4
Det|m[ |, = (B /By) N> () K} (o) K3 (ma)K3 (7)) +O(er) + 3 Ofexpz) =0. (13)
i=1
3amMeTuM, YTO YpaBHEHHUE Dethj H?H =0 sBuseTcss IUCTICPCHOHHBIM yPaBHEHHEM IIOJY-

OCCKOHEYHON HE3aMKHYTOH IMIMHIPUIECKOM 000JI0UKH CO CBOOOTHBIMU KPasiMH.
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JA®PAKIUSA IIOBEPXHOCTHOM BOJIHBI CIBUT'A HA IIOJTYBECKOHEYHOM
TPEHIUMHE B COCTABHOM IIBE3O2JIEKTPUYECKOM ITPOCTPAHCTBE

Hsxnnaesan C.A., Capresn A.C.

AnHoTanus. Vccnenyercs pacnpocTpaHEHUE IEKTPOYIPYTroi IOBEPXHOCTHOM BOJIHBL CIIBUTA B IIPOCTPAHCTBE, COCTO-
SIIIEM W3 TIbE30JIEKTPUYECKHX MOJIYIIPOCTPAHCTB. MeXIy ABYMS INOIYyIPOCTPAHCTBAMH CYIIECTBYET MHONyOecKOHEeUHas
TPELINHA, a Ha OCTAJIbHON YaCTH KOHTAKTHOH MJIOCKOCTH UMEIOT MECTO YCJIOBUS IOJIHOTO AJICKTPOMEXaHUYECKOTO KOHTAKTa.
3agava qudpakuu pacnpoCcTpaHsIoNeiics BOJHBI CBOJUTCS K peLICHHIO0 (QyHKIMOHAIBHOIO ypaBHEHHMs THIa PuMana Ha
NIEWCTBUTENBHOI OCH, KOTOPOE peraeTcss MeTooM (aktopusanun. Judpakiys moBEpXHOCTHON MEKTPOYIIPYToil CABUTOBON
BOJIHBI Ha TONyOECKOHEYHON TpELIMHE NMPUBOIAMUT K PACIPOCTPAHEHMIO JIOKATM30BAHHBIX BOJIH, OOYCIOBIEHHBIX Mbe303(]-
(eKTOM U HaJTMYHeM 0Ty OECKOHEYHOH TPEIIHHBL

PaccmarpuBaetcs 3amada nudpakiiui MOBEPXHOCTHON CIIBUTOBOM BOJIHBI B COCTaBHOU cpefe, 00-
JAJaroIIel CBOMCTBOM Mhe303¢(deKTa. DIESKTPOYIIPYTOE MPOCTPAHCTBO COCTOUT M3 ABYX ITHE303JICK-
TPUYECKUX TOTYIPOCTPAHCTB—IIHE303JICKTPUKOB TeKCArOHAJLHOW CHMMETPUH Kiacca 6mm ¢ COBIa-
naromeit ¢ ocbro OZ rmaBHOM OCBIO KPUCTAIlIa, U OTHECEHO K IPAMOYIOJILHOM JIEKApTOBON CUCTEME

KOOpJAHHAT Oxyz , Iipu 3TOM, C,, €, €,, P, — ypyras, Mbe303JICKTpUISCcKas, TUIJICKTPUICCKas MOCTO-
SHHBIC U IUIOTHOCTB Cpe/bl, 3aHUMarowiell momynpocrpaictso Y >0; C,,€,,€,,p, — COOTBETCTBYIO-

e XapaKTEPUCTHKH Mbe303JeKTpuueckoro nomynpocrpanctea Y <0. B mmockoctu OXZ mpu

X< 0 mbe303JIeKTPHIECKHE OMYPOCTPAHCTBA B3aUMOICHCTBYIOT MEKITy cO00# 6e3 aKyCTHYECKOTO
KOHTaKTa. B 3T0# ke MmIocKocTH KOHTaKkTa mpu X > 0 MeXIy MoIympoCTpaHCTBAMHU OCYIIIECTBIISIETCS
3JIEKTPOMEXAaHUYECKUI TMOJHBIM KOHTAKT, T.€. IPUHUMAETCS, YTO paccMaTpuBaeMasl COCTaBHAs Cpela
UMeeT NoyOeCKOHeUHy 0 TpenuHy B miockoctd OXZ mpu X< 0.

U3 Geckoneunoctu (X< 0) mo manpasinenuto ocu OX pacrmpocTpaHsercs 3JIeKTpoylpyras Io-
BEPXHOCTHAsI BOJIHA CIBHra, 00YCJOBJICHHAs HaauuueM mbe3odddekra B monynpocrpancTeax [1,2].
[Ibe303mekTpruecKkas cpeia HaXOAUTCS B YCIOBHUSX aHTHILTIOCKON Ne(hOpMaIiK, YIYUTHIBACTCS rapMo-
HUYECKas 3aBUCHMOCTh OT BPEMEHH BCEX COCTABISIOIIMX BOJHOBOTO MOJs (BPEMEHHON MHOXKUTEIh
gt , ® —Jacrora Koyuebaunuii, { — mapamerp BpeMeHu).

AMHJII/ITy)Z[HI)Ie COCTAaBJIAOIIHNEC HepeMeH_[eHI/II‘/‘I " DJICKTPUYCCKUX IMOTCHIMAJIOB BOJIHBI, pacipo-
CTpaHsoUIelcs: 13 0ECKOHEUHOCTH, UMEIOT BUIL:

eic*xe—\lo*z—klzy

Vvloo(Xa y) = ,
iG:X oG y> 0
qjloo(x’ y):ivvloo(x’ y)_iDe * *y’
€ g
Wzoo(Xa y) = i 8_2_ D81+—82 eimxe\/my’
& g
y<? (1

(DZOO (X7 y) = iW200 (X, y) + i DeiG*Xec*y.
& g,

B »TuX COOTHOIICHUAX G, > kn — BOJIHOBO€ 4YHUCJIO HOBerHOCTHOfI BOJIHBI, ITPHU 3TOM,

Xl G* +i Xz G* :81+82 D=1+X1 \'G*z_klz
1+, \/G*z - k12 & 1+%, Jo.> - k22 € X1 G-

K, =o/V, ,V, =+/c,(1+%,)/Py» %n =€ /e,C,, N=1,2.

PaccMatpuBaetcss 00yCIOBIICHHAS HATHYUEM MOTYOSCKOHEYHON TpeluHbl, AU(GPAKIUA CIBUTO-
BOH 2JICKTPOYTPYTOH BOJHBEI (1) B COCTABHOM IPOCTPAHCTBE. 3amava 3aKII0YacTCs B OMpPEaeIICHUH
AJIEKTPOYIIPYTOTr0 BOJIHOBOTO IMOJIS B MOJIYNPOCTPaHCTBaX. KOHCTPYKTUBHAS HEOAHOPOIHOCTH CPEJIbI
MPUBOJIUT K CYIIECTBEHHOW MEPEeCTPOHKe MU(PparkpOBaHHBIX BOJHOBBIX TOJCH, U MOTyOSCKOHEUHAs
TPEIIMHA SBIACTCS MPUYUHONU BO30YKACHUS BYX JIOKATM30BAHHBIX BOJH W MPOSBICHUS HEKOTOPBIX
HOBBIX OCOOCHHOCTEH NpW MU(PPAKIUK BOJIH cABura. J[Jsl onpenesieH sl aMILUTUTYIHbIX QyHKIUH Ne-
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pemeLleHnn W, (X, Y),W,(X,Yy) u osnexkrpuueckux notenuuanos @ (X,y),d,(X,Yy) B momympo-
CTpaHCTBaX UMeEEM cieayromue ypaBaerws [1,2,3]:
2 _ 2 _ 2 2
AW +k'w =0, gAD +ekw =0, y>0, A_a +a @
2 2 T Ay 2"
AW, +kw, =0, &,AD, +ek’w, =0, Y<0, ox™ oy
Pemennst ypaBHeHHU# (2) JODKHBI YOBJICTBOPATH YCIOBHSIM 0€3aKyCTHYECKOTO KOHTaKTa MpPH
X< 0 wu ycrnoBusiM mojaHOro KoHrakta mpu X > 0. Jlms xapakTepucTHdecKuX (QYHKIHHA SIICKTpHYe-
CKOT'O TIOJISl — aMILTUTYT DJICKTPHYECKUX TOTEHIIMAIOB U COCTABJIAIOIINX BEKTOPOB AIICKTPHYECKUX
UHIYKIIUH, IMEIOT MECTO yCIIoBuUs HerpepsiBHOCTH Tip Y = 0.

st aMIunuTy | HanpspKEHUH U IepeMELCHUI YCIIOBUSL Ha KOHTaKTHOW INTIOCKOCTH NPECTaBIISAIOT-
csl B BUJIE

Ol (%, +0) = 67/ (% ~0) = 0. (X). W (X,+0)~W,(%,~0) =y_(X) mpn y=0,
rae 0,(X)=0 mpu X<0, y (X)=0 npu X>0. g, (X)— nanpsxenue mpu Y=0, y_(X) npen-
CTaBIISIET pa3HHMILy Tepemeniennii Ha Y = £0.

3ajava pemaercsi METOOM MHTETrpaIbHOTrO mpeoldpazoBaHus DPypbe, UCTIONB3YsT METObI (PaKTo-
pH3aly U TeOpUH (PYHKIUI KOMIUIEKCHOTO MEPEMEHHOT0, METO/I, pa3paboTaHHbIN B [4], 1 cBOOHUTCS
K peleHnio GyHKIMOHAIFHOTO ypaBHEHUs Tuila Pumana Ha neficTBuTensHON ocu [2,3,5].

PaccmaTpuBas audparupoBaHHOE BOJHOBOE IOJIE B COCTAaBHOM moiynpoctpanctBe X < 0, Haxo-

IIM, 9TO BO30YXKIAaeTCsl MOBEPXHOCTHAA—JIOKAIM30BaHHAs y TpaHu4IHOM moBepxHocTH Y =0 BosHa,

PacCIpOCTPAHSIONIAsCS CO CKOPOCThIO Majaroiieil BoiaHbL. B coctaBHOM momympoctpanctBe X >0,
KpoMe Au(parupoBaHHBIX 0OBEMHBIX JIEKTPOYIIPYTUX BOJIH, PACHIPOCTPAHSIOTCS, €CJIM TOJBKO cpena
JIOITyCKaeT TaKoe paclipocTpaHeHHe (I0IydeHbl YCIOBH), JIOKAIN30BaHHbIC Y KOHTAKTHOM IJIOCKOCTH
MEXIY MbE303JIEKTPUYESCKUMHE TONYTIPOCTPAHCTBAMH, CIBUTOBBIC TIOBEPXHOCTHBIC (MHTEp(eiicHbIC)
BOJIHBI, 00YCJIOBIEHHBIE Tbe303((eKTOM U JudpaKiuel maJaronei 3JIeKTPOYIPyroi BOJIHBI CIBHTA.
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UCCJIETOBAHUE JUHAMUWYECKOMN IMPOYHOCTH ATIOMUHHUEBOI'O CILIABA
AJl1 ITPH PACTA’)KEHUHA
EBctudeen A. /.

AnHoTanms. [IpuMeHeHne MaTepHanoB B yCIOBHSAX BHICOKOCKOPOCTHBIX AWHAMHYECKUX HAarpy3oK TpeOyeT BCECTOPOHHEro
H3y4YeHHs HX TIPOYHOCTHBIX CBOWCTB. B Hacrosmeil paboTe mpeicTaBieHa SKCIEPUMEHTANbHAs CXEMa BbINOIHEHUS
HCTIBITAHUH MaJlbIX 00pa3loB Ha PACTSKEHHE C HCTOIb30BAaHUEM OAlIEHHOTO KOMpa. AHANN3 3KCIEPUMEHTANBHbBIX JaHHBIX
BBITIOJTHAETCSI C UCTIOIBb30BAHUEM CTPYKTYPHO BPEMEHHOTO ITOXOMA.

HccnenoBanne NPOYHOCTHBIX XapaKTEPUCTUK MaTephalia B YCIOBUSAX JWHAMHUYECKHX Harpy30K
SIBIIIETCSl aKTyaJIbHOW 3aJadell, IOCKOJIbKY TIIOBEACHHE MaTeprajga B OSKCTPEMaJbHBIX pPEXHUMax
CYILLIECTBEHHO OTJIMYAETCs OT MOBEACHHS NPU KBa3UCTATUYECKOM HarpykeHuu. C pocToM CKOpPOCTH
nedopManyy, Kak IPaBHIIO, IMOPOTOBBIE 3HAYEHHS MPOYHOCTH IIPH PACTSDKEHUH WM COKATHH
YBEIMYUBAIOTCS HeMnHEeHo. To ecTh y Mareprana MOsSBISeTCS CIIOCOOHOCTh BBIJIEPYKUBATH KPATKO-
BpEMEHHbIE Harpy3KH, MHOTOKPAaTHO MPEBOCXOMAIINE MX CTATUYECKHH Mpeies MPOYHOCTH, JaHHBIH
3¢ PEKT XOPOILO ONMUCHIBACTCS KPUTEpUEM WHKYOallMOHHOTO BpeMeHH [1,2].

B mHacrosimee Bpemsl IIMPOKO TMPHUMEHSEMBIM METOJIOM DJKCIEPUMEHTAIBHOTO ONpeAeTICHIs
MIPOYHOCTHBIX XapaKTePUCTUK MAaTEPHAJIOB B AMHAMUYECKOM JHAaNa30He HarpyKeHUs SIBISIETCS METO
Kounbckoro ¢ ncnonb3oBanueM paspesHoro crepxkus ['onkuncona (PCI') unu ero moangukanuu. [pu
9TOM, (PUKCallUsl CUTHAIOB MPH paspylieHHd M oOpaboTKa IKCIIepUMEHTAJbHBIX JAHHBIX SBIISAETCS
JIOBOJIGHO CJIOKHBIM TIpolieccoM. B HacTosmiei paboTe ucciieoBaHusl TUHAMHYECKUX XapaKTEPUCTHK
MaTepuajia mpoBoawinch Ha OameHHoM Kompe Instron CEAST 9350 mpu ckopoctu aedhopmanuu
nopaaka 10%-10° (c'). T'7aBHBIM JOCTOMHCTBOM MCTIONB3yeMOTO OGOPYNOBaHUS SBISAIOTCA
cepTuUIIMPOBaHHBIE METOIUKH (DUKCAINY CUTHAJIIOB ¥ aBTOMATH3UPOBAHHAS MTPOIEAypa IPOBEACHUS
WCIBITAaHHUH, YTO MTO3BOJISIET CHU3UTH ITOTPEITHOCTD IKCIIEPUMEHTA.

OKCIIepUMEHThl MPOBOAWINCH Ha aJloMHHMEBOM cmaBe AJll  ansd  pasnuuHbBIX — Bapualuii
TeOMETPHYECKHUX Pa3MepoB 00pa3LoB. Pe3ynbraTel npeacrasieHsl Ha puc.l. [lepBoodepenHoii nensio
paboTHI SBISIIOCH ONpe/elieHHe BO3MOKHOCTH HCITBITAHUS Ha PACTSDKEHUE MANBIX TUIOCKUX 00pasioB
W3 HaHOCTPYKTYPHPOBAHHOTO MaTepHalla MEeTOJaMH HWHTEHCHUBHOW IIJIAaCTMYECKOW JedopMaiuu
(UITH) [3]. Otuactu 3TO CBsi3aHO CO CIEIU(UKON TOTy4aeMBIX B HacTosIiee Bpems 00pa3IoB
HeOompmoro pasmepa meromamu UIIJ nedopmanmm (Hampumep, MpH HCHOIB30BAaHWH METOIA
WHTEHCHUBHOH INIACTUICCKON JAedhopMannuu KpydeHHeM, Kak TPaBHIIO, TTOTyJIar0TCs TUCKH 10 20 MM B
IuaMeTpe U A0 1-2 MM 1o TOJIIIHUHE).

Kpurnuecikoe nanpskenue, Ml la
.
k.
n

105
95
[}
85 o @99 @ ®
oy
75 e
0.0001 0.001 0.01 0.1 1 10 100 1000 10000
c¢KopocTh Jedopmanuu, 1/c
padouas JacThb*IMHPHHA*TOAIMHAHAA W 10%2.66%0.82 MM ®5*2*1.5Mm @ 5%2%1.17

Puc.1. 3aBUCHMOCTh KPUTHYECKOTO HANPSDKEHMS OT cKopocTH Aedopmanun. Kpupas moctpoeHa 1o KpUTEpHIO
(1) mpu o, =80 MPa, t_ = 0.8 us, TOUKK — SKCIIEPUMEHTAIILHBIE JIAHHBIE.
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AHanu3 SKCHEPUMEHTANIbHBIX [aHHBIX BBIIOJIHSICA C MCIOJIb30BAHHUEM CTPYKTYPHO BPEMEHHOI'O
nonxona. B kauecTBe kpurepus paspylleHHs MaTepuana MpHU PacTsHKEHUHM OBbIT BBIOpaH KPHUTEpHil
WHKYOalroHHOTO BpeMenH [1, 2]:

t
L I ﬁdsﬁl (1)

Tc t-1, GC

rae t — Bpems, o(t)— mpunokeHHOe HampspKeHHE, O,— CTaTHYECKUH Ipenen NMPOYHOCTH, T, —

WHKYOallMOHHOE BpeMsl pa3pyIIeHIs.

Hcnonp3oBaHue AAaHHOTIO MOAXOJAA MO3BOJIWIO OMMCATH 3KCIEPUMEHTAIbHbIE JAHHBIE B CTATUYECKOMN
U TUHAMHYECKOHM 00NacTAX Ha AuarpaMMe KpUTHYECKOe HalpspKeHHEe NMPU PacTsHKEHHUH — CKOPOCTh
nedopMaIum.

[Toy4yeHHbIe maHHBIE TTPH UCITBITAHUH TUIOCKUX 00Pa3IoB ¢ pa3MepaMu padodei gactu 10 MM mmuHA
u 3 mMm mupuHa (ISO 8256) mpoaeMOHCTPUPOBATIN XOPOIIIYI0 KOPPETSAIUIO C TaHHBIMU, ITOTYYCHHBI-
MU TIPH UCTBITAHUU MaJbIX 00pa3IioB ¢ pa3MepaMu pabodell yacTH 5 MM JUIMHA B 2 MM IIUPUHA. ITO
MO3BOJISIET MEPEUTH K HCCIEAOBAHHUIO CBOMCTB MaTepuala, MOIYYEHHOTO METOJAMH WHTECHCUBHOM
TUTACTHYECKOH IeOpMaIiH, YTO SBISETCS aKTyalbHOM Ha HACTOSIIUI MOMEHT BpEMEHH 3aaucii.
Takke CTOMT OTMETHTh, YTO MPOBEASHHAsI B JaHHON paboTe cepHsi CTATMYECKUX U JTUHAMHYECKUX
WCTBITAaHUH, ¢ Tocienyromeld o0paboTKoW pe3yJbTaToOB C TOMOIIBI0 KPUTEpUH WHKYOAIMOHHOTO
BPEMEHH, IIO3BOJISIET OINPEIECIUTh CKOPOCTHYHO 3aBUCUMOCTh KPUTHUECKHX HANPSDHKEHUH MpU
HEHCCIIEIOBAaHHBIX PEKUMAX 110 CKOPOCTH JIe(OopMaluK. DTO CYIIECTBEHHO paclIupsieT HHPOPMALIUIO
0 MaTepuaie U aéT BO3MOXKHOCTh BBIOOpA MaTepHana 1Mo 3aJaHHbIe YCIOBUS IKCILTyaTalllH.
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PACITPOCTPAHEHMUE IIJIOCKHUX ITPOJOJIBHbBIX BOJIH B MATEPHUAJIAX C
TOYEYHBIMU JE®PEKTAMU

Epodees B.U., JleonTtheBa A.B., ManbxanoB A.O., lllexosn A.B.

AnHoTanmsi. B paGote n3ydaercs BusHUE TOUHBIX eQEKTOB MaTepHalla Ha paclpOCTPaHEHUE TUIOCKUX TPOIOJIBHBIX BOJIH.
[Moka3aHo, YTO HBONIOLMOHHOE ypaBHEHHE OOBEIMHSET B ceOe M3BECTHBIC YpaBHEHMs BOJHOBOH nuHamuku: KopreBera-
nie Bpusa-broprepca u Kieitna-I'oprona. IlomyueHbl TOUHBIE aHAJIUTHUECKHE PELICHUS YPAaBHEHHH METOAOM YCEUEHHBIX
Ppa3IoXKEHUH.

[Ipu Bo3zeiicTBUM Ha MaTephal JIa3epHOTO W3IY4YSHHS WM TIOTOKa YacTWIl (HalpuMep, MpH
MOHHOW UMIUIAHTAINK) B HEM CO3MIAl0TCS TOUCUHBIC AeeKThl (BakaHCHH, MexXy3ius). [IpoxoxaeHue
WHTEHCHBHOM MPOJOJIBHON aKyCTHYECKOW BOJHBI CIIOCOOCTBYET M3MEHEHHUIO B O0NACTSIX pacTsKEHUS
Y CXKATHS SHEPTUU aKTUBAIMK 00pa30BaHUsl TOUEUHBIX Ne(EKTOB, MPUBOJIS K MX NMPOCTPAHCTBEHHOMY
nepepacnpeneneHno. JledekTsl, MATpUpPYIONIHEe 10 MaTepuanty, PEeKOMOMHHPYIOT Ha Pa3IHIHOTO
pona ueHtpax. Poyib TAKHX IEHTPOB MOTYT UIPaTh TUCIOKALNH, TPUMECH BHEIPSHUS U Jp. BoiaHOBBIE
3¢ (heKTh B aHCAaMOJISIX JUCIOKAIMA N3y4alnch B padote [1].

B paborax [2, 3] w3yyanoch BiWsHHE AUCIOKALUMWA © TOYEYHBIX Je(EKTOB Ha
MPOCTPAHCTBEHHYIO JIOKATM3AIHWIO HEIMHEHHBIX aKyCTHYECKHX BOJIH, PACHpPOCTPAHSIOMIUXCS B
MaTepuanax.

CaMocornacoBaHHass MaTeMaTH4yecKass MOJeNb TpeacTaBisieT co0oil  cucreMy  TpEX
mud depeHInanbHBIX YPaBHEHUA B YaCTHBIX MPOU3BOAHBIX. CHCTEMa BKITFOYAET B ceOS TMHAMHYECKOE
YpaBHEHHE TEOPHHM YNPYTrOCTH W KHHETHYECKHUE YpPaBHEHHUsS JUIS IUIOTHOCTEH PAa3IMYHBIX THUIIOB
ToueuHbIX JedekToB. B ypaBHeHMsX yureHa 0oOBEMHas B3auMHas PEKOMOMHAIMS pPa3HOMMEHHBIX
nedexrtoB. Jlns crarmueckoil nedopManuu cUCTeMa YpaBHEHHH CBOAUTCS K OJHOMY HEIUHEHHOMY
muddepeHITnaTbEHOMY YPaBHEHHIO, OTIFICHIBAIONIEMY JHHAMUKY TOU€UHBIX AedekToB. [y ympomeHus
3aJjaydl MpeanojaracM, 4To CKOPOCTH PEKOMOMHALIMM Ha CTOKAaX M CKOPOCTH B3aUMHOM pPEKOMOH-
Haruu JIeeKTOB OJHOTO TOPSIKA.

Pemenne ypaBHeHUS WIeM B BUAE aCHMIOTOTHYECKOTO Pa3NOXEHUHA M0 MalloMy THapamMeTpy.
[Ipu 3TOM BBOAMM HOBBIE NEPEMEHHBIE, TOCKOIBKY BO3MYIIEHHE, PACIIPOCTPAHSSACH CO CKOPOCTHIO
BJOJIb KOOPAMHATHI, MEJUIEHHO 3BOJIOLMOHUPYET B MPOCTPAHCTBE M3-32 HEJIMHEHHOCTH, TUCIIEPCUU U
miuccumnanuu. llepBoe TpUONMKEHHWE IO MalloMy MapaMeTpy IMO3BOJNSET MONYYUTh HEITUHEHHOE
9BOITIOLIMOHHOE ypaBHEHNE OTHOCHTEIHHO O0BEMHON KOHIIEHTPAIIUH OJTHOTO M3 TOUEYHBIX Ie(eKTOB.
VYpaBHEeHHE B YaCTHBIX IPOU3BOJHBIX HMMEET UYETBEPTHIH TOPSJOK M COACPKHUT KBaJpaTHUHBIC
HEJIMHEWHOCTH. AHAIIM3 ypaBHEHUS MOKA3bIBACT, YTO HAPSAY C HEJIMHEHHBIMU MPOLIECCAaMU B CUCTEME
MPUCYTCTBYIOT TaKXX€ JMCCUTIATUBHBIC M TUCTIEPCUOHHBIE TTPOIECCHI.

[anee paccMaTpuBaloTCS Kak YacTHBIE CIy4ad 3BOJIOLMOHHOTO YpaBHEHMS, TaK U caMo ollee
ypaBHeHue. [lokasaHo, 4TO ecnd B paccMmarpuBaeMod cucteme auddysus mnpeobnamaeT Haf
pexomOuHaImei e eKToB, TO IBOIIOIMOHHOE YpaBHEHHE MTpeodpasyercs B ypaBHeHne KopreBera-e
Bpmza-broprepca. Ecimm ke, HaoGopor, B cucTeMe pekoMOMHanmus aeekToB IpeoOiamaeT Ham
(G Gy3UOHHBIMU TPOIIECCAMH, TO 3BOJIOIMOHHOE ypaBHEHHE MpeodpasyeTcst B ypaBHeHue KieliHa-
l'opaoHna ¢ kBagpaTHYHON HENMHEUHOCTHI0. HaliieHbl perieHnst ypaBHEHUH A CTAlMOHAPHBIX BOJIH.

PaboTa BrITTONTHEHA TIpH puHAHCOBOU Toaepkke Poccniickoro HaydHoro ¢ouma (mpoekT Ne
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HNPUMEHEHHUE METOJA CTEIIEHHBIX PAAOB J1JISA IOCTPOEHUA HPI/IKJ"IAIIHOI\/'I
MOJEJIX MUKPOIIOJIAPHBIX YIIPYT'UX TOHKHUX IIJIACTUH CO CTECHEHHBIM
BPAINIEHUEM

Kamakousan K.A.

AHHOTanus. B pabore moctpoeHa Monenb MUKPOHOJISPHOH yHnpyroi TOHKOW IUIACTUHKH INIPH MOMOLIM METOAa
CTEMEHHBIX PsIOB. JTa MOJIENb CPABHUBACTCS C aHAJIOTUYHOH MOJEINbI0, KOTOpasi MOCTPOEHa aCUMITOTHYECKH 0OOCHOBAH-
HBIM MOZEJIOM THIIOTES.

1. MMocranoBka 3agayu. PaccMOTpUM H30TPONHYIO TUIACTHHKY MOCTOSHHOM TONMHBI 2h Kak
TpEXMEpPHOE YIPYTroe MUKPOIOJIAPHOE Teno. byneM MCXOOuTh M3 OCHOBHBIX YPaBHEHUH NMPOCTpaH-
CTBEHHOH 3aJladyl MUKPOMOJSIPHOW TEOPUH YNPYTOCTH cO CTeCHEHHBIM BpameHueM [1]. K stum
YpaBHEHHUSIM OyZleM COCOUHATh TPAHUYHBIC YCIOBHSL.

Ha JMIeBBIX IUIOCKOCTAX IUIACTMHKH X, =+h CUMTArOTCs 3alaHHBIMU CHJIOBBIC U MOMEHTHBIC

HaIIPsKCHU S
+ _ + _ + _ + _ + _
Gy =%pP,0; =1P,, 05 =P, Uy =M, Uy, =My, mpu X, = £h. (1.1)
rpaHI/ILIHLIe yciioBusAa Ha OOKOBOM MOBCPXHOCTU IMIIACTUHKU MOTYT 3allUCBIBATLCS B CHJIOBBIX U
MOMCHTHBIX HAIIPSXKCHHUAX, IICPEMCUICHUAX U ITOBOPOTax UM B CMCUIAHHOM BHUJIE.
O6ma;1 3aava pa3jaaracTtcs Ha CUMMCTPUYIHBIX U aHTUCUMMCTPUYIHBIX 3a4a4 I10 X3 .
2. MeTtoa cTeneHHBIX pPAI0B. HJ‘IH NMOCTPOCHUA ,E[BYMepHOP'I MOZACIIN MIACTUHKU IIPUMEHUM MC-

TOZ CTemeHHBIX panoB [2]. Ammpokcumupyem V,,V,,V; crenennsiMu mommsomamu oTHOCHTETBHO

X, :
N N N

V1 = Z\/Lnx;‘, Vz = sz,nxsnr V3 = ZV3,nX3n: (2.1
n=0 n=0 n=0

rne V., V,,, Vs, —HeussectHbie KO3 UIMEHTEI 3aBuCsIIel OT KoopauHaT X, X, .

II1ockoe HaHpH)KéHHOC COCTOSHHUC MI/IKPOHOHﬂpHOﬁ TOHKOM IUIaCTMHKU B HCXOOAHOM
HpI/IGHI/I)I(eHI/II/I MCTOJa CTCIICHHBIX PAAOB OIUCBIBACTCA CHe,HYIOHICﬁ CHCTEMOM ypaBHCHI/Iﬁ JJIsL

bynxumit V, ;, V, :
2uh 82Vl,o + 82Vz,o + 82Vl,o + 82Vz,o +Y 84Vz,o _ 84Vl,o + 84Vz,o _84\/1,0

A+2ul ox* oxox, " ox:  OXx0OX, ) 2\ oxox, oxox; oxo%x X

yop@No, o pi-p_ piep L O myomp 107 mom
oX’ A+2uox 2 2h 20%0%x, 2 20% 2

2ph 62V2,0+ a2\/1,0 " 62Vz,o+ 82V1,0 Y 64\/2,0_ 64\/1,0 84Vz,o . 64\/1,0
2l ¢ axox | L ae oxox, | 2l ox'  oxox,  oxoxk  oxox

Ny A O p-p_ PR 1@ m-m 18 m-m

e Thrnox, 2 oh 208 2 20xo%, 2
Cucrema ypaBHeHHH (2.2) mpeicTaBiseT coOOil OCHOBHBIE ypaBHEHHUS OOOOMIEHHOTO ILTIOCKOTO
HaNpsKEHHOTO COCTOSTHUSI MUKPOMOJISIPHBIX YIPYTHUX TOHKHX IUIACTHH CO CTECHEHHBIM BpAIllCHUEM,
KOTOpasi COBIAAAET C CUCTEMOH ypaBHEHHUH paboThl [3], mociaeqHssl IOoIydYeHa Ha OCHOBE aCUMIITOTH-
YecKH 0O0CHOBAHHOTO METO/IOM THIIOTE3.

MaremMaTn4eckyo MOAEIb MUKPOMOJSIPHBIX YNPYTHX TOHKUX IUIACTHH HPU M3TUOHOM nedop-
MalMyd B HCXOAHOM HPUOIIKEHHH METOJa CTENEHHBIX PANOB OIMMUCHIBACTCS CIEXYIOLIEH CHCTEMOM

b

(2.2)

+2

ypasrenuit st pynxmmit V, |, V, |,V
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2hu(\/“ + a\/370 ) . hy(azvll _ 63\/3,0 j _ h(y + 8)(62\/151 _ 83\/3,0 J N
X

OX, oX;  OX0% 2 X ox
4 h(y _8) 82V2,1 . 83\/3,0 _ 2k’ E 82V1,1 4y 82V2,1 _ 2uh3 82V2,1 n 82V1,1 _
2 |oxox, oxox ) 3 1-vi ox OX,0X, 3 | oxox, ox

-— +
3 \ox'ox, oxox  oxox, ox ) 3 1-v_ 2h

i ( N, oV, 8V, _a“vl,lj_zw VoI _

2

:h(pf—pf)+”g+”g+h—2( O mm 0 m+m

2 6 (oxox, 2 ox 2 j

oV N, 0OV, oV, 0OV,
2hu(V,, +a_3’°) + hy[ 30 9 Vy J+ h(Y + 8)[ 30 9V ]_I_
%)

OX 0X,  OX 2 X,  o0X
" h('Y_S) 82\/1,1 _ a3\/3,0 _2h3 E azvz,l ‘v 62V1,1 _2Hh3 82Vz,l n 82V1,1 +
2 | oxox, oxiox, | 3 1-vi| oxg OX,0X, 3 | oxt oxoX,

h3
+— - + -
3 y(axfax; xox  ox' oxox,) 3 1-v_ 2h

“h(p; —py- MM PO memy O m
2 2 6\ oxox, 2 x 2 )

Ny Ny OV OV, OV, B a%}

84V2,1 84\/1,1 84\/2,1 84V1,1 j+ 20 v p+ps _

- - -
ox o o 0% OXOX,  OXOX,  OXOX,
oM, N 82V32’0 N oV, N 82\/32’0
x o X 0%

IMony4yeHHast cucTeMa YpaBHEHHH KpoMe MOMYEPKHYTHIX UYICHOB (KOTOpBIE MO CyTH Jelia, Kak
MTOKA3BIBAIOT PAaCUYETHI, MaJIbIEC BEJTMYHUHEI), COBIIATACT C CHCTEMOM paboTHI [3].

% h(y + 8)(

S I IS
]——(p3+p3)+2axz(”l+ml) 28)(1(mz+mz)- (2.3)

PaboTa BrimonnHena npu ¢gunancosoit nmopaep:xxkke ' KH MOH PA B pamkax HayyHoro mpoekra Ne
SCS 15T-2C138.
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PEI'YJIMPOBAHUE YIIPYT'OI'O OTKJIUKA MATEPUAJIA TPOTSKEHHBIX
NMPECCOBOK C@OPMHUPOBAHHBIX XOJIOAHbIM BbIIABIMBAHUEM YEPE3
MYHAUTYK HOJIMMEPHOU JJUCIIEPCHOU KOMITIO3ULIUN

Kuaun C.I'., Komapos O.H., Cocuun A.A.

AHHOTaIII/lﬂ. O,Z[HOﬁ W3 NPUOPUTETHBLIX IPOU3BOACTBCHHBIX 3a4aY SABJIACTCA IIOJYyYE€HUE JIMTBIX 3aroTOBOK BBICOKOM
TOYHOCTH, TIOBEPXHOCTh KOTOPBHIX HE HYKIAETCS B JOMOIHHUTENbHOW MeXaHH4ecKold oO0paboTke. MeTomoM, HalpaBIeHHBIM
Ha pelICHUue JTOH HpO6JIeMbI, SABIIICTCA JIMTHC IO BBIIUIABJIACMBIM MOICIISAM. HpI/I NOJIYYCHHUU BBIIUIABIIACMBIX Moneneﬁ
XOJIOAHBIM IIPECCOBAHUEM IIOPOULIKOB IMOJUMEPHBIX KOMHO3PIHPIﬁ JOCTUT'alOTC BBICOKHUE Pa3sMEPHO-TEOMETPUUCCKUC
napameTpbl (bOpMOBaHHLIX PI3Z[€J'II/II>1, OTJIMYAIOIUECA OTCYTCTBUEM YCaAOYHBIX }le(beKTOB, O,Z[HaKO, HEOOCTAaTKOM TaKOr'o
criocoba (bOpMI/IpOBaHPIH HpOTH)KéHHI)IX Y4YaCTKOB BbIIUIABJISAEMBIX MOZ[E:J'Ief;I SABJISACTCS pryFI/Iﬁ OTKJIMK yHHOTHéHHOFO
nonumepHoro Matepuaina. CloXHOCTh IPOrHO3a 3TOro ¢ dekra u ero yuéra npu NPOSKTUPOBAHUN OCHACTKH 3aKII0YaeTCs B
AHM30TPONUH IOJy4aeMBIX MPECCOBOK. B paboTe mpeacTaBieHbl pe3ynbTaThl CEpUHM IKCIEPUMEHTOB 10 PETYIHPOBAHUIO
BEJIMYUHBl YIPYroro OTKJIMKA IIOJUMEPHOIO MarepHala B XOAEC MOJICIHMPOBAHUA IIPOLECCAa IOIYYEHUS IPOTKEHHBIX
MIPECCOBOK, MOJyYaeMbIX BBIIABIMBAHHEM Yepe3 MYHAIITYK. V3MeHAeMBIM MapaMeTpoM B SKCHEpHUMEHTE Oblla CKOPOCTH
BbIJaBJIMBaAHHA. PerPICTppreMI)IMPI napamMeTpaMu OBLIN: Harpyska, cozgaBacémasi B HTUJIMHAPUICCKOM MOPIIHE, 3alI0JJHCHHOM
Q)paKHHCI‘/‘I IMOJIMMEPHOr0 Marte€puajia, TeMIICpaTypa BbLAABIMBACMOI'0 MaT€pualia, IUIOTHOCTh W BEJIIMYUHA €Tr0 YHOpPyroro
OTKJIMKA I10 JJIMHC HOHy‘{aeMOﬁ IPECCOBKMU. H3menennem CKOpPOCTH (bOpMPIpOBaHI/IH IPECCOBOK NOCTUTACTCA CHUKCHUE UX
AHU30TPONUH, YTO IMO3BOJIACT IIPOrHO3MPOBATH KOHCYHBLIC PasMEpPbL (bOpMI/IpyeMOFO HU3ACIIHA, y'-IéT KOTOPBIX BAXCH IIpHU
MIPOEKTUPOBAHUH NIPECC-OCHACTKH.

Jis monmydeHus JIMTHIX 3arOoTOBOK CJOXHOW KOHGUTYypanuu Hawuboliee NPeArOYTHTEITHHBIM
MIPEJICTABIIACTCS METO JINThS TI0 BHITUIABIsieMbIM MojemsM [1]. Takol crmocob mo3BosseT moaydaTh
JIUTBHIEC 3aTOTOBKHU C TOJIIIMHON CTEHKU 0 1 MM, MIEPOXOBATOCTHIO MOBEpXHOCTH A0 Ra =1,25 MKMm.

Takoii mpouecc 53HeproszaTpaTeH, IJIUTENCH, BKIIOYAeT OOJBINOE KONWYECTBO ONEpauuid u
MatepuanoB. CyMMapHBIA Opak, 0OyCIIOBIEHHBIA Ae(QOPMAIIMOHHBIMU M YCAJOYHBIMH IPOILIECCAMU
nocturaer 30%. Pacmupenne mMatepuana Mozeneil, Mpu UX BBIIUIABICHUH U3 000JI0YKOBOW (POPMEL,
TepMooOpaboTKa TOCIECAHUX TMPHUBOAAT K OOpa30BaHMIO CKOJOB M TPEUIMH B pE3yJbTare
TEeMIIepaTypHBIX IedopMaIuii, CBI3aHHBIX C HEPAaBHOMEPHOCTHIO IPOTPEBa U 3aKUITAHUEM BKIFOUCHUH
MOJCIIEHOH Macchl, B mopax 00010ukoBoH ¢dopmbl [2]. Tlpu mMonydeHUM BBHITUIABISIEMON MOIETH
3aJJMBKOM JKUAKOTO MOJMMEPHOTO MaTepHaia B mpecc-popMy TiIyOHHa yCaJ0uHOH PaKOBHHBI 3aBHCUT
OT Pa3MepoB TEIUIOBOTO y37a W, B psAe ciydaeB, coctaBisier 8 — 10 % oT mpomonpHOTO pazMepa
W3JIeNs, BRITOTHEHHOTO 13 napaduna u 3 — 5 % st m3nenus uz [1C 50/50. [IpumeneHneM moprcThIx
BBIIIJIABJIACMBIX MOIleHeﬁ, MOJIYy4acMbIX XOJOOAHBIM IIPECCOBAHHWEM IMOPOLIKOB ITOJIMMCPHBIX
KOMITO3UIIMK, BO3MOKHO YCTpaHEHHE ycaJoyHbIX aAedekToB. Takue MoAenn HMEIOT BBICOKYIO
pa3MepHO-TEOMETPHUECKYI0 TOYHOCTb, OTPEACIIIEMYI0 MTapaMeTpaMu mpecc-PpopMBblL.

OpHako, TPUMEHEHHWE TaKoTo MpHEMa OrPaHUYMBAETCS PEOJOTHYECKHMH XapaKTePUCTHKAMH
WCIOJb3yEeMBIX MOJUMEPHBIX MaTepuasioB. CII0KHOCTh 3aKII0YaeTcs B OTCYTCTBHHM JAaHHBIX O
3HaYeHWH BEJMYMHBI YIPYroro OTKIMKa Marepwana. [lo 3aBepmieHHMHM penakcalyl Marepuaia
IUIOTHOCTh MOXKET paclpeiemsThCsl HepaBHOMEPHO WM OTIMYATHCS OT PAcUETHBIX 3Ha4deHwWd [3, 4].
CyMMapHO€ BIMSHHUE PETaKCaIlii KOMIIOHEHTOB MPECCOBAHHOW BBITUIABIISIEMOM MOJCIH MPUBOANUT K
yBEIHUEHHIO €€ pa3MepoB B IPOJIOJILHOM MpecCOBaHUIO HampasieHud Ha 0,7-1,2%, B monepeyHoM Ha
0,4-0,5%. YcrpaHeHne ympyroro OTKJIHKa MPOTSKEHHBIX TOHKOCTEHHBIX YYacTKOB IPECCOBAHHOM
MOACIIN 3aTPYAHCHO U IMPEACTABIACTCA MaJIOU3YUYCHHBIM U ONIPCACIIACT aKTYaJIbHOCTh I/ICCHCIIOB&HPIﬁ.

Lenp sKkcnepuMeHTa — YNpaBJICHUS BEIWYMHON YyHPYroro OTKIMKA NPOTSHKEHHOTO YydacTKa
BBITUIABIISIEMON  MOJENH, TOJNYyYEeHHOH XOJOMHBIM BBIJABIMBAHHWEM IOPOIIKA MOJIUMEPHOTO
MOJIETTPHOTO MaTepHaja d4epe3 MYHIIITYK. 3aJadd: ONpeAeNUTh Harpy3Ky, HEOOXOAMMYIO IS
CO3/IaHUs YCJIIOBUH, MPU KOTOPHIX IMOPOIIOK MOJIMMEPHOU MOAENBHOM KOMIO3ULHAM TOCTYHAaeT B
IaCTU(UITUPOBAHHOM COCTOSHHHM 4Yepe3 MYHANITYK; OIpPENeIUTh TEeMIEepaTypy BBIJABIMBAEMOTO
MaTepyuanra B 30HE €ro IMojAaddl B MYHAIITYK NPH H3MEHEHWH CKOPOCTH TMepeMeIIeHHs Mpecc-
IIyaHCOHA; OIPENENINTE CKOPOCTh BBLIAABIMBAHHUA ITOJUMEPHOIO MaTepuaja 4Yepe3 MYyHIIITYK, IpH
KOTOPOI BEIMYUHA YIPYTOTO OTKJIMKA ITOJYyYaeMOU MPECCOBKU OYIeT MUHUMAILHOM.

Peanm3anmsi mocTaBIeHHBIX 337a4 OCYIIECTBISIACH MPU MOMOIIK TecToBOoM MmammHel AG-X plus
Shimadzu, Ha KOTOpyl0 YyCTaHaBIMBanach mpecc-opmMa ¢ MHWIMHIPHYECKOH BHYTpEHHEH
MOBEPXHOCThIO. B moHHO# uactm mpecc-popma cHaGxkeHa auddy3opoM B BHAEC KpPBILKA C
MyHAIMTYKOM. OTHOIICHHWE TUIOIIAJe CeYeHUH YIDIOTHSAEMOTO MOPOIIKOBOTO Tella ¥ IIacTU(UIH-
poBaHHOTO cocTaBiseT 25 k 1. B mpecc-gopmMy 3achmanu NoIuMEpHBIA MaTeprait IopoIka Gpakinu
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0,63 MM U mepememany MOPIIEHb A0 TOJTHOTO BHIIABIMBAHHUA MaTepuana u3 MyHAMTyka. CKOpOCTh
MepeMEIIeHNs TOPUIHS TPU XOJOJHOM BBINABIMBAHUM TOPOIIKA ITOJIMMEPHOTO MaTepuana I
KQXKI0TO U3 CepUH IKCIIEPUMEHTOB U3MeHsach oT 0,5 mm/c 1o 3 mm/c ¢ marom 0,25 mm/c. Bo Bpemst
Ka)XI0TO IKCIEPUMEHTa CKOPOCTh TEepEeMeIIeHNs] TOPIIHS OcTaBaiach MocTosHHOW. Ha BeIxome w3
MYHIIITYKa 3aMepsuid JAuaMeTp JIMHHOMEpHOM mpeccoBku ¢ marom 50 mM. Ilo oTkioHeHuio
MOJTYYECHHBIX 3HAYEHUH OT BHYTPEHHETO JHaMeTpa MyHIIITYKa PETUCTPUPOBAIN YIIPYTUH OTKINK WIN
ycanky marepuana. JlocTmKeHHe M30TPONUU B TaKOW MPECCOBKE BO3MOXKHO MPaBUILHBIM BBIOOPOM
CKOPOCTH BBIIaBITUBAHIUS TOJIMMEPHOTO MaTepraja depe3 MyHAIITYK.

B xoze skcriepuMenTa yCTaHOBJIEHO, YTO CPEAHS TUIOTHOCTh MOMYyYaeMBbIX IIPECCOBOK HE 3aBUCUT
OT CKOPOCTH BBIJABIHMBAHUS B CIydasX, KOTJa TeMIieparypa IacTU(UIUPYyeMOro MaTepuana IMpH
YCTaHOBUBIIIEMCS DPEKMME BBIIABIMBAHHUS 3HAYUTENFHO HIDKE TEMIIEpPaTypbl €ro pacIulaBICHUS.
Takum o00pa3oM, cpemHssi IMJIOTHOCTh JUIMHHOMEPHBIX TIPECCOBOK XapakTepHa M IUIOTHOCTH
matepuana T1, momydaemoit ipu cBOGOIHOM 3amuBKe U cocTaBiseT 860 r/cv’.

YCTaHOBJIEHO, 4YTO TEIUIOPU3NYECKHE YCIOBUSA (OPMHPOBAHHSA IIMHHOMEPHOW TMPECCOBKHU
XOJIOJHBIM BBIJJaBIMBAHUEM Yepe3 MYHIITYK ONPeNesIOTCS BETUYUHON Harpy3KH, CO3/1aBaeMoii MpH
nepegade JaBJIeHHUA MPECCOBAHHSA IOPOIIKOBOMY Tely. OKCHEPHMEHTAIBHO YCTAHOBIEHO, YTO C
YBEIMUEHHEM CKOPOCTH TIepeMelleHns] Tpecc-IlyaHCOHa HampsbkeHue Bospactaer Ha  30%.
Haumenbmnii ynpyruii OTKIMK JIOCTUTaeTCS B MHTEpPBaje CKOPOCTEM MepeMEeIeHUs] TPecC-TOPILIHS
0,5-1,5 mm/c. C yBenMYeHHEM CKOPOCTH YIJIOTHEHUS B IPECCOBKE IOCIIE CHSATHUS HATPY3KH TTOSBIISI-
IOTCS OTPHIIATEIbHBIE 3HAYEHHWS BEJIMYWHBI YIPYroro OTKIMKA, XapaKTepPU3YIOIIWEe TOsBICHUE
yCallouHbIX /Ae(eKTOB, CBI3aHHBIX C JIOKAJHHBIM IIeperpeBoM Marepuana. llomydeHHble B Xofe
9KCIIEPUMEHTa JaHHBIE MO3BOJIAT YHPABIATh BEJIMYMHON YNPYroro OTKIMKA MaTepHaia yIIoTHse-
MOT0 MOPOIIKOBOTO TeJa MyTeM PEeryJIMpOBaHUs HArPYy3KH MPH BBIAABIMBAHUH.

Pabora BeImONHEHA Mpu yacTHYHOW (QrHaHCOBOW momnepxke rpanTta JIBO PAH (mpoekrt 15-1-4-
018) «PacuéTtHOEC M ONMBITHOE COBEPIICHCTBOBAHHE IPOIECCOB MPOMHUIUPOBAHMS W BBICOKOTOYHOTO
JUTHhsI Ha OCHOBE HOBBIX MOJIEJIBHBIX MPEICTABICHUM M CHENMAIbHOW CEpUU BBIYMCIUTENBHBIX
skcniepuMeHTOB. (Pa3men 4)».
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KOHTAKTHOE B3AUMOJIENCTBUE OCHOBAHMS C TOKPBITUEM
U CUCTEMBI KOJBIEBBIX ITAMIIOB CO CJOXXKHBIMA ®OPMAMU
IMOBEPXHOCTEM

Kazakos K.E., Kypauna C.II.

AnHoTammsi. B pabore paccmarpuBaeTcs KOHTAKTHOE B3aMMOJCHCTBHE CHCTEMbI KOJBIEBBIX JKECTKUX LITAMIIOB M
BA3KOYIIPYIOro JIByXCJIOMHOIO OCHOBAHUS, BEPXHUI CIIOH KOTOPOTrO TOHKHUH 1O CPaBHEHHUIO C IIMPUHAMU IITaMIIOB. 3ajaya
paccMaTpHBaeTCs B Cllydae, KOr/ia OCHOBAHUS IITAMIIOB OIHMCHIBAIOTCS OBICTPOU3MEHSIOIINMHUCS QYHKIMAMH. DTO IPHUBOJIHUT
K HEOOXOJMMOCTH HCHOJIb30BaTh CIENMAIbHbBIE MOIXObI NPU MOCTPOSHUH PELIEHHH, TaK KaK CTaHJApPTHBIE METOIbI HE
MO3BOJIAIOT MOJIYYUTh 3(Q()EKTHBHBIE AaHATUTUYECKHE PEIICHUS.

JIByxcnoitHoe OCHOBaHHE, BEPXHUHN CIIOW KOTOPOTO M3TOTOBJIEH M3 BSI3KOYNPYTOTO CTAPEIOIIETO
MaTepHuajga B MOMEHT BPEMEHH 7i, & HIDKHUHA — U3 APYTOro BA3KOYNPYIroro CTaperoLiero MaTepuaia B
MOMEHT BPEMEHH 0, JEKHUT Oe3 TpeHHs Ha MOACTWIAIoUIeM HenehOpMHUPYEMOM OCHOBaHHHU.
Cuuraercs, 4TO BEPXHHH CJIOM MsArde HUXKHEIO, TO €CTh BEIMYMHA MOXYJS YIPYTOMTHOBEHHOM
nedopmarmu nokpeITHs Ex(t) He mpeBbIlIaeT BEMTUYWHBI MOAYJS yNPYTOMTHOBEHHOHW aedopmanun
HkHero cinos Ei(t), a Mexmy ciosiMu ocyIecTBISETCS TIaJKUi KOHTAKT.

B HexoTOpbIit MOMEHT BPEMEHHU 7y B IOBEPXHOCTh TaKOTO CJIOSl HAUMHAET BJIABIMBATHCA CHCTEMA
N KOJBIIEBHIX )KECTKUX IITaMIIOB cuinamu Pi(t), BHyTpeHHHH 1 BHEIIHUI paauyChl KOTOPHIX PaBHBI & U
bi, coorBercTBeHHO. CunTaeTCsl, 4YTO 0OJIACTH KOHTAKTA CO BPEMEHEM HE MEHSIOTCS, 8 IUPHHBI KOJIEI]
3HAYUTENFHO OOJbIEe TOJIIMHBI BEepXHEro cijod. DOopMBl OCHOBAaHHM INTAMIIOB OIMCHIBAIOTCS
¢ysakuusmu gi(r).

B pesynbraTe Takoro B3anMOACHCTBUS I TAMITHI IOTPYKAIOTCS B OCHOBAHHE Ha BENWYHHBI Ji(1).

MoxHo moka3aTb [1], YTO AJS OMMCAHHOTO Ciy4Yas CHCTEMa WHTETPAIBHBIX YPAaBHEHUH H
JONOJHUTENBHBIX YCJIOBHH, CBSI3bIBAIOLINE OCHOBHBIE XAapaKTEPUCTHKH KOHTAaKTHOM 3az1auu,
npunumatot Bun (i = 1,2,...,n, t> n):

G (r,t) _t G (r,7)
E(t-1) TOE1(1—1:1)

+2(1—v§)2“: ?k (L £j g, (p.t) .
H i=1] a - H’H Ez(t_Tz)

(1-vi)h K, (t—1,t—1,)dt |+

_J.Kz(t_TzaT_Tz);[k(%a%}%pdpdr =8, (1)—g(r), rela.h],
o1
ot| E (1)

3mech BBENEHBI clenyrone obo3HaueHus: ((r,t) — KOHTAaKTHBIE IABICHHS IO INTAMIIOM i-M
mramnom, W, Ki(t,1), Ct,7) — xoaddurmmentsr [lyaccona, siapa Moa3ydecTH W MEPHI MOJI3YYECTH
nokpeitust (K= 1) u mmwxaero cros (K= 2), Ku(r,p) —Ap0 0CECHMMETPUYHOW KOHTAKTHON 3a/avH,
ompenensieMoe HopMyIToi

+00

K (r,p) = [ LW, (ru)J, (puydu,

0
rae L(U) =[ch(2u) —1]/[sh(2u) + 2U], Jo(S) — pynkms Beccens mepsoro poaa HyJIE€BOro MOPsIKa.

CHGHHaﬂLHOﬁ 3aMEHOM NEPEMCHHBIX TaKYK0 CUCTEMY ypaBHeHI/Iﬁ MOXXHO HPHUBECTU K OJHOMY
OIICPATOPHOMY YPABHCHUIO C CANHCTBCHHBIM BEKTOPHBIM JOMOJIHUTCIIbHBIM YCIIOBUCM!

COA=V)q(r, 1) + (T -V,)Gq(r,t) = 8(t) — g(r),

1
[a(p.pdp=P(t), pef0,1], t=1,
0

b
2nfa(p,pdp =R, K (1) =E(®) +C () |.
g

(M

&9



1€ BBCICHBI 0003HAYCHHUS

qr.H=dEni’, PO=POF, 81)=3WOi, gr)=g "I,
k(r,p) =K' (r,p)i'i’, Gf(x)= fk(f,P)-f(p)pdp,

a dynxuum, d(r,t), P'(t), 8'(t), g'(r), ki(r,p) — 6e3pasmepHEle hyHKIMH, CBA3AHHBIE C KOHTAKTHBIMH
JABIICHUSMH, JCUCTBYIOUIMMHU CHIIAMH, OCaJIKaMU LITaMIOB, UX (GOPMaMHU U SIPOM HHTErPATBLHOTO
ypaBHeHusi. HeTpynHo mokasaTh, 4TO Ui OCECHMMETPUYHOW 3afadyll MHOXECTBEHHOTO KOHTAKTa
CYIIECTBYeT 3 BO3MOJKHBIX BapHaHTa IMOCTAHOBKM 3amaud. [logxox K pemIeHHI0 BCEX BapUaHTOB
onuHakoB. Bekrop-pynkuus q(r,t) I/IIHCTC?I B BUJIC CYMMBI JIByX CIIaraeMbIX

t t I-V))
q(r,t) =Q(r,t) —g(r)( )" (t)

roe Q(r,t) — moBas HewsBecTHasd (GYHKIHSA, TOJICKAIIas OIpeAesieHnto. Torma omepaTtopHoe
YpaBHECHUC U OOIIOJHUTCIIBHOC YCIIOBUEC IIPUHUMAIOT BHU/]

c(OHI-V)Q(r, 1) + (I=V,)GQ(r, 1) = d(tHC(DE(r), IQ(P,t)pdp=1~’(t), refo,1, t=l,

g(p)pdp
&(t) = (I-V,)(-V,) ! (), &= j K'(r,p)g’ (p)pdpi', P(t) = P(OHI-V,)" j o0
AHamuTHyeckoe PCHICHUC TaKOro YpPaBHCHUSA B JI000M M3 IOCTAaHOBOK CTPOUTCA TpHU IMOMOIIA
pasBuTUA 0000IIIEHHOTO MPOEKIIMOHHOT0 MeToga ManxupoBa [2]. OKOHYATENbHOE BBIPAKEHUE IS
KOHTAKTHBIX Z[aBJ'IeHI/Iﬁ UMECT BU:

q(r, t)—Zo(t)po(f)+zzk(t)z\vkmpm(f) g(NA-V,)" — (t)

TO €CThb B pEIICHWH B SBHOM BHJE BhIAeNeHAa (yHKmms g(r), KoTopas cCBs3aHa C OBICTPO
M3MEHSIOMMMHUCS (OpPMaMH OCHOBAHHH INTAaMIIOB. OTO IO3BOJISIET JUIA JOCTHIKCHHUS BBICOKOM
TOYHOCTH MPHUOIMKECHUST PEUICHUS! OTPaHUYUTHCS HEOONBIIMM YHCIIOM YIICHOB €r0 Pa3NIOKEHUS JaKe
B cllyuyae ObICTpO M3MeHstomerics g(r).

ABTOpPHBI BEIpaKalOT OnmarogapHocTh A.B. MamXHUPOBY 3a TTOCTAHOBKY 3a/1adyH, IOJIE3HBIC 00CYXK-
JICHHSI U IICHHBIE COBETHI.

Pabora BrIimonHeHa nipu GuHaHCOBOM Touepkke PODU u [IpaButenscTBa MOCKBBI (TIPOEKTHI
Nel15-31-70002 mon_a_moc, 16-31-00320 mon_a).
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PACIIPOCTPAHEHUE JIOKAJIM30BAHHOM 3JIEKTPOYHPYFOI>I CI[BI/IFOBOuﬁ
BOJIHbI B COCTABHOM ITPOCTPAHCTBE C IIOJIYBECKOHEYHOMU TPEIMHOU

Kazapsn A.A.

AnHoTanms. PaccmatpuBaercst qudpaxys JTOKaTU30BaHHOH (TOBEPXHOCTHON) AJIEKTPOYIPYTOH BOJNHBI CIBUTA HA TO-
TyOeCKOHEYHOH TpelIMHe MEXTy IOIyIpPOCTPAHCTBAMH, M 33/ladya CBOAUTCS K PEIICHUIO 3ajadd Tura Pumana B Teopun
aHAUTHIeCKUX (yHKIMH. Hannune TpemmHbl NPUBOANT K PACIpPOCTPAaHEHHIO, KaK 00BEMHBIX TH(ParnpOBaHHBEIX CIBUIO-
BBIX BOJIH, TaK U JJIEKTPOYIPYIHX IOBEPXHOCTHBIX BOJIH C/IBUTA B I1bE30IEKTPUUYECKOM IIOTYyIPOCTPAHCTBE.

DnekTpoyrpyras cpeia, OTHeCEHHast K JeKapToBoil cucteme koopauuar OXyZ, cocTout u3 AByX
JMDJIEKTPUYECKHUX IOIYIPOCTPAHCTB, OJHO U3 KOTOpeIX Y >0 obmamaer cBOMCTBOM mbe303ddek-

Ta—TIbE309JIEKTPUK [€KCArOHAILHONW CUMMETPUH Kiacca 6mm ¢ cosnasaromieii ¢ ockto OZ riaBHOi
OCBI0 KpucTaiuia. J[uasexTpudeckoe ymnpyroe moiaynpoctpanctBo Y <0 ¥ mpe303/eKTpudeckoe mo-
JYTIPOCTPAHCTBO CKperuieHsl 1mo miockoctn Y =0,—00<Z<o00,X>0, T.e. cunraem, 4TO 37€ChH
MEXIY MOTYMPOCTPAHCTBAMH OCYIICCTBIISIETCS aKyCTHYECKUH KOHTAKT— ITOJIHBINA AJIEKTPOMEXaHUYe-
ckuii KOHTaKT. B mockoctn kontakra OXZ mpu X <0 MeXOy IuaIeKTpHYecKUMH MOIYIPOCTPaH-
CTBAaMH HMECT MECTO TOJIbKO HEIPEPBIBHOCTH JJICKTPUUYCCKUX XAPAKTCPUCTUK—IIOTCHIMAIOB U CO-
CTaBJISIFOIIUX BEKTOPOB AJIEKTPUYECKUX MHAYKLUH, T.€. B INIOCKOCTH KOHTAaKTa MMEETCs MoTyOecKo-
HevHas TpemnHa pu X < 0 . M3 Geckoneunoctu X > 0 pacrpocTpaHsieTcs 00yCIoBICHHAs HATUYHEM
nbe30dddexra, caBurosas uHTepdeiicHas (okanu3oBaHHas y mwiockoctu Y =0 ) smekrpoympyras

BOJIHA CO CKOPOCTBIO /G, IIe ()—4acTOTa KOJIeOaHHil, a BOJHOBOE YHCIO O,— CAMHCTBCHHBIH

MTOJIO’KUTENbHBI KOPEHb ypaBHEHUS

Cyus 1+ X)«/ Cy CutX |G| (1) o2 — k12 =0,

o T &,
rie k=0/c,c=,/c,(1+y) / p — CKOpPOCTb PacIpoCTPaHEHUs CABUTOBOM 3IEKTPOYNPYIOH BOJHBL,
2 . .
X=€5 / €,C, — KOdDOHUIHMEHT dIeKTPOMEXaHWYECKOH CBA3M IbE303JIEKTPUUECKOH  Cpejsl,

C. 65,8, —YyHUpyras, IbE30JIEKTPUYECKas, AUIEKTPHIECKas MOCTOSHHBIE U IIOTHOCTH CPEJIbI,

3aHUMaoIIel moynpocTpancTBo Y > (0. XapakTepuCTHKU IHAIEKTPHYIECKOrO IMONYNPOCTPAHCTBA

y <0 umeror BuJ k1 = (0/ C .C = «/Cﬂ) / P, ,Ci?— ynpyras MOCTOSsHHas CIBUTra, €,— AUIJICKTPUYC-
CKas TIOCTOsIHHAsA, O, —TIJIOTHOCTD.

IIpunumaercs, 4ro

C €
%O—X, ecn K>k, (0, >K),
Cu & T8

€
—OL, ecmn K<k, (o, >k).
g, +e, I+

PaccmarpuBaercs 3agada nudpakiuy pacrpoCTPaHSIOMICHCS JIOKaTU30BaHHON CIBUTOBOW BOJTHBI,
o0ycnoBneHHas Haau4yheM MOJyOECKOHEYHOW TPEHIMHBl B COCTaBHOM Cpele  Mbe303JICK-
TPUK—AMAIeKTpUK. CTaBUTCS 3a/1a4a OMpPEENICHUs] COCTABISIFOIINX 3JIEKTPOYIIPYTOro BOIHOBOTO TIO-
JI51, KaK ISl TThe303JIeKTPUIECKOro MOIyIPOCTPAHCTBA, TaK U JUISI YIIPYTOro TUJIEKTPUUYECKOTro. 3aaa-
4a petraeTcs B aHTUILIOCKON TTOCTaHOBKE.

Jnsa onpenenenus GyHKIUN aMIUTATY/]T IEPEMEIICHAS U 3JIEKTPUIECKOTO IMOTSHIIHANa B TTOIYTIPO-
CTPAHCTBAX PEHIaroTCs CleyIoIIne YPaBHEHHS:
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2

AW+ Kk"w=0,
2 —

g, AD +¢k'w=0,

2
AW, +k'w, =0,
AD, =0,

IlocTaBnenHas 3a7ava OoIpeaAcJICHUA I[I/I(l)paFI/IPOBaHHOFO QJICKTPOYIIPYTOTO BOJIHOBOTO IOJIAL B CO-

CTaBHOM IMPOCTPAHCTBE IMbE30JICKTPUK—IUIICKTPUK CBEACHA K PCIICHUIO q)YHKHI/IOHaHBHOFO ypaB-
HeHns Thia PuMana Ha HeﬁCTBHTeHBHOﬁ OCH. HOKa3aH0, qTo IH/I(I)paKLII/IH BOJIHBI IIPUBOJUT K TOMY,

4TO KpoMe Ju()parupoBaHHBIX OOBEMHBIX BOJH, B COCTABHOM HouynpocTpaHctBe X > (0 Bo30yxaaeT-
s JIOKaJIM30BaHHAs JIEKTPOYIPYyTas BOJIHA, PACIPOCTPAHSIOMAasAcA M0 X K +00 CO CKOPOCTBIO Ta-

y >0,

y<0.

JIAroIIeH BOJHBI 0)/ G, , a B nbe3oanekTpuueckoil cpenqe X< 0, Yy >0 pacnpocrpansercs moBepx-
HOCTHas BojHa Tuna I'ynseBa—bmrocTeliHa ¢ BOTHOBBIM YHCIOM G, , KOI/la bE303JIEKTPUK O€3 aKy-

CTUYECKOT0 KOHTAKTa TPAHUYUT C IUDJIEKTPUUECKOH cpeaoi

k g
—= 1 ok , ©,>0,.

G, (& +&)1+7%)

CKOpOCTh pacrpOCTpaHEH st 3TOM BOJIHBI MEHBIIIE, Y4EM CKOPOCTH MaaroIlei.

[MoyueHbl aCUMITOTHYECKUE MPEACTABICHUS TEPEMELIEHUI B MOIYIPOCTPAHCTBAX. PasinuHbie
(HU3HKO-MEXaHUYECKHE CBOWCTBA KOHTAKTHPYIOIIUX CPEJ MPHUBOIAT K CYIIECTBEHHBIM H3MEHEHHSIM
BOJIHOBOTO I10JIs, BBISIBICHBI OCOOCHHOCTH BOJIHOBOTO Mpolecca MpU JU(PPAKIUU JTOKATH30BAHHOM
BIIEKTPOYIPYTOi BOIHEI CABUTA.
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O BOBMOXHOCTH NOJYYEHUA HEMEHTOI'PYHTHBIX KOMIIO3UTOB
MOBBIIEHHOM ITPOYHOCTH HA OCHOBE BEJIO3EMOB
KAPBOHATHOI'O COCTABA

Kapanersn K.A., Aiiposin C.I'., Manyksau E.C.

AHHoTamus. PaccmarpuBaeTcss BONpOC IOJNydYeHHMsS LEMEHTOTPYHTa Ha OCHOBE Oejo3zeMa
KapOOHAaTHOI'O COCTaBa, MPUTOJHOTO Ul SKCIUTyaTallid B CPABHUTEIBHO MAJIO Harpy KEHHBIX YacCTSIX
CTPOUTEIBHBIX COOPYXEHH (Hanmpumep, GyHIaMEHThI pa3IMYHBIX BHIOB).

OKCIepUMEHTAIBHO MOABEPXKICHO, YTO MOJyYeHHE Ha OCHOBE 0e03eMOB KapOOHATHOTO COCTaBa
IIeMEeHTOTrpyHTa, cogepxamerocss 10% mnoptnanauementa mapku 400 oT macchl cyxoil cmecu, U
o0Jiafaroniero NpoyHoCcThio Ooee ueM 10MIla, peanbHo.

BBoanasi yacte. [lox Ha3BaHmem Oejo3eM MOHMUMAETCS CHUJIBHO KapOOHATH3UPOBAHHBIE, YaCTO
3aruriCoOBaHHBIC, CY(bO3HOHHO-HGYCTOfIqHBBIe, IMPOCaaA0YHEBIC, JICTKHUC NbUICBATO-IICCUYAHBIC CYTJIMHKHN
W TsDKENbIE TMbUIeBaTo-Tiecuanbie cymnecu [1]. HemoymnoTHeHHble Oe€n03eMBbI, Ha TEPPUTOPUU
paclpocTpaHeHHsT KOTOPBIX IUIAHUPYETCS OCYIIECTBUTH CTPOUTENBHBIE PpPalOThL, TPEOYIOT
HCKYCCTBEHHOTO 3aKpEIUICHHUS, T.€. TOBBIIMICHUS WX (DU3MUYECKOW, B TOM UWCIEe M CyPQPO3HOHHOH,
YCTOMYMBOCTHA U MEXAHUYECKON MTPOUYHOCTH.

Lenpto Hacrosmeit pa®oThl sBiseTcs pa3paboTKa COCTABOB IIEMEHTArpPyHTHBIX KOMIIO3UTOB

TToBBIIICeHHON mpouHocTH (He MeHee 10 MIla [2]) Ha ocHOBe Oemo3ema, HE WCIOJB3YS, TIPH ITOM,
KaKHX JIN0O MIacTU(UKATOPOB.
JKCHepUMEHTAIbHAN YaCTh. B KavyecTBe MCXOHBIX MHIPEAUCHTOB OBLTH HMCIIOJIE30BaHBL OElo3eM,
B3ATHI C Y4YacTKOB , COCEICTBYIOIMX Teputopuii MHCTHTyTa (DM3HMKHM, HAaXOISIIETOCS B KHIOM
paiione Auanusik r. EpeBana; noptnanauemeHT Mapku 400, mpon3BOAUMBIN ApapaTCKUM LIEMEHTHBIM
3aBojioM (PecryOnmuka ApMenusi) u oObIuHas TPYOONIPOBOAHAS BOJIA.

Nmes BBHY, YTO OHUM U3 OCHOBHBIX ATAIOB MpoIlecca pa3pabOTKH KOMITO3UTHBIX MaTepHalloB,
B TOM YHCI€ M IIEMEHTOIPYHTOB, SBISIETCS NPOBEACHHE OIPENEICHHBIX aHAIN30B OCHOBHBIX
HUHTPCAUCHTOB, HaMH ObLTH OCYHICCTBJICHLI XUMHUYECKHI | MI/IHepeHOFpa(bI/IT-IeCKI/Iﬁ AHaJIN3bI
Oeno3ema, a TaKKe MOPTIAHALIEMEHTA.

B pa3zpaboTaHHBIX HaMH COCTaBaxX IIEMEHTOTPYHTHBIX KOMIIO3UTOB KOJMYECTBO YHOTPEOIEHHOTO
1emMeHTa coctaBmwio 5; 6; 8 u 10% ot maccel cyxoit cMecu. ONBITHBIC UIMHAPUICCKHE 00pasiibl C
nuamerpoM 5,0cM u BeicoToi 20,0 ¢M, TOTyYSHHBIC U3 IEMEHTOIPYHTHBIX CMECEH ClI0OCOO0M MPSMOTo
MpeccoBaHusi, 0CBOOOXKIanuchk u3 Gopm deped 14 cyr. mocie W3roToBieHHs. B manbHeitiem, o
MOMEHTa TPOBEICHHUS HCHBITAaHUA B Bo3pacte 28 cyr. m 60 cyT., o0Opa3msl HaXOAWINCH B
1a00paTOPHOM TIOMEIIEHUH TIpu cpeaHelt TemmepaTtype 23°C U OTHOCUTENBHON BIaXXHOCTH 57%.
OO0cy:kaeHHe MOJIy4YeHHBIX Pe3ybTaToB. COTTacHO JaHHBIM MPOBE/ICHHBIX aHATU30B OTMETUM, YTO
koMrroHeHT SiO;, copeprkamuiicss B Oemo3eMe, 00J1amacT CBOHCTBOM, CIIOCOOCTBYIOITHUM IIPOIIECCY
0eToHOOOpa3oBaHMIO B  IEMEHTOrpyHTe, a KommoHeHT CaO MOXeT CHocoOCTBOBATh
0eTOHOO0OPa30BAHHIO U HAPACTAHHIO MPOYHOCTHU [IEMEHTOTPYHTA 32 CYET KapOOHU3AIUH.

B pesynbTare aHami3a CONISTHOTO cOCTaBa OBLIO BBISIBJICHO, YTO COZAEPIKAHHUE CPEIHEPACTBOPHBIX
cioeil B Oeno3eMe OTCYTCBYET, a KOJMYECTBO JICTKOPACTBOPUMBIX M TPYIHOPACTBOPUMBIX COJICH
(Ca0s3) cocraBnser coorBercTBeHHO 20,02% 1 20,3% mo macce.

Ha ocHOBe cpaBHUTENHLHOTO aHaNHM3a PE3yNbTATOB IMPOBEICHHBIX HCCIECIOBAHUN OBLIO BBISBICHO
CIIeyIOIINe 3aKOHOMEPHOCTH:
e 3HaueHHMe cpejHel MIOTHOCTH IeMeHTorpyHTa (1680-1730Kr/M°), ComepKaIerocs B COCTaBe
OJTHOTO M TOTO K€ KOJIMYECTBA MOPTIAH/IICMEHTa, Majlo 3aBUCUT OT BO3pacTa MaTepuana;

e puOaBICHHE KOJUYECTBA MOPTIAHIIICMEHTA MPHUBOIAWT K HAPAaCTaHHWIO, C CYIICCTBEHHO

3aTyXaromlel CKOPOCTHIO, MPOYHOCTH MPH CIKATHH OTBITHBIX WIHHIPUYECKUX 00pas3IloB;
® IIpM OJHOM M TOM JK€ KOJHYECTBE YIOTPEOJICHHOTO B COCTaBe IIEMEHTOTPYHTa
MOPTJIaHAIIEMEHTa 3HaUe€HNE OTHOIIECHUS MPOYHOCTEH OMBITHBIX 0Opa3oB , HCIBITAHHBIX B
Bozpacte 60cyT. u 28cyT., OJHO U TO K& — mpuMepHO 1,2.

e B TeueHHE 3-X HENETh HAXOXKICHUS B BOJHON cpefie y IIEMEHTOTPYHTHEIX POOHBIX 00pa3ioB
C Pa3IUYHBIM COJICPKAHUEM IOPTIAHIIICMEHTa KaKUX JUOO TPU3HAKOB DPAa3MOKAaHUS HE
Ha0JII0JAJIOCh.
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3akmouenue. i mMoTydeHUs IEMEHTOTPYHTA ¢ MpOYHOCTHI0 He MeHee 10 MIla u pacxomom
nementa He 6omee 12% oT Macchl Cyxoil cMech, MPUTOAHOTO JAJS DKCIUTyaTallid B CPAaBHUTEIBHO
MaJl0 Harpy>KE€HHbIX 4YacTAX CTPOUTEIBHBIX COOPYKEHHH (Hampumep, (yHIaAMEHTBI Pa3UYHBIX
BHJIOB), B COCTaB MaTepHaia, 00BIIHO, BBOAAT IutacTudukatops! [2]. IIpu aToM ycTaHOBJICHHE Klacca
MPOYHOCTH Ha CXKaTHe IIEeMEHTOTPYHTa [OIyCKaeTcs NPOM3BOAUTh Ha OOpasHax—LMIMHIpAX C
JUaMeTpoM M BBICOTOH 5,0cM, ¢ mMepexoJoM MO OTHOIIEHHHIO K CTaHIapTHOMY KyOHKY pa3MepaMu
15,0x15,0x15,0cM cOOTBETCTBYIOIINM TepeXOAHBIM K03 pumeHToM [2].

W3roroBneHHble HAMHM Ha OCHOBE Oelo3eMa IIeMEHTOIPYHTHbIE 00paslbl (ConepKaHue IIEMEHTa B
Matepuane coctapiser 10% OT Macchl cyxoit cmecu mwim 160 kr B Im°) ¢ aumamerpoM 5,0cM 1
BeIcoToi 20,0cM B Bo3pacTe 28 cyT. MpHOOPETArOT MPOYHOCTh Ha cxxatue 8,5MI]a.

VY4uuThiBas ~ OTMEYEHHYIO  BBINIE  PEKOMEHIAIMIO  OTHOCUTEIBHO  pPa3MEPOB  OMBITHBIX
HUIHHAPUYECKUX 00pa3IoB, IPUMEHEHHEM KOTOPBIX YCTAaHABIMBAETCS KJIACC MPOYHOCTH Ha C)KaTHe
LEMEHTOTPYHTOB, a TaK)Ke SKCHEPHUMEHTAIBFHO YCTAHOBICHHYIO 3aKOHOMEPHOCTH [3] M3MeHEHHus
MIPOYHOCTH HA CXKAaTUE OINBITHBIX OETOHHBIX 00pa3LOB B 3aBUCHMOCTH OT OTHOLICHHS HUX BBICOTHI K
pa3MepaM MOMEepPEeyHOro CEYEeHHU s, MOXKHO YTBEP)KIATh:

MOJy4YEeHHE Ha OCHOBE 0esi03eMOB KapOOHATHOTO COCTaBa IEMEHTOrpyHTa, conepxamierocs 10%
LIEMEHTa OT MacChl CyXoil cMecH U, obnazaromero npoyHocTeio 6osee yeM 10MIla, 6e3 nobaBieHus B
COCTaB MaTepuaja Kakux-I100 IacTU()UKATOPOB, IPEACTABIIIETCS] PEalIbHBIM.
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FAPMOHHMYECKHE KOJEBAHUS TPOJOJBHOI'O CABUI'A BECKOHEYHOI'O
1HOJIOTI'O HUJIMHAPA ITPOU3BOJIBHOI'O CEYEHUS C TYHHEJIBHOU TPEIIMHOU

Kupnaaosa O.U., [lonos B.I'.

Annotamus. [Ipemioxen 3pQeKTHBHBIN aHATUTHKO-YNCICHHBI METOJ ONPEIeNICHNs] TUHAMUYECKUX HAIPsDKEHUI B
[I0JIOM LWJIMHJIPUYECKOM TeJe NPOU3BOJIBHOIO CEUCHUS CO CKBO3HOM TPELIMHOM, KOTOpPOE HAXOAMUTCS B YCIOBHSAX
AQHTHIUIOCKOH nedopmann. MeToJs MO3BOJNACT pellaTh OTAEIbHO HHTErpalbHble YpaBHEHHMs Ha Jedekre M OTHENbHO
YJOBJIETBOPSATH YCIIOBUSM Ha FpaHULIE Teja, 00Jeryas 5TUM YUCICHHYI0 peanu3anuto. [Tomyuens! npubmmkEHnbIe HOpMyIIbl
JUTSL BEIYHUCIICHNS! KOY((PHUITIEHTOB MHTEHCUBHOCTH HANPSKEHUH B OKPECTHOCTU TPEIIMHBI M MCCIEJOBAHO BIMSHUE HA HUX
TEOMETPHIECKHIX TapaMeTPOB TPEIIHHBI M 9aCTOTHI KOJICOaHUH, B YJACTHOCTH, C YCTAHOBICHHEM PE30HAHCHBIX JacTOT.

1. PaccmatpuBaeTcs OecCKOHEUHBIH MONBINH NUIMHAP ¢ 00pa3yomyMy, napamieasasivu ocu Oz,
CeYeHHEM KOTOPOro ImockocThio XOY sBIsIeTCs! ABYCBsI3HAs 0071acTh, OrpaHUYCHHAs IIPOU3BOJIBHBIMU
3aMKHYTBIMH TJaJKUMH KpUBBIMH. B monspHON cucTeMe KOOpAWHAT 3TH KPHUBBIE OIPENeIsIOTCS

CIHEyIOUMMH ypaBHEHUAMU: [, = [\, ((p)—BHeHJH;I;I u r=rny, ((p)—BHyTpeHHsIsI TPaHUIBI
ceuerns, 0 < @ < 2m. B uMiIuHApPE COAEPKUTCS CKBO3HAS TPEIIMHA UTHHON 28, He BBIXOASIIAs 3a
TpaHUlIBl ceueHus. BenencTtBue MeicTBHA Ha BHEIIHIOK MOBEPXHOCTh IMIMHIPA OCHMUIHPYIOLICH
Harpy3Kd P((p) e, HampaBleHHOH Baonb ocu Oz B MOCIEAHEM TPOUCXOIAT KoJeOaHUs
MPOJOIBHOTO CABUTA. MHOXHUTENH e’ nanee OIYIIEH W PAacCMAaTPUBAIOTCH TOJIHKO aMILTUTYTHBIC
3HaueHus. [Ipu TakuX yCIOBUSX MUIUHAP HAXOAUTCS B COCTOSHUM aHTHUILIOCKOH Aedopmanuu, Korjaa

OTIMYHOW OT HyIs OyIeT TONBKO Z-KOMIIOHEHTa BeKTopa mepememieHuss W. OHa yIOBIETBOpPSET
ypaBHEHHIO [ eTbMIofiblia, KOTOPOE B MOJISIPHON CUCTEME KOOPAUHAT UMEET BHI:

2 2
AW+ KW =0, A:8_2+13+L26_2’ (0.1)
o~ ror r°op

2 202 2 -1
rie K, =o°C,7, ¢, =Gp ~; G,p—moxyns caBura u mIOTHOCTh MaTepHalIa MIHHIPA.

[Ipu ycoBun neiicTBrs Harpy3KH Ha BHEUTHIOIO TPaHUILY IFUTMHIPA Ha HeH BBITIOTHIETCS PAaBEHCTBO:

T, (ro\p0 ((p),(p) =GP(¢), 0<¢<2m, 0.2)

N — BEKTOp HOPMAJU K TIOBEPXHOCTH.
BHyTpeHH:s TpaHuIla IIUIHHAPA CAUTACTCS HEMOIBYKHOM:

W( nw, ((p),(p) =0, 0<0p<2m (0.3)
Jiis popMyIHpOBaHMs YCIOBHMI Ha TPEUIMHE C HEH CBA3BIBACTCS JIOKAJIbHAs CHUCTEMa KOOPJAMHAT
X0y, . Iycrs Wl(l) (Xw yl)— Z -KOMIIOHEHTa BEKTOpa MEPEMEILECHUN IIPU MEPEXOAe OT MOJISIPHON K

JIOKaJBHOW JEKapTOBOM cHCTeMe KOoopauHaT. [IoBepXHOCTh TPEIIMHBI CYHMTAETCS CBOOOIHOH OT
HaIpPSOKCHUN:

1, (%,0)=0, |x|<a (0.4)

1
Take Ha IOBEPXHOCTH TPEIUHBI Pa3PHIBHO TIEPEMEIICHUE Wl( )(Xl, Y1), CKagOK KOTOPOro

W (x,+0) =W (x,-0) =%(x ), x(xa)=0. (0.5)

IIpyn Takux ycnoBusx craBuTcs 3amada ompenenenns KWH wu uccnemoBanus HamnpspkEHHOTO
COCTOSIHMSI B II0JIOM LIWJIMHAPE.

i pereHus 3a1a4u IpeIoKeH MOAX0, MO3BOJISIONINI OTAEIBHO YIOBIETBOPUTH yCIOBHS
(1.4)-(1.5) Ha Oeperax TpeIIMHBI U Ha BHEIIHEH M BHyTpeHHEW rpaHuuax nuidHapa. OH COCTOMT B
TOM, YTO HEM3BECTHOE IIEPEMELICHUE IPEACTABIEHO B BUJE CyMMbI Pa3phIBHOIO PELICHUS YPAaBHEHUS
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I'enbmronbua (1.1), HOCTPOSHHOTO JUIS TPELIMHBI, B HEKOTOPOi Hem3BecTHOH dynkuun W, (I, @), 3a

CYET KOTOPOH ya0BIETBOPSIOTCS yemoBus (1.2), (1.3) Ha MOBEPXHOCTSIX MAIUHAPA.
Ota HOBas HeusBecTHas (DYHKIHMS Pa3bICKMBACTCS B BHJE JIMHEWHOW KOMOWHALIMM YaCTHBIX
pewenuii ypaBHenus ['ensmronbua (1.1):

wo(r,cp)=roi_(ﬁkgk(r,cp)wkm(r,cp)), (0.6)

Do (r,p)= Jm—l (Kzr) cos(m-1De, 92m(r, Q)= Jm(Kzr)Sin mo,
(1, 0) = H, (5,1 cos(M=—Do, h, (r,0) =H  (i,r)sin mep,
J..H r(;) — MWIAHAPUIECKUE QYHKITHH.
B pesynbprare, 3a1aua CBOOUTCS K PEIISHUIO MTOCTIEI0BATEIFHOCTH HHTETPO-audpepeHImamTbHBIX

YpaBHEHWH Ha TpEIIMHE, KOTOpPbIEe OTIMYAIOTCS TOJBKO MPaBbIMH dacTsIMH. WX mpuOmmKxEéHHOE
peIIeHe CTPOUTCSI METOJOM MEXaHUYECKUX KBaIpaTyp.

ITociae 3TOro yIOBIETBOPSIOTCS YCIOBUS HAa TPAHMIAX I[WJIMHIAPA, U3 KOTOPBIX METOJIOM
KOJUIOKALINK ONIpeeNsioTcst Hen3BecTHble Kodhdunuentsr A, B, , BBenénnbix B (1.6) dyHkumii.
ITonyuensr mpuOmmKkEéHHBIE GopMynbl mia pacuéra KMH, ¢ moMomsio KOTOPHIX HCCIIETOBAHO
BIAMSHHEC Ha HUX 3HAYEHHWE YaCTOTHI KOJEeOAHWH, TeOMETPHUYECKUX Pa3sMEPOB LUIHMHAPA U PacIoso-
JKCHUS TpeIuHbl B HEM. K mprMepy, YCTaHOBICHO, YTO YTOJI HAKJIOHA TPEIIUHBI CYIIIECTBEHHO BIIHSET
Ha 3”HaueHus: KMH B nope3oHaHCHOM 30HE M Ha 3HAYEHWE YacCTOThI JOCTHXKEHHUS MEPBOTO PE30HAHCA.
0 0
Tak, npu 3HadeHnsix oo =0" u oo =90 yacrora MOCTHXEHWS TEPBOTO PE30HAHCA 3HAYUTEIHHO
o 0 0
MPEBBIIIAET Ty, B KOTOPOit Habmogaercs pesonanc npu 00 < o < 907 . Taxke yCTaHOBJIEHO yBEIHYE-
uue 3Hauenuit KUH npu npubimkeHny TPEIIUHBI K TPAHUIIE [TUITHH/PA.
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MOJIEJIMPOBAHME BSI3KMX TEUEHUI C UCITOJIb30BAHUEM METOJA
BUXPEBBIX 9JIEMEHTOB
Konyp O.C.

AHnHoTanms. PaccMaTpuBaercst MeToJl BUXpEBbIX 3ieMeHTOB (MBD), nmpeaHasHaueHHbIH A1 MOJAENIUPOBAHUS TEUCHUH
HEC)KUMAEMOM JKMAKOCTH ¢ YY4ETOM BsizkocTH. [IpuBOAsTCs nBe Mozaenu Bsiskoctd B MBD: MeTon 0OMeHa HHTEHCHBHOCTSIMHU
(PSE) n xombunupoBannsiii ¢ PSE meron muddysnonnsix ckopocreir (DVM). [IpuBogutes mpumep pacdéra MOAETbHOU
3amaun audQy3un IpsIMOIUHEIHOH BUXPEBOH TPyOKH B BA3KOH XHUAKOCTH 10 MeToauke PSE, pe3ynbTaTsl cpaBHHBAIOTCS C
H3BECTHBIM aHATUTUYECKUM PELICHHEM.

Meton BuxpeBbIX 3eMeHTOB (MBD) mpejcraBiseT albTepHATHBY CETOYHBIM BBIYHCIHTEIBHBIM
METOJlaM TUAPOJMHAMHUKM B Kjacce 3ajad B HeckuMaemoil mocraHoBke. OcobenHocthio MBD
SIBIISICTCS TIPEJICTABIICHUE TIOJIS 3aBUXPEHHOCTH TEUCHHSI B BUJIC CYNMEPIO3UIIMU 0a3UCHBIX BYHKIUI —
BHXPEBBIX 3eMeHTOB (BD). MBD nmis HeBsA3KHX 3a7ad HEe TPeOyeT CETKH W TOITOMY HPEICTaBIACTCS
0onee 3PeKTUBHBIM JJIs PElICHUs 3afad ¢ moaBmwkHbIMU rpanunamu (Fluid-Structure Interaction,
FSI), uem U3BECTHBIC CETOYHBIC METO/BI, TAKHE KaK METOJl KOHTPOJIBHOTO 00BhEMA.

MB35 MOXHO paccMaTpuBaTh Kak O0O0OOIIeHWEe MeEToma YacTHIl Ha YpaBHEHHUS JIBMKCHHS
HEC)KNMaeMoH KHUJIKOCTH, 3alTMCAHHBIC B TCPMUHAX 3aBUXPEHHOCTU

V-V=0;
60

E+(V-V)m=(m-V)V+vAm

3necs V=V (X, t), ®=V xV — 1ot CKOPOCTH ¥ 3aBUXPEHHOCTH, COOTBETCTBEHHO.

(1

B HeBsI3k0# OCTaHOBKE METOJ MOAPOOHO KCCIIEOBAH U YCICIIHO MPUMEHSETCS B Psjie 3a/1ad C
MOJBIKHBIMHA TpaHWIAMU C OonbiuM uwnciaoM PeitHomprnca [1,2]. Haubombmnyto CIIOXKHOCTB
MpEeCTaBISET anmpoKcuMaIust 1uddy3nonHoro uieHa VA @ , 0TBEYArONIEro 3a BA3KOCTb.

[lombiTKM y4ecTh BSI3KOCTH NMPHBEIH K BO3HUKHOBEHHUIO Psda MOIXOIOB, TAaKUX KaK ajlrOpUTM
pacmeruienust  (splitting), Merox ciydaiHbIX Omykmammid u  np. [1]. B manHOl pabore
paccMaTpuBaeTCs 1Ba mmoaxonaa: Meron ooMeHna mHTeHcHMBHOCTSIME (Particle Strength Exchange, PSE)
W THOpUIHBIN MeTo mudPy3uoHHbIX ckopoctel (Diffusion Velocity Method, DVM) B koMOuHamm ¢
PSE (DVM-PSE).

PSE crpouTcs Ha OCHOBaHHMHM AamMpoKCHMAanuM AUPQPY3UOHHOrO wWieHa VA ¢ TMOMOILIbIO

MHTErpaJbHOTO OMEpaTopa CIeAyIOIEro BUIA:
0" (0)=— [ n.(x=¥)(o(v.0)-(x0))dy.
R3

rae 1M, (X)— cruaxuBaromas QYHKLHS, YAOBICTBOPSIOIIAs OHNPEACIEHHBIM MOMEHTHBIM yCIOBHSM

[3], € — croakuBaronIuii MapaMeTp. YCIOBUSA U MOPSIOK CXOJAMMOCTH B 3aBUCHMOCTH OT € W BHJA
¢ynxnuu M (X) Taroke npuBeaeHs! B padore [3].

I/IHTerpaanoe MNpEACTAaBJICHUC YJICHA VA® oxa3biBaeTcs YILO6HLIM JJIA zxanLHeﬁmero

npuMmeHeHuss MBD, B KOTOpoM B kKayecTBe 0a3MCHOUM (DYHKIIMH pacCMaTpPUBACTCS MOJICNIb BOPTOHA-
oTpesKa [4]

o, (x,t):yk(t):[és(x—(xk (£)+sh, (1)))ds

¥, (f)— BeKTOpHBIN MOTEHUHAI, OHPEICISAIONINNA OPHEHTALMI0 U MHTEHCHBHOCTH K -ro BD, X, —
Mapkep ueHtpa, h, — BekTop-oTpe3ok BD, KOTOPBIH B mpouecce ABUKCHUS MOXET MEHSTH CBOK
JUIMHY ¥ Hanpasiienne, O(X)— nenbra-QyHKIHUs, 3aJaHHas B TPEXMEPHOM TIPOCTPAHCTBE.

3amena VA® B (1) na omeparop Q° (0)) ¥ TOCJICAYIONMAasl TIOCTAHOBKA CYIIEPIIO3UITUH TTOJICH
o, (X,t) MO3BOJIAET MEPENTH OT HENPEPHIBHBIX YPABHEHHWH B YACTHBIX MPOU3BOIHBIX K CHCTEME

OOBIKHOBEHHBIX (D (EPEHIHATBHEIX YPABHCHNH OTHOCHTENBHO mMapamerpoB X,, h, wu vy, wis

kaxzaoro BD, 6onee ynoOHO# ISt YUCICHHOTO PEIICHHMS.
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Meroguka DVM ocHoBaHa Ha mpencTaBienun auddysnonnoro oneparopa supa V(v V@) B
KOHBEKTHBHON (opme V - (—Vd @) ¢ nomommpHo T.°H. mbdy3uonHol ckopoctu (ckopoctn ®puamana) V 4 151

Cunras, 410 *uakne yactuusl nepememaiorcs no momo V +V, (Bvectro V'), MoxHO nokasars, uto
nepeHocuMas UMM (U3MUECKask BeMUMHA () OCTaéTcs HeusMeHHoi. Takoi moaxon Gonee MpPeaNOUTUHTENEH ¢

TOYKH 3PSHUS YUCIICHHBIX pacu€ToB, yem PSE.
Peanuzanus nomoOHON uaen B MBD Bo3MOXHA JIMIIb B JIByXMEPHOW, JIMOO B OCECHMMETPHYHOM

IIOCTAHOBKAX, HOCKOJbKY B TPEXMEPHOM Cilyyae HpeACTaBUTh TeH30p V AG B KOHBEKTUBHOU (opme
HEBO3MOXHO. B pabote [6] npemnaraercs ujes o npexacrapieHun auddysuonHoro oneparopa VA B Buae

cymmbl Tersopa V- (—V, (), npeacraBuMOro B KOHBEKTHBHOH (opMe ¢ HEeKOTOpod auddy3noHHOI

ckopoctsio V, , n ocratka Bupa V - B tak,uro B=vVo+V, 0.
B paGote [6] moxydeHs BUABI 000MX TEH30pOB M3 pacuéra BBIIEIECHUS «IOMHHHpYIomein» DVM-gactu ¢

HCTIONB30BAHMEM METOJA HAMMEHBIIMX KBAApaTtoB, M ocraTka V - B, KOTOphli anmpokcummpyercs ¢
ucnosip3oBanuem PSE. Takas mojens Takxke m0O3BoseT mepedtd ot ypaBHenuit (1) k cucreme OY
OTHOCHTEJNBHO IapaMeTpoB BD, KOTOpYIO TakyKe MOXKHO pelIaTh YUCISHHO.

B nanpHeiimem miaHupyercs BepuHUKanus 00enX METOIMK C IIOMOINBI0 CEPHH TECTOBBIX pacdyEéToB
JMHAMHUKH OECKOHEYHO [UIMHHOW NPSMOJIMHEWHON BHXPEBOW TPYOKHM M BHUXPEBBIX KOJIEI B BSI3KOW KHUIKOCTH.
Jlns maHHBIX 3a7a4 CyIIECTBYET AaHAJIIMTHYECKOE pEIICHHE, C KOTOPHIM BO3MOXKHO CpaBHeHHe pacuéra. B
Ka4ecTBEe NpUMEpa U IPOBEPKH MPABHIBHOCTH AMNPOKCHMAIMU BSI3KOTOo wieHa 1o meroxy PSE mpuBoaurcs
3amada o auddy3un OECKOHEUHOH NPSMOIMHEHHON BUXPEBOH TPYOKM B BA3KOH JkuakocTH. Ha pucyHKax
MoKa3aH oquH cioi 3 1521 B, mogenmupytomux cedeHne Tpyoku pamuyca 0.8, a Takke mpeacraBieH rpaduk

3aTyXaHWsl 3aBUXPEHHOCTH B Mecte pacnonoxenus BD A (uentpansueii, 7, =0), B (1, =0.164) u C

(r, = 0.396). Cnnomnast nMuHUS — YMCIIEHHBIH pacuéT, ITPUXOBas — aHANTUTHYeCKui pacuér. Ha nanHOM

aTare MpoIeMOHCTPUPOBAHO XOPOIIee COrIACOBAaHHE PE3YJIFTATOB YHCICHHOTO PaciéTa ¢ aHATUTUYECKHIM.
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YUCJIEHHOE MOJAEJIUPOBAHUE NPOLECCOB JE®@OPMAILIMU U PA3PYIIEHUS
CJOXKHbBIX TEXHUYECKUX OFBEKTOB IIPU YIAPHOU HATPY3KE
Kpayc E.W., lla6anun U.HU., Ha6amaun T.U.

AnHoTanms. [IpuBeeHBl  OCHOBHBIE  COCTABIIIOIIME  YHCIGHHOTO  MHCTPYMEHTAa  MOJEIMPOBAaHMS  IIPOLIECCOB
ne)OpMHUPOBAHUS U Pa3pyIICHUs TBEPIBIX TEJ HA MPHUMEPE CIOKHOTO TEXHMYECKOTro 00BEKTa — PEaKkTopa AEpHOH dHepre-
THUYECKOH yCTAaHOBKHU I KOCMHYECKHX alIapaToB. BBITOMHEHB! pacyéThl yIApHOTO HArpy>KEHUs] MOJEIBHBIX PEaKTOPOB,
KakK TPH HU3KHX, TaK M BBICOKMX CKOpOCTAX. IIoka3aHo, YTO yaap peakTopa O MOBEPXHOCTH 3€MIIH, JaKe IPU HEBBICOKOI
CKOPOCTH CTOJIKHOBEHHS, NPUBOAUT K HAPYNICHWIO TEPMETHIHOCTH PEAKTOPa W PaJHOAKTHBHOMY 3apaKCHHIO MECTa €ro
TIaJICHNsL.

Jns ananumza mporeccoB AehOpPMHUPOBAaHUS M Pa3pYLICHUS CIOXKHBIX TEXHHYECKHX OOBEKTOB MpPHU
ynape HEOOXOAWM YHCIICHHBIH HHCTPYMEHT, MO3BOJIIONIMH MOJICIUPOBAaTh B pPEaJbHOM BpPEMEHH
BO3MOJKHBIE CIICHAPHH MX PA3BUTHS.

[TporpaMMHBIN KOMIUIEKC MpeIHAa3HAYCH Ul PELICHUs] HeCTAMOHAPHBIX 3a1ad JeGOpMUPOBaHUS U
paspylieHus MaTepHajioB TMPH HArpy>KEHHH CIOXHBIX TEXHHYECKHX OO0BEeKTOB. B KomIiuiekce
peann3oBaH KOHTHHYaJIbHO-IUCKPETHBIN TOAXOJ, COYETAIOUIMH JIarpaHKeBbl KOOPIWHATHI IS
CIUIOIIHOTO MaTepHana M JUCKPETHbIE YAaCTHIBI KOHEYHOTO pa3Mepa, MOJEIHpYIoIme (HparMeHTHI
paspywmenHoro. IloBeaeHne marepHaioB ONKMCHIBAETCS YHPYTOILTACTHYECKOH MOJENBI0 C Majoma-
paMeTpUYEeCKUM, TEPMOAMHAMUYECKH ITTOJHBIM, YPaBHEHHEM COCTOSHUS. Pa3HOCTHBIE COOTHOLICHUS
MOJIOKEHBI Ha TPEYTONBHYIO CETKY, KOTOpas CTPOMTCS JHHAMHYECKHM CIIOCOOOM B CIIOXKHBIX,
MHOTOCBSI3HBIX pacdy€THbIX oOmacTsax. Bce 3To mo3Boisier MOAEIMpOBaTh IPOLECCH YOAPHOTO
Harpy XKeHHsl CIOKHBIX TEXHHYECKHX OOBEKTOB J0 «KOHIA», T.€. JO IMOJIHOTO 3aBEepILEHHS MPOLECCOB
HOTJIOIIEHNST KHHETHYECKOW YHEPIHH HAJETAIOUIEero Tela W/HMM pa3JeleHus] 00beKTa Ha OTACNIbHbIC
(dbparMeHTHI.

y,cm
(=]

20k

-20 0 20 40

1]
ST

400.01psec

y,cm

X, cm X, cm

Puc.1. Kunorpamma mporuecca cToikHoBeHHs 2D peakTopa ¢ MOBEpXHOCThIO U3 necyaHuka. CKOpOCTh
B3anmoaencteusa 400 m/c.
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B nporpamMHoM komiuiekce Reactor peann3oBaHbI:

1. ypaBHEHUS OanaHca MacChl, UMITyJIbca U dHEpruu [1];

2. 3a/1aHKe HaYaJIbHBIX TaHHBIX U MMOCTAHOBKA 'PAaHUYHBIX yCiIoBHi [1, 6-9];

3. ypaBHEHHS COCTOSHUS M YpaBHEHHUS Iporiecca [2-4];

4. KpUTEpHHU pa3pylIeHUs] MaTepPHUajIOB, OXBAaTHIBAIOIINX Pa3INYHbIE MEXaHU3MBI pa3pyienus [1, 6-9];
5.aNTOpUTM 3aMEHBl SU€eK, COJEp)KAIMX pPa3pyIIEHHBIH MaTepuajn, AUCKPETHBIMH YacTUIAMU
KOHEYHOro pasmepa [1, 6-8];

6. aBTOMaTHIECKOE IIOCTPOCHUE IIPABHILHOM» Pa3HOCTHOW CETKH BHYTPH Kaxa0ro 00bekTa [5,6];

7. KOHEUHO-pa3HOCTHBIE COOTHOIIEHUS, IIs YpaBHEHUH OajaHca, Ha TpeyronbHoil ceTke [1];

8. CUMMETPHUYHBIN alrOPUTM pacuéTa KOHTAKTHBIX IpaHul [1, 7];

9. yCloBUs yCTOWYUBOTO CUETa CHCTEMBI pa3HOCTHBIX ypaBHEeHHH [ 1,8];

BriBonpbr:

1. Reactor 2D mo3BONSET TPOBOIUTH MOJEIUPOBAHHWE TMPOIECCOB IeOPMHUPOBAHUS U
pa3pylIeHHs CIOKHBIX TEXHUYECKINX 00BEKTOB B Tarna3oHe ckopocreit ot 50 mM/c mo 16 xm/c.

2. Pacu€rpl MOKa3BIBAIOT, YTO BHICOKOCKOPOCTHON yJap YacTHUI[ KOCMHYECKOr0 Mycopa MpHBO-
JUT K KaTacTpopHUECKOMY Pa3pyLICHUIO peaKTopa.

3. VYnmap pexropa o MoBepXHOCTh 3eMin npu ckopoctsx 400 M/C MPUBOIUT K pazrepMeTH3AINH
peaktopa (puc.l) u paguoaKTUBHOMY 3apaKEHUIO MECTa TaJICHHSI.

HccnenoBanne BrIMoOHEHO 32 c4€T rpaHTa Poccuiickoro HayuHoro doHaa (mpoekt Nel6-19-10300)

JIUTEPATYPA

1. ®omun B.M., 'ymunoB A.U., CanoxuukoB ['.A., lllabanuan WM. u ap. BeicokockopocTHOE
B3aumopeiricteue Tei. -Hosocubupck: M3a-so CO PAH, 1999. -600 c.

2. Fomin V.M., Kraus E.I., Shabalin I.I. An Equation of State for Condensed Matter behind Intense
Shockwaves// Mater. Phys .Mech. 2004.—Vol.7.-No.1. —P. 23-28.

3. Kraus E. I, Shabalin L.I. A few-parameter equation of state of the condensed matter // Journal of
Physics: Conference Series - 2016. -Vol.774. -P. 012009.

4. Kraus E.I., Shabalin LI. Calculation of elastic modules behind strong shock wave // Journal of
Physics: Conference Series, 2015-.Vol. 653 — 012085.

5. Kpayc E.M., ®omur B.M., labammua .M. JIlnHaMA9ecKHi METOM TOCTPOCHHUS TPEyTONHHBIX
CETOK B MHOTOCBSI3HBIX 00JiacTsiX // Berancnurenbubie TexHogorun.—2009.—T.14.—Ne5.—C. 4048.

6. Mexannuka — OT AucKpeTHOro K cruomHoMmy / OTB. pea. B.M. ®omun; Poc. akan. nayk, Cu0.
otn-aue, MH-T TeopeTmueckoi M mpukiIagHoii Mexanuku. — HoBocubupck: M3a-so CO PAH,
2008, 316 c.

7. Kraus E.I., Shabalin L.I. Impact loading of a space nuclear powerplant // Frattura ed Integrita
Strutturale, 2013.— Vol.24.— P. 138-150.

8. Kraus E.I., Shabalin I.I. Reactor2D: A tool for simulation of shock deformation // AIP Conference
Proceedings. -Vol.1770. 2016. -P. 030092.

9. Buzyurkin A.E., Gladky I.L., Kraus E.I. Determination and verification of Johnson-Cook model
parameters at high-speed deformation of titanium alloys // Aerospace Science and Technology. —
2015. —Vol. 45. -P. 121-127.

Caenenns 00 aBTopax:

Kpayc EBrenmii UBaHoBHY — 3aM. aupekTopa 1O Hayke, K.(.-M.H., IHCTUTYT TEOpETHUYECKOW H
npukinagaoi Mexanuky uM. C.A. Xpuctnanosnda CO PAH (+7383) 3303880

E-mail: kraus@itam.nsc.ru

Iladannn UBan UBaHOBHY — cTapIInii HAYYHBIN COTPYAHUK, K.(.-M.H., UTHCTHTYT TeopeTHdeckoil u
npukinagaoi Mmexanuky uM. C.A. Xpuctnanosnda CO PAH (+7383) 3303804

E-mail: shabalin@itam.nsc.ru

Iadannn Tumodeii UBaHOBHY — MIagmMi Hay4dHBIH COTPYIHUK, VIHCTUTYT TeopeTHdecKoi H
npukinagaoi Mexanuky uM. C.A. Xpuctunanosuda CO PAH (+7383) 3303880

E-mail: shabalin.timofey@gmail.com

100



O 3AJIEUMBAHUU MOBPEXJIEHHOCTU METAJLJIA UMITYJIbCAMU TOKA
BBICOKOMH IJIOTHOCTH

Kykyn:xanos K.B., Jleeutun A.JL.

AHHoTanms. Mccnenyrorces mporeccs! TpaHchopManun Je(eKkToB THIIA MEX3EPEHHBIX MHKPOTPEIIHH, IPOTEKAIONINE B
MaTepuaie Ipu 00padoTKe METaUTMYECKUX O0Opa3OB MMITYJILCHBIM BBICOKOYHEPIeTHUECKUM JJIEKTPOMATHHTHBIM ITOJIEM.
HccnenoBanue OCyLIECTBISICTCS YHCICHHO HA OCHOBE CBSA3aHHOI MOJAENM BO3ICHCTBHSA IOJIEM Ha IPEABAPUTENIBLHO
MOBPEXIEHHBI TEPMOYNpPYroIUIaCTHYECKUH Marepuan ¢ naedexramu. MoJenupoBaHHe MOKa3ajo, YTO IOJ AeiicTBHEM
HMITyJIbCOB TOKAa HPOUCXOAUT CBapka OeperoB TPEUIMHBI W 3ajeYMBaHHE MUKpOAe(eKToB. [IIsi MaKpOCKOIHMYECKOro
ONHUCaHMs TPOIIECCOB 3aJ€YMBAHUSI BBOAATCSA IapaMeTphl 3aJICUCHHOCTH M MOBPEXIEHHOCTH MarepHaina. 3ajJedrBaHHe
MHKPOTPELIMH MPUBOJUT K YBEIHMUEHHIO 3aIeU€HHOCTH MaTepHana M yMEHBIIECHHIO €ro MoBpexaAEHHoCTU. Pacmonoxxenue
MHKPOTPELIUH APYT OTHOCUTENBHO APYTa, PACCTOSHHE MEXIy HHMH, MX (OopMa M OpHEHTAIMs NMPAKTHUECKH HE BIUSET Ha
M3MEHEHUS 3aJICYeHHOCTH M TOBPEXKAEHHOCTH MaTepuaja BO BPEMEHH IPH BO3ACHCTBHM Ha MaTtepuan TokoM. Ilpm
OIMHAKOBOH JnHE AeeKTa Ha ATH WM3MCHEHMS BIHSET JHINb BEIMYMHA HAYAIBLHOW MOBPEXIEHHOCTH MaTepHaa.
[Momyuens! npocTsle NPUOIVKEHHBIE KYCOYHO-JIMHEHHBIE 3aBHCUMOCTH M3MEHEHHS IOBPEXIEHHOCTH U 3aJICYEHHOCTH OT
BPEMEHH U Ha4aJbHON IOBPEKIEHHOCTH.

HpI/I BOSﬂeﬁCTBHH QJICKTPOMArHUTHBIM I10JIEM HAa NPOBOAHUK MNPOHUCXOAWUT KOHUCHTpALUA I10JIA
Ha Je(eKTaX CTPYKTYypbl Marepuasia. B 4aCTHOCTH, 3TO WHHIMUPYET MPOTCKAHHE SICKTPUYCCKHUX,
TEPMUYECKUX ¥ MEXAHWYCCKUX TIPOIIECCOB B OKPECTHOCTH MHKpPOAE(HEKTOB (IOp, TPEIIHH,
BKJTFOUCHHH U T.I1.).

HccnenyroTes mporecchl TpaHCOpMamuyd W B3aUMOJCHCTBHS JCPEKTOB THMA IUIOCKUAX
MEXK3EPEHHBIX MUKPOTPEIINH C JTMHEHHBIMU pa3MepaMu mopsaaka 10 MKM, MpOTeKarolue B MaTeprale
npu 00paboTKe METAIHYSCKHX 00pa3I[0B UMITYJIbCHBIM BBICOKODHEPTETHICCKHM DIIEKTPOMATHUTHBIM
TOJIEM, BBI3BIBAIOIIMM B MaTepUalie KOPOTKUIH UMITYJIEC JEKTPHYECKOTO TOKA BBICOKOW TUIOTHOCTH.

HccnenoBanue OCYIIECTBISECTCA YHCICHHO HAa OCHOBE CBfA3aHHON MOJETH BO3JACHCTBUSA
WHTCHCHBHBIM HMITYJIbCHBIM 3JCKTPOMAarHUTHBIM IOJIEM Ha MPEIBApUTEIHFHO MOBPEKASHHBIN
TEPMOYIPYTOIUTACTHYECKHI MaTepuai ¢ Ae(eKkTaMH, KOTOpas YUYHUTHIBACT IUIABJICHUE M HCIapEeHHe
MeTalljla, a TAKXKE 3aBUCHMOCTh BCEX €ro (PU3NKO-MEXaHHMUYECKUX CBOMCTB OT TeMIIepaTyphl. Pemenue
MOTYYAIOMICHC CUCTEMBl YPABHEHUH HINETCS METOJIOM KOHEUHBIX 3JIEMEHTOB Ha MOJBHIKHBIX CETKAX
C MCHOJIB30BaHMEM CMEIIAHHOTO diijIepa-1arpaHKkeBa MEeTo/Ia.

MonenupoBaHue oKa3aio, 4TO OJJHOBPEMEHHOE YMEHBIIICHHUSI IMHEI, BRIOPOCA PACILIABICHHOTO
METaJjla BHYTPh TPEIIUHBI U CMBIKaHHE OEpPEeroB MPUBOJMUT K TOMY, YTO Oepera TPEIIUHbl HAYHMHAIOT
KOHTaKTUPOBAaTh CO CTPYeH pAaCIUIaBICHHOTO MaTepHala, M B PE3yJIbTare 3TUX IPOIECCOB CTPYs
OKa3bIBACTCS TMOJTHOCTHIO 3aKaTOW OeperaMu TpemuHbl. TakuM 00pa3oM, Mo AeHCTBUEM UMITYJILCOB
TOKA TPOUCXOMUT CBapKa TPEIIMHBI W 3aleyrBaHUe MHUKpoJedekToB. [Ipu 3TOM 00BEM MHKpO-
ne(eKkToB yMEHbIIaeTCsS BO BPEMEHH.

B HacTosmieit pabote A MaKpOCKOIHMYECKOTO OIMUCAHHs MPOIECCOB 3aJICUUBAHUS BBOISATCS
napaMeTphl 3aJICYCHHOCTH W MOBPESXKACHHOCTH MaTtepuana. [lapaMerp 3alledeHHOCTH OMpEACseTCs
KaK OTHOIICHHWE W3MCHEHUS 00bhEMa MHUKPOTPEIIMHBI K HAYaIbHOMY OOBEMY MUKPOTPCUIMHBI B
KOHKPETHBII MOMEHT BPEMEHM IIPU BO3ICHCTBUSA Ha MaTepuan 3JIEKTPOMarHUTHbIM mosieM. [lox
MOBPEXKAEHHOCTHIO (TIOPUCTOCTHIO) MMOHMMAETCSI OTHOIICHHE 00hEMa MUKPOTPEIIUHBI B KOHKPETHBIH
MOMEHT BpPEeMEHH K 00BEMY TMPEICTABUTEIHLHOIO 3JIEMEHTA. 3alleUnBaHNE MUKPOTPEIIMH MPHUBOINUT K
YBEIMYCHHIO 3aJICUCHHOCTH MaTepralla i YMEHBIIECHHIO €r0 MOBPEXKIEHHOCTH.

HUccnenytoTes nmporecchl U3MEHEHHsI 3aJICUEHHOCTH M MOBPEXKIEHHOCTH MaTepuasa OT BPEMEHH
MpH BO3JICHCTBHM HA MaTephall TOKOM. PaccMaTpHBarOTCS BOIPOCHI O BBEIOOPE MPEIMOYTHTEIBHBIX
o0JiacTell HHTETPUPOBAHUSI TIPU MOJCIHPOBAHNH PACCMATPUBAEMBIX MPOIECCOB. M3yvaeTcs BiIHMsSHUE
pacCToAHUA MCKAY MUKPOTPCUHIMHAMU, UX (1)OpMBI M B3aMMHOT'O0 PAaCIIOJIOKCHUA APYT OTHOCUTCIIBHO
Jpyra Ha M3MCHCHUS 3aJICUCHHOCTH M MOBPEKIEHHOCTH MaTepHalia BO BPEMCHHU.

MojenupoBaHre PacCMaTPUBAEMBIX MPOIIECCOB BO BCEM HCCIEIYyEMOM JUAMa30HE PACCTOSHHUN
MeXAy aedexramMu (WU, PaBHOCHIBHO, NMPH JI000W HAvYalbHON MOBPEKIEHHOCTH) IOKA3ajo, YTO
3aBHCHMOCTU 3aJICYCHHOCTH U MOBPEKJAEHHOCTH OT BPEMEHU HE OyAyT pa3iuvarhCsi OT TOTO,
BBIUHCIISIEM MBI MX B 00JAacTAX WHTEIPHUPOBAHUS, COCTOSAIIMX U3 OJHOTO MM K€ HECKOIBKHX
MPEeICTaBUTEIbHBIX 3JICMEHTOB.

PacrnonosxeHue MUKpOTPEIIMH JpyT OTHOCUTEIBHO JpyTa, PACCTOSHNE MEXIY HUMH, HX opMa U

OpuUCHTaIuAg (B npeaeiax yrioB i15°) MPAKTUYCCKU HE BJIUACT HAa HU3MCHCHUSA 3aJICUCHHOCTU U
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HOBPEXIEHHOCTH MaTephaja BO BPEMEHH IIPH BO3/ACHCTBHM Ha Marepuai TokoM. [Ipn ommHakoBoH
JuIMHE JedeKTa Ha 3TH U3MECHEHHS BIHSET JIUIIb BeJIMUMHA HA4aIbHOU TOBPEXIEHHOCTH MaTepraa.

Ha ocHOBe pe3ynbTaToB MOAETMPOBAHHS IONYYEHbl NPHONMKEHHBIE KyCOYHO-THHEHHBIC
3aBUCHMOCTH W3MCHEHMS 3aJ€4EHHOCTH M TIOBPSKAEHHOCTH OT BPEMEHM U Ha4daJIbHOU
MOBPEKAEHHOCTH MaTtepuana. M3 J1aHHBIX 3aBHCUMOCTEH CIEAyeT, YTO A0 ONpeelEHHOT0O MOMEHTa
BPEMEHH BCE MHKPOTPELIMHB B MaTepuaje (HE3aBUCHMO OT TOro, Kakod Obula HadanbHas
NOBPEXJIEHHOCTh MaTepuaia) He 3aJICYMBAIOTCS M MOBPEKIEHHOCTh MaTepHana HE MEHSETCS 0.
neilictBueM Toka. Ilocie 3TOro MOMEHTa BpeMEHH CTapTyeT IPOIEcC 3aJeYMBAThCS MUKPOTPEIINH.
[Tpu 3TOM MOA NeiicTBUEM TOKA CO BpEMEHEM MOBPEKACHHOCTh MaTepraia YMEHbIIACTCSI BO BpEMEH!
C TIOCTOSIHHOH CKOPOCTBIO (KOTOpasi HE 3aBUCHT OT HAadalbHON MOBPEXIEHHOCTH), B TO BpeMs Kak
3aJIC4EHHOCTh PACTET CO CKOPOCTBIO, KOTOpas OOpaTHO IPONOPIMOHAIFHA HAYaJIbHOW ITOBPEXK-
JNIEHHOCTU MaTepuaa.

Pabota BeimonHena npu GpunancoBoit moaaepxkke PODU (rpant Ne 15-08-08693).
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METO/JbI PEHHEHUSA IBYMEPHbBIX 3AJIAY TEOPUU ITOBEPXHOCTHOTI'O POCTA

Manxupos A.B., Muxun M.H.

B pabote wucciemayroTcsi AByMepHbIE 3afaud TEOPHH MOBEPXHOCTHOTO poOCTa Je)OPMHUPYEMbIX TBEPABIX TEd H HX
MPUIIOKEHHS K aHATIKU3y HaMNPsHPKEHHO-1eopMUPOBAHHOTO COCTOSHUS U3ACIUI U KOHCTPYKIHI aJTATHBHOTO IPOU3BO/ICTBA
(additive manufacturing). [laroTcsi MOCTaHOBKH 3ajady, MpeUIaracTcss METO/ WX PEIICHUs, OCHOBAHHBIA HAa HMCIOJIb30BAHHU
MOJIXOJIOB TEOPUH (PYHKIHH KOMIUIEKCHOTO [IEPEMEHHOTO.

TpaauuuoOHHBIE METOABI M3TOTOBJICHHS AETallel CIO0XKHOW (HOPMBI MOAPa3yMEBAIOT Pa3HOOOpa3HbIE
TEXHOJIOTHYECKHE Mpouecchl 00paboTKH, CBSI3aHHBIE CO CHATHEM MaTepHuaia — pe3ka, (pesepoBka,
CBEpJIEHHUE U T.A. AJIbTEPHATUBHBIN KJI1acC TEXHOJIOTMYECKUX MIPOIIECCOB OCHOBAH HA CHHTE3€ AeTaleil
MyTEM TIOCIIEZIOBATENbHOTO HAaHECEHUSI MaTepualia Ha IMOMAJIOXKKY WM MOBEPXHOCTh MPOU3BOJIBHOM
¢opmbl. K TakuM TEXHOJIOTHSIM OTHOCSITCS CTEPEONUTOrpadus, 3JICKTPOIUTHUECKOE OCaKICHUE,
HaMOTKa, JIa3epHasi ¥ TepMHUYecKass TPEXMEpHbIC IeYaTH, IPOU3BOJACTBO TPEXMEPHBIX AIIEKTPOHHBIX
CXeM U pAl IpYyTHX.

B Hacrosmiee BpeMs TEXHOJOTHMM aJJUTHBHOIO H3TOTOBJIEHHUS W3AETUN HaXoATCs B CTaguM
WHTEHCUBHOTO pa3BUTHs. VIcHoib30BaHHE TEXHOJNOTHH aJAWTUBHOTO H3TOTOBICHUS II0O3BOJIET
OBICTPO M OTHOCUTENBHO AELIEBO CO3JaTh NPOCTPAHCTBEHHYIO IETalb BEChbMa CIOXKHOH (OpMBI
TEOpeTHUecKd M3 Joboro martepuana. OIHAKO, HECMOTPS Ha BO3MOXKHOCTH IO3UI[MOHHUPOBAHUS
3JIEMEHTOB TEXHOJIOTHUECKOH YCTAHOBKUM C BBICOKOH TOYHOCTBIO, OTKJIOHEHHS T'€OMETPHYECKOI
¢dbopMbl HM3menusA OT MNPOEKTa OCTAaETCs BHICOKOW, B IEPBYIO OdYepelb, B CHIIy COOCTBEHHBIX
nedopmanmii uzrorapnuBaeMoro tena. C 3TUMH JeGopManysiMy CBSI3aHBI OCTaTOYHBIE HAIPSIKCHUS,
HEMHUHYEMO BO3HMKAIOIIMMHU B M3JENHU MPU NMPUMEHEHUU TEXHOJOTUI aJlJUTHUBHOIO M3TOTOBIICHUS.
PacnipeneneHust ocTaTOUYHBIX HANPSDKEHUH W MX BEIMYMHA MOTYT BBI3BIBATh M TAKUE SBICHHUS, KaK
MoTepsl YCTOWYMBOCTH JJII TOHKOCTEHHBIX M3JEIHH W paspylleHHe Al MAaCCHUBHBIX TN, MPUUYEM
MoTepsl YCTOMYMBOCTH M pa3pylLIeHHE MOTYT INPOU3O0HTH YK€ B IpOLECCe HM3rOTOBJIEHHA. Takum
o0pa3zom, pa3pabOTKa MaTeMaTHYECKHX MOJENeH M TEOPEeTHYECKHX METONOB pacuéra BHYTPEHHHX
TEXHOJIOTHYECKUX HaNpsDKeHUH M JedopMaluil B COBPEMEHHBIX CIOXHBIX M3ICIUSX SBISETCS
aKTyaJbHOW HAay4HOW MPOOJIEMON KaK C TOYKH 3pCHUS (PyHIAaMEHTAIBLHBIX MCCIEIOBAHWH, TaK W C
TOYKH 3PEHHUS] MHOTOYHCIICHHBIX MPUIOKEHHH.

DyHIaMEHTaIBHBIMI BOIIPOCAMH [TOBEPXHOCTHOTO POCTA 3aHMMAETCSI MEXaHHKa PACTYLIMX TeJl (CM.,
Harmp., [1-3]).

B pabote pa3zBuTa TeOpHs MOBEPXHOCTHOT'O POCTa IJIsl UCCIEOBaHUS ABYMEPHBIX 3a7a4 aJluTUBHOTO
W3rOTOBJICHUS Ae(OpMUPYEMBIX Tell B clIydae, KOTAa CKOPOCThIO NeOpPMUPOBAHMS IOBEPXHOCTH Tell
3a CuéT HArpy30K M HaTAra HpUpPAIIMBAaEMBbIX JIEMEHTOB MOXKHO NpeHeOpedb IO CPaBHEHHUIO CO
CKOpPOCTBIO IIPUTOKA HOBOT'O MaTepHaja K 3TOi MOBEPXHOCTH.

JlaHa TMOCTaHOBKAa BO3HHUKAIOLIIMX KIACCHUECKMX M HEKIACCHUECKHX HayallbHO-KPAeBBIX 3ajad.
IIpennoxeHbl METOABI PELICHUS] TAKUX 3a/a4, OCHOBAaHHbIC HA IPUBEIECHUM HEKJIACCHYECKUX 3a7ad
HapallMBaHMUs BI3KOYNPYTHX CTapelolMxX Tel K 3aJadaM TeOpHH YIPYTOCTH C HEKOTOPBIM
napamMeTpoM, HCIONB30BAHUM TEOPHM AHAINTHYECKMX (YHKIMHA [UIS pelleHus TOCIECAHUX |
BOCCTaHOBJICHUM HCTHUHHBIX XapaKTEPUCTHK HaNpsHKEHHO-Ie(OPMHUPOBAHHOIO COCTOSIHUS TEN IPU
MOMOIIH TTOMYyYeHHBIX popmyn pacuuppoBku (CM., HAMp., [4-8]).

Pemienne KaxmoW KOHKPETHOM 3amadyd aJAWTUBHOTO H3TOTOBJICHHS Je(QOPMUPYEMBIX Tei
TIPEICTABIISIET COOOM CaMOCTOSATEIBHYIO U TPYAOEMKYIO TIpodiemy (cM., Hamp., [9—12].) OxHako, yxe
ceiiuac TO BHAY TMOJYyYEHHBIX MAaTEMaTHUYECKUX COOTHONIEHHMH MOXXHO Tpe[cKa3aTh TaKHe
OpraHnYecKHe MPHUCYIINE PacTyIlUM TellaM SIBJIEHHS, KaK BOSHHKHOBEHHE OCTaTOYHBIX HAIpPsKEHUIH
[OCJIEe CHSTHUA HArpy3oK, IOSIBICHHE B aJAWTHBHO H3TOTOBJIEHHOM TeJie IOBEPXHOCTEHl pa3pbiBa
HaNpsDKEHUH, 3aBUCHMOCTh HANpPsDKEHHO-IEPOPMUPOBAHHOTO COCTOSIHUSL BSI3KOYNPYTHX Tell OT
CKOPOCTH U c110c00a UX aJAUTHBHOTO U3TOTOBJICHHUSI.

VYcTaHOBIEHO, UTO B ABYMEPHBIX 3aJayax KOHLEHTPALHU HAaNpsDKEHUH BO3JIE OTBEPCTHH M KPYUECHUS
B TOTOBOM Teyie 0Oe3 yuéra mpouecca aJAuTHBHOIO H3TOTOBJIECHUS MAaKCUMyM WHTEHCHBHOCTHU
KacaTeNbHBIX HANpsHKEeHWH JOCTUTaeTcss Ha TrpaHuie Tena. l[Ipu anxguTHBHOM HM3TOTOBIEHHH
MaKCUMyM HHTEHCHBHOCTH KacaTeNbHBIX HANpsDKCHUH MOXKET NOCTHraThbCs Ha TpaHMLE pasnena
OCHOBHOTO Tela M aJAMTHUBHO H3TOTOBJICEHHOH €ro 4YacTd, Ha TpaHulle TOTOBOTO Tela U B
MIPOM3BOJIBHOM TOYKE aJINTUBHO U3TOTOBJICHHOM YacTH Tela.
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[MonydyeHHBIe pe3yabTaThl MOTYT CIIY>KUTh OCHOBOHM MpH pEIICHHH TPUKIAIHBIX 3a/a4 pacdera
I[eTaHefI n DJIEMCHTOB KOHCTPYKHHﬁ, H3roTaBJIMBaCMbIX IIpHU ITOMOIIHN TEXHOJIOTHI AaJIUTUBHOT'O
MIPOHU3BOJICTBA.

Pabora BemomHeHa mnpu (UHAHCOBOM Tmommepkke Poccwiickoro QoHma QyHIaMEHTATBHBIX
uccnenosanuit (mpoekt Ne 17-01-00712).
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PEHIEHUE OIIHQFI MMPOCTPAHCTBEHHOM 3AJJAYH O 3AJTEYUBAHUH
TF'EO®U3NYECKOU TPEILIUHBI B TEPMOYIIPYI'OU CPEJIE ITPU HAJINYUN
IHOTOKA ®JIIOUJA

MapTtupocsia A.H., lastau A.B., Junynn A.C., Maptupocsin I'.A.

AHHOTanMs. 33a1a4a 0 HApAIUBAHUH CIIOS IPUMECEH, COAEPKALMXCS B RUAKOCTH ((IIronze), MOCTyNaoMel B TPELuHY
B OECKOHEUHOH TepMOYIPYTol IUNIOCKOCTH IS Teo(pU3NIecKoi cpensl 6e3 yuéTa TepMOyNpyruX HanpspKeHUH perieHa B [1].
Tam 3a5ieunBaHMe TPELIMHBI 32 CUET IPUMECEH ObIJIO pacCYUTAHO 3a CYET rPaHeHTa TEMIIEPATYPHI ¢ YIETOM TepMoanhy3un
U TetonpoBoAHoCTH. ITockas 3aqada o 3aneunBaHiy TPEIUHBI B TEPMOYTIPYTOi Cpejie, TAe OCHOBHOE BHUMAHHE YACIACTCS
spdexram Tepmomnddysun u TepMOyNnpyrocTu B cpenpe, 0e3 ydu€Ta TpPEeHHs paccMOTpeHa B [2], Tie NpH HEKOTOPBIX
YIPOIIAIOMINX MPEANIONIOKEHUSIX O XapakTepe BIMSHUS Auddys3un npuMeceil Ha 3aleuuBaHHE TPEUIUHBI yIAa&TCs PEIIUTh
HECTalMOHAPHYIO 3aJady TEePMOYNPYTrOCTH IPU CMELIAaHHBIX TPAaHUYHBIX YCIOBHUSX Ha TPaHMIE TPEIIMHBI C Y4ETOM
Hapall¥BaHUs CPe/Ibl Ha TPAHHMIIE 32 CUET OCAXKICHUS IPUMECEH.

PaccmaTpuBaeTcs ynponiéHHas MOAEb 3aa4d O HapalllMBaHUU CJIOS IIPUMECEH, COAEepKAIUXCS B
Xuakoctd ((aromae), mocTymamomied B TPEIIUHY, KOTOpas B HayadbHBIH MOMEHT BpPEMEHH
npeacTaBiIseT OSCKOHEUHYIO IMOJYINOJOCY, OTPAaHHYCHHYIO IMOIYIIOCKOCTSIMH X, =xh), X >0, T.e.
ABJIETCA 1eJIbI0 TBEPIOI ynpyroii cpeibl MOCTOAHHOM mupuHbl 2h, . YpaBHeHHe NPohHIs TPEIUHbI
HUMEET BUA X, = ih(xl, Xz,t), X, >0 . ®maroun ¢ npuMecsIMHU ITyTEM UHXKEKIWUHU IIOCTYNAET B TPEIUHY U
C TIOCTOSIHHOHN CKOpPOCTHIO V (V < b) JBIDKETCS 110 HAIIPaBJIEHUIO OCU X, . BeiemcTsue oxymaxzeHus

IIPOMCXOLUT OCAKACHHE PACTBOPEHHBIX KOMIIOHEHTOB, YTO HPHUBOAUT K HM3MEHEHHIO Mpoduis
TpeuuHbl. BrusiHre mporiecca oca)IeHus Ha 3aJIeYMBaHUe TPEIIHHBI s TeopU3MUECKON cpelpl 6e3
yuéTa TepMOYNPYrUX HanpsKeHWi Obiia paccMoTpena B [1]. B HacTosimeit ctatbe paccMaTpuBaeTcs
MIPOCTPAHCTBEHHAS 3a7ava, aHAJIOTHYHAS TJIOCKOW 3amade, pemeéHHol B [2], Tle OCHOBHOE BHUMaHHUE
yaensiercst 3¢ dexkram TepmoanpHy3un U TEPMOYIPYTOCTH B CpEjie.
B mpocrpaHcTBEeHHOU 3a/jaue ypaBHEHUS TEPMOYIPYTOCTH B IEPEMEUICHHSX I U30TPOIHOMN
Cpeibl, aHAIOTHYHO YPaBHEHHSIM, TOJTYYEHHBIM JJIs TUIOCKOTO city4as [2], UMEIOT BHJ
2 3 2
(52 —bZ)inzAui STU o123, vedive, A=Y 2
OX t i OX

rae U (i =1,2,3) — KOMIIOHEHTHI NepeMeleHnsi, a,b — CKOPOCTH MPOJOIBHBIX U MONEPEUHBIX BOJIIH,

)

a =a’+9o, gz(Cp/Cv—l)K/p, p — mioTtHOCTh ympyroi cpempl, K =L+2u/3 — 00bEMHBII
Moxynb, Al — ynpyrue mnocrosHueie Jlame, t — Bpewms, C, ., C, — Temmoémkoctn cpenbt [S].

Ha'{a.]'ILHLIC YCHOBI/IH HyHeBLIC
Ul,=0;  au/atl_ =0, i=123.

I'paHnuHBIE yCIIOBUSL HA TpELIUMHE (X1 >0) U BHE Heé (X1 < 0) ¢ y4€TOM HapauIMBaHUs TPELIUHBI

HMEIOT BHJI (|x2| < oo)

ou ou
—pbh?| 2L L3 — _ .
GXR% Xfo—pb a)(3+8X1 =0 IpU —0 < X < 00; @)
=0

%o, _O:pb2 %%—% =0 npu —0< X <o0; ?3)

%= OX, 0X, -
u, x3:0:0 npu X, <0; @)
ou, ou, ou ou i
K 2 K =2 | =S H (VE=x ) H (c—%, )H (%, )H (t) mpu x> 0;(5
ot lox  ox 20X, b ( ) H (c=%,)H (%, ) H (t) mpu % >0;(5)

X3 =0
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=2 2 —
K,(a*-2b )p%‘ o K3a2p+§_ ‘i:Cp—CVVboyp‘
’ 2 ’

Ps Ps Cl ap

rae K, =

2
S

1/2 2 2 o
U, s =0(R/ ); R={X"+X% —0 (ycnosue Ha pebpe), H (t) — eanuuunas Qysxums Xesucaiina,
y=0C/dT, y =const [5], C — koHueHTpauus npumeceit B xuakoct, K, ,|— skcnepumentansubie
IOCTOSIHHBIC, P — IUIOTHOCTb BBINABIIETO OCAJKA B JKHIKOCTH, OL — TEMIIEPATypHBIH KO3 ULIHEHT
pacumpenus, a —i, ectb Au(dyY3UOHHBINH MOTOK, KOTOPBIA CYNTACTCS WU3BECTHBIM U HPHUOIMKEHHO

PaBHBIM 3HAUYEHHIO BO BXOZHOM CeYeHHUHU TPEeUIVHBL. B CHIly IpaHHYHBIX YCIOBHH MOXKHO 3ajauy
CUHTAaTh CUMMETPHUYHOH OoTHOCHTENbHO miockoctn OXX,, mpuuém, U, , — uérHble, a U, — HeuTHas

GyHKIHUA OT X, , 1 cOPMyIHPOBATh 338ady AN MOIYIPOCTPAHCTBA X, > 0.
Pemenne mocTaBieHHON 3amadm CTpOUTCS coderanmeM [6,3] MeromoB Bumepa-Xomda [4],
MHTErpabHbIX Mpeobpasosanuii Jlamnaca o T u ®ypee no X, X, , M aHATUTHYECKUX METOJIOB TEOPUH

(GYHKIMI KOMITIEKCHOTO MepeMeHHOTro. [lociie TpOMO3IKHUX BBIYMCICHUH TIOyYEHO TOYHOE PEICHUE
3agaun B popme CmupHoBa-Cobonesa [3], 1 ycTaHOBIIEHO, 4TO ITpU X; =0, X, — +0 ocobGeHHOCTEH He

AMEETCS.
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HEOBPATUMOE JIE@OPMUPOBAHUE MHOI'OCJIOMHOI'O
TEPMOYIIPYT'OIIVIACTHYECKOI'O IIAPA
Mypawmkus E.B., Jau E.IL

AnHoTanmmsi. B mpezacTaBieHHON MyONMKalMU paccMaTpHUBaeTCs 3ajada O LEHTPaIbHO-CUMMETPHYHOM JeOpMUPOBAHUI
MHOTOCJIOHHOTO TEPMOYTPYTOMIACTHYECKOTO MIapa MpHU MOCIEA0BATENbHOM MIPUCOEIMHEHNH K €r0 BHELIHEH MOBEPXHOCTH
[PEBAPUTEIILHO HArPeThIX ci10eB. [ToayueHbl aHAINTHYECKHE PEIICHHS 3a4a4 0 (OPMUPOBAHUY OCTATOYHBIX HAIPSHKCHUN B
YIPYTOIIaCTUYECKOM IIape C JKECTKUM BKJIIOUYEHHEM H IIOJIOCTBIO B IIEHTPE NPH PA3IHIHBIX MEXaHHYECKUX TPaHUIHBIX
YCIOBHAX Ha BHYTPEHHEH IOBEPXHOCTH M 3aJaHHBIX paclpeleleHusx Aedopmanuy TemioBoro cxarusd. Iloctpoens! n
IIPOAHATM3UPOBAHEI IPa(hMKH MOJICH OCTATOUHBIX HAPSDKEHUH U AehOpMariid.

HccnenoBanme  HampspKEHHO-TEHOPMHUPOBAHHOTO  COCTOSHHS ~ MHOTOCIOWHBIX  (COCTABHBIX)
KOHCTPYKITMH OOYCIIOBJICHO HACYIIHOW TMOTPEOHOCTHI0 B COBEPIICHCTBOBAHWM TEXHOJIOTHH
W3TOTOBJIGHUST M3JCIHHA, OONAfaroIluX 3aJaHHBIMH MPOYHOCTHBIMH U (DYHKIIMOHAJIHHBIMHU
XapakTepucTukaMu. V3ydeHne B TaknX MPOoIeccax BIUSHUSI TEMIEpaTypHBIX 3((HEKTOB eCTECTBEHHBIM
00pa3zoM IMO3BOJISIET YYeCTh OCOOCHHOCTH (POPMUPOBAHHUSI OCTATOYHBIX HANPsOKEHUH 1 aedopmarui,
CYIIECTBEHHBIM 00pa30M HAKJIAJBIBAIONIUX ONpECIICHHbIE OTPaHWYCHUS HA (DYHKIMOHUPOBAHHUE H
JONTOBEYHOCTh KOHCTpYKImiA. OTHUM U3 TPUMEPOB HCIONB30BaHUS 3(()EKTOB TEIIOBOTO
pacmimpeHrs: Mareprajia B COCTABHBIX Telax, 00JalalolIiX OCEBOW CHMMETpPHEH SBISIOTCS 3aadH,
MOCBSIIIEHHBIE PacueTy TEXHOJIOTMYECKOW omepanuu ropsyei mocaaku [1-5]. OueBuaHo, 4TO ydeT
IUTACTUYECKUX CBOMCTB MaTepuaia B JaHHOM CIIy4ae I03BOJISIET Oollee JOCTOBEPHO pPAacCUHUTATh
YPOBEHb KOHTAKTHOTO JaBJICHHs, OTBEYAIOIIETO 32 YPOBEHb MPOYHOCTH HWTOTOBOTO H3MENHA. YUeT
BIIMSIHUSL HAYAIIBHOTO TEIUIOBOTO PACHIMPEHUSI MMEET ONpeAessiionlee 3HaYeHuEe TP POPMUPOBAHUN
OCTAaTOYHBIX HAINpsDKCHUN U nedopMaiuif, W, Kak CJIEACTBHE, MPOYHOCTHBIX XapaKTCPUCTHUK
M3TOTaBIMBaeMOTo m3nenwmst [7-11].

[Iponecc mpucoeaWHEHWS HOBBIX YacTeld MaTepuala MOXKET paccMaTpHBaThCS KakK Ipolecc
JUCKPETHOTO HapallUBaHUs Marepuaia, UCIOJIb3yeMbI B TEXHOJOTHU aJTUTHBHOTO W3TOTOBIICHUS
M3JIeNUH TPOM3BONIbHON (hopMEI. B KauecTBe TEOpEeTHUECKOW OCHOBHI IS PEUIeHHs MOI00HOTO poja
3a/1a4 TOJDKHA BRICTYIIATh MEXaHHWKA HapalluBaeMbIX AepopMupyeMbix tei [15-17]. B padorax [18-20]
pEIIeHBI KpaeBble 3a/1a4d O HapalliBaHHU TSDKEINBIX BSI3KOYNPYTHX TeJ MPH ydYeTe TPaBUTAIIMOHHBIX
cuit. B pabore [21] ccnenoBaHO TETIIOBOE COCTOSIHUE PACTYIIETO BA3KOYIPYTOro mapa.

B mpexncraBnenHoi paboTe paccMaTpUBAIOTCS 3aladd ONPEICICHHUS OCTATOYHBIX HANPSHKEHUN U
neopMarii B CIIOHCTBIX HM3IENIUSAX B YCIOBUAX c(hEpUYecKOl CHMMETpHM TpU ydere
TEPMOIUTACTUYECKHUX CBOMCTB MaTepuaia. ¥ CTaHOBHUBIIASCS TEMIIEpaTypa B MaTepHalie apa IpuBOJIUT
K BOBHHKHOBEHUIO COCTOSIHHSI HEHTPaJbHOTO HArpy>KeHHs, KOT/ia B 00JacTAX TEUEHHS BBITOIHASTCS
YCIIOBHE TUIACTUYHOCTH, MPH 3TOM TPaHHIBl TEYCHHUsS COXPAHSIIOT CBOM IOJOXEHWs. B kaudecTBe
0COOEHHOCTH HANPSKEHHO-Ae()HOPMUPOBAHHOTO COCTOSIHUSI CJIOEB, BBIOJHEHHBIX W3 OAWHAKOBOTO
MaTepuana, yKaKeM clieAyoliee: IPU BEIpaBHUBAHIH TEMIIEPATYPHOTO TIOJS MPOUCXOUT COXPAHEHUE
HampsOKEHHOTO COCTOSHHUSL MaTepuasia B Ciydae JaibHEHIIero paBHOMEPHOTO W3MEHEHUS
temneparypsl. COpMHPOBaHHBIC pacnpeie]ICHUs] HAIPSDKEHUH He MPeTepIeBaloT U3MEHEHUH B TOM
cly4ae, eClii He BO3HUKAET TeMIIEpaTypHBIX TPAMEHTOB, HAPUMED, MPH TOCTETICHHOM OCTHIBAHUH.
Takum o00pa3om, HaIpsDKEHWS, BBI3BaHHBIE BBHIPABHUBAHWEM TEMIEPATypHOTO TIONS, MOTYT
paccMaTpUBaThCs B KAYECTBE OCTATOYHBIX.

HccnenoBanne BBIMOIHEHO 3a CUET CPEACTB rpanTa Poccuiickoro HayyHoro ¢onaa (mpoekt Ne 17-
19-01257).
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JNEVCTBUE COBCTBEHHOI'O BECA HA HATIPSI)KEHHO-IE®OPMUPOBAHHOE
COCTOSHHUE ITOJIOI'O HUJIUHPA
Oranecsin J.K.

PaccmarpuBaetcst HanpsoKEHHO-IEPOPMUPOBAHHOE COCTOSHHUE MOJOT0 HUWIMHAPA KYCOYHO-TIOCTO-
SHHOTO pajuyca, OIUH TOpel KOToporo 3amemMiéH. L{unuHap, ochb KOTOPOro MEpHEeHAMKYISPHO K
CHJIaM TSDKECTH, HaXOAWTCS TOJ ACWCTBHEM COOCTBEHHOTO Beca. 3ajada pemaeTcss METOJIOM KO-
HEYHBIX 37eMeHTOB [1]. Ucmonb3ys pesynpTaTsl, nomydeHHele MKDJ, acumToTnueckumu hopmyiaMu
M3YYCHO IMOBEICHUE HANPSDKEHUE BOJM3H YIIIOBOUM OKpYKHOCTH. [IpuBenieHbI rpaduku HOPMAJIEHOTO
M KacaTeNbHOTO HANpSKEHHWS B M3yYaeMbIX TOBEPXHOCTAX. 3aflada pemiaeTcs METOIOM KOHEYHBIX
anemerToB (MKD) [1]. [IpencraBisgeM mepeMeIieHus], BRI3BaHHBIE 00BEMHOMN CHIION TSDKECTH B BHIIC
MepBOi TapMOHUKH [2]

U, (r,z9)=U(r,z)cos ¢
U,(r,z,¢) =V(r,z)coso (D
U,(r,ze)=W(r,z)sine

B kauecTBe 3nmeMeHTa BBIOMpacM KOJBIICBBIC 3JIEMEHTHI, MONEPEYHOE CEUCHUE KOTOPHIX UMEIOT
TPEYTOJbHBIA BHJ| C IIECTBIO y3namMu. PaccMoTpuM oceBoe ceuenue mumunHapa npu ¢ =0. Mckomble
(YHKIMH TIepeMelIeHUs! anmpoKCUMHUPYEM TTOJIMHOMAMH BTOPOTO IMOpsAKa. 3/1ECh (0 — YroJI, OTCYH-

ThIBaCMHI OT BCpTHKaJ’ILHOfI 0CH, C IMOJOXUTCJIbHBIM 3HAYCHHEM B HAMPaBJICHUU IIPOTHUB YacoBOM
CTPCJIKU. HepeMemeHI/m TOYCK 3JICMCHTA alllIPpOKCUMHUPYEM INOJITMHOMAMHU BTOpOﬁ CTCIICHU

U, =a+ar+az+ar’+arz+az, U,=a +ar+az+a,r’ +a,rz+a,z

Puc. 1
YncsieHHOe pelieHue 3a1a4n

Jns duciieHHOro peleHus 3aja4d pacCMOTpUM LMIWMHIp aiauHbl 12.8R, y KOoTOporo auamerp
NIMPOKOHM yacTu mmimHApa paBeH 1.25R, a y3koi vactm — R. B kauectBe (u3mko-mMexaHHYECKHX
mapameTpoB MaTteprana npuHaTel E=2.08%10°, v=0.28, y=7.8*107. OceBoe ceuenue pa3duto Ha 124
TPEYTroJdbHBIX 3JeMeHTa ¢ 291 y37I0BBIMH TOoukamH. ['paduk M3MEHEHHs aMIUIMTYIHBIX 3HaYCHUN
OCEBBIX, PaHATBHBIX M OKPYKHBIX MTepeMeIeHni B ceueHun z=3.2 npu ¢p=0 mpeacTaBIeHbl Ha puc.2
OCHOBHBIMH TIEpEMEIICHUSIMH Yy BHEUIHEH TpaHWIbl LWIMHApPA, KaK BHOHO M3 puc.2, OyayT
panuanbHBIe U OCEBbIC IEPEMELICHUS, KOTOPhIe 3HAYMTENBHO OOJIbIIE OKPYKHBIX MEPEMEIICHUH, U
HA000pOT, y BHYTPEHHEH I'PAHUIIBI IOJIOTO IMIMHAPA OCHOBHBIM IEPEMELICHUEM SIBIISIOTCS OKPYXK-
HbIE NIEPEMEIICHHUS.
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0.&2 4
0581 % 4
0.45818 9
0.8179
0.581 & -
0.4815 9
0.5814 4
0.4613 7
0.5812 4
05811 -
081 -

o T + g + T —
-0.&20 oz2s 0.5 .75 1 1.25 1.5
0.5821J
0. 8224
0.823
0O.8249 & r
D.&625 ¢
0826 1
0.627 -

0.628 10
Puc. 2

Ha rpaHume cMeHbl pasiIMYHBIX 3HAYCHUH paguyca LWIHMHApPA HCHONB30BaHBl HW3BECTHHIC
acUMINTOTHUYECKHEe (GOpMYJIIBI I IepeMelieHnit [3].

r*u, = Acos[(1+1)0]+ Bsin[(1+21)0]+ Ccos[(1—-1)0]+ Dsin[(1-1)0] (1)
r~u, = Bcos[(1+1)0]— Asin[(1 + 1)08] + v, D cos[(1 — 1)0] — v,Csin[(1 - 1)0]

uw'r' o, = —21Acos[(1+1)0] - 2ABsin[(1+A)0] - (1+ A)(1—v,)Ccos[(1—1)0] -
—(1+2)(1—-v,)Dsin[(1-2)0]

uw'r' ™t = -20Asin[(1+ 1)0] + 2ABcos[(1+ 1)0] — (1 - A)(1 - v,)Csin[(1 - 1)0] +
+(1-=A)(1—-v,)Dcos[(1-1)0]

[Moctosinable KO3puuneHtsl A,B,C,D ompenenstoTcss ¢ MOMOLIBIO CUCTEM YETHIPEX YypaBHEHHH,
MOJTYYECHHBIX C IMOMOLIbIO MOJACTAHOBKM B BBIOPAHHBIX [BYX Y3JIOBBIX TOYKaX, OJNM3KHUX K YIIIY,
3HaueHuii nepememenus (U ,U,) B Gopmyns (1). BeiOop 5TuX TOYeK NPU3BOIIEH, HO IS yBEIHIEHUS

2)

TOYHOCTH HEOOXOJMMO BBIOpaTh HMX JOCTATOYHO ONM3KO K HM3ydaeMoi yrioBod Touke. llocrme
onpexaeneHust MocTosSHHBIX A, B, C, D 3T 3HaueHHs MOJCTaBIAIOTCS 00paTtHO B hopmyisl (1), (2) u
MOJTy4aeM HCKOMBIe (DOPMYIIBI JUIs OTIPEICTICHHUS TIEPEMEIICHNs U HAIPsDKEHUST B TOYKaX, OJM3KUX K
yrioBo#t Touke. Kak ciemoBano 0KuaaTh aCUMITOTHYECKUE 3HAUEHUS MEePEMEIeHUs] U HalpsHKEeHUS
CHWJIBHO OTIMYAIOTCS OT 3HAYEHUH B TEX K€ TOUKAX OT MEPEMEIICHUN U HAMPSHKCHUH, TOICYUTAaHHBIX
MKD 06e3 yuéra ocobenHocteld. [Ipu BBIYMCIECHHH WCIIONB30BaHbl cieayromue 3HadeHus: r=0.001
=0.728, R =100cm =0.8 .
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O JIOKAJIM30BAHHBIX IINTAHAPHBIX KOJIEBAHUAX B OKPECTHOCTH _
CBOBOJHOI'O KPASA IIBE3OKEPAMHWYECKOU INIONIEPEYHO-ITIOJIAPU30BAHHOU
IVIACTUHKHA

[ansn A.A., Capkucsan C.B.

AnHoTamus. Pabora mocBsieHa MCCIENOBAHUIO JIOKAJIM30BAHHBIX IUIAHAPHBIX KOJIEOAHMI ITbe30KepaMUYECKOH
MIONEPEYHO-TIOJISIPH30BaHHOM IUIACTUHKY MO IOIYIIEHHSIM Tumnore3sl Kupxroda ¢ y4éToM KOMITOHEHT, XapaKTepH3YIOIIX
3NIEKTpUYecKoe 1oje. PaccMaTpuBaeTcst CyleCTBOBaHHE JIOKAJIM30BAHHBIX IUIAHAPHBIX KOJIEOAaHUII B OKPECTHOCTH CBOOOA-
HOTO Kpasi, HCCIICA0BAHO BIHMSIHHE Mbe303(deKxTa Ha YacTOTY JOKAIH30BaHHbIX IUIAHAPHBIX KOIEOaHHH.

3amaun KojeOaHWi Mbe30KepaMHUYeCKHX IUIACTHH IO JOMYIIeHWsM runore3bl Kupxroda u Ha
OCHOBE YTOYHEHHOW TEOpUM C YUYE€TOM KOMIIOHEHT, XapaKTEPU3YIOUIUX JJIEKTPUUYECKOE IIO0JIE,
WCCJICJIOBaHKI B paboTax [1-6].

B nHacrosmeii paboTe paccMaTprBalOTCs JIOKATM30BaHHBIC TUIAaHAPHBIC KOJIEOAHUS MMbe30KepaMu-
YECKOW MONEePEeYHO-TIOISIPU30BaHHON MJIACTUHKKA Ha OCHOBE fomnyieHuii Kupxroda, riae yuyutbBaror-
Csl TAK)KE€ KOMITOHEHTHI, XapaKTepU3YIOIUe eKTprueckoe mose. [lokazaHo, 4TO HaW4Ke Mbe303¢-
(exTa He OKa3bIBaeT BIMSHME HA YACTOTY JIOKAIIM30BAHHBIX IUIAHAPHBIX KOJEOaHWN B OKPECTHOCTH
cBOOOIHOTO Kpas TUTACTHHKH.

PaccMOTpHM TMbE30KEPAMHUYECKYIO IUIACTHHKY IOCTOSSHHOW TOMIMHBI 2N M TOISPHU30BAHHOMN
BJIOJIb HOpMajd CPEAMHHON IUIOCKOCTH IUIACTMHKH, KOTOpas B JEKApTOBOM CHCTEME KOOpPAWHAT

3annMaet oomacth {0<x<a, 0<y<w, Z|£h}.

[Mpumem 1JIi KOMIOHEHT BEKTOpa TNEpeMEIICHUs, KaKOH-TM0O TOYKH TUIACTUHKH, JOMYIICHUS
Kupxroda, rae yanThIBaroTCS YICHBI, XapaKTEPU3YIOIINE SIEKTPHUYECKOE MOJIE:

u(xy,zt)=u(xy,t)-aw, +dlSI E (% Y.c.t)dg
0

, (D
U, (%Y, zt) =v(xX, y,t)—Z\A{y+d15jEz(x, y.6.t)dg, U (XY, zt) =w(X, y,t)

0
rae, U,U,W — mepeMenieHus] CPeIUMHHON TUIOCKOCTH TIACTHHKH, E1 =-0Q,, E2 =—(, — KoOMIO-

HEHTHl BEKTOpa HAIPSKEHHOCTH 3JCKTPHUUECKOTO OIS, (p( XY, Z,t) — BJIEKTPUUYECKUH MOTEHIIHA,
d,; — mbe3oaseKTpIYecKast TOCTOSHHAS.

VpaBHEHMsl MIaHAPHBIX KONeOAaHMii, Korja JHUIeBble MOBEpXHOCTH mmacTuHku (Z==*h)
CBOOOZIHBI OT MEXaHMYCCKMX HANPSDKEHUH W DIICKTPUYECKUN TOTCHIMAl PaBEeH HYJI0, HMEIOT
cnemyronuit Bug [7]:

Au+6, (U, +v,) —dsh(1-v)" A(I+m), = u, —pd(1+Vv)(hE)" (IJ+m)

@)
AV+0, (u,+v,) —dsh(1-v)" A(I+m) =cu, —pd(1+V)(hE)" (3+m)

Y

3nech Cf =G/ p— cKopocTb CABHIOBBIX BONH, 0, = (l+v)/ (1 —v) , A — nBymepHbIil onepartop

h -h h
Jamnmaca, J =h j(p(x, y,z,t)dz+_[(p(x,y,z,t)dz , mz—j zp(x, Yy, zt)dz
0 0 -h

[Ipencrasnsas nepemenienuss U u U B Buge U = P,x + Q’y; L= ny - Q’X, 3)

e P=y—y,(J+m), x5 =ds/2h ¢ =E/p(1-v*), w(X Y1), Q(X Y.t)~ mumammuec-

KHe moTeHnuansl [2, 3], U3 cHUCTEeMBl YpaBHEHHWH IS TUIAaHApHBIX KojeOaHuit (2) mpumém K
CJIEAYIOIINUM aBTOHOMHBIM YPaBHEHUSM:

AP =cP,, AQ=¢"Q,. 4)
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K ypaBrenusm (4) cnemyer 100aBUTh YpaBHEHHE AIIEKTPOIUHAMUKH IS TTOISIPU30BAaHHOHN IThe30Kepa-
MUYECKOHN TUTACTUHKH, KOTOPOE B CIydae, KOTJa PacCMAaTPUBAIOTCS MPEUMYIIECTBCHHO IJIaHAPHEIC
KoJIeOaHUsI, UMEET BH/I;

AQ+7,9,=0, v,= (633 (I-v)+ 2d123E) / (en (I-v)+ d13d15E) (5)
rae 611 . 633 — KOMITIOHCHTEI Z[I/IBJICKT‘pI/I‘leCKOI?'I HpOHI/ILIaeMOCTI/I.

[lycTs 3a1aubl crieayompe rpanununbie yenosus. Kpomka miactuaku Y =0 cBoGoaua oT Hampsoke-
HUH U 2JIEeKTPUYECKUN OTEHIMa paBeH Hyo [6]:

6,=0,0,=0, 6,,=0, =0 mpu Yy=0. 6)
[Ipu Y —>00 BBHINOJHAIOTCS yCIoBUs 3aryxaHus. Ha kpasx miactuakn X =0,8 3amaHbl ycioBus
Hagse, a anekTpudeckuil MOTEHITHAN Ha STUX KpasX paBeH HYIIO:

6,=0,u,=0, u, =0 (7)
VYnoBnerBopsisi pemreHne ypaBHeHHH (4) ¥ (5) OCPETHEHHBIM TPAHUIHBIM YCIOBUAM (7), YCIOBUSIM
3aTyXxaHus M YCJIOBUAM Ha cBobomHoM kparo Y =0 (6), moaydeHo ypaBHEHHE OTHOCHUTEIBHO
Oe3pa3MepHON 4YacTOTHI IJIaHApHBIX KojebaHuit 1 [6]. Iloka3aHo, 4TO IpU NAHHBIX T'PAHUYHBIX

YCIOBHAX HaJIU4Me B THHOTese Kupxroga anekTpuyeckoro mojs He OKasblBaeT BIUSHUE Ha JIOKanu-
30BaHHble MIaHapHble KOjeOaHHs IbE30KEPAMUYECKOH MuacTHHKH. YacToTa  JIOKAIM30BAHHBIX
IUIaHApHBIX KojebaHuil 3aBucutr oT kod(¢uuuenta Ilyaccoma. B wactaoctu, mpu V=0.25,
N=0.8299. B cuyuae, xorma mHa cBoGomHom kparo Y =0 mnbe30kepaMUUIECKON IUIACTHHKH

HOpMaJIbHasi KOMIIOHEHTa BEKTOpa dJIeKTpuueckoil uuaykuun D, pasua Hymo, amst GespasmepHOi

YaCTOTHI IIJIAHAPHBIX KoJIeOaHui HBC3OKepaMI/I‘IeCKOI\/'I IJIaCTUHKH T] 6YZ[CM HUMCTh:

2
(2-m) —a(1—on)(1-m) =0, 6=05(1-v) (8)
Takum 06pa3oM, Korja Ha CBOOOJIHOM KParo IUIACTHHKH JJIEKTPUIECKHA TOTSHIINANT WM HOpMaJbHasI
KOMIIOHEHTA BEKTOpa dIIeKTpHdecKoil naaykuun D, paBHbI Hyimo, Hammuue B rumorese Kupxroda

3IIEKTPUUECKOTO IMOJISl He OKa3bIBAeT BIMSAHUE Ha JIOKAIM30BaHHBIC TNIaHAPHBIE KOIEeOaHus Tbe30Kepa-
MHYECKOHN IUIACTUHKH, a ypaBHeHHUE (8) sBIsIETCS ypaBHEHHEM Pajess oTHOCHTENHRHO Oe3pa3MepHO
9aCTOTHI IUTAHAPHBIX KoyieOanuit [7].
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3AJAYA O B3AUMOJIEMCTBUHA BOJIH ITPOJ0JbHOI'O CJABUTA C V-IIOJJOBHBIM
TYHHEJIbBHBIM JE®EKTOM

IHomos B.I'.

AnHoTtanmsi. Peniena 3agava onpeneneHust HanpsHKEHHOTO COCTOSHMSL B OKPECTHOCTH TyHHEJIBHOTO JiedekTa, uMeroniero V-
nozo6Hoe cedeHue. JleekT pacronoxeH B HEOrpaHUYEHHOH yIIpYrol cpejie, B KOTOPOil paclpOCTPaHsAOTCS TapMOHHYECKUE
BOJIHBI NIPOJIONBHOTO ciBura. McxomgHas 3ajaua CBOJHUTCS K CHCTEME JBYX CHHIYJSIPHBIX HHTETPalbHBIX MM HHTETPO-
i hepeHManbHBIX YPaBHEHHH ¢ HEMOIBHKHBIMI 0COOCHHOCTSIMH. [Ipe/yioskeH YMCIICHHBIH METO PEILICHHS 3THX CHCTEM,
YYUTHIBAIOIIHH JEHCTBUTENBHYIO aCHMITOTHKY HEM3BECTHBIX (DyHKIIUH.

PaccMmaTpuBaeTCcs HEOTPAaHMYCHHOE HM30TPONMHOE YIPYroe TEIO0 B  YCIOBHSIX — AHTHIUIOCKON
nedopMane ¢ TYHHEIBHBIM JePEKTOM (TOHKOE XECTKOE BKIIOUCHHE WM TPEIIWHA), KOTOPHIA B
mwiockoctd OXY 3aHMMaeT aBa OTpe3Ka, BBIXOIAINIMX M3 Hayaja KOOPAWHAT. DTH OTPE3KH MMEKOT

wmael 20, u o6pasyror ¢ ocsro OXyruer a,, K=1,2. C nedexrom B3ammopeiicTByeT Imockas
rapMOHHYECKasi BOJHA MPOJOJIBHOrO caBura, (GpoHT Kotopoit oOpasyer yrom 6, c¢ ocero OX u

BBI3BIBACT B CPEAC CICAYIOIHNEC NEPEMCIICHUA BAOJIb OCH Oz:

2
VVO(I) (X, y) _ A)eIKO(xcoseo+ysm60), Ki _ PG ,

rac G,p—MO,[[yJ'IL cIBHUIa U IIJIOTHOCTH pryFOﬁ CpcAabl. 3aBHCHMOCTH OT BPEMCHU ONPCACIIACTCIA

it .
MHOXkHUTeNEM € ', KOTOpBIH 37ech M BCIOAY Jaiee OMmylleH. IIpu Takux yclOBUSX €JUHCTBEHHAs
ornnyHas oT 0 Mpu aHTHUITIOCKOW MedopMaIii KOMIIOHEHTa BEKTOpa IepeMelIeHH, BBI3BAaHHBIX
BOJIHAMH, OTPXKEHHBIMHE OT Ae(eKTa, yIOBIETBOPSET YpaBHEHHUIO [ enbMronbLa;

AW + KW =0.

Jnst popMyITUpOBaHUs TPAHUYHBIX YCIOBHW Ha JedeKTe C KaKAbIM OTPE3KOM CBS3BIBACTCS CUCTEMA
KOOpAUHAT Okayk, k=12, LEHTP KOTOpOH coBmajgaer ¢ ero cepeauHoi. Ilycte Wk(xk,yk)—
IepeMENIEHNsT B CHCTEME KOOPIMHAT, cBsizaHHOW ¢ K-m orpeskom. Ecnu nedexrom sBisieTcs

BKJIFOUCHHE, TO TPaHWYIHBIC YCIOBHSA Ha €ro MOBEPXHOCTH (DOPMYIHUPYIOTCS W3 YCIIOBHS IOJHOTO
CLICTUICHUSI C BHELIHEW Cpelloi:

- () . _1
Wk(Xk,O)—C—Wk (Xk’O)’_dk<Xk<dk k—1,2 (11)
Taxxe Hamuuue BKITIOYCHUS IMPUBOAUT K PA3PBIBHOCTHU HaHpH)KeHI/If/'I Ha €r0 IOBCPXHOCTH,
U CKaYKOB KOTOPBIX BBOOATCA 0003HaYEHMUS:

Ty (%:40) =T, (X:=0) =%y (%), —d <X <d, k=12 (1.2)
B PaBEHCTBO (1.1) BXOIHUT C-aMIUINTyZla HEU3BECTHOTO IIEPEMENICHUS BKIIIOYECHUS IION NEUCTBUEM
naaroreii Bosusl. OHa OIPENIEISIETCS U3 YPABHEHHUS IBUKCHUS BKIIIOUCHUS KAK KECTKOTO TeNa. HpI/I
TapMOHUYCCKUX KOJIe6aHI/I$IX 9TO YpaBHCHUEC UMCCT BU/:

2

dy
—(m+m)o’c=3" [ x(n)dn, m =2p,dh,

k=1 _g,
rae h —TOJIIIIKHA, pO — INIOTHOCTH BKIIFOYCHHU.

B cimywae TpemumHBI €€ TOBEPXHOCTH TMpEAIONaraeTcs He3arpy>KEHHOW, YTO BBIpaKaeTcs
PaBEHCTBOM

szk(%o)z—f(ziy)k(&oo)a —d, <% <d, k=12 (1.3)

KpOMe TOI'0, Ha MIOBEPXHOCTHU TPCHIUHBI PA3PBIBHBI IEPEMCIICHU, CKAYKU KOTOPBIX 0003HAYEHEI

W (%, +0) =W, (%,—0) = % (%), —d <X <d, k=12 (1.4)

Taxxe 13 HEMPEPHIBHOCTH MEPEMEIICHNN TI0 Oepery TPEIINHBI CIIeTyeT
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VVI (dl’+0) :\NZ (—d2,+0),VV] (dl’_o) :Wz (—dz,—O) .
Peurenre chopMyIMpOBaHHBIX TPAHUYHBIX 337a4 HAYMHACTCS C MIOCTPOCHHUSI B CHCTEMaX KOOPIHHAT
Okayk, K=1,2 paspeiBHBIX pemiennii ypasHenus [embmrombua [1] co ckaukamu (1.2) B ciydae

BKITFOUEHMSI 1 cO ckaukamu (1.4) B cimydae TpemuHbL. [loce 3Toro ais OKOHYaTeIhHOTO ONpeaeIeHHS
MepeMenieHnid U(PPakKInOHHOTO TOJS OCTa€Tcs OMPENeNITh HEM3BECTHBIE CKAYKH M3 OCTABIIUXCS
TPaHUYHBIX yCIoBHH. Tak, B ciiydae BKIIIOUCHHS peanu3anus yciaosuit (1.1) mpuBoauT k ciemyromieit
CHUCTEME CUHTYJISIPHBIX MHTETPAIBHBIX YPABHEHUM C JOTOIHUTEIBHBIM YCIOBUEM:

j(P1 :_Rll( dT I(Pz qu(T é) RIZ(T’&))d

.[(Pz —a_Rzz( ) dt_.[(P1(T)(Q21 (Taé)_RA(Taé))dT:O (1.5)

_ZYII(PI 11’1|’C|+D )d T=C,.

B (1.5) 0603Haqu0.

(Yl T, CoS Oy + Y, &y )

O (7,9) = S (%)

YLy (DT
@k(r):%k)a n=dr X =0d& v.=

d= max(dl;dz), k=1;2

B cnydae TpemuHBI peanusalys TPAHUYHBIX YCIOBUH TPUBOJUT K CHCTEME JBYX HWHTErpo-
muddepeHInanbHbIX ypaBHEHUH [2] OTHOCHTEIBHO CKAyKOB IEPEMEHICHHI W WX TMPOM3BOIHBIX
AHAJIOTMYHON CTPYKTYpHI. IIPpHCYTCTBHE B CHHTYISIPHBIX COCTABJISIONINX IOJIYYEHHBIX CHCTEM YpaB-
HEHUI HETOIBMKHBIX OCOOEHHOCTEH BIMSET HA aCHMITOTHKY PEIICHHH B OKPECTHOCTAX TO4YeK T1.
[peioskeH YMCIIEHHBIA METOJ] PEIICHHUS] STHX CHUCTEM, YUMTBHIBAIOIIHA ACHMIITOTHKY HEH3BECTHBIX
(GYHKIHH ¥ OCHOBAaHHBIA Ha NMPUMEHEHUM CIIEIUATBHBIX KBAAPATYPHBIX (GOPMYIT UL CHHTYISPHBIX
uHTErpasioB. IIpOBEIEHO YHCIEHHOE WCCIICOBAHNE BIMSHUS HA HANPSHKEHHOE COCTOSIHHE BOJU3M
JnedeKTa ero reOMeTpUIEeCKUX MapaMeTPOB M YacTOTHI Maaaroniei BoiHbl. [Toka3zaHo HaaHMYHE YacToT,
Opd  KOTOPHIX  HAOJIOMAIOTCS  CYNICCTBCHHBIC  JIOKAIbHBIC  MAKCHMyMbl  KO3()(HIIMEHTOB
WHTEHCHBHOCTH HanpspkeHuit. Ha 3HaueHHWs 3THX dYacTOT CYIIECTBEHHO BIHSET KOH(HIYparus
nedexra.

y ( &) = Y|217|2 +2v,7,7,, cos oy, +Yiii skl =12

%) gk :ia Sk _&7
d d d
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METO/] TEHEPAIIUA CETKH, OCHOBAHHBII HA CUCTEME ITPY)KWH.

Pomanos A.A.

AHHOTamus. B pabore paccMoTpeH HOBBIN NPSIMON METOJ T'€HEepaIuy CEeTKH IS OJHOCBS3HON IBYMepHOH oOmacth. st
reHepaly CeTKU UCIONIB3yeTCs CHCcTeMa NPY)XKUH. JJaHHBIH METO/I MOXKET MOXKET ObITh MCIIOIB30BaH COBMECTHO C JIPYyTUMHU
MeToJaMH Uil MOJU(UKALMHUCETKY MPU PELICHHU 3aad MEXaHUKHM PacTylmux Tell. IToka3aHbl JOCTOMHCTBA M HELOCTaTKU
MeTofa. PaccMoTpeHs! pasnuuHble rpaHuuHbIe yclIoBHA. IIpencTaBieHsl pe3yabTaTel paboThl MPOTrpaMMBbl ISl Pa3THUHBIX
obnacteii. [IpeacTaBneHbl HEKOTOPBIE BO3MOXKHBIE CIIOCOOBI IPUMEHEHUS] METOA AT 33/1a4 C KOMIIO3UTHBIMU MaTepuaaaMu

B pesynprare TEXHHMUECKOTO W TEXHOJOTHYECKOTO IMporpecca BO3PacTaeT CIOXHOCTh U
(DYHKIIMOHAIBHOCTh MAaIlliH, KOHCTPYKIIMA U MEXaHU3MOB, PAaBHO KaK ¥ TPeOOBaHHUS K UX MPOYHOCTH
" IOJNTOBEYHOCTH. 1o »TOW mpuymHE HEOOXOMWMBI TOYHBIE METONBI pacuera IOoJed HampsDKCHHH,
nedopmaluii ¥ epeMeIneHuil B netansx MariuH. CBOWCTBA MAIIMH TaK K€ 3aBUCAT U OT Crocoba ux
n3rotoBieHuss. OXHUM W3 HOBBIX U TIEPCHEKTHUBHBIX CIOCOOOB HM3TOTOBIEHHS SBISIETCS IPOIECC
aJTUTHBHOTO MTPOM3BOCTBA, TOITOMY HEOOXOAMMO CO3/IaTh TOYHBIE MOJIENH, OTIMCHIBAIOIINE JaHHBIH
nporiecc [1-3]. CrenoBaTenbHO, HY)KHBI METOABI YACIHHOI'O MOJICIIMPOABHUS MOJIOOHBIX MPOIECCOB.
OOBIYHO I NaHHBIX IeNIeH HWCIONb3yeTcs METOJA KOHEeuHbIX 3neMeHToB (MKD), cocrosmuii B
aNMpPOKCUMAIIMA HEW3BECTHBIX IMEepEeMEeIleHII ONpeIelIeHHBIM HAa0opoM (YHKIWH C TapaMeTpami,
KOTOpBIE HEOOXOAMMO OIpeNeNnuTh. Takas ammpoKCHMAaIusi CTPOWTCS Ha CETKE, CO3JaHHOW B
uccienyeMoM Ttene. OOBIYHO CIOXHO CO3JIaTh MOAXOJAIIYI0 CETKY B TPEXMEPHOW WM JBYMEPHOM
obnactr, ocoOEeHHO eciii O0JIACTh MMEET CIOXKHYH reoMeTprto. CyIIecTBYeT JOCTaTOYHO MHOTO
METOJ CO3/IaHUsI CETOK, U OHH MPEJOCTABIAIOT JOCTATOYHO XOPOILIUE CETKH, HO OHU HE MOAXOMAT s
MEPEeCTPanBaHUs CETKH Ha Ka)JIOM Iare 1o BPEMEHHU, M3-3a CKOPOCTU MX paboThl. JIaHHBIN METOJ
CTPOUT CETKY OBICTpee OOJBIIMHCTBA METOJOB, YTO TO3BOJISICT KCIIOJIB30BaTh €ro B 3ajadax, IJIe
HEOOXOIMMO 9aTco M OBICTPO MepecTpamBarh CeTKy. Tak jke Marepuai, U 3 KOTOPOTO BEIPAIIEHO TEIO
MOXET OBITh KOMIIO3UTHBIM [4], TO3TOMY TaK e HEOOXOAMMO HCCICAOBAaTh W KOMIIO3UTHBIC
MaTepHabl.

JLst meMoHCTpanMUMeToa HalrcaHa mporpaMma Ha si3sike C++, ¢ ucnons3oBanneM ounoimorteku QT.
B nporpammy BBOJSTCSI KOJIMYECTBO TOUEK CETKH, pa3Mephl HAYAILHOTO MPSIMOYTOJIbHHUKA U TpaHUIla
MozenupyeMoii obmactu. Bce MpYy>KWHBI CHCTEMBI TOJATralnCh OJMHAKOBHIMH C IKECTKOCTHIO k.
Pe3ymbraTer paboThI MpoTrpaMMEI IpEACTaBICHBI Ha puc. 1, 2.
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Puc. 1Pe3ynbTat MogenupoBaHus Puc. 2 Pe3ynpratr MoaenupoBaHus
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METOJ MEXAHUYECKUX KBAJIPATYP JJIAA PEHHEHUA CUHT'YJISIPHBIX
UHTETPAJIBHBIX YPABHEHUI PA3SHOI'O TUIIA

CaaxksH A.B., AMupaxansH A.A.

AHHOTanuss. B pabore mpuBomsaTCcs KBaapaTypHble (HOPMYINBI A WHTETPAIIOB PA3HOTO THIA, OTIMYHTEIFHON YepTOi
KOTOPBIX SIBIISIETCSI TOT ()aKT, YTO BCE OHH BBIPAXKAIOTCS 4epe3 3HA4YCHUs B y3lax OIHOU M Toi ke ¢yHkumu. ITocnennee
MI03BOJISIET MCHOJIB30BAaTh METOJ] MEXaHHIECKUX KBaJIpaTyp, OCHOBAHHBIN Ha yKa3aHHBIX (OpMyJiax, Ul MIUPOKOTO CIEKTpa
TUIIOB UHTETPAJIbHBIX ypaBHEHU. OCHOBHOE BHUMAHUE yIeJICTCA CUHTYJIIPHBIM HHTCTPAJIbHBIM YPABHEHUSM.

Beenenue. Kanpatypusie GopMyIIbl 1711 BEIYUCICHHUS HHTETPAJIOB UMEIOT JaBHIOIO HCTOPHIO, O/THAKO,
MPUMEHSATh X K PEUICHUIO UHTETPANIbHBIX, B YACTHOCTH, CHHTYJISIPHBIX YpaBHCHHUI HAYaIH JIUIIb BO
BTOPOH MOJOBUHE POILIOTO Beka. Cpe MHOTHX paboT oTMEeTHM paboTy [1], B KOTOpO# B JOCTATOYHO
CUCTEMATU3UPOBAHHOM BHJC MPEACTABICH MCTOJ MEXaHMYCCKHUX KBaApaTyp pCUHICHHUA CUHTYJIAPHBIX
WHTETPAILHBIX ypaBHEHUI mepBoro poxaa. B paborax [2,3] 3TOT MeToj IMOA Ha3BaHHUEM METOJ
JIMCKPETHBIX OCOOCHHOCTEH MPUMEHEH K CUHTYJISIPHBIM WHTErPAbHBIM YPAaBHEHHUSM BTOPOTO poja ¢
BEIIIECTBEHHBIM HMJIM KOMIUIEKCHBIM KO3 (HUITMEHTOM, YpaBHEHUSIM ¢ 0000MEHHBIM sapom Komrw, a
Takxke K nHTerpo-auddepeHnansHpIM ypaBHeHsIM. B HacTosmiel paboTte mpecTaBuM KBaJpaTypHbIC
GbopMyNBl A1 Pa3NUYHBIX WHTETPATOB, B TOM YHCIE COJEpXKAlMX cIabyr OCOOCHHOCTh THIA
JoTapu(MHUYECKON WM CTYTIEHYaTOW curMa-(yHKIIMHA, KOTOPBIE paHee OBLIM UCIOB30BaHBI B padoTe

[4].

Ksaapatypubie ¢opmyasl. Humwke npuBomutcs psng KBaaparypHbix (opmyn tuna [aycca mms
BBIYUCIICHNSI HHTETPAJIOB PA3IMYHOIO THIIA, COACPKALINX BECOBYIO (DYHKLUIO MHOTOWICHOB Sko0u.

[Tycts umeem Qynkio O ( X) , OIIPEIENIEHHY0 HAa UHTEpBaJe (—1, 1) H IIPEJACTAaBUMYIO B BUJIC
D (x)=p(X)(1-%)" (1+x)" (Re(a),Re(B)>-1) (1)
rue (p(X) — (QyHKIM, yOOBIETBOpsIOas ycinoBuio [ enpaepa Ha oTpeske [—1, 1] . [logpoOHBIE pa3b-

SICHEHUS TI0 TIPUMEHEHHIO KBaAPATYPHBIX (DOPMYII I KOMIUIEKCHBIX TI0Ka3aTesel mpuBeIeHs B [3].

R (éi)

() ewel(s)  RET(2)
i) [2( VRIE) TR )

=}

ign (x— ~ S wo(E )| 1-—2 (@) (¢ ) gloP)
_jls,lgn(x y) D(x)dx ;w@(g,)l B eiasl) +2;Pm (£)SP (y)

finee o= Suo(e ) 67 () S )17 0

3pecs  y3mbl & (i :l,n) ABIISIOTCS KOPHSAMH MHOTOWIeHa SIKoOu Pn(a’B )(X), BECOBBIE

K03pduumenTer W, (i =1, n) onpenestoTes GopMyIon
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2

293 T(a+n+1)T(B+n+1) 1
W = 2 (o+1,B+1)
1-&] T(n+1)T(a+B+n+1)| (o+B+n+1) PG (&)

Z MOXeT ObITh JIFOOOH TOUYKO KOMIUIEKCHON MIOCKOCTH, KpOMe Touek *1, Y sBiseTcs TOUYKOM

b

unTepBana(—1, 1) . Ucrionp30BaHbl Takke crenuanbHble QyHKIUK 1 0003HaYeHNS

n+l
Rﬂ“’ﬁ)(z)=—(—2 J 2°‘+ﬁB(n+a+1,n+B+1)F{n+1,n+a+l;2n+a+[3+2;li}
Z_
2P (m+a+1)T(m+B+1)

(2m+o+B+)I(M+)C(M+a+B+1)’

e -

Sy (y)=(1-y) 1(1+y)ﬁlm—wprﬁ_llﬁl)(y) (m>1),
B, . (l+a,l
Lga’ﬁ)(y):_ (g)(/zlgg’ir:)ﬁ)nctgna—ln2—\|/(a+1)+\|/(a+[3+2)+
1- 1 _
+( y)( +[3+0C)3F2 [1,1’_(1_8;2,1_0(;1_3/]},
2a 2

M ~o+B+1
L(;"B)(z):(ilj 2 B(m+a+1,m+B+1)F(m+oc+1,m;2m+oc+[5+2,li].
z—- m -z

OTtMeTnM, 9TO (QYHKIHH R,(fl’ﬁ) (Z) u L(n“’ﬁ) (Z) OJTHO3HAYHO OTPENESIOTCS B KOMIUIEKCHON
IUIOCKOCTH, pa3pe3aHHON COOTBETCTBEHHO IO OTPE3KY [—1, 1] U TIO JIy4y [—1, oo] , & JUIA TOYEK pa3pesa

6epérest nonycymma 3uadennii ceepxy (y+10) u camsy (y—i0).

3akaouenue. [IpuBenéHnbie KBaapaTypHble (POPMYITBI ITO3BOIISIFOT MPOU3BOIBHOE HHTETPATHHOE
ypaBHEHUE, coliepkariee M00y0 KOMOMHALIMIO IPEICTABICHHBIX HHTETPAIOB 1 UMEIOIEE PELICHUE B
Buje (1), permuTh METOJOM MEXaHUYECKUX KBaJpaTyp.
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TEMIIEPATYPHOE IOJIE B HAPAIIIUBAEMOM IIJIACTUHE C YYETOM
HEJIOKAJBHBIX CBOMCTB MATEPHAJIA

CageaneBa U.10., ’Kypascknii A.B.

AHHOTanMsl. AJINTHBHBIC TEXHOJIOTMH, TO €CThb TEXHOJOTMH HapallMBaHUS pa3IMYHBIX TBEPIABIX TeEN, SBISIOTCS
MEPCTICKTUBHBIM, IIOCTOSHHO Pa3BUBAIOLIMMCS HAIIPABJICHUEM B COBPEMEHHOW HMPOMBINUICHHOCTH. OIHON M3 aIUTUBHBIX
TEXHOJIOTHH sBIsIeTCs razodazHoe ocaxkaeHue. OHO mpencTaBisieT co0ol HaHECCHHE HENpPEepBIBHOTO CJI0s MaTepHalla Ha
OXJIAXKIAEMYIO TTOJUIONKKY .

B pabote paccmoTpeHa MaTeMaTH4ecKas MOAEINb, MO3BOJIIONIAS OMPENETIATh NPoQuiIb TeMrepaTypsl Ipu ra3ohasHoM
OCaKACHUU MaTepHalla i3 HarpeThIX MapoB ra3a Ha OXJIXKIAeMyIO MOJJIOKKY. YUTEHBI BCe 0COOEHHOCTH TEIII00OMEHaA Ta3a
C TIOBEPXHOCTHIO IUIACTHHEL. PaccMoOTpeH citydall ocaXkIeHUs MaTepuala ¢ HEIOKAJIbHBIMH IO IPOCTPAHCTBY CBOMCTBAMH.
IMocTpoeH YuCIeHHBIH aIrOpUTM pacdéra TEMIEPaTypHOro Mo B IiacTuHe. [IpuBeeHs! pe3ysIbTaThl U aHAIM3 YHCIICHHOTO
pacuéra 11 pa3InuHbIX MaTEPUAJIOB.

Matepuasibl ¥ HM37CIus, CO3laBacMble Ha OCHOBE aJIMTHUBHBIX TexHojoruil [1-6], oOiamaroT
YHUKQJIEHBIMA CBOWCTBAaMHU, a (U3UYECKUE CBOWCTBA IOJNy9aeMbIX KOMITO3UIMA Ka4yeCTBEHHO
OTJINYAIOTCSL OT CBOMCTB MCXOJIHBIX MAaCCUBHBIX MaTepuaios [7-9].

Hanpumep, npu 06osbmux (QaykTyanusx (U3MKO-MEXaHHUECKUX XapaKTEPUCTUK 3JIEMEHTOB
MaTepuana, 3TU XapaKTEPUCTUKUA OyayT MOJBEPKEHBI BIUSHUIO OKPYKAIOMMX CTPYKTyp [9]. s
OTMCaHMS TaKOH Cpeabl HEOOXOAUMO CTPOUTH HEJIOKATEHYIO MOJETT.

JInsi TOHKOCTEHHOM IJIACTUHBI B KPUBOJIMHEWHONW OPTOrOHAJIBHOM CHCTEME KOOpAMHAT, Tlle OCh
Ox HampaBlieHa [0 HOPMaJH K IIOBEPXHOCTH, CIIPABEIINBO ypaBHEHHE TEIUIONPOoBOgHOCTH [10]

(K)
K T 99

2k 1
a VL N 0]

rie k=1.2; ¢ — yAenbHas MaccoBas TEIUIOEMKOCTh MarepHaia miacTuHbl (K =1) nin mi€Hku

(k=2); p(k) — IUIOTHOCTB; | =T(X,t) — TeMmepaTypa; I — BpeMs; X — KOOpAMHATA;, K— CPEIHSIS

KPHBH3HA; q(") — IIPOEKLUsST BEKTOpa IUIOTHOCTH TEIUIOBOT'O IOTOKA q(") Ha ocb OX .

(0 _ 50T (x)
OX

k . .
A KOA(pUIMEHT TEIUIONPOBOIHOCTH. [l y4éTa HENOKATBHBIX CBOHCTB HAHOCHMOTO TOKPBITHS
+a

(i = 2) BBeném ¢ynkuuto Biausaus [10] (p(x), TaKyro 4TO (p(X)zO npu X ¢ (—a,a); J (p(X)dle .

—-a

Jins iactunbl (K = 1) npoekims BekTOpa IIIOTHOCTH TEMIOBOTO MOTOKa (| , rae

Tmmuqm=—gxm§%gg‘pzfxm9199

X—a

' '
X (p(|x - X|)dx , — TPOCKIM BEKTOpPA IUIOTHOCTH TEII-
JIOBOT'O ITOTOKA JIs1 IIOKPBITHS (p1 +pP, = 1).

JlobaBuMm k ypaBHeHHUIO (1) TpaHwW4HBIE yCIOBHA (C YIETOM KOHBEKTHBHOTO TEIIOOOMEHA,
V3IIYYCHHSI M TETJI0- U MacCOIEepeHoca)

oT
W e T-H) =T
X |x=—H
oT(x ¢ oT(x'
plk(2) af( )_+ p, _[ 22 af(' )_¢(|x’— x|)dx = o, (T, = T(t,vt))— 2)
X-a et
— e, T* (t.vh) + Ad, + ¢ pPhv(T, Tt vy +pW?);

" yCJIOBUS KOHTAKTa
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T(t,0-0)=T(t,0+0);

oT(x xta oT (X'
IO .

UKL 3)

OX

b

X X=0+0

rae T, T. — TemmepaTypsl rasa W OXJaXIAIOUICH cpeabl; € — KO3QQUIMEHT u3iydeHus; A —
ko>dduiment mormomenus; L@ — ymenpmas Temmota  dasoBoro; o ,0, — KOd(pHIMEHTE

KOHBEKTHBHOTO TEIIOOOMEHA; H — TOJIIMHA IUTACTHHBL, V— CKOPOCTh OCAXKICHUS MaTepHaa.
VYpasuenue (1) ¢ HayambHBIMH, TPAHUYHBIMU (2) W KOHTAKTHBHIMH (3) yCIOBHSIMH IO3BOJIIET
MOJEIUPOBATh TEMIIEPATYPHOE HOJIE B HAPALIMBAEMOW KPUBOJIMHEWHON INTACTHHE.
PabGora BEIMONMHEHA B paMKax peaym3alliil TOCYJapCTBEHHBIX 3amanwii MwuHOOpHAykKum PO
(mpoexTs 9.7784.2017/BY, 9.2422.2017/T14).
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HNJOCKASA 3AJAYA TEOPUU YITPYT'OCTHU JJIAA KPYT'OBOI'O CEKTOPA,
OJ/IHA CTOPOHA KOTOPOI'O COITPUKACAETCS C )KECTKHAM ILITAMIIOM BE3
TPEHUSA, IPYI'ASI CTOPOHA YCUJIEHA CTPUHTI'EPOM
Capresn A.M.

PaccmaTpuBaercs yrpyroe paBHOBecHE TOHKOTO KPYTOBOTO CeKTOpa
Q= {O <r<l,0<acx 275} B Cllydae, KOTJla Ha JyIOBOW YacTU KOHTYpa 33JlaHbl BHEIIHUE YCUIIHSL.

Vpyroe coCTosIHUE KPyTOBOTO CEKTOpa ONpEeseTCs PeleHneM OUrapMOHUYECKOTO ypaBHEHHS IS
(YHKIIMY HApsHKEHUH Dpu TP CIIEAYIONNX TPaHUYHBIX yclIoBUaX [1,2]:

Yi

u,(r,0)=1,(r,0)=0, (1)
c,(r.a)=u(r,a)=0, )
. (Lo) = f,(9).1,,(L9) = f, (o). 3)
_ 4

[pencraBnas ¢yHKImMIO HampspkeHus Opu B Bupe [3]

O (r,0)= r* (Asink+(p+ BcosA g+ Csind ¢+ Dcos?f(p),

rie AB,C,D — upou3BONBHBIE MOCTOSHHBIC, A — NPOM3BOIBHBLA mapamerp, A=A+l u
VAOBIETBOPSIST TpaHUYHBIM ycioBusaMm (1), (2), MOIy4yuM OIHOPOIHYIO CHCTEMY JHHEHHBIX
anreOpanyeckux ypaBHeHUH. M3 ycioBuil CyliecTBOBaHHS HETPUBUAIHHOTO PEIICHUS 3TOH CHCTEMBI
clenyer

A=C=0

U TPUTOHOMETPUYECKOE YpaBHEHHUE

cosA o cosh a =0,

KOPHH KOTOPOTO JCHCTBUTENBHEI U TTPOCTHI

M=o (2k+1)+1, A, =0, (2n+1)-1, o, =n/2a, (K,n)=0,£1+2,... (4)

TpeboBaHre KOHEYHOCTH SHEPTUU YHPYrol nedopMaluy B Majlod OKPECTHOCTH YTIIOBOH TOUKU
CEeKTOpa NPH KOHEYHOH BHELIHEH Harpy3Ke HaK/IaJbIBaeT Ha KOPHU (4) yCIOBHS

A >0, &, >0. (5)
Venosue (5) orpaHuyMBaeT 00JacTh H3MEHEHHS TapaMeTpoB K u N:
I.TIpu 0 < a < 2m nveeM K=0,1,2,...; n=2,3,4,...

2.1pu 0 < o < /2 umeeMm K=0,1,2,..; n=0,1,2....
3. [pu Tt/2 <a< 37‘C/2 umeeM k=-1,0,1,...; n=1,2.3,...
4. Mpu3n/2 <o <2n  wumeem kK=-2,-1,0,..; N=2,3,4,....
B nannoif paboTe paccMaTpuBaeTCs TOJBKO MEPBBIA CIydai, s KOTOPOro GyHKINS HaIPsHKCHHHA

OpH IpUHUMAET BUJ

D, (r,q)) = DorXa CosA, ¢+ Dlr” cosl;(p+Z[Der + I?q(riz}cosocok(p.
k=2

Omnpenensembie ¢ momompio GyHkimu Opu D, (I‘,(p) TIepEeMEIICHHUS] W HaIPsDKCHUS YIOBIIC-

TBOpStOT ycnoBusaMm (1), (2).
Y oBneTBOPSS TPAHUIHBIM YCIOBHAM (3) W YUUTHIBas OPTOTOHAIBHOCTH TPUTOHOMETPHIECCKUX
¢byskuuit s B, u D, nomyuunm:
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oc(l+0c0)(2—oco)=2f~20/ococ0 (I+a,),
oc(1+30c0)(2—30c0 ) =21, [3a, (1+3a,),

 + Fu)fo. BAA —[(ﬁk + ﬂk)(s—xk)—zﬁk}/a,

f =.[f1 (p)cosa, (2k+1)pde, f Ifz @)sina, (2k +1) pdo.
0 0

IIpu 5TOM, UIMEIOT MECTO COOTHOLIECHUS
%o flo_(z_ao)fzo =0, 3a,f, —(2—3(10)f21 =0. (6)

I/ICCJIe,HyeM IHOBCACHUC Hal‘IpH)KeHHP’I B OKPCCTHOCTU BEPUINUHBI CEKTOPA
G, = Dyhohyr™ cosh @+ DA AT cosh, @+ Z[Dkkkkir” + B AT Jcos A @,
k=2

‘ @
T,p = Dyhohor™ sindg@+ DA AT sin ¢+ Z[Dkxkk;r” + B A A }sin Ar @, .
k=2

o, =DyA, (Z—Ag)r” cosi, o+ DA, (2—7p1')rM coskl‘(p+i[Dkkk (3—kk) +BA A" }coskk(p
k=2

Kax cnenyer u3 (7), npu K =2 oKpecTHOCTh BEpILIMHBI CEKTOPA HAXOIHUTCS B MAJOHAMNPSHKEHHOM
COCTOSIHMM [4], T.e. HamlpsDKEHHs CTPEeMATCS K HyNI0, Korga o < 57'c/ 4. Ecm o > Sn/ 4, To
HaNpsDKEHUsSI CTPEMATCS K 06CKOHEYHOCTH IpH I —> 0.

Takum 06pazom, o, = 57c/ 4 sisieTcsl MpeJebHBIM YTIIOM pacTBOpa ceKTopa, MeHble (00IbIie)

KOTOPOTO HANPSDKEHHSI CTPEMATCS K HYIIO (K OeCKOHeUHOCTH) IpH I —> 0.
B nayuHOll uTeparype, No-BUANMOMY, OTCYTCTBYET HE3aBUCSIINN OT CBOHCTB MaTepHalla TaKOH
MpeIeNbHbIA yToil. bonee Toro, mpu K =3 BO3HWKaeT BTOPOH, TAaK)Ke HEM3BECTHBIN, IPEAETBHBIN YTOI

o; =7n/4 . Ecm dyskuun ((p) u f, ((p) TaKoBBI, 4YTO KOd(pduiuueHT B, cTaHOBUTCS paBHBIM

HyJII0, OCHOBHOM TpeJIeNbHBIN yron Gyaer o .

C yuérom cooTHomeHHH (6) ypaBHEHHUS! CTATHYECKOTO PaBHOBECHS KPYTOBOTO CEKTOpa YIOBIIE-
TBOPSIOTCS TOXKICCTBEHHO.
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YCTOMYUBOCTH CXKATOU MPAMOYTOJIbHOM IJIACTUHKH 110
MUKPOIOJIAPHON TEOPUM YIIPYTOCTH

Capxucsan A.A., Capkucsan C.O.

AnHoTanmmsi. B paGoTe Ha OCHOBE CHCTEMBI YpaBHEHHMH I'€OMETPHYECKH HEIMHEWHOH TEOPHHM MHUKPOIOJSPHBIX YIPYTHX
TOHKMX IUIACTUH IIOJIy4€Ha CUCTEMa JIMHEHHBIX ypaBHEHHH yCTOMUMBOCTH IIOCKOIO HANPsDKEHHOTO COCTOSIHUS IUIACTUHKH,

C)KaToi B JABYX NECPINCHAUKYJIAPHBIX HAIIPaBJICHUAX YCHIHUAMUA pl u p2 . Pemiena 3azavda yCTOfI'-IPIBOCTPI HpSIMOyFOJ'[LHOﬁ

IUIACTUHKY, Kpas KOTOPOU IIapHUPHO ONEPTHI U CKaTa B OJHOM HarmpasileHud. Ha ocHOBe aHalu3a YUCICHHBIX pe3yIbTaTOB
yCTaHaBIMBAIOTCS (G (PEKTHBHBIE CBOMCTBA MUKPOIIOJISIPHOTO MaTepHaa.

PaccMoTpuM HM30TPONHYI0O MHKPONOJSPHYIO YHPYTYIO HPSMOYTOJBHYIO IJIACTHHKY TOJIIMHBEI
2h. OTHEeCcéM CpeMHHYIO INIOCKOCTh IUIACTHHKH K JIEKAPTOBOM CHCTEME KOOPJIHHAT X, X, .

[IycTth B MUKPOTIOISIPHON yIIPYroi TOHKOM IMJIACTUHKE OCYUIECTBIEH HEKOTOPOE IJIOCKOE Hamps-
xEHHO-nedopmupoBanHoe coctosiaue (HC), koTopoe Oynem Ha3bIBaTh OCHOBHBIM JIOKPUTHUYECKUM U
KOTOpOE OyJeT MPeICTaBIATh COOO pellIeHHe CIey oISl JINHEHHON CCTeMbl ypaBHEeHuH [1]:
YpaBHEHUsI paBHOBECUS

0 0 0 0
, ; 0 0
oTii N 0 Sii 20’5L13 N OLx +(Sn-S1)=0 i.j=12 )
OX; OX; 0X 0X,
DuU3nIeCKre COOTHOIIECHUS
0 2Eh 0 0 0 0 0 0 4yg O
Tii = [Ti+vDlj], Si=2h(u+a)Tj+(u—-a)j], Liz =2h re Ki3 )

2
I-v Yy+e
I'eomeTpuyeckre COOTHOIIEHUS

0 0 0
0 oui 9 i ;00 o0Q
i =—', I =ai—(—l)J Q3, Kiz = : 3)
OX; 0X; O
IIpu rpaHUYHBIX YCIOBHAX
0 0 0
Ti=-p,uj=0, Lis =0, xorna X =0;a, rne p, = const. %

KommoneHTsl mepeMeneHuid, aeopMaruii, CHIOBBIX M MOMEHTHBIX HANpsDKEHHH, COOTBET-
ctByromue 3romy HJIC, oTMeueHbI Hy1eBBIMU BEPXHUMH HHAEKCAMH.

[Ipu notepe ycroitunocty, Aokputuyeckoe HJIC momydnut HeKoTopble BO3MYILEHUA. BennuuHsl,
xapaxtepusytomne H/IC, BpI3BaHHOE 3TUMHU BO3MYILEHUAMH, OyJleM OTMEUaTh 3BE310UYKOH CBEPXY.

Bosmyménnoe HJIC B muiacTHHKE XapakTepU3yeTcs BEIWYMHAMU COOTBETCTBYIOIIMX CYMM C
WHJIEKCAaMH HYJIb U 3BE3I0YKA.

Bo3smymienus (T.e. BEIMYUHBI C 3BE30UKAMU CBEPXY) MPEACTABISAIOTCS MalbIMU U IIpU 1Ipeodpa-
30BaHMSIX WX CTEIICHSIMH BBIIIE TIEPBOU OyieM mpeHeOperarh.

IloncTaBUM OTMEUEHHBIE CYMMAapHbBIE COOTHOILIEHHMS B CHUCTEMY YpaBHEHHH TI'€OMETPHUECKU
HEJIMHEHHOW TEeOpWH MUKPOIIONSAPHBIX TUTACTHH, KOTOpas BbIBeleHa B pabdote [1]. B cumy (1)-(4)
YpaBHEHHUS BO3MYIIEHHOTO HAIPSDKEHHOI'O COCTOSIHUSA IIOIY4HM B BUJE:

VYpaBHEHUs paBHOBECHS

oM, M oL, oL .

L4+——-N; =0, —+——+(D'(N;;=N;,)=0
8Xi an 3i 8Xi an ( ) ( j3 3])
oN oN 2 2 OA oA

£ B::Ha ?+¢%6 y, Ly, ——2—-—2_(M,,-M,,)=0 (5)
x X X X2 o 0

COOTHOIIIEHUS YIIPYyTOCTH
2ER’ 2n’

i ZW[KN +VK”], Mij :T[(H‘HX)KU +(M_a)Kji]

Ni; =2h[(n+a)lj; + (-], Ny =2h[(n+o)ly +(u—o)l;]
I-ii = 2h[(B + 2Y)Kii + B(ij +1)], L33 = 2h[(B +2y)+ B(Kn + Ky )]
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_20 4

Lij =2h[(y+8)Kij +(y_8)Kji]’ Ay lis (6)
3 y+¢
I'eomeTpuueckne COOTHOIIEHUS
I,=—+-1))Q. I, =y —-(-1))Q., K =—L K. =—-—(-1)’,
i3 aXi +( ) ] 3i \II| ( ) j i a)ﬂ ij a)ﬂ ( ) L
o, o0Q. P
Ki =—> K3 =1, Kij:_J’ i3:_l (7
0X; 0%, OX;

(B 9THX ypaBHEHUSX 3BE3IOYKY IMPH BEIMYHHAX, XaPAKTEPH3YIOIIMX HANPSHKEHHOE COCTOSHHUE B
IUTACTHHKE, KOTOPOE BBI3BAHO BO3MYLICHHUSIMHM, U1 yOoOcTBa 3amucu Obutn omyeHsl). K cucteme
YpaBHEHUH YCTOMYMBOCTH MHKPOIIOJSPHOW TIIIACTUHKH OyAeM IPHCOCIMHUTH COOTBETCTBYIOIINE
rpaHuuHble ycnoBus. IIpu permieHuM Takold TpaHUYHOM 3aJayd U3 YCJIOBHS HETPUBUAIBHOCTU
pEIIEeHNs MOTYYHM 3HAYCHNsI KpUTHYECKHUX BEIMYHH BHEIIHETO BO3ACHCTBHUS.

PaccMoTpuM KOHKpETHY!O 3aa4y, a UMEHHO: KOrJa Kpas INIACTHHKY [ApHUPHO ONEPTHI:

M;=0,y;, =0,w=0,L; =0,Q; =0, Aj; =0, xorma X =0;3, (8)
U YTO BHEIIHNE C)KUMAIOIINE YCUINS IEHCTBYIOT TOJIBKO IO HAIPaBJICHUIO OCH X, .
Jlerko 3aMeTUTH, UTO pelIeHNeM TOKPUTHICCKON rpaHuaHol 3anauwn (5)-(7) Oymer:

0 0 0 0

T11=—p1,T22=O,Uj=0,Li3=0,at xi=0;ai )

[oncrasnsst (9) B cucreMy ypaBHEHUH yCTOWYMBOCTH iacTHHKH (5)-(7), peuieHue 3TOW CUCTEMBI
YpaBHEHUI NpeICTaBUM B BUJIE:

w(x,,%,) :Wsin%sin ”zxz L (%,%) =1COS%COS%
d mmX; ‘ NX.
\lli (XHXQ) = lPi COS nﬂm)q Sin b ! , Qi (XI’XQ): Oi Sin mTEXI cos n | (10)

b

Pemenne (10) aBTOomMaTtWdecku yAoOBIeTBOpsieT TpaHUYHbIM ycioBusM (8). Ilomcramas (10) B
cucreMy ypasHeHudl (5)-(7), mwis onpexencHus Py, NPUXOAUM K PCIICHHIO anreOpanveckoi
OJTHOPOJIHOM CHCTEMBI JIMHEHHBIX ypaBHeHHH. KpuTndeckoe 3HaueHHE AECWCTBYIOIIEH CKMMaroLei
Harpy3kd TIOJY4YHUM OT TpeOOBaHUS CYIIECTBOBAHHS HEHYJIEBOTO PEIICHUS MOIYyUYeHHOW CHCTEMBI
anreOpandecKuX ypaBHEHHI:

Jlamee BBITIOMHEH YHCICHHBIM pacyér B ciywae, korga m=n=1, a=b=0,07 wm, h=a/40,

a=16-10°Tla, p=2MIla, A=3MIla, y=¢=150H, P=120 H. B pesynprare, MNOTyYEHO
Pip. = 206,596 . Ta xe 3aja4a pelena 1o KIaccuueckoil Moaenu u noinydeso: p, - =164,493.
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KJIACCUYECKASI MOJIEJIb CTATUKH YIIPYTUX TOHKUX CTEP)KHEM C
KPYT'OBOM OCBIO C YYETOM HNOMEPEYHBIX CABUT'OB U METO/ KOHEUHBIX
SJIEMEHTOB
Capkucsan C.0., Xauarpsin M.B.

AHHOTanmus. B pabore Ha OCHOBE MeTOJa THUIIOTE3, MCXOAS W3 ABYMEPHBIX YPaBHEHMI W TPAaHWYHBIX YCJIOBHUH
KJIACCHYECKOH TEOPHH YIPYTOCTH IIOCTPOEHA IPHUKIAIHAS MOAENb (IOJydeHb OCHOBHEBIC YPaBHEHHS M YCTAHOBJICH OOMIMit
BapUallOHHbIA NPUHLMUI) CTaTUKU YIPYTUX TOHKUX CTEPIKHEH € KPYyroBOH OCBhIO C YU€TOM IONEPEYHBbIX CIBUTOBBIX
nedopmarmii. s u3yueHns] KOHKPETHBIX TPAHMYHBIX 33/1a4 Ha OCHOBE ITPUMEHEHHS 3aKOHOB MepeMeLIeHIH 1 (yHKIMOHAIA
TIOJIHOW NMOTEHIMAIBLHON SHEPTUH CUCTEMBI, pa3paboTaHbl 3 (HeKTHBHbIE KOHEUHBIE dJIeMEHTHI. ONpeesaoTCs )KECTKOCTHBIE
XapaKTEePUCTUKH KOHEUHOTO 3JIEMEHTA U BBIIOJIHACTCS MpoLeypa (GOpMUPOBAHUS Pa3pEIIAIOIIel CHCTEMbI alreOpandeckKux
JTUHEHHBIX ypaBHEHHMH. PaccMaTpuBaeTcsi KOHKpETHas 3afada W3ruda yIpyroro CTEpKHS C KPYyroBOH OCBIO (4ETBEpPTH
OKPY>KHOCTH), KOTJIa OAWH U3 KpaéB CTEPXKHS KECTKO 3aKPEIUIEH, a IPyroi KOHEL CBOOOJEH, I/ie MPUIIOKEHA BEPTHKAIbHAS
cocpegoTodeHHas cuina. CHadaaa och CTEPKHS B LIEJIOM IPUHUMAETCS KaK OJJUH KOHEUHBIH 3JIEMEHT, lajiee pacCMaTpUBAOTCA
J1Ba, YeTbIpe KOHEYHBIX dJjIeMeHTa. M3yuaeTcss NMpakThdeckas CXOAMMOCTb METOAA KOHEYHBIX JJIEMEHTOB IIPU ITOMOLIU
CpaBHUBAHUS IOJIyYCHHBIX PE3YJIbTATOB CO 3HAUEHUSIMU TOUHOT'O PELLICHHUS.

1. ITocTanoBKa 3agavu. OcHoBHble THnOTE3bl. Kiiaccuueckas MOAEJb CTATHKH YIIPYIUX

TOHKHMX CTep:KHeil ¢ KpPyropoil ocblo. PaccMoTpuMm crepkeHb € KpyroBoil ocbto (4 <r<r,,

0<@<@,) noCTOAHHOrO mMOMEpeuHOro ceueHus (B BHAE MNPAMOYroJbHHKA: 2hxb,b=1; B
JanbHENIIeM paJuyc-BEKTOp # MPOU3BOIBHOM TOUKH paccMaTpUBAeMOM 00J1acTH MPeACTaBIsIeTCs TaK:
r=ry+z,tne —h<z<h,n=ry,—h, r,=r,+h).

B cpenuHHON MIOCKOCTH CTEPKHS UMEIOT MECTO OCHOBHBIE YPAaBHEHUS CTATHKHU MJIOCKOHM 3aadu
KJIACCHYECKOH TEOpUH YIIPYTOCTH B MOJISPHBIX KoopAwHaTax [1].

Llenp paboThl — MOCTPOEHHE YTOUHEHHOW MPHUKIATHOM MOIETH yNPYroro TOHKOTO CTEPIKHS C
KPYT'OBOM OCBIO C YYETOM IONEPEYHBIX CABUTOBBIX Nedopmanuii. Byaem pa3BuBaTe METOA THIOTE3
pabot [2] (mns paccMaTpuBaeMoi 3a7aui OTPaHUIHBASICh KIITACCHYECKUM aHAJIOTOM):

A) B kadecTBe HCXOAHOW KHHEMATHYECKOW IPUMEM THIIOTE3Y MPSAMON IWHUW (THIIOTE3Y
Tumomienko). B cooTBeTCTBUM ¢ yKa3aHHOW THIOTE30H, MEPBOHAYAIbHO MEPIEHAMKYISPHBIM 110
nedopMalyy K CpeHel TMHUN CPeIUHHON TIOCKOCTH CTEPIKHS, IMHEHHBIN IIEMEHT O0CTagTcsl moce
nedopMaIiy MPSIMOTMHEHHBIM, HO YK€ He TIEPIeHINKYIAPHBIM K 1e(hOpMHUPOBaHHOW CpeHeH JIHHNIH,
a TOBOPAYMBAETCS HA HEKOTOPBIH yToJl, He M3MEHSS IPU 3TOM CBOEH JUIMHBL. BenencTsue 3Toro umeem
JIMHEWHBIN 3aKOH N3MEHEHHs epEMELICHHUH M0 TOJIIMHE CPEIUHHOMN MITOCKOCTH CTEPKHS:

V =u(@)+2y(9), ¥, =w(9). (1.1)
3necs, U ((p) 51 W((p)— MEPEMEILECHUS TOYEK CPEIHEN JIMHUU B HAIIPABJICHUSIX 110 €€ KacaTeIbHOU

Y TI0 HOpMAJIH; W((p) — TMOJIHBIN YTOJI TOBOPOTA NMEPBOHAYAIEHO HOPMAIBHOIO JIEMEHTA;
KunemaTnueckas rumotesa (1.1) momonHseTcss CTATHYECKUMHA THITOTE3aMBbl:
b) O manocT HOPMaJIbHOTO HANPSKEHUS O,,, OTHOCHTEIBHO HOPMAJILHOTO HANPSIKEHUs O, B
COOTBETCTBYIOIIEM ypaBHEHUH 3aKoHa ['yka;
B) OTHOCUTENBHO eAMHUIIEI Oy IeM MpeHeOperaTh BCEMH BETUUYNHAMHE MTOPSIKA % ;
0

I') Ilpu onpenenenun nepopmanuii 1 HanpsKEHUH, cHavYaa Uil KacaTelIbHOrO HalpsbKeHus O,

MIPUMEM:
0

Ilocae OMPEACICHU YKA3aHHBIX BBIIIC BEJIMYWH, (I)OpMyJ'Iy JJIsL 612 6yI[CM YTOYHATH CJICAYIOIINM

obOpa3oM. HHTerpupyeM IO Z COOTBETCTBYIONEE YPABHCHHUE PABHOBECHS M MPH ONPEACICHUH
MTOCTOSTHHOTO MHTETpUpOBaHUs (BepHee, GyHKINH oT (P ), moTpedyeM paBeHCTBO HYJIIO MHTETpalia OT

—h 1o h ot moNy4eHHOTo BhIpakeHHUs. [lomydeHHOe OKOHYATEIbHOE BBIPAKEHHE MOCIIE YKa3aHHOTO
WHTETpUPOBaHUS MpuOaBuM K dopmyne (1.2).

C 1enbio MPUBEICHNS ABYMEPHOU 33/1a4i TEOPHH YIPYTOCTH K OHOMEPHOM, BBOJUM CTaTHYECKU
SKBUBAJICHTHBIC HATIPSHKCHUSIM yCHIns 1 MOMeHTBl: N, O, M.

B pe3yabTATE, NIPUXOAUM K CICAYIONIUM OCHOBHBIM YPAaBHCHHUAM HpPIKIIElI[HOﬁ MOZICIIN CTCPKHA C
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KPYT'OBOH OCBIO, IPH KOTOPOM yUUTHIBAIOTCS TIOIIEPEUHBIE CIBUTOBBIC e OPMAIIH:
YpaBHEHUs paBHOBECUS

1 dM,,

1 1 dO o1 _ _
AN~ gm0 (g —q), 0-— (g gy ) (13)
" o do 9, — 49, " 0 . do (% q, ) n do (% q, )
CooTHOIIEHHS YIPYTOCTH
2ER’

N =2Enl,,, OQ=2phl',,, M, = K, (1.4)
I'eomeTpuueckne COOTHOIIEHUS
Fnziﬂ+Lw, Flzzid—w—iu+w, anid_‘l" (1.5)

nde 1 nde 7, 7, do

OOmmii BUI QyHKIHOHATA TOTEHIMANBHOW SHEPTHH Ie(hopMaIiu IIPH U3TU0E YIIPYTroro CTEPIKHS
C KPyTOBOH OCBIO BBIpa)KaeTcs TaK:

a 3
Eh
- _ 2 2 2
U=[Wd,  W,=Eh}, + =K il (1.6)
0
W,— uHelHas IUIOTHOCTb  IOTEHUUaNbHON  3Hepruu  gedopmanuu.  OCHOBHBIMU

KMHEMAaTHYECKUMH IIapaMeTpaMH B 3ajade M3rnba MHUKPOIOJSPHOIO YIPYIoro TOHKOTO CTEPXKHS C
KPYT'OBOH OCBIO SIBIISIIOTCS: TPOTUO OCH CTEPXKHS - w(s) ; OCEBOE MEpPEMEILEHHE - (s) ; YToJIb IOBOPOTa

HOPMAJIBHOTO JIEMEHTA -\ (s) . Pacmpenenenne NpUHATBIX OCHOBHBIX KHHEMATHYECKUX IIEPEMEHHBIX

BJIOJIb JJIMHBI OCH CTEPIKHS 3JIEMEHTa OyAeM anipoKCUMHUPOBATh TOJIMHOMAMU.
Jlist mporuba w(s) , 0OCEBOro mepeMerieHus u(s) , yria moBopota Y (s), mpumem:

W(s)=a, +as+a,s” +..+ a8, u(s)=ag+ays+a,s” +...+a;s’

2 7
y(s)=a, +a,s+ags +..+a,s', s=r,Q,

(1.7)

rae a,;,b.,c; — k03 GUIHEHTHI, KOTOPBIE BEIPAXKAIOTCS YePe3 Y3JIOBbIC IEPEMELICHHUS U TTOBOPOTHL.
Kak BuanM, TaHHBIH KOHEYHBIH 3JIEMEHT UMEET ABAALaTh YEThIPE CTEICHENH CBOOOBI.

[Mpumensiss mpoueaypy MeToJa KOHEYHOI'O OJJIEMEHTAa, NPUXOJUM K CIEAYIOIeH cucreme
anreOpanvecKkux ypaBHEHUIL:
[K]- {8} =[P]. (1.8)

3nech [ K ]— marpuna )XECTKOCTH 3JieMeHTa pazmepoM 24 x 24 | a [P]— maTpuua ycuinid B y3iax
(MaTpuIa Harpy3KH).

Pesynbprar BeIYMCICHUH PUBENEM IS CiTydast, Korjaa (PU3NYecKre MOCTOSHHBIE H TeOMETPHIECKUE

pa3Mepsl OAKN UMEIOT 3HAYCHUSL:

w=7-10"1a, E=2-10"IHa, P=1000H, a=0.471m,1,=03m, h=3.75-10"n.
B cnywae, xorma Oamka, B IIEIOM, CUMTAETCS KaK OJWUH KOHEUYHBIA s1emeHT: w=0.003nm,
u=-0.019m, y =-0.012. Tounoe pemenne 3anaun 1aét: w=0.003», u=-0.019 m, y =—-0.012.

Pabora BeimonHeHa npu purancooit noguepxxke ' KH MOH PA B paMkax HayqHOTO IpOeKTa
Ne SCS 15T-2C138.
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MNPOBJIEMBI MATEMATUYECKOI'O MOAEJIMPOBAHUA POCTA
KPOBEHOCHBIX COCYAOB

Cragnuk H.J., PomanoB A.A.

AHHoOTanms. B npexcrasineHHOl paboTe paccMaTpUBAIOTCS BO3MOXHBIC IOAXOJbI K MOJEIMPOBAHHUIO MIPOLECCOB POCTA
KPOBEHOCHBIX COCYJIOB 4eloBeKa. PelleHa kpaeBas 3a1a4a O MOBEPXHOCTHOM POCTE YIPYTOro TOHKOCTEHHOTO LMJIMHIpA.
VcnoBre TOHKOCTEHHOCTH IO3BOJIACT M3Yy4YHMTh KOHEUHbIE EPEMELICHNS TOUEK LIMIMHAPA B yCIOBUAX MaJIbIX 1edopMaluii.
O06cy)maroTcss 0COOEHHOCTH XapaKTEPUCTHK HATPSLKEHHO-Ie(OPMUPOBAHHOTO COCTOSHHUS, 3aBHCAIINE OT MEXaHHUYEC-
KHMX IapaMeTpoB MPOTEKAIOUINX OHOIOTHYECKUX MPOLIECCOB.

3a0oneBaHusi, CBS3aHHBIE C TATOJOTMYECKUM POCTOM CTEHOK COCYJOB, SBISIOTCS OCHOBHOM

MPUYUHOW CMEPTHOCTH HAceleHHsA. B OCHOBE MaTONOTMYEecKOro pocTa CTEHKH COCY/a Yallle BCEro

JIKUT aTepOCKIIePO3, MPOLECChl pocTa TpH HHOEKIUOHHBIX W WMMYHHBIX 3a00JeBaHHAX,

apTepUOJIO- U apTEPUOCKIIEPO3, MPH TUIEPTOHUYECKONW OOJIe3HHU, BACKYIIUTHI.

B kxpoBeHOCHOI cucCTeMe 4UeJIOBEeKa BBIIENSIOT TpPU THIA COCYAOB: apTepud, BEHBI U
MUKpOLMPKYJsTOpHOE pycio. K mocnemHemy Tumy, B CBOIO O4epelb, OTHOCAT Te€MOKaIMIUISAPHI,
apTEepHUOJIbl, BEHYJBI, a TAKKE apTepPHOIIO-BEHYJSIPHBIE aHACTOMO3bl. APTEPUHU U BEHBI TIOCTPOCHBI 110
eMHOMY ITUIaHy, puc.l.

Tunica intima:
endothelium

Tunica
media:

Tunica
adventitia

Puc. 1 — ctpoenue crenku cocyna (aprepuii u Ber). O6omnouku: Tunica intima - mocTpoeHa U3 IHAOTENHUS U HAXOAAIIUMHUCS
HaJl HUIM 3JIEMEHTAaMH COeMHUTENbHON TKaHu; Tunica media, COCTOMT U3 MBILICYHBIX KICTOK, JJIACTUYECKUX MEMOpaH U1
kxoiarena; Tunica adventitia, oOpa3oBaHa PBIXJIOi COCIMHNUTEIBHON TKAHBIO.

IMox poctom cocynoB OyldeM MOHMMaTh YTOJIIEHHE CTECHKH HOPMAILHOTO COCyla B CJIEICTBUH
pa3BUTUSL TATOJIOTMYECKOTO IMpoliecca. B MEIUIIMHCKOM KOHTEKCTE, TaKOW POCT, KaK MpPaBUiIo,
MPEJICTABICH BOCMATUTEIbHBIM MPOIECCOM B CTEHKE COCYJa M MPOIeCCOM AUCTpodun (HAKOMICHUE
onpeeaEHHBIX KOMIIOHEHTOB B CTpoMe cocyza). K pocTy CTeHKM cocylia Tak jK€ MOXKET IPUBECTH
MpoIeCcC TUCTPOUH 0e3 BOCTIATUTEILHON peakinu. Takue MupoKo pacpocTpaHEHHbIC 3a00JIeBaHus,
KaK aTepOCKIIepO3 U BACKYJIHUTHI, HHUIUHPYIOTCS BOCHMAIUTEIBHON peakiuell, KoTopas mpruodpeTaeT
XPOHUYECKOE TEUCHUE U B JalbHEHINEM COMPOBOKIAETCS HAKOTUICHHEM JIMIUIOB U OCJIKOB B CTCHKE
cocyna. [Iporeccel peMoenupoBaHus cocyia, HaIpUMeEp, IPU apTepHabHOM TUIIEPTEH3UU HEe BCeraa
COTIPOBOXKIAET BOCTIANUTENbHASI PEAKIUS, OJHAKO TMPOUCXOJUT YTONIICHUE CTCHKH COCyJa 3a CUéT
HAKOIUICHUS] KOMITOHEHTOB MEKKJIETOYHOTO MAaTPHUKCA M aKTUBHOW MpOoNU(eparvy IIaJKOMBIIIEYHbIX
KIIETOK.

ATepockiepo3 XapaKTepu3yeTcs MOPaKEHUEM apTEPHid B BUJIC OTIIOKCHUN B UHTUME JIUITHJIOB, OCITKOB
M PEaKTHBHOTO Pa3pacTaHusl COCAMHUTEIBHOMN TKaHH ¢ 00pa3oBaHUEM OIISIIICK.

[Ipu arepockiiepo3e B WHTUME apTEpHil MOSBIAIOTCSA JKHPOOENTKoBHIN nmetput (athere) m ogarosoe
paspacranue coenuHUTENbHOW TKaHU (sklerosis), 4To MPUBOAMT K (POPMHUPOBAHHUIO ATEPOCKICPOTH-
YecKoit OJISIIIKH, CYKHUBAIOIIeH MPOCcBeT cocyaa. [lopakaroTcs apTepuu KPYIMHOTO U CPEHEro Kamuopa,
pexe B TIPOIECC BOBICKAIOTCS MEJKHE apTepuH. Pa3luyaror cieyronme cTajud MopdoreHesa
aTepoCKIIepo3a:

1. EOHI/IHI/IHHHH CTaiusl MAKPOCKOIIMYECKH HE OIPCACIIACTCA.
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2. Cragus TUIIOKWI03a XapaKTepU3YeTCs OYaroBbIM IPOMUTHIBAHUEM HMHTHMBI JIMITUIAMH (XOJIECTEPUHOM),
JIMIIONIPOTEUAAMH, YTO BEAET K 00Pa30BaHHIO JKMPOBBIX (JIMIMHIHBIX) MATEH W MOJIOC. MaKpOCKOMHYECKH
TaKWE€ XUPOBBLIC TATHA BBIITIAAAT B BUAC YUACTKOB JKENITOrO 1BE€Ta, KOTOPbIC MHOTAa MOTYT CJIMBATLCA U
06pa30BbIBaTI) IIJIOCKHE y)IJ'll/IHéHHI)Ie T10JIOCHI, HC BO3BBIIAOIIUECA Had NOBEPXHOCTHIO MHTHUMBI.

3. B craguro nmnockiepo3a IpOUCXOJUT Pa3MHOKEHUE KIETOK (PUOPOOIacCTOB, POCT KOTOPBIX CTUMYJIHPYET
paspacTaHMe B HMHTHME MOJIOJIOW coequHUTENbHONH TKaHW. Ilociemyromiee co3peBaHWE 3TOW TKaHH
conpoBoxkaaercs popmupoBaHueM prOpo3HOit Osmky. Makpockonuaeckn GuOpO3HbIE OIISIIKY MPEACTaB-
JISFOT cOOOH IUIOTHBIE, KPYTJION MIIM OBaJIbHOM (opMBl 00pa3oBaHust OEIOro MITH JKEJITOBATO-0eI0rolBeTa,
BO3BBIILAIOIIUECS HAJl TOBEPXHOCTHIO HHTUMBI.

4. Tlpu arepoMaro3e aTepOMATO3HBIC MACChI OTTPAHUYCHBI OT MPOCBETA COCY/Ia CII0EM 3PEIIOi, THATMHHU3UPO-
BaHHOW COEIMHUTENLHOM TKaHU, HOPMHUPYETCS MOKPHIIIKA OJISIIIKH.

5. Craguss W3bsI3BICHUS, COIPOBOXKAAIOINASICS OOpa3oBaHWEM aTepoMaro3HOi s3Bbl. JledekT HHTHMBI
MOKPBIBAETCS TPOMOOTHYECKUMH HAJIOKESHHSIMH.

6. ATCpPOKAJBIIMHO3 XapaKTePHU3yeTCs OTJIOKEHHEM B (UOPO3HBIC OJSAIIKH COJCH KaJIbIUs, T.C. HX
00bI3BeCTBICHHUEM (TIeTpUUKAIen). DTO 3aBepILaroIIas CTaIus aTepPOCKIepPO3a.

[Mpu runeproHnveckol OOJe3HM B apTepUsiX KPYMHOTO M CPEIHEro KamuOpa BBISBISAETCS 3J1acTo3 U

anmacTouopo3. DnacTo3 u AMacToGuOpPo3 — ATO MOCIECIOBATENBHBIC CTAJAUU MPOIECCa U IPEACTABISIOT cO00M

THIEPIUIA3NI0 U paclleluIeHHe BHYTPEHHEH 31acTHYECKOH MeMOpaHbl, KOTOpasi pa3BUBAETCS KOMIEHCATOPHO B

OTBET Ha CTOWKOE IOBBINICHUE apTepHANBHOTO IaBjieHus. B panpHeiinieM nmpoucxomuT rubenb 3IacTHUYeCKUX

BOJIOKOH M 3aMEIIEHHE UX KOJUIAr€HOBBIMHU BOJIOKHAMH, T.€. CKIepo30M. CTEHKa COCY/I0B yTOIIACTCS, TPOCBET

cyxaercs. B Menkux cocymax W apTepuoiiaX KIETKH BbIpabaThiBaTh IMOJYHPO3PAaYHbIE MacChl,

HAIOMHUHAIONIME THATHHOBBIN Xpsil. CO BpeMEHEM 3TH MacChl CTAHOBUTCS 0OJiee IUIOTHBIMH, yTOJIIAOT

CTEHKH U CY>KHBAIOT IPOCBET.

Iporecchl pocTa CTEHOK COCYZOB MOXXHO OIHCATh MPH MOMOIIM MaTeMaTHYECKUX Mojeliell 00bEMHOTO WU

MOBEPXHOCTHOTO pocTa. OCTaHOBUMCSI TOJIKO Ha IMPOLIECCAaX MOBEPXHOCTHOTO POCTa TOHKOCTEHHBIX COCY/IOB.

Bocnonezyemcst uaessMu MeXaHUKH pacTymux Tei [1-5]. OCHOBHBIMH INEpeMEHHBIMH KpaeBOM 3agaud s

pactyiiero Tejga BbIOEpEM TEH30p CKOPOCTE HalpsDKeHWH, TeH30p Ae(opMaluu CKOPOCTeH M BEKTOP

CKOpOCTH TiepemenieHus. Ha moBepXxHOCTH pocTa MocTaBUM crenuduueckoe KpaeBoe YCIIOBHE, 3aBUCAIICE

OT TEH30pa KPUBH3HBI MOBEPXHOCTH POCTa M HATATa NPHUPAIIMBAEMBIX 3JIEMEHTOB.

PaccmarpuBaroTcsi HEKOTOpBIE MOAENBHBIE 337a4d sl YIPYrOro TOHKOCTEHHOT'O IMOBEPXHOCTHO PACTYILETo

LWINHAPA. YCIOBHE TOHKOCTEHHOCTH II03BOJISIET M3YyYUTh KOHEUHBIE IEPEMEICHUS] TOUYEK LIWIMHIpA NpU

YCIOBHH Manbix Aedopmanuit. D10, B 4aCTHOCTH, JAET BO3MOXKHOCThH PEIIUTH 3334y C TOYHBIMH KPAcBBIMU

YCIOBHUSIMU Ha JIBUKYIIEHCS MOBepXHOCTH. OOCYkIAF0TCsl 0COOCHHOCTH MOBEICHUS] OCHOBHBIX XapPAKTEPHCTHK,

3aBUCALINE OT AABJICHHUSI HA BHYTPEHHIOI MOBEPXHOCTh ILHMJIMHAPA, HATATA IPUTEKAIOIINX HOBBIX 3JIEMEHTOB U

CKOPOCTH MPUTOKA ITHX JJIIEMEHTOB.

Pa6ota BemonHeHa npu puHaHCOBOH nogaepxkke PODU mpoektst Ne 17-51-45054, Ne 17-01-00712.
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O HEKOTOPBIX 3AJTAYAX TEOPUM YIIPYTOCTH JJISI HY K]l CEUCMOJIOT MU

Tarsopsin B.B.

AHHOTanmsi. PaccMOTpeHBI IPOCTPaHCTBEHHBIE 3aJa4H TEOPUH YIPYTOCTH IS CJIOMCTOTO MAaKeTa U3 OPTOTPOIHBIX IUIACTHH,
MOJICIMPYIOLIHE NOBEACHNE JINTOCHEPHBIX IUIUT U OJIOKOB 3eMHOW KOpbL. VI3yueH citydaii, Korjaa Mex 1y HeKOTOPBIMHU CIIOSIMU
[IaKeTa NPOM30LIEN OTPBIB, & TAKXKE CIIy4aii, KOrJa U3MepUTeIIbHbIEC IIPUOOPHI THIIA HAKIIOHOMEPOB TIOMELIEHBI MEXKTY CIIOSIMU
c Homepamu (k-1) u (k). Halinensr acumnroTideckue pemeHns IpOCTPaHCTBEHHBIX 3a/1ad TEOPHHU YIPYTOCTH B 000UX CIIydasX,
COIVIACHO JIaHHBIM H3MEPHUTEIbHBIX MPHOOPOB, KOTOpBIC IIO3BOJSIOT HPOCIEAUTH IPOLECC HAKOIUIGHHS BO BPEMEHHU
KPUTHYECKUX JieopMarinii, PUBOIIIUN K 3eMIIETPSICEHUIO.

1. ToHKOCTEHHBIE CIIOMCTHIE CTPYKTYPHI THTIA 0AJIOK, TUTACTHH U 000JI0UEK SBISIOTCS COCTABHBIMU
JJIEMEHTAMH COBPEMEHHBIX KOHCTPYKUUH. CIIOMCTBIE CTPYKTYpHI SBIISIOTCS €CTECTBEHHBIMH WIIH
MCKYCCTBEHHbIMH. OJHMMHU U3 €CTECTBEHHBIX CIIOMCTHIX CTPYKTYP SIBJISIOTCS JUTOC(EPHBIC TUIHTHI
3eMiH 1 OTAETbHBIC OJIOKH 36MHOM KOPHI.

B nmBammatoMm crometuu Oblla yCTaHOBIIEHA OCHOBHAS TMPHUYMHA BO3HUKHOBEHHUS CHIIBHBIX
3eMyieTpsiceHU. Bo3HUKHOBeHHE 00YCIIOBJIMBACTCS TEKTOHHUKOW JUTOC(EpPHBIX MIUT 3emin (<95%
3emuerpsiceHuii) [1-3]. bBonbmIMHCTBO 3eMIIETpSCEHHWH CTrPYNIIAPOBAaHO B Y3KUX OONACTSX,
ceficMuueckass M TEKTOHMYECKas aKTUBHOCTh B KOTOPBIX OOYCJIOBIEHBI B3aWMOIEHCTBHEM
MPUMBIKAIONINX APYT K JAPYry JUTOCHEPHBIX IUHT («celicMuueckue 30HbBI). [Ipoiecc moaroToBKu
3eMJIETPSICEHUI OXBATHIBACT [BA OCHOBHBIX THIIA TEKTOHUYECKHX JBIDKEHUI: MEICHHbIEC (BEKOBBIC) U
ObIcTpble (cKaukooOpa3Hble). BekoBble MBMKEHHUS MOTYT JJIUTHCS NECATKU JIET, TOITOMY SIBISIOTCS
KBa3UCTATUYCCKUMH, B PE3yJbTaTe, B JUTOCHEPHBIX IUIUTAX U B OTACIBHBIX MX Y4aCTKaxX HaKarllu-
BaroTCs nehopMalyH, KOTOphIe MPH JOCTHXEHHH KPUTHYECKOTO 3HaueHus nopsaka 10 | a mo janHsM
M3BECTHOTO SITOHCKOTO ceiicmonora Rikitake [1] — mopsiaka 4.7*10° | mpuBOAT K T106anbHOMY
paspyuIeHnro (3eMJIETPSICEHHUI0) U OCHOBHAS YacTh HAKOIUICHHOH C TOJJaMi OTPOMHOM MOTEHIIHATBLHON
SHEPI'UH BBIACISCTCS B BUJIE 00BEMHBIX YIPYTUX MPOJAOIbHBIX (IEPBUYHBIX - primary) P u cABUroBBIX
(momepevHbIX, BTOPUYHEIX - secondary) S-BOITH, a TakXke IMOBEPXHOCTHBIX BOH Penes u JlsBa. Beerna
CKOPOCTHh Vp TIPOJOJIBHBIX BOJH OOJBIIE CKOPOCTH Vs CIBUTOBBIX BOJH. DTO MTO3BOJISET ONPEAETUTh
paccTosgHUE SMUIEHTPA 3EMIIETPACCHUS OT 3aJJaHHOM CECMOCTAHIMH, a TI0 ITaHHBIM TPEX CTAHUUN —
MECTO ouara 3eMJICTPSICCHHS.

B mectunecsateie Tomel XX cronerws ObUIO OOHApY>KEHO H3MEHEHHE TCOMETPHH JIUIICBOU
MOBEPXHOCTH 3€MHOH KOpHI 10 3emiieTpsiceHnil. Toraa ske BO3HUKIIA eCTECTBEHHAS 3a/1a4a — UCTIONIB3Y ST
3TH JaHHEIE, ONIPENIEUTh HANIPsHKEHHO-IedopMupoBaHHOe cocTosiHue (H/IC) muTocdepHOl IITUTH WiTH
COOTBETCTBYIOIIETO OJIOKAa 36MHOI KOPHI U MPOBECTH MOHUTOPHHI €r0 M3MEHEHHS BO BPEMEHH, IO
JAHHBIM HOBBIX M3MEpPEHUH, C IeNbI0 00HApYKEHUS KPUTUYECKUX Ae(POpPMAalMOHHBIX COCTOSTHUU U
MecT uX nposeieHus. OAHaKo, BO3HUKAIOIIAS 331a9a TEOPUH YIIPYTOCTH OKa3aIach HEKIIACCHIECKON U
J0JIT0e BpeMs He ObUIO HalJIeHO YJOBJIECTBOPUTEIbHOE pellieHHe. ACUMIITOTHUYECKHI METO ] PeLICHUS
CUHTYIIIPHO-BO3MYIIEHHBIX AU PepeHINATBLHBIX YPaBHEHUH [4] MMO3BONMI PEIIUTH 3Ty MPoOIeMy.

UToOBI YMEHBIIIUTh BIUSHUAE BHEIIHUX aHOMAJIbHBIX (B OCHOBHOM, aTMOC(EpPHBIX) (PaKTOpPOB Ha
JIAHHBIC UCTUHHO MPOUCXOJSAIINX MPOIIECCOB BHYTPH MakKeTa (JIMTOC(EPHON TUIUTHI), B CEHCMOJIIOTHH
HaYaJgl M3MEpHUTENbHBIe TIPUOOPHI (HAKIIOHOMEPHI W Jp.) TMOMEIIaTh BHYTPH NakeTa Ha HEKOTOPOM
PaccTOSIHUM OT JMLEBOW MOBEPXHOCTH M MO JAaHHBIM 3THX MPUOOPOB COCTABIATH OoJiee 0OBEKTUBHOE
npeacrasinenue o HJC nakera.

B nmanHO# paboTe pemieHbl COOTBETCTBYIOIINE KBa3UCTATHICCKUE 3aa4l TEOPUH YIIPYTOCTH ISt

CJIOMCTOrO Iakera u3 N IJIaCTUH, KOrJda KOHTAKT MCXKAY CJI0AMH C HOMEpaMHu (k —1) n k HeHOJ’IHLIfI,

T.€. TIPOM3OIIEN OTPHIB, & TAKXKe Ui cilydas, KOrjJa U3MepHUTeNbHbIe MPHUOOPHI MOMEUIEHB BHYTPU
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IIaKeTa Ha HEKOTOPOM PACCTOSHUHU OT JIMLEBOM MOBEPXHOCTH. {751 MHOTOCIOWHOTO IIACTUHYATOTO
MaKeTa HaleHbl pelIeHus CUCTEMBl YpaBHEHUH U COOTHOIIEHHMH TPEXMEPHOHM 3aaud TEOpHH
YOPYTOCTH C YYETOM 00BEMHBIX CHII (BEC) M TeMIIEpaTypHOro mojs no moxaenu roramens-Helimana,
MOJIEMPYIOIIHE TOBEICHUS IUTOC(EPHBIX TUTUT U OIOKOB 3¢MHOU KOPBI, B ABYX CIIy4asx: KOTJa MEXTY
CIIOSIMH C HOMEpaMH (k—l) u K ecTh OTpBIB M KOI/Ia celcMONIOrHYECKHEe U3MEPUTENbHBIE TaHHbIE,

MO3BOJIAIONINE OINPEACIUTh HANPSHKEHHO-I(OPMUPOBAHHBIC COCTOSHUS CJIOEB IaKeTa CHATHI C

HAKJIOHOMEPOB U IPYTHX W3MEPHUTEIHHBIX CPEICTB, TOMEIIEHHBIX MEX/IY CIOSMH C HOMepaMI/I(k - l)

u K. INTokas3aHo, 4To eciu BXOASIIME B IPAHMYHBIE YCIOBUA (GYHKLIHMH SBJIAIOTCS MHOTOYIEHAMH OT
TaHTEeHIIMANBHBIX KOOPAWHAT, WTEPAMOHHBIN TpOoIlecC OOpPHIBACTCS M TONYYaeTCs MaTEeMaTHYECKH
TOYHOE pEUICHHE BO BHYTPEHHEH 3a7jaue aCUMIITOTMYECKOro Monaxoja. B kadecTBe wiumocTpanuu
MpHUBEJIEHBl MAaTEMaTHYECKd TOYHBIC PEIICHUs U MaKeTa M3 YeTHIPEX OPTOTPONHBIX IUIACTHH. B
INEPBOM CIydya€ CUHUTACTCA, YTO MEKAY BTOPBIM U TPETHUM CJIOSIMU HpOI/ISOHIéJI OTPEIB, BO BTOPOM
CIy4yae CUMTAETCS, YTO JAHHBIC O MEPEMEICHUAX CHAITHI C TOBEPXHOCTH KOHTAKTa MEXIY BTOPHIM U
TPETBUM CJIOSIMU, & KOHTAKT MEXIYy BCEMHU CJIOAMH — MOJHBII. MOHUTOPUHT HAWJIEHHBIX PEIIEHUN BO
BPEMEHH TT03BOJISIET MPOCIICTUTH TPOIECC TOTOTOBKH 3€MIIETPSICEHU.
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MATEMATHUYECKOE MOJIEJUPOBAHUE OBOJIOYEYHBIX KOHCTPYKIIUMI U3
OJJHOPOJHBIX 1 KOMITIO3ULIMOHHBIX MATEPHAJIOB ITP1 THTEHCUBHBIX
KPATKOBPEMEHHBIX BO3JIEMCTBUAX ITPU BOJbIINX NEPEMEIIEHUSAX

Xaiipnacos K.3.

AHHoTanms. B HacTosmieit pabore mpuBeZeHa MaTeMaTHUecKash MOAENb PEHICHUS 3alauyd MOBEICHUS 000JIOYEUHBIX
KOHCTPYKIMH MpU IEHCTBUHM CTAaTHYECKUX M AWHAMUYECKUX BO3IACUCTBHU. 3a7aya pemaeTcs B TeOMETPHUCCKH HETUHEHHON
MIOCTAaHOBKE NPHUMEHUTENIBFHO K METONy KOHEUHBIX 3JIEMEHTOB. PaccMaTpuBalOTCS KOMIIO3UIMOHHBIE CTPYKTYPHI C yIETOM
pa3HOpoAHOCTH CIIO€B Marepuana. IIpuBenéHHBIC ypaBHEHHS NPHUMEHSUINCH IIPU HCCIIEIOBAHUH IOBEACHUS 000JI0YEUHBIX
aBUALIMOHHBIX KOHCTPYKLUH IpU JIeiCTBUM IMHAMUYECKUX HArpy3ok. Pe3yibTaTbl XOpOILIO COINIACyOTCA C OKCIEPUMEH-
TAJILHBIMU JJAHHBIMU.

1. BBenenue. VccnenoBanuio KOHCTPYKIMH TpuU MEHCTBUM KPAaTKOBPEMEHHBIX ITHHAMHUYCCKHUX
Harpy30K yAesIoOCh 3HAYUTEIbHOE BIUSHUE B padoTax [1-4]. B To ke BpeMs y4ecTh MHOTOYHCIICHHEIE
MapaMeTpbl JUHAMHYECKOTO HArpyKeHUs TaKhe KaK CKOPOCTh Harpy»eHHUsl, XapaKTEPUCTUKU
JTUHAMUYECKOTO TMOBEICHUS MaTepuaja U T.J. JaXKE B HECKOJbKUX pPaboTax HE MPEeCTaBISACTCS
BO3MOKHBIM.

2. IlocranoBka 3agayu. [locTpouTeh MaTEeMaTHYECKYH0 MOJEIb IMOBEACHHS] KOHCTPYKLUHNA U3
OJTHOPOJIHBIX U KOMIIO3UIIMOHHBIX MaTepHUaJIOB MIPU JEUCTBUU CTATUYECKUX U JUHAMUYECKUX BO3JCi-
CTBHI B TEOMETPUYECKN HETMHEWUHON MOCTAHOBKE.

3. Meroa u mocrpoeHue pemeHusi. /[ BBIBOJA MaTEeMaTUUYECKOH MOJENU HCCIEAOBAHMUS
KOHCTPYKIIUH U3 OJJHOPOJHBIX U KOMIIO3UIIMOHHBIX MAaTEPUAJIOB PU UHTEHCUBHBIX KPATKOBPEMEHHBIX

Bo3I[eI‘/'ICTBI/I${x P OOJBIINX TEPEMEIEHUIX PACCMOTPUM ypaBHEHHSIMH Jlarpanxka:
d or
atoar T aqr = (1
3necy T — kuHETHYECKAst dHEPTus; U — MOTEHIIHAbHAS YHEPTHUA CUCTeMBl; () — BHEIITHHE HArpy3KH, ¢,
¢ — 0000IIEHHBIC CKOPOCTH U TIEpEMEIeHUs, K — CTeTeH: CBOOO/IBI.

Bocnons3zyemcst COOTHOLIEHUSIMU ne(popMauHH—nepeMemeHm JUTS. yMEPEHHOTO MPOTuoa:

(efs+eds) (323"'333) 913923

& =es + > ; Eg = €g + ; Esg = €59 =

ts =5 o =5 (G + exs W) po =i 1, ey (0 ) |
eS:Z—:— ?3(5 eg = - (usm<p+ +wcos<p)' esg——(gz+rg——vsm<p)
el3=((?9_s+u¥); e23=—1(2‘;’ vsm<p);e33 —i(r—+vsm<p ZZ)

s = —(ws +using), @ =—(wg —vcosp)/r

B ypaBHeHmsIX (2) 0003HAUCHO: &, &g, Esg — NehOPMANMH CPETUHHON MOBEPXHOCTH OOOJIOYKH 10
COOTBETCTBYIOIIMM KOOPIWHATAM; X, Xg, Xso — AeHOpPMaIlUi KPUBU3HBI, €13, €33 — YIJIbI TIOBOPOTA
BOKPYT' KOOPJAWHATHBIX JIMHUH; 7 — pagnyc OOOJIOUKH; (g, (Pg — YIJIBI HAKJIOHA MEPUIUAHA K OCH
000JI0UKH U YTOJI B OKPY>KHOM HATPABJICHHUH; €33 — «KPYUYCHUE» CPEAUHHON MOBEPXHOCTH.

3amaya pemiaeTcss METOJOM KOHEYHBIX 3eMEHTOB. [lepeMenieHus sl MHOTOCIOMHHBIX OCeCHUMMET-
PUYHBIX KOHCYHBIX JJIEMCHTOB IMPCACTABIIAIOTCA B BUAC IOJMHOMOB B HaIIPaBJICHUHU HOPMaAJH,
KOJIBIICBOM U PaIHalIbHOM HAMpaBlieHUIX U paaoB Dypbe B KOIbIIEBOM HalpaBieHUH [4]:

u= Y- [(1 — %) q; + Eqs] COSib , v=72i [(1 — E) q; + Eqs] sin i0 )

o B[4 3E4 )au (s-24 )0+ (4 ) (-3 )] cosi

II€ (1,2, -, g — OOOOIIEHHBIE IEPEMENIEHHS B Y3IOBBIX TOUKAX.
[pu naxoxnenun US u U nepeMelienne w npyMHAMAeM B BHIIE
S S .
W= Y- [(1 — 7) q, + 7q6] cosif 3)
Ilpy TakoM IIPENCTABICHUM IEPEMELIEHUH YPAaBHEHHE [BIKECHHS CIIPABEIIMBO IS OO0
TapMOHUKHU TP HATMYUH CBS3H MEXIY TapMOHUKaMH, (PUTYPHUPYIOIIUMH B ITOCIETHEM HWICHE.
VpaBHeHHs PaBHOBECHS, ONUCHIBAIOLINE HEIMHEHHYIO TMHAMUYECKYIO PEAKIHMIO, MOTYYAOTCS U3
ypaBHenuii Jlarparxka (1) ¥ 5TH ypaBHEHUS NPUMEHUMBI KaK K JIMHEWHBIM, TaK M HEIMHEHHBIM
cUcTeMaM, IpU YCIOBHH, YTO YJICHBI, XapaKTepU3yIOIIre YHEPTHI0 edopMaIii 1 paboTy, BEIPaKEHBI
yepe3 0000IEHHBIE KOOPAUHATHI M UX ITPOU3BOIHBIE BO BDEMEHHU U BapUAIlHH.
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[Toncrasisist BRIpaKeHNE SHEPTUH Ie)OPMAIMH, KHHETHYCCKYIO SHEPTHIO U BEKTOP BHEUIHHX CHI B
ypasuenue (1) ¥ epeHocst B PaByko CTOPOHY BEIMYUHbL, COOTBETCTBYOIIME HETMHEHHBIM CIIAraeMbIM,
MOJyyaeM YypaBHEHUS [BHKCHUs, [PEACTABISIONME COOOW MaTeMaTHYeCKyl) MOJIENb JUis
MICCIIEIOBAHMUs KOHCTPYKIHUIA W3 OJHOPOTHBIX M KOMITO3HIIMOHHBIX MaTE€PHAIOB IPH HHTEHCHUBHBIX
KPATKOBPEMEHHBIX BO3IEHCTBUAX MPH OOJIBIIMX Je(GOpMAIMAX B BUIE

Mi{q} + [K]{q} = {Q} + {4Q} — [Ke]{q} — {@™"}, 4)
rae [M] = a%ff(uz + 92 + Ww? + @il + pglg) dA — MaTpuna macc;

ou®@

9q

{Q} = aa—qff(Puu + P,v+ P,w)dA — BeKTOp BHELIHHUX CHI,
any — QUi | 0U4
K; = :—q f f (0l + 0lL) €"dA — maTpuIa HaYaIBHBIX HATIPSHKEHUIA;
aw®

{40} = = % (Jf (=B,w(es + eg) + P,ve,3 + P,ue;3)dA)/2 — usMeHenue noTeHnyana

BHEIIHUX CHJI 1151 HEKOHCEPBAaTUBHBIX Harpy3okK;

B popmynax (4) 0603HaUEHO: «I1» — IMHEHHAS! KOMIIOHEHTA, «H» — HeJIMHEHAs: KOMIIOHEHTA, «HAW»
— HavaJIbHOE HaIpsDKeHHE (IpelHANpsHKeHUE), TOUKa Haja OyKkBoil o3HavaeT AuddpepeHumnpoBaHune
10 BPEMEHH.

TouHOe pelieHue HeMMHEHHBIX YpaBHEHUH AMHAMHKH JJIs1 000JI0YeK U KOHCTPYKINH, 0COOEHHO
3TO OTHOCHUTCS K CIIOKHBIM MHOTOCJIOMHBIM KOHCTPYKIIUSIM, KOTJ[a YMCII0 YPaBHEHUH 3aBUCUT OT YHCIa
CITOEB, CTAJIKUBAETCS C OOJBIIMMU MaTEeMAaTHIECKUMU TPYTHOCTAMU. [[0aTOMY, B OCHOBHOM, pelieHHe
Takoro poxa 3anay (nuddepeHnranbHbIX YpaBHEHUH ¢ TIepeMEHHBIME KOAQQHIIUEHTAMI) TIPOBOASTCS
YHCIIEHHO.

CyTh MeTOoda 3aKII04aeTcs B TOM, YTO HEJIMHEIHBIC YJI€HBbl MOMELIAIOTCS B IpaBble 4YacTU
ypaBHEHUI PaBHOBECHS U PACCMATPHUBAIOTCS, KaK TOTIOTHUTENbHBIE 0000IMIEHHBIE CHITBI, BRIYHCIISIEMbIE
10 3HAYCHHUSIM O0OOIIEHHBIX KOOPIUHAT, MOJYyUYSHHBIM Ha MPEAbIAYIINEeM Iare Harpyxenus [4]. s
YIYULICHUS] CXOAUMOCTH PE3yJIbTaTOB MPUMEHSAIOTCS] UTEPALlMOHHBIE METOABI M SKCTPATIOISIIMSL.

4.AHanu3 pe3yabraToB. [lo pa3paboTaHHOW mMporpaMMe ¢ MPUMEHEHHEM OCECHMMETPHYHBIX
KOHEYHBIX 3JEMEHTOB B T'€OMETPHUYECKH HEIMHEHHON MOCTaHOBKE OBUIO HCCIENIOBAHO TMOBEICHHE
TOPOUAATBHON OOOJOYKM TpU JEHCTBUM OBICTPOBO3PACTAIONIETO M BHE3AIHOTO BHEIIHETro
HOpMaNbHOTO naBieHust [1]. Pesymprarel pacu€ToB mokaszamu, 4To (JOpMa IOBEACHUS CEUCHHS
TOPOUIATBHON O000JOYKH HE 3aBUCHT OT (OPMBI HAYATBLHOTO TIPOTHOA, a OIMpemeyseTCs €ro
CUMMETPUYHOCTHIO U KOCOCUMMETPUYHOCTHIO OTHOCUTENIBHO TOPU30HTAIBHON OCH CEUeHHUS.

5. 3akaouenne. BriBeneHa MaTeMaTHUeCKash MOJIENb UCCIIEOBAHNS 000I0OUEYHBIX KOHCTPYKITUI
Y3 OJHOPOJHBIX M KOMIIO3UIIMOHHBIX MaTEPHAJIOB NPU CTATUYECKUX M ITMHAMHYECKHX Harpys3kax B
F€OMETPUYECKU HEJIMHEWHON TOCTAHOBKE.

[K] = = %ff 0"¢"dA — marpuna KECTKOCTH;

) .
=% [[(e"Ae" + "By + £"Ae")dA — reomeTpuuecKy HEMMHEHHBIH UneH;
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MATEMATHYECKOE MOJETMPOBAHHME JMHAMUYECKON YCTOMYMBOCTH
OBOJIOYEYHBIX KOHCTPYKIUM ITPH BOJIbIIUX YIIPYTOILIACTUHYECKHX
JE®OPMAILIUSIX

Xaiipnacos K.3.

AnHoTanms. B HacTosmeli paboTe paccMaTpHBaeTCsl MaTeMaTHYeCcKast MOJIEb AMHAMUYECKON yCTOHYMBOCTH KOJIBLEBOH
IUIACTUHBI ITPY OOJIBLIMX YIPYTOIUIaCTHYECKUX AedopManusix. 3agauy TaKoro pojaa BCTPEYaroTcsl IPH LITaMIIOBKE JABJICHHUEM,
HampuMep, UMITYJTbCHBIM MAarHUTHBIM IIOJIEM KOJNBIEBBIX IUIACTHH, ONEPTOM MO BHYTPEHHEMY KOHTYPY aBHAIIMOHHBIX
KoHCTpyKuui. [IpoBenénnsle ucciaenoBaHus MMOKa3all XOpOLIee COrIacoBaHUE NMPEATOKEHHON MaTeMaTHUeCKON MOAENH C
MPECTABICHHBIMA SKCIEPUMEHTANBHBIMUA JaHHBIMH. OCHOBHBIM pe3ylbTaTOM HACTOAIIETO HCCIICIOBAaHMS SIBHIACH
BO3MOJKHOCTb YIIPABJIEHHS POI[ECCOM ITOTEPH yCTONIUBOCTH TOHKOCTEHHBIX ITACTHH M 000JI0UYEK ITPpU OOJBIINX yIIpyToIuIac-
THUYECKUX Ae(OpMALIX B YCIOBHUIX IHHAMHUYECKOTO HATPY>KCHUSL.

1. Beemenme. I3roToBjicHHE TOHKOCTCHHBIX JeTalicl, MMEIONIMX BBINYyKJIbIe 0OOpTa,
TPAIUIIMOHHBIMA METOJAaMH IITAMIIOBKA  COMPOBOXIAETCS TOTEpel YCTOWYMBOCTH WM OOJIBIIUM
00BEMOM PYYHBIX TOBOAOYHBIX paboT u Opaka. IIpuMeHeHHE AMHAMUYECKOTO HArpyKeHHUS H, B
YaCTHOCTH, INTAMIIOBKH MJABICHUEM WMITYJILCHBIM MAarHUTHBIM TIOJIEM IO3BOJISIET 3HAYUTEILHO
«OTOJABUHYTBH» MOTEPIO0 YCTOWYUBOCTH 3arOTOBKH, YIYUIIUTh KAYECTBO U CHU3UTh CTOUMOCTb JeTalei.
[Ipo0GirieMbl TMHAMIYECKOH YCTOMYUBOCTH MTPH OOIBIIHX MEPEMEIICHUSX TUIACTHH ¥ 000JI0YEeK U3YYEHBI
KpaiiHe He0CTaTOYHO, He MpeaiokeH (U3NIECKH 0OOCHOBAHHBIM KPUTEPUH MOTEPH YCTOWIHBOCTH.
Bo mMHOrux omnepanusx XoJIOAHOTO NeOPMUPOBAHUS MOTEPS YCTOHUYMBOCTH MPOUCXOAUT B MOMEHT
(hopM0o0OpazoBaHUA KOHMYECKOTO MoydadpruKaTa 13 IIOCKOH KOJIBIEBOM TUIACTUHKH, YeM H BBI3BaH
BBIOOP pacu€THON MOJICITH.

HccnenoBannio KOHCTPYKIUA TIPU  JEHCTBUM KPATKOBPEMEHHBIX JHHAMHYECKUX HArpy30K
yACTSIOCh 3HAYUTENbHOE BIMsAHUE B paborax [1-4]. B To ke Bpems ydecTh MHOTOYHCIICHHBIC
rnapamMeTpbl JAMHAMHYECKOTO HArpy’>KEHUsI TaKWe KaK CKOPOCTb HAarpyXeHHs, XapaKTEpUCTHKHU
JMHAMHYECKOTO TOBEICHHsI MarepHana W T.J. JAaXe B HECKOJIbKUX PaboTax HE MPElCTaBISIETCS
BO3MOYHBIM.

2. IlocramoBka 3amaun. McciaenoBaTh IIOBEIEHUE KOJIbLIEBOM IUTACTUHKH, ONEPTOM IO
BHYTPEHHEMY KOHTYpY IpH JEHCTBUM IJUHAMUYECKUX HArpy30K BBICOKOM WHTEHCUBHOCTH. Ilpum
pelIeHu: 3aJaud MPEAroiOXKUTh, YTO CBOMCTBA MaTepHaia OMUCHIBAIOTCS TEOpPUEH IUIACTHUYECKOTO
TEUCHHUA W YAOBJIETBOPSIOT YCJIOBHIO TekydecTh Museca. TpeOyeTrcs MOCTpOUTH MaTeMaTHYECKYIO
MOJEJIb IOBEIEHUS KOJIbLIEBOW INIACTUHKY IIPHU AEUCTBUM WHTEHCUBHOI'O IMHAMHUYECKOIO BO3ACHCTBUS
B T€OMETPUYECKU 1 (PU3NYECKU HEJTMHEHHOMN MOCTaHOBKE.

3. MeToa u nocTpoeHue peuieHns. 3agava perraeTcsi METOJ0M KOHEUHBIX JIEMEHTOB. B kadecTBe
KOHEYHOT0 »3JIEMEHTa MPUHUMAJICS TOHKOCTEHHBIH OCECHMMMETPUYHBIA KOHEUHBIM 3JIEMEHT C
anmpoKCUMAIliel epeMeneHnii B HalpaBICHUN HOPMaJIH, KOJBIIEBOM U PagrualbHOM HaIllpaBJICHUH B
BH/JIC TIOJIMHOMOB OT PalaIbHOTO PACCTOSHUS U pAoB Dyphe B KOIBIIEBOM HaNpaBiIeHUU [5].

MareMaTu4yecKy0 MOJAEb AJsl UCCIECA0BAHUS KOHCTPYKLUMHM U3 OAHOPOIHBIX U KOMIO3ULUOHHBIX
MaTepuaNoB TIPM HMHTEHCHBHBIX KPAaTKOBPEMEHHBIX BO3ACHCTBUAX MpH OONBIUX AePOopMammsiax
MIpEJICTaBIAETCS B BUIE

Mg} + [K{q} = {Q} + {40} — [K:{a} — (0"} — {Q"}, (1)
rae [M] = a%ff(uz + 02 + W2 + Bl + Pglg) dA — matpuna macc;
[K] = aZ:) = :—qﬂ o'e’"dA — marpuna KECTKOCTH;

d
{0} = a—qff(Puu + P,v+ P,w)dA — BEKTOp BHEIIHHX CHUIT;
HIYl — aU”3 M
oy =22+
d .
K; = 3 [f(c,, + 0}4.,) €"dA — MaTpulIa HAYATIEHBIX HATIPSKEHMUIA;

ow®
(a0} ==

BHCHIHUX CUJI AJI1 HCKOHCCPBATUBHLIX HATI'PY30K;

d ooy
= aff (e"Ag" + €"By + £"Ae")dA — reomeTpuyeCcKU HEITHMHEIHBIN YICH;

= :—q (Jf (=P, w(es + eg) + P,ve,3 + P,ue;3)dA)/2 — u3sMeHenne noteHuyana
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2 .
{Qr} = % [f(c" + 6")e" dA — BeKTOp HAKOTICHHOM MIACTHYHOCTH.

Marpuiia ynpyro-miacTideckux aedopMaiuii HAXOIUTCS U3 COOTHOIICHIUS

{o} = [En,){e}

{o} = {0y, 09, 04, T5, Toz Tsz} — BEKTOp-cTONOEL HanpskeHnit; {1} = {&;, €9, €5, €59, €02) Esz} —
BEKTOP-CTOJIOCT] eopmartuii;

T T
[E..] = |[E]— % — YIPYTo-IJIaCTHIECKUM MOMIYJIb;
o. EET
{A}=6-{0, — 0,,09 — 0,,0, — 0y, 2Tsp, 2Tg4, 2Ts,}, 0, = 05 + 09 + ?Z,H = 5T

[Tepexon Kk 30HE IIACTUYECKOTO TEUCHUSI OCYIIECTBISCTCS MIPHU BHIIIOJHEHUU YCIOBUS IIACTHYECKOTO
TeueHust Museca:
\/OJS((US - 09)2 + (0-9 - 02)2 + (Us - 0-2)2) + 6(‘[256 + TZBZ + Tzsz) > or

B dopmynax (7) 0603HAUEHO: «JD» — TMHEHHAs! KOMIIOHEHTA, «H)» — HEJIMHEWHAs KOMIIOHCHTA, «HaY
— HaYaJbHOE HaIpsDKeHUE (MIpeIHANPsDKEHNE), TOUYKa Hal OyKBOW o3HavaeT AuddhepeHITMpOBaHUE 10
BpEMEHU.

B BhIpakeHuu 3HEpruu aedopMalvu yACPKUBAIUCH HEIMHEHHBIC WIEHBI BILIOTH JI0 YETBEPTOTO
MPsIIKa BKIIFOYUTENBHO.

[Ipu pemenun ypaBHeHuU (1) HENMMHEWHBIE YICHBI ITOMEIIAIOTCS B TPaBble YaCTH ypPaBHEHHM
paBHOBECUST U PACCMATPHUBAKOTCS, KaK JIOMOJIHHUTCIbHBIC OOOOIIEHHBIC CHJIBI, BBIYUCIIICMBIC I10
3HaYeHUSIM O0OOOMEHHBIX KOOPAHWHAT, MOMyUYEeHHBIM Ha TpEIbIAyIIeM Inare HarpyxkeHus [1-5]. Jlms
YITyHIIEHHUS] CXOOUMOCTH PE3YJIbTaTOB MPUMEHSIOTCS UTEPAIIIOHHBIE METOABI M SKCTPATIOISIINA.

Pemenre 3amaun 0obIIMX HepeMelneHuit 1 nedopMaliuii pacnaaaercs Ha HECKOJIbKo 3tanoB. [Ipu
JIOCTUKCHUY TIPOTHOOB MOPSIKA MOJOBUHBI TONIUHBI TUTACTUHKU OT UCXOJAHOTO COCTOSIHUS, MAaTPHUIIBI
Macc, JKECTKOCTA W BEKTOP OOOOIMIEHHBIX BHENIHHX CHJI MEPECUYUTHIBAIOTCSA C YYETOM JOCTHTHYTOTO
YPOBHS HAMPsKEHHO-TE(HOPMUPOBAHHOTO COCTOSHHUS M W3MCHUBIIECHCS TEOMETPHH IUIACTHUHBL.
[Ipouiecc BBIUUCHCHUS TPOAOIKAECTCS A0 MOTEPU YCTOMUMBOCTH IJIACTHHBL 3a KpPUTEPUM MOTEpHU
YCTOWYHMBOCTH MPUHUMAETCS Harpy3Ka, MpH KOTOPOW MPOUCXOAUT Pe3Koe BO30YkKICHHUE TaPMOHUKH,
OTIUYHON OoT HyneBoH. [lomydeHHBIEe pemieHHs OBLIM MCIONB30BAHBI MPH pacdyére TUHAMHYECKUX
ImpoueccCcoB OT60pTOBKI/I, BBITSDKKH 0€3 MNpHXKMMa W BBITSAXKEC B MAaTpUIC C KOHHYCCKHUM 3aXOOAOM.
Habmoganochk corimacoBaHue TEOPETHYECKUX M OKCIEPUMEHTANBHBIX PE3yJIbTATOB, MPHUBEIEHHBIX B
pabore.
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OB OJJTHOM CMEIIAHHOM KPAEBOM 3AJIAUM AHU3O0TPOITHOM ABYXCJIOMHOM
IJIACTUHKH IIPU HEITOJTHOM KOHTAKTE MEXKIY CJOSIMA
Xayatpsan A.M., banacansn E.C.

AnHoTtanms. O6CcyXaaeTcs BOIPOC OIpeieNIeHUs HAPsHKEHHO-1epOPMHUPOBAHHOTO COCTOSIHUS B TPEXMEPHOM 3a1aue s
aHM30TPONHON JIBYXCIOMHOH IUIACTUHKHU, HA JIMLEBBIX IIOCKOCTSIX KOTOPOH 3aJaHbl CMELIAHHBIC KPAEBbIE YCIOBUS TEOPHU
YOPYTOCTH, IIPH HEMOJHOM KOHTaKTe MeXIy closMu. C IpUMEHEHHEM acCHMITOTHYECKOTO METOJA IOCTPOCHBI PELICHUS
BHYTpEHHeH 3a1aun. PaccMOTpeHbI KOHKpETHbIE IPUMEPBI.

B pabote [1] acHMITOTHYECKIM METOIOM MTOCTpOSHA MPHOIIKEHHAS TEOPHUS H3THOA IIACTHH U3
M30TPOMHBIX MaTepuanoB. KiaccMueckue CTaTHYeCKHe KpaeBble 3aJadd aHW30TPOIHBIX I0JI0C,
IIaCTUH U O00O0JIOUEK AaCHMOTOTHYECKHMM METOJOM peHIeHBl B [2]. ACHMITOTHYECKUH METO
WCITOJIB30BaH IS PEIICHUS BTOPOW W CMENIAHHBIX KpaeBBIX 3amad B [2,3]. B [4] TeM ke MeTomom
OTpENICIICHO HanpsHKEHHO-Ie(hOPMUPOBAHHOE COCTOSIHAE CIIOMCTOM IJIACTUHKU, CIIOM KOTOPOM
001aIal0T aHW30TPOIUEH 00IIero Buaa. BBUIO MPOBENIEHO COMOCTABJICHUE BHIBEICHHBIX OCHOBHBIX
YPaBHEHUH C COOTBETCTBYIOIIMMHU ypPaBHEHUSAMH KJIACCHYECKOW TEOPHH CIOWUCTBIX TUIACTHH, KOTa
MMeeTCs IDIOCKOCTh YIPYTOH CHMMETPHH.

B pabotax [5,6] paccMOTpeH BOIpOC ONpeAesieHus HanpsoKEHHO-TeQOPMUPOBAHHOTO COCTOSHUS
AQHU30TPOIHON OAHOCIOMHON M CIOMCTOM TEPMOYNPYToi MIACTUHKU, KOTJa Ha OJAHOW M3 JIULEBBIX
MMOBEPXHOCTEH 3a7laHbl 3HAYCHHs HANpsOHKeHWH, a Ha JPYrod — HOpMajbHAas KOMIIOHEHTa BEKTOpa
MepeMeNIeHUsT U TaHTECHIMAIbHbIC HanpsbkeHus. CMemaHHas KpaeBas 3ajava JUis aHU30TPOIHOMN
IJIACTUHKY pelieHa B [7].

PaccmarpuBaeTcst cmemaHHas KpaeBas 3afada TEOPHUHM YIPYTOCTH I JBYXCIOWHOU

aHU30TPONHON  mmactuaku: Q= {(x, Vv, Z):O <x<a,0<y<b,—h, <z<h,h+h, << l}, Ha

JIMLEBBIX IJIOCKOCTSX KOTOPOH 3aJaHbl CMEIIaHHbIE KPaeBble YCIOBUS TEOPUH YIPYrocTH. Benndaunel,
OTHOCSIIIIUECS] K BEpXHEMY CIJIOI0, OTMEUeHbl MHAeKkcoM (1), a K HHKHEMY CIOoI0 — HHAEKcoM (2).

Tonumasl 1 KO3QGUIMEHTH YIPYTOCTH CIOEB COOTBETCTBEHHO /1, W d i(jk) (k = 1,2). al= max(a,b)

Ha JIMICBBIX IJIOCKOCTAX INIACTUHKU 3aJaHbl TDAHUYHBIC YCIIOBUS:

o =67 (x,»), O'(yzz) =0, (%), w? = %w (x,y) mpu z=-h,
(1)
u') = étf (%), W= %f (%), G(Zl) = %G: (x,y) npu z=h,.

Memﬂy CJIOSIMH BBITIOJTHSCTCS HEITOIHBIN KOHTAaKT, TO €CTh IIPU Z = 0

0 Z 6 60 =6, 6 =6, W = 4@ 40 = £ (x), v = £ (ny) @

Xz xz > Syz T Tyz o z z

(o) (o)

Jna pemieHust moctaBieHHOW 3afadd OyAeM HCXOAWUTh M3 TPEXMEPHBIX YpaBHEHUIl TeopHH
ynpyroctu [2]

B 5THX ypaBHeHHsIX, BBOJI Ge3pazMepHylo koopaunaTHyto cuctemy & = x/I, n=y/l, {=z/h
u 6espasmepurie nepememenms U =y®) / [, v =y / 1, w :w(k)/ [, momy4um cucremy,
KOTOpAsi COMIEPKUT Malblil reoMeTpuueckuii mapamerp € = /. Takke HCTIONB3YIOTCS ClETyIOLIHE
obosnauennss  C, =h /h, {, =—h,/h, b+ h, =2h. Pemenue mnonyYeHHOH  CHHIYJISAPHO-

BO3MYIIEHHON CUCTEMBI COCTOUT U3 PEIIEHUH BHYTPEHHEN 3a/]Ja4i U TOTPAHUYHOTO CJIOSI.
Jns perenus BHyTpeHHEH 3a1a4y UCIIONB3YETCSl aCHMIITOTUYECKUI METOJ] MHTETPUPOBAHNS U BCE
HaIpsKeHUs U EpPEeMEIeHNs IPEICTABISAIOTCS B BUAE CyMMSI [ 1-4]:

S
Q(k) — ¢ Z SSQ(M) 4)
s=0

k N .
rie Q( ) — mo6oe 13 HANPSHKSHUH WM 0e3pa3MepHBIX IepEMEIICHU.
3HaueHUs A1 ¢ TOIOMPAETCs TAKUM 00pa30M, YTOOBI MOTYyYHUTh HEIIPOTHBOPEUNBYIO cHcTeMY. Jlis
paccMaTpuBaeMoOM 3a1a4uu 3Ta Lellb JocTUraeTcs mnpu [3, 5-6]:

135



g=-1 ms o6 o o® gy e L0 g o) oW 5)

x 27y 2¥xy 2Tz 9 xz 2 yz
Honcrasmsist (1.4), c yu€rom (1.5), B mpeoOpa3oBaHHBIE YPaBHEHUS TEOPUH YIIPYTOCTH U HHTETPHUPY ST
HOJIyYEHYIO CHCTeMy MO ( , OIydnM:

(ks) _ <*(kss) (k) Slhos) _ M) L (kos) (kss) .
c." ' =0"+0,,,0," =0+t +a,6.,", (x,y,a,b),
k.s *(ks ks
U =y ) ) (UL Y, W), (6)
(ks) _ M) o (hs) | (k) ((Kos) o (ko) _ *(ks) | (kos) (k.s)
ny - ny + txyO + ¢ 'G,y >0, =0, + Tyt g + G0 > (x7 y)
o k,s k,s k,s
3HaueHMs HAMPSHKEHUH ‘CECO ), ’EEWO) , TECZ] ) 1 BenmamH co 3BE370YKAMH OIPENEISIFOTCS, KaK B CIIydae
OJIHOCIIOMHOM KJIACTUHKH, HEOOXO0ANMO 00aBUTH BEPXHUI HHJIEKC k.
(k,s) (k,s) (k,s) (k,s) (k,s) (k,s)
Gy.0 50,0 >0, »Uy Vg W, ' — HEH3BECTHBIC (YHKIMU WHTETPUPOBAHUS ONPEACTSIOTCS C

nmoMoIpo yciosuit (1) u (2).
bonee mompoOHO paccMOTpeHa MOJENbh HEXECTKOrO KOHTaKTa. Toraa ycloBUS HEMOIHOTO
KOHTaKTa MPUMYT BUJI:

/ l
u? — V) = e ZG” (z = 0), W ) = X2 chz (Z = 0) : @)

3
Il TOCTOSHHBIC ¥, ,%, WMEIOT pa3MepHOCTb M~ /H W [ aHU30TPOIHBIX MAaTEPHAIOB HMEIOT,

BOO6H.I€ roBOPs, pa3HbIC KOJINYCCTBCHHBIC 3HAYCHUS.

[ns onpenenenns Gg’(;) u G(yi’os) BbIBE/IEHA crcTeMa Au(epeHInaIbHbIX YPaBHEHUI:
2 2,8 2 2,8 2,8 K
X Ly (Czﬁ ))Gon) +% Ly, (Czﬁ ))G(yzo) _ngo) = pl( ) ®
Xi L12 (C;E'Z) )Ggg) + % L22 (Cy) )G(yzzjg) _G(yzz,oS) = pg‘g)

e L, (C l](z) ) — u3BecTHHIE N depeHIraTbHBIE ONIepaTopsl, a pl(s)n pgs)— 0000IIEHHBIC HATPY3KH.

Nmes pemenue cuctemsl (3) mo ¢popmynam (6), MOTyIHM OKOHYATENBHOE pellleHHe BHYTpEHHEH
3agaud. B kauecTBe WILTIOCTpalMy pacCMOTPEH YaCTHBIM MpUMep, Korna

27 27 27

. _ _ 2n _ . .
c.=0,u"=v"'=0,w =0,0_ =1,08—Xx cOS— ), G_=T,sin—x sin— y. )
a b a b
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COBMECTHAS PABOTA NOJIJUMEPKOMITIO3UTHOM APMATYPbI C IEMEHTHBIM
BETOHOM

Xo3un B.I'., I'm3garynnun A.P.

Annortanmsi. [IpuBeneHs! pe3ynbTaThl KCIICPHMEHTAIBHBIX HCCICIOBAHUN CIEIUICHUS] IIEMEHTHOIO OETOHa Pa3IM4HOro
Kjacca ¢ moauMepkommnosuTHoi apmarypoi (ITKA) ctekiio - u 6aabTOMIACTHKOBOM, UMEIOIICH Pa3HBIN THUI MOBEPXHOCT-
HOrO peibeda CTEepXKHEH, 00pa3syeMoro HaBMBKOW Ha HHX TOHKOTO JKIyTa, IPONUTAHHOTO CBS3YIOIIMM HWIIN
«orecuaHuBaHueM». [lapaienbHo UCIIBITaHbI Ha BRIPBIB U3 OeTOHA 00pa3ibl CTANBHOI apMaTyphl IEPHOJUICCKOTrO POdH-
11 A400. YcraHOoBieHa poiib TPEHUS, aAre3ud U MexXaHWdecKoro 3aueruieHus Ha cuemieHus IIKA u Gerona. Oueneno
BJIMSTHUE [TPOYHOCTH OETOHA M PA3IMYHBIX IKCIUTYaTAIHOHHBIX ()aKTOPOB HA MPOYHOCTH CIEILICHUSI C GETOHOM.

B cratee pmaHa knaccupuKanMs TOIMMEPKOMIIO3UTHOM apMaTypbl, €€ XapaKTepUCTHKUA B
COOTBETCTBUM C MEXIOCYJapCTBEHHBIM cTaHaapToM 31938-2012 «ApmaTtypa KOMIO3UTHAs TTOJIUMED-
Hasl U1 apMUPOBaHUS OETOHHBIX KOHCTPYKIMK. OOIIUe TEXHUUECKHE YCIOBUS.

IlpuBenensl pe3ynbTaThl HccienoBaHUs TpouyHocTH crerieHuss [IKA pasnuuHoro Ttuma
MOBEPXHOCTHOTO NPOQHIIs pH BHIPBIBE U3 OETOHA Pa3HOTO Kiacca, MPOBEAEHHBIE METOAOM IPSMOT0
BBIpBIBa 00pasmoB. [lokazansl xapakrep u kapTtuHa paspymeHus [IKA u 6eToHa B KOHTaKTHOH 30HE,
auarpaMMbl  «HampsbkeHue cremieHus-negopmanus [1IKA». HccnemoBaHo BiMsHHE BHEIIHHX
(haKTOpOB, MOJENUPYIONINX pa3IMIHBIC YCIOBUS MPOW3BOACTBA M IKCINTyaTallMl KOHCTPYKIMIA Ha
cueruienue [1IKA ¢ 6eToHOM: TeMIlepaTypHO-BIaKHOCTHOH 00paOOTKH, OBBIIICHHBIX U MEPEMEHHBIX
TeMmnepaTryp, UIEJIOYHOM Cpelsl B CpPaBHEHHM CO CTaJlbHOM apmaTypoil. BreimoiHeH pacu€THo-
TEOPETUUCCKUI aHamu3 (PU3NUECKUX MOJIENCH CIeTUIeHUs] ¢ OETOHOM YETHIPEX HCCIIEAYEMBIX THUIIOB
I[NIKA xak cymMMBbl TpEX (PakTOpOB: aare3ud OETOHA K IOJMMEPHON MOBEPXHOCTH, MEXaHHUYECKOTO
3alleTUICHNS 33 BBICTYIAIOIIME JIeMEHTHI MpoQuiisi U TpeHusi. Ha ocHOBe 3TOro aHamm3a MmocTpOSHBI
KpUBBIE «HArpy3Ka-pockanb3biBaHue» A Bcex TunoB [IKA ¢ yuérom BkiIaja KaxIoro u3 TpEX
Q)aKTOpOB B UIBMCHCHUEC BCJIIMUYUHBI CLCIIJICHUSA IIPU BBIPBIBE.

[To pe3ynmbpTaTaM HCIBITAHUH YCTAaHOBJIEHO, YTO POCT MPOYHOCTH OETOHA MPUBOIUT K TMPOTOPIHO-
HaJIbHOMY YBEJIMYEHHUIO NMPOYHOCTH cueryieHus ¢ HuM Bcex TumnoB [IKA. Ilpu stom, nambosnbiine
BennuuHbl cuerieans [IKA ¢ 0eToHOM IUMHUTHPOBAaHBI MPOYHOCTHIO CaMOTO KOMIIO3UTHOTO
MaTepuana, OJIMMEPHOTO CBA3YIOIIEro Ha CABUT M €ro ajre3nei K BOJIOKHUCTOMY HAOJIHHUTENIO U K
3epHaM mecuyaHod «mochlmku». IloaToMy, TmoOCie [OCTMDKEHHMsI MAKCHUMAJbHBIX —3HauyeHUU
(ompenenénnsix g kaxaoro Tumna [1IKA), yBenndueHne npodHOCTH O€TOHA, MPAKTUYECKH HE MEHSET
€ro CLEIUICHHE ¢ KOMIIO3UTHOM apMaTypoH, B OTIIMYKE OT MPOMOPIHMOHATIBHO PACTYILErO CLEIUICHUS
CO CTAJILHOM.

Ha ocHOBaHMM MpoBEeNEHHBIX MCCIETOBAHUHN CPOPMYITHPOBAHBI PEKOMEHIAINHU TI0 KOPPEKTUPOBKE
3HAYeHUH KO3(P(PUIMEHTOB, YYHTHIBAIONIMX THUI MOBEPXHOCTHOTO MpOQuIsi, B METOIUKE
nectByromero CII 63.13330.2012 no pacu€ry JMHBI aHKEPOBKH U LIUPHUHBI PACKPBITUS TPEILUH
O0ceToHHBIX KOHCTpYKIni ¢ IIKA. JlaHBI pekoMeHmanud 10 TPOSKTHPOBAHWUIO M H3TOTOBICHHIO

nsrubaeMbix KoHCTpykumid ¢ [TKA.
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MATEMATHYECKOE MOJIEJTMPOBAHUE KOHTAKTHOI'O B3AUMO/JENCTBUS TEJI
CJIOKHOM ®OPMbI C YUETOM U3HOCA

Yeodaxos M.U., lanunbuenko C.A., JIanun A.A.

AHHoTanus. IIporaozupoBanue U3HOCAa OTBETCTBEHHBIX JETalel pa3IM4HbIX TPUOOCONPSIKEHUIl B MALUIMHOCTPOCHUH
MIPEICTABIAETCS OJHOM M3 BakHeHWmux 3agad. OZHUM M3 MyTeil MpPOrHo3a SBIAETCS MAaTeMaTH4EeCKOE MOJAEIHUPOBAHUE
KOHTAKTHOTO B3aUMOJEHCTBUS AeTajnell y310B TpeHHs NMPH HaIUYUM W3HOcAa. B HacTosiee Bpems B IHTEpaType ONMHUCAHO
JIOCTaTOYHO MHOTO Pa3IMYHBIX MOJelNeH u3Hoca. X MaTemMaTHyecKkue BBIPaKECHUS BapbUPYIOTCS OT HPOCTHIX IMITUPHUIECKIX
COOTHOIICHUH OO CIIOXKHBIX YpPaBHEHUH, ONHMPAIOIIUXCS Ha (HU3WYECKHe IOHATHA M ompexpencHus. Ilapamerper u
NIepEeMEHHBIC, MWCIIONb3yeMble B HHUX, 9YacTO JCHCTBUTENBHBI TOJNBKO JUI KOHKPETHBIX CIy4aeB. B pyccKOs3bIYHOI
JUTEepaType IHPOKO M3BECTHHI paboThl Anekcanaposa B.M., 'ammna JIA., I'opstaeBoit U.I"., JJo6sramuna M.H., KoBanenko
E.B., Koamoropuesa B.®., KopoBumnckoro M.B., Kpareasckoro W.B., Mamxupoa A.B., ConparenkoBa W.A.,
Topckoii E.B. u 1p., B KOTOpBIX HUCCIIEAYIOTS 3aJauyll O KOHTAKTHOM B3aUMOJEICTBUM NPH HAIMYMU U3HOCA B PA3IMYHBIX
nocraHoBkax (cM. [1] u ap.)

B npencraBnsieMoit paboTe B KauecTBe MpUMeEpa pacCMaTPUBAETCS HECTALIMOHAPHAS KOHTAKTHAA 3a/1a4a, MOJEITHPYIoIas
B3aMMOJEHCTBUE BPAIAIONIErOCs TOPMO3HOTO JIHCKA M TOPMO3HOH KOJNOAKH IPH HATHYUH H3HOCA WX KOHTAKTHPYIOLIHX

HOBerHOCTefI. CKOpOCTI) H3HOCAa paCCUUThIBAIIACH COIIACHO MOACIN ApKap;[a 1pH pas3siIMIHbIX 3HAYCHUAX €€ ITapaMETpPOB.

1.Pemenune 3agaun. [y peneHns MOCTaBICHHOW 3a7add OBLI MCHOJIH30BAaH METOJ KOHEUHBIX
JJIEMEHTOB M CHEIMAIBHBIH TporpaMMHbId Komrutekc ANSYS. [l yiIydmeHds CXOIUMOCTH
ajropuTMa pacu€ra 3aJayd U COKpAalIEHHS BPEMEHHM BBIUMCICHHUM pElIeHHE OCYILECTBIISUIOCH B JBa
stana. Ha mepBom »3Tame pemianach cTaTUyeckas KOHTAaKTHAs 3aJadya TEOPUU YIPYTOCTH O
BJIABIMBAHWM KOJOAOK B YIpyrud nuck. Ha BTopoM »sTame — HecTanmpoHapHas 3afada o
B3aMIMOJCWCTBUN BPAIAIONIET0 JAWCKA M KOJOJOK ¢ y4&TOM TpeHHs W m3Hoca. CKOpPOCTh M3HOCA W
paccUmTHIBajIach coriacHo Moaenu Apkapaa (Archard) [2]:

K
—_ > qn m
w= H Vrelp s
rae K — xoadduuument usHoca, H — TBEPROCT Marepuana, V,, — OTHOCUTENbHAs CKOPOCTb

CKOJIBXKCHUA, p — KOHTAaKTHOC OABJICHUE, m,Nn — IMOJOXKHUTCIBHBIC YHUClIa.

KonedHo — arieMeHTHas ceTka CTPOWJIACh C HMCIIONB30BaHUEM 20-y3IIOBBIX YIPYTHUX IIIEMEHTOB
SOLID186. C momompio crenuanbHbix MakpocoB APDL ANSYS Ovuto obecriedueHO MPHUCBOCHHE
STHUM 3JIEMEHTaM Pa3IHYHbIX TTOCTOSHHBIX 3HAYeHUH Moayns tOHra.

Jns MomenupoBaHusl KOHTAKTHOTO B3aUMOJICHCTBHSI MEXKAY MOBEPXHOCTHIO JHUCKA W TOJOIIBOM
KOJIOJIKH CO3/1aBajlach KOHTaKTHas mapa, onpeneinsemas snemearamu CONTA174 u TARGE170.

Z[J'ISI peUICHUA HeCTaHHOHapHOﬁ 3a1adu ObLIH YCTaHOBJICHBI MHWHHUMAJIBHOC W MaKCHUMaJIbHOC
KOJIMYECTBO TIOJIIIATOB, MaKCHMAaJbHOE KOJUYECTBO HTEPAalUH JUIsl KaKIOrO TOJINara, a TakkKe
YCTaHOBJICHBI MMapaMeTpPhl, IMO3BOJIIONINE TTAKETY OIMPENeNATh ONTUMAIBHBIA IIar M0 BPEMEHHU IPH
pacuérax.

2. PesyabTatsl. McciaenoBaioch BAMSHHE MapaMETPOB MOJACTH ApKapja Ha BEIUYUHY W3HOCA
JIMCKa W KOJOJIOK, a TaKKe Ha MX HaIPsHKEHHO-IeOpMUpOBaHHOE cocTosHIe. DopMa KOJIOIKH Oblia
BEIOpaHa B BHJE CEKTOpa AWCKA C YKa3aHHBIMH Jaiiee paguycamu. Hmke B dacTHOM ciydae
MPUBEJICHBI YMCIICHHBIC PE3YJIBTATHI MPU CICIYIONINX 3HAYCHHUSX MapaMeTPOB: BHYTPCHHUN pajnycC

out

macka R =0.12y, BHemmmii pamuyc aucka R4 =0.22m, tonmuna aucka h,, =0.02m,

disk
out

BHYTpEHHUH paauyc konomku R;', . =0.14m, BHemnHuii panuyc konoaku R . =0.2m , TonmuHa
xonoaku h, , . =0.02m, yron mexay OOKOBBIMH TpaHAMH Konogku o =60°, Momymb ynpyroctu
mucka E,, =200/Tla, mnnotHocts jucka p,, = 78002/ om’, ko3 durment Ilyaccona
v, = 0.3, Mmomyms ynpyroctu mucka E, ., =70[Tla, nnotHocts mucka p, .. = 26992/ cm’,

ko3¢ dunuent Ilyaccona v, ,. =0.36. Cxopocts Bpamenus aucka V =3000/mun , BenuduHa
BrasnuBaromeil cunsl P =0.1MH , ko3 dumment tpenust k =0.2. OOmee Bpems aBuxeHus ¢t =50c.

Coorromenne K /H canranocs mocrosuusM: K/H =0.5-107" .
BBuny pa3inuyHOlN JIMHEWHOH CKOPOCTH JBWXKEHHS TOYEK JMCKA, U3HOC TAK)KE HEPaBHOMEDEH.
Pe3ynbrarel npuBeneHs! 1Sl MAKCUMaJIbHOTO M MUHMMAJIBHOTO 3HaYEHMH M3HOCA CPEAH BCEX TOYEK
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cucreMbl. B Tabn.1 mpezncraBneHbl pe3yibTaThl pacd€TOB IPU PA3IUMYHON BEIMYMHE KOHEYHOI'O
sanemenTa mpu m=1,n=1. B Tabn.2 mnpeacTaBieHbl pe3yNbTaThl PACYETOB MPU PA3TUYHBIX

3HAYEHHUSX OKa3arenas m, n =1

Ta6n1/1ua 1. 3HayeHHs U3HOCA ¥ KOHTAKTHOTO JaBJICHUA IIpHU paSHI/I‘{HOﬁ BEJIMYMHE KOHECYHO-3JICMEHTHON CCTKH,

m=1n=1
JIMHEHHBIN Sy —— ST — KonrakTHoe KonraktHoe
pasMep u3Hoca O _. ,M | HW3HOCA O_. , M FABICHHE ] min » JABIICHHC ¢ gy »
JIIEMEHTa, M min > max > MIla MIIa
0.013 0.320-10°° 0.651-10°° 0.074 0.120
0.02 0.326-107° 0.628-10°° 0.073 0.123
Tabnuma 2. 3HadeHns H3HOCA U KOHTAKTHOTO JABJICHHMS NIPU Pa3IMIHON BeIWIUHE 711
KonTakTHOC KonTakTHOE
3HaYCHHUE Benuunna Benuunna
nokasarens m | M3Hoca O_. ,M | HM3HOCA O, ,M HABTCHHE ¢y JABIICHUC (g
MlIla MlIla
0.75 0.116-107 0.348-1077 0.043 0.141
1 0.326-10° 0.628-107° 0.073 0.123
1.25 0.614-10°° 0.117-107* 0.076 0.118
3. BoiBoanbl. IlocTpoeHa KOHEYHO-DIIEMEHTHAs MOJENb, OIMUCHIBAIONIAS B3aUMOJICHCTBHE

BpAaILAIOLIEr0Ccsl TOPMO3HOTO JUCKAa M TOPMO3HOM KOJOAKM MpH HaJIWMYUU TPEHUs M H3HOCA.
IIpoBeneHs! pacdy€Tsl MPHU Pa3IUYHON BEJIMYMHE KOHEYHO-JIEMEHTHOW ceTkH. CpaBHEHHE DPe3yilb-
TaTOB IIOKAa3ajo, YTO YMEHBIIEHHE pa3Mepa KOHEYHBIX 3JIEMEHTOB MPHUBEJIO K HE3HAYUTEIbHOMY
M3MEHEHHUIO BEJIMYMH M3HOCA M KOHTAKTHOTO JABJIEHHUSA, YTO BaKHO JUIS YMEHBIIIEHUS BPEMEHHU pac-
4yéToB. BapbupoBaHue pa3IMYHBIX BXOAHBIX APaMETPOB MPUBOIWIIO K BIIOJTHE 0’KUAaEMBIM pe3yJIbTa-
TaM, HalpuMep, YBEeIMYEHUE CKOPOCTH, HArpy3KH, KO3QULIMEHTa TPEHHUS IPUBOANIIO K YBEINICHUIO
U3HOCA.

IIpoBenénnsple HccnenoBaHHUA AAOT BO3MOXHOCTH YCIEIIHO MOJEIMPOBATH IMPOLECC H3HOCA
Pas3INYHBIX TUIIOB TOPMO3HBIX CHCTEM U APYTHX TPHOOCOMPSIKEHUH B MAIIMHOCTPOCHUH.

PaGora BeimosiHeHa mnpu mnoxnepxkke MuHoOpHayka P® (mpoekt Ne 9.4726.2017/8.9) wu
Poccuiickoro ¢oHna pyHIaMeHTaNbHBIX UccieqoBanui (rpant Ne 16-08-00852a)
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TEPMOYIIPYT'UE BOJIHbI B HEPABHOBECHOM CPEJE C TOYEYHBIMH
JAE®EKTAMMU

lexosH A.B.

AHHOTaHHﬂ. PaCCMOTpCHLI TEPMOYIIPYIU€ BOJIHBI B HepaBHOBeCHOﬁ cpe€ac ¢ TOYCHYHBIMU Z[e(beKTaMI/I. BriBeneHo u
HCCIICIOBAHO 3BOJIIOIIMOHHOC YPaBHECHHUE.

[Ipu oOpazoBanmm ACPEKTOB MEHICTCS TeMIlepaTypa Cpedbl, YTO TaKXKE MEHSET CBOMCTBO
MaTepuayiioB. B maHHOM JOKIaje UCCIEAYIOTCS 3aKOHOMEPHOCTH PaCHpOCTPAHEHUS] MHTEHCHUBHOCTH
YIPYroil BOJHBI B BHIIIEYKa3aHHOM cpene.

[Ipenmomnaraercs, 94To WMeEETCS YMpyTas, W30TPOMHAS, AUAJICKTPUUEcKas, OCCKOHEUHas cpena.
Marepuan HaxoawTcs TOA AePeKTOOOpa3ylonM O0O0MydeHHeM, KOTopoe co3daéT B cpene
MHOTOUUCIICHHBIC TOYCYHbIE Je(eKTh M MCHSET TeMIleparypy cpeasl. B Takoit cpene
pacnpocTpaHsAeTcsl HHTEHCUBHAsI aKyCTHUYECKas BOJIHA.

B3anmocBs3aHHasg cucTeMa YypaBHEHUW, OMNMUCHIBAIONIAs BBIIIEYKAa3aHHBIA IIPOLIECC, HMMEET
CIEAYIOLIUN BU:

2 2
aL;3:aa Li3+uAiu+di o O 66 dla—n'—
ot 0X, \ OX, ax2 8)(3 OX,
2 2
—d, on, | p8u3 0 u23 +0 al +q3m%+2q4nl%+ 6]
X, OX OX X, O, OX, 0%,
o’u on, ou 0
N, — "+ anz s +2q,n, 22,
X X; O X
o’u o’u o’u 0 |0 on
p ;2 - 122 —— 1_n]_d2_2= 2)
ot % OX0X, O%  ax 0
00 of0ou ou, ou on on, 6g
-2C. —— T - _3 -T = 3
P ot (8)(1 0%, axj P TP e T v
_on - au o’n,
P +qla—)§+ ax; =Bin =B, + oy o,y +onn, =0, “)
on ou o’n
- 8'[2 +0, 8)(2 +b, 8)(: —B,n, =B,n +ouny +a,n +ounn, =0, )

U3 cucremsl (1)— (5) BbIBEACHO SBOJIOIMOHHOE ypaBHEHUE, METOIOM ONMCAHHOH B KHuUTE [1]. OTO
YpaBHEHUE UMEET BUJ
62 62 4u 82 2
+QLA U +Q1 +Q2 +Q3 Q4
010X,

o’u, 83 ; u2 au azu ©
+Q5u§+Q° +Q7 +Q8 ot 8173 61723 =0.

B ypaBHeHun (6) KO:—)(I)(I)I/IL[I/IGHT Q, obycnosnen audpakuueit. U3 Q, BugHo, uto HedeKTH He

BiusifoT Ha qudpakimio. Koaduunuentsr Q,Q, u Q, obycnosnens auccunauueii, Q, —aucnepcuei,
Q,.Q; u Q, 06ycnoBICHB HEIMHCHHOCTIMH KMHETHYCCKUX ypaBHeHHil, (Q; 0OYCIOBIEH TOIBKO

HEJIMHEHHOCTBIO, CBSI3aHHBIMH C nedekramu, P o0ycioBieHa (U3MYECKOH U TeOMETPUYECKOM
HENTUHEWHOCTSIMH.
Juddys3us — MemmeHHBIN Mporece, YeM B3auMOJCHCTBHE Ne(EKTOB C aKyCTHUYECKOW BOJIHOH,

nostoMy MoxHo uddysueit mnpenebpeus, T.e. mpunite D, =D,=0. Torma Q =Q, =

=0Q0,=0Q,=0Q,=Q,=0, Q#0, Q #0,P#0. Ilpn mamoif HHTCHCHBHOCTH aKyCTHYECKOIl

141



BOJIHBI MOxHO monarate P =0. Ecmu cumrats, uto y=0, T.e. Tepmuueckuii 3¢pekr man, TO

ou
Q5 =0 . Torma ypaBHenue (6) TPUMET BHII 8—3+qu32 =0. PemeHue MocCieIHET0 HMEET BH[

1 -1
U, =Uy, (1+QSUO3X3) , KOTOpO€ MMEET pas3pbiB B TOUYKE X; = —(Q8u03) , TJI€ MOT'YT BBIABIIAATHCS

pas3yInuHble HEJIMHEHHBIC SIBJICHHUS.
Kosdpuumentsr Q umeror caenyroumii BULI:

v d> 4Td
Q= 2a[M m? | ym j
_ +T0y([321|32 _Bzﬂ)DlDqu
’ 28)([321V3 (BIBZ _BIZBZI)
_ G, (DZBI - DIBZ)(dlBZ _ledz) n d1 D2q1

Qz 2aB,, v’ (B,B, —By.Bs1) BV’
o V74 (B:R ~B:R)(D.A ~DB,)  yT,RD.q
l 2ayB, v’ (BB, —BiBa) 2ayp,v
0, - T,v(B,P, —B,R)(a, +a, +a;) D
Y 2auByv (BB, —Bubu)
Q- V'Y (BuP —B.R)(B —By) TR (o +a, +as )
T 2ayB, (BB, —BuBL) 28y,
o _ (@B ~$d)DD:g
" 283,V (BB, — BB
_ (dp, -B,d,) (o, +a, +0,)DG
- 2a,,v* (BB, BBy )
Q = (dlﬁz _ledz)(Bl _521)

23-[321 (B1Bz - B12B21)
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KOJIEBAHUE BBICOKOCKOPOCTHBIX SJIEKTPUYECKUX MAIIINH
C POTOPAMMU HA INOAIIMUIIHUKAX KAYEHUA

Ieksn I'.T'., 'eBoprsin A.B.

AHHoTanus. PaGora HampaBieHa Ha WCCIEJOBAaHHE BHOPOAKTUBHOCTH BBICOKOCKOPOCTHBIX 3JIEKTPHYECKMX MAIIWH,
BbI3BAHHBIC KUHEMATUYECKUM BO3MYILICHUEM U HEJIMHEUHOMN KECTKOCTBIO IOAIIMITHIKOB KaUeHHUS.

BBenenne. B pacuérax BUOPOAKTHBHOCTH JJICKTPUYECKUX MAIIWMH TIOKa eI He yYUTHIBAKOTCS
pasiauuHbie (AaKTOpBI, TaKHMEe KaKk HEIMHEHWHas KECTKOCTh, KMHEMATU4YECKOE BO30YKIACHUE
MOIIIUITHUKOB KaueHUs, )KECTKOCTHBIC XapaKTePUCTUKH KOHCTPYKTHBHBIX 3JIEMEHTOB U.T.J. [loaTOMy
pacuéTHBIC M DKCIIEPUMEHTAIILHBIC TaHHbIC, IOPOH, OTin4YatoTcs Ooiee ueM Ha 50%. B pabote cnenana
MOMBITKA Y4ETA YKa3aHHBIX ()aKTOPOB.

IMocTanoBka 3aaauu. PaccMOTpUM CTallMOHAPHOE BpaleHUE )KECTKOT0 POTOpa Ha IMOANIHITHUKAX
Ka4eHHUs B )KECTKOM—aMOPTU3UPOBAaHHOM Kopiryce (puc.l).

g -
L

5
=

|
NN
H

Puc.1. XKéctkuil poTop B aMOPTU3UPOBAHHOM KOPITyCE

JIBIDKEHHE CHCTEMBI ONIMCHIBACTCS MrpepeHIINabHBIMU ypaBHeHUsIMH [ 1,2]

mj, =B +P —F, +P(t), 0

my, =P, +Fy1 _Fy2 -P,
rae ,,),— TepeMelleHHe POTOpa U CTaTopa, COOTBETCTBEHHO, [ ,— BOCTAHOBIMBAIOUIAs CHJIA
kéctkoctn  nmopwmnuukos  F =C\B ( V=Vt A=A, )3/2 , P— cuma oaHOCTOpOHHETrO
MarauTHOro nputsokenust — P =C ( B AR W ), C,, — ycnoBHast )ECTKOCTh MArHUTHOTO
nons, £, cuna ynpyroctu amoprusaropa — F,, = C, (y2 +X,., ), B—Bec poropa— B =mg, P,—
Bec craropa P, =m,g, C,— xoadpuuuent I'epua, C,— xéctkocts amoprusaropa, B — QyHKums
Bpemenn B = B+ B, cos o/f, P(t)f (GyHKIHS BO3MYILICHHUS fP(t) =mFsinot—ms5, F =oe,
€ —9KCLEHTPUCUTET POTOPa, S — QYHKIHSI KHHEMaTHYeCKOro Bo3myuieHus. [loctaHoBKa TapamMeTpoB B
(1) n pasnoxkenne ), B psn Pypbe naér

E+ 7, +(h2 —gcosayt )& =veoswt+ P (1),

P, + @iy, —a’(h2 —qcos colt)ﬁ =—dvcos o/, @
e §=y, —y,; B =3CB, (M,
P'(t) = P(t)/m g =3 (Mo =Xz

d=m[m,; o;=C,/m,.

12
_}\’ZCm) /2m1_Cm/m1’
12 12
-C,\B,/12m,; v= (y1 —yz) -C,B,[m,,
Pemenne cucTMbl (2) MOKasbIBAET, YTO NP OMPEACTEHHBIX COOTHOLICHHSX IKECTKOCTHBIX

XapaKTCPpUCTHUK DJBJIEMCHTOB IPOUCXOAUT PE3KOE€ BO3PACTCHUEC aMIUIUTYJ YCKOPCHHSA OTACIIBHBIX
COCTABJIAIOIINX CIICKTPA BBICHIUX TAPMOHUK.
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B aToMm citydae ciemyetr m3MEHHTD JKECTKOCTHBIE XapaKTEPUCTHKH CHCTEMBI TaK, 9TOOBI 00ECTIeUNTh
YCIIOBUS

2
n’-o; >, +(d+1)-h*, [(n—l)co1 i(oki] >, +(d+1)h?, 3)
HOIyYeHHBbIC M3 PelIeHHs chUcTeMbl (2) MeTonoM Maioro mapamerpa [1]. B (3)-®,,— gacTora i -oif
TapMOHHUKH, Y KOTOPOTO aMIUIUTY/a YCKOPEHHS HanOOoIIbIIas..

C uenpl0 OICHKH JUHAMHYECKOTO COCTOSHHUS CHCTEMBI BBEAEM MOHATHE KO3(PdUIMeHTa
BUOpONIEpErpy3KH B BUJIC

K, =P/G. @
rac I)y — I_ICHTpO6e)KHa$I CHJia MHCPLUUHN OT MPEUHCCCUOHHOI'0 ABWIXCHUS BPALIArOMICTIOCSA poTOopa, G —

BEC poTopa.

VY BBICOKOCKOPOCTHOTO pOTOpa, BpalalOIIerocs Ha MOALIMIIHMKAX KadeHUs, CTAaTHYECKOe
MOJIOKEHUE PABHOBECHUS! HEYCTOWYMBO, POTOP NPH BPALICHUH MPELECCUPYET C YIJIOBOM CKOPOCTHIO
BpAIEHUs 10 OKPYKHOCTH C PAJIyCOM, PaBHBIM Ae()OopMaluy IOALIIUITHUKA.

Torna, mpy HAJIMYUK SKCLICHTPUCUTETa POTOPa, PABHOrO € , IeHTpoOexas cuia Oyaer

P, =moi (e+y,—y,). (%)
C yuétom (4), (5) oHa IpUMET BHUJ
Py:mlwlz(e"'J’1_yz)/g’ (6)
32
e y, — Y, =(Py/CB) : (7
ITpu e =0, noacranoska (6) u (7) B (5) nact
302
Py=ml3~oof/(C~B); ngmlz-mf/(C-B) ; )

Kakx BumuM, u3-3a HETWHEHHOW MONATIMBOCTH MMOAIMIAITHAKOB KOY(PQPHUIIMEHT IMHAMHYHOCTH
CYIIIECTBEHHO BO3paCTaeT.

B kauecTBe npumMepa pacuéra paccMoTpeH renepatop C-75 ¢ wacroroii Bpamienus: 8000 06/muH., ¢
noamunaukamMu kaueHus: Ne308. Pe3ynbraThl pacuéra mo NmpeanoKeHHOM METOIMKE, CIEKTPaIbHBIX
COCTABIIIIOIIMX TAapMOHUK TI0 CMEIIEHHWI0O W TI0 YCKOPECHHIO YIOBJICTBOPUTEIIBHO COBHAINA C
pe3yJibTaTaMu U3MEPEHUH.

BeiBoabl. MakcumanbHasi aMIUIUTyAa O ycKopeHuto Ha yactore 10 500ru nocturia mno 115M/02,
YTO COOTBETCTBYET JTUHAMUYECKON Harpyske B 8+9 pa3 MpeBBbIMIAIONICH CTAaTHUECKH MPHIOKEHHOM.
Hcxonst u3 3Toro, orneHKa BHOPOAKTUBHOCTH BBICOKOCKOPOCTHBIX 3JEKTPUYECKHX MAIIHH CIEAyeT
TIPOU3BECTH 10 YCKOPCHHIO BBICIINX TAPMOHHK, & BEIOOP IMOIIIMITHUKOB TTPOU3BECTH U3 psaa ¢ Oolee
[JIaIKUMH XapaKTEPUCTUKAMHU WM B KOHCTPYKIIUIO BBECTH YIIPYTHE JIEMEHTHI [2].
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SOME BOUNDARY PROBLEMS FOR ANISOTROPIC QUARTER-PLANE

Arkhypenko K.M., Kryvyi O.F.

Abstract. To solve the mixed boundary value problems of anisotropic elasticity for anisotropic quarter-plane has
developed the method, which based on using the space of generalized functions with slowly growth S’(]Rz+ ) properties.

Using two-dimensional integral Fourier transform the system of fundamental solutions for anisotropic quarter-plane had
constructed in the indicated space. By mean of last had received the system of eight boundary integral relations which has
allowed the mixed boundary value problems for anisotropic quarter-plane to reduce directly to system of singular integral
equations with fixed singularities. The exact solutions of these system had found by integral Mellin transform. For different
boundary value had investigated the asymptotic behavior of solutions in the vertex of quarter-plane. By limiting process had
considered the problems for isotropic quarter-plane as the special case.

To solve the mixed boundary value problems of elasticity for anisotropic quarter-plane had
applied the method which had developed in works [1-4] to solve the mixed boundary value problems
for inhomogeneous anisotropic media.

Let {0,,0,,T,,U,V} ={V (X, y)}p:G =V, (X, y)elL,xL , L =(0,+). Has denoted boundary

values for the components of vector V by

Xk(x) = Vk+1(xa +0)9 k = 1a47 M1(y) = V1 (+07 y)’ Mk(y) = Vk+1 (+07 y)’ k = 2: 4 (1)
For realization of method had received the system of fundamental solutions for anisotropic
quarter-plane in the space of generalized functions with slowly growth S'(Ri) . The last means the

system of vectors V; = Vi J. }k:f _

4 ~ 2 .
T which components Vi € J'(R?), R, =[0,+0) has satisfied

(in means of generalized functions’ theory) the followed systems of differential equations ( | =1,8):

OV, +0,V;; =8,,8(X=%,Y)+8;,8(X y-Y,)
OV + 0,V =8,,8(X=%,Y)+8,8(% y-Y,)
81\/4] —a,Vi—a,Vv, — ¢\, =6716(x,y—y0) 2
a2V5j —a,Vi )V, — VY, =8416(X_Xm Y)
a2V4j _alvsj — AV — eV, — 8V, =8316(X_Xm y)

where 0,,0, — differential operators in J'(R?), d,; — Kronecker symbol, &; — elasticity constants.

The exact expression for the components of vectors V; = Vi j }k=E,j=ﬁ has given by

ij(x,y):llmii{lvl;)lsli+M:3282j +ML3531+ML45241
T k=1 j=1 X=X +ZYy (X_)(O_|_Zky)
M;585j+M;686j+M§787j+M;888j 0-13
X+zk(y_yo) (X+Zk(y_yo))2
1. & M!S, +ML3,. MLS, +M!5,.
Vpi(X=Y)=;ImZZ{ N Z‘Ri —+ p>z—3])(0+2:4y4] +
k=1 j=I (1n(X—X0+Zky)+y—?)

2 2 2 2
M 28, + M 23, JMedy Sy,

(n(xc+2,(y= Yo ) +7—Tseny-yp) ' XTEOY)

3)

+
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where Zz, — roots of the performance equation [5], M gj — coefficients depending from the elasticity

constants of the material. The representation (3) had allowed to express the stresses and displacements
in the space J'(R”) through the boundary value (1) by the convolution product

4 J—
Vk(xa y) = Z[XJ (X) >l<Vk,j (X’ y)+ Hj (y) >l<Vk,4+j (X’ y)], k = 1’ 5. (4)
j=l1

The stating (4) has allowed the boundary value problems for the elastic anisotropic wedge
reducing directly to the system of singular integral equations. In particular case had considered the
mixed problem for quarter-plane, on the one bound of which has realized the full contact conditions
and on the other bound the stresses has set:

1 () =0, k=3,4, n (y)=R(x), k=1,2. (5)

Realizing the conditions (5) by the representations (4) has allowed to the followed system of
singular integral equations with the fixed singularities

ZZ:{AMXI (X)+ Bm,j TXIO(O)dXO +Imzz:cm J‘ M2+J(y0)dy0} Fm(X),mZI,Z
j=1 T T

0 X —X kel o X—4Y, ©)
s Bm2+] H2+](y0)dy0 = m, X,(Xo)dxo}
il ( ’ F.(y),m=3,4.
;{A"““) n! Yo=Y gnixozky )

where Aﬂ , ij , Cm’ ; — coefficients depending from the elasticity constants of the material.

The exact solution of system (5) had received by Mellin transform. In the vertex of the quarter-
plane had researched the behavior of solutions.

In the same way had received the solutions of another boundary value problems for the elasticity
anisotropic quarter-plane. By limiting process had received the solutions of the corresponding
problems for the isotropic quarter-plane, which are in accord with the well-known results.
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MODELING OF MULTIFERROIC COMPOSITESBY MEANS OF PHENOMENOL OGl -
CALLY ORPHYSICALLY MOTIVATED CONSTITUTIVE MODELS
Avakian Artjom and Ricoeur Andreas

Abstract. In this paper, the constitutive modelling of nonlinear multifield behavior as well as the finite element implementa-
tion are presented. Nonlinear material models describing the magneto-ferroel ectric or electro-ferromagnetic behaviors are pre-
sented. Both physically and phenomenologically motivated constitutive models have been devel oped for the numerical calcu-
lation of principally different nonlinear magnetostrictive behaviors. Further, the nonlinear ferroelectric behavior is based on a
physically motivated constitutive model. On this basis, the polarization in the ferroel ectric and magnetization in the ferromag-
netic and magnetostrictive phases, respectively, are simulated and the resulting effects analyzed. Additionaly, the ferroelectric
model accounts for damage due to microcrack growth. Numerical simulations focus on the calculation of magnetoelectric
coupling and on the prediction of local domain orientations as well as damage processes going along with the poling process,
thus supplying information on favorabl e electric-magnetic loading sequences.

1. Theoretical Framework and Models

The magnetoelectric (ME) effect is only observed in a few crystal classes exhibiting a very weak
coupling, mostly at low temperatures. Much larger coupling coefficients are obtained at room tempera-
ture in composite materials with ferroelectric and ferromagnetic constituents. The ME effect is then
induced by the strain in both phases due to the piezoel ectric and magnetostrictive effects[1].

The physically based nonlinear irreversible constitutive relations of aferroelectric material with mag-
netic properties are based on a suitable thermodynamic potential ¥ with strain, electric and magnetic
fields as independent variables[2]:

1 1 . . .

wre(e,, E, Hy) = > Cavatp ~ epepEr — ExlnElEn - E,ukaka — CopEq€l” + epeE, — PITE;. (1)
Based on the same ideas as Eq. (1), the thermodynamical potential ™ for the physically based

nonlinear irreversible constitutive relations of aferromagnetic and dielectric material is given by [3]

1 1 1 . .
Yim(e,, E), Hy) = > Capadp ~ E)clnElEn - Eukaka — Cqp€q€p — M Hy. 2
On the other hand, phenomenologically motivated nonlinear reversible congtitutive relations of a
ferromagnetic material with dielectric properties are based on a potential ™ with stress, electric and
magnetic fields as independent variables [3,4]:
- 1 1 1
t4 (Up'El'Hk) = _55110101 — 812010, — 55220202 — S60606 — 5 K11E1E1 — 5K,

M 2 ’ ? (3)
1+ Z H-3 01 — 1+ ZZH_3 0y — p{Hl - f ln(f + Hl)}
1441 1

1.,
- E#llHlHl -

The ferroelectric and ferromagnetic constitutive equations in compressed notation derived from Egs.
(D) and (2) are

0p = Cpgeg — &™) —epEr, Dy =ep(ep — €5™) + kinEn + P, By = g Hm - 4)
0 = Cpg(eq—€l™),  Di=kumEn, By = flimHm + M7, (5)

and for the nonlinear reversible ferromagnetic material behavior derived from Eq. (3) in rate-dependent
form they are

ép(d'q, Hk) == Spqd-q + C_Ikp(Hk)IfIk’ Dl(ETl) = KlnEn' Bk(dp’ Hm)
= (?kp (Hm)d-p + .akm(o-p: Hm)Hm:

(6)

With s;4, 515, See, K611 = const.

Two fundamental damage mechanisms are observed in aME composite: cracking of the two constit-
uents and delamination. The latter will not be considered at this point and cracking will only be allowed
in the ferroelectric material. In Fig. 1 the micromechanical motivation of the model is depicted using
the example of a particle composite with a ferroelectric matrix. The contribution of micro cracks to the
averaged strain and electric field reads [5]
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Fig. 1: Damaging of aME particle composite: micro crack initiation perpendicular to the maximum principal stressa;, magnetic
field penetrating the crack, electric field circumventing it

+a

24/,

1 +a
gf = (Aumn; + Aujn;) dxf,  Ef = ——f (Apn;) dxf (7
—-a

C
19) A

where Au; and A¢ are jumps of displacement and electric potential accross the crack faces and n; isthe
unit normal. The area of the plane RVE is denoted as A and a is half the crack length.

2. Results

The three consgtitutive models have been implemented within the framework of the finite element
method, starting from a weak formulation of the balance equations o;;; = 0, D;; = 0 and By, = 0 of
electro-, magneto- and elastostatics.
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Fig. 2: a): Damage pattern of a ME particle composite (0.2CoFe20s-0.8BaTiOs, matrix: BaTiOs) right after electric poling with
E, = 5E, and magnetic loading with H; = 1000 kA/m. The local damage parameter f = 1 indicates full damage and thus
macro crack formation, b) and c): average electric displacement and ME coupling coefficient from numerical simulation; ex-
perimental values from [7,8]

Based on the material models, in particular nonlinear simulations have been done in order to predict ME
coupling coefficients [6]. Theresidual stressesinduced during the poling process will lead to substantial
cracking, thusfurther reducing the ME coupling, see Fig. 2b and c. A possible crack pattern inthe matrix
after the magnetoelectric poling isindicated in Fig. 2a by the red regions. The ME coupling coefficient
in Fig. 2 is determined in the interval of magnetic loading and plotted vs. the magnetic field H,. The
plot c) is an excerpt of the plot b), where the scaling of the ME coupling coefficient along the ordinate
is different. The red crosses illustrate the scope of experimental values for coupling coefficients. They
are within the range of those predicted from the model accounting for damage evolution. The coupling
coefficients are calculated from the local derivatives of the (D, )(H,)-function.

REFERENCE

1. M. Fiebig, J. Phys. D: Appl. Phys. 38, R123-R152, 2005.

2. A.Avakian, R. Gellmann and A. Ricoeur, Acta Mechanica 226 (8), 2789-2806, 2015.
3. A.Avakianand A. Ricoeur, J. Intel. Mat. Sys. Struct. 27 (18), 2536-2554, 2016.

4. A.Avakian and A. Ricoeur, J. Appl. Phys. 121, 053901, 2017.

5. A.Ricoeur and M. Kuna, J. Eur. Ceram. Soc. 23 (8), 1313-1328, 2003.

6. A.Avakianand A. Ricoeur, VII| ECCOMAS, SMART 2017.

7. MF Etier et d., Joint 21st |IEEE | SAF/11th IEEE ECAPD/IEEE PFM, 14, 2012.

8. MF Etieretal., J. Am. Ceram. Soc., DOI: 10.1111/jace.14362, 2016.

| nfor mation about authors:
Artjom Avakian — Research assistant (Ph.D.), University of Kassel, Department of Mechanical Engineering, In-
stitut of Mechanics, Phone: +49 561 804-2852, Fax: +49 561 804-2720, E-mail: artjom.avakian@uni-kassel.de

Andreas Ricoeur — Chair of Engineering Mechanics/ Continuum Mechanics, University of Kassel, Department
of Mechanical Engineering, Phone: +49 561 804-2820, E-mail: andreas.ricoeur@uni-kassel.de

148



CONTROL OF ELECTROMECHANICAL SYSTEM WITH ONE DEGREE OF FREEDOM
UNDER JOINT CONSTRAINTS

Avetisyan V.V.

Abstract. A system is considered that simulates the dynamics of a single-arm electromechanical manipulator. The
problem of constructing a controlling voltage and determining the domain of final states is solved. The arrival to the final
states from the initial state of rest with help of the constructed control takes place in a finite time, with the prescribed
constraints on voltage and current in the armature circuit of the motor.

1. Consider an electromechanical system consisting of a direct current motor with independent
excitation, a reducer and an absolutely rigid body (inertial load) on its output shaft. Such a system can
be treated as a model of the simplest manipulator with one degree of freedom. In this case, the inertial
load is the arm of the manipulator together with the load fixed in its grasp. The motion of the
described system in dimensionless units is determined by the following relations ([1]):

o=k"j, R+k"p=k"u, |u<1, [j|<],. (1.1)

Here, ¢ is the angle of rotation of the arm; U and | are the input (control) voltage and current in the

motor armature circuit respectively, which values are limited by the given constants; R is the winding
impedance of motor’s rotor; K is a parameter of the electric motor.
Let us consider the following problem. Find the change law of the controlling voltage U(t), which

ensures the transition of the manipulator from the initial state of rest

(0)=0, ¢0)=0 (1.2)
to the prescribed final state
oM=0, ¢T)=¢ (1.3)

at some moment in time t =T under the constraints e of the controlling voltage and current (1.1).
Eliminating the variable | from equations (1.1) and using new variables

v=u-Kp, X =Rp, X =R, (1.4)
we write the system (1.1)-(1.3) in the following form:

X =%, % =V (15)
X(0)=0, %(0)=0. xM=x. %T)=x. (1.6)
VKR <1 M. n=jkR. (1.7)

2. The change law of the controlling voltage V(t) - which provides the transition of the system

(1.5) from the initial state of rest to the final state (1.6) in the moment of time T without taking into
account the constraints (1.7) - is constructed using the method described in [2] and has the following
form:

V(t) = (12Tt + 6T )X + (6T t-2T )X, (2.1)
Integrating equations (1.5) with initial conditions (1.6) under control (2.1), we find

X, = (6T + 6T t)x + (3T °t* - 2T )X, . (2.2)
Taking into account (2.1) and (2.2), the constraints (1.7) can be written in the form

9.t TIX +g,ETIX[<1,  [fETN+ LETIXN[<n, te[0T], 2.3)

where

g,(t, T)=—-6kR Tt + (6kR'T> 12T )t +6T 2, f (1, T)=-12T *t+6T 7, (2.4)
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0,(t,T)=3T kR "2 +(6T 2 —2T kR )t —2T", f,(t,T)=6T t—2T "

Taking into account (2.4), we carry out estimates from above of the left-hand sides of the
inequalities (2.3):

|9, T)X + g, (6, T)x| < g, (6 D3] + |9, (4. T3 | < 0, (T[] + (KR +4T [ | <1,

AT + TR < T LT[R <67 +4T || <m. 0<T<om,
where
qM=6T7, 0<T<T, T'=2k'R 26

q(T)=BKR )T +12IT°k'R/2, T'<T<w.

Inequalities (2.3) will be satisfied for all t€[0,T], if the end time of the control process T is
chosen from conditions

Q. X[[xp=1  Q.|x[.[xp=n = 0<T<o, @7
where
. 6T-2\><;\+4T-1\x;\+kR-‘\x;, 0<T<T,
QT [% ’XQ‘): “1p|yl| -3 -1l 1\ -1 -1 |1 '
6k 'R [T~ +(15kR™ x|+ 4] ) T + kR x|, T'<T <o,
QT X[ =6T7[x|+4T7 x|,  0<T<oo.

The functions Q,(T, X!, X;‘) in (2.7) with respect to T are continuous and decrease
monotonically from oo to O when T changes from 0 to oo. Hence, for any pair (‘X]1 , X;‘) e X,
where
X={(x[pap: pef<ee. af<k'R. 238)

each of the equations (2.7) has a unique solution with respect to T . If we denote by T, and T, the
solutions of the first and second equations (2.7) respectively, then both constraints (2.3) will not be
violated for any t €[0,T"], where T" = max(T,,T,).

Thus, the desired control V(t) - which satisfies the constraints (1.7) and transits the system (1.5)
from the initial rest state to the given final state (1.6), (2.8) - can be constructed if we first determine

the time T" according to the scheme outlined above and substitute it in the formula (2.1). Then, by
using (1.4) and coming back to the original dimensionless variables, we can calculate the control
function.
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CONTROL OF VIBRATIONSOF A MOVING BEAM

Banichuk N.V., Ivanova S.Yu., Makeev E.V., Sinitsyn A.V.

Abstract. The translational motion of a thermoelastic beam under transverse vibrations caused by initial perturbations is
considered. It is assumed that a beam moving at a constant translational speed is described by a model of a thermoelastic
panel supported at the edges of the considered span. The problem of optimal suppression of vibrations is formulated when
applying active transverse influences to the panel. To solve the optimization problem, modern methods developed in the
theory of control of systems with distributed parameters described by partial differential equations are used.

The problem of suppressing vibrations of a deformable thermoelastic system moving in the
longitudinal direction is of definite theoretical and practical interest. Previously arising problems in
this direction were considered in [1 - 3]. The problems of elastic instability of vibrations, as well as the
problem of finding the critical velocity parameters of longitudinal motion [4], material temperatures,
structural parameters and other properties of the moving system, which determine its critical behavior
including its static and dynamic forms of stability loss, were investigated.

A new formulation of the problem of optimal suppression of transverse vibrations of a continuous
panel (elastic beam) moving in the longitudinal direction is described. Under the assumption of the
presence of initial perturbations of the rectilinear movement of the beam and transverse velocities, an
effective algorithm for suppressing perturbations is proposed. The above algorithm is based on
obtaining and using the necessary optimality conditions and arising dynamic partial differential
equations. These equations describe both the vibration processes of a moving beam (direct problems)
and some processes for input conjugate variables (conjugate problems). It is shown that the solution of
direct and conjugate problems is possible with the Galerkin method. An example is given that
illustrates the main steps in the solution of the optimal damping problem.

The dependence of the minimized problem functional (quality criterion) characterizing the

vibrations suppression on the problem parameter t; (the final moment of the considered time interval)
is presented in Fig. 1. The solid line corresponds to defined optimal control actions g, = g, (X,t) ,
the dotted line illustrate the case without control actions ¢ (X,t) =0, the dashed line characterizes the

case with constant (non-optimal) actions g ( X,t) =1 applied to the moving beam.

4 -

Topt, 11,70 24— =

Fig. 1. The dependence of quality criterion on problem parameter t; .
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In addition to a one-dimensional model of a moving beam, we could consider two-dimensional
plate models describing the longitudinal motions of wide bands in terms of tape systems. In this case
[4] can be based on the use of necessary conditions for the extremum and the application of the
Galerkin-Fourier methods too.

To suppress the arising vibrations, control actions in the form g = (X,t) with non-separating
independent variables X and t are used in the work. However, with this approach, optimal control can
be very complete, and its practical implementation is difficult. In this case, it is possible to use the
representation of the control action in the form g(X,t) = f(t)x(x) with separated functions of
position and time, describing both the specific geometric realization of the location of the actions
(actuators) set by x(x) , and the way of changing the time effects, denoted by f (t) . This approach
will allow us to consider and compare the effectiveness of ways to apply the effects to different parts

of the beam and applied at individual points of concentrated forces, and to compare such loadings in
time as relay, harmonic, shock and other controls.

The work was carried out with the financial support of the RNF (project No. 17-19-01247).
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EXPERIMENTAL VALIDATION OF THERMO-CHEMICAL ALGORITHM
FOR A SIMULATION OF PULTRUSION PROCESSES

Barkanov E., Akishin P., Miazza N.L ., Galvez S. and Pantelelis N.

Abstract. To provide better understanding of the pultrusion processes without or with temperature control and to support the
pultrusion tooling design, an algorithm based on the mixed time integration scheme and nodal control volumes method has
been developed. At present study its experimental validation is carried out by the developed cure sensors measuring the
electrical resistivity and temperature on the profile surface. By this verification process the set of initial data used for a
simulation of the pultrusion process with rod profile has been successfully corrected and finally defined.

Pultrusion is a continuous and cost-effective process for a production of composite structural
components with a constant cross-sectional profile (Fig. 1). During pultrusion, the fibre
reinforcements are saturated with the resin in a resin bath and then continuously pulled through a
heated die by a puller. Inside the die, the resin gradually cures and solidifies to form a composite part
with the same cross-section profile as in the die. At the final stage a travelling cut-off saw cuts the
composite profile into desired lengths.

To investigate numerically the pultrusion process, the following thermo-chemical problem
consisting of the energy equation for the tool, the energy equation for the composite moving in the pull
direction and the species equation for the resin should be examined

e ST _0f oY af, AT\ _af, o\ g
ot ox ox) oy\ -~ oy) Oz Oz
e[ L) 25, )2 5, 2T)_ 2 2T}, g 0
P\ ot ox ) Ox ox ) Oy oy ) 0Oz oz

(5_%”5_0!} _R
ot Oox

where T is the temperature, p and ¢, are the density and specific heat of the tooling materials, k.,

X

ky , k. are the thermal conductivities of the tooling materials in x, y, z directions, g, is the rate of

energy exchange at the boundary, u is the pull speed, p and ¢, are the lumped density and specific

heat for the composite material, /;x , /;y, lgz are the lumped thermal conductivities of the composite

material in x, y, z directions, g is the generative term related to the internal heat generation due to
the exothermic resin reaction, o = H(t)/H,, 1is the degree of cure and H(¢) is the amount of heat

evolved during the curing up to time ¢.

To solve the system of coupled energy and species equations (1), the numerical algorithm using
ANSYS Mechanical environment and based on the mixed time integration scheme and nodal control
volumes method has been developed and modified for a simulation of pultrusion processes with a
temperature control (Fig. 2). At present study its experimental validation is carried out by the
developed cure sensors measuring the electrical resistivity and temperature on the profile surface.
Since the set of initial data is not clearly defined, the parameters of technological process are precised
comparing the temperatures on thermocouples and sensors with the numerically obtained.

Fiber spools
Guide Resin bath Byl
1 ,/ Heated die Finished product Saw

\
—
/

000
000

Figure 1. Pultrusion process.
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Figure 2. Thermo-chemical algorithm for a simulation of pultrusion.
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PHYSICAL NATURE OF STRAIN RATE SENSITIVITY OF METALSAND ALLOYSAT
HIGH STRAIN RATES

Borodin E.N., GruzdkovA.A., Mayer A.E., Selyutina N.S.

Abstract. The role of instabilities of plastic flow at plastic deformation of various materials is one of the important cross-
disciplinary problems, it is equally important for physics, mechanics and material science. Strain rate sensitivity under quasi-
static loading conditions and dynamic loading deformation conditions has a different physical nature. In quasi-statics, it is
due to the inertia properties of the defect structures and can be expressed by a single parameter characterizing the properties
of the mechanism of plasticity. In our approach, this is the magnitude of the characteristic relaxation time. In the dynamic
conditions there are additional effects of "high-speed sensitivity" associated with the micro-localization of the plastic flow
near the stress concentrators. The consideration of both these factors is fundamental for an adequate description of the
problems of dynamic deformation of highly inhomogeneous metallic materials such as steels and alloys. Measurement of
dispersion of particle velocities on the free surface of a shock-loaded material can be regarded as an experimental expression
of the effect of micro-localization. It is also confirmed by our results of numerical simulation of the propagation of shock
waves in atwo-dimensional formulation and analytical estimations.

1. Introduction
Some of the researches [1,2] suppose, basing on a detail consideration of the microstructural

processes, that instabilities, such as the shear bands after the shock wave front, have almost dominant
contribution to the plastic dissipation of wave energy. It means that plastic flow instabilities have
sufficient mechanical importance like strain rate sensitivity effect due to decreasing of the shock wave
amplitude and, hence, increasing the dynamical strength of material. Many other researchers tend to
think about the micro-localization phenomenon mostly as about the feature of the plastic flow that is
interesting only for material science, but not for mechanics. Besides that, nature of strain rate
sensitivity parameter at high strain rate is not clear and is a discussion question. Numerical simulations
[3-5] with analytical consideration on the base of the integral form for plasticity criterion [5-7] (which
is appropriate for the high strain rate conditions) can shed new light on this problem. This type of
criteriaincludes two original parameters: one of them is a characteristic relaxation time t which hasa
clear physical meaning [5], but the second one is an empirical parameter o, which nature is unclear
and one can find by empirical way that o >1 only for some classes of alloys and steels. The
parameter o gives an “addition” strain rate sensitivity for such materials, while the parameter 7
always gives the main contribution to the dynamic effects. The value a. =1 for pure metals such as
aluminum or copper, which means that there is no any effect.

2. Numerical simulation of the shock wave propagation through the metal

On the basis of the model for dynamics and kinetics of dislocations [3], one can perform a
numerical simulation of the plastic flow a shock wave deformation conditions. In the rea
experimental conditions, the shock wave propagates through with initial random perturbations of the
microstructure parameters (dislocation density, impurities concentration). We have performed 2D
numerical simulations by plasticity models [3-5]. The initial didocation density distribution was
randomly perturbed. Formation of the shear bands inclined at 45 degrees to the shock wave front was
observed. Dispersion of the back surface velocity takes place, like in Yu.l. Meshcheryakov et al [1,2],
but weaker. The standard parameter for the of plastic deformation intensity

w= \/4/3(fo +WE, + W, +WXXWW)W65 used, where AW= W, —W,;, ad <Ww> isthe average
value of w. In simulations, the observed inhomogeneities in the plastic flow correspond to the

dispersion of the plastic deformation intensity W = Aw/ <w> lesser than 0.05, according to our
consideration, it corresponds to the dispersion of the scalar dislocation density k = pp™ / pp™ ~10.

Velocity dispersion on the shock wave front for this case (about 2m/s) is an order of magnitude
lower than the experimental findings for various aluminum alloys — of about 20— 40 m/s [2]. In this
way, instabilities caused by the inhomogeneities of the only initial disocation density can not
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themselves provide a mechanically significant level of the plastic flow instability. One can
approximate the numerical simulation data in the form of dependency of the velocity dispersion on the

localization level by a logarithmic function W = Aw/ < w>=0.07log]k]. It is important that this

relation does not sensitive to changing of the minimum initial density of dislocations in the range of
orders of magnitude because of the intensive nucleation of dislocations during the deformation. The
introduction of impurities in the material is able to create the plastic deformation intensity dispersion
greater than the initial dislocation density perturbation solely — about 0.09 and, hence, k > 40, that
gives the velocity dispersion after the shock wave front of about 10— 20 m/s. It better corresponds to
the experimental datafor aluminum alloys.

3. Analytical consideration of the problem

It is interesting to compare these values of plastic deformation dispersion (obtained in the
numerical simulation and the experimental measurements) with the empiricaly fitted values of the
strain rate sensitivity parameter o from the integral criterion of plasticity [6,7]. One can show that it
is possible if we replace the parameter « in the integral criterion by the dispersion of characteristic
relaxation time parameter [5]. Our calculations showed a possible relation within approach
o~ 5Iog[k] ~ 70W . Namely, the dispersion of the characteristic relaxation time and the dispersion of

the dislocation density k <10 corresponds to the values o < 5. This is the case of numerical
simulations with the dislocation plasticity model of pure material without impurities and the relative
dispersion of the plastic deformation intensity of approximately 0.07. Our calculations showed [5] that
the value a ~1 takes place for pure metals without sufficient concentration of impurities. On the
other hand, according to our calculation with weak stress concentrators such as impurities in
aluminum alloys, one can achieve the plastic deformation dispersion up to 0.1 that corresponds to
k=10-100 with values a < 9. Finaly, the case with k>100 corresponds to a >10, which is
typically for materials with strong stress concentrators such as steels.

The study was supported by the grants from the President of the Russian Federation (Projects No.
MK-4649.2016.1 and No. MD-7481.2016.1) and by the grant from the Ministry of Education and
Science of the Russian Federation (competitive part of State Task of NIR CSU No. 3.2510.2017/PP).
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THE FABRICATION OF ALUMINUM OXIDE COMPACTSBY EXPLOSIVE
CONSOLIDATION

Buzyurkin A.E., KrausE.l., Lukyanov Ya.L.

Abstract. This paper presents experiments and numerical research on explosive compaction of aluminum oxide powder and
modeling of the stress state behind the shock front at shock loading. The aim of this study was to obtain a durable low-
porosity compact sample. The explosive compaction technology is used in this problem because the aluminum oxide is an
extremely hard and refractory material. Therefore, its compaction by traditional methods requires special equipment and
considerable expenses.

Ceramics are usually chemically inert, hard, refractory and have a relatively low density in comparison
with metals. Therefore, they form an interesting group of materials for high-tech applications.
Hardness and refractivity exclude the possibility of their processing by casting, forging and
machining, as is usually the case for metals and many polymers.

Instead, the technical ceramics are usually synthesized in the form of powders and further processed
by precompiling them in green form and then sintering at high temperature in the furnace for their
final compaction and compaction. A high-temperature process is usually required, since sintering is a
process controlled by diffusion. The growth of grain and the shift of the chemical composition to a
more thermodynamically stable one are inevitable during this process.

Thus, materials consisting of metastable phases and very small particle sizes (nanocrystalline, high-
alloy and amorphous powders) cannot be processed using sintering without some loss of their original,
often unique properties. Also, materials that have a low self-diffusion coefficient or decompose at high
temperatures cannot be processed in this way. For these materials, as well as for unintentionally
reacting material mixtures, alternative methods of compaction should be used. One such method is
shock or explosive compaction of powders, in which the compaction of the powder occurs in a shock
wave.

The experiments employed aluminum oxide powder with a grain size of 30-100 um and a bulk density
of 2.5 g/cm’. We used two schemes of explosive loading: plane wave one and one of the powder
compaction in an oblique shock wave [1].

For the numerical simulation of the propagation of shock waves, a complete system of equations of
deformation of the porous elastic-plastic material was solved [2]. The methods of numerical modeling
of explosive loading of porous materials are described in detail in [3,4]. In this paper, we used the few-
parameter equation of state adequately describing the physics of collision at high pressures (up to 10
mbar) and temperatures (up to 10,000 K) [5,6], which made it possible to carry out calculations of
shock-wave processes with a minimal number of physical parameters as the initial data. The
geometrical dimensions and the values of the physical parameters correspond to the experimental data
mentioned above.

Thus, using the technology of explosive compaction, compact samples of aluminum oxide are
obtained. On the basis of experimental and numerical studies of shock waves propagation, the
optimum parameters of dynamic compaction of aluminum oxide are determined in order to maximize

the density and the conservation of the ready samples after loading.
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TWO-DIMENSIONAL AUXETIC DESIGN FOR BIODEGRADABLE STENT

Chentsov A.V., Lisovenko D.S.

Abstract. The mechanical behavior of two-dimensional construction with negative Poisson's ratio (auxetic construction) is
experimentally studied. The concave hexagon with straight sides is often an element of structure in auxetic constructions. In
this work the special design of a concave hexagon in which a part of straight elements is replaced with "sinusoidal" elements
is suggested. The sample was made by the laser cutting method of a non-auxetic polyethylene terephthalate (PET-a
amorphous) planes. The transverse size of elements of hexagons is equal to sample thickness. The sample was subjected to a
monotonous uniaxial tension till the last moment when it still remained plane. As a result of experimental data processing the
tensile force - displacement diagram is calculated. Variability of Poisson's ratio depending on engineering deformations is
studied.

Introduction. In 1987 material with negative Poisson's ratio (auxetic) - polymeric foam [1] was
obtained for the first time. From this point active theoretical and experimental studying of physical and
mechanical properties of materials and constructions with negative Poisson's ratio began. In a study of
auxetics it is possible to allocate the following main directions - creation of auxetic rod models and
structures, production of composites with effective negative Poisson’s ratio, and study of auxetic
crystal materials [2-4]. For example, auxetic rod models and structures can be used as elements of a
new class of composites.

The concave hexagon with "straight" elements is often used as a unit cell in a study of mechanical
properties of cellular structures (see the book [2] and the review [3]). The design of the auxetic two-
dimensional plane consisting of concave hexagons is suggested in the present work. Variability of
Poisson’s ratio is also investigated. Some sides of the reproducing hexagon of this plane have the
"sinusoidal" form. The tubular form of such design would also be auxetic and would elongate when
expanded by pressure from inner surface. This form is used in polymer biodegradable stents.

M ethods. Samples were made of 0.7 mm thick PET-a planes by the femtosecond laser cutting method.
Processing quality of this method exceeds any other existing laser systems (for example, widespread
CO; lasers). Femtosecond laser processing yields almost no side effects related to material heating.
Duration of a femtosecond laser impulse is so short that its thermal influence after its interaction with
material does extend to adjacent sites. Material is exposed to ablation. The main advantage of this
method is high precision and selectivity as transition to plasma happens only in the focus of a laser
beam (spot size is from tens of microns to several hundred nanometers). Thus, mechanical properties
of the material in the areas adjoining the place of processing do not change. Samples were made on the
laser machine with a femtosecond laser. The laser machine carried out displacements of billet with
micron accuracy. The average power of radiation was 3 W. Duration of impulses of radiation was
500 fs. Energy of an impulse was 120 pJ. Thus, radiation power in an impulse reached 240 MW. The
110%20x0.7 mm plate with the central part of 26.2x20x0.7 mm was cut out. The design of a sample
was such that the transverse size of elements of concave construction was chosen equal to thickness of
an initial plate.

The sample was subjected to a monotonous uniaxial tension on a universal uniaxial setup (MTS
Synergie) up to a load of 50 N with a speed of 5 mm/min. Changes of sample geometry were
registered as 12-Megapixel images obtained during the experiment. Force and displacements of
cantilever-moving beam of upper grip were also registered by the built-in sensors of the setup.
Displacements and deformations in the plane of the sample were calculated from still images using
digital image correlation method in Ncorr [5] software after decoding of the video stream.

Results and discussion. On a diagram tensile force - displacement the dependence changes almost
linearly up to 5 mm displacement, and from 5 mm to 10 mm the sample is elongated with no force
increase. There is a nonlinear load increase at further tension. During the experiment the maximum
reached displacement was 25.9 mm. Up to this value the sample remained plane. The maximum
transverse displacement is equal to 11.9 mm. It should be noted that longitudinal displacement during
the experiment appears several times higher than the transverse displacement.

The Poisson’s ratio in elasticity theory of small deformations is determined by Eq. 1

v=-¢ /e, €]
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where ¢, - longitudinal deformation, ¢, - transverse deformation. Variability of Poisson’s ratio was
studied by analogy with this formula. In this case &, =Al /L, - longitudinal deformation, L, =26.2
mm — length of the central area, ¢ =Al /1, - transverse deformation, 1, =20 mm — width of the

central area. The analysis of experimental data showed that elastic deformation for this sample occurs
up to 2% longitudinal deformation.

Dependence of Poisson's ratio on transverse deformations is calculated. As a result of tension of the
two-dimensional plane the maximum longitudinal deformations reached 99%, and the maximum
transverse deformations - 59%. The Poisson's ratio remains constant up to 11% longitudinal
deformation and is close to -0.2. At further increase of longitudinal deformation the Poisson's ratio
decreases to -0.6.

Conclusion. A special design of auxetic two-dimensional construction is suggested in the present
paper. The concave hexagon is chosen as an element of this construction. Unlike a common hexagon
with straight sides in this work a part of straight sides is replaced with "sinusoidal" sides. The sample
with such auxetic design made of non-auxetic polyethylene terephthalate (PET-a amorphous) by
femtosecond-laser cutting was subjected to a monotonous uniaxial tension. The analysis of
experimental data showed that the Poisson's ratio of such auxetic construction changes in the range
from -0.19 to -0.6. The considered auxetic design can be used in composite materials for production of
materials with the predetermined mechanical properties, both planes and tubes, in particular, for
polymer biodegradable stents.

The work was accomplished within the framework of the Project of RFBR and Moscow Government
Nel5-31-70005 mol _a_mos.
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FABRICATION AND ANALYSISOF THE FLEXURAL PROPERTIESOF SYNTACTIC
FOAM - GFRP SANDWICH COMPOSITES

Daniel Paul, Velmurugan R. ,Gupta N.K., Manzhirov A.V.

1. Introduction

The usage of particlesto modify the properties of polymers has been prevalent for several decades.
The addition of hollow particles, such as glass microballoons (GMB), to polymers to reduce their
specific properties marked the advent of syntactic foams. One attractive use of these foamsis as a core
in sandwich structures. Such sandwich composites have been fabricated and tested in the past both
experimentally [1] and numerically [2]. In this study, the sandwich composites are made with the skins
and core being fabricated simultaneously. The modes of failure and properties are studied and compared
with analytical results.

2. Experimental Analysis
2.1.Fabrication of the sandwich composite

The materials used in the fabrication of the sandwich composites were 3M Scotchlite K15 type
hollow glass microballoons, unidirectiona stitched glass fiber mats, and a DGEBA-based epoxy resin,
Araldite LY556. A TETA-based hardener, Aradur HY 951, was used as the curing agent. In previous
studies, the skins were pre-fabricated and the foam core was then bounded to them separately. In this
study, all the layers were fabricated simultaneously to ensure better bonding at the interfaces.

A predetermined quantity of GMB was mixed with epoxy using a mechanical stirrer. At the same
time, the lower skin was fabricated by using a hand layup technique. The GM B-epoxy-hardener mixture
was poured over the skin and allowed to gel into a semi-solid state. The top skin was then fabricated
over the foam core. Both the upper and lower skins were comprised of three layers of glass fiber mats.
The entire sandwich structure was allowed to cure for around 20 hours at room temperature.

2.2.Mechanical tests

Flexural tests were performed on a5 kN Instron Universal Testing Machine (UTM) fitted with athree-
point bending fixture. Rectangular samples were used for the tests.

2.3.Results and discussion

The stages of failure observed in one sandwich specimen prepared instantly as described in this study
are shown in figure 1 (left). There were three easily distinguishable modes of failure in the sandwich
structure: core failure (cracking), skin fiber breakage, and skin-core debonding. In the specimens
prepared by the instantaneous method, the failure occurred in the order shown in the figure. The results
of the flexural tests for various core volume fractions of the sandwich composites are shown in figure 1
(right). It can be seen that as the core volume fraction increases, the modulus and strength of the foam
showed a dlight decrease. Despite the decrease in properties, the foam core hel psin reducing the density
of the composite significantly. The density of the fiber reinforced epoxy alone was found to be 1.646
g/cc while a sandwich containing a core having a GMB volume fraction of 50% had a reduced density
of 1.155 g/cc. This helpsin reducing the weight of the overall structure being fabricated.

3. Analytical analysis

The analytical analysis was done using the higher order shear deformation theory proposed by Reddy.
Thiswas chosen since the sandwich composite being studied cannot be considered a thin beam and thus
will have shear effects in addition to pure bending. This is visibly noticed during the experimental
bending tests where the core and the skin shear off at higher loads. The results obtained for specific
volume fractions are shown in figure 2. They were found to be following the same trend as the
experimental results.
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Figure 2: Comparison of analytical results with experimental values

Conclusion

The flexural properties of syntactic foam-GFRP sandwich were studied both experimentaly and
numerically. It was found that fabricating the entire sandwich simultaneously impacted the failure
mechanism by delaying the debonding of the skin and core, which is the mgjor and primary mode of
failure in samplesin which the layers are fabricated separately and then made as a sandwich. Since the
sandwich isthick, a higher order bending theory was used to incorporate the effect of shear. The results
showed similar trends as the experimental values. Further, the effect of core thickness on the overall
properties and other properties like impact strength can also be studied.
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ON THE INFLUENCE OF THE ELASTIC BASE ON THE LINEAR LONG WEAK
DISPERSIVE WATER WAVESCREATED BY THE LOCALIZED UNDERGROUND
SOURCE

Dobrokhotov S.Yu., Tolstova O.L, Vargas C.A.

Usually the gravity water waves are considered in the layer with the hard lower boundary. If the length
of the wave much larger than the depth of layer (or the basin) and the wave amplitude is small then
one can use the shallow water approximation and reduce the original problem to the linear wave
equation or its dispersive generalization like the linearized Boussinesq equation. Such type of models
are used for instance for the description of the propagation of the tsunami waves. It is well-known so-
called piston model of the creation tsunami wave: the underground source organizes the shift of the
basin's bottom which in turn generates the perturbation of the free elevation and surface gravity water
waves. Pod'japolskii in 1978 suggested to consider the process of generation and propagation tsunami
waves in the frame of the combined water-elastic model that considers the effect of elastic foundations
on propagation of water waves. The mathematical aspects of this model were discussed in particular
by Sabatier (1983), Fragela (1989), Zvolinskii, Nikinin, Sekerzh-Zenkovich (1991), Chudinovich,
Dobrokhotov, Tolstova (1993), Griniv, Dobrokhotov, Shkalikov (2000), numerical aspects was
studied by V.Gusjakov (1987) and others (see Bibliography in [1,2]). The basic equations has a
nonstandard form from of view of theory of partial differential equations because the boundary
conditions contain the time —derivatives. Our previous results show that the basic equations with time
derivatives in boundary conditions could be presented in a standard form for Cauchy problems for
evolutionary equations but in the configuration space having the form of the tensor product of the 3-D
Euclidean half-space and 2-D Euclidean planes. The Fourier analysis of this equations shows that
solution of the Cauchy problem for this model breaks in the 3-D internal elastic modes and two 2-D
surface modes: the mode describing the Rayleigh wave and the mode describing the waves on the
water surface In our talk we focus on the water waves mode and consider the situation when the water
waves are created by the localized underground source. Using recent results from [2] we construct
the effective asymptotic formulas for the leading edge front waves for a wide range of sizes of
underground source. This allows one to estimate the influence of the elastic base on the velocity of
the leading edge front propagation and also on the dispersive properties of such type of the waves. We
also show that the waves near leading edge front could be described by the linearized Boussinesq
equation with corrected velocity and dispersion coefficient before the 4-th derivatives.
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DETERMINATION OF THE MECHANICAL CHARACTERISTICS OF NANOMATERIALS
UNDER TENSION AND COMPRESSION

Filippov A.A., Fomin V.M.

Abstract. In this paper, a method for determining the mechanical characteristics of nanoparticles in a heterogeneous mixture
was proposed. Heterogeneous mixture consists of a thermosetting epoxy resin and silicon dioxide powder of different
dispersity. The mechanical characteristics of such material at a constant concentration for nanopowders were experimentally
determined. Using the existing formulas for obtaining effective characteristics, the Lame coefficients for nanoparticles of
various sizes were calculated. The dependence of the elastic characteristics on the particle size was obtained.

Introduction

Asis known, the heterogeneous material consists of various components, such as a matrix and afiller,
with significantly different mechanical properties. Application efficiency of this material depend on
the correct selection of the origina components and the technology of their combination. It is noted
that with decreasing size up to nanometer, fillers can impart properties that are not charcteristic of
larger particles and significantly improve matrix properties It is noted that with decreasing size up to
nanometer, fillers can impart properties that are not characteristic of larger particles. At the same time,
the evaluation of the elastic and strength characteristics of nanoparticles seems to be a very difficult
task due to the small size, large specific surface area of the particles. The purpose of this paper isto
determine the mechanical properties of filler particles as a function of size at different concentrations.
Modern methods for obtaining the moduli of elasticity of nanoparticles are proposed in the works of
A.V. Vakhrushev and others [1,2]. Such approaches cannot determine the mechanical characteristics
of a particle as a nanobject, but allow one to estimate the contribution of the filler to the properties of
the matrix and to predict the mechanical characteristics of such heterogeneous materials.

Using the generally accepted Voigt formulas (rule of mixtures) for determining the effective
characteristics in the case of tension and compression, we have:

E=ckE +c,E,; L=cL +c,L,, (1)
(2u, + 3\,
WhereEi:M;Li:ki+2ui;i:l,2 )
Ay,

E,L are moduli of elasticity under tension and compression, respectively, A and p are Lame
parameters, c;, c, are the volumetric concentrations of the components. Designations without an

index correspond to the mixture, 1 — filler, 2 — matrix. With the help of expressions (1) and (2) it is
possible to determine and through mixtures:

A(L-c,L,)~((E-c,E,)+3(L—c,L,)) 2D
1 = 4 )
((E-c,E,)+3(L—c,L,)) D

8 )

D=(E-¢,E,) —10(E - ¢,E,)(L—¢,L,) +9(L—c,L, )’
Thus, by determining the coefficients for the matrix and the mixture, it is possible to determine the
Lamé parameters for thefiller.
In the experimental part of the work, according to the developed technology [3], tensile and
compression specimens were prepared from epoxy resin DER-330 with the addition of silica
nanopowder (0-2% by weight) Aerosil A-380.
Determination of the elastic moduli for tension and compression was performed on a Zwick/Roell
Allround Z005 testing machine at a constant loading or moving speed to arrive at a uniaxial stress or

strain state for stretching and compression, respectively. On the basis of formulas (3), the mechanical
characteristics of the nanocomposite were cal cul ated.

Wy = 3
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Figure 1. Determination of the modulus of elasticity of a nanoparticle for different concentrations of a
heterogeneous material

The epoxy resin module was expertly determined at these curing parameters. With increasing powder
concentration, Young's modulus of heterogeneous material increased by 9.5% at a volume
concentration of 2%. At each concentration, the modulus of the particle was calculated from formulas
(2). The calculated modulus of the particle decreases monotonically with increasing concentration.
Conclusion
The Voigt model is applicable for determining the mechanical properties of the componentsin the
experimental region of the experimental data. The applicability of the Voigt model islimited by the
conditionE, > £, > E, —¢,E, .
References
1. Vakhrouchev A.V., Shushkov A.A et. a. Chem. Physics and Mesoscopics. 3(16), 381-387 (2014)
2. Vakhrouchev A.V., Shushkov A A et. al. Chem. Physics and Mesoscopics. 2(17), 214-218 (2015)
3. T.Brusetseva, A.A. Filippov et. a. J. Mech. Of Composite Mat. 4(51), 747-756 (2015)

Information about authors:

Filippov Artem —junior researcher, Khristianovich Institute of Theoretical and Applied Mechanics SB
RAS 8-913-064-18-36. E-mail: filippov@itam.nsc.ru

Fomin Vasiliy Michaylovich — academician, scientific adviser Khristianovich Institute of Theoretical
and Applied Mechanics SB RAS, 8-(383) 330-85-34. E-mail: fomin@itam.nsc.ru

165



MAGNETO-ELECTRIC TRANSITION IN NICKEL-GALLIUM ARSENIDE-NICKEL
MULTIFERROIC STRUCTURE

Galichyan T.A., Filippov D.A., Laletin V.M., Firsova T.O., Poddubnaya N.N.

Abstract Experimental studies of the magnetoelectric effect are presented in structures manufactured by electrolytic
deposition of nickel on a substrate of gallium arsenide. It is shown that the use of gold-germanium-nickel sublayer, when
sprayed on a substrate, significantly improves the adhesion between electrolytically deposited nickel and substrate. Linear
and nonlinear magnetoelectric effects on the alternating magnetic field are observed in these structures. Both effects have
resonant character and the resonance frequency of the nonlinear effect is twice less than that of the linear effect. In weak
fields, the value of the nonlinear magnetoelectric effect is in quadratic dependence on the alternating magnetic field and
unlike the linear magnetoelectric effect, it does not depend on the bias field.

Layered magnetoelectric (ME) composites are structures consisting of interlaced, mechanically
interacting magnetostrictive and piezoelectric plates. They have certain advantages over bulk
composites: they are better polarized and metals having a high coefficient of magnetostriction can be
used as magnetostrictive phase [1]. However, the biggest disadvantages of layered structures are the
poor mechanical durability and the samples fibering on the phase boundaries. Most of the laminated
structures are prepared using an interlayer polymer phase (glue), which impairs the parameters, leads
to an undesirably high temperature dependence, and reduces the quality factor of the structure. The
magnetoelectric effect in structure where the magnetostrictive phase was applied to the piezoelectric
substrate by spraying method was studied [2]. This provides a good mechanical contact between the
phases, but does not allow obtaining high values of the effect. The maximum effect is achieved under

the condition Ptv/PY =™V ™Y, where ™Y and "Yare the Young’s moduli of magnet and

piezoelectric, "t and "t the thicknesses, respectively [3]. Young's moduli of piezoelectric and
magnet materials generally differ less than two times, so the maximum effect is obtained at about the
same thickness of the magnet and piezoelectric. Using of electrodeposition method allows getting
magnetostrictive layers which have thickness comparable with the thickness of piezoelectric substrate.
However, a problem of adhesion arises. Previously obtained samples with a thickness of
magnetostrictive phase of 100 um showed significant reduction in adhesion properties. Consequently,
the value of the effect in such structures is considerably lower than that of the adhesive structures [4].
Enhanced converse ME effect has been experimentally observed in cylindrical PZT-Terfenol-D
piezoelectric-magnetostrictive bilayered composites [5].

In this paper, sublayers are used to improve the adhesion between the phases, which are deposited
on the substrate by electron-beam evaporation.

Structures with good adhesion between the layers and thickness of magnetostrictive layer

20—-30 pm are allowed to be obtained using Au—Ge-Ni sublayers, deposited on GaAs substrate and
followed by Ni electrolytic deposition. Linear ME effect on an alternating magnetic field and
nonlinear ME effect is observed in the structure. In the obtained structures, the resonance value of the
ME coefficient is almost 5 times greater than the value of the structures, obtained by Ni deposition on
GaAs substrate and 4 times greater than of adhesive structure Ni-PZT-Ni.
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MAGNETOELECTRIC EFFECT IN A SANDWICH STRUCTURE OF GALLIUM
ARSENIDE-NICKEL-TIN-NICKEL
Galichyan T.A., Filippov D.A., Tihonov A.A., Laletin V.M ., Firsova T.O., Manicheval.N.

Abstract. Results of investigation of the magnetoelectric effect in a nickel-tin-nickel sandwich structure obtained by
galvanic deposition on a substrate of gallium arsenide are presented. The technology of construction of structures is described
and the experimental results of the frequency dependence of the effect are presented. It is shown that the use of tin as an
intermediate layer reduces the mechanical stresses resulting from the incommensurability of the phases, which makes it
possible to obtain qualitative structures with a nickel thickness of about 70 micron. The resulting structures have good
adhesion between the layers and have a high quality factor.

Magnetoelectric (ME) effect, discovered more than half a century ago, recently attracts more
attention of researchers, as evidenced by an increasing number of publications on this subject [1]. This
is due to the fact that recently a fairly large number of materials have appeared, the magnitude of the
effect in which is sufficient for practical application. It makes possible to create various devices of
solid-state electronics, such as magnetic field sensors, memory cells on the basis of the ME effect.
Composite materials consisting of magnetostrictive and piezoelectric phases were widely used to
create such devices. These materials can be broken down into two classes - bulk and layered. Bulk
composites are manufactured by the ceramic technology and represent mechanically coupled mixtures
of powders of the magnetostrictive and piezoelectric phases [2,3]. Layered composites consist of
mechanically coupled magnetostrictive and piezoelectric layers [4-6]. Both bulk and layered
composites have their advantages and disadvantages. Bulk composite materials obtained by sintering
the mixtures of ferrite and piezoelectric powders are easy to manufacture and have good mechanical
properties, although they have smaller ME parameters compared to layered composites. The advantage
of layered structures is a high degree of polarization of the piezoelectric phase, small leakage currents.
However, great disadvantage of layered structures are poor mechanical strength, stratification of the
samples along the phase boundaries and low quality factor. Most of the layered structures are obtained
using an intermediate polymer layer (glue) which degrades the parameters, leads to undesirably high
temperature dependence and a decrease in the quality factor of the structureYoung's moduli of a
piezoelectric and a magnetic material, as a rule, differ by no more than two times, so the maximum
value of the effect is obtained for roughly equal thicknesses of the magnet and piezoelectric. Use of
the method of electrolytic deposition makes it possible to obtain magnetostrictive layers which
thickness is commensurable with the thickness of the piezoelectric substrate. However, this raises the
problem of adhesion. Better adhesion between the magnetostrictive and piezoelectric phases can be
achieved by pre-sprayed sublayers. The use of Au-Ge-Ni sublayers deposited on a GaAs substrate
with the subsequent electrolytic deposition of Ni allows obtaining structures having good adhesion
between the layers.

In this paper, we propose a method for eliminating these stresses by creating a sandwich
structure in which the electrolytically deposited layer of nickel alternates with an electrolytically
deposited layer of tin. It is shown that the use of an intermediate tin layer in the electrolytic deposition
of nickel on an arsenide-gallium substrate makes it possible to obtain structures with a nickel layer
thickness of up to 70 pum. These structures have good adhesion between layers, have good mechanical
strength, have high quality factor and are promising for creating devices based on the magnetoelectric
effect.
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ON BENDING VIBRATIONS OF ORTHOTROPIC STRIPSOR BEAMSOF VARIABLE
THICKNESSWITH ACCOUNT OF TRANSVERSE EFFECTSUNDER THE CONDITIONS
OF ELASTIC JOINTS
Gevorgyan G.Z.

Abstract. Vibration of variable thickness ortotrope strips with account of transverse shear with elastic joints at various
boundary conditions is considered. The obtained set of equations solved numerically by collocation method in various laws
of variation of thickness and elastic constants. The results of calculation in some cases compared with known exact solutions.

1. For relatively thick plates and shells, or if they have low shear rigidity, the theory based on
Kirchhoff-Love hypotheses does not yield reliable results and it is necessary to apply refined theories.
There are various refined theories based on hypotheses, asymptotic theories, iterative theories, etc.
Here we consider the problem by the theory proposed by Kirakosyan [1]. The essence of this method
is as follows. To construct the simplest theory, the principal stresses ©,,c, must have a linear

thickness distribution. To satisty the elasticity theory equations of motion t,,, T,, must have a second

order in z

Te =0+ Q2+ Q7" T, =Y, +,Z+ Y, 7

Integrating the equations of motion along the thickness and multiplying by z and integrating the first
two equations, we obtain the resolving system of equations, where high orders of relative thickness is
neglected. With the help of surface conditions ¢,, ¢;, y,, y, are excluded. The plane problem and
the bending problem are separated. The resolving system of equations for a plane problem is of fourth
order and contains two unknown functions, the tangential displacements of the middle plane of the
plate. The system of bending equations is of sixth order and contains three unknown deflection
functions and two functions characterizing the distribution of transverse tangential stresses of the
middle plane of the plate. In the case of a plate-strip, there remain two differential equations with
respect to the deflection w and, which together have a fourth order.

Hear we consider an orthotropic plate-strip of variable thickness, infinite along the axis Oy and length

a along the axis Ox. The coordinate plane XOy coincides with the middle plane of the plate. The

coordinate axes are parallel to the main directions of anisotropy of the plate-strip material. Using the
equations obtained in [1-2] the equations of bending vibrations in a dimensionless form can be
represented in the form:

d’H d*f d’H Jde , dH
HS =22 _H|8+5 ((x+kA) = |2 —16——p—SHQ?

de o [ (e A) G }di ax g

2 2
x 12f+st—H£klsi—k2x j—k3SH Asg—&% =0
dx dx 2 dx dx

3 2 2
sH2 Ol o aT el k)|

ox dx dx dx an

—2Hs’ [(x + kSA)%:}f—‘;p +8¢p+Q°H’S’ (kls(jl—d;— zx(pj =0

where

A=a,B,+a,B,, A, =2a,(a;B, +A)+a,(a;B, +A) (1.2)
x=aX, z=hz, s=h/a, h=hH, B =o;B,

=258, Z2 =B A,, o’ = Ban/paz

w=h,f cosot, ¢, =B, ,pcosmt, u,=hucoswmt (1.3)
a; and B, — the elastic constants of the material, ¢, — the function characterizing the distribution of
tangential stresses t,,, W — the deflection of the median plane of the plate, t— the time, p— the
density of the material, - the circular oscillation frequency of the plate, k , k,, k,— the coefficients
determining the formulation of the problem and assuming the values 0 or 1. If k =1 taking into
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account inertia of rotation, due to the classical bending, k, =1 taking into account the inertia of
rotation from the transverse shears, and K, =1taking into account the reduction and tension o, . If the
coefficient is zero, then the corresponding factor is not taken into account. If instead of B, putting E
then obtained the problem for beam. When y = 0, the classical statement of the problem is obtained,
1 = 3 corresponds to the isotropic material c, and for orthotropic material can  take values up to 40.

The remaining notations are generally accepted.

Usually, the boundary conditions of embedding, hinged support or free end are used. Closer to real
conditions are the elastic joint conditions [3], which can be represented as:

1.The angle of rotation of the middle line or the end cross-section of the plate is proportional to the
bending moment, which in dimensionless form we write in the form

Il%i(l—ll)szo or Il%i(l—ll)szo if 3 =0 they coincide. (1.4)
z
2. The shearing force is proportional to the displacement f (fig. 1).
Lf+(1-1,)N=0 (1.5)
N From these conditions for different |, |, we can obtain the boundary

conditions of embedding, hinged support, free end and symmetry
7SS conditions.
2. In the case of a constant thickness, without taking into account the transverse effects and the
classical boundary conditions, equations (1.1) can be reduced to one equation and the solution can be
obtained analytically. In the general case it is necessary to solve numerically. To solve by the modified
collocation method, we take the functions f and @ in the form

n+1 n+1

f=>ax, ¢=) hx 2.1)

Satisfying the equations (1) at the points of collocations, and at the end points to the boundary
conditions, we obtain a homogeneous system of equations 2n+ 4 order with respectto &, b .

Equating the determinants of these systems to zero, we obtain the values of the dimensionless
vibration frequencies. After determining these values, we can define the form of the functions
corresponding to these values.

Plates of variable thickness for which the dimensionless thickness changes in various laws was
considered.
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RESPONSE OF CRACKED BEAM USING DYNAMIC GREEN FUNCTION
Ghannadiadl A.

Abstract
The dynamic response of cracked beam using Dynamic Green Function presents in this paper. An
exact and direct modeling technique is introduced for modeling the cracked beam with arbitrary
boundary conditions. The applied method is based on the Dynamic Green Function. The effect of the
translational and rotational support flexibilities, depth and location of crack and other parameters is
assessed.

Introduction
Beams are fundamental models for the structural elements of many engineering applications and have
been studied extensively. The dynamic behavior of the cracked beam is considerably important in
many structural designs. Christides and Barr introduced the one dimensional cracked beam theory at
same level of approximation as Bernoulli-Euler beam theory [1]. A review on the topic of vibration of
cracked structures is presented by Dimaragonas [2]. His review contains vibration of cracked rotors,
bars, beams, plates, pipes, blades and shells. Zheng and Kessissoglou determined the natural
frequencies and mode shapes of a cracked beam are obtained using the finite element method [3]. The
influence of two open cracks on the dynamic behavior of the double cracked simply supported beam
both is investigated by Yoon et al. [4]. Shifrin presented a new technique is proposed for calculating
natural frequencies of a vibrating beam with an arbitrary finite number of transverse open cracks [5].
In previous studies on dynamic analysis of the cracked beam, only the Euler—Bernoulli beam has been
analyzed. On the other hand, previous researchers’ solution cannot be generalized to general boundary
conditions for beam. Therefore, the object of this paper is:

e To present a very simple and practical analytical-numerical technique for determining the

dynamic response of cracked Timoshenko beams, with various boundary conditions.
e To state exact solutions in closed forms using the dynamic Green function

Modeling of Timoshenko beams under moving mass

In this study, it is assumed a Timoshenko beam of length L which is partially restrained against
translation and rotation at its ends. The translational restraint is defined by the spring constant K, at
left end and Krr at the right end and the rotational restraint by the spring constants Krr. at left end and
Krr at the right end, as shown in Fig. 1. The forced vibration equations for the linear elastic, isotropic,
homogeneous, uniform Timoshenko beam can be obtained in a form dependent only on the functions
of the displacement:

2

Elw XXXX —p| (l‘l'ijw Xxtt +ﬂw tttt +pAW = FS(X _XF) (1)
’ kG ) kG ’

where w(x,t) is the transverse deflection of the mid-surface of the beam and F is the reaction force
exerted by the moving mass on the beam. In addition, I, A, E, G, k and p are, the second moment of
area, the cross-sectional area of the beam, the Young’s modulus of elasticity, the shear modulus, the
sectional shear coefficient, and the beam material density, respectively.

£ a £ b
2 Iy T
I
Qv A
I\RL
KTL

Fig. 1: Timoshenko beam with general boundary conditions
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Dynamic Green function
The dynamic Green function is utilized to find the solution for Eq. (1). Therefore, if G(x,u) was the
dynamic Green function for the submitted problem, the solution of Eq. (1) can be presented the form

w(x)=FG(x,u) 2
G(x,u) is the solution of the differential equation:

G,xxxx +¢2 (r2 +O(.2 )G,xx _¢2 (1_¢2r2a2 )G :S(X _XF) (3)

2
. . A .
where ¢ is the parameter proportional to the natural frequency (¢° = %), r, the radius of
. . | . o
gyration of the beam cross section (r° = K) , o, the parameter proportional to the rigidity of

the beam (a.” = Ki—IG ). The general solution of equation (3) can be stated as:

C,sin (oA, x) +C, cos(pA, x) +C, sinh (pA, x) +C,, cosh (A, x)

0<x<u
G(x,u)= , ) 4)
C,sin (oA, x) +C, cos(PA, x) +C,, sinh (PpA, x) +C cosh (A, x)
usx<L
where X €[0,L] and A, and A, are calculated as:
2, 2 2, 2\
A, = R _I_Lz 5)
2 2 )
2, 2 2, 2\
A =— rr+o” |1 +a _I_Lz ©6)
2 2 )
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SHEAR WAVESIN A TWO-PHASE OPPOSITELY POLARIZED VISCOELASTIC
PIEZOELECTRIC WAVEGUIDE

Ghazaryan K .B., Mozharovsky V.V., Ohanyan S. K.

Abstract Coupled electro-elastic SH waves propagating in a piezoelectric waveguide are considered in the framework of the
full system of Maxwell’s electrodynamic equations. Homogeneous conditions for electrical and the magnetic fields are taken
along waveguide traction free walls. The dispersion equations are obtained and numerical analysis is carried out. The results
demonstrate the significant effects of piezoelectricity and viscosity on acoustic frequencies.

Waves in piezoelectric waveguides are studied by many researchers and in the most cases the quasistatic
approximation is adopted for governing equations. In some situations, however the dynamic setting of
Maxwell’s equations is necessary to consider when investigating the coupling effects of elastic and
electromagnetic waves [1-5]. Waves in piezoelectric viscoelastic media are considered in [4,5].

The purpose of this study is to investigate in dynamic setting of Maxwell’s equations shear waves in a
waveguide consisting of two oppositely polarised piezoelectric materials with viscosity properties.

Let consider in Cartesian system (—oo <X<w,-b<y<a,—0<z< oo) a two-phase waveguide made
from two oppositely polarized (having oppositely directed crystallographic polling axes) perfectly
bonded viscoelastic piezoelectric sub-layers of identical crystals of 6mm hexagonal group symmetry.

The interconnected elastic and electro-magnetic correlations and equations for an anti-plane problem in
the framework of full system of Maxwell equations in a viscoelastic piezoelectric materials are [1,3]

(s) ()
o = (G +n 0 J%_(_l)(s)quis) ’ G(S) — (G _H]gj 6;; _(_1)(5) qSE;s)

* at) ox " ot
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where u,is the displacement, ©,,,0,,are the shear stresses, DX,Dy and EX,Ey the electric

(s) s
oB,” OEY _

displacements and electric field intensities, and H, the magnetic field intensity, p,C,,, €, &, f;
and 7nare the mass density, the elastic, piezoelectric, dielectric magnetic constants and viscosity
coefficient, respectively. The indexes S=1, S=2 stand for two oppositely polarised sub-layers
A(0O<y<a) andB (-b< y<0).

Assuming solutions in (1, 2) in the form of the plane time-harmonic wave

{u,,0,,,H,,E,} = {u(x), (%), H (x), E()} exp[ i (ot — ky) ]

where o is the wave angular frequency, K is the wave number, we come to the following matrix
differential equation with regard to column vector function

U.(%) = (u(x),a(X), H(X),E(X))",s=1;5=2

So-T0.
dx
0 1/G, (-1) ek/20G, 0
TS _ sz _sz O 0 | (_1)5 ek (2)
(—1)s ekw 0 0 —lew
0 i(-1)7'(£G,) ek i((¢0G,)'GK* - uo) 0

Here G=c, +ion,G,=G+¢'€,e6=¢,,u=p,,e=¢€,.
Eigenvalues of matrixes T, are the same and equal to  +ip,*iq, where p=,/@’/c] -k,

q=.@’/C -k’ ,c =./G,/o is the velocity of shear elastic wave, C=/l/gu is the velocity of the
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electromagnetic wave of piezoelectric materials. Eigen functions of Eq.(1) corresponding to these
eigenvalues can be cast in matrix form as

T

U,(x)=R(X)C,. C,=(C".C.C".C7) (3)
where column vectors C*® are constants of integration ,
exp (i px) exp (—i px) 0 0
P (x) = iG, pexp(ipx) —iG, pexp(—ipx) (-1)"" (ew) ™ ekexp (i) (-1)"" (ew) " ekexp (i)
B 0 0 exp ( i qx) exp (—i qx)

[ (—1)57I eke exp(ipx) i (—1)371 ke exp(—ipx) —qgexp(i qX)(—l)s (ew)™ ekexp(igx) d(ew) ™ exp(-ipx)
Eliminating vectors C, in Eq.(3) the relations linking U ' (X) vector field values within each oppositely
directed sub-layers can be found as

U,(0)=R(0)[R(a)] U, (a): U,(0)=PR(0)[P(-b)] U, (-b)
Using the continuity conditions of field vectors U (x) atinterface X=0, U®(0)=U?(0) we come
to the following relation which links the field vectors at the waveguide walls X=a, X=—b

U, (-b)=MU, (); M =R, (0)[R.(-)]"| R(0)[R(a)]"

By means of the matrix M is it easy to obtain the dispersion equations for different boundary conditions
imposed on waveguide walls. Two types of electrical boundary conditions (open and closed) on the
waveguide surfaces are considered and corresponding dispersions are obtained. For traction free and
electrically closed conditions at X=a, X=-b we get the following dispersion equation

(a=b=d/2, f=pq/k’, R=€"/G,)
B’sin(dp)sin (da) —,BZR(S —8cos(dp/2)cos(dq/2)+cos(dq)+cos(dp)(l +3cos(dq)) —~
~ SR (8sin(dp/2)sin (dg/2) - 3sin(dp)sin (dq)) - 4R’ (sin(dp/2)sin(dq/2))" =0

The detailed numerical analysis of dispersion equations is carried out. Effects of piezo and viscosity

properties on dynamic process in two-phase waveguide are studied and compared with results of one-

phase waveguide a=0 or b= 0. In the long and short wave limits the branches of dispersion equations

are obtained in explicit ways and are examined analytically.
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THE MODELSOF FRICTION OF VISCOELASTIC BODIESUNDER VARIOUS
INTERFACE CONDITIONS

Goryachevall.G.

Abstract. Some models of a sliding contact of the surfaces with periodic microgeometry over a viscoelastic base are
presented. The contact problems are considered in steady state formulation. The mechanical properties of the viscoelastic
base are described by the Kelvin model. The various interface conditions such as dry surfaces, boundary lubrication,
existence of the incompressible fluid in the gap between the surfaces, as well as hydrodynamic lubrication are considered.
Based on the models, the dependences of the friction force on the mechanical properties of contacting bodies, microgeometry
parameters, and sliding velocity are analyzed for various interface conditions.

1. Introduction. One of the main causes of energy dissipation in sliding contact of viscoelastic
bodies is hysteretic losses in subsurface layers of contacting bodies. Its influence on friction force
depends on the mechanical properties of the contacting bodies and their surface layers, surface
microgeometry, operation conditions, such as applied load, sliding velocity, temperature, and
environment conditions. Besides, interface conditions in the gap between surfaces have the significant
effect on friction force. In contact of dry surfaces, the adhesive interaction of the contacting surfaces
increases the friction force. In lubricated contact the friction force depends essentially on the
characteristics and volume of fluid in the gap between the contacting surfaces.

In this study the models are presented to study the effect of the interface conditions on the friction
force in sliding contact of the rigid body with periodic microgeometry and the viscoelastic base.

2. Sliding contact under boundary lubrication regime. The contact problems in 2-D and 3-D
formulations for the punch with periodic relief sliding over the viscoelastic layer are considered. It is
assumed that there is no shear stress at the contact regions, and there are no adhesive forces between
the surfaces. The viscoelastic layer properties are described by the Kelvin model

+ b do, __E, s+ki%
l+o; dt  1+a, dt

p= zGi
=

I+a,

G;

2.1)

Here =T, are the relaxation times, and A, =T, are the retardation times.

The shape of the punch is described by the function

f(xy)= h—g[cos(@}lj[cos(@jﬂj (2.2)

Here h and | are the height of asperities and the distance between them, respectively, h<<I

The strip method is used for solving the contact problem. Calculations for various microgeometry
parameters have been made and used to analyze the influence of the surface relief, viscoelastic layer
properties and the sliding velocity on contact pressure distribution and on the mechanical component
of friction force [1]. The results indicate that the contact region increases as the nominal pressure
increases, and the contact spots approach to each other first at the direction of the y-axis, which is
perpendicular to the sliding direction.

3. Modeling of adhesion effect in dliding contact of dry surfaces.
The similar 3-D periodic contact problem is formulated taking into account the molecular attraction in
the gap between the bodies. The Maugis-Dugdale model is used to describe the dependence of the
negative adhesive stress P acting in the gap between the surfaces on the distance 0 between them,

i.e. P,(8). The 3D contact problem is reduced to a 2D contact problem (strip method). The boundary

conditions for the contact pressures and displacements in each strip are formulated with taking into
account various regimes of the gap filling: saturated contact, discrete contact with saturated adhesive
interaction, and discrete contact with zones of adhesive interaction and zones of free boundary.
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The results indicate that due to adhesion a significant increase in the real contact area takes place, the
contact saturation occurs at lower loads, and a contact between surfaces exists even for negative
(tensile) loads. The results also show that the transition from discrete to saturated contact in the
presence of adhesion occurs at lower loads than without adhesion.

Adhesion leads to the increase in the value of the mechanical component of friction force; this
increase is larger for higher value of adhesive stress. The effect of adhesion is especially significant in
contact of the bodies under small or negative loads.

4. Effect of an incompressible fluid in the gap between the surfaces. The contact problem for a
rigid indenter with 3D wavy surface sliding with the constant velocity v along the X-axis on the
boundary of a viscoelastic layer is considered taking into account the incompressible fluid of the given
volume Vv inside the valleys. The shape of the wavy surface is described by the periodic function (2.2).
The layer viscoelastic properties are described by Eq.(2.1). It is assumed that the viscoelastic layer is
bonded to a rigid base.

The analytical method was used to solve the contact problem [3]. The problem was
reduced to the system of non-linear equations to determine the contact pressure and the fluid
pressure in the gap between the surfaces. It was shown that the fluid pressure depends on the
velocity and on the volume of fluid in the gap.

The solution of this problem makes it possible to indicate the range of parameters in
which the fluid supports the load. The results of calculation indicate that the real contact area
and the friction force decrease due to existence of the incompressible fluid inside the valleys.

5. Modeling of hydrodynamic lubrication for bodies coated by viscoelastic layer. The model

of VEHD lubrication of rough cylinder in contact with viscoelastic layer bonded to a rigid base is
developed. The viscoelastic properties of the surface layer are described by Eq.(2.1) with one
relaxation time. The Reynolds equation is used to describe the flow of lubricant in the gap between the
surfaces. The surface roughness is described by the periodic function. The problem is reduced to the
system of equations which is solved using the Newton method and iteration.
Based on the numerical calculations, the specific futures of the lubricated contact of bodies covered by
viscoelastic layers are determined and discussed. The influence of a surface microgeometry on
pressure and film thickness distributions is also analyzed. The comparison of the results with the case
of elastic layer (EHDL) is provided.
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ON A CONTACT INTERACTION OF TWO INDENTICAL STRINGERSWITH
ELASTIC SEMI-INFINITE CONTINUOUSOR VERTICAL CRACKED PLATE

Grigoryan M.S.

Abstract. On a interaction of two identical stringers with a continuous or vertical cracked elastic semi-infinite plate and
the vertical crack can comes the plate boundary.

This paper considers two related to each other contact problems. In the first problem, an elastic half-
infinite continuous plate, that in the right-handed rectangular coordinate system occupies the lower half-
plane, is reinforced on its boundary by two identical stringers, located symmetrically about the origin of
the coordinate system. At the far ends of the stringers, horizontal tensional concentrated forces equal in
magnitude but opposite in direction, are applied. In addition, on the upper faces of stringers along their
middle lines tensional distributed tangential forces of a given intensities act. The plate itself is exposed
to the action of uniformly distributed horizontal forces tensioning in the horizontal direction at infinity.
This problem is mathematical formulated as Prandtl’s integro-differential equation for stringers in the
well-known Melan physical model. The solution of the latter by the method of Chebyshev polynomial
[1] is reduced to a regular infinite system of linear algebraic equations (SLAE). Here the solution of the
Prandtl governing equation is constructed by the method which is simpler from the point of view of
computational mathematics. Namely, the solution is represented in the form of a product of a weight
function that takes into account the characteristic singularities of the contact stresses under the stringers
and some regular function of the Holder class. Further, as in [2], the regular function is approximated
by the Lagrange interpolation polynomial at Chebyshev nodes and then the original Prandtl equation
reduces to a finite SLAE by the known method. In a particular case, if stringers are not loaded or are
under the influence of a self-balanced system of external forces, we will use also the Multopp method
[2].

Further, using the Kolosov-Muskhelishvili complex potentials [3] or the solution of the auxiliary
boundary-value problem for a quarter-plane (a wedge with a right angle), which is easily obtained by
the Mellin integral transformation, the normal breaking stresses are determined on the vertical axis of
the plate at the origin of the coordinate system. Analysis of the formula for these stresses shows that
when the near ends of the stringers tend to zero, i.e. when they infinitely approach each other, these
stresses increase infinitely, taking on the value of the brittle fracture limit for a given material. As a
result, there is a vertical cracking of the elastic plate.

Proceeding from this fact, the second problem is considered, which closely connected with the first
problem. Here we have a configuration as in the first problem, but on the vertical axis there is a crack
of finite length, the crack edges of which can be loaded with vertical forces. Two cases of the location
of a crack are discussed:

a) when it is located inside the plate at some distance from its boundary;

b) when a crack tip vertically reaches the boundary of the plate.

In both cases the discussed problem is described by a system of two singular integral equations (SIE).
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In the case a), the dislocation densities on the crack edges is unbounded at its tips and they have
ordinary root singularities. In the case b), the dislocation densities are unbounded at the lower internal
crack tip and, in general, are bounded at the upper tip. The solution of the governing system of the SIE

is constructed by a known numerical-analytical method [4-6].
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THE CONTACT INTERACTION OF THIN-WALLED ELEMENTSWITH AN ELASTIC
LAYER AND AN INFINITE CIRCULAR CYLINDER UNDER TORSION

Kanetsyan E.G., Mkrtchyan M.S., Mkhitaryan S.M.

Abstract. Problem on interaction of an elastic circular washer and an elastic layer and the problem of the thin cylindrical
shells and continuous elastic cylinder interaction are discussed.

We consider a class of contact torsion problems on the interaction of thin-walled elements in the
form of elastic circular thin washer — a flat circular plate of low height — with an elastic layer, in
particular, with a half-space and on the interaction of the thin cylindrical shells with a continuous
elastic cylinder, infinite in both directions. The theoretical and applied significance of such problems
lies in the fact that they, on the one hand, are a generalization and development of the classical contact
problems of the theory of elasticity. On the other hand, they are directly related to the important
practical engineering issues on the transfer of loads from thin-walled elements to massive deformable
bodies, often encountered in construction, machine building, especially in aircraft building, in the
mechanics of growing bodies, in measurement technology, in composites mechanics, and in other
fields of applied mechanics.

The mechanical behavior of a thin circular elastic washer and a thin cylindrical shell under torsion
is described by physical models that are completely analogous to the well-known model of Melan for a
rectilinear stringer [1,2]. The deformation of an elastic layer and an elastic infinite continuous cylinder
is described by differential equations of the axisymmetric torsion of the theory of elasticity.

In problems for the layer, the corresponding equation of deformation of a thin circular washer is
first derived from the exact differential equation of axisymmetric torsion. For this purpose, we
consider the boundary value problem for an elastic layer, when the torsional tangential distributed
forces are given on its face surfaces. The solution of this problem is constructed using the integral
Hankel transformation. As a result, we obtain a relationship containing Hankel transformants of elastic
circumferential displacements and torsional tangential forces acting on the face surfaces of the layer.
The coefficients of these transformants are elementary entire functions of the Hankel spectral
parameter, by which they are further expanded, as in [3], into power series. By retaining the terms up
to the second order, the inverse Hankel transform is applied to the resulting relationship. As a result,
we get an ordinary differential equation, describing the deformation of a thin circular washer. The
equation is an analog of the Melan model. The applied method of Hankel transform is equivalent to
the Lur’e symbolic method [4].

Next, the contact problem of torsion is considered, when the elastic layer, whose shear modulus
varies exponentially with depth, is rigidly clamped along its lower face, and on its upper face a thin
elastic circular washer is fastened. On the upper face of the washer, as well as on its lateral surface the
torsional tangential forces act. It is required to determine the tangential contact stresses under the
washer, as well as other deformation characteristics of the washer. From the condition of contact
between the washer and the layer, the governing integral equation (GIE) of the problem is obtained.
The kernel of this equation is the sum of its principal part in the form of the Weber-Sonin integral and
the regular part in the form of a fairly rapidly convergent integral of the product of Bessel functions of
the first kind. The GIE of the problem is solved by the method of spectral relationships containing the
associated Legendre polynomials, or by the method of collocations using Gaussian quadrature
formulas. The particular cases are discussed.

In problems for an infinite cylinder, we first consider the boundary value problem for an infinite
hollow cylinder, whose inner and outer surfaces are loaded with torsional tangential forces. Using the
integral Fourier transform, we construct an exact solution of this problem, containing modified Bessel
functions, and then, taking into account that the cylinder is thin, we derive an ordinary differential
equation, as above, describing the deformation of a thin cylindrical shell. Further, within the
framework of the obtained physical model, the problem of contact of a thin cylindrical shell of finite
length with a continuous infinite circular cylinder under torsion is considered. Eventually, the solution
of this contact problem is reduced to the solution of the singular integral equation (SIE) with a kernel
represented by the sum of the Cauchy kernel and the regular kernel. A well-known numerical-
analytical method is used to solve the governing SIE [5].
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MODELING OF MECHANICAL AND FILTRATION PROCESSES NEAR THE WELL
ACCOUNTING ANISOTROPY

Karev V.l., Klimov D.M., Kovalenko Yu.F., Ustinov K .B.

Annotation. The geomechanical approach to modeling deformation and seepage is presented. Three stages of modeling are
described: choosing the appropriate mechanical model and its adapting to the case in question, experimental determination of
the parameters of the model, simulation of processes of seepage for particular configurations of the well. The used model
alows describing the main peculiarities of the mechanical behavior of the collector: influence of pore pressure on
deformation; influence of not only shear but also comprehensive stress and pore pressure on transition to inelastic behavior;
appearance of inelastic volumetric deformation and its non-trivial dependence on the stress state; anisotropy of elastic,
strength and seepage properties; non-obvious dependence of permeability on stress-strain state. The model unites the
essential features of Hill’s plastic flow theory for anisotropic materials and Drucker-Prager theory for inelastic deformation
of soils. The results of experimental determination of the involved parameters for the the reservoir of Filanovskii oil and gas
condensate field obtained using true triaxial 1oading system are presented.

Process of seepage of hydrocarbon fluids into producing wells is affected by many factors, one and
not least of those being the changes in pore structure, and hence in permeability, due to deformation
processes in the reservoir caused by the stresses. The situation is aggravated due to the back influence
of seepage on stress-strain state, which leads to necessity of solving connected elastic-plastic and
filtration problem.

The approach of modeling used throughout the current research consists in there key stages:

- choosing and if necessary devel oping the appropriate model of deformation and filtration;

- experimental determination of the parametersinvolved;

- solving the connected mechanical (determining stress-strain state) and seepage (determining fluid
flow and debit) problem on the base of the chosen model and experimentally obtained parameters.

The results of the research on these three stages are presented for a particular case of Filanovckogo
field conditions.

The first stage of the research consists in choosing and devel oping the proper mechanical model of
deformation and seepage, to describe the key peculiarities, among which we emphasize the following:

- influence of pore pressure on deformation;

- nonlinear stress-strain behavior, dependence of yield stress on both shear and comprehensive
stresses and pore pressure;

- possible inelastic volumetric deformation and its non-trivial dependence on the stress state:

- possible anisotropy of elastic, strength and seepage properties,

- non-obvious dependence of permeability on stress-strain state.

These peculiarities have been well described by a number of models that form the base for solving
geomechanical problems;, many models have already been implemented to commercial codes.
Meanwhile, describing some features of mechanica behavior each of these models does not describe
the others, which sometimes does not allow their direct application. Therefore it is important to adopt
and develop these models so that to be able accounting for al the complex of the mentioned
peculiarities.

The system of equations forming the suggested combined model consists of the following
equations:

- Darcy’s law.

- Experimentally determined rock permeability dependence on the stress state.

- The set of equations of poro-elasto-plasticity, in which elastic part is described by Bio's classical
equations [1]. Inelastic behavior is described by means of a variant of plastic flow for anisotropic
media of the type of [2, 3] with accounting for influence of compressive stress similar to [4] and non-
associative flow rule[5, 6].

Experimental part of the study consisted in determining parameters of the model. Experiments were
carried out using the unique experimental unit IPMech RAS Triaxial Independent Loading Test
System (TILTS) created a IPMech RAS [7]. The tests were conducted on cubic specimens
(40x 40x 40 mm) cut from rock of Filanovskii field reservoir. Two types of the loading programs
were used: uniaxial loading with lateral pressure, and the generalized shear [8].

According to the loading program of the first type the specimens were subjected to comprehensive
pressure up to a certain value (2, 10 and 20 MPa), and then were loaded along one of the axes up to the
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level of elastic/plastic transition in the displacement control mode.

During loading according to the second program the specimens were being subjected to volumetric
compression up to the level corresponding to in situ stress state, then loading was being continued
along one of the axes accompanied with unloading aong another axis, the stress along the third axis
was being remained constant. The average stress was being conserved during this stage. The stress
state constructed in this program corresponds to the state near the well. The permeability was being
measured along the direction of the minimal stress during the experiment. The tests were carried out
for two orientations of the minimal stress: aong the bedding and normal to the bedding, which
corresponds to the lateral and upper points on the contour of the horizontal well. As a result, the
dependences of permeability on stresses and on yield strength for reservoir conditions were obtained.

Numerical simulation was carried out as follows. Two variants of the bottomhole design were
considered: uncased well and perforation hole of uncased well. For both cases the pressure in the well
was assumed to be vanishing. Initial reservoir stress state was supposed to be hydrostatic compression
with the magnitude corresponding to the weight of the overlying rocks; initial pore pressure was
supposed to be hydrostatic.

The calculations were performed in 3-D, using the meshes with 22 356 elements and 44 001 nodes
corresponding (due to symmetry) to a quarter of the area around the well. Flow rates related to flow
rate in a “perfect” well (permeability near the well is constant and equal to the initial reservoir
permeability) have been calculated.
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LOADS TRANSFER FROM FINITE NUMBER FINITE STRINGERS
TO AN INFINITE SHEET THROUGH ADHESIVE SHEAR LAYERS

Kerobyan A.V., Sahakyan K.P.

Abstract. In this article the problem for an elastic infinite sheet which is strengthened by finite number finite stringers with
different modulus of elasticity and small constant thickness is considered. The contact interaction between sheet and stringers
through adhesive layers having different physical-mechanical properties and geometric configurations was realized.

Let an infinite sheet which defined in generalized plane stress state with small constant thickness
d, the Young's modulus E and the Poisson's ratio v, on its surface aong a8 y=0
(xOy is its average plane) line on the [aj,bj] (bj >a,, j:ﬁ; bj <aj+1,j :Ln—l) finite
intervals is strengthened by arbitrary finite number of finite stringers. It is supposed that the stringers
having rectangular cross-sections with areas Fj ,J=Ln with smal different thickness hj
(hj <<b-a;j =ﬁ) and constant width b’ (b* <<b, -a, (j :]71)) with different modulus of
dasticity E, (j :ﬁ), where xe[a;,b, |, j=1n. The interaction between infinite sheet and
stringers was realized through thin, uniform, elastic adhesive layers with Young's modulusE, , the
Poisson’sratio v, and small constant thickness h, . The problem is to specify the law of distribution of
unknown shear stresses which are acting between sheet and stringers when concentrated forces P,
( j= ﬁ) are applied at one end points of stringers x=b;, j =1,n, and directed along the OX axis.

It is supposed that for the stringers the model of uniaxial strain state in combination with the model
of contact dong the line is realized, and for the adhesive layersit is the pure shear conditions (see [1]),
that is the interaction between infinite sheet and stringers as aline loading of the sheet isidealized.

Taking into account above assumptionsin [1], the determination problem of unknown shear stresses
is reduced to the solution of the following system of Fredholm’s integral equations of the second kind

with respect to unknown functions (X) ( = 171) which specified in different finite intervals:

v (0)+8 Y [K () (Ddt= £ (x), o <x<p, j=1n, (1.1)

L T * ~2 B S —
v (x)=ap;(ax) (j=1n), p;(x)=b't;(x), v, =b'G /NEF,, j=1n,
§° = ab (1+v)(3-v)G, / 4nEdn,, G, =E, /2(1+v,), @, =4, /a B, =b, /4,

1 Py 1 o
KJ-(X,t)zlnﬂ—a’yjo‘[Gj(aX,aS)lnMdS’ J:l,n,
fo(j)(x)zF)Jb*a';’j(ih[a{’j(x—(lj)}, jzﬁ,

Sh[ayi (B; -, )]

Gj(X,S):~ 1 Ch&,—(X—bj)Ch?j(S—aj)’ X> S,

yjsh[y?j(bj—aj)] chy, (x—a;)chy;(s-b;), x<s, j=1Ln,

G, (xs)=G,(sX), j= 1,n, are Green's functions which satisfying the following equalities:
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b

-rGj (X,S)COS rm(s_ai) ds= (bl Z_NaZJ) cos rnTC(X—aj) ’ m=0,12,...,j =]?],
b -3 (b, —a )y +ntn’ b -3,

] ]

8

mr(x-a,

where the functions Cos[ )] (m: 0,1, 2) (j :ﬁ) form full orthogonal systems in

b, —q
spaces Lz(aj,bj ) j=1n ,thekernels K, (x.t),] =1,n of thesystem of integral equations (1.1) are

square integrable functions by two variablesand 1, (x) )= ﬁ are unknown shear stresses which are

acting between sheet and stringers.

It is shown that in the certain domain of the change of characteristic parameter of the problem this
system of integral equations (1.1) in Banach space may be solved by the method of successive
approximations. The particular cases are observed and the character and behaviour of unknown shear
stresses are investigated. The numerical results for the solutions of (1.1) for two cases (n =1and 2) are
presented.
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ON THE EIGENFREQUENCIES OF ELASTIC SHEAR WAVES PROPAGATING IN AN
INHOMOGENEOUSLAYER
Khachatryan V.M.

Abstract. In this work the problem on the eigen-frequencies of elastic shear waves propagating in a layer, the Young's modulus
and the density of which are functions of the longitudinal coordinate is considered. Taking into account the inhomogeneity of
the material complicates the problem of the eigen-frequencies of the waves propagating in the layer. In this paper the problem
of pure shear is considered. For solving the problem, an integral formula is used, which allows to represent the general solution
of the original equation with variable coefficients through the general solution of the accompanying equation with constant
coefficients.

Suppose the elastic layer occupies the area 0 < x < a, 0 < y < b, |z| < oo, for which the equation of
motion of an elastic inhomogeneous medium for pure shear (antiplane problem) has the form [1,2]:

(600 %) + 60 %8 = p)2Y. ()

where G (x) is the shear modulus, p(x) is the density of the medium material, which are variables and
W = W (x,y,t) is the elastic displacement.

Aty = 0; b the ends are clamped.

The solution of (1) which satisfies the boundary conditions will be represented in the form:

W(x,y,t) = Tnog Fu(x, ) sin(py), A == 2)
Substituting (2) into (1) and equalizing the corresponding coefficients of the series, we obtain:

9 OFn(x,t)\ _ .2 . 0% Fp(x,t)

2 (6(0) 2E2) - 226 (0)F, (x,6) = p(a) 2 3)

Three cases of boundary conditions at x = 0; a are considered: clamped ends, clamped (x = 0) and free
(x = a) end and free ends.

Consider the case of steady-state harmonic oscillations:

E,(x,t) = fr(x)e!®nt “4)
After substituting (4) into (3) let’s perform averaging [3] of the boundary-value problem. By averaging
we mean the expression for the solution of the original problem in terms of the solution of the
accompanying problem. The coefficients of the equation of the accompanying problem can be any
positive constants, but for expediency they must be related to the characteristics of the original problem
[3]. The integral formula that helps to find the solution of the original equation in terms of the solution
of the accompanying equation is written in the form:

a a
o) = (@ 1, @) [ LD 55)em @ as - [ (ufp) -
0 0
a

a
Ams))eﬁn(“’”Kn(s,x)ds)+B<e—ﬁn(w>"—ﬁn<w> J, s aeesas - | (atps) -

A%G(s)) e Pa@SK (s,x) ds), (5)

where G(s) = Go — G(s), p(s) = po — p(s), Go = m po = {p(X)), B, (@) = idy/n7(w) — 1,

Ny = Vi{;", Von = %, c= /% and K, (s, x) satisfies the following equation:
n 0
) K (x,
2 (60 T2ED) 4 (whp(x) — 226Ky (x,5) = =8(x — 5), (©6)

where x,s € [0,a]. 1, is a dimensionless characteristic, Vg, are the phase velocities of the
corresponding modes and c is the velocity of propagation of the elastic shear wave.
To find the Green's function, satisfying equation (6) we use the method of successive approximations.
For the zero approximation, we get:

0,x<s

X
_ h(z-s) _ X
Kpo(x,s) = f ‘@ dz = _f 2 s (7
s G(2)

0

For the next approximations, we obtain:
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X

d x h

K 6:9) = = [ 225 [ @8pCe) ~ GG oms o )3 — [ 26y, m=1 9
0

Hence, if lim K, (x, s) converges then:
m-—-oo
K,(x,s) = lim K,,,(x,s) 9)
m—oo

Substituting (9) into (5) and satisfying the boundary conditions we will obtain the corresponding
equations for the eigen-frequencies w,,.
Considering only the zero approximation for Green's function we obtain:

X
Kn(x,s)z—J; %, X=s (10)
Satisfying the boundary conditions we obtain the following approximate frequency equations:
for clamped ends:

(1 + Bn(w) foa Q(s) eBn(w)sds)(e—aﬁn(w) _ Bn(“’) foa Q(s) e Pn(@sgg +

foa R, (s) e'Bn(“’)sL(s)ds) -(1- B, () foa Q(s) e'Bn(“’)Sds)(eaﬁn(“’) + B, (w) foa Q(s) ePn(@sqs +
Jy Ru(s) ePn (@S L(s)ds) = 0, (11)
for clamped end x = 0 and free end x = a:

(1+8,(w) anQ(S) ePn(@)sgs) (Bn(w)e_aﬁn(“’) f R,(s)e P (“’)Sds) +(1-

G J0
B (@) [ Q(s) e Pn(@3ds) (B, (@)en@) + - [T Ry (s) eP(@ds ) = 0 (12)
and for free ends:

(Bo(@) + 555 fi Ru(s) €Pr@2ds) (B, (e (@ — == [T R, (5) e Pal@ds ) — (B, (@) —

ﬁfoa R,(s)e Pn (“’)Sds) (B (w)e?Pn(@) +mf R, (s) ebn (“’)Sds) =0, (13)
where

() = 525 =1, Ra(s) = wi(po = p(5)) = 23(Go = G(5)), L(s) = f @ 19

In the future, we will consider specific examples of inhomogeneities.
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A NON-LINEAR CONSTITUTIVE RELATION FOR RHEOLOGICAL PROCESSESIN
AGEING MATERIALSWITH MEMORY

Khokhlov Andrew V.

Abstract. A non-linear strain-stress relation for ageing rheonomous materials is formulated and analysed. It contains two
integral operators depending on a strain history, a real material function of a real variable and nine real parameters. The
constitutive relation is intended to describe such rheological phenomena (at a constant temperature) as non-linear
viscoelasticity, creep, long-term strength, positive rate sensitivity, memory fading, tension-compression asymmetry.
Equations of strain-stress curves at constant strain rates, creep and relaxation curves produced by the relation are derived
under minimal primary restrictions on its material function and parameters. General properties of the theoretic curves
families are studied analytically and compared to typical properties of test curves. The analysis proved that the relation is
applicable for adequate modelling of mechanical behaviour of such materials as various polymers, composites, sand-asphalt
concrete, solid propellants and biomedical (bioresorbable, osteoconductive) materials.

Let us consider a uniaxial strain-stress state assuming that strain €(t) is a non-decreasing positive

function (of non-dimensional time-parameter t > 0) with piecewise continuous derivative. The stress
output o(t) may be written in the following form:

ot)=F(v(t), v=Re, Re=e®)|e®)"" 1" Sy, [e.e] L, [e]" (1)

Herein F(X) is a piecewise differentiable increasing function satisfying condition F(0)=0,
a,pP,q>0, EnP=0, S,0,,0, 20 are the material constants (which depend on a temperature

value)and L, and S, denote the integral operators mapping &(t) into the functions

®9

1/p 1/q

t t
Lo lel=| [lem Pdr| . S, [eél=| [t(s]e(n) [ +| ti(n) [)dke
0 0

of variable t > 0 (hence, the operator R maps y(t) into y(t) ). One can see the operators L and

[SHON

Sq’s’ml are related to the Lebesgue and Sobolev norms modified by introducing the special weighting

functions T, T u T” and the weighting factor S> 0 . The last one regulates the proportion between
contributions of strain &(t) and strain rate &(t) into the integral S, [€,€] . The reasons for

introducing the weighting functions are analysed in the papers [1-3]. Saying briefly, parameters o,
and B greatly influence the mathematical and "physical" properties of the constitutive equation (1). In
particular, they enable to control the asymptotic behaviour of y(t) at t — +0 and t — +o0 and give
opportunity to model the fading memory phenomenon observed in testing various materials. We say
that a material (or a model) possesses fading memory property (in a weak form) if the asymptotic
behaviour of its (theoretic) creep and relaxation curves at t — +00 doesn't depend on duration and any
other characteristic of the initial stage of loading or deforming correspondingly, i.e. it doesn't depend
on the stage of stress (or strain) growing from zero to a given constant value [1,2].

The constitutive equation (1) is an essential generalisation of the relation with permanent memory
proposed in [4]. The last one arises from (1) in the case when E=S=w, =0, =0, p>1 and f =0

or B =1. It depends on only four material constants, it doesn't contain operator Sq S0, and so it doesn't

depend on €(t). The relation studied in [4] is a modification of the relation that has been proposed
earlier by Fitzgerald and Vakili for sand-asphalt concrete [S]. The relation (1) with nine material
parameters is more flexible and gives additional opportunities to simulate wide scope of mechanical
effects and to fit experimental data more precisely. It enables to eliminate a number of drawbacks of
the preceding relations [1,2] and to extend the model application field.

Although the relation (1) seems to be too complicated, it allows deep theoretic (non-numerical)
investigation. In particular, the relation (1) is convertible if £=0 and o >m [1]. The inverse operator

R™" (on the set of piece-wise differentiable functions y(t) ) can be written in the form
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t

g(t) = Qt PAy(t)? U TPy (1) er :

0
wherein A=, p=n(a—-n)", Q=(1-1A)"", 0 =0, —pA.
It is easy to see that R is a homogeneous operator of degree d:=a+&—1 which map power
functions g(t)=at", t>0, a>0, neR, n>n,, into power functions y(t) = Qnadtm , where
n=max{n,n}, n=-0,-p', n=l-o-q', m=dn+m,
m, =B +&(@ ~D-nw, +&q" -np",  Q, =(s+|n[M)(p(n-n,))""(q(n—n)) .

This simple property has proved to be very useful for analytic study of the relation (1).

Equations of the theoretic strain-stress curves at constant strain rates, creep and relaxation curves
produced by the relation (1) are derived assuming material function and parameters values are
arbitrary [1,2]. General properties of the theoretic curves families are studied analytically, their
dependences on material function and parameters are thoroughly analyzed. The analysis revealed
necessary additional restrictions that should be imposed on material parameters of the relation (1) to
provide an adequate description of basic rheological phenomena (proper qualitative behaviour of the
theoretic curves that is similar to typical behaviour experimental ones). The restrictions can be written
as the set of inequalities

m, <0, d+m, >0, n <o, )
Herein d, m, and n, are the main governing parameters of the model (1). They appear almost

everywhere, for instance, in the equations of the theoretic strain-stress curves, creep and relaxation
curves [1,2]. It is notable that each one of restrictions (2) arises in analysis of different aspects of
mechanical behaviour of the model. It proves the model to be consistent fairly well. In particular, the
first and the third inequalities provide that relaxation curve decrease and its asymptotic behaviour
doesn't depend on the initial stage of loading up to a given constant value (fading memory effect).

The technique to determine the material function F(y) and the values of the material parameters

of relation (1) through fitting it to experimental data is developed on the base of the analytic results
mentioned above [1,2]. The system of basic tests includes relaxation test, creep test and constant-
strain-rate tests. The relation (1) arsenal of capabilities and its applicability scope is compared to
capabilities of the Rabotnov nonlinear constitutive relation for rheonomous materials [6].
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GENERAL PROPERTIES OF STRESS-STRAIN CURVES
PRODUCED BY THE NONLINEAR MAXWELL-TYPE VISCOELASTOPLASTIC MODEL

KhokhlovAndrew V.

Abstract. A nonlinear Maxwell-type constitutive relation with two arbitrary material functions is formulated for
viscoelastoplastic materials and studied analytically in uni-axial case to reveal capabilities of the model, its applicability
scope and techniques of identification and tuning. Under minimal primary restrictions on material functions, the general
equation of theoretic stress-strain curves produced by the model at constant stress rates is derived and analyzed. The main
properties of the stress-strain curves and their dependence on stress rate and material functions are examined.

The systematic analysis of the nonlinear stress-strain relation
t
e(t) = E"'F(o(t)+n" [V(c(m)dr, t>0, (1)
0

for structurally stable rheonomous materials (in uni-axial isothermal case) was started in the papers [1-
4]. Herein F(X), V(X), Xe(»_,»,), are material functions, E>0 and n>0 are material
constants (influenced by temperature) and strain €(t) is assumed to be the sum of elastic and
viscoplastic components depending on stress o(t) and its history:
e=¢g,+g,, ¢,=F(©)/E, ¢,=V(o)/n.

Function F(X)/E defines elastic strain dependence on stress and should satisfy conditions

F(0)=0 and F'(X)>0 (hence, the inverse function f =F " exists). Function V(X)/1 governs
viscosity, rates of dissipation, relaxation, creep and ratcheting, it regulates hereditary properties, strain
rate sensitivity and long-term strength of a material simulated [1-5]. It should satisfy conditions
V(0)=0 and V'(X) > 0. In particular, this minimal primary restrictions on F and V provide that
dissipation rate is non-negative and work of stress is positive in any deformation process governed by
the relation (1), i.e. provide thermodynamic consistency of the relation (1). Formulation of the stress-
strain relation in 3-D case is proposed in [5]. Reviews of related models applied in creep theory,
superplasticity and polymer mechanics is given in [2-5].

Equations of the relaxation curves, creep curves under multi-step loadings, quasi-static stress-
strain curves at constant stress rates and under cyclic loadings and long-term strength curves produced
by the relation (1) are derived assuming minimal primary restrictions on two material functions [1-5].
General properties of the theoretic curves families are studied analytically, their dependences on
material function and loading programs parameters are thoroughly analyzed.

In particular, the equation of the stress-strain curves family under loadings o(t) =bt with

constant stress rates can be written as
g(o,b) = Ele((S) + (bl”[)le(G) , Y(o)= .[V(X) dx, bo>0. 2)
0

We examine the main properties of the stress-strain curves in the implicit form (2) and in the common
(inverse) form o(e,b) and their dependence on stress rate and material functions. We consider

intervals of monotonicity and convexity of stress-strain curves o(g,b) with respect to € and b,
conditions for inflection points existence, qualitative behaviour of tangent modulus
06/ 0e=E[F'(c)+(t,0) 'V(c)]"', the stress-strain curves family convergence to limit curve as

b— 0 or b— 00, the shapes of the equilibrium and the instantaneous stress-strain curve [4] and so
on. In particular, the following assertions are proved for any increasing material functions F and V
satisfying conditions F(0)=0 and V(0)=0:

1) the function o(g,b) is an increasing function of its arguments;

2) the instantaneous modulus 06/ 0| _,, = E/F'(10) = E f'(£0) doesn’t depend on stress rate;

3) the family o(g,b) converges (uniformly on any segment) to the function ¢ = f (Eg), as b—>0;
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4) the family o(g,b) converges to the zero function 6 =0 forall €>0 as b—0;

5)if F"(X) >0, then every stress-strain curve 6(g,0) for any b> 0, is convex up in interval € > 0.

The qualitative features of stress-strain curves family (2) generated by the relation (1) are
compared to typical test stress-strain curves of viscoelastoplastic materials at constant stress rate in
order to examine the model abilities to provide an adequate description of basic rheological
phenomena, to find necessary phenomenological restrictions which should be imposed on material
functions and to indicate the field of applicability or non-applicability of the model.

General properties of the cyclic stress-strain curves produced by the relation (1) under periodic
loading programs with an arbitrary cycle shape and frequency and plastic strain accumulation were
analyzed in [5]. To describe the influence of temperature on material mechanical behavior (under
isothermal conditions), two scalar material parameters of the model (viscosity coefficient and
“modulus of elasticity”) are considered as a functions E=E(T) and n=n(T) of temperature level.

The general restrictions on their properties which are necessary and sufficient for an adequate
qualitative description of the basic thermomechanical phenomena related to typical temperature
influence on creep and relaxation curves, creep recovery curves, creep curves under step-wise loading
and quasi-static stress-strain curves of viscoelastoplastic materials are obtained. It is proved that
E=E(), n=n(T) and n(T)/ E(T) (i.e. relaxation time of the associated linear Maxwell model)

should be decreasing functions of temperature [3]. This requirements provide an adequate qualitative
simulation of a dozen basic phenomena expressing an increase of material compliance (a decrease of
tangent modulus and yield stress, in particular), strengthening of strain rate sensitivity and acceleration
of dissipation, relaxation, creep and plastic strain accumulation with temperature growth.

The analysis proved the constitutive equation (1) to be suitable for adequate modeling of the
rheological phenomena set which is typical for rheonomous materials exhibiting non-linear hereditary
properties, positive strain rate sensitivity, secondary creep, yielding at constant stress, ratcheting,
tension compression asymmetry and an increase of material compliance and strain rate sensitivity with
temperature growth [1-5]. The model is applicable for simulation of mechanical behaviour of various
polymers, their solutions and melts, solid propellants, sand-asphalt concretes, ices, composite
materials, titanium and aluminum alloys, ceramics at high temperature and so on.
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FORMATION OF SURFACE NANOSTRUCTURES ON TRIBOCONTACT FOR
CREATING ANTI-FRICTION LAYER WITH PREDETERMINED TRIBO-PHYSICAL
CHARACTERISTICS

Kolesnikov V.I., Ivanochkin P.G., Kolesnikov L.V.

Abstract. There were conducted studies to find out regularities of the effect of functional additives on the structural state at
the nanoscale of surface layers and tribo-physical characteristics of metal-polymer tribosystems.

The paper presents the research results of the influence of the type and the percentage of a range of
nanofillers to polymer composites on their physical, mechanical and tribologica characteristics. The
carried out cycle of researches confirm authors' scientific idea about the realization of the adaptability
effect of the friction surfaces, at the nanoscale as well, due to the formation of peculiar secondary
structures specified with the frictional action of nanodimensional additives.

Thermoplastic polymers like polycaproamide (PA-6), aiphatic polyimide (PI-6), and phenylone C-2
were selected as polymer binders for anti-friction composite materials. Fluoroplastic of FAMB mark in
an amount of 5-10%, arimid fiber Arimid-T, ground to 4-5 mm size, in an amount of 10-20%,
nanodimensional additivesin an amount of 1.5-3% were chosen asfillers.

Nanodimensional additives of spinels (iron, manganese, magnesium, and chromium), serpentinites,
fullerene soot, modified graphite (40-100 um) with a concentration not exceeding 1.5-3 wt. % were
introduced into the composite in order to improve its characteristics.

What is more, increasing of filler dispersion can minimize the filling degree of the polymer matrix in
which its strength and durability increases without increasing the elastic modulus, hardness, and friction
coefficient.

Physical and mechanical properties of nanocomposites of different composition were researched by
nanoindentation method. Microhardness is one of the main characteristics of greatest interest during
nanoindentation. According to the test results microhardness of sample materials was less than of the
«pure» phenylone. Alongside with the microhardness the obtained data helped to calculate three other
characteristics, like elasticity modulus, the relation of material hardnessto its elasticity modulus, which

is called the plasticity index material, and the ratio H®/E? which is a comparative qualitative
characteristic of the plastic deformation resistance.

Tribological tests were carried out at a fixed speed of dliding and a stepped loading on the friction
machine Al-5018 by a «finger-roller» scheme and on the end type friction machine «finger-flat disk»
constructed in the laboratory. The results of the change in the friction coefficient are obtained. The
surface state of the metal counterbody after friction was studied in order to analyze the effect of different
nanodimensional additives to composites on the friction surface microrelief. The obtained values of the
counterbody hardness after friction alowed making a comparative evaluation of the wear resistance of
the tested samples.

The study of anti-friction tribopolymer film on the disc surface (after tribomating on the end friction
machine) was conducted by infrared Fourier of MFTIR spectroscopy method on spectrophotometer
Nicolet 380.

The frictionally transferred film on the tribocontact surface largely determines the degree of metal
protection during the friction. It isthe result of transformations in athin surface layer and the formation
of specific secondary structures, which constitution is caused by the friction action of nanodimensional
additives.

When polymers interact with metals there are certain changes in the crystal structure of the polymers,
like orientation effects, cross linking, destruction, structuring, and some other processes. They lead to
the emergence of the "third body" with properties different from those of the original polymer on the
interface.

The study of the tribounit surface with X-ray photoelectron spectroscopy showed that due to frictional
interaction there is a very thin protective layer on the surface of the metal counterbody, which is a
frictionally transferred film. At the same time a component with a binding energy of 685 €V is detected
inthe X-ray electron spectrum of fluorine. Thelatter testifiesto the formation of abond between fluorine
and metal. The research results indicate the connection of fragments of the filler molecules and the
binder with the metal of the substrate through the fluorine atoms.
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The findings of the regularities of the functional additives effect on the structura state at the surface
layers nanoscale and the tribo-physical characteristics of tribosystems allowed formulating the
principles for the creation of polymer nanocomposite materials of tribotechnical purpose. The
possibilities of regulating the tribocontact surface wear by the selection of specific complex
nanodimensional additivesin composite materials were studied.
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AN ELLIPTICAL HEAT-PERMEABLE INTERFACIAL CRACK IN A PIECEWI SE-
HOMOGENEOUS TRANSVERSALLY ISOTROPIC SPACE UNDER THE ACTION OF A
THERMO-MECHANICAL LOAD

Kryvyi O.F., Morozov Yu.O.

Abstract. The problems of an elliptical heat-permeable interphase crack in a piecewise homogeneous transversally
isotropic space under the action of a force and thermal load are considered. An approach based on the constructed
discontinuous solutions of the corresponding stationary thermoelasticity problem in the space of slow growth generalized

functions S'(R3) . With the help of the latter, two-dimensional singular integral relations are obtained which allow possible

to reduce the problem of interphase defects in an inhomogeneous traversely isotropic space directly to systems of two-
dimensional singular integral equations (SIE).

A method for solving these systems of singular integral equations are proposed. As a result, expressions were obtained
for the temperature coefficients of stress intensity at the crack boundary. Numerical analysis of their behavior from thermo-
mechanical characteristics of transversely isotropic materials and geometric parameters of the defect is carried out..

Let the piecewise-homogeneous transversely isotropic space beunder the influence of the
specified at infinity the heat flux of intensity q,(X,y,Z). In the plane of connection z=0 of two

transversely isotropic half-spaces, contains a heat-permeable crack occupying the region Q, which
leads to the following boundary conditions:

w, (% Y,20) = f5(x,y), k=13; (X y) e ;

— 6]
Wi (X, Y, +0) = w, (X, ¥,=0), K=1,3; (X, y) £ Q

W;(Xa y> +O) = WS_(X, ya —0),
W;(Xa ya+0) + W;(Xa ya_o) - hI:W;(Xa y7+0) - W;(Xa ya_o)] = 07 (Xa y) € Qa (2)
}\‘;63 W;(Xa y7 +O) = }\’583 W;(Xa y7 _O)a W;-(Xa y> +O) = W;(X, y> _0)7 (Xa y) & Q

Here designations are entered W = {W (XY, Z)}kzﬁ = {G Ty, Ty U,V,W,T,0, }, where T —

zo%yz»
temperature, ¢, — heat flux along the axis Z, 7»;5 — Coefficient of thermal conductivity for the upper

z>0 and lower z< 0 half-space, respectively, fki (X, y)— given functions.
To the decision of the stated problem of stationary heat conductivity the approach stated in works
is applied [1-5]. For its implementation, in the space of generalized functions J'(R’) constructed

discontinuous solution, and obtained the two-dimensional integral relations that connect, in the plane
of connection of wvarious transversely isotropic half-spaces, the jumps and sums

Xﬁr = (1 (X y)H* =W (X Y,+0) £ W (X, ¥,—0), of the components of the vector W. This made it
possible, using the results of [6], concerning unknown jumps of displacements and temperature:
1k (X, Y) (k=4,7), ((xy)eQ) obtain the following system of two-dimensional singular integral
equations (SIE)

5
_ _ _ 1

q13zak73Xk + 05X, — S ” Xe (taT)Tdth =0,(x%Y)
k=4 2n O ro

_ 1 _ " 1 . - 1 ~ 1 .
q248jx6 + 2_J"[ {X3+j q_233 - qzsaz —]+ Q23X6_J-6122 —+ q25x781 —}dtd‘t =0, (Xy),j=12
T Q r.0 ro ro rO
Oss - 1 B B
o= IQI 1 7 adT=h; (6,9) = 26,(49). o)
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where I, = \/(X—'[)2 +(y—-1)*,0,=0/0x, 0, =0/0y,0, =0/oz, g;(X,y)— given functions,
0y — constants that depend on the elastic properties of materials, h— thermal permeability of a crack
in the transverse direction,

As an example the elliptic crack is considered Q: {X / a’+x / b> <1}. According to the results
of the work [4,6], The solution of the system SIE (3) was given in the form

T):nj_NZ
=3 Dt

I=1 j=1

N,
> (o) wt, k=4,5,6,
j=1

t' !

v, () =a™ (1= (&/a)’ —(m/b)*)™, (4)

T
wo=1/2,p,,=1/2%ia,, E=tcosa+Tsina,n="tcoso—tsina,

where o — the angle of rotation of the elliptic defect in plane XOY.
(n.k)

L]
obtained the system of algebraic equations. The convergence of the method is proved. As a result,
expressions were obtained for the temperature coefficients of stress intensity at the crack boundary.
Numerical analysis of their behavior from thermo-mechanical characteristics of transversely isotropic
materials and geometrics parameters of the defect is carried out.

For definition of constants the collocation method using quadrature formulas were
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POLYMER FLOODING ASENHANCED OIL RECOVERY METHOD
Logvinov O.A., Melkumyan L .A.

Abstract. The efficiency of Polymer Flooding as enhanced oil recovery method is confirmed numerically.
The optimal viscosity profile of an interlayer has been determined for different Peclet numbers.

1. Introduction. Polymer Flooding is one of the enhanced oil recovery methods, well prepared
and tested in the field [1]. In general, oil reservoir is flooded at first with an additional highly viscous
agent — water with polymeric compounds. Pure water is used then as a displacing fluid. Reduction of
viscosity contrast at the interface between polymer solution and oil leads to significant damping of
instability of displacement and, as aresult, oil recovery is enhanced.

In our work, a Hele-Shaw cell — two parallel plates separated by a small gap — has been used as a
simple model of porous media. A fluid of variable viscosity — as polymer solution (thin layer between
water and oil). Simultaneous displacement of the three fluids from a Hele-Shaw cell has been
investigated (Fig. 1). Interface-capturing method is used for numerical modeling. Chemical interactions
are not considered.

Polysolution

Fig. 1. Polymer Flooding.

2. Governing equations. System for numerical modeling consists of continuity equation (1.1),
Darcy’s law (1.2), advection-diffusion equations for concentrations of solution and oil (1.3), power
dependence of viscosity on concentrations (1.4) and expression for water concentration (1.5):

V-W =0, (1.1
L CHTNTERYY

Vp= — W s o5 1.2

P K 1.2

%—:'+W Vc =D Ac, i=s0 (1.3)

1/3( W’ S’ ) = l’l’wl/gCW + MSllgCS + l"l“Ol/sCO’ (14)

Cy=1-C,~ G, (1.5)

where W and p are averaged two-dimensional velocity vector and averaged pressure, K = §°/12 is
absolute permeability of a Hele-Shaw cell, § is the gap between its plates, p,,,C, — viscosity and
volume concentration of water, L ,C, — viscosity and volume concentration of solution, H,,C,
viscosity and volume concentration of oil, DS, D0 — salf-diffusion coefficients of solution and oil.

The main dimensionless governing parameters are: Peclet number Pe=U | /D, (U istherate of

displacement, | isthe width of acell) and viscosity contrast M =p /., between oil and water.

3. Results of simulations. The results of four simulations with different initial viscosity profiles of
solution and different Peclet numbers are presented on Figs. 2—5. Light-turquoise color correspondsto
water, purple—to oil. Polysolution isnot show. Timemomentist =10s seconds and viscosity contrast

is M =100 for all simulations. The dimensions of the Hele-Shaw cell are: length L =200 mm, wide
[ =100 mm, gap 6 =1.2 mm.

For quantitative comparison between the simulations displacement efficiency Q isused. Parameter
Q istime-dependent and is defined as the amount of displaced oil. It is calculated at the time when
water reaches the end of a Hele-Shaw cell.
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Fig. 5. Simulation 1V. Interlayer with linear viscosity profile (steep slot). Pe=10?, Q = 75%.

4. Conclusions. It can be seen that for simulations with polysolution (l1, 111, V) the displacement
efficiency isincreased. The optimal viscosity profile of interlayer (in the sense of the highest efficiency)
is dependent on Peclet number: for large Peclet, constant viscosity is preferable. The smaller Peclet
number is, the steeper the optimal viscous profileis. These results coincide with recent theoretical works

[2].
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DELAYED FRACTURE OF PLATESUNDER CREEP CONDITION IN UNSTEADY
COMPLEX STRESSSTATE IN THE PRESENCE OF AMBIENT MEDIUM
Lokoshchenko A.M., Fomin L.V.

Abstract. Delayed fracture of bended rectangular plate is researched under creep condition in unsteady complex stress state
with consideration for the effect of an ambient medium. Using Rabotnov’s kinetic theory, time to fracture of such plate was
determined during sequential bending in different planes. Piecewise constant dependences of bending moments levels on
time are considered. The time to fracture of the plate is determined using a fractional linear creep model. The effect of the
ambient medium on the creep and the creep rupture of the plate is attributed to diffusive penetration of ambient medium
clements into the material of the plate. Ambient medium effect is taken into consideration by introducing a function of
cumulative average concentration into constitutive and kinetic fractional linear equations. The times to fracture while using
scalar and vector damage parameters are compared.

1. Introduction

Forecasting durability of materials and structural elements under long-lasting high temperature
loading in the presence of an aggressive ambient medium is an extremely important problem to ensure
reliability during the entire operational life. This study is based on Rabotnov’s kinetic theory of creep
and creep rupture. Under research, there is delayed fracture of a rectangular plate of thickness H that
is exposed to bending moments M, and M, distributed along its edges. A diagram of the loaded plate

is given in Figure 1.

M, M,

b)
Figure 1. (a) Loaded plate and (b) plate loading program.

2. Approximate method to solve the diffusion equation

The effect of the ambient medium on the creep and the creep rupture of the plate is attributed to
diffusive penetration of ambient medium elements into the material of the plate. A linear diffusion
process along axis 3 (thickness) symmetric with respect to the middle plane of the plate is considered.
An approximate method to solve the diffusion equation based on the introduction of a diffusion front
is used [2]. The dependence of concentration C of the aggressive medium in the material of the plate
on time is approximated as a polynomial from the coordinate along the axis 3 with coefficients
depending on time, whereas the boundary conditions and the initial conditions are met precisely, and
the diffusion equation is satisfied integrally across the entire cross-section of the plate.

3. Fractional linear creep model
The aggressive medium effect is taken into consideration by introducing into fractional linear [3]
constitutive equation of the function of cumulative average concentration of the aggressive medium

f(,(T)) in the material of the plate
p, = A(Gu/(Gb -0, )) f (Em (t_)),
where P, — creep strain rate intensity, G, — stress intensity, G, — short-time strength limit at given

research temperature, f (Em (t_)) — function of cumulative average level of concentration T, (T') of the

ambient medium elements in the plate [4], A — material constant.
The function f(Em (t_)) is introduced into the kinetic equations. The kinetic equation given a

scalar damage parameter is assumed to have the following form
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&=dw/dt =C(c,/(0, - 0,)) T (C,(T)), o(f=0)=0, o :a)(t_zt_*):l.
Kinetic equation for vector damage parameter € [5, 6] are as follows
: _ |C:(o; -o,))-f(C, (T)) if o >0
Qi — dQ| /dt — (Gl /(Gb i )) ( m( )) O
0 if o,<0
where Q, — damage vector projection on i — th axis of the coordinate system,

Q= (Ql)2 +(Qz)

=12,

2

, Q(T=0)=0, Q' = Q(t_ = t_*) =1 — fracture criterion.

4. Results of calculations and conclusions
As a result of the obtained formulas and the numerical calculation the time to fracture when a
scalar damage parameter is used is less than when a vector damage parameter is used for different

values { =M, /M, .
Sequential decrease (increase) of the stress leads to an increase (decrease) of the time to failure and

increase (decrease) the sum of the partial times which reflect the principle of linear summation of
damage.
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SURFACE GROWTH THEORY AND ITSAPPLICATIONS
Manzhirov Alexander V.

Abdtract. The fundamentals of the mathematical theory of surface growth are under consideration. We focus on the surface

growth when deposition of a new material occurs at the boundary of a growing solid. The condtitutive equations and boundary

conditions for growing solids are presented. Non-classical boundary vaue problems are formulated. Methods for solving these
problems are proposed. They are illustrated by solutions of several model problems that demonstrate the unique mechanical
behavior of growing solids.

A great number of objects around us arise from some growth processes. Many natural phenomena
such as growth of biological tissues, glaciers, blocks of sedimentary and volcanic rocks, and space objects
may serve as examples. Similar processes determine specific features of many industrial processes which
include crystal growth, laser deposition, melt solidification, electrolytic formation, pyrolytic deposition,
polymerization and concreting technologies. There are two main ways of continuous growth in
technology and nature known to researchers. They are volumetric and surface growth processes. Let us
consider the latter case [1, 2].

GENERAL CONCEPTS

Recent research has shown that solids formed by growth processes differ in their properties
essentially from solids in the traditional view. Moreover, the classical approaches of solid mechanics
to modeling the growing solids behavior fail. They should be replaced by new ideas and methods of
modern mechanics, mathematics, physics, and engineering sciences.

An approach proposed deals with the construction of adequate model of surface growth processes of

solids (see also [3-6]). This approach is based on the following statements:

s We simulate the surface growth of a solid by moving of its boundary due to the influx of new
material to the surface of this solid.

« We obtain specific boundary conditions on the moving boundary (growth surface) as the result of
an additional contact interaction problem between 3D solid and 2D surface which depends on
particular features of the growing process.

s We state the compatibility of the rate of deformation tensor (or rate of stretching tensor) for a
growing solid while its strain tensor isincompatible as arule.

The last statement leads to the case in which it is absolutely natural to choose the rate of stress
tensor, the rate of deformation tensor, and the vector of velocity as the basic variables of the governing
system of equations for description of the surface growth process.

In general, boundary value problem for a growing solid contains three dependent controlled
groups of values: the surface and bulk loadings, the tension of new adhering surfaces, and the velocity
of influx of adhering surfaces.

SURFACE GROWTH OF A SOLID
If the velocity of the boundary particles of a growing solid is substantially small as compared with
the velocity of influx of new particles and the surface of growth is closed then the boundary value
problem can be written in the form

V.S=0, D=%[Vv+(Vv)*], S=G[2D+ (K -1)1,(D)I],

n'ﬂml =0 Vi, Vo n'qrag(t) = pn,
oT of ou

8271 = Vo= 05 :_Sn}/‘g, Sn:V‘n,
o 9T T P (75 %)

where Tisthe stresstensor, D istherate of deformation tensor, u is the displacement, G andK are the
elastic moduli, 1, isthe first invariant of atensor, | isthe unit tensor, n is the unit vector normal to
the surface of the solid, f isthe surfaceforce, oQ, and 6Q2, are the fixed domains of the solid surface,
oQ(t) isthe growth surface,. 75 isthe 2D tensor of tension of adhered surface, < is the 2D tensor of
adhered surface curvature, surface force on the growth surface as well as bulk force supposed to be
zZeros.

One can easily see that the boundary value problem obtained have the same form as the classiacal
boundary value problem of elasticity and we can use al known analytical and numerical methods for
the solution of this problem.
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In order to obtain the values of stresses and displacement one should use the formulas as follows

(we denote by 7" the time of adhesion of the surface to the growing solid and assume that growth
surfaceis alwaysfree of surface |oad)

T= T(r)+j5dr T(r")=7s+(-0)n®n, u—u(r)+.|'vdr

In the equatlons above we chose the case of small deformatl ons only for definiteness. In the case of
finite deformation one should simply change the linear Hook's law by nonlinear constitutive relations.
This approach can be developed for the case of viscoelastic and aging materials using methods

of [7-18]. The solution of the problem of the accretion of a viscoelastic ageing solid can be obtained

by the solution of the mathematically identical problems with a parameter, which have the same form

as the boundary value problem of the classical theory of elasticity. Then the true stresses and

displacements in the growing solid can be reconstructed using derived formulas.

Conclusion Thus, using the presented approach for mechanical research of growing solids from dastic

and viscoelastic materials one can determine the strength and the shape of fina solids and products.

Moreover, on the basis of this mechanica analysis one can work out effective recommendations for

improving the growth processes observed in nature and technology.
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ON A CLASSOF PROBLEMSON INTERACTION OF VARIOUS TYPE STRESS
CONCENTRATORSWITH AN ELASTIC SEMI-INFINITE PLATE

Mkhitaryan SM.

Abstract. A fairly-wide class of mixed boundary value problems in the theory of elasticity on the interaction of stress
concentrators such as cracks, absolutely rigid thin inclusions, stringers and punches with a deformable solid body in the form
of an elastic semi-infinite plate is considered.

In many contact and mixed boundary value problems of the deformable solid mechanics, deformable
foundations are often modeled in the form of a classical foundation of the half-plane type; for example
— an elastic half-plane. Here, we also assume such foundation. Specifically, we consider the following
problems.

1. The problem of the stress-strain state of an elastic semi-infinite plate, which occupies the lower
half-plane in the right-handed rectangular coordinate system, when there is an arbitrary finite number
of cracks on the vertical axis. It is assumed that the crack edges and the plate on their boundary are
loaded with arbitrary asymmetric, non-self-balancing, normal and tangential distributed forces.
Therefore, the formulation of the problem here is somewhat wider than in [1-3]. Based on the solution
of the first boundary value problem for the quarter plane (a right-angled wedge), constructed with the
help of the Mellin integral transform, the solution of the problem reduces to the solution of the singular
integral equation (SIE) for the complex combination of dislocation densities on the crack edges. The
governing SIE is solved by a known numerical-analytical method [4]. Thereafter, the main
characteristics of the problem — density of dislocations on crack edges, opening of cracks, breaking
stresses outside the system of cracks on their lines of location, stress intensity factors (SIF) — are
determined.

We discuss the following important special cases of the posed problem:

a) The case when the plate on the vertical axis contains only one internal crack located at some
distance from its boundary. In this case, the effective solution of the problem governing SIE is
constructed using the Lagrange interpolation polynomial at Chebyshev nodes or the Multopp method.
It was revealed that when the upper tip of the crack approaches the plate boundary, the SIF at this end
increases infinitely, in the course of its change taking also the value of the brittle fracture limit for the
given material.

b) As a result of item a), the need to consider another important particular case, when the crack
vertically comes out to the boundary of the plate, arises. In this case, the dislocation density at this upper
crack tip is a finite quantity. A simple relationship is established between this quantity and the value of
the load normal to the crack edges at the same point. Eventually, the governing SIE is solved in the class
of functions, which are unbounded at the internal crack tip and bounded at the crack upper boundary tip.

¢) The problem when the plate is reinforced at its boundary by an absolutely rigid broken infinite
stringer, and the crack vertically comes out to the plate boundary at the point of stringer discontinuity.
In this case, it is shown that the dislocation density at the upper boundary point of the crack has a
logarithmic singularity, if the forces, normal to the crack edges, are nonzero at the same point.

d) The problem b) when the crack edges are reinforced in the vicinity of crack internal tip with a
thin inclusion, simulated by continuously distributed linearly elastic springs [5]. The presence of such
inclusion reduces the SIF and, therefore, prevents the spread of the crack.

2. The problem 1, when the system of cracks is replaced by a system of absolutely rigid thin
inclusions. Particular cases are discussed, including the case of a single inclusion coming out on the
plate boundary (the problem of reinforcement).

3. The symmetric problem on the stress state of an elastic infinite plate or half-space at plane
deformation, when a system of an arbitrary finite number of punches is indented on its boundary, and a
plate contains a system of cracks on the vertical axis.

4. The previous problem, when the system of cracks is replaced by a system of absolutely rigid
thin inclusions.
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The results of the study of the last two problems can be used in the calculations of foundations. They
are generalizations of the classical contact problems of the theory of elasticity.

All the problems are mathematically formulated in the form of governing SIE and are solved exactly
or by the above-mentioned numerical-analytical method.
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FULL THERMOMECHANICAL COUPLING IN MODELLING OF MICROPOLAR
THERMOELASTICITY

Murashkin E.V.,Radayev Y.N.

Abstract. The present paper is devoted to an analysis of plane harmonic coupled thermoelastic waves of displacements,
microrotations and temperature propagating in continua. The analysis is carried out in the framework of linear conventional
thermoelastic micropolar (CTEM) continuum. Additional microrotations and moment stresses are taken into consideration. The
congtitutive constants providing coupling of equations of motion and heat conduction are considered. Wavenumbers of a plane
harmonic coupled thermoelastic waves are obtained. In order to determine the wavenumbers a bicubic and a biquadratic
a gebraic equations are derived for waves of displacements, microrotations, and temperature. Those equationsare then analyzed
by the computer algebra system Mathematica. Algebraic forms expressed by complex multivalued square and cubic radicals
are obtained for wavenumbers of transverse and longitudinal waves.

Problems of micropolar continua take its origin from the classical E. and F. Cosserat's paper [1].
Micropolar (MP) continuum theories include not only translational displacements but also additional
degrees of freedom. These degrees of freedom are coupled with changes in reper (three directors)
associated with microvolume. Such changes may be described by arotation vector when reper associated
with microvolume are rigid rotated. In contrary to conventional elasticity a continuum with
microstucture is described by the asymmetric strain and stress tensors known from many previous
discussions. Thus the asymmetric elastic theory is characterized by a comparatively large number of
congtitutive elastic constants need to be determined from the experimental observations. There are
several phenomena (for example, the anomalous piezoel ectric effect in quartz, the dispersion of elastic
waves, as well as a number of other experimentally observed elastic properties of the pure crystals)
being beyond the scope of the conventional thermoelasticity (CTE) and piezoelectroelasticity. That is
why a development of complex theories seems to be actual.

The conventiona thermoelastic micropolar (CTEM) continuum may be described in terms of  field
formalism, for example, from positions of the Green--Naghdi thermoelasticity. Now such mathematical
frameworks of the thermoelastic behavior of solids arerapidly refined [2,3]. They are based on different
modifications of the classical Fourier law of heat conduction. The refinements aim at derivations of
hyperbolic partial differential equations of coupled thermoelasticity. Those are to simultaneously fulfill
the following conditions:
¢ Finiteness of the heat signal propagation velocity;
¢ The ability of the spatia propagation of the thermoelastic waves without attenuation;
¢ Existence of distortionless wave forms akin to the classical d'Alembert type waves.

CTEM theory is based on the classical Fourier law of heat conduction with an infinite velocity of
propagation of an exponentially decaying heat signal. Hyperbolic thermoelasticity theory is
characterised by the energy conservation and the finite propagation vel ocity of thermal waves known as
second sound waves.

In[4,5] anon-linear mathematical model of thermoelastic micropolar continuum has been presented
in terms of 4-covariant field theoretical formalism. In-depth study of weak and strong discontinuitiesin
macropolar thermoelastic continua is given in [6]. In [7] problems concerning plane harmonic
wavenumbers of coupled type-lll thermoelastic waves are discussed. In [8] the linear symmetrical
thermoel asticity is employed. A non-linear mathematical model of thermoel astic micropolar continuum
is developed.

The system of coupled partial differential equations of motion and heat conduction for a linear
isotropic type-1 micropolar thermoelastic continuum in the absence of mass forces, moments, and heat
sources can be written as

(A+p—m)VV-u+(pu+n)V-Vu+2nVxe—-aVo—pii =0,
(B+y—¢€)VV-@+(y+¢€)V-Vo—o+2nVxu—-cVu—-3¢ =0, (1)
V20— AN —cAV-u—cAV -9 =0.

Hereafter u is the trandational displacements; ¢ — the microrotations; 6 — the temperature

increment over the referential temperature; p — the mass density; 3 — the microinertia; V — the
three-dimensional Hamiltonian operator (the nabla symbol); dot over a symbol denotes partial

204



differentiation with respect to time at fixed spatial coordinates; A,u,n,B,y,e areisothermal constitutive
constants of CTEM continuum; o,c are constitutive constants providing coupling of equations of
motion and heat conduction; Kis the heat capacity (per unit volume) at constant (zero) strains, A« is
the thermal conductivity. Constants o,c depend not only on the mechanical properties of the

continuum, but also depend on the thermal properties.
System of partia differential equations (1) includes partial derivative of the order not higher than the
second. Let awave surface £ of weak discontinuities translational displacements u, microrotations

¢ and temperature O be propagating with normal velocity G in three-dimensional space. A and

S are the polarization vectors of translational displacements and microrotations respectively. The
equalities B=0, A=0, S=0 cannot be satisfied simultaneously at any point of the surface, if the
surface X infact isthe surface of weak discontinuities.

Thevectors A, S can be decomposed into sums of projections onto the tangent plane and on
the normal direction to the wave surface:

A:AJ_T‘l‘IANn, S:SJ_T‘F%ln,

A=A, A|:A-n, S =S-1, §|=S-n, @)

where T is the tangential unit vector and n is the norma unit one respectively. Taking
account of equations (2) the system (1) after rearrangements is transformed into

(pG® —(u+m)A, =0, (pG? - (y +£))S, =0,
(PG°~(h+2m)A =0, | (pG*~(B+21)§ =0.

Thus one can conclude that mathematical models of modern metamaterials and their multiphysics
behavior (including finite deformations and heat conduction) are formulated in the unified framework
provided by thermomechanical field theory.

3)
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NEAR-BOUNDARY ASYMPTOTICSIN THE PROBLEM ON THE RUN-UP OF LONG
WAVESON A SHALLOW BEACH

Nazaikinskii V.E.

Abstract. The near-boundary asymptoticsis obtained for the solution of the Cauchy problem for a degenerate wave equation

with localized initial data describing the run-up of tsunami waves on a shallow beach in the linear approximation.

We consider the following Cauchy problem with localized initial datafor a two-dimensional
wave equation with variable velocity inadomain D with boundary oD :
2 2
ZT?‘;@%[C‘X)S_;J 0, M=V (%j N ho=0.
The velocity is assumed to degenerate on the boundary as the square root of the distance from the
boundary, c(X) = \/W . This problem describes the run-up of tsunami waves on a shallow
beach in the linear approximation [1, 2]. The problem has the natural small parameter  (the source-

to-basin typical dimension ratio), which enables one to study it by asymptotic methods. The papers
[3, 4] (see aso references therein) provide a method for constructing asymptotic solutions based on a
modified Maslov canonical operator associated with characteristics (trajectories of the Hamiltonian
system) unbounded in the momentum variables and nonstandard from the viewpoint of the theory of
partial differential equations. In a neighborhood of the velocity degeneration line 0D, which can be
viewed as a caustic of specia form, the canonical operator is defined via the Hankel transform, which
arises by application of Fock’s quantization procedure [5] to the canonical transformation regularizing
these nonstandard characteristics.

We show that the asymptotics of the solution in a neighborhood of the boundary can be expressed
via the standard canonical operator [6] on a Lagrangian submanifold of the cotangent bundle of the
boundary with the use of the efficient formulas in [7], which dramatically simplifies the asymptotic
formulas for the solution near the boundary. Further, the solution near the boundary can be expressed
via simple algebraic functions provided that the source has the special form as in [8]. This, in turn,
permits one to obtain approximate formulas relating the uprush length to the source parameters. The
talk is based on joint work with S.Y u. Dobrokhotov and A.A. Tolchennikov [9-10].

The research was supported by the Russian Science Foundation (project 16-11-10282).
REFERENCES
1. Stoker J.J. Water Waves. The Mathematical Theory with Applications, John Wiley and Sons, New

York, 1958.
2. Pelinovsky E.N. Hydrodynamics of tsunami waves, Nizhny Novgorod, |PF RAS, 1996.

206



10.

Dobrokhotov S.Yu., Nazaikinskii V.E., Tirozzi B. Two-dimensional wave equation with
degeneration on the curvilinear boundary of the domain and asymptotic solutions with localized
initial data. Russ. J. Math. Phys. 20:4, 389401 (2013).

Nazaikinskii V.E. The Maslov canonical operator on Lagrangian manifolds in the phase space
corresponding to a wave equation degenerating on the boundary. Math Notes 96:1-2, 248-260
(2014).

Fock V.A. On the canonical transformation in classical and quantum mechanics. Vestnik Leningr.
Gos. Univ. 16, 67—70 (1959).

Maslov V.P. Théorie des perturbations et méthodes asymptotiques. 1zd. Moskov. Univ., Moscow,
1965; Dunod, Paris, 1972.

Dobrokhotov S.Yu., Makrakis G.N., Nazaikinskii V.E., Tudorovskii T.Ya. New formulas for
Maslov's canonical operator in a neighborhood of focal points and caustics in two-dimensional
semiclassical asymptotics. Theoret. and Math. Phys. 177:3, 1579-1605 (2013).
Sekerzh-Zenkovich S.Ya. Simple asymptotic solution of the Cauchy—Poisson problem for head
waves. Russ. J. Math. Phys. 16:2, 315-322 (2009).

Dobrokhotov S.Yu., Nazaikinskii V.E. Characteristics with singularities and the boundary values
of the asymptotic solution of the Cauchy problem for a degenerate wave egquation. Math. Notes
100:5-6, 695-713 (2016).

Dobrokhotov S.Yu., Nazaikinskii V.E., Tolchennikov A.A. Uniform asymptotics of the boundary
values of the solution in alinear problem on the run-up of waves on a shallow beach. Math. Notes
101:5-6, 802-814 (2017).

I nfor mation about authors:

Nazaikinskii Vladimir, leading researcher, Ishlinsky Institute for Problems in Mechanics, Moscow,
Russia (7-495) 433-75-44

E-mail: nazaikinskii @googlemail.com

207



ELLIPTIC DIFFERENTIAL DIFFERENCE EQUATIONS
INTHE THEORY OF SANDWICH SHELLS

Onanov G.G., Skubachevskii A.L.
RUDN-University, Moscow, Russia

Modern aircraft technology makes use of sandwich shells and plates. Often wings of a plane
contain panels with goffered filler. A cooling system of rocket engine has the form of a sandwich
shell. In this lecture we consider such three-layer cylindrical shell with goffered filler as an elastic
system consisting of two coaxial cylindrical shells connected by two regular systems of radial and
slanting ribs. It is natural to reduce this discrete-continuous model to a continuous model, “spreading
out” both the radial ribs (the 0-connections) and the slanting ribs (the a-connections) in the space
between the shells. As a result, we arrive at a three-layer shell with a “two-phase” model of the filler
combining simultaneously the medium of 0-braces and a-braces.

We introduce a cylindrical system of coordinates x,8,p such that the axis 0x is directed along the
axis of the cylinder. Under some natural assumptions, the field of elastic displacements of the three-
layer shell with a two-phase filler is determined by 12 functions of two independent variables x and 6.
Three functions describe elastic displacements of external shell, three functions describe elastic
displacements of internal shell, three functions describe displacements of the medium of a-
connections, and three functions describe displacements of the medium of 0-connections. The
proposed continuous model can be described on the basis of variational problem for a quadratic
functional of potential energy, which depends on the above mentioned 12 functions. The elastic
displacements of shells and mediums of a-braces and 0-braces are connected by eight relations. These
relations have nonlocal form, since they contain functions with shifts of argument 8. Using the above
relations, we can exclude 8 functions in the functional of potential energy. As a result, we obtain a
quadratic functional depending on 4 functions and their derivatives including terms with shifts of
argument.

A vector-valued function gives a minimum to this nonlocal functional if and only if it is a
generalized solution of a boundary value problem for a strongly elliptic system of four differential
difference equations in the domain (0,a)x(0,2m) with the Dirichlet boundary conditions for x=0 and
x=a and periodic conditions for 6=0 and 6=2m. It is proved that this boundary value problem has a
unique generalized solution. A convergence of the Ritz method is stated.

This work was financially supported by the Ministry of Education and Science of the Russian
Federation (the Agreement number 02.A03.21.0008) and by the Russian Foundation for Basic
Research, project 16-01-00450.
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ONE POSSIBLE NUMERICAL SOLUTION FOR SOME CONTACT PRESSURE
OPTIMIZATION PROBLEMS

Paczelt | stvan, Baksa Attila

For designer, it is always important to avoid singularities within the contact regionsin order to keep
stresses at a low level. This requirement leads to optimal design of contact surface shape and proper
material selection, thus generating a class of contact optimization problems. The design parametersin
structural optimization are usually defined as material moduli, structure size and shape, characteristic
dimensions, supports, loads, inner links, reinforcement and topology, cf. books by Banichuk and
Neittaanmaki [1] and Banichuk [2].

The paper [3] has a survey of literature according to different contact optimization problems: The
contact pressure optimization was analysed for an elastic punch on a rigid substrate assuming the
linear elasticity relations. A nearly constant contact pressure distribution was achieved by appropriate
shape optimization for axially symmetric bodies. Contact optimization problems were analysed with
account for frictional contact, for multiple load cases and for incomplete external loading data, for
kinematical constraints etc.

Our works [4-6] provide a new type of solution for 2D and 3D problems, in which the contact
pressure distribution is partially controlled by minimizing the maximal contact pressure. In [7] several
classes of optimization problems have been considered with account of wear process.

In our analysis, it is assumed that the bodies are in contact on the whole subdomain Q. of the

contact zone S, =Q. The subdomain Q. is given by us. Introduce the surface coordinates s, t and
assume that the following pressure distribution is reached due to shape optimization [4] on the QO

P (X) = ©(X) Pn ma D)

where the assumed control function ¢(x) must satisfy the condition 0<c¢(x) <1, and

Prmac = MaX P, (X), x=[st] )

In the subdomain Q. (Q=Q, U Q,.) thecontact pressureis not controlled and does not exceed the
values specified by (1), so that

%(X) = €(X) P = P,(X) 20 XeQy ©

Usually control function c(x) depends on some geometrical parameters. Some of the parameters are
fixed while the others are determined in the optimization process.

The lecture gives some examples for controlled contact pressure optimization for different beam
structures and cylindrical bodies. It is assumed that strains are small and the materials of the
contacting bodies are linearly elastic. An effective method is given in numerical calculation for
determination of the optimal distribution of the contact load.

For some problems the Green influence functions for Signorini contact conditions [8,9] can be applied

d=Uu?(p,) +ulq)— UL (p)+ully +2)+9@ >0, p, 20, p,d=0 @)

n,load
n,n n,t

where u® (p,) = J‘ (HO (x,9)+pH)p,(s)ds normal displacement, H) (x,5), H ) (x,5) are the
5

Green functions for normal and tangential tractions, u,ﬂi}oad is the normal displacement from given
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load, g istheinitial gap, A istherigid body displacement for the first body, that is d = d(p,,2).

The contact problem is solved by principle of modified complementary energy or by displacement
formulation using minimum principle of the total potential energy in the penalty form. In the last case,
we use h or p-version finite element method for discretization [10].

By the prescribed distribution of contact pressure the optimization problem is solved in the discretized
form. In these contact optimization problems, the initia gap (shape form of the contact surface) is the
unknown function. The calculation of the gap can be made with special iteration [3,4]. The discretized
equation for determination of the discretized gap is

_H4® (2) (iter) () (€] (iter) (iter) ~(0) _
d=H p+%mm_l %(m_umm_el L+ Tg7 =0
2 2 iter) (1 1 it iter) (0 iter) ~(O)
H( )p+ufw,|)oad _ (Ia)ufw)(p)_ug}oad — e('ef)x_ ('ef)g( ) — _('er)g( ) (5)
it * : it 0)* 0 it 0)* *
() gt _min (g0 gO _ G@)gOr _ge

Usually after some iterations the solution is converged. Also, must be said, that the distribution of the
contact pressure is very sensitive to the form of contact surface shape.

The numerical examples demonstrate the efficiency of the solution algorithms.
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POLARITON RESONANCESIN MULTILAYERED PIEZOELECTRIC SUPPERLATTICES

Piliposyan D.

Abstract. Coupled electro-elastic SH waves propagating in a periodic piezoel ectric finite-length superlattice with
identical piezoelectric materialsin aunit cell are considered in the framework of the full system of Maxwell’ s electrodynamic
equations. In the long wavelength region coupling between electro-magnetic and el astic waves creates frequency band gaps.
It is shown that for piezoel ectric superlattice at acoustic frequencies, acousto-optic coupling gives rise to polariton behavior
at wavelengths much larger than the length of the unit cell. The results of the paper may be useful in the design of narrow
band filters or multi-channel piezoelectric filters

1. The interaction of waves with periodic structures, especialy artificial superlattices, has recently
attracted much attention. A periodic modulation of the dielectric or elastic material properties leads to absolute
stop bands and ultimate control of the propagation of waves in the structure. A piezoelectric or piezomagnetic
superlattice made of a periodically domain- inverted dielectric crystal with periodically modulated piezoelectric
or piezomagnetic coefficients but a homogeneous refractive index can be considered as a one dimensional
diatom ionic crystal with positive and negative ions arranged periodically [1]. Coupling between transverse
lattice vibrations and electro-magnetic waves in an ionic crystal can lead to phonon polariton coupling with
possible stop bands in the infrared region [2]. Analogously, piezoelectric and piezomagnetic periodic structures
with the periodicity of the lattice expanded from an atomic scale to microns can exhibit similar coupling and
resonant band gap structure in the microwave region [3-5]. This coupling between the el ectromagnetic wave and
the superlattice vibration takes place in the long wavelength region where the superlattice can be considered as a
deep subwavelength artificial material. Using the long wavelength approximation it has been shown that the
piezoel ectric superlattice exhibits a new type of polariton, in which the resonance frequency is determined by the
period of the superlattice, and negative effective permittivity occurs near the high frequency side of the
resonance [6- 9]. Theoretical and experimental work has suggested that a different type of polariton is also
possible in a piezoelectric superlattice that is coupling of electro-magnetic waves with longitudinal superlattice
vibrations [10]. While the long-wave approximation only reveals the phonon-photon polariton at high acoustic
frequencies in the middle of the Brillouin zone the analytical solution shows that coupling of photons and
phonons is possible also at optical frequencies in the whole Brillouin zone [11]. It also reveals a phonon-
polariton gap in a piezoelectric phononic crystal with a unit cell made of different constituent materials. The
similarities and differences between artificial superlattices and real lattices suggest rich physics in artificial
microstructures and give a possibility to control and manipulate both photons and phonons simultaneously [10,
11]. The problem is more interesting in a periodic superlattice with full contact interfaces. The system in this
case is described by two coupled electro-acoustic waves and exhibits a very interesting acousto-optic resonance
(phonon-polariton) at high acoustic frequencies which cannot be observed in the previous problem. The dynamic
setting for Maxwells equation, where both the optical effect and the effect from the rotational part of the electric
field are taken into account, makes it possible to investigate this problem as well.

We obtain an analytical expression for the dispersion equation for electro-magneto-elastic coupled SH
waves propagating along a finite-length periodic superlattice . The unit cell has length # and occupies a

region—oo < x <o,—00<z <00, Each cell is made of two different hexagona piezoelectric materials. (1) of
length ¢, and (2) of length a, (8 = a1+ a2) with crystallographic axes directed along the Oz direction (Fig.1).

Fig. 1 Periodic Waveguide with aUnit Cell Made of Two Piezoelectric Media.

The interconnected elastic and electro-magnetic excitations are described by the following equations and
congtitutive relations [8]

0o, o%u,

_l’f=p 21 ' VxE:—@,VXHzg,
ox, ot ot ot
S, =CpSy —€y Ly, D, =eys, +&,E,
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where o, is the stress tensor, p the mass density, », the displacement vector field, D, and E, are

components of the electric displacement and electric field intensity, B and H the magnetic field
induction and intensity vectors. In constitutive relations (3) ¢, is the stiffness tensor, ¢, and s, the

piezoelectric and strain tensors and «;j the dielectric permittivity matrix.

g 1

Fig. 2. First panel) Dispersion diagram of an infinite superlattice at acoustic frequencies near the centre of the Brillouin zone.
The horizontal lines correspond to the phase vel ocity of the acoustic wave enhanced by piezoelectricity. The linear oblique
dotted line corresponds to the phase velocity of a pure electromagnetic wave. (Second panel) Transmitted acoustic (blue
line), electromagnetic (red line), reflected acoustic (blue dashed line) and reflected electromagnetic (red dashed line) energy
diagrams, $n=200%

Dueto the eectromechanical coupling the piezoelectric superlattice exhibits unique reflection/
transmission properties even when the unit cell is made of identical piezoelectric materials. When the
interfaces in the supetlattice are perfectly bonded the two identical elementsin the unit cell can be
oppositely polarised to make the structure behave as a phononic crystal. This however occurs only at
acoustic frequencies since the piezoel ectric effect does not affect the band structure at optic requencies
wherein this case the structure will act as a homogeneous material. The piezoel ectric superlattice
structure demonstrates an interesting coupling effect between the el ectro-magnetic wave and the
superlattice vibration. The dispersion equation contains information about this coupling which in the
long wavel ength region results in phonon-polariton gaps, in which the resonance frequency is
determined by the period of the superlattice.
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HARMONIC WAVES IN A MICROPOLAR CIRCULAR CYLINDER

Radayev Y.N., Kovalev V.A.

Abstract. The present paper deals with the propagation problem for coupled harmonic waves of translational displacements
and microrotations along the axis of a long cylindrical waveguide. Microrotations modeling is carried out within the linear
micropolar elasticity frameworks. The coupled system of vector differential equations of micropolar elasticity is presented. The
trandational displacements and microrotationsin the coupled wave are decomposed into potential and vortex parts. The coupled
differential equations are then reduced to uncoupled ones. The wave equations solutions for the trandational and
microrotational waves potentials are obtained for a high-frequency waves in the cylindrical domain.

Modelling thermoelastic behaviour of solids is an actual problem of continuum mechanics [1-5].
Consider the coupled vector differential equations determining the coupled wavefields in a micropolar
elastic continuum [6]

{(/1+2,u)VV-u—(,u+7])V><(V><u)+277V><(p=pu, 1
(B+27)VV -0 —(y+&)Vx(Vx@)+2nVxu—4ane = 3¢,

where 1, u, v, B, ¢, n denote the congtitutive constants of micropolar elastic continuum; v is
the 3d Hamilton operator (Hamilton nabla); u is the trandational displacement vector; ¢ is the
microrotation vector; p isthe massdensity; 3 denotes the microelement inertia; dot denotes partial

differentiation with respect to time.
Throughout the study we employ notations used in [6] while replacing 7 — « .

The constitute equationsfor the force stresstensor ¢ and the moment stresstensor p can be presented
asfollows

o=(utn)y+(u-ny" +Atry,  p=(y+e)k+(y-ex’ +Atrk. @)
The equations for the strain tensor y and the bending-torsion tensor k are read by
Kk=V®eg, Y=VROuU-0-g, (©))

wherein | denotesthe 3d unit tensor, ¢ isthe 3d skew-symmetric tensor.
The system (1) is coupled and can be uncoupled as follows. Firgt, introduce the dynamic potentials of
trandlational displacements and microrotations

U=Vo+Vx¥, ¢=VZ+VxH, 4%
where ® and ¥ are the scalar potentials, and ¥ and H are the vector potentials of trandational
displacements and microrotations respectively.
Second, after substituting (4) in (1) it is seen that the system (1) is satisfied if the scalar and the vector
potentials fulfill the calibration conditions

V-¥=0, V-H=0, (5
and are solutions of coupled equations
2
Acp—icbzo, PONENE =0,
2 2 2
CP ,uCP pCP (6)
1 . ’ _ 1 ., Q2 0? _
AY ———¥+2dVxH=0, AH-——H-——H+ 5 Vx¥ =0,
c uCT uCT 2ycL
where the following notations are used
Q? =43, ph=A+2u, I,65=p+2, I,cl=pu+n, @

p S =u+n pci=p, ctd?=ct.

Third, in present study only coupled high-frequency waves of thrandlational displacements and
microrotaions are considered (» > Q). In this case the following differential equationsfor the potentials
can be obtained

2
(A+a2)D=0, (A+BHZ=0,(A+a?)P+2d2VxH=0, (A+A2)H +29—2le1' - 0. G)
uL
wherein the following notations have been introduced
af = 0®lcs, fE= (0’ -Q%) 5, af =0’ ci, Bf=(a®-Q%) 2. 9)
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The equations (8) for vortex potentials ¥ and H are still coupled. Uncoupled equations for vector
potentials can be derived by the increasing differentiation order.
At last, for potentials ¥ and H the separate equations can be furnished by

(A+KDA+KH¥ =0, (A+K)A+KHH=0, of =d?0% cl.
K12,2 =—Ayp, 2A15= —(af +ﬂf +0f)i\/(af —ﬂf +Uf)2 +4ﬂfo ,
The coupled wavefields in a cylindrical domain are found in the cylindrical coordinates r, ¢, z by
separation of variables (seein details[1]). Thus, for the scalar potentials one can obtain

cosn N sinn "
© =Cyl n(plr){_sin(::(p}e"kz, 2.=-C,l n(pzr){cosn(;}e_'kzv (11)

(10)

wherein k denotesthewave number; C, and C, arearbitrary constants; |,(-) isthe Bessel function
of the first kind of animaginary argument; p? =k?-a3, ps=k?-p3.

The vortex potentials of trandlational displacements and microrotations are given by the following
formulas

! ! 2 " Sln n¢ ;
¥, = [CSI ne1(Ghr) + Cyl g (apr) + C3l 1 (g,r) + Cyl m_l(qzr)}{ }ef'kz,
cosng
] ' , " cosng |
Y, = [C3| na(0ir) —Cyl ua (our) + Gl 1 (0,r) —C4In+l(q2r)]{_sm nq)}eﬂkz’ (12)
, , SNNe | L.
vy, = [CSI n(cpr) +Csl n(qzr)]{cosnw}eﬂkz’
! 4 ' " —Coshg 4i
H, = [L3I na(0ar) + Lyl pq (onr) + L3l g (o) + LA M(qzr)]{ _ }eﬂkZ,
sinng
' / , " snng |
H ® = [LSI n—1(Q1r) - I-4| n+1(Q1r) + L3'I n—l(q2r) - I-4| n+1(QZr)]{ }eﬂkz, (13)
cosng
, " —cosng|
H, =Ll (qur) + len(qzr)]{sin - }eﬂkz'

wherein C;-C. , Cy-C¢ , Ly—L: and Ly-LY are arbitrary constants and o =k®-K? ,
o5 =k?-K2.
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OPTIMAL STABILIZATION OF ROTATIONAL MOTION OF A RIGID BODY AROUND
ITSCENTER OF GRAVITY

Rezael M asoud

The present work considers the optimal stabilization problem in rotational motion of a rigid body around its center of
gravity. The case of the Euler rotational motion of arigid body around a fixed point is considered. The optimal stabilization
problem of the considered motion is assumed and solved. Input controls are introduced in the direction of the generalized
coordinates, full controllability of linear approximation of the system is checked. Besides the optimal stabilization problem of
the system on classical sense is solved, optimal Lyapunov function, optimal controls and optimal value of functional are
obtained. Finally, the graphs of optimal perturbed motion have been plotted.

Consider arigid body moving around its center of gravity, the center of gravity makes afree
movement in the space oxyz. Differential equations of body motion will be [1]

X. =0, y.=0, Z =0, A%+(C—B)qr:0, B%+(A—C)przo,

cX i (B-Ap=0, Yiory,—ar, Yeopy-ry, Yooqy-p N
ot 't V2= UV dt Vs~ it Y17 P2

Where X_, Y., Z. — the coordinates of the center of gravity, A, B,C —the principal moments of inertia,
p,q,r —theangular velocity about X, Y, z axes, respectively, 7, 7,, 75 —the direction cosines.
S0, the case of the Euler rotational motion of arigid body around afixed point is considered [1]. It is
assumed that the main vector of forces passes through afixed point, which in this case is the center of
mass of the body.
Consider the body motion as follows:
p=0=0 r=w, y,=y,=0 y;=1 x=y=z=0, x=y=2=0. )
For smplicity, assumethat A> B> C.
We form the differential equations of the perturbed motion (1) to afirst approximation:

. . . . . . . B-C
=X X=0, X=X, X =0, X=X, %=0, WETA %
3
. C-A . . . .

><8=wa7, X =0, Xo=—X+0X,;, X;=%X—-0X, X,=0.

Here
{xi:xc, X =% %=Yo %=Yo %=Z, %=%,
P=X, q=X, =Xy, 71=Xg V25X V3= X
(4)

generalized coordinate directions, respectively

. L o S B-C _
=X K=l X=X, X =W, X=X, X=U, X=—"—0X+U,
A (5)
)'(sz?wxw X=Us, Xpo=-Xg+oX,; +Us, X3 =X —0Xy X,=U,.
Let’s have the following notations:
=L =% =% va=Cxe o= Lx Y= D,
1 g ' 2 g Y3 g v Ya g 41 Y5 g v Ye g ) ©
1 1 1 ,
Yo=—X Ye=—X Yo=—X Yio=Xor Yuu=Xu Yo =Xy, t' = at.
w w w

We can write the system of differential equations (5) in the dimensionless form
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B-C

Vi=Yor Yo=U, V3=V Ya=Uy Y5=VYs Ys=Us, y7:Ty8+u4’

C_A (7)
yszTyw Yo=Us, Yio=—Ys+YutUs, Yii=Y7—Yior Y12 =Us.
Here
. dy, . U, U. U ) U, U, U
yi:W, i=1..,12, ulzal, UZ:EZ, u3=53,u4=a)—42, uszw—f’z, u6:56, u7:57

It is shown that the system of differential equations (7) isfull controllable [2].
L ets solve the problem of optimal stabilization of the system (7) for minimizing the performance index

® /12 7

J[u] = J(z Yo+ Zufjdt. (8)
o\ i=l k=1

For solving the problem of optimal stabilization of the system (7) we use the Lyapunov-Bellman-

12
Krasovski method [3, 4]. For Lyapunov function will be searched in the form of V = Z:\/i , Where
ij=1
C; — constants.

For optimal controls we obtain
0 1oV, 10V, , 10V, 10V .

o209y, 7 20y, ° 20y, 20y,
0 10Vv. 1o0v. 10V

U oo TS ;o Uy =—— .
Ye 2 0y 20y,

Since A>B>C wecandenote B=k.A, C=f.k.A where f,ke(0,2)

In order to obtain the solutions for constants c; we solve the system of algebraic equations for various

values of A B,C and compose a table (for example f,k =0.05,0.10,0.15,0.20,...,0.95) then we

plot the graphs of mentioned constantsvs. f ( f= %j for any valuesof k.

Finally the optimal Lyapunov function, optimal controls and optimal value of functional are obtained,
the graphs of optima perturbed motion have been plotted. It is obvious that, al functions

y;i(t) (i=1..12) tend to zero when t tendsto infinity.
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THE FRACTIONAL DERIVATIVE MODEL OF VISCOELASTICITY CONSIDERING
BULK RELAXATION

Rossikhin Yu.A., Shitikova M .V.

Abstract. In the given paper, we present a fractional derivative model of viscoelasticity with time-dependent Poisson’s
operator and bulk relaxation operator.

In the state-of-the-art papers [1,2] it has been emphasized that in the mgjority of articles utilizing
the fractional calculus models the second, or bulk, viscosity is not taken into account, in spite the fact
that there are numerous evidence of its existence in scientific literature [3-5]. It is more important for
modern composite materials [4].

One of the first papers in the field was published by Meshkov and Pachevskaya [3], wherein the
attempt for considering the influence of the bulk relaxation on the internal friction phenomenon was
carried out on the example of longitudinal harmonic vibrations of a three-dimensional hereditary
elastic rod under the conditions of homogeneous deformation. A fractional exponential function has
been used as a hereditary kernel. Investigation of the frequency dependence of the tangent of the phase
shift between the stress and deformation, i.e., mechanical loss tangent, has revedled two peaks,
namely, shear and bulk, in so doing the peak due to the shear deformation is five times larger than that
resulting from the bulk deformation.

In order to construct a fractional derivative model considering bulk relaxation, assume that shear

;1 and bulk K operators are given in the form

= [1 v (22)]. W
K=K, [1— V23, (z{z)] 2

where v, =1- ppt=1-777), v, =1-K K '=1-7/,r)), u, ad u,, K, and K_ are

relaxed and nonrelaxed shear and bulk moduli, respectively, 7., and 7_,, 7., and 7_, are relaxation

and retardation times, the subscript | relates to shear relaxation and the subscript 2 to bulk relaxation.
Informulas (1) and (2) 3; (r; ) (i=1,2) isthe dimensionless Rabotnov fractional operator [2,5]

* 1
>3, 74 )=——. 3
7(8') 1+ 77D’ )
where D” isthe Riemann-Liouville fractional derivative
Drx(t)=—+ 94 [ X(s)ds @
'l-y)dt/o(t—s)
and I'(1—y) isthe gamma-function, X(t) isan arbitrary function.
Now we could define the time-dependent Poisson’ s operator as
s=13K-2u (5)
2 3K+ u
To calculate the operator 1~/,we will proceed from the operator
3K +u= (3K, +u,)[1-m >, (7,)-m, 3, (z7,) ], (6)

where m, = %(1— 2v, )v,,and m, = %(1+ V)V,.p-
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The operator inverse to operator (6) has the form
~ o~y 1 . *
(8K+u) = m[u n, >, () +1, 3, (t2,)], (7)
wherethevalues t/, and t, are defined from the quadratic equation

(1-m - mz)X2 - [Tgyl(l_ m,) +7/,(1- ml)] X+7/7, =0, (8)
while the values n, and n, are determined from the set of two equations with due account for the

magnitudes of t”, and t’, found from Eq. (8)

/4 y
-VTEl y nl + T";l nZ = _1’
Ty -1,
, , 9)
T T
g2 2 —
N +——=——n,=-L
2-52 - tal 2-52 - taZ
Then utilizing the algebra of dimensionless Rabotnov fractional operators [2,5], from (5) wefind
v=v, [1— S 3’; (rjl) +5S, 3; (rjz)}[lJr n 3; (tgl) +n, 3; (tfr2 )J, (20)
where
— 3KooV52 — zﬂoovsl

YT —2n 2T 24
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MIXED BOUNDRY PROBLEM FOR ORTHOTROPIC STRIP-RECTANGLE WITH
VARIABLE COEFFICIENTSOF ELASTICITY
Sargsyan M.Z., Poghosyan H.M.

Annotation. The solution of the dynamic problem for strip-rectangle having a variable coefficients of elasticity is obtained
by the asymptotic method. It is considered that the strip is orthotropic, elasticity coefficients are exponentia functions from
(y) and the mixed boundary conditions are given. The inner problem solution is found with Bessel functions.

1. Main equations and praoblem definition.
In case of orthotropic strip-rectangle, it is required to find the solution of plane problems of elasticity

inthearea D ={(X,y):0< x</,—h <y <h,h<< ¢} [1] under the conditions:

u(y=-h)=0, u,(y=-h)=0 (1.2)
and

o, (y=h)=P(g)exp(idt), ¢&=xl, >
6, (y=h)=0, 2

P(&) isgiven function, Q isthe frequency of the forcing effect.
It isrequired to find solutions of dynamic equations of elasticity theory of an orthotropic body:

0 2y 0 0 2
60)0( n Gy =p 0 l; ' Oy n Gy — a_\zl (13)
ox oy Tot ox oy ot

and correlations of elasticity

S Ao (o, T (o (y)e,, Sy, a9
where [2]
1 Vg 1 1 e ey B
au(y)—E_X’ aiz(y)—_E_y1 azz(y)—E_y1 %(y)—@, EX = Ey— Ee ,vxy —VszV,
1 % 1
an:azzzg’ alZZ_E’ a66:6

2. Solution of problem. Final equations to determine the functions U ® V& W [1,3] are

a2y - oo'sY gy
+a,e” U =RY, RY = | g e° ——+ , 2.1
ot U =R RY = et (2.1)
s S—. I\ s-1
62\/;) +Ae”‘;QfV(S) -RY R® :@azu( ) _ea ooy , n=mh
a, a, ocof a8
The genera solution of the system (2.1) is
U™ =3, (9(6))C.(8) +2% (9()) G, (8) + U7, 22

VO =3, (£(9)C, (8) + 2% (£(£))C, (8) + V.

Satisfying the boundary conditions (1.1), (1.2) we get the coefficientsC,,C,,C;,C, and the fina
solution when P(§) = P = const (iteration process breaks off at s=0) is
u=0, o, =0,
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_IPE@(35 ()Y (D)= I (F(-D)Y (D)) exp(iQt)
207 (3, (@)% (1(-D)+ 3, (T (D)% () |

o —plaf@ (L(fO)% (f(‘l))‘JO(f(‘l”Yl(”C)))exp(igt),
ha, nf (€) (3, (@)Y (f D)+ 3,(fD)%(f D))
(

I (L(FO)X (f( D)-J (f(—l))Yl(f(f;)))eX i
GW_Phnf(C) (L (FO)Y (FED)+ I, (FED)Y(FM)) p(ic)

(2.3)

where f(9) = 2> ge“c, 9(0) = 2> ae®

1
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THE BOUNDARY VALUE CONTACT PROBLEM OF ELECTROELASTICITY FOR
PIECEWISE-HOMOGENEOUSPIEZO-ELECTRIC PLATE WITH ELASTIC INCLUSION
AND CUT

Shavlakadze Nugzar

Abstract. A contact problem of the theory of electroelasticity for piecewise-homogeneous plate of piezo-electric material with
infinite cut and elastic infinite or finite inclusion is considered. By using methods of the theory of analytic function, the problem
is reduced to the system of singular integro-differential equation with fixed singularity. Using an integral transformation a
Karleman type problem or a Riemann problem is obtained, the solution of which is presented in explicit form.

We will consider a piecewise-homogeneous plate of piezo-electric material, weakened with infinite
crack and reinforced with a infinite inclusion (beam) as an electrode by a normal force of intensity

P, (X) . The normal stresses Q,(X) and the electric potential are given at the edges of the crack.
The problem consists of determining the expansion of cut f (X) and the jump P(X) of normal contact

stresses along the contact line, of establishing their behavior in the neighborhood of singular points.
In conditions of plane deformation, in infinity, on plate acts the homogeneous fields of mechanical

and electrical stresses: G}, Oy, T3, E, =E; =0, on boundary of inclusion electrical field’s
potential @,"=@, =0 and on the boundary of crack are given c(y2)+(x)=cs<y2)‘(x)=q0(x),
T(XiH(X) - ‘Cg)i (X) =0, (szr =@, =¢,(X).

According to the equilibrium equation of inclusions elements we have

d2 d v“)(x)

D) =P, ()= p(X), x>0 (1)
and the equlhbrlum equation of the inclusion has the form
[[p®)-p, @t =0, [tlp® - p,®]dt=0, )
0 0

where v (X) is the vertical displacement of inclusion points; P(X) is the jumps of normal contact
stresses, subjects to determination. D(X) is bending rigidity of the inclusions material.
On the boundary of crack we have

(2)+ (2)- —
G, (X+o,” (X)=2q,(x), x<0 3)
On the interface of two material the following conditions are valid
GS) — 65(2) T(l) (2)’ u(l) — U(z) V(l) — V(z) E(l) E(z) D(l) D(2) (4)
where o', E(;,) stress components , U, v displacements components , E;”, D" components of

vectors of electrical stress and of electrical inductive ( 1=1 2) .
General solutions of corresponding differential equations [1] for stress function (p“) and electrical
field’s potential ¢”, stress components, displacements, vectors of electrical stress and of

electrical inductive are represented using three analytical functions ®(z\"), k=1,2,3; j =1,2.

From the boundary value conditions on the boundary of inclusion and crack for this functions we
obtain the problems of linear conjugation, which solutions are represented in the form [2]

, AL opt)dt
O @) =2 [P WO @) = @) WO @) A ey
0 0

@'&2’(#>>—2A§2) tf_(tift W () =¥ () + W (ZY),  ZYes? )

where Wk(”(zl((”) are analytic functions in the half-plates Sﬁ”,(k =1,2,3; j =1,2), which are

determined from the boundary condition (4) on the interface of two materials.
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On the bases of the conditions (1-3) and formulas (5), introducing the notation y(t) = f (-t), we have
the system of integral equations

&(I{£+R(t,x)}p(t)dt+IRz(—t,X)w(t)dtJ=$Idti[po(f)—p(r)]dr, x>0 (©)
H_T7:3X + R4(—t,—x)}\|f(t)dt +IR5(t,—x) p(t)dt =g,(-x), x>0 (7
where

R (t,X) = milw R,(t,X) = tﬁ“;éﬁ_lﬁ

For solving of system (6)—(7), when D(X)= D =const, X>0, making the substituting

X t
t =€, Xx=¢" and notation @(X) = .[dtJ-[ P, (t) — p(t)ldt, using generalized Fourier transform [3]
0 0

for the function F (s) = )e=°dg, is received the boundary condition of Karleman type

1 0
I [o
problem for strip

G(s)F(s+3i)—F(s)=P(s), —0<S<® (8)

and for the function D(S) = (€°)€°dg, we have the relation

|
7l
O(s+i) =[P,(2)~ G,(DF (z+31)]/ G, ().

where G(2),G,(2),G,(2),P(2),B,(2) are the given functions.

Therefore, we consider the problem: find function F(Z), which is holomorphic in strip 0 <Imz< 3,

vanishing in infinity, continuously extendable on the border of the strip and satisfying condition (8).
Using the method of factorization the solution of this problem is represented in an explicit form [4].

The function F(Z) is holomorphic in strip 0 < Im zZ< 3, except one point Z=3i/2, in which it has a
pole of first order. Applying the inverse integral transformation for normal contact stresses is obtained
the following estimate: P, (X) — P(X) = @"(X) = ox™"), x—0+

The crack opening behavior has the form f (X) = O(x /), Xx—0-, O<o< 1/2.
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MECHANICS OF BIOMATERIALS
Silberschmidt V.V.

INTRODUCTION

Our understanding of mechanics of biological tissues, their properties and performance as well as their
interaction with biomedical equipment still remains limited. This is a result of multiple factors, most
important being a hierarchical and heterogeneous nature of biological tissues, non-trivial loading and
environmental conditions to which they are exposed as well as multi-disciplinary nature of the systems
involved.

This paper presents an overview of the latest research activities and achievements in the area of
mechanics of biomaterials at Loughborough University, UK. It covers various types of biological
materials and tissues — both hard (bones) and soft (muscles, etc.) — that have been studied in previous
studies[1, 4] at various spatial and temporal domains. These studies laid afoundation for development
and implementation of advanced computational modelling of mechanics of these biological tissues at
different stages (healthy, diseased and traumatic conditions) and for several areas of biomedical
applications (injury prevention, wound care and rehabilitation). Performed numerical simulations, on
the one hand, elucidate processes of deformation of biological tissues and, on the other hand, provide
solutions for design and optimization of medical and rehabilitation procedures and devices.

HARD TISSUE

Research on mechanical behaviour of a naturally occurring composite material, cortical bone tissue,
has attracted increasing attention over the past few decades, not only because bone plays an important
role in structural integrity of a musculoskeletal system, but also due to our growing knowledge of its
intrinsic hierarchical structure and heterogeneous mechanical properties. This mineralized biological
tissue provides main load-bearing component. Being a living tissue, cortical bone also has the ability
to adapt (both its shape and interna structure) to mechanical environment through processes called
remodelling.

Macroscopically, the deformation mechanisms of bones differ from those of metals, polymers and
composites since bones consist of a living tissue with a continuously evolving hierarchical
microstructure. Mechanical properties of cortical bone vary not only from bone to bone; they
demonstrate a spatial viability even within the same bone due to changes of the underlying
microstructure [1, 2]. Considering the wide spectrum of material properties of cortical bone and its
intricate deformation processes associated with various loading modes and orientations, a further
investigation is needed to elucidate the effect of variationsin material propertiesin relation to the local
regions and underpinning microstructural constituents.

Microscopically, the intrinsic micro-architecture of cortical bone has a significant effect on its
macroscopic mechanical and fracture properties. Anisotropic deformation and fracture behaviours
observed at macroscopic level are largely attributed to the preferentia alignments of micro-
constituents at subsequent length-scales, such as osteons and Haversian canals at micro-scale, or
collagen fibrils and mineral crystals at nano-scale. From a fracture-toughness perspective, intricate
structura hierarchy and material heterogeneity observed in cortical bone tissue can often lead to an
improved fracture resistance owing to various fracture toughening mechanisms.

A process of deterioration of human cortical bone due to age and/or disease (e.g. osteoporosis) could
increase a risk of bone fracture. Hence, the methods to predict such development and to protect
patients are becoming an increasingly attractive research topic. A traditional evaluation method was to
measure bone mineral density, but this single factor is insufficient to predict bone fracture because of
heterogeneous properties and hierarchy structure of human cortical bone. So, a stress intensity factor,
Kc, related to extrinsic toughening mechanism, is also used to quantify the fracture resistance of
human cortical bone. However, the understanding of the effect of micro-morphology of osteona
structure on fracture toughness of human cortical bone is still not fully established. The experiment
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analysis is not suitable for this investigation because of the difficulty of recording a crack path at
micro-level and quantifying this effect without accounting for mechanical properties of cortical bone
and its congtituents. Therefore, a novel computational method is suggested and adopted to simulate
crack propagation process in domains with adirect account for bone’ s micro-morphology.

SOFT TISSUES

One of the main challenges related to mechanics of soft tissues is model development for wound
healing. During the initial rehabilitation stage, routine wound-healing techniques are usually incapable
of achieving complete wound closure. Therefore, advanced wound-care methods are applied. In an
ideal scenario, residual extremity is covered with well-vascularized muscles, fascia and skin.
However, in the case of traumatic amputation, the remaining skin structure is not always sufficient to
fully cover the operation area, and it is therefore difficult to dress the wounded area. To overcome this
problem, a negative-pressure wound therapy (NPWT) is applied to protect the open-wound area from
infection instead of using conventional dressing and promote the healing process.

NPWT involves a controlled application of sub-atmospheric pressure to a wound bed through a wound
filler, placed in the wound. Hence, the developed model [5] contains three main domains: arigid bone
structure, a soft tissue with awounded area located at the distal region of the residual limb and wound
filler modelled as polyurethane foam. The soft tissue including muscles, fat and skin was modelled as
asingle bulk elastic material.

The main goal of the developed mode was to advance our understanding of the mechanical effects of
NPWT on healing and investigate a soft-tissue response to these effects propagating thorough the
wounded tissue during the therapeutic application. The obtained results indicated that an increasing
magnitude of negative pressure in the therapy increased levels of stresses and deformations inside the
muscle tissue. Maximum stresses were localised at the interface between the filler and the foam.
Unsurprisingly, increasing the level of negative pressure had an increasing effect on the interface
between the bottom part of the amputee’s bone and the soft tissue. Maximum deformation occurred
around the interface between the filler and the tissue and increasing negative-pressure levels caused
higher deformation around the tissue-filler interface.
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Biomechanics of Stem Cells

Spector A.A., Yuan D., Somers S., Grayson W.L.

Stem cells are used for the treatment of various diseases, and the mechanical factors play an important role in their
differentiation. Here, we discuss two problems of stem cell biomechanics associated with stem cell myogenesis (conversion
into skeletal muscle cells). First, we propose a kinetic model of stem cell myogenesis under the action of external strains, and
second, we present a poroelastic model of fibrous-porous scaffolds directing stem cell myogenisis.

A Kinetic Model of Stem Cell Differentiation. Effect of the Applied Strains

The stem cell conversion into a target cell is commonly characterized by the expression of specific
proteins (factors), and such factors associated with myogenesis are called Desmin, MyoD, myogenin,
and MHC. To simulate the experiment and the process of skeletal muscle regeneration with natural
stem cells (called Satellite Cells), we propose a model [1, 2] presenting the kinetics of myogenesis as
the progression through several stages defined by the expression of particular combinations of factors.
The transition to each next stage is characterized by the expression of a new factor, while the factors
expressed in the previous stages remain expressed. The description of the kinetics of myogenesis
reduces to a system of nonlinear ODEs in terms of cell numbers in particular stages. We also include
the effect of externally applied strains since they have been shown to significantly improve stem cell
myogenesis. We optimize the parameters of our model by fitting the experiment and make a number
of predictions about the time course of stem cell myogenesis. Fig. 1 below presents the computed
numbers of cells expressing particular factors against the corresponding experimental data obtained on
days 7, 14, and 21 of stem cell differentiation.
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Figure 1 Numbers of cells expressing each particular factor and the total number of cells. Optimization of the model (dashed
lines) parameters by fitting the experiment (crosses, squares, triangles, and circles) with the stem cell differentiation under the

action a harmonic strain of 10% magnitude.
Mechanics of Fibrous-Porous Scaffold for Stem Cell Differentiation

An advanced method of the application of external strains to stem cells is the use of 3-D scaffolds
(extracellular matrices) with the structure and mechanical properties mimicking those in the skeletal
muscle. In this regard, a fibrous-porous scaffold for stem cell myogenesis has been recently proposed
[3]. A stress relaxation experiment (Fig. 2) is used for the estimation of the mechanical properties of
the scaffold. In addition, the stress relaxation time of the scaffold has been shown to make an effect on
stem cell differentiation. To estimate the mechanical properties of the scaffold and simulate the stress
relaxation experiment, we use a poroelastic model and consider the scaffold specimen as a long
transversely isotropic cylinder under the extension. In the case of ramp displacement applied, an
analytical solution for the time course of the applied load P(t) can be obtained. This solution is used
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for the parameter optimization (including two Young’s moduli, two Poisson’s ratios, and gel diffusion
time characterizing the filtration of the fluid component of the scaffold through its fibrous solid
component) by fitting experiment (Fig. 3).

SONCS S N NSNS S

Solution
Figure 2 Sketch of the relaxation experiment with a cylindrical specimen of the fibrous-porous scaffold (insert) for stem cell
differentiation
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Figure 3 Optimization of the poroelastic model parameters by fitting the data of the force relaxation experiment for ramp
displacement loading
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CONTACT PROBLEM FOR A SOLID INDENTER AND A VISCOELASTIC HALF-SPACE
DESCRIBED BY SPECTRUM OF RELAXATION AND RETARDATION TIMES.

Stepanov F.I.

Mechanical properties of material which is modelled by exponential creep kernel characterized by a spectrum of relaxation
and retardation times are studied. The research is carried out considering a contact problem for a solid indenter sliding over a
viscoelastic half-space. Contact pressure, indentation depth of indenter and the deformation component of the friction
coefficient is analyzed with respect to the case of half-space material modeled by single relaxation and retardation times.

1. A solid indenter sliding over a viscoelastic half-space with constant velocity is considered. Material
model of the half-space is given by the Volterra integral operator that defines the relationship between
strains y(t) and stresses T(¢) :

¥(0) = ér(r) + éj@r(r)K(z s,
. (1.1)
K= Zkl. exp[—;—}

Here G is the shear modulus. The creep kernel K(¢') is characterized by spectrum of relaxation 1/ &,
and retardation A, times. Poisson ration is considered constant.

Contact conditions:
z=0: 1_=0, 1,_=0, w(x,y)=f(x,y)+D, (x,y)eQ

0.=0, 7.=0, 7,=0, (x,y)2Q (1.2)

—0<x<+0, —00< Y <+

Contact problem is solved with the boundary element method [1, 2, 3] using the relationship between
contact pressure p distributed within an arbitrary surface region Q and surface displacement w [4]:

w(xy,0>———ﬂ €| £+ ,Il[a ";j dedn,

AV AV
(1.3)

]3 e “du

N

Calculations were made for material characterized by three different relaxation times and also for the
spectrum of relaxation times combined of the three.

Fig.1 shows surface deformation due to impact of a moving load distributed within the square element
which center is located in (0,0). Area of the square element is S'=1/900, the pressure within the

R=E=x)" + (=), L,(0p) =

element is constant ( p'=1.0 ). Lines 1-3 correspond to the single relaxation time material. Line 4
corresponds to the spectrum of relaxation times. Lines represent surface displacement considering
y'=0.

2. Mechanical properties of viscoelastic half-space that is modelled by different relaxation times and a
spectrum of relaxation times have been studied. Calculations were made for the surface displacement
that occurs due to impact of a distributed load moving over a viscoelastic half-space and also for a
solid indenter sliding with constant velocity over the viscoelastic half-space. The analysis allowed
making the following conclusions:

. considering relation of instant and longitudinal shear modulus being constant the maximum of
mechanical component of the friction coefficient is the same for different relaxation times, it occurs at
different sliding velocities (the smaller relaxation time, the bigger the velocity);

. in case when the spectrum of relaxation times considered, the maximum value of mechanical
component of the friction coefficient is bigger than for the single relaxation times cases;
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mechanical component of the friction coefficient decreases more rapidly with velocity when

the value of relaxation time is bigger;

the indentation depth is bigger in case of a smaller value of relaxation time and the biggest in

case of relaxation times spectrum;

the indentation depth decreases more rapidly with velocity in case of bigger relaxation time;

-_______N

.............. \

-0.25

-0.3
-1.0 0 x' 1.0

Fig.1 ¢=5, P'=1.0,v=0.3, V'=3 line 1: (A=0.005, £=1000), line 2: (A=0.001, £=5000), line 3:
(A=0.0002, £=25000 ), line 4: (1, ,,=0.0002; 0.001;0.005, &, , ;=25000; 5000; 1000 );
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RESEARCH OF THE TIME OF DEFORMATIONSLOCALIZATION (NECKING
FORMATIONS) AT STRETCHING OF SAMPLESIN THE CONDITIONS OF CREEP

Teraud W.V.

At long uniform axial tension of metal samples in some instant of time uniform deformation cease
to be uniform, in spite of the fact that the conditions of axial tension are preserved. Such moment of
transition it is accepted to name the moment of deformations localisation or necking formations.

The moment of localisation cardinally changes tensely-deformed condition of material, and for
correct calculation bearing ability of metal extremely should know, in what moment of life cycle of
the element of the design it takes place. In [1] is informed that as early as XIX century power criterion
of the necking occurrence was offered: effort in spreaded sample on examination of dropping diagram
begins to be lowered. Far more accomplished criterion accounting a series of features observable in
experiments, is offered in [2]. Series of the authors [3-4] offered deformation approach, according to
which the necking emerges at the value of deformation of 12% sample [3]. Development of this
approach was offered by the author [4], receiving that uniform deformation is described €od <N (N < 1),
i.e. is entirely defined by the exponent n in exponential law (¢ = yg").

In [5-6] plenty of experiments is described at 400°C from aluminium alloy D16T, on the basis of
which a series of the criteria for definition of the moment of the neck formation is offered. In these
experiments the samples of round cross section with initial values 4 and 5 mm and rectangular cross
section from size of working part 44x9x1.3 mm were used. Further analysis of results of tests of
samples with different values of axial voltage is presented.

As the first criterion difference of maximum and minimum sample cross-section sizes in working
part is considered, and when distinction reaches some critical size k;, is accepted that in this instant of
time 1; journal emerged. The second criterion is characterised that in each instant of time on current
sample profile arithmetic-mean value is calculated and from this value peak deviation is defined.
Excess of the value of deviation to some size k, is considered occurrence of the journal at the time of
1,. Complexity of given conditions consists that it is necessary to establish values ki, which it is
necessary to consider critical. As research showed, in each experiment these values one's and a
universal size it is impossible to pick up.

The third offered criterion is connected with introduction to consideration of uniformly losing
shape sample, i.e. “imaginary” sample which is deformed on its law of change I(t), but preserves a
uniform deformation of all working area.
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Fig. 1. The moment of formation of the neck on criterion W3(t) at ks = 0.1 mm (continuous) and
ks = 0.2 mm (dotted) for cylindrical samples for two various experiments (a) and (b).

We will consider geometrical method of definition of the moment of formation of the neck for
cylindrical and flat samples using “imaginary” sample (H is function of Khe'visajda):
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2. The moment of formation of the neck on criterion Q3(t) at ks = 0.1 mm (continuous) and
0.2 mm (dotted) for flat samples, experiments (a) and (b).

v, (t)=H [do(t) —myin(d(t, y))- kJ, Q,=H [w‘) t) - myin(w(t, y))- k3}

On the fig. 1 [7] and 2 are presented the schedule of the values W3(t) and Qs(t). The times of

localisation for cylindrical samples Ne3 and Ne9 accounted for 750 and 850 sec, 1250 and 1500 sec for
ks similarly 0.1 mm and 0.2 mm. For flat samples Ne7 and Nel6 accounted for 3930 and 4144 sec,
5622 and 7305 sec for values ks equal 0.1 mm and 0.2 mm respectively. Comparing the moments of
the necking occurrence only on cross-section value of width for cylindrical sample (1) (criterion ‘')

and

similary (criterionQ23) for flat sample (2), it is possible to conclude that flat sample is deformed

evenly lot of the time that, most likely, is connected with absence of the account of formation of the
neck on thickness.
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INVESTIGATION OF THE INFLUENCE OF AGEING ON THE MECANICAL
PROPERTIES OF POLYMER COMPOSITES DURING UNIDIRECTIONAL TENSILE
LOADING

Valesyan Sona

Abstract. From the obtained data follows that the change of durability of the getinacks at the stretching depends on
pressing pressure value both in the age of 1 year and in the age of 4 years essentidly.

According to data, in case of samples of the first series ageing practically has not affected durability of getinacks at
stretching. In case of samples of the other series the increase of age from 1 year to 4 years resultsin increase of durability of
getinacks, particularly, for the third series the increase is about 9 %.

Comparing the values of failure tensile stress brought in the handbook of electrotechnics materials [1] and obtained by
the experimental investigation of aged glass textolite (GFRP composite-laminate) with the orientation of the woven fiber 0°
and 90° are increased approximately on 25 % and 35%, correspondingly.

Approximations of the test results are defined and compared with the experimental data. Based on these data, the
corresponding figures are plotted.

The mechanical properties of the aged polymer composites such as getinacks and glass textolite
(Glass Fibre Reinforced Polymer (GFRP composite-laminate) subjected to the tensile load are studied.

Results of testing are given in the tables 1, 2.

From the data given in the table 1, it follows that change of durability of the getinacks at the
stretching depends on pressing pressure value both in the age of 1 year and in the age of 4 years
essentially. So, for 1=1 year durability of samples of the second seriesis 16 % more than durability of
samples of the first series. Durability of samples of the third series is about 20 % greater than
durability of samples of the first series (see the table 1).

For t=4 years durability of samples of the second and third series is about 22 and 29 % greater

than the durability of samples of the first series, accordingly.

Tablel
NN Pressureof | Ageof samplest Durability of samplesduring the
series pressing, MPa| at thetime of stretching, MPa
experiment, year

| 19 1 117,3+1.322

’ 4 118,4+1.334

I 24 1 136,1+14.997

' 4 144,3+15.903

" 51 1 140,445.64
4 152,8+5.176

According to the data of thistable 1, in case of samples of the first series ageing practically has not
affected durability of getinacks at stretching. In case of samples of the other series the increase of age
from 1 year to 4 years results in increase of durability of getinacks, particularly, for the third series the
increase is about 9 %.

The short-term force influences ageing results in increase of deformability of getinacks. The more
level of pressing pressure of materia is, the less deformability of getinacksis.

In view of the above-mentioned consideration of getinacks experimental data, the comparison of

mechanical properties of the aged glass-textolite subjected to tensile load [2] with them is done.
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Comparing the values of failure tensile stress brought in the handbook of electrotechnics materials
[1] and obtained by the experimental investigation of aged glass textolite (GFRP composite-laminate)
with the orientation of the woven fiber 0° and 90° are increased approximately on 25 % and 35%,

correspondingly (Table 2).
Table2
failuretensile stress, MPa
orientation of the woven fiber 0° orientation of the woven fiber 90°
GFRP handbook values[1] 300 200
GFRP aged values 402 307

For glass textolite (GFRP composite-laminate) with the angle of orientation of the woven fiber
0° and 90°, the experimental and theoretical curves data are coincided on 97% (the error is 3%) and
95.55% (the error is 4.45%), correspondingly.
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VIBRATION OF MAGNETOELASTIC CYLINDRICAL SHELLSFOR VARIOUS
BOUNDARY CONDITIONS
Vardanyan Sedrak

Abstract—The investigation of the vibrational character of magnetic cylindrical shells placed in an axial magnetic field has
important practical applications. In this work, we study the vibrational behaviour of such a cylindrical shell by making use of
the so-called exact space treatment, which does not assume any hypothesis. We discuss the effects of several practically
important boundary conditions on the vibrations of the described setup. We find that for some cases of boundary conditions,
e.g. clamped, simply supported or peripherally earthed, as well as for some values of the wave numbers, the vibrational
frequencies of the shell are approximately zero. The theoretical and numerical exploration of this fact confirms that the
vibrations are absent or attenuate very rapidly. For all the considered cases the imaginary part of the frequencies are negative
which implies stability for the vibrational process.

The Boundary Conditions

We will consider four types of boundary conditions:

Type 1: The internal surface of the shell is clamped, peripherally earthed, while the external surface
is free from stresses. Additionally there is a continuity condition for the magnetic field vector on the
external surface.

More precisely, on the internal surface r = R—h we impose the conditions: u, =0, u, =0, ¢ =0.

while on the external surface r = R+ h we impose: oy, =0, o,,=0, h,=h,, h,=h,.

Type 2: The internal surface of the shell is simply supported, peripherally earthed and, additionally,
the external surface is free from stresses. As before there is a continuity condition for the magnetic field.

On the internal surface r = R—h we have: o, =0, u, =0, ¢ =0.

On the external surface r = R+ h we have: o, =0, o,,=0, h, =h., h,=h,.

Type 3: internal surface of the shell is clamped, the external surface is free from stresses, and,
additionally, we impose continuity condition on the magnetic field vector not only on the external
surface, but also on the internal one.

On the Internal surface r = R—h we have: U, =0, u, =0, h, =h, h, =h,.

On the external surface r = R+ h we have: o,y =0, 6,, =0, h, =h;, h,=h,.

Type 4: internal surface of the shell is simply supported, the external surface is free from stresses,
and magnetic field vector continuity condition exists on the internal and external surfaces.

On the internal surface r = R—h we have: oy =0, u, =0, h,=h., h,=h,.

On the external surface r = R+ h we have: o, =0, o,,=0, h, =h., h,=h,.

Numerical Results and Conclusions

We now solve the determinant equation (33) numerically for four types of boundary conditions. As
a shell’s material we take aluminum with the following parameters: Young’s modulus

E =0.69*10°MPa, Poisson’s ratio v =0.32, density p = 2712kg/m3, longitudinal wave speed
1-v)E
(1 + v)(l - 2v)p

2
conductivity o =35* 10%sim/m, magnetic viscosity v, = i 2%10"m’ /s’sim, Alfven’s wave
o

a:\/E:1595.06m/s, transversal wave speed b= =1908.06m/s, electrical
P

2
H o
speed a; = ,|—> , the geometrical sizes of the shell are taken to be: h = 0.001 m, R = 0.05m.

We perform the calculations for various magnetic field values H( = 10° , ...,104T.

For these parameters we present the numerically obtained bending frequencies for four types of
boundary conditions (see tables 1-8). It should be noted that the transcendental equations being solved
here have infinitely many roots, but for us the interesting ones are those the absolute values of which
are the closest to zero. We present precisely these solutions.
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Table 1:typel(Re w)

0 0.1 0.2 0.3 0.4 0.5

5%10° 0.00006 0.0012 —0.0021 0.0028 —0.0034

6*10° 0.0011 —0.0024 —0.0033 —0.0280 0.0047

7*10° 0.002 —0.0034 0.0044 —0.0051 0.0058
Table 2: typel (Imw )

3*10° —0.103584 —0.103583 —0.103583 —0.103583 —0.103582

4*10° —0.103584 0.181235 0.181235 —0.103583 0.000146

5*10° 0.127234 0.127297 0.127321 0.127327 0.127323
Table 3: type2 (Re w )

3%10° 108 108 222.471 112.421 72.4278

4*10° 108 0.57689 154.704 83.9517 54.4747

5*10° 108 108 120.978 67.2693 43.8222
Table 4: type 2 (Im w )

3*10° —0.103583 —0.103583 —28.9107 —15.3821 —10.2147

4*10° —0.103584 —167.732 —20.4537 —11.5805 —7.7571

5%10° —0.103584 —0.145199 —16.1300 —9.3294 —6.2893
Table 5: type 3 (Re w )

3*10° 2629.957 2144.676 1898.753 1748.752 1655.295

4*10° 2325.042 1893.226 1677.223 1549.672 1476.028

5*10° 2112.610 1718.585 1524.035 1413.004 1354.462
Table 6: type3 (Imw )

3*10° —644.448 —511.537 —446.484 —401.164 —363.308

4*10° —564.715 —450.130 —392.008 —350.114 —313.472

5*10° —510.541 —407.642 —354.072 —314.232 —277.944
Table 7: type4 (Re @ )

3*10° 108 108 1010 108 70.4725

4*10° 108 108 151.389 81.4067 52.4569

5*10° 108 108 117.603 64.6237 41.7228
Table 8: type 4 (Imw )

3%103 —0.103584 —0.103583 —0.103583 —0.103583 —10.0897

4*%10° —0.145199 —0.103583 —20.5366 —11.4840 —7.6217

5%10° —0.145199 —0.145199 —-16.1761 —9.2180 —6.1435

These numerical checks confirm that the real parts of the free bending frequencies are
approximately zero for some values of the wave numbers. These results, particularly the negativity of
the imaginary part of the bending vibrational frequencies confirm that the peripherally earthed, clamped
or simply supported boundary conditions have an impact on magnetic vibrations as attenuation
conditions. In the case when the internal and external surfaces of the shell are free from stresses, the
boundary conditions can be viewed as stimulators for vibrations, while for the scenarios studied in this
paper the effect is opposite.
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THE INVESTIGATION OF STRESS CONCENTRATION IN CORNER POINTS FOR
ORTHOTROPIC PLATE BENDING PROBLEM
Vasilyan N.G.

Abstract. In this article is investigated bending problem of the orthotropic semi-infinite plate strip, when three edges of the
plate are hinged, and the fourth edge goes to infinity. The plate is loaded with distributed load with intensity q(Y) . Is applied
the approach Nadai A.[5], which says, that go away from the edge, the solution must seek solution of the cylindrical bending.
There are investigated generalized cutting forces on fixed edge.

We explore in the Cartesian coordinate system of a semi-infinite plate strip of constant thickness 2h,
occupying the area 0 < X< oo, 0<y<b, —h<z<h. On the plate acts distributed load of intensity

acy).

1. We assume that the material of the plate, in relation with their elastic properties, has three
planes of symmetry — plate is orthotropic. If these planes are taken as coordinate axes, the
relationships between the components of stress and strain can be expressed by the following equations:

o'w o'w o'w
D,——4+2H,——+D,— :q(y)

OX ox oy oy (1.1)

where H =D, +2D,, and D,, D/, D,, D, are coefficients, which characterizing the mechanical

properties of material.
2. Satisfication of the boundary conditions.
It is assumed that the edges of the plate y=0,b hinged, that allows the solution of equation (1.1) to

present as follows:

- _m
w=>» f sm% , L SinA, Y, . 2.1

Z; 2(X)sink,y, q= nZ;q Yo by = (2.1)
The characteristic equation of (1.1) will be D,r* —2H,r* + D, =0 r’ :(H1 + JH? - DXDy)/DX .

We will get four roots and applying the approach Nadai - in case go afar from the edge X=0, the

solution must strive to solution of the cylindrical bending, obtained the general solution of the problem
of an orthotropic semi-infinite plate-strip:

f(X)=Ae™ B T 2.2
(X)=A, n D (22)

Unknown coefficients A, B, will determined by applying the boundary conditions on X =0 . First

of all, will examined the expression H,” — D, D,.

a. H’-D, D, >0 Suppose, the edge Xx=0 is hinged joined, and will obtain for flexure of plate

H - JH’-D,D, [ 2%, . W 4+ [H?-DpD, A0,
R ol ko x 1 |sina 2.3)
sz“ 2/H?-D,D © 2JH?-D,D © ’ Y

1~ HxYy 1T Py

Therefore, for generalized cutting forces we obtain

H,-B,
AnX

H, +B X B .
{/ B(D,D, - H (HI—B))ef\/'Tx)‘" +\H,=B(D,D,—H,(H,+B))e" >  |sin)y

2Bx D \/7
H,+B H,-B.

V,(xy) = Z [ ~(B+2D,)e o " ~(2H,+B+2D,)e D*h"x}coskny, (2.4)

where we have introduced the following notation: B=,/H?-D,D, .H,=H, +2D, =D, +4D,,
b. H’ - D,D, =0. This is coinciding with case, when material is isotropic [4]. We will search

f (x) in the form of f_(x) = A, € If the plate on X =0 edge is hinged joined, will obtain

w(x y)= ) q—“{l—e

X XSX e“x}sinxny . (2.5)
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And for generalized cutting forces will obtain

vx(x,y):iqu" [(3—v)e’”nX+(1—v)x xe ™ x}sinxny,vy(x,y)zi;j: [2(1—6’“*)+(1—v)7»nxe’}‘"XJcos7»ny. (2.6)

=D,
For generalized cutting forces will obtain the following expression:

V(X Y) = zqn'l“ B H L (o +p? )chosBknx+[l—:_DIX((xz+ﬁ2)]asinﬁknx}e“""Xsinkny,

0 2_
c. le—Dny<0 W(X,y)zz G {1—(“2 [f sinA, X+ cosPA, j O‘“}sinkny.
. P o

<1, D, 2ap
V(% y) = ZITFH[OLBD 2aﬁDye*“‘“~*cosﬁxnx+(Hz(az+[32)2—Dy(az—ﬁz))eﬂnxsinmnx}cosxny.

D D, + H, D D,
2.7)
- 2D, D, 2 D,
Investigation of the generalized cutting forces

From the calculations for different materials it turned out, that in all cases will get H*> =D, D, <0, the

third case. For generalized cutting forces in the middle of fixed edge will be

H, 0(2+B2 D, ., 2
V. (0, ) yZ—sm?Whel’e Y equal to: V=0 0e (Hz(a +B)+1j 3.1

nln y

The solution for cutting forces depends from the y coefficient(which depends only from characterizing
coefficients of mechanical properties of the material) in the middle of the fixed edge.

Table 1. The values of y for investigating materials

Kevlar49 FiberglassAG-4c Fiberglass Tornel 40 Plywood, 3 plyand
anisotropic 5
materials
Y 1.87 1.22 1.26 0.59 2.33

4. Conclusion
In this article is obtained the values of generalized cutting forces for orthotropic semi-infinite plate-

strip. In corners of fixed edge V, =0 and in middle points it's take a value different from zero.

Thus, for the bending problem of an orthotropic semi-infinite plate-strip, when the three edges are
hinged, we obtain the concentration of the generalized cutting forces on the fixed edge. For an
isotropic semi-infinite plate strip (b=10a) the equation of static equilibrium are met. Therefore, in
this case, in comparison with the work of V. V. Vasiliev [5], who researches a simply supported
plate, the transformation of Kirchhoff and Thomson — Theta, is fair.
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INELASTIC DEFORMATION, STRAIN-SOFTENING, LOCALIZED FAILURE AND
DILATATION IN SANDSTONE MEDIA
UNDER TRIAXIAL QUASISTATIC LOADING

Zaitsev A. V., Karev V. |., Kovalenko Yu. F., Sidorin Yu. V., Sokolkin Yu. V., Ustinov K. B.

The developed two-level structural-phenomenological model of brittle rocks media made it possible to describe a
collective multi-particle interaction in a defect ensemble, scale levels of damage accumulation process, major failure
mechanisms, and their changesin various modes of triaxial proportional macrodeformation. In the framework of the
model description of damage accumulation processin brittle rocks the nonlocal conditions for transition to a localized
failure and/or to strain-softening are formulated independent on the stress-strain state and quasistatic proportional
and nonproportional loading modes.

The investigation of inelastic deformation and failure of brittle rocks is associated with the necessity to
develop mechanical models for the correct description of the behaviour of damaged heterogeneous
rock media. Materials of this class include, specifically, sandstones. Besides, there is a need to
improve the procedures of strength analysisin order to take into account actual loading conditions and
the evolution and character of the collective interaction in a system of defects which determines the
instant of macrofailure, when the damage accumulation becomes unstable. Without understanding the
regularities and mechanisms of damage accumulation, without evaluating its stability and determining
the conditions of localization beginning, the macrofracture of sandstones will remain latent and poorly
predictable phenomenon of internal structure evolution of the heterogeneous rock media.

-G53, MPa ~J¢" MPs
6=350.0 MPa
1 —R=1,0-10* N/m?;
60 L 2 —R=5,0-10*,N/m’; : - 375
3 —R=1,0-10°,N/m?;
6¢=250.0 MPa 4 —R=1,0-10",N/m’
P
40 - 25.0
6-=150.0 MPa
o=100.0 MPa
20 6-=75.0 MPa — 125
G =50.0 MPa
G=25.0MPa
6 =0.0 MPa
| 1 | | | |
a) 0.0 1.7 34 -33.107 ) JP.10" 15.0 7.5 0.0

Fig. 1. Uniaxial compression stress-strain diagrams (&) under different lateral pressure o (von Karman

scheme). Dilatation under uniaxial compression with different stiffness of the loading system R (b).
Stable stress-strain states corresponding to the instant of macrofailure are marked by arrows

The two-level-phenomenological structural model for brittle sandstone was devel oped with the aim to
study the character of collective multi-particle interaction in the defect ensemble, the general laws and
the change in failure mechanisms and scale levels of damage evolution under combined triaxial
quasistatic loading [1, 2]. A partial or complete loss of load-carrying capacity by structure elementsis
connected with violation of strength conditions and, as consequence, with jump-like changes of
deformational characteristics. The model allowed us to describe the inelastic deformation
accompanied by inclination and coarsening of defects as a multistage process of damage accumulation
and to determine the instant of rocks media macrofailure as a result of loss of stability of this process.
In the course of computational simulations, we found and analyzed such regularities of mechanical
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behaviour of brittle sandstone as the strains corresponding to the instant of macrofailure and the
character of damage evolution in relation to the stiffness of the loading system, the effect of lateral
pressure on strain-softening (Fig. 1, @), the dilatation under uniaxia compression (Fig. 1, b), the
unequal resistance of heterogeneous bodies, and the self-supported accumulation of defects.

If the macrofailure is considered to be the critical state, where structural transition under loading
results in a loss of continuity in the damaged solids or in reaching of connectivity in the defect
ensemble, we can determine parameters widely used in the physics of critical phenomena which
characterize collective multi-particle interactions and the mutual arrangement of failed grains. A
nonlocal critical dimensional lengths constant for damaged solids is found to exist, which does not
depend on the type of stress-strain state and quasistatic proportional and nonproportional loading
modes [3, 4]. The constant determines the instant of transition from the stage of accumulation of
disperse damage to a localized failure and to the strain-softening. The new nonlocal criterion alow
one to determine a unique quantitative relation between the connection of damaged domains and the
regularities in the behaviour of isotropic and anisotropic brittle rocks.
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EXACT ANALYTICAL SOLUTIONSTO PROBLEMSON EQUILIBRIUM STATE OF
ELASTIC ANISOTROPIC HEAVY CENTRAL- AND AXIAL-SYMMETRIC BODIES AND
THEIR APPLICATIONSTO GEOMECHANICAL PROBLEMS
Zaitsev A. V., Sokolkin Yu. V., Fukalov A. A.

Abstract. Using the decomposition of hoop and radial components of displacement vector to the trigonometrical and
generalized power series, the new exact analytical solutions to problems on the equilibrium state of thick-walled heavy
anisotropic central- and axial-symmetric bodies are obtained. The estimation of an initial strength of cylindrical and spherical
solid-cast mine working supports is carried out on the basis of a multicriteria approach taking into account damage
mechanisms of anisotropic axial- and central-symmetric bodies.

Cylindrical and spherical structures and facilities produced of anisotropic materials, and namely solid-
cast mine working supports, coal slurry pipelines, and tunnel coating, are widely applied in different
industrial spheres. That is why there is a real necessity in obtaining exact analytical solutions on the
equilibrium state of thick-walled heavy anisotropic elastic central- and axial-symmetric bodies which
are subject to the action of uniform internal lateral pressure; these solutions will be considered for
working out engineering methods of initial strength analysis.

0=0 J®. 0.1 MPa

0.0 0.5 p
Fig. 1. Distribution of the independent invariant of stress tensor (MPa) on the fixed external (Jl(E'X) ),

free from pressures internal ( Jl(r:) ) and contact ( J((:') ) surfaces, with radiuses p;, =2,5m, pc =3,1 m,
and pg, =4,3 m; J' =Gy, =Opg > J" =0, ,and Jwv EJGpo +cép

New exact analytical solutions to problems on equilibrium state of thick-walled heavy transversally-
isotropic spheres [1, 2] and orthotropic cylinders [3], which are fixed on the interior or exterior
surfaces and are subject to the action of uniform and/or nonuniform external or internal lateral
pressure, are obtained. When integrated heterogeneous system of Lame differential equations in
cylindrical and spherical orthogonal coordinates, the variable separation method led us to reduce the
dimension of the problem, and the usage of generalized power series enabled us to write a general
solution. The reinforced concrete monolithic roof supports of spherical mining and the surrounding
array of sedimentary rocks are considered as a single mechanical system [2]. The influence of
geometries and material properties on the distribution of the independent invariants of stress tensor for
spherically transversally-isotropic bodies in cross-sections is analyzed in the directions of meridian 0
and dimensionless radial p coordinates (Fig. 1). The estimation of an initial strength is carried out on
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the basis of a multicriteria approach taking into account various damage mechanisms and domains
where the failure may be initiated and defined.
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Fig. 2. Distribution of radial (u, 107 m) and hoop (v, 1076 m) displacement in reinforced concrete cylinder

on external, internal and median surfaces, with radiuses p,, =3,0 m, pg, =5,5m

The problem on equilibrium state of heavy reinforced concrete cylinder located on foundation soil is
considered. Contact surface area was assumed to be known and unchanged. The reaction of soil is
given in the form of a quadratic function which meets the condition that its integral sum equals weight
of the constructions. The assumption allows us to write the boundary conditions for the determination
of the integration constants of partial solution. On the basis of this the distribution of displacements
(Fig. 2) and stresses in transversal cross-sections of horizontal monolithic reinforced concrete
cylinders are shown, the lower half of which are dug into the soil.
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INFLUENCE OF SINGLE-WALLED CARBON NANOTUBESCHIRALITY ONITS
THERMAL CONDUCTIVITY COEFFICIENT

Zarubin V.S, Sergeeva E.S.

Abstract. The composites — are multiphase materials, which consist of main medium and reinforcing elements. In
nowadays such materials are commonly used as a structural for different technical constructions, especially, for parts, which
work at high-intensity mechanical and thermal loadings. Composites reinforcing by structure-sensitive includes, such single-
walled carbon nanotubes, provides significant improvement of materials thermomechanical characteristics. Composite
materials reinforced by nanosized includes are called nanocomposites. The single-walled carbon nanotubes equivalent
thermal conductivity coefficients dependences of its chirality are presented in this work. These dependences were obtained
by using the heattransfer mathematical model in transverse isotropic medium. Such coefficients allow providing the
conditional replacement of the single-walled carbon nanotubes as continuous anisotropic fiber. This fact leads to ability of
applying the well-known fiber composites models for thermomechanical properties estimates of this composites type. The
presented results are useful for analysis of nanocomposites thermomechanical behavior.

In recent years nanosized objects with high thermoelastic characteristics, plates of graphene,
fibers, single- and multi-walled carbon nanotubes being good candidates, as reinforcing elements are
considered. It is well known that even a low nanosized graphene inclusions concentration leads to a
significant thermoelastic properties improvement of composites, reinforced by these objects[1-4].
During a structure creation from the composite, which must work in high-intensity mechanical and
thermal fields it is necessary to know on the one hand an elastic properties estimates of such material
and on the other hand — thermomechanical characteristics estimates are aso needed. These
characteristics are determined by respective properties of reinforcing inclusions, which, in turn, are
determined by inclusions geometry. There are significant number of articles, devoted to composites
reinforcing elements elastic properties dependences from its geometry characteristics investigation in
recent literature. However, the thermophysical properties dependences of such elements from its
reference sizes is less investigated. As an object of research in this work was chosen single-walled
carbon nanotube. This article is devoted to researching of single-walled carbon nanotubes longitudinal
and radial thermal conductivity coefficients dependences from its diameter and configuration, defined
by chirality indexes.

Single-walled carbon nanotube — is the cylindrical structure with a diameter up to severa tens
nanometers, consisting of one graphene plane, curtailed seamlesdy into a tube, that is the surface
which is laid out by the exact hexagons in which tops carbon atoms are located. Result of these
operation depends from an orientation angle of the graphene plane concerning a nanotube axis.
Orientation angle, in turn, sets nanotubes chirality, which determines its characteristics. Nanotubes
chirality is designated by symbols, specifying coordinates of a hexagon, which as a result of turning of
the plane has to coincide with the hexagon, which isin an origin of coordinates. Single-walled carbon
nanotubes chirality indexes determine by the unique image its diameter [5].

For mathematica modeling, describing thermophysical properties of single-walled carbon
nanotubes reinforced composite materials, nanotube can be approximated as an anisotropic circular
cylinder with length considerably surpassing radius.

For obtaining singlewalled carbon nanotube efficient therma conductivity coefficients
dependences from its diameter and type mathematical model of thermal energy transfer by heat
conductivity was used [6]. Single-walled carbon nanotubes diameters values for various combinations
of the chirality indexes were obtained. Also single-walled carbon nanotube efficient thermal
conductivity coefficients values were obtained and such coefficients dependences from nanotubes
diameter and chirality were received.

The ratios, which are presented in this work, can be applicable to assessment of the equivalent
thermal conductivity coefficients of single-walled carbon nanotubes, which are actively considered by
scientists as reinforcing inclusions of perspective materials of the constructions working at intensive
loadings of various nature. By means of these coefficients and representation of a nanotube an
anisotropic circular, materials thermal properties forecast with application of the mathematical models,
developed for fibers compositesis coming possible.
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ESTIMATION OF SECOND-ORDER ELASTIC MODULI FOR CUBIC SINGLE CRYSTALS

Zubko 1.Yu.

Abstract. The exact expressions for both first and second order elastic moduli computations within the discrete atomistic
modelling approach are found for the introduced interatomic interaction potential of the embedding type. For the cubic
lattices the first order elastic moduli tensor is found to be symmetric and the second-order elastic tensor is nonsymmetric at
any temperature.

For many applications the second-order elastic properties of a material are needed. But experimental
methods do not allow their obtaining. So the aim of the study is to demonstrate that the atomistic
approach can give an estimation of the second-order elastic moduli. Metals with a cubic structure
(FCC and BCC as examples) are considered using the atomistic statics. Some aspects of heating
imitation in the lattice statics approach and changing the elastic moduli under heating are considered.
The elastic energy density U in the case of small deformations is accepted in the following form

u=1F-I-w,):C:(F-1-w,)+iI':D:T (1)
where I is the unit second rank tensor, w, is the tensor of a small lattice rotation, r'= Vo,, o, is
the axial vector for the tensor w,, C and D are the generally nonsymmetric forth rank tensors of the

first- and the second-order elastic moduli correspondently. Tensor I explains the lattice curvature; and
it is considered further as an independent degree of freedom for the lattice. Such form is obtained from
a general representation of the elastic energy density of Cosserat continuum, introduced for the case of
the finite-strain deformation [1]. In order to compute the elastic moduli using the lattice statics, the
specimen potential energy in the actual configuration is divided by its volume in the initial equilibrium
state and equated with the elastic energy density u. All the moduli are found as the second derivatives
of the potential energy density u over the components of the corresponding deformation measures.
For the aim of the crystal temperature control the computational-statistical approach to studying
thermo-mechanical properties of the finite sized crystals is presented. The heat oscillations of the
atoms are imitated by applying random perturbations with the fixed amplitude A on the system of
atoms under the uniform distribution of directions for the atoms’ shifts in 3D space.
A set of the interatomic potentials including the embedded atom method in Finnis-Sinclair [2], Abell-
Daw-Baskes [3] and other formulations was considered. The modified empiric embedded atom
potential which is partially based on the Mie’s family potentials was suggested in the next form

I/p

M-1 M O(,m M OLr1 B M 1 M 0(’np
@ = 2N T mmY (-g) S =y m S D) 6 2
Mm-n53 | 550G, j=i+1 Vi) m-n-i5 i=Li= i
where 1 is the distance between i-th and j-th atoms, M is the total number of the sample atoms, m

and n are power exponents according to the Mie’s potential form, p is the embedding exponent, the set
of the ¢; parameters satisfies the conditions: ¢; =1 for all j-th atoms, which form the local electron

density in the neighbourhood of i-th atom and ¢; =0 for all other atoms; a is the equilibrium distance

between the isolated pair of atoms, B is the energy of their interaction.

Let the vectors |, m, n be the right orthonormal triple. When investigating the elastic properties of the
sample, a pure stretching along the axis | is given by the deformation gradient F=T1+(A-DIl , A — the
stretch ratio, as well as a simple shear in the plane with the normal n directed to b, F =1+ ybn , where
v is the shear intensity. The motion law which results in getting the lines of the constant curvature with
a value K (which are placed in the plane orthogonal to the vector n) from the straight material lines
directed along the | vector (while the lines directed along the vector m remain straight) has the form

e —R.(I-I1)+k"sin(kl -R)l =k (I-cos(k| -R))m . 3)
The transformation of the straight material lines (initially parallel to m) into the helical lines with the
m-axis gives the material volume conservation as well as (3) leads and is written as

r®¥ = (1-cos(am-R))mm-R +cos(am-R)R +sin(am-R)mxR,, 4)
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where the step of helical line is 2ma, its torsion is k =a/(a’> +b?), its curvature is k=b/(a’>+b?),
b’ =R-(I—-mm)-R . The use of (3-4) shows that " components are expressed through the torsion
of the material lines around e, axes, I’ components are equal to the half-values of the material lines’
curvature around ¢; axes in the e; -direction. In the case of small distortions I' measure is additive. In
order to find D,,,,, D,,,, moduli in the crystallographic basis e, =e', a simultaneous torsion around
two axes is considered, which results into I'=—J o, (I +e,e;) -3 0, (I +e,e;) expression according to
(4). To determine D,,,, and D,,,, moduli, a simultaneous curving (3) of the material lines is applied in
the orthogonal planes with I' =1k e,e, + 1K, e,e, tensor.

The above potential (2) contains interatomic distances. Affinor F which determines the specimen
deformation is homogeneous while computing the first order moduli, so the interatomic distance in the

nj|=y(R,~R))-F"-F-(R, -R;).

Estimation of the second order elastic moduli requires applying the uniform curvatures; they are
defined by the inhomogeneous tensor F(R), i.e. the interatomic distance in the actual configuration is

found in a more complicated way |ri,j|=\/{Ri -FT(Ri)—Rj -FT(RJ.)}-{F(Ri)-Ri -F(R))-R;} . The

exact expressions for both first and second order elastic moduli computation are found for the above
interatomic potential. They are written using the atoms placements from the initial equilibrium state.

actual state is found using the right Cauchy-Green strain F' -F ,

SUMMARY

The first-order elastic moduli of BCC- and FCC- lattices are found to be symmetric and depending on
the specimen size. These dependencies have horizontal asymptotes enabling the identification of the
interatomic potential parameters by the known macroscopic properties. The introduced potential
allows getting different values of the Poisson’s ratio (from 0.1 up to 0.5) under the varying power
exponents M and n. After identifying the potential parameters using the lattice spacing, the Poisson’s
ratios and one of the Young moduli, this potential allows obtaining very precise values for all other
(three for the case of cubic symmetry) anisotropic elastic first-order moduli. The potential parameters
which have been found are used to give the theoretical estimation of the second-order elastic
properties. All the characteristics are found to be also dependent on the temperature. The obtained
elastic moduli tensor C is symmetric and tensor D of the second-order elastic properties is
nonsymmetric at any temperature.
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