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BmecTo npeauciioBust

Awmbaprymsia Cepreit AnekcanapoBud poawmics 17 mapra 1922 roga B ApMeHIH
B ropojie Anekcanaparnosie (HerHe ['tompn).

Hutater w3 mpodeccnoHanbHblx HaydHbIX u3ganuid ([IMM, MTT, BectHuk
PAH):

“KpynHOMY COBETCKOMY YYEHOMY-MEXaHHKY, OCHOBATEII0 HOBBIX Hay4HBIX
HanpaBJIeHUH B 00JacTH TEOPHUH IUIACTHH U 000JIOYEK, OAHOMY U3 co3JaTeliei
HAyYyHOW IIKOJIBI MexaHuku B ApmeHun C.A. AMOapuyMsHy HCIOJHUIOCH
IIECTBIAECAT JIeT. Ero Tpyzasl Mo Teopuu MpoOYHOCTH, YCTOHYMBOCTH U KOJICOAHUSIM
AQHU30TPOIHBIX CIOMCTBIX O0OJOYEK M IUIACTHH, 1O PAa3HOMOAYJIBHOHW TEOpPHH
YIPYTOCTH, IO 3IEKTPOMATHUTOYNPYTOCTH TOHKHX TEJl IHPOKO U3BECTHBI BO BCEM
MHpE U SBJISIOTCS CYILECTBEHHBIM BKJIAZIOM B MUPOBYIO HayKy .

“C.A. Ambaprymss u ero yuenuku . E.barnacapsu u M.B.benyOeksn no npaBy
CUMTAIOTCS OCHOBOMOJIOKHUKAMH OOLIeH TEOpPHU BIIEKTPOMArHUTOYIPYTOCTH
TOHKHUX TeX .

“ITomyuennsie C.A. AMOapuyMsHOM Hay4HBIE Pe3yJbTaThl HAIUIH LIHPOKOE
NPUIOKEHHE MPH CO3JaHUU OOBEKTOB COBPEMEHHOH TEXHHMKH, B YaCTHOCTH, NPH
pelieHny mpobyieM ONTUMAaJIbHOTO MPOSKTUPOBAHNS TOHKOCTEHHBIX KOHCTPYKITHIL .

“IIpakTHYECKH, BO BCEX AUCCEPTALMSIX OTEUECTBEHHBIX aBTOPOB, MOCBAIIEHHBIX
pa3paboTKe pa3IMYHBIX BapUAHTOB TCOPUU TPEXCIOHHBIX O0O0JIOYEK, ISl OLEHKH
o0JacTh MPUMEHWMOCTH W JOCTOBEPHOCTH TEOPHH MPOBOIWIOCH CPaBHEHHE C
pabotamu E.Peiicaepa, C.A. AMOapuymsna u 3.U. ['puromnroka “.

Xouy IPUBECTH HECKOJIBKO LIUTAT U3 €r0 aBTOHEKPOJIOTa.

“OH OBLT 4WIEHOM MHOTHX aKaJeMHi, MOYETHBIM JOKTOPOM M TOYETHBIM
npodeccopom yaHHBepcuTeTOB. OTHAKO, OH JIFOOMI CBOE 3BaHwme mpodeccopa. OH OT
TPUPOABI OBLT TIEIarorom”.

“OH 3HaJ, 4TO YEJIOBEK CUJIEH, €CIIU OMUPAECTCS Ha POAHYIO 3€MIIIO .

“OH roBOpWwJI: 4TOOBI AOJIIO M MOJIOJO XWUTh, HAJO IPABHIBHO CTApPUTHCS,
HEYCTaHHO TBOPHTH, YECTHO JIFOOUTH, HUKOMY HE 3aBHIOBATh U )KUTh B OKPY>KCHUH
KpacuBoro”.

“OH 3HaJI, 4TO TBOPYECTBO — ITO CAMOBBIPAKCHIE, a HE IITyMHas peKiama’.

Ero kpeuiaroe cnoBo: “Yxons, He racu Cet”.

On— Haw yuumeilb 6 WLUPOKOM CMbICIIE Im020 Clloed.

Apa Cepzeesuu Asemucan — 21a6Hblil peOAKmMop cOOPHUKA



BJIMSIHUE INOITEPEYHBIX CIBUT'OB HA KPUTUYECKYIO CKOPOCTDH
DJIIATTEPA 1 HA AMIIVIUTYY ®JIATTEPHBIX KOJIEBAHUU

AmoOapuymsan C.A., Bargacapsan I'.E.

Knrouessble cjioBa: BonHb! Perds, Nonepeynsie CIBUTH, HEIMHEWHBIH (raaTTep
Keywords: Rayleigh waves, transversal shears, non-linear flutter

AnHoTtauus. PaccmarpuBaercs 3agada HenMHEHHOro (uiaTTepa OPTOTPONHOM NPSIMOYTOJBbHOW IUIACTHHKH,
00TeKxaeMol CBEpX3BYKOBBIM IIOTOKOM Ta3a. JlenmaeTcs MONBITKA ONPEIENUTh BIHMSHUS MONEePEeYHbIX CABUIOB Ha
XapaKTepUCTHKH (iaTTepa.

3aaua penraeTcs NPUOMHKEHHO B HETMHEHHON TOCTaHOBKE MPH IIOMOIIY BAPHAIMOHHBIX METOIOB.

Ambartsumian S.A., Baghdasaryan G.Y.
Influence of transversal shears on the critical speed and on the amplitude of flutter type oscillations

Abstract. The problem of nonlinear flutter of orthotropic rectangular plate, which is placed in a supersonic gas flow,
is considered. An attempt is made to determine the influence of transversal shears on the flutter characteristics.
The problem is solved approximately in a nonlinear formulation by means of variational methods.

BBenenue

HmeroTcst MHOTOUHCTIEHHbIE UCCIEA0BAaHNUS, TTOCBSIEHHBIE YCTOMUYUBOCTH IJIACTHH U
000JI0YCK B CBEPX3BYKOBOM ITOTOKE Ta3a. CBEACHUS 00 3TUX UCCIICAOBAHUSIX MOXHO HAWTH
B MoHorpadusx [1,5,6] u B o0030pHOi cratbe [10]. HenwuHueitHble 3amauu permieHbBI
NpUOIMKEHHBIMA METOJIAMH M TIPEIMETOM HCCIICIOBAHHA, B OCHOBHOM, OBUIO H3YYCHHE

3aBucuMoCTH amruiutynsl A KonmeGaHmii OT CKOpPOCTH OOTEKAIOMEro MOTOKa, KOT/a
BEJIMYMHA CKOPOCTH MOTOKA HAXOAUTCS B JIOCTATOYHO MAJIOH OKPECTHOCTH KPUTHYECKOM

CKOpocTH (uaTTepa. DTH BOMPOCH], CBSI3aHHBIC C M3YUCHUEM CBOHCTB (DYHKIHH A(v) , B
3aqavyax Quarrepa, Korjaa riacTHHKA 0OTeKaeTcs C IByX CTOPOH C PaBHBIMH CKOPOCTSIMH,
JICTaIbHO HCCIICAOBaHbl B paboTax [S5], re MOKa3aHO, YTO HEIHHEHHBbIC (IaTTepHbIC

KOJIeOaHuUs CyHIECTBYIOT 1100 TOJIBKO B ,HOKpPITH‘IeCKOﬁ cTragvuu, rae A(V) — MOHOTOHHO

yObIBaromasi (yHKOus, JMOO TOJBKO IMPH IMOCICKPUTHYECKUX CKOPOCTSAX, THAE A(v)—

MOHOTOHHO BoO3pacTaromiasi GpyHKIus. ITH BOIPOCHI C YKa3aHHOW TOYHOCTBIO (CKOPOCTH
00TEeKaloIIero NOTOKa HAXOAUTCSl B IOCTATOYHO MAJIOH OKPECTHOCTH KPUTHUECKOI CKOpOC-
TH ¢uaTTepa) ¢ yu4€ToM IMONEPEUHBIX CIBUIOB HCCieNoBaHbl B padote [3]. B HacTosmei
paboTe ¢ y4eTOM IIONEPEYHBIX CABHIOB HCCIEAYIOTCS BONPOCHI 3aBUCHMOCTH aMIUIUTYAbI
HEJIMHEHHBIX KOoJICOaHWH OT BEJMYMHBI CKOPOCTH OOTEKAIOIIET0 MOTOKa KaK B JOKPHTH-
YEeCKOM, TaK M MOCiIe KPTHUECKOH cTaqun 0e3 yKa3aHHOTO BBIIIE OTPAHUYCHUS HA BETMUUHY
CKOPOCTH CBEPX3BYKOBOTO ITOTOKA.

1. OcHoBHBIE ypaBHEHUS

PaccMOTpUM TOHKYI0 OPTOTPOIIHYIO TPSIMOYTOJBHYIO IUIACTHMHKY IOCTOSHHOMN
tommuusl /1 . TIycTh MaTepuan TIACTHHKM MOAYMHSAETCS 0600mEHHOMY 3aKkony 'yka u B
KaX/10l1 TOUKe UMEET TPU IJIOCKOCTH YIPYTroi CHMMETPHH, [JIABHBIEC HAIIPABICHHS KOTOPBIX

COBIAJalOT C HANPABJICHUAMHM OPTOrOHANBHBIX KOOPIAMHATHBIX IHMHHHA X, X,,X;.
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KoopaunatHas IIOCKOCTh Xy =0 coemamaer c CPEIVHHOM IUIOCKOCTBIO IUIACTHUHKH,
KOTOpasi OTHECEHA K KOOpAUHaTaM X, , X, . TpeTbs KoopAUHATHAS JUHKSA X; TPENCTABIISET
paccTosiHUE IO HOPMajd CPEIMHHOM TIOBEPXHOCTH OT TOYKH (xl,xz,O) J0 TOYKH

(xl s X5s x3) TUTAaCTUHKH.

HyCTB, JaJICC, IJTaCTUHKa o0TeKaeTcs ¢ OQHOM CTOPOHBI CBEPX3BYKOBBIM ITIOTOKOM Ira3a

—

C MOCTOAHHOM HeBO3MYIIEHHOI ckopocThio U , HanpaBineHHOl B0JIb OCH OJC1 . dnst uccne-

JIOBaHUSI paccMaTpUBaEMOl 3ajauu a3poynpyrod YCTOMUYMBOCTH B OCHOBY HPUHUMAIOTCS
CJICTYIOIIIIE U3BECTHBIE MPEATION0KEHHS:

1) HOpMaJbHBIE K CPEIMHHON IIOBEPXHOCTH IJIACTHHKM NEPEMEIIEHHS U; HE 3aBHCAT OT
KOOpJIMHATHI x3

uy = w(x,%,,1); )
2) HOpMAanbHEIE HANPKEHHA O;; NPEHEOPEKUMO MAajbl IO CPABHEHHIO C OCHOBHBIMM
HanpsHkeHusMu Oy, Oy, O, [3];

3) kacaTenbHbIE HAIPsKEHUS Tj3 U T,; UMEIOT B [3]

Ty =/ (%) 0(x,x,,1),

Ty = (%)W (%, %,,1),

rae (|)(x1 » Xy, t) un\y (x1 s Xy, l‘) — UCKOMbIE (DYHKIIUH, f (x3) — 3a7aHHas PYHKIHS TUIIA

(@)

KBaJlpaTHOH MapaboJibl, XapaKTepH3yIOIas 3aKOH M3MEHEHHsI KacaTelIbHBIX HAPSDKEHUH 1O
TOJIIMHE TIACTHHKHU, NpUYEM, | (i h/ 2) =0;
4) naBieHue raza y4uThIBaeTCs O NPHOIMKEHHOH (hopMylie «opiIHeBoi Teopum» [8,11]
2@
&—1v, |=!

=p |1+ 3
pP=r. . (3)

1/2
rie p — AABIEHUE I'a3a HA NOBEPXHOCTH IUIACTHHKM, P, P, U d = (&pOO / pm) -

JaBJICHUEC, IIJIOTHOCTDb U BEJIMUMHA CKOPOCTHU 3BYKaA JJIsd HeBO3MyHJ,éHHOFO IIOTOKa rasa, V3 -

HOpMaJIbHasl COCTABIISIOIIAsl CKOPOCTH TOYEK MMOBEPXHOCTH IUIACTHHKH, & — ITOKAa3aTelb
TIOJIUTPOIIBL;

S) mMIacTHHKA JOCTaTOYHO TOHKass U e€ (opMbl KoJeOaHUS HMMEIOT OOoJbIlue
MoKa3aTejar H3MECHIEMOCTH (BJIMSHUC TAHICHIMAIBHBIX COCTABIIIOUIMX CHJI HHEPIUU
MPEHEOPESIKUMO MAJIO);

6) OCHOBHBIC TPEIMOJIOKECHUS TCOPUU TMOKUX IUIACTHH, CUUTAs, YTO HOPMAaJIbHBIC
HNEePEMEILEHHs CPABHUMBI C TOJIIMHON MIaCTUHKH [6].

B cuy BTOpOro mpearnoioKeHus U3 YpaBHEHUI 0000IIEHHOTO 3akoHa ['yka mMeeM

CJICIYIOIME COOTHOLICHUSI MEXIy KOMIIOHEHTaMH TEH30pa HampshDKeHHH O M TeH30pa
nepopmanuii € :



o, =B e, +Bhe,, T, =Bge,,

G, =Be, +Byey,, “)
T3 = Bsseys, Ty = Byey,

rie Bi/‘ — K03(QUIIEHTHI YIIPYTOCTH.

W3 nocnenunx nByx ypasaeHuit (4), B cuiry (1), (2) 1 cooTHOWICHHH 17151 KOMIIOHEHTOB

nedopmanuii, 111 COCTABISIONIMX BEKTOPa NEepeMeIleHni U TOUYeK IUIACTHHKU MOIYyYUM
BBIPKEHUS:

ow

u, :u()cl,)cz,t)—)c3a—x]+I0 (x;)®,,
0

u2=V(x1,x2,t)—x3—W+Io(x3)CD2, (5)
0ox,

U, =w(x1,x2,t),

rac

(D]:B;;(p(xl,xz,t), chsz;th(xlaxzat)a ]0(x3):Jf(Y)dY-
0

Hcnonp3ys (1) — (5) 1 npeanonoxeHus TeOpUU riOKKUX IIACTHH U3 YPaBHEHUH JHUHAMU-
YECKOM TEOpHM YIPYroCcTH MyTEM HMX OCPEIHEHHUS MO TOJIIMWHE IJIACTHMHKH, MOJYyYUM

ClIe/lyIOIIHE ypaBHEHHs YCTONYMBOCTH OTHOCUTENBHO BHYTPEHHHUX yeuuuii 1), 1 MOMEHTOB

M, [2]:

oT;, _l_a]Iz -0, o7, +8T22 -0, oM, _l_aMlz =T, oM, +8M22 =T,,,
ox, Ox, ox, Ox, ox, ox, Oox, ox,
oT, o7, 2 2 2
S+ —2 4T, ¢ 1:}4'2T12 v +T,, ¢ vzv+Z=0’
ox,  Ox, ox, Ox, 0x, 0x;
W2 W2
Ty = I Gy dxy, My = I X,0,.dx; . (©)
—hi2 —h/2
3nech
T, =C g, +Che,, T, =Che, +Chey
h h
712 = C66812 > Tl3 = 2[0 (5) Bssq)l > Tzs = 2[0 (5) B44CI)2 (7
oo oo
M, =D, +D,®,), +1 Bll_l+B12 :
ox, ox,
oD oD
Mzz = Dlzee]l + Dzzaezz + ]1 (312 a_l + B22 a_ZJ
1 Xy
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oD, oD e
]\412 :D66Ee12 +[l (_1‘{_ 2].366’ ([] = J’ y]O(Y)dYJ
ox,  Ox, ~hi2

— BHYTPCHHHUC YCINUJIUA U MOMCHTBI,

ou 1(owY ov 1(ow) ou oV oOow ow
= + s & = 5 &1 = + ~

g, =—+—| — == — =t —t—

ooy 2l o ox, 2\ ox, ox, Ox, Ox, Ox, ®
o*w o’ w o*w
BT TR T T
1 2 1-7%2

— nedopManyy CpeANHHON MOBEPXHOCTH IUIACTUHKH, U, V, W — COOTBETCTBEHHO, TAHTCH-
LUalbHbIE ¥ HOPMAaJIbHbIE MIEPEMEIICHUS TOUEK CPEJUHHON MOBEPXHOCTY;

h3
C.=Bh, D, =B, —
ik ik ik ik 12

— 5kECTKOCTH PACTSDKEHUS U M3ruoda.
Kpowme (6), nMeet MecTo Takxke cienyloliee ypaBHeHHE HEPa3phIBHOCTH JieOpMalnii:

ey 06, Oy [ Fw T Fwdtw o
ox;  Ox,0x, Ox; Ox,0x, oxt oxt

Hpencrasiusis  yewmust 1, T,, u 1, nocpeactBoM (YHKUMH —HAmpsDKCHHS

F (xl,xz,t ) 0GBIYHBIM 00pa3oM:
2 2 2
o°F o°F o°F
z T. == T.=—
2 22 22 12
0x; ox, Ox,0x,
TOX/IECTBEHHO YJOBJIETBOPUM IEPBBIM ABYM YPaBHEHHUSIM CHCTEMBI (6), a M3 OCTaIbHBIX
YpaBHEHHH 3TOM CHCTEMBI ¥ U3 ypaBHEHHs (9) MOTy4nM CIIEYIOUIYI0 HEMTUHEHHYIO CHCTEMY
muddepeHanbHbIX YpaBHEHUH YCTOWYMBOCTH IUTACTUHKH [3]:

I, =

, OF +(ag —2a,,) OF |, OF dwdw [ 0w 2 0 (10a)
_ — =0, a
11 14 66 12 axfgxzz 2 ax; lez 8x22 axlaxz
2 2 2 2
2B, (QJ@MBMIO (ﬁ) AL vfa §+ ‘ v:a Ij—
2 1 2)0x, Ox5 ox, Ox, ox (10b)
2 2
L, 0w OF +Z(x,,x,,1)=0,
0Ox,0x, Ox,0x,
O’w o*w h
Dna_xf+(D12 +2D66)W+2BSSIO (EJCDI = 100
C
o*D, oD, o',
=1 B”—12+B“T§+(Blz+Bﬁé)6xlax2 ’



o*w o*w h
D,,—+(D,, +2D66)—6x2 +2B,,1, O, =
2 PR () | 522 o*d (100
:11 B226T§1+B66 121+(BIZ+B66)K6_);2 ,
rac
C C C
1
ag =—"> Q=C,Cy _Clzz'

Cs

[onepeunas Harpyska Z (xl,xz,t ) , Bxomsmas B (10b), ckmanmeiBaeTcst M3 CHII
MHEPIHHU, CUI AeMII(GUPOBAHUS U a3POIMHAMUYECKOrO IaBICHUS (M30BITOYHOE JaBIICHHE
Ap=p-p,)

2

0w ow
—3 —Pohe—+Ap,
ot ot

rae P, — IIOTHOCTh MaTepuasa MIaCTHHKY, € — KO3(Q(MUIMEHT TMHEHHOrO 3aTyXaHus, § —

Z=—p,h

BpeMsi.
AbdpoJiMHAMHYECKOe JaBlieHne Oy/1eM BBIYUCIATH 10 dopmye (3), pasiaras e€ B psin

ow 8_w1

+U —. B pasnoxeHHH, COIIACHO

or ox,

MPEATION0KEHUIM TEOPUH TMOKMX IUIACTHH, yACpP)KUBAIOTCS JIMIIb MEPBBIX TPH WieHa. B
pe3ynbTare, A7 TONEPEYHOM Harpy3KH IMOJIydYaeTcss Ccleaylomee NpHOmmKEHHOE
MPEACTABIICHNUE:

10 CTENeHsM MAJOro fapamerpa —- =

00 0

o’w &p, |ow ow
Z=—ph———| phe+—=|——-@&p, | M —+
P T\ P Ja | M
{ 5 2 { 5 3 11
+ﬂM2 aw i}\/ﬁ aw

9

4 ox, ) 12 ox,

rne M =U /a, —4ucno Maxa s HEBO3MYIIEHHOTO MOTOKA Ta3a.
B mpencraBmennm  (11) W3 WiIEHOB, YYWTHIBAIOIIUMX  a3pPOAMHAMUYECKOE
JeMIipupoBaHHe, COXPAHEH JIMIIL HanOoJIee CyIeCTBCHHBIN JIMHEHHBIN YiIeH.

Ilpu WcieqOBaHUU BONPOCOB YCTOMYMBOCTU K ypaBHenusMm (10a) — (10d), rue Z
onpenensercs coriacHo (11), mpucoenUHAIOTCS TakKe YCIOBHS HA KOHTYpE TUIAaCTUHKU.

2. Bausinue nonepeyHbIX CABUIOB HA YCTOHYHUBOCTH

C nenblo onpe/eneHns BIUSHIS Y4€Ta IOTIepEeYHbIX CABUTOB Ha YCTOMYMBOCTh paccMaT-
pHUBaeMoOl a3pOyNpyroil CUCTEMBbI, CHa4YaIa pacCCMOTPUM JIMHEHHYIO 3a1ady.

CootserctBytomas (10a) — (10d) nuaeitHas cucrema nMeeT BUA:

10



o'F o'F o'F

a“ngr(a“_zalz)&xfﬁx; +a,, Gx;‘ =0, (12a)
2B.1, (ﬁj%+234410 (ﬁ) o0, +Z =0, (12b)
2) ox 2) ox,
0 o*w o*w h
a— D11—2+(D12 +2D66)_2 +285510 (—jq)l =
X ! 2 2 (120)
C
R R R
=/|B, —+(B,+B, . )—*+B,—11|,
1|: 11 axlz ( 12 66)8x18x2 66 axzz
0 o*w o*w h
a— D22—2+(D12 +2D66)_2 +2B44]0 (—jq)Z =
X, X, ox, 2 (120
R R) R
=/|B,—*++(B,+B )—-+B_ —1L]|.
1|: 22 axj ( 12 66)axlax2 66 axlz :|

Juis HarmsimHOCTH OyIeM paccMaTpHBAaTh CITydail OCCKOHEYHOW ITACTUHKH, MPEICTaB-
nsis1 penienue cucremsl (12a) — (12d) B Buge

(F,®,,@,,w)=(F,, @y, D, w, ) exp[ i(of —kx,—k,x,)], (13)
rne Fy,®,,,D,,, W, — HekoTOpbIe MOCTOAHHEE, () —uacToTa Konebanwmit, k, =TT/, —

BOJIHOBBIE YHCIA, A; — JUIMHBI TIOTYBOJH B HANPABIEHUH KOODTMHATHBIX JTHHHIL.
Honcrasnsis (13) B (12a)—(12d), nosryyrm oTHOPOAHYIO CUCTEMY JIMHEIHHBIX aJireOpau-
YecKuX ypaBHeHHii oTHocuTenbHo HenssectHbIX [, D, Do, , W, . U3 ycnosus comect-

HOCTH 3TOU CUCTEMBI MOJYYHM CJICAYIOHICE XapaKTCPUCTUUICCKOC YPAaBHCHUC!

o’ —i(e+e,)o—Q (k,n)+ike,U =0. (14)
3meck () — yacToTa COGCTBEHHBIX MONEPEUHBIX KOJIEOAHUH IUTACTHHKY B BAKYyMe
X a
Q=2 (1-9), g, =—Lo - LePe (1)
pO haoo pOh
Qo — 3HAaYeHHE YKa3aHHOM 4acTOThl, HAWJIEHHOE HA OCHOBE KJIACCUUECKON TEOpUH IIIACTUH
1
2 4 272 4
Q2 = " [ Dk +2(Dy, + 2Dy )kl + Dyykks |,
0

o — napameTp, YUUTHIBAIOLIMI BIUSHUAE MOMEPEYHBIX CABUIOB Ha YaCTOTY COOCTBEHHBIX
KOoJIEOaHUI

§= [D”kl“ +2(D,, + 2Dy )k k; + Dyyk; =21, (gj(BSSk,Pl +

-1
+B,,k, P, )} I:D11k14 + 2(D12 + 2D )k12k22 + Dzzk;} )
11



rac

k h
E :El [D”klz +(D12 +2D66)k22]{234410 (Ej‘f‘]l (B22k22 +

+B66k12 )}_11 (Blz +B66 k [Dzzk2 12 +2D66)k12:|}9
P =k§2 | Dok +(Dy, +2D ) i || 2B 10 +1 (B, +
I

+B66k22 )j| (812 +B66 k12 D11k12 + 12 +21)66)k2 ]}

0= {235510 (zj +1, (B, & + Byk; )} [23441 + I, (Byk; + Bk} )}

2 27272
A (B12 + B ) k'ks
Yacroty xonebaHuil () MOXXHO OnpeaenuTh 3 ypaBHeHus (14). Eciu e€ MHIMAs yacTb

ITOJIOKHUTECIIbHA, TO HeBO3MyH.léHHOC COCTOAHHUEC IJIACTHHKH yCTOI\/'I‘II/IBO II0 OTHOIICHHIO K
MaJIbIM BO3MYIICHUSAM. Hanwmame >xe gactoT ¢ OTpPIHaTeHBHOfI MHHMOH YaCThIO O3HAYaeT

HeycroitunBocts. Haumenbinee 3Hauenue U, Ipu KOTOpOM OIMH M3 MokasaTeneil i
MEPEXOANT Ha MPaBYIO MOIYIUIOCKOCTh KOMIUIEKCHOTO TIEPEMEHHOTO, OCTAaBasACh MPH ITOM

KOMIIJICKCHBIM, SABJISICTCA KpHTH‘IeCKOﬁ CKOPOCTBIO (bnaTTepa Ucr . Ha rpaHune obactu

yeroitumsoctn (mpu U = UC,,) 4acTOThl () NPUHHUMAIOT AECUCTBUTENbHBIE 3HaueHus. Ha

OCHOBaHHMHU 3TOro, U3 ypaBHeHus (14), IUIsi KPUTHUECKOH CKOpOCTH (Quarrepa MOIyYHM
opmyy
Q €
U,=—|1+—], (16)
k, €
KOTOpas BHEIIHE COBHANAeT C (POPMYIIO, MOITyIeHHOW Ha OCHOBE KJIIACCHYECKOW TEOPUHU
[5]. Hapsiny ¢ atum, kak BuaHO 13 (15), €cTh 1 OTIIMYHE, KOTOPOE BCE OOJIbIIE BBISBISIECTCS C

a

ysemmuennem h/A, h/R, B, /B,,, B, /B [2]. Ckasannoe cranoButcs Gosee

HarJSIIHBIM, KOT/a IUIACTHHKA M3TOTOBJIEHA U3 TPAHCBEPCAIbHO-U30TPOIHOTO MaTepuaa.
st aToro cinyuast popmyna (16) yrpomaercst 1 IpUHUMAET BUJL:

1
Ucrszr(1+d)7,Ufr=& 1+,
kl 8a
1
Lk’ E ( 1) (4
=h|l+—]|,
21,(h12) (1-p*) G o’

rae
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2712 7\/
QO = ikz’ h* = T h2 E . o= —l’
Poh 102, (I_HZ)G' A,

3
K=kl +kl, k=—, D=—F"—.
A, 12(1-p?)
0 . .
B U . — KpUTHYECKas CKOPOCThb (IaTTepa, HakileHHast Ha OCHOBE KIIacCHUYeCcKOH
teopun, d (wmm H,) — BenwunHa, XapaKTepH3yONAs BIHSHHE TOMEPEUHBIX CABUIOB, £ —

moayib FOnra ajis Hanpasnenuit B miuockoctd msotporuu, G' — Momyns ciasura juis
IUIOCKOCTEH, HOPMAJIBHBIX INIOCKOCTH U30TpoIHy, |l — ko3ddunuent [lyaccona.

0
Ha ocnoe opmyist (17) Beraucnens 3Hauenus U ko /U jp TIPH PAsIMIHBIX h, u

7»1 / 7»2 . [lomy4yeHHBIE pe3yNbTaTHl IOMEIICHBI B Ta0I. 1.
Tabn. 1 u dopmyna (17) mokas3pBalOT, YTO a) KPUTHYECKas CKOPOCTh Quarrepa

YMEHBIIAETCs BCIIEICTBHE YUETA TIONEPEUHBIX CIBHIOB; 0) ¢ yBennueHueM mapametpa /,
(mapamerp /I, yuuTHIBAET BIMSHHE OTIEPEUHBIX CBUTOB) KPHTHUECKAS CKOPOCTB (hraTTepa

o 0 o o
Ukp BCe OOJBIIEC OTINYACTCS OT COOTBETCTBYIOIIIEN CKOPOCTHU Up’ HaAauJCHHOHU IIO

KJIACCUYECKOW TEOPUH IUIACTHUHOK; U B) 3TO BIMSHHUE CTAHOBHUTCSA 0OJie€ CYIIECTBEHHBIM B
ClIy4yae KOPOTKUX BOJIH.

0 N
Ta6auua 1. 3nauenus U i /U jp AVISL PA3HBIX 3HAYCHHIT IApPaMeTPOB OL 1 h, .

o 1 1
h, 1 2 3

0.00 1.00 1.00 1.00
0.02 0.98 0.95 091
0.03 0.97 0.93 0.88
0.05 0.95 0.89 0.82
0.07 0.94 0.86 0.77
0.10 091 0.82 0.71
0.15 0.88 0.76 0.63
0.20 0.85 0.71 0.58
0.25 0.82 0.67 0.53
0.30 0.79 0.63 0.50

3. CBeenne K 3ajgade yCTOIYHUBOCTH, ONMMCHIBAEMOW CHCTEMOIi 0OBIKHOBEHHBIX
auddepeHIATBHBIX yPABHEHHI

PaccMOTpuM TIPSIMOYTOJIBHYIO (0 <x,<a, 0<x,< b) OPTOTPOIHYIO IUIACTHHKY,

MIAPHUPHO ONEPTYIO MO BceMy KOHTYpy. IIpearnonoxum, 9To Kpas IUIACTHHKH CBOOOIHO
CMEIIAI0TCS B IIaHe. Toraa, rpaHuyYHbIE yCIOBUsI OyAyT UMETh CIEAYIOIIHIA B
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npu X, =0, X, =a

2 2
w=0, M, :_Dna_vzv_Dl a_V2V+Il (311%"‘312 GCDZJZO’ (18a)
Oox; 0ox; ox, 0ox,
T) =0, T,) =0, y=0, (18b)
npu X, =0, X, =b
*w 0w ( o oD J
w=0, M,,=-D,—-D,—+1|B,—-+B 2 1=0, (18c)
22 22 axzz 12 axlz 1 12 axl 22 axz
T =0, T, =0, 9=0, (18d)
rae Ti?, Ti(Z) u 7—'202 — CpeaHue 3Ha4YCHUsA COOTBCTCTBYIOMIUX YCI/IJII/Iﬁ Ha KpOMKax

TUTACTUHKH.
PaccmarpuBaemyto HenMHeHHYIO 3amady OyneM pemaTbh NMpHOMMKEHHO, MPENCTaBISA
pewenne cucrems! (10a) — (10d) B Buze

w(xX,t) = DY £ (6)sinx, -sinp,x, (xi =Ej (19a)
i=l k=1 a
n m . k
@, (xl’xz’t):qu)z('li)(t)COSKixl S X, (Mk :fj (19b)
i=l k=1
D, (x,,x,,1) =D > O (r)sink,x, -cosp,x, , (19¢c)

i=1 k=1
e £, (1), @Y (), DY () - nomnexamue onpenenenuro dpyHKIm BpeMeHn £ .
PaccmarpuBas (19a) — (19¢), ierko 3ametuTh, uto rpaHudHble ycioBus (18a), (18c) u
nocienaue ycnosus u3 (18b), (18d) ((p =0, y= 0) YIOBJICTBOPSIIOTCSL.
MoncraBnsast (19a) B (10a), moimyuynM JHMHEHHOE YpaBHEHHE OTHOCHTEIIBHO

F (xl » Xy, 1 ) . Pemienue 3Toro ypaBHeHUs, YOBJIETBOPSIOUIEE [IEPBBIM JIBYM YCJIOBUSM U3

(18b) u (18d), Haxoaum 06braHBIM 06pasoM. 3atem, noxcrasisst 3HadeHus W, @, u @,
u3 (19a) — (19¢) B (10c) u (10d), mony4unm JHEHHYIO aareOpandecKyr CUCTEMY OTHOCH-

rensro D (1) u D (f) . Pemas o1y cucremy, naiiném @, u @, , Brpaxennbie uepes

(hyHKIMN fik (t) . 1ns onpenenenns fik (t) Bocmons3yemcs ypapuenuem (10b). [Toacras-
ass (19a) — (19¢) u HaiinenHoe Beipaxkenue s £ B (10b) u pemas ero metogom ByOHoBa-
lanepkuna, mus fik (t) momyunm HenuHeiHYIO CHCTEMy OOBIKHOBEHHBIX TU(depeHIAITb-
HBIX YpaBHEHUM:

d*f,

daf.
dt’ )

d_tk"'(’)izk ik +Wik(ﬁl""’fmn’M):0

(i=12,.,m k=12,.,m)

+(e+e,
(20)

14



rae (0, — 9acTOThl COOCTBEHHBIX KOIeOaHMH MIaCTHHKH, | ; — HEKOTOPBIE HENHHEIHbIE

(hyHKIHN.
B  nanpHelimiem, OrpaHMYMMCS  CIyyaeéM  JIBYXWICHHOH  alllpOKCUMALHUU

(i =12, k= 1). Torma, cucrema  (20) B 0Oe3pasMepHbIX  (YHKIHMSAX

X, =]F“h71, X, :leff1 NpUHAMAET BUA [5,6]:

d’x dx 2
dtzl xd_rl + X, —Ekvx2 +kv? [oc”xf +0,,x; +
TVX, (anlz + By ):| +0x, (Ylelz + lexi) =0
@n
d’x, dx, 2 )
+x—=+Y° X, +—kvx, + kv |o,,xx, +
7 X it Y X, 3 2 [ 21%1 %
VX, (Bmxlz + B3 )] + 0O, (Y21x12 + Yzzxzz) =0.
31eck, Hapaay ¢ 0e3pasMepPHBIM BpeMeHeM T = (,f, BBeJIeHbl 0003HAYEHHUS:
4z 4 h o 1
k=—2r, Q=—" v=M=, y=—1, y=—(e+g,), (222)
P, h 16p,0; a o, o,
a Tatke koobdurmentsr O, u B,
oy, =g(&+1), oy, =§(&+1), Oy, =E(ae+l),
9 45 45 (22b)
2 2 2
T I1n On
B =By :E(&"’l)a B = (33"'1)5 B, =- 70 (33""1)5
YUUTBIBAIOLINE a3POJAUHAMMYECKYIO HEMMHEHHOCTh U KOADPULUEHTE! Y,
7\‘4 lvl-4 817\‘4114 7\14}14 7\‘4 H4
Yn =t Y =Yy =AY e, Ty =, (22¢)
ay a4y A, Ay ay 4y

YUUTBIBAIOLINE TEOMETPUUECKYIO HEIMHEUHOCTS, T1e
_ 4 2,2 4
Ay =ayh; + (a66 —2a,, )%Mk Tanly . (22d)
B (22a) V — npuBenéHHBII napaMeTp CKOPOCTH, ¥, — IPUBEIEHHBIN IapaMeTp AeMII-
¢bupoBanus, O, ¥ O, —YaCTOTHI MAJIBIX COOCTBEHHBIX KOJNEOAHUH MIIACTUHKH, OIpeiese-

MBbI€ (POPMYITaMHU:

1 h
0)12 = _{2]0 (_j(BSS}\’IEI + By @ )}
P 2 (23)

1 h
(,0; = J[ZIO (EJ(BSS}\’ZI)ZI + B44”1Q21 ):|’

rac
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A, U
:R_.l [D117H'2 +(D12 +2D66)u12c:| 2B,,1, Py +1, (BZZH’Z‘ *

ik

P

ik

+B667\’i2 )} -1 (BIZ + B )[Dzzl'li + (D12 + 2D )7“12 ] Mi } )
h
Oy = ;_k [Dzzui +(D12 + 2D66)}\’i2} 2B, |
ik

g )] -1 (Bl2 + B )|:D11?\’i2 + (D12 +2Dg ) Th ] A } ,

h h
i« = | 2Bss1, 5 +1, (3117‘[2"'366“12() 28,1, 5 +1 (BzzM2+Bs67“i2) -

+1, (B“Xf +

R

2
_]12 (B12 + B66) }‘f“i .

Takum obpas3om, 3a1a4a yCTOWIMBOCTH PACCMAaTPUBAEMON TUAPOYIPYTOH CHCTEMBI B
IIEPBOM le/I6J'Il/I)KeHI/ll/I CB€ACHA K MHCCICIOBAaHUIO IIOBCACHUA peLlIeHl/Iﬁ CHUCTEMBbI
HEJIMHEHHBIX OOBIKHOBEHHBIX nuddepeHunansHpIXx ypaBHeHHd (21) B 3aBUCHMMOCTH OT
BEJIMYMHBI CKOPOCTH OOTEKAOIIETO MOTOKA ra3a (0T BEJIMYHHBEI mapamerpa V). OTMeTnM,
yTo cucrteMa (21) BHEmIHE HE OTIMYAETCS OT COOTBETCTBYIOUICH CHCTEMBI ypaBHEHHI
KJaccuueckoit teopun [5], ogHako, MHOrHe KOA(GOGHUIUEHTHI ATOH CHUCTEMBI MOTYT
CYIIECTBEHHO OTIMYATHCS OT COOTBETCTBYIOMINX KOA(DPHUIUEHTOB KIACCHYECKOH TEOPHH.

4. Pemienue JUHeHHOI 321241

Pemennio HenwHEHHON 3ama4ymM, Kak NpaBWiIO, OyAeT NPEIIICCTBOBATH aHAJM3
COOTBETCTBYIOIICH JIMHEHHOM 3a1a9u. DTO OOBSICHIECTCS TEM, YTO: a) Ha OCHOBE JTMHEHHOMN

3a/1a91 MOXKHO HAWTH KPUTHYECKOE 3HAYEHUE MapameTpa V =V  (CJIEI0BATENbHO, U

KPUTUYECKOE 3HAYEHHE CKOPOCTH OOTEKAIoIero MoToka U, =ah‘1vcraw WA

M, =ah’'v,_), npu KOTOPOM HEBO3MYIIEHHOE COCTOSHHE TUIACTHHKH CTaHOBHTCS
HEYCTOWYHMBBIM OTHOCHTEIBHO MAJIBIX BO3MYILECHNUH, 1 0) YKa3aHHOE KPUTHIECKOE 3HAUCHHE
U, (umm M o WV ) OyaeT HeoOX0AUMO ¥ IPU MCCIEOBAHUHU 331a4l YCTOHYMBOCTH B

HEJIMHEWHOHN MOCTaHOBKE.
Urak, cooTBeTcTByromas (8) nuHeiHas ciucTeMa HMeeT BH:

2 2
d”x, dx, 2 d”x,
=+ X ——kvx, =0, —~

dt dt 3 dt

[MpencraBmnss pernenue cucteMsl (24) B Buze
— s — A
X =pet, X, =yen,

d.
+Xﬁ+y2x2 +§kvxl =0. (24)

TMOJTYYNM CIICAYIOMICE XapaKTEPUCTUIECKOEC YPABHCHUE OTHOCUTEIIBHO 7\, .

A2y} +(y2 +1+X2)7»2 +X(Y2 +1)k+y2 +gk2V2 =0.
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HeBo3mymiennas (opMa IIIaCTUHKH OYyZET YCTOMYMBA, €ciM JEHCTBHUTENIbHBIE YaCTH
KOpHEIl XapaKkTepHCTHYECKOTO YypaBHEHWs OyIyT oTpuuaTeldbHbIMH. ClieoBaTelbHO,
YCIIOBHSI YCTOMYUBOCTH, COTIIacHO TeopeMe ['ypBuma [9], 3anucriBatoTcs B BUIE:

x>0, x(1+y2)>0,
(v* 1) +24° (1+y2)—%k2v2 > 0.

[lepBrie mBa HepaBeHCTBA, KOTOPHIE TpPeOYIOT, YTOOBI 3aTyxaHue (BHyTpEHHEE M
a3pOIMHAMUYECKOE) OBLIO MMOJOKUTENBHBIM, BHIIIOJHSIIOTCS BO BCeX Cllydasix. 113 Tperbero
HEpaBEeHCTBA CJIEIyeT, YTO B CiIydyae MajlbIX 3Ha4eHWl V, BCE XapaKTEPUCTUYECKHUE

moKasaTcin }\. JIe)KaT B JIEBOU MNOJYMIIOCKOCTU KOMIUICKCHOI'O HNEPEMEHHOIo, M
TpUBHAJIbHOC pEIICHUEC W = 0 ACHMIITOTHYCCKH yCTOI\/'I‘II/IBO 0 OTHOIICHHWIO K MaJIbIM

BO3MYILCHUAM. JHaUeHUE mapameTrpa V =V _ , IpH KOTOPOM /IBa U3 XapaKTEPHCTHIECKUX

cr
MOKa3aTeJe CTAHOBATCSA YHCTO MHHUMbIMHU, a OCTAJBHBIC IO-TIPCIKHEMY JICKAT B JIEBOM
MOJYIUIOCKOCTH,  SIBIISIETCS  KPUTHYECKUM, COOTBETCTBYET KPHTHUYECKOH CKOpPOCTH
naHeJbHOro (arTepa B IMHEHHOI MOCTaHOBKE 3ToH 3a1aun. COrIacCHO 3TOMY, U3 TPETHETO
HEpaBEeHCTBA IIOJIydyaeTcst cieayromas (opMyia ONpEne’eHUs] KPUTHUYECKOH CKOPOCTH
(marTepa B cimydae BEIOpaHHON (YOPMBI IOTEPH YCTOHYNBOCTH TUIACTHHKY [5]:

2 2
+2x (y +1).

()

Ilpyrumas V =V_ #n3 XapakTEpPUCTHYECKOIO yPaBHEHMsA, HaWAEM Cleayromlee

\Y 25
=1k (25)

3HAYEHHE ecr Y4aCTOTHI KOJICOAHHS TUIACTHHKH TP JIMHEHHOM (iiaTTepe (Xcr = iiecr)

1
02 =—(y*+1). (26)
S (7 +1)

®Dopmybl, aHaOTHYHBIE (25) 1 (26), MOTyYeHpl MHOTUME aBTopamu (cM. Jluteparypy
npuBeieHHy0 B [5,10]) H ABIAIOTCS NEPBBIMH INIPUOIMKCHHMAMH 111 V. H 96,,

ornpenenseMble Ha OCHOBE TOUHOTO PELICHHUS.
W3BecTHO, 4TO YUET SABIICHUH, CBSI3aHHBIX C ONEPEYHBIM CIBUTOM, CHU)KAET BEITMIUHBI
4acToT cBOOOAHBIX Konebauuii [3]. B cumy srtoro, u3 (25) jerko 3aMeTHTh, 4TO YYET
ABJICHUH, CBS3aHHBIX C IIOTNIEPEYHBIM CABHUIOM, YMEHBIIAET KPHUTHUYECKOE 3HAYCHUE
CKOPOCTH, IIPU 3TOM BO3MOXKEH IMaHeNbHBI (uarrep [3] (cm. taxoke Tabaumy 1).

5. UccienoBanue HeJJMHEHHOM 3a1a4n

IlepexoarM K HCCIENOBAaHUIO HENMHEWHON 3a7aud, OMMCHIBAEMOW HETWHEHHON
cucreMoii (8). DTa cucTeMa OTJIMYACTCS OT AHAJIOTUYHBIX CUCTEM YCTOWYHMBOCTH THOKHX
IUTACTHH 3arpy’KeHHBIX KOHCEPBATUBHBIMHU CHJIAMH, HAJIMYMEM WICHOB C KBAJPAaTHUYHBIMHU
HEJIMHCHHOCTAMHU. YKa3aHHBIC WICHBI, UMCIOIIUEC adpPOJMHAMHYCCKOE IPOUCXOXKICHHE,
XapaKTepU3yIOT HECUMMETPHUYHOCTh HEIMHEHHOCTH, PUCYIIYIO K 3a/1a4aM YCTOWYHBOCTH
ruOKkux 00oouek. [loaToMy, IpUOIIKEHHOE IEPHOAMYECKOE PEIICHUE CUCTEMEI (8) OyaeM
WCKaTh B BHIE [4]
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x, = A4 cosOt+ B sin0t+C +..., x, =4, cos0t+B,sin0t+C, +... (27)

1 .
3nech Ai, Bi, Cl ub= 0o, (l =1, 2) — HEU3BECTHBIC TIOCTOSIHHBIC; () — HEU3ECTHAS

YacTOTa HEIWHEHHBIX KoJIeOaHMid; TOUKaMH 0003HAYEHBI WICHBI, COAEPIKAILIE TAPMOHHKH.
Crpykrypa penierns (27) oTamdaeTcs OT CYIIECTBYIOINX [ 5] HammaneM cCBOOOTHBIX YICHOB

q #0, NIPUCYTCTBUE KOTOPBIX XapaKTepHa 3ajadyaM C KBaJpAaTUYHOW HEIMHEHMHOCTBIO
[4,7].

IMoncraBum pemrenue (27) B cucremy (8) W npHupaBHSEM K HYJIO KO3(QQUIMEHTHI IPpH
cBoGotHOM wteHe, COSOT n Sin OT (unensl, conepixkaniie rapMOHIKH, IPEHEOPETAIOTCS).
[onyyarommasicss mpu 3TOM CHUCTEMa HEJMHEHHBIX anre0pandeckux YpaBHEHHI JTOBOJIBHO
IPOMO3JIKa JUI1 UCCIICNOBAHUS M 37IeCh He MPUBOAMTCA. I modydeHUs MpUOIMKEHHOTO
peIIeHHsI 3TOH CUCTEMBI IIpeAIoIaraeTcs, 4yTo [4]: a) 3aTyxaHue CHCTEMBI I0CTaTOYHO Majlo

(x|B|<<|4|, |B|<<|4,
COBEpIACT YCTAHOBUBINMECS KoJieOaHHE C KOHEYHOH aMIUTUTYAOH BOKPYT COCTOSHUS,

; J= 1,2). Torna,

, ; (i = 1,2)), u 6) paccMaTpuBaeMas a’poyIpyras CHCTEMa

OECKOHEYHO MaJIO OTIMYAIOMIETOCA OT HEBO3MYIIEHHOIO (‘A j‘ >> ‘C y

npeHeOperast CTENCHSIMH BHIIIE MEPBOH M IPOM3BEIACHUS BEINYNH Bv Bz, Cl u C,,

YKa3aHHas HEJIMHEHHAs CHCTEMA MNpeACTaBUTCA CICAYHOIIUMU NOACUCTEMAMU:
YpaBHCHUS, ITOJYYCHHBIC IIPUPABHUBAHUEM K HYJIIO CBO60,HHI)IX YJICHOB!

C —%kaz +%kv2 (o, 47+, 4 )+ kv A4, (B AC, +B,,4,C, ) +

1
+RVC (B + Bl )+ 04 (1, 4G 7, 4,C, ) +

1
+§QC1 (YIIAIZ +712A22) =0,
v’C, +§kal +%kv2a21A1A2 + kv 4, (B, AC, +B,4,C, )+
1
+EkV3C1 (B21A12 +B22A22)+ 04, (Y21A1C1 +Y22Azcz)+

1
+EQC2 (721A12 + YzzAzz) =0;

ypaBHEHHS, TI0JTydeHHbIE TIPUPABHUBAHUEM K HYITIO K03 (hHUITHEHTOB TIpn COS 0T :

(1-0%) 4, +x08B, —%kvAz +2kv? (00, 4,C, + 0, 4,C, ) +

3 3
+ZkV3A2 ([?’11’412 +B12A22)+ZQA1 (3’11’412 +Y12A22) =0,
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(y2 —92)/12 +%0B, +§kvA1 +0,,kv? (4C, + 4,C,) +

3 3 2 2 3 2 2
+Zkv 4 (BZIAI +Py A4, )+ZQA2 (Y21A1 +V5,45 ) =0;
YpaBHEHWUSsI, TIOJIyYeHHbIE TPUPABHUBAHUEM K HYJIIO KOIQPUIHEHTOB MPH sin 071 :

(1-0%)B, —%kaz — %04, +%kv3B11A1AzBl +
1, 5 2 2 1 2 2
"’Zk\’ (BnAl +3B,4, )Bz +ZQ(3Y11A1 +7,4; )Bl +
1
+EQY12A1Asz =0,
2 2 2 1,5 2 2
(v -0 )Bz—xeA2+§kal+Zkv (3B dy +Byd; ) B, +
1 1
+EkV3B22A1Asz +5QV21A1A231 +

1
+ZQ(721A12 +3YZ2A22)Bz =0.

Tperbss moxcucrema yumtbiBaeT 3¢p¢exr aemndupoBanus. COriacHO NPUHITOMY
NPEIIIONIOKEHAID O MAaIOCTH 3aTyXaHMs, yKa3aHHas MOACHUCTEMAa HMEET CleIyIoIee
MpHOIMKEHHOE PELICHIE:

B =0, B,=0 npu y~0
[Nonb3ysich epBOi MOJCHCTEMOH, BBIPA3UM Cl u C2 qepes A1 u Az (eMm. (29)).

Tor;[a, BTOpasd IOJACUCTEMA, ONPCACIAIOIIAA XapaKTCPUCTHUKH 141 n b AMIUIATY bl

KosieGaHuil paccMaTpUBaEMoii a3pOyNpyroil CHCTEMBI B 3aBUCHMOCTH OT TlapameTpoB O u
vV, mpuy, = 0 npuHEMaeT Bux:

A4,(1-0%) —%kvA2 +2kvia, A C, +2kvia, 4,C, +
3 3
+_kV3A2 (BIIAIZ + BIZAZZ) + _QAI (,}/111412 + y12A22) = 09
4 4 28)

A4, (y2 — 92) +§kvA1 + kvzocﬂ(AlC2 +4,C)+

3 3
+ZkV3A1 (BZIAIZ + BzzAzz) + ZQAz (Y21A12 + YzzAzz) =0.

3mece
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kv?
C = __I:(anAlz + (anzz )A, - a21A1A2A4]

2A ’ 29)

— kv’ 2 2
Cz - _Z[azlAlAzAl _(allAl + OL12A2 )A3:|

rae

3 1
Al :1+5Q711A12 +EQ’Y]2A22 +kv3[3’11A1A2

3 1
A, = 'Yz + kV3BzzA1A2 +5QY22A22 +EQY21A12

A, = %kv + %kVBleAlz +%kV3B22A22 + 07,44,

A4 = _gkv +%kV3B12A22 _'-%kvsﬁnAl2 +QYI2A1A2

A=AA, —AA,.
OtmeruM [5], 4TO B YacTHOM ciydae, KOrga V HaxOAMTCS B JIOCTATOYHO Manoit

OKPECTHOCTH V TO Al z—A2. JleHCTBUTENIbHO, W3 TPEThEH MOACHCTEMBI IOCIE

cr?

JTMHeapu3anuy (yIUTHIBas TOCTATOYHYIO MaJIOCTh 3aTyXaHUs ) OIydaeTcs:
(1-6%)B, —Eka2 —%04, =0,

> (30)
(y* -0*)B, + EkVBl —%04, =0.

Nwmes B BUAY, 4TO Ha rpaHule obnactu ¢uarrepa V=V _ u 0=0_,u3(25),(26)un

cr?

(30) HaxomuMm:
1—v? 1—7v?
%04 =T(B1 +Bz)a 9.4, :T(Bl +Bz);

Crenosarensio, A =—A,, ecnu vV nocrarouno 6musko k V. u 0 x 96,. OrmeTnM, 4TO
HCCJIEIOBAHNUs, NPOBEAEHHBIE B [5], 6a3MpOBaHBI TaKkKe Ha HNPHOMKEHHOE PAaBEHCTBO
A =—4,.

YncreHHbIe UCCIeJOBAHMS, IPHBEAEHHEIE B [12], MOKa3bIBAIOT, uTo OTHOMEHKE /1 / A
HUMEeT CYIECTBEHHOE BIMSHHE (KaK KaueCTBEHHOE, TaK M KOJMUYECTBEHHOE) Ha XapakTep
3aBHCHMHUOCTH aMIUIUTY1a-CKOPOCTb.

4.1. BrusiHue nonepevHbIX CIBUTOB HA AMILIUTYY (piiaTTepHBIX KoJledaHuii npu
J0CTATOYHO TOJCTHIX MJIACTHHAX

Uccrnenyem HenmuHelHy0 cucreMmy (28), pemias e€ YHCICHHO TPH CIETYFOLINX
MCXOMHBIX  JamHbIX: @=1.4; p =1.29xe/m*; a, =340.29m/c  (Bo3myx);
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B, =460,2-10°H / m*; B, =174,7-10° H | m?; B,, =126,9-10°H / m*
(tpancsepcanbHo-usotponubiii Marepuan Al2Os), s xotoporo B,, =B,; Bs =B,,;

B :Bn_Blz. E:Blzl_Blzz. o= EB, - G= E )
’ ’ T 20+

66 5 5 Wccnenosana
2 Bll Bll - Bl2
3aBUCUMOCTh aMIUIUTYAbl (B TOYKE (a / 2,b / 2,0) MJJACTUHKH) yCTaHOBUBIIHMXCS

¢narrepubix xonebanuii 4 (B paccMaTpuBacMoOM Ciydae AZAI) OT mapamerpaV,

XapaKTepU3yIOIINii CKOPOCTh HAGEraloNero naroka, TpH pPasINdHBIX 3HadeHusx A/ a |

b=3au0=0,.

Tabauna 2.
h/a=1/30
v
V.
o ) n
o S o S — bl x — ~
S S S S o S
Il
) ) o A ag oo = o o
< < e g o = 1 oS o & o
L=0 0 S N g Ao S od o
1 o X N Jdodq S g Sdg g 3
S S o dodocdcocdg od <
o o o o S o — o \ <
Q) & 00 g o g o o S
L=0 o o % g o oo = g o
1 X 50 I S o Sc g S
S S o S H S g 3 < = S
h/a=1/15
A%
V*
N [sa] v
o =) o o " *® — ~
S S S S o o
I]
00 © - o o >~ O\g A TN W o
x R Ao = BN = S W
3 S —~—F g = ooHd3Sg g o
I[[=0 R Ag—-—Jdogo—gqogoeogog S
S gdegeg g e-g q <
e Sgcocgdodocodocdocd od <
n o~ v < o
el S 4 v v O vy on Y
I SEgsTgorjacdsd 4 g &
I,#0 x gdsdyssgsEsgdsgsgegd s
s |Ss9es49sg2gsgsg g S
S Sgdogdogdodsd s g 3
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Tabmn. 2 moka3pIBaET, YTO BIUSHHUE NMOMEPESYHBIX CIBATOB HAa 3aBHCUMOCTh aMILTHTY 1A~
CKOpPOCTh UMEET KOJUYCCTBCHHBIN XapakTep. YUYET CABUTOB, KaK U OXKHIAIOCH, IPUBOIUT K
YBEJIMYCHUIO AMIUIATYBI KOJCOAHWIA, MPH 3TOM, C YBEIMUYCHHEM TOJIIIMHBI TUIACTHHKA
BJIMSIHUC MTOTICPEYHBIX CIBUTOB yBeIM4HMBaeTcs. B uactHoCcTH, eciu a=30h, TO y4éT CIBUTOB
YBEJIMYMBACT 3HAYCHUE aMILTUTYyAbl Ha 15%, a korma a=15h, To yka3aHHOE BIUSHHE
cocrapiser npubnuzutenbHo 28-30%. I[lpuBenéHnas Tabi. 2 mMokasbIBaeT TaKkKe, YTO
3aBUCUMOCTb A(v) B HEKOTOPOM HHTEpBale M3MEHEHHUsS CKOPOCTH OOTEKAIOIIEro IOTOKA

SIBJSIETCSI IBY3HAYHOUN (DyHKIIMEH.
BhramciieHus TOKa3bIBAIOT TAKKe, YTO JUTA GONbIIMX 3HaueHnin O B ciydae TomeThix

IUIACTUH HMEET MECTO 3aBHCHUMOCTb, NpUBEJIEHHAS Ha (ur.l. KoTopas MOKa3bIBaeT, 4To
*
cyluecTByeT 3Hauenue V- takoe, uto npu 0 < v < v* dynxuus A (V) — IBy3Ha4Hasl, a BHE

9TOrO MHTEpBajia HEBO3MOXKHO BO30YIUTh HeNHWHEHEBIE (prnaTTepHbie Konebanus (dur.1).

N

—

[«)}

/

/

N

\
| )
/|

° e I

(o8]

e | b
0.5 1.0 1.5 20 2.5 Yer

Puc.1. I'paduk QyHKIHM A(V) npu h/a=1/300, b/a=3, 0 =4

OcHoOBHBIE pe3yJIbTaThI

e ['eomerpuyeckue mapaMeTpbl UMEIOT CYIIECTBEHHOE BIMSIHUE (KaK KaueCTBEHHOE,
TaK M KOJMYECTBEHHOE) Ha XapaKTep 3aBUCHMHOCTH aMIUTUTY1a-CKOPOCTb;

e DBiusHHE NONEPEeYHBIX CABUTOB HAa 3aBUCHMOCTh aMIUIMTYAA-CKOPOCTh HMEET
KOJIMUECTBEHHBIN XapakTep;

e CymecTBYIOT 3HaueHHs OOTEKAaloLIero I0TOKa TaKoe, YTO MPH KOTOPBIX
CYIIECTBYET LIHTEpBAJIO TI/€ 3aBUCHMOCTb aMIUIUTY/1a-CKOPOCTh SIBJISIETCS
JBY3HAUHOW (yHKIMEH, a BHE JTOr0 HWHTEpBajla HEBO3MOXHO BO30YIUThH
HeJIMHEHbIe (IIaTTepHbIE KOJICOaHMs.
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OB OJIHOM 3AJJAUE CEMCMOJIOT WU JJIs1 CIOUCTHIX IJIACTUH
ArajossH JLLA., Tarsopsin B.B.

KiroueBrble ciioBa: ClIouCTbI MakeT, auTocepHas IUIMTA, HEKJIACCHYecKas 3ajada, aCHMITOTH-
YeCcKOe pellIeHue.
Keywords: Layered pack, lithospheric plate, a non-classic problem, asymptotic solution.

Aghalovyan L.A., Tagvoryan V.V.
On one problem of seismology for layered plates

Abstract. A class of spatial problems of elasticity theory for a layered pack from orthotropic plates, simulating the
behaviour of the lithospheric plates and blocks of the Earth crust is considered. The measuring devices of
inclinometers type are placed between the layers with numbers (k-1) and (K). The asymptotic solutions of the
spatial problem of elasticity theory according to the date of the measuring devices, which permit us to follow the
process of accumulation in time of the critical deformations, causing an earthquake are found.

AnHoTanusi. PaccMoTpeH Kiacc MPOCTPAaHCTBEHHBIX 3afad TEOPHU YIPYTOCTH I CJIOUCTOrO IIaKkeTa U3
OPTOTPOIHBIX IUIACTHH, MOJICIUPYIOIIEro IOBEJACHHE JIMTOCHEPHBIX IUIMT W OJOKOB 3EGMHOH KOpBL
Vi3mepuresbHble TPHOOPHI THIIA HAKJIOHOMEPOB MOMeLIeHB! Mexay ciosimu ¢ Homepamu (K-1) u (K). Haiinensr
ACHMIITOTHUYECKUE PEILIEHUs IPOCTPAHCTBEHHOM 3aJjaul TEOPUM YNPYTrOCTH COIJIACHO JAHHBIM M3MEPUTENIbHBIX
puOOPOB, KOTOPBIE MO3BOJIIOT MPOCICAUTH IPOLECC HAKOIUICHUS BO BPEMEHH KPHUTHUYECKHX Ae(GOopManuii,
MIPUBOJSIINX K 3eMIICTPSCEHHIO.

BBenenne. B gBammatom croietnnm OBDIa  yCTAaHOBJICHA OCHOBHAS TIPHYUHA
BO3HHUKHOBEHUS CHIIBHBIX 3eMJIeTpsiceHni. Bo3HUKHOBEeHHE 00yCIOBIMBACTCS TEKTOHUKOM
mutocepHbIX MHT 3emnu (<95% 3emmerpsicennit) [1-3]. Ilmanera 3emins sBiseTcs
CJIONCTOM cpemoi. 3eMHass KOpa M 4acTh BEpXHEW MaHTHH JO0 TPaHUIBI C acTeHocdepoit
cocraBisger Jurochepy. Jlutochepa ceTpio mepeceKaromUXCs TIIyOWHHBIX Pa3IOMOB
pa3bura Ha psg OonmpIIMX OJOKOB, KOTOPHIE HA3BIBAIOTCS IUTUTaMH. KpYMHBIMH JIHTO-
cepHBIMH TUTMTaMH 3€MIIM SIBIISIIOTCA: AHTapkTuueckas, EBpasuiickas, AdpukaHckas,
Wuno-Ascrpanuiickas, HOxHo-AMepuxaHnckas, CeBepo-AMepHkaHcKas, THXOOKeaHCKas,
Hacka, ®ununnunckas, AHaTonuiickas, Apadckas u ap.

BonbmMHCTBO 3eMIIETPSICEHHIA CIPYNIIUPOBAHO B Y3KHX OONACTAX, ceficMuyecKas W
TEKTOHWYECKass aKTHBHOCTh B KOTOPBHIX OOYCIIOBIICHBI B3aMMOICHCTBHEM MPUMBIKAFOIIUX
IPYT K OpyTy JTUTOCQEpHBIX IUHT («ceiicMuieckre 30HEBD). [Iporece moaroToBku 3emiie-
TPSICEHWH OXBAaThIBae€T JBAa OCHOBHBIX THIA TEKTOHWYECKUX [BWKCHUH: MeIUICHHBIC
(BexoBBIe) W OBICTpBIC (CKAaYKOOOpa3HEIC). BeKOBBIC ABIKEHHUS MOTYT JUIUTHCS IECATKH
JIeT, TIO3TOMY SIBJISIFOTCSl KBA3UCTATUYECKUMHM, B PE3yJibTaTe, B JTUTOCHEPHBIX IUIMTAX U B
OTAEJTbHBIX MX Y4YaCTKax HaKalIMBalTCsA Ae(opMaluu, KOTOpble MPH JAOCTHKEHHU
KPHTHYECKOTO 3HAYEHHS — TIopsaka 10, a 110 TaHHBIM H3BECTHOTO STIOHCKOTO CEMCMOIIora
Rikitake [1] — mopsiaka 4.7*107%, mpuBoAAT K TI0GAIEHOMY Pa3pYIIEHUIO (3EMIIETPSICEHHUIO)
1 OCHOBHAasA 4acCThb HaKOHJ’IeHHOﬁ C rogamMm OI'pOMHOﬁ HOTeHLII/IaJ'leOﬁ OHEPIUuu BBIACIISACTCA
B BHAE OOBEMHBIX YNPYIMX INPOAOJBHBIX (IEPBHYHBIX — primary) P u caBUTOBBIX
(TIoTmepevHbIX, BTOPUYHBIX — secondary) S-BOJH, a TakKe TOBEPXHOCTHBIX BOJIH Peres u
JlsBa. Becerna ckopocts Vp MPOJOIBHBIX BOJH OOJBIIE CKOPOCTH Vs CHBHUTOBBIX BOJIH.
DOTO TO3BOJIET OMNPEHCIUTh PACCTOSHUE OJIHIEHTPA 3EMIICTPICECHHUS OT 3aJaHHON
CEHCMOCTaHLMK, a N0 JaHHBIM TPEX CTAaHLMIA — MECTO ovara 3emieTpsiceHus. B cepenune
JBANIATOTO CTOJIETHSI OBUIM 3aUKCHPOBAHBI 3aMETHBIC aedopMarmu (IepeMeneHus
TOYEK) TOBEPXHOCTH 3eMin 10 3emierpsiceHus [1]. Toraa ke BO3HHKIIA €CTECTBESHHAS 3a-
Jlada — UCIIOJNb3Ysl OTH JIaHHbIE, ONPENeNUTh HaNpsHKEHHO-Ie()OPMHUPOBAHHOE COCTOSIHUE
(HAC) nurocdepHOil MIMTHI WM COOTBETCTBYIOIIEro OJOKa 3€MHOW KOpPbI W IPOBECTH
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MOHHUTOPHHI' €r0 W3MEHEHHS BO BPEMEHHM, I10 JAaHHBIM HOBBIX HM3MEPEHHH, C LENbI0
OoOHApyKEHUs] KPUTHYECKHUX Ne(POPMANUOHHBIX COCTOSHHA HM MECT HX MPOSBICHUS.
OpmHako, BO3HHUKAIOIIAS 33/1a4a TEOPHUH YIPYTOCTH OKAa3alach HEKIACCHYECKOH W IIONToe
BpeMs He OBUIO HaliIecHO YIOBJIETBOPUTENBHOE pemieHHe. ACHMIOTOTHYECKHH MeTOx
pELICHUS] CUHTYJISIPHO BO3MYLIEHHBIX AnbepeHIuaIbHblX ypaBHeHHH [4] M03BoONMI
pemuTh 3Ty mpobnemy. B [5] HalimeHo pemieHne HEKIACCHYECKOH KBa3MCTaTHYECKON
TPEXMEPHOH 3a/1a41 TEOPUH YIPYTOCTH JUIS CIIOMCTOTO ITaKeTa U3 IUIACTUH, KOT/a JHLeBast
MOBEPXHOCTh IaKeTa CBOOOJHA (COOTBETCTBYIOLIME KOMIIOHEHTHI TEH30pa HaNpsHKEHHH
TaM paBHBI HyJ'IlO) 1 U3BCCTHBI 3HAYCHHA KOMIIOHCHT BEKTOpA NEPEMEIICHHUSA, KaK JaHHbIC
u3MepeHuil celicmocranuuii, GPS cucreM, HAaKIIOHOMEPOB M APYTUX H3MEPUTEIIBHBIX
CHCTEM.

UYroObl YMEHBIIUTH BIUSHHE HM3MEPEHHH BHEIIHWX aHOMAIBHBIX (B OCHOBHOM,
aTMoc(epHBIX) (aKTOPOB Ha JaHHBIE UCTHHHO MPOUCXOSIIINX MPOIECCOB BHYTPH IaKeTa
(ytuTochepHOH TUINUTHI), B CEHCMOIIOTHN HAYalll U3MEPHUTENbHBIE IPUOOPHI (HAKJIOHOMEPHI
W JIp.) TIOMEMIATh BHYTPH MaKeTa Ha HEKOTOPOM PACCTOSHUHU OT JIMIIEBOW MOBEPXHOCTH U
M0 JaHHBIM JTHX TNPUOOPOB COCTABIATH Oojee 0oOBekTHBHOE mpexactaBieHue o HJIC
nakeTa. B maHHOI paboTe perreHa COOTBETCTBYIOIIAS KBa3HCTaTHYECKas 3ajada TEOpUH
YOPYTOCTH.

1. OcHOBHBIE ypaBHeHHUS M MOCTAHOBKA KpaeBoi 3aga4n. PaccmoTpuM crioucTsiit
nakeT 13 N OpTOTPOIHBIX [UIACTUH, 3aHUMAIOLIUH 00J1acTh

D={(XY,2):0<x<a, 0<y<b,0<z<h,h=h+h +..+h,

min(a,b) =I,h <<}, rze h, (1 <n< N) — TOJIIUHEI IIacTHH (puc. 1).

Y
b/
i o.=0.c,=0,0.=0,
i
=i — i — — i - — i — — i — e -
’1 ! ’1
L : a L
. i . -
O - J— ———————————————————————————————————————————————— e o o x
. A 7
A1) z=h, o
- & | -
s e s
S ,” i“(-l} Z =h1+h2 +...+h|0.1|. 3{;=H.L_.:H;
* " 1 -
A0 (k) 2= hy+ hyt..th,
," ‘N} 2=h1+h2+...+hu=h
v
Z

Puc 1. CnoucTsifi nakeT H3 OPTOTPOMHBIX IIACTHH
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TpeOyercst HalTH penleHWEe ypaBHEHHH M COOTHOLICHWH YIPYrocTH (COCTOSIHUS)
MPOCTPAaHCTBEHHOW 3aJaull TEOPHH YIPYTOCTH U CIOMCTOTO MaKeTa M3 OPTOTPOITHBIX

IJIaCTHH, Korja nuuesas nopepxsocts Z = () makera ceo6osHa:
(1 _ P
cjz)(x,y,o,t)_o, i=XY,2 (i

3aJaHbl 3HAYCHUA HepeMeHICHI/Iﬁ TOYCK IMOBEPXHOCTU KOHTAKTa Z= H k—1 MCXIY CIOSMU

c Homepami (k-1) u (k), kak JaHHBIE HAKJIOHOMEPOB U APYTHX NU3MEPHUTEIBHBIX CPEJICTB:
k-1 k .

u(i ) (X’ y’ Hk—l’t) = ug : (X’ y’ Hk—l’t) = u;r (X’ y’ Hk—l’t)’ J =X y, Z, (1.2)

Y TIPY YCJIOBUAX MOJTHOTO KOHTAKTa MEX]y BCEMH CIOSIMH:

cs(jrz') (x,y,H,,t)= o(j”“) (x,y,H,.1),

z

u(jn)(xa Y, Hnat):u(in+l)(x’ y’Hn’t)’ (13)

H, =Zn:h, n=1,2,.,N-1,
i=1

TI€ G, — KOMIIOHEHTBI TCH30pa Hanpsbkenui, U, uy, U, — KOMIIOHEHTBI BEKTOpa NepemMe-
menus, Bpems { BXomuT kak mapamerp (KBasMCTaTHdecKas 3anada), (GUKCHPYIOMIMi
MOMEHT NPOBEICHUS U3MEPEHUH.

2. AcuMnToTHYecKoe pemieHne 3agadd. YToOBl pemuTh CHOPMYIHPOBAHHYIO
3aJady, B ypaBHEHHIX W COOTHOIICHHUSAX TPEXMEPHOH 3aJaul TEOPHUHU YIPYTOCTH OPTOTPOII-
HOTO TeJa nepeiiém Kk 6e3pa3sMepHbIM KOOPANHATAM U TTEPEMELICHUSIM:

E=x/l, m=y/l, {=z/h=¢"z/l, u=u/l, v=u, /I, w=u,/l, @

B pe3yibTaTe IMONYYHM CHHIYJISPHO-BO3MYIIEHHYIO MasbiM mapamerpom € =h/|
CHCTEMY:

®  p6® (k)
©On DO 419 LEW Z0, (xyiEm)
o€ on og
M agl (9
ooy, 0oy, L oo, IF® Z0,
o€ on og
ou a0 MY 0 a0 o W
o€ =g +a,;/0", on =6 +a,0", ¢ Y:es +053,0, (2.2)
k k k k
O W oty ol o

=a ,
o om et Tar T Ta
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k k
- ol

o ¥
& o

e = a4+ a6 1 alle®, m=1,2,3,

rje & — MOCTOSHHBIE YIPYrOCTH, Ol — KOX(DQHUIMEHTE! TEMIIepaTypHOrO PaCIIMpenHs,

o —T® (X, y, Z,t) _To(k) (X’ Y, Z,t) pasHocT Temnepatyp, F;— o6bémnas cua,

.. .. (k) _ _ (k) _
juis ciydast yuéra Beca cioés 0 = Fy =0, F,” =p,0, p,— mnornocts, J-
YCKOpEeHHE CBOOOIHOTO mMajeHus. Pemenne cuctemsbl (2.2) CKIambIBaeTCS W3 PEUICHUIN
o int o
BHYTpEHHEH 3ajauu (l " ) 1 TIOTPAHUYHOTO CIIOSI (|b). Peiienne BHyTpeHHeW 3a1auu

OTBICKHBACTCA B BUJIC:

o™ =g %6 (i, j=xy,2), U™ =e5u™?, (u,v,w), s=0,S,
k=12,..,N.

IoncraBuB (2.3) B (2.2) M mnpupaBHAB B KaXJOM YPaBHEHHHM COOTBETCTBYIOILHUE
K03 UIMEHTH! IPH €, TOJYYUM HOBYIO CHCTEMY, OTKyJa OJHO3HAUYHO OIPEIeIAI0TCS

(k.s) k s) k s) k,s)
o< 9 ) s

G\t =0‘j§§)(& n)+o%d (em.L), j=xy,2

(2.3)

(kss) _ Az3 (kss) 'YET) ks 4 ks
ST A O’ AV Oui” (&1:6)-

1 1

(k) (k)
ok A; ol _ Y glks) +G(y|;;s) (£,1,0),

zz0

vy
A(:‘) A(:‘)

(k9) 1 av(k,s—]) 6u(k,s—1)
S) _ + ,
aly | o on

(2.4)

ud = aldeolsy +uld (gm) +u? (gn.0),

vk = 44 CGyZO +Vks (é n) V*(‘k,S) (a’n’g)’

¢ k)
e = 8ol )+ [ B 00zl ),

rac
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JZ*

o'—..r\r

{ S ac(k ,S— 1) ac(-k,sfl)

+—2—dg, j=xY,2
on

B (k,s-1) (k,s-1) ]
(ks) _ 1 (k) ou (k) oV
O = a, - - 2 zz*
XX i (:() 2 8& 2 n 3

-

(k,s-1) (k,s-1)
ks) _ L | 0oV (o o' (K) 5 (k9
(¢) % T - - GZZ* Y
Yy A‘(i() _all an a'12 8& A3 |
Q 8vv(ksl C 8VV(|(,S*1)
(k,s) _ (k) _(k.s) (k,s) _ (k) _(k.s)
u = Oy — de, v =[] alslks - dc,
Z[{ 5 BE } - _!.|: 44 Oyz on } g (2.5)

2 k K) (K K) (K
A(r) = aflf)aég) _(aflz()) > A(3) :a1(1)a£3) —61(2)81(3),

K K) (k K) (k K K
A4£3) = agz)a1(3) _31(2)31(3): A3(3) = a§3)A a13 A§3 - A) )»
'Ygl;) = E a2 alz 2 ay(zz = 22 an al(lg)aﬁ)v
B ol A~ el G <0 e mec

ks k,s) ks
Pemenne (2.4) comepxur 6N HEHM3BeCTHBIX (DyHKLHH G JZO , V( V\}

KOTOPBIE OIHO3HAYHO ompeesisitorces u3 yeosuii (1.1) - (1.3). [y nepBoro ciios uMeeM:

G(JZO 0 Gls _sz* (é nec.;)a J =XY,Z

Ls) _

~u () + Ul (g0,
v = (ém)+\él’3)(§,n,€),

U

2.6)

\N(l,s V\p S é n J' l,s)dq n \N(*l,s) (Eﬁn’q),

O

Jutsi BenmuuuH ci10éB 110 (K-1) momydarorcst:
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ot =o' (gm)+ ol (8,6, 1)~ ol (8.6, ) +
+c§2f> (&m.8), i=xv,z
P =aloly (-6, )+ Al G, ok Ul (g )+
+u£”_1’s)(§,n,Cn_l) (@ TLCm)“““ (i n.6),
v = alold (6=, )+ @l G, ol T + v (& m) +

+V£n—],s) (a’n, - ) _ V,En’s) (g’n’ g, ) + vﬁn,s) (a’n, C)’

(n-1,5) n

n-1-"zz0

(n) (n-1)
er.] (
+
) (AT A

(") L
AR S () e e
1 1
Bl(ln—l) e(n—l,s) _ﬂe(n,s) dC +j$6(ns)dc +
A(”)
0
9 ) e ) -

1

—VV(*n’S)(aan7Cn—l)+\N(*n’S) (é’n’g)’ 2§n£k—1,

Jutst cosi ¢ HomepoM (k), mociie yioBneTBopeHust ycnomdﬁ (1.2), umeem:

ol =6l () + 0% (G, ) -0l (Em. Gy, ) +

+o zf (&,1.,0), i=xv.z
—355 (Q G 1) (S)(ﬁanaCk_l)—Uik’s)(imaCk_l)““
+ul? (,m,C),
V) =aldoled (0 - ) +v @ (Em g ) - (8.6 ) +
+d) (é,n,c),
\N(k,s) A§3

Ak) (C Ck1)+W (&n7Ckl)

1

2.7)

2.8)
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Gt p(k)
- i(l 0'1dg - W (£, ) +

¢ ()

+[ 2o+ W (.0,

o A

u*("):ulx, u'® =0, s=0, (U, v, W; X, Y, Z)

JUTSL BCEX OCTATBHBIX CI0EB, HauwHas ¢ (k+1), corimacuo ycmosusiM (1.3), momywarores:

cS(jrz],S)_ 12015 (& n)+612*15 (éngnl) jZ* (&T]Cm)
Jz* (& n C) J = Xa y5 Za
_ass (C Qn1)+ass gnl n15)+unls(§n)

+U (n-1,8) (é ¢, ) (n,s) (é,n,Cn_l ) + Uﬁn’s) (évna g):

A A () R I (S

Y20

+V£n_1,5) (év n, Cn—l ) - V:En’S) (&: n, C.:n—l ) + Vin’S) (a’ N, C)’ (29)

(n) (n-1)
\N(n,s) _ : ns (C_, Cn 1) Aj C G(n—l,s) +

n 1) 0
1 1

Gnot (n-1) (n) ¢
+ J [Bl(lnl) g1 _ B(n) (n,s) sz; J‘ B, o) d(; +
o LAY Al ) A

+\N(()n71,5) (é’ n) + \N’(ﬂnil’S) (&’ M, Cn—l ) -
W (g, G, )+ W (E,m,0), k+1<n<N.

N
OtmernMm, dro ecnu Bxomsamme B ycnoBus (1.2) ¢yHKIuM Uj SIBJISTFOTCS

MHOTO4YJICHaMH OT TaHI'CHIUAJIbHBIX KOOPAWHAT, HTepaLIl/IOHHbIﬁ mpouecc o6prBaeTca Ha
OHpeﬂeHéHHOM le/I6J'II/I)KeHl/II/l n T1nojydaeM MareMaTU4€CKHM TOYHOC PCIICHUE BO
BHyTpeHHeﬁ 3aJga4c. JTO BecbMa BbIT'OJHO, MOCKOJIbKY I10 MU3MEPUTCIIbHBIM AAHHBIM JJISL
HCpCMeHIeHPIﬁ, MOBCPXHOCTb KOHTAKTAa MOXHO allIPOKCUMHUPOBATH MMOJIMHOMOM J'[arpaHma
U TIOJIYYUTh MATEMAaTUYCCKU TOYHOE PEIICHUE. HOBTOpI/IB U3MEPEHUA B pPa3INYHBIC

30



nepuoanl BPEMCHU t n TpoOBCIAA aHaJIn3 COOTBCTCTBYIOLICTO pPCHICHUA, CTAHOBHUTCH
BO3MOXKHBIM BBISIBIICHUSI MECT W II€pHOJa BPEMEHM, KOTJa BO3MOXXHBI BO3HHUKHOBEHHS
KPUTHYECKUX COCTOSHMH M TIPOIECC MOXET CTaTh JUHAMHYECKMM M OBICTPOTCUHBIM,
OPUBOJSIIIMM K  BO3HMKHOBEHHIO 3emileTpsiceHus. JIuHamMu4eckue ObICTPOTECUYHBIC
MpoIlecChl MOKHO HCCIIeNoBaTh, Kak B pabore [6]. OTMETHM Tarke, YTO peIIeHHE
MOTPAHUYHOIO CJI0Sl KMEET SKCIIOHEHIIMAILHO YOBIBAIOIINI XapaKkTep 10 Mepe YAaJICHUsI OT
OOKOBO¥ MOBEPXHOCTH BO BHYTPb MAKETa U YCTPAHSIET BOZMOXKHYIO HEYBSI3KY Ha OOKOBOM
noBepxHOCcTH. OHO CTPOUTCS OMHUCAaHHBIM B [4] cmOocoOOM W, Kak MpPaBHIIO, B BOIPOCaxX
ceiicMoJIOruK peHeoperaeTcsi.

3. O mMareMaTM4ecKH TOYHBIX pelIeHHMsIX. B KauecTBe WUIIOCTpalUM NPUBEIEM
MAaTEMAaTU4YCCKU TOYHOC PCHICHUC IJIA qublpéXCﬂOﬁHOFO ImakeTa, Koraa Ha MOBEPXHOCTU
KOHTaKTa MEXIY BTOPbLIM U TPETbHUM CJIOSIMHU 3aJaHbl 3HAYCHUSA nepeMemeHI/lﬁ TOYCK, KakK
JIaHHBIE N3MEPEHUH HAaKJIOHOMEPOB M APYTUX U3MEPHUTEIBLHBIX CPENCTB (pHC. 2):

u” =1, +&by, +nby, ), (U, W), G.1)
0™ =0, Fx(k) = F)fk) =0, Fz(k) =p0, Fz(k’o) = szlpkg = const, Fz(k’s) =0
mpu S# 0.

0 — ——
’,‘.‘ i ’i ‘1} Izhi
S

I e SENGSIEEEEEEEE
P ) z=hy+hy, Uy, Uy .0,
F : |
I‘I’ !"
g - (3) z=hy+hy+h;
(4) z=h;+hy+hsths=h
Y
Z

Puc 2. UetnipexcnofiHbii TakeT B2 OPTOTPONHEIX IIACTHH

I'paHNYHBIME yCIOBUSIMH 3aJaul OyayT:

o, (%¥0)=0, j=xVy.z mmu =0, (32)
S . n
Y R S G
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ol (&m.¢,) =) (&n.C,) .
°) o) . I=%Y.2 (3.4)
uj (&7n:€2) = uj (éanagz) = uj (&7“:C2)
npu C=c2 = hl—;:]hza
o) oy hehh
{uf” Ly JERvE e e=G=T T 69
Cornacuo popmynam (2.6) - (2.9) OyzeMm UMeTs:
BEJIMYMHbI IEPBOTO CJIOS (0 <C<(, ) :
G()QZOG OG =-hp,d;,
¥ 1
cy(xlx) = %(13 hplg(;-i_T[azzbZU alz b3v:|
1 Al
A 1 1
G@:A_(?)hplgc—l_pﬁ(i [ a'12b2u:|’ G(Xyl)zaﬁ; [bz +b}u] (3.6)
u =1(l, +&b,, +nb,,)+hb,, (&, - ).
uy' =1(b, +b,, +nby,) +hby, (€, ~€).
(2)
US) =1 (hw + ‘t:bzw +T]b3w) + Agé) hzg(pzf;l _plCl)(Cl _(;2)_
1
Y (8,m,6, )+ 0 (Em,6, ) — W (&m, 5, ) +
+Hwi™ (£,m.0) - i (£,m.¢, ) + bl (E.n. 5, ) -
-t (g, ,) + hwd™ (€., 0),
BEJIMYUHBI BTOPOTO CIIOS (C <{<(, ) :
G(xi) =0, G( =0, G hg(ngl .G _ng)a
(2) Ak(g) 1 (2) (2)
Ow = A(lz) (ngl PG _ng)"'Ale)[azz b,, —a; Qv:|’
(2) 1
G()Zl) == 2(12) (ngl - p1C1 - ng) +Ale)[a1(12)b3v - a'l(i)qu:|’
1
__z)[bz +b,,]. (3.7)
A6

32



u’ =1(by, +&b,, +nb,)+hb,, (G, - ),
u? =1 (b, +Eb,, +nb,)+hb,, (¢, =€),
(2)
ugz _|(b|w+§sz+nbsw) :2 g(PzCl—PlQ)(C—Cz)—

1

_|\N(*2,0 (iaﬂagz)ﬂwiz’o (aanag)_
—hwi™ (g,n,, ) + i) (g,n.6),

BEJIMYUHBI TPETHETO CIIOSI (Cz <C< (;3) :

(x3z 0, G(;z) =0, G(zi) = hg(ngl —piG —P,G; + 056, _p3C)’

=

(¢

3 0) 1 3 3
Gax) = 2?%) (ng p1§1 _ngz +p3§2 _p3C)+W|:a§2)b2u _al(Z)b3v:|9
o)) =—£h9(p G = PG =~ PaGs P3G, —p C)+L[af3)b3 -ab,, |
Yy A\(f) 2°1 11 292 392 3 A(f) 1 \"; 2 u |°
ol = 5[ by,
a66 [ ] (3.8)
u =1(by +&by, +nby,)+hby, (C, =€),

c

US) I bl +ab2w+nt%w) :i) hzg(ngl _plgl _p2C2 +p3€2)(c_gz)_

< =(

O~ (b, +&b, +nb,, )+ hb, (&, - 4),
(

W0 (£, 6, ) + W (£, ) -l (£, 6, ) + ™) (£,m,6),

BEJIMYHHBI YETBEPTOTO CIIOS (C3 <C< 1) :
G(xi) = 0’ G(;z) =0, G(zi) = hg(ngl _plgl _ngz +P3C2 _p3g3 +p4€3 _p4C):

(4)
GS::() == 2?431) hg(p2C1 _p1C1 _p2C2 +p3€2 _p3C3 +p4C3 _p4C)+
1
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AL) [alb,, ~alh, .

A

+

G(;y) = _th(ng = PG, — P8, 056, —p3G; + .65 _p4C)+

1

1 1
R oY

zl(blu +ab2u +T|Qu)+hb2w(§2 _C.a)a
I(blv +(t3b2v +nb3v)+hb3w(C>2 _g)’
(

+

!
(4)
)

Uy

A

(3)
2L P )(E=Gy) + 2(; M0 (s~ -
—p,G, +0,6,)(Cs =G, )~ W (&, ) + WY (.G, ) -
W (g, ¢, )+ W (8,m,8) - hwd™) (€,n,C, ) +
+hl™ (£, ¢, ) - ™ (£,m, 6, ) + ™) (&,m,0),

rac

W (8,m,) = —

2AY

k
£ Cp, gl A + ) AL ol ),
k=12,3,4,

1
M“)(m)=Wc[bw(a$§>a§z>—a$;>a;z>)+

1

+b, (alal) -alaly) |, k=1234.

4)
u? =1 (b, +&b,, +nb,, )+ A h*g(p.G = P& —paGs +pGs
1

(3.9)

(3.10)

(3.11)

3akmouenue. HaiineHo pemneHne TpEXMEpHON KBa3UCTaTHUECKOM 3aJadd TEOpUHU
YIPYrOCTH IJIsi CIIOMCTOTO IaKeTa, MOJEIUPYIOLIETO IMOBEJCHUE JIMTOC(EPHBIX IUIUT U
6J10KOB 3eMHOMW KOpBL. B 3amaue npennonaraercs, 4To ceficMOJIOTNYECKUE U3MEPUTEIbHbIE
JIaHHBIE, TMO3BOJIIOIIME OIPEICIUTh HANPSHKEHHO-IE(OPMHUPOBAHHBIE COCTOSHUS CIIOEB
IMaKeTa, CHATBHI ¢ HAKJIOHOMEPOB U JAPYTHUX UZMCPUTCIBHBIX CPEACTB, HOMeU_léHHle MCKIY

ciosimu ¢ Homepamu (k-1) u (k).
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HOJ’IyquO ACUMITOTHUYCCKOC PCHICHUE, YKa3aHbl Cilydaud, KOrJa MOJy4YaroTCa

MaTEeMaTHYeCKH TOYHBIE PEICHHUS, MPUBEAEH WITIOCTPALIMOHHBIN PUMEp JUIA MaKeTa u3
YeTHIPEX OPTOTPOITHBIX IJIACTHH.

MOHUTOPHHT HaWJIEHHOTO PEIICHHUS BO BPEMEHH MO3BOJISET MPOCIEANTH MPOIIECC MO~

TOTOBKH 3€MJIETPSICEHUI.
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TEPMOMEXAHUWKA BUMETAJUVIMYECKHUX TEJI ITPU B93I[EI7[CTBI/II/I
NMITYJIbCHBIX JIEKTPOMATHUTHBIX ITOJIEN

Agetucsin A.C., Mycuii P.C., Meabnuk H.B., UBacbko P.A.

KiioueBhle ¢/10Ba: TepMOMEXaHUKa, OUMETANIHYECKUE Tella, HMITYJIbCHOE DIEKTPOMArHUTHOE MOJIE,
HeCylIl[asi CHOCOOHOCTh, CBOHCTBA KOHTAKTHOT'O COCIMHEHHSL.

Key words: thermomechanics, bimetallic bodies, pulsed electromagnetic field, bearing capacity,
properties of the contact connection.

Avetisyan A.S., Musii R.S., Melnyk N.B., Ivas’ko R.O.
Thermomechanics of bimetallic bodies at impulse electromagnetic fields
Abstract. The initial ratios of thermomechanics of bimetallic bodies in displacements and stresses under the
action of pulsed electromagnetic fields are recorded. The initial and boundary conditions for the defining functions
are formulated. As an example, the results of numerical studies of the bearing capacity of a bimetallic plate under
the action of an electromagnetic pulse are presented.

AHHOTaIUs: 3aIMCaHbl UCXOJHBIC COOTHOIICHWS TEPMOMEXaHHKH OMMETAUIMYSCKUX Tel B NEPEeMENICHUSIX U
HANpPSDKEHHAX IIPH BO3ACHCTBHM HMITYyJIbCHBIX JJIE€KTPOMAarHUTHBIX moned. ChopMylHpoBaHbl HadyaibHBIE U
KpaeBble YCIOBHS Ha oIpeelstiomue (GyHKIHU. B kadecTBe mpumepa NpPHBENCHBI PE3yIbTaThl UHCICHHBIX
HCCIICIOBAaHUH HeCyIled CIOCOOHOCTH OMMETAUIMYECKOW IUIACTHHBI IIPH BO3JEHCTBHU 3JIEKTPOMAarHHTHOIO
HMITYJIbCA.

1. BBegenue. B kadecTBe 3JI€MEHTOB KOHCTPYKIMH COBPEMEHHBIX YCTPOMICTB
pPasIMYHOTO IIEJE€BOTO HA3HAYCHUS YacTO HCIONB3YIOT 3JIEKTPONPOBOAHBIE Tela
KaHOHMYHOH KoH(purypanuu. IIpm sKclulyatanmy S3THX YCTPOICTB Takue 3JIEMEHTHI
MOJIBEPTalOTCsl BO3ACHCTBUIO PA3IMYHBIX (PU3NKO-MEXaHMYECKHX IM0JIel, B YacTHOCTH,
UMITYJIbCHBIX 3JIEKTPOMarHUTHBIX.

B numTeparype paccMOTpeHBI MaTeMaTHYECKHE MOJEIH B3aMMOACHCTBUS JJIEKTPO-
MarHUTHBIX Toje (OMII) ¢ 3JeKTpONpPOBOAHBIMH M TOKOHECYHINMH DIIEMEHTAMHU
KOHCTPYKLHH. BonbII0# BKIIaJ B IOCTPOEHUE M PA3BUTHE TaKUX MOJEJIEH BHECIU YUEHbIE-
MEXaHMKU apMSHCKOW IIKOJBl. B wyacTHOCTH, BOMPOCHI MArHUTOYIIPYTOCTH 3JIEKTPOIPO-
BOJHBIX IUIACTHMH M OOOJIOYEK, a TaKKe HMX YCTOWYMBOCTH, paccMOTpeHbl B paborax
Awmbapuywmsina C.A., barnmacapsnaI'.E., bBenybeksna M.B. u wux ydenuxos [1,2].
ITocTpoeHs! MaTeMaTHUECKHE MOJENHM TEPMOMEXAHUKU OJHOPOAHBIX 3JIEKTPONPOBOAHBIX
TeJN MPU BO3AECHCTBUH KBa3HMyCTaHOBUBIIUXCS M UMIyabcHbIX OMII [3-10].

YunThIBas mHMpOKoe HcHonb3oBaHue Oumeraumueckux Ten (BMT) B kadectse
3JIEMEHTOB ~ KOHCTPYKLHMH, B YacCTHOCTH, OJEKTPOMArHUTHBIX TE€PEXOJHHKOB |
anekrponmsepo [11, 12], HeoOXoamMo manpHEWIIEe pa3BUTHE YIOMSHYTHIX BBIIIE
mozeneit st BMT. B monenu TepMOMEXaHUKH OJHOPOJIHBIX 3JIEKTPOIPOBOJHBIX TEJ MPHU
Bo3AercTBUH HMMITydbCHBIX OMIT (MOMII) yunrteBaercs aanabaTHYecKuil XapaxTep
IPOLIECCOB MX HarpeBa M A(GOPMHUPOBAHHSA, YTO OCHOBAHO HA HM3BECTHBIX JKCIIEPUMEH-
TanbHBIX pesyibratax [12-14]. Ilpu paccmorpernn BMT, moaBepraeMbix BO3ICHCTBHUIO
UOMII, B oTinuuMe OT OJHOPOJIHBIX TeJN, HEOOXOJMMO YYHTBHIBATh TakKXKe YCIIOBHS
3JIEKTPOMAarHUTHOTO, TEIUIOBOIO M MEXAHWYECKOT0 KOHTAKTOB Ha ITOBEPXHOCTU COEAH-
HEHUs] COCTaBHBIX CIIOEB. B Hacrosmieli paboTe BapHaHT TEOPHUH TEPMOMEXaHHUKU
3IEKTPONPOBOAHBIX TeN npu Bo3aencTeur UOMII passur Ha BMT.

2. Pacuérnass mopgenb. Pacu€THas MoJzenb oOmpeleieHus TEPMOHANPSKEHHOTO
cocrosiaus (THC) BMT npu Bo3neticteun UDMII cocTouT u3 Tpéx stamnos [3]. Ha mepBom
stane B KaxaoM n-oM (n=12) cocraBHoM cioe BMT u3 coorHomenuii Makcpesuia

ompenensercs HecTaunoHapHoe OMII, KoTopoe OmMCHIBAE€TCS BEKTOPOM HANpsKEHHOCTH
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MarHutHoro mnois H (”), 1 00yCJIOBJIICHHBIE MM JDKOYJIEBBI TEIUIOBBIICICHUS Q(") "

MOH/IEPOMOTOPHBIE CHIBI F ) ¢ y4€TOM 3aJaHHBIX T'PAaHWYHBIX YCIOBHH HA BHEIIHHX
MOBEPXHOCTSX CIOEB M YCIOBHH HJCATBbHOTO 3JICKTPOMATHUTHOTO KOHTAKTa Ha IMOBEPX-
HOCTH MX pas3zgena. Ha BTopoMm 3Tame M3 ypaBHEHHS TENJIONPOBOJHOCTH, B KOTOPOM

JOKOYJIEBBI TCIJIOBBIACIICHU S Q(n) SIBJISIFOTCS 00BEMHBIMU HCTOYHUKAMU TCIUIa, OIpeacia-

€TCsl HECTALIMOHAPHOE TeMIlepaTypHoe mnoiyie 71’ (n) g KaXJIOM 7 -OM cocTaBHOM cioe bBMT
IpPU YCIOBUSIX KOHBEKTHBHOTO TEIUIOOOMEHa C OKpYXarolel cpenoi Ha BHEIMIHUX
MOBEPXHOCTSIX M MJICAIBHOIO TEIUIOBOTO KOHTAKTa HA IOBEPXHOCTU COCAMHEHHUS
cocraBngonmx Tea. Ha TpeTbeM sTame M3 ypaBHEHHM TUHAMHUYECKOH TepMOYNPYTOCTH

IIpU HalIeHHBIX Temmeparype T ) MIOHJEPOMOTOPHOI cune F (n) OIpeJeIsieTCs] BEKTOP

(n)

nepeMerieHnii i (n) Y TEH30p AMHAMUYECKUX HAIpPSDKEHUH O B KaKIOM 7 -OM COCTaB-
HOM cJjioe BMT.

(n)

Jnsa omenkm Hecymed crmocodHoctn BMT HaxonmsdTcss HWHTEHCHBHOCTU C,;

CYMMAapHBIX HaMpsHKEHHUN 6(") = 6(")Q + 6(")F (0OycCIIOBIIEHHBIE KaK JKOYJEBBIM
TEIJIOM, TaK ¥ MOHAEPOMOTOPHBIMH cuiaMmu) [16] B KaKJOM 7 -OM COCTaBHOM CJIOE TIO
dbopmyne [17]

6" = \JBLE™) - 12(8") /2, (1

(n)

a KX 3HAYEHUsA CPaBHUBAIOTCA C IIPEJENOM yHpyroro aehopMupoBaHus G, = MaTepuana

n -ro cnost. 3xeck 1 (&(")) — J-bIil THBApUAHT T€H30pa HAIPSKECHUI.

BMT Tepsier Hecyllylo CIOCOOHOCTb B ILIEJIOM, €CIH €€ TepseT XOTsl Obl OJIUH U3
COCTaBJIAIOLINUX CIIOEB, TO €CTh B 1 -OM COCTaBHOM CIIO€

(n)

max ;" < O'd(") . )

DTO YCIIOBHE COOTBETCTBYeT ycioBuio I'yOepa-Mmseca [17, 18] Havama ruracTy-
HOCTH JIJIs1 H30TPOITHOTO TEJa, COTIIACHO KOTOPOH IIIacTUYeCKhe NeopMalii BOSHUKAIOT
TOTJ1a, KOrJja MHTEHCUBHOCTb HAIPSHKEHUN JOCTUTAET Mpeleia TEKy4ecTH MaTepuasna npu
€ro PaCTSKEHUHU.

B TexHHMYECKMX YyCTpPOHCTBax, 3JE€MEHTAMH KOHCTPYKIMHA KOTOPBIX MOTYT OBITH
BMT, BaXHBIM TarkKe SBISCTCS COXPAHEHHE CBOMCTB KOHTAKTHOIO COEOUHEHMS HX
COCTaBHBIX CJOEB. [Insg OLIEHKH Tpefena COXpaHEHUsI OSTUX CBOMCTB BEJIMUMUHBI

o o n)*
MHTEHCUBHOCTEN HaIpsHKEHUN Gi( ) B COCTaBHBIX CJIOSIX HA MOBEPXHOCTH UX COETUHE-
HHS CPAaBHMBAIOTCSA C IIPEJEIOM IPOYHOCTH G,, KOHTaKTHOro coequHeHus. Eciu

Gi(")* <o, 3
(n)

TO CBOICTBA KOHTAKTHOT'O COCAMHCHUSA COXPAHIIOTCS. 3aM€TI/IM, YTO BCIIMYMUHBI Gd n

GM JJI1 UCIIOJIB3YEMBIX B TEXHHUKEC MATEPpUaAIOB COCTABIAIOIIUX cioés BMT u3BecTHBI U3

sKcrepuMeHToB [12, 19].

3. Ucxonnsble cooTHOLIeHUs] Tepmomexannku BMT npu Bo3aeiicrBun UIMIL.
Cdhopmynupyem HCXOAHBIC (PU3MYCCKHE W MATEMAaTHUYCCKUE MPEANOCHUIKA W 3aIHIIeM
WCXOJIHbIE COOTHOIICHMS JI1 KOJWYECTBEHHOT'O OIMCAHUS MapaMeTpOB, XapaKTepU3YIO-
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LIMX 3JIEKTPOMAarHUTHBIE, TEIJIOBbIE U MexaHuyeckue nporeccsl B BMT npu BozaeiicTBumn
NOMII ¢ momynsmuert ammumatyasl. Takue DMIL 3amaroTcst 3HAa9EHUSIMH BEKTOpa HAIpS-

JKEHHOCTH MarHUTHOIO mojisg H (n) (?,t) Ha BHEIIHHUX MOBEPXHOCTSAX COCTABIIIOUINX CIIOEB
BMT B Bune

H(ﬁ("),t)=ljlo(z7s("),t)51:1 ( AR )sm(wt+(p) 4)

- - ok
3nece H O(rS(”),t):H*(t) HO( (v )) — MOAYJIMPOBaHHAs aMIUTUTYAA; Ho( (v )) — aMILIUTyAa
HECYLIETO CUTHaNa; I« (t) — (YHKIMS UMITyJIBCHOTO XapaKTepa M3MEHEHHUs BO BPEMEHH [ ,
OTIMCHIBAIONIAS CHUTHAJ, MOAYJIHPYIOIIMH aMIUITYAy OSJIEKTPOMAarHWTHBIX KoyieOaHWH
(aMIuIMTY/ly HECYyIIEero CHIHaJIa) U yIOBJIETBOPSIONIAs YCIOBHIO: H« (t)gl Ipu ¢ € [0, ti],
H, (0) =0, H. (t[): 0; ® — 9acToTa HECYMIETO CUTHANA; f; — BPEMS JUINTENHLHOCTH DJIEK-
TPOMAarHUTHOTO BO3/EiCTBYSA; (P, — HavanbHas (asa, 7 u ;7S(”) — paanyC-BEKTOPBI TOYEK
00péMa V' u BHEIIHMX MoBepXHOcTell S, cocTaBHBIX c10éB BMT.
= %[

[Ipunumaem, yTo mapameTpel M, t, H 0 (rs(" )), H. (t) SIBJIAIOTCSI TaKUMH, YTO
Bo3zaelcTByromee MOMII oTHOcHTCS K Kaccy MMITYJIbCHBIX «Hepaspymarommx» OMII,
JIeCTBHE KOTOPHIX enié He NMPUBOJAWT K BO3HMKHOBEHHUIO YIApHBIX BOJH (C MUMITYJIHCOM
JUIMHON MeHee noinel cexyHs! (#; < 0,01 ¢) u ¢ HanboabIIMM 3HaYeHUEM HAIPSHKEHHOCTH
MarHMTHOTO MOJIs Ha MMOBEPXHOCTAX Tena ., < 10 A/wm).

Martepuans! cocTaBistomux ci1oéB BMT cunrarorcss 0AHOPOIHBIMHU, H30TPOIIHBIMH,
HEIMAJIEKTPUIECKUMH, HE(EePPOMAarHUTHBIMHU, IJISI KOTOPBHIX JJIEKTPOMEXaHWYECKHEe W

TEpMOdJIEKTpHUecKHe 3P PEKTHl HECYIIECTBEHHBI, BEKTOPHI MHAYKIMH D"y B napaii-
JIETIbHBI BEKTOpaM HAIPsHKEHHOCTEH COOTBETCTBEHHO 3JIEKTPUIECKOr0 E (") y MarmmTHOTO

~(n . - -
H () MoJIeH, a TOKH MPOBOAUMOCTH j(”) napajuienbHel  E (), [TpraNMaeM, 9yTO MaTepH-

aJIbHBIC YPABHCHHMS DJICKTPOJUHAMUKH B KOKIIOM 71 -OM CJIO€ UMCIOT BUJL:

DM —e g0 gy g G0 5 gl

D"V =¢EV, B =pH", jW =0ckFE", 5)
rae €, = &€y€x,; U, = Hglls,; €«,, Hy, — OTHOCUTCIBHBIC JJIEKTPUIECKAst U MarHUTHAA
IPOHULIAEMOCTH, O, — KO3((QHUIMEHT 37eKTPONPOBOAHOCTH MaTepHaa 7 -Oro COCTABHOIO

CJ104, 80 5 MO_ COOTBETCTBEHHO DJICKTPHUUICCKAsA U MarHUTHAsI IOCTOSTHHBIE.

[pu Takux mpeanonoxeHusx Biuusane NOMII Ha mpomeccsl TeTIONMPOBOIHOCTH H
InehOpMHUPOBaHUS B JIEKTPOIPOBOAAIIEM Telle, KaK U B M3BECTHBIX MOJAENAX HJIS KBa3H-
ycranoBuBmmxcst OMII [4], yuntsiBaeM mocpecTBOM 00YCIIOBIECHHBIX 3THM MojieM (hu3u-
YecKUX (PaKTOPOB — JKOYJIEBBIX TEIUIOBBIAECICHUI U TIOHJEPOMOTOPHBIX CHJL, T.€.:

Q(") — GnE(")E(") ’ £ — GnunE(") x H" (6)
Ot (aKkTopbl NPHBOIAT K BOSHHKHOBEHHIO HECTAIMOHAPHBIX TEMIIEPATYPHBIX H
MEXaHHYeCKHX monel. IIOHAepOMOTOpHBIE MOMEHTHI M ) = pp Z(")+M ;}") (rme

M 2(") =P EW aneKTqueCKI/Ie MOMeHTEI, M ;}") =M"xB"  — sarauraee
MOMCHTHI, p" = pv SE( ) / Wy, — H" - COOTBETCTBEHHO, BEKTOPBI

MoJIIpu3aiuu 1 HaMaFHH‘II/IBaHI/IH) BCJICACTBUE TTapaUICJIBHOCTU BEKTOPOB I/IH,Z[yKLII/Iﬁ n
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HaNpsDKEHHOCTEH AJIEKTPUYECKOr0 M MAarHUTHOTO TMOJIEH paBHBI Hym0. B Takom
MIPUOIIKEHNN M TIPU TOCTOSTHHBIX XapaKTepHUCTHKaxX MaTepualioB cIo€B (B YaCTHOCTH,
PaBHBIX CPEIHMM 3HAYEHHWSM B PAacCMaTPHBAEMOM HHTEPBAJE HM3MEHEHHUS TEeMIIepaTyp)
UCXOJIHbIE COOTHOUIEHUS JuIst KOJIMYECTBEHHOTO OIIHCAHUS apamMeTpoB,
XapaKTEePU3YIOLIUX JJICKTPOMAarHUTHBIE, TEIUIOBbIE M MEXAaHUUYECKHE IPOLECCHl B Telax
IPU HUMITYJIbCHOM D3JIEKTPOMAarHUTHOM BO3ICWCTBUH, COIJIACHO BBIOpAaHHON pacuéTHOM
Mozeny, GopMyJIUpyeM B TpU dTaIa.

Ha mepBom stame ompexpensiem mapamerpsl OMII B 7 -oMm cocraBHOM cioe BMT.
IIpm »TOM, B KadecTBE KIIOYCBOW (YHKIUH BEIOMpaeM BEKTOP HANPSKEHHOCTH

MarHuTHoro mnons H (")(F,t). [TpeHeOperass TOKamMu CMeEIIEHHS MUl JUIMTEIBHOCTEH
(DPOHTOB HMITYJIHCHOTO MEKTPOMATHUTHOTO BO3ICHCTBHS, peBbiatomux 107° ¢ i yactor

JJIEKTPOMATHUTHBIX KOJEOAaHWH MEHBIINX, YeM 108 I'm, Ha OCHOBE COOTHOIICHHIA
Maxcgena v 3akoHa OMa IIpH IPUHATHIX JOMyIIeHusx [16]:

rr(n Z(n ~(n H =(n n
rotH():](), rotE()z—unaa—t, ]():G,zE() 7
[10JIy4aeM ypaBHEHUS I ONPEAEIICHUS H (")(?,t) B 71 -OM COCTaBHOM CJIO€:
_ () _
INZAR TS 6];_ =0, divA" =0 )
t

HpI/I KpaeBI)IX yCJ'IOBI/ISIX
AW 0)= 7.90) 1) ©)
HA BHCHIHUX HOBerHOCTHX ;”:;‘S(n) n-ro Ciodad u YCJ'IOBI/IHX nacajabHOTO 3J'IeKTp0MaF-

HUTHOTO KOHTaKTa Ha MMOBEPXHOCTH 7* = Fx COEIUHEHHS COCTaBHBIX clI0EB BMT:

AV =@ rotH" = kcrotljl(z) (10)
1 HYJIEBBIX HAaYaJIbHBIX YCIOBHUAX
A")(7,0)=0. (11)

3necs A— oneparop Jlamnaca, k, =G, /0, .
Vaenbpie miotHocTH mkoynesa teria Q)(F,) M MOHZEPOMOTOPHBIX  CHIT
F"(7,1) onpenensorcs hopmymamr:

0" (7,¢) =~ (rotH " (7,1))
(@)

n

2
B

(12)

F™ (F,t)=n, -rot H" (F,t)x H" (7,1). (13)
Ha BTOpOoM 3Tane npu yxe U3BECTHOM pPACIpPENETIECHUH JKOYJIEBa TEIlIa Q(”)(?,t)

omnpenensaercs temneparypa 1’ (”)(?,t) B n-oM cioe bBMT u3 ypaBHEHHi TEIIONPOBOA-
HOCTH

() ()
w_1orY _o" (14)
ot A

n

AT
K"I

¢ YIETOM yCIIOBHI KOHBEKTHBHOTO TETNIOOOMEHA C OKPYIKaIOIIeH cpemoit
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or) | frt) g

+H\TV =T, =0 15
Ha BHEIIHUX HOBEPXHOCTSIX F = FS(”) 1 -TO CJIOsI, YCIIOBHUIA
7W=10) grad TV =k, grad T (16)

HNACAJIBHOI'O TCIUIOBOI'O KOHTAKTa Ha MHOBCPXHOCTH 7 =" COEIMHEHUSI COCTaBHBIX CJIOEB

BMT u HauanbHBIX YCIOBHM
7)(7,0)=0. (17)

3necs T") — oTKIOHEHHME TEMIEPaTYpHI OT HAYATBHOI TO("), K; oT" / on=ngrad T )

7i — BEKTOp HOpMAaiM K BHEIIHEH MOBEPXHOCTH F = ;75("); T 3a7aHHas TIOCTOSHHAsT

TeMIIepaTypa OKpY:Kalolieil Cpe/ibl Ha BHElIHeil moBepxHocTH n -ro ciost, H, = H, / A,

— OTHOCHTENBHBIH KO3()(PHUIMEHT TEIUIOOTHAYM; H., - KOX(QPHUIHUEHT TEIUIOOTAaYH C

BHCIIHUX HOBGpXHOCTefI n-10 CJ04; k?» = 7\,2 /7\,1 ;) Ko, 7\,n— KOB(b(I)I/IHI/IeHTLI TEMIIC-

n
paTypo- U TCIVIONMPOBOAHOCTU MATEPUAJIOB 71 -T'O CJIOA.

Ha Tperbem osTame INpH H3BECTHBIX BBIPAKEHHUSIX TeMIeparypsl 1 (”)(F,t) U

MIOHAEPOMOTOPHBIX CcuUl F (")(F,t) 13 YpaBHEHMI HECBSA3aHHOM AMHAMHUYECKOM 3ajadu
TEpMOYIPYTrocTH [3], 3anucaHHbIX Al 1 -T0 cios, onpeaesitores napamerpsl THC BMT:

) (1)
div e 4 B0 b, ou ’
ot
1+ A
60 —2G 1o 4 Y| o0 _g 1¥Va g | jL (18)
1-2v, | 7 1-2v,

") = Def ") = l(w(") +i"V).
2

3nech é(")z{e,-(;’)} — rtemop aedopmammii; Def — medopmarop; V. — omeparop

} — eqMHAUHBI Ter30p; O — cumBon Kpowekepa; Vii ("), iV

Tamunsrona; [ 2{ 0 p

i

JIMaHOE TMPOU3BENECHUE BEKTOPOB V U ﬁ(”); o v, — K03pUIHEHTH TUHEHHOTO

n?’ n

TeruI0Boro pacumpenns u Ilyaccona; G, =E, / 2(1+v,,) — MoAynb casura; E, — Moxynb
IOura; p, — mnoTHOCTH MaTepuana n-ro cios. Bee Tennodusuueckue u (pusuxo-

MEXaHHYECKUE  XapaKTePUCTUKH MAaTepHalOB  COCTABIIIOIIMX  CIOEB  CUHTAKOTCS
TIOCTOSIHHBIMH.

VYpaBuenust (18) pemaroTcs TpH  COOTBETCTBYIOIIMX KPaeBBIX (TEIUIOBBIX H
MEXaHMYECKNX) M HaydalbHBIX YCIOBHUAX. B KadecTBe HadalbHBIX YCIOBHH IIpEUMYy-

IIECTBEHHO 3a[Iaf0T 3HAYCHHS BEKTOpa MepeMeICHHH ﬁ(”), CKOpOCTH Ou (")/8t U Temrie-

patypel T () Bo Beeit obnactn KaXJIOTO 7 -T'0 COCTABHOTO CJOSA B HAdaJbHBIA MOMEHT
BpeMenu ¢ =0 . Ecnu 911 GyHKIMN paBHBI HYJIIO, TO HAYAJIBHBIE YCIOBUS UMEIOT BHI:
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()(> —
6“,’ at(i’,o) -0 , T(n)(’j’o): 0 , i= 1,3 . (19)

B 3aBucmMocTH OT BHAAa KpaeBBIX YCIOBWH, cucreMa ypaBHeHHil (18)
¢dopMmynupyeTcs B TEpeMEIlSHMSX WIM B HaNpsDKeHHAX. Ecnu  onpenensromummu

u"(7.0)=0,

(YHKUMSIMA - 33/1a4d  TEPMOYNPYTOCTH  SIBISIIOTCS  Temmeparypa 1 (")(F,t) U TEH30p

A (1)

HanpsDKeHul O (17 N ) , TO MIOJTy4aeM CUCTEMY ypaBHEHUI

_ 21+ A
Def (div & + F(")) =p, s—z EV" & + (anT(") —2—”0@}[ , (20)
t n n

a B ci1yuae onpeaensomux pyuxiuii 7" (F ,t) uu (”)(F ,t) — CUCTEMY ypaBHEHUH

2(1+v 25"
(A4~——L——gaddw}ﬁ“)_ ( n)pna’4 =

1-2v, E, or’
(21)
E 2(1+v ) -
= %t grad T — —( - ) FO.
1-2v, E

n

3nece © ﬁ") =/, (6(n) ) . YpaBHeHus cucreMs! (20) pemiaeM Npy KpaeBbIX yCIOBHAX

Al(n)—

s"i=0, (22)
KOTOpBIE COOTBETCTBYIOT OTCYTCTBHMIO Ha BHEIIHHUX MOBEPXHOCTAX F =}7S(") COCTaBHBIX
CHOéB CHHOBOﬁ HarpySKI/I, nu yCHOBI/IﬂX NACATTBHOIO MEXaHUYCCKOTO KOHTAKTa

6" =6%, dive! + FU =k (dive! + F) (23)
Ha TIOBEPXHOCTH 7 = 7x COCAWHEHHs cOoCTaBHBIX ciI0€B BMT u mpu HadaJdbHBIX YCIOBHSX
(mpu t=0):
s" (7,0)=0,

1 26"(7.0) o or" (7,0) v, 86.") (7,0) ico o0
2G, o or E o

3neck k, =p,/p, -

VYpasaenus (21) B mepeMemeHusIX penraeM Ipu KPaeBbIX YCIOBHSIX

—(n v . —=(n 0‘71 1+ vn n 7l =

Defu()+—" leu()—MT() Iyn=0, (25)
1-2v, 1-2v,

KOTOpbIC COOTBETCTBYIOT YCI0BUAM (22), 3allMCaHHbIM OTHOCHUTCJIIBHO BCKTOpa

HCpeMCHICHI/Iﬁ ﬁ(n) Ha CBO6OHHBIX OT CHIIOBOH HAarpy3kv BHCIIHHUX MOBEPXHOCTAX
= EY(") , U YCIIOBHSIX MICAITFHOTO MEXaHUYECKOTO KOHTaKTa
i) =) (26)

N
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Def i + — | giv #® _MT(I) i=
1-2v, 1-2v,
=k, {Def i® + —2 | div i® - wﬂ” i
1-2v, 1-2v,

Ha MOBEPXHOCTH F =7« COCNMHEHHS COCTaBHBIX cioéB BMT, a Takke HadaIbHBIX
yenoBusix (mipu ¢t =0):
0ii")(7,0)
ot
3necs k, = E, (1 +vl)/E1 (I+v,).

IIpu HaiineHHOM BeKTOpe i nepeMeIleHN onpenesieM KOMIIOHEHThI TeH30pa

(n)

i")(7,0)=0, 0. @7)

B 7 -OM CJIO€ U3 COOTHOIIICHUH

o, (l+v -
& =2G, {Def i + —2—| div i"” ACAAPEINY (28)
1-2v 1-2v,

n

HanpsDKeHUul O

JUnst ontenky Biotana wkoysesa teria QU (7,¢) u nouaepomotoprsix cun F ™ (7,1)

B THC BMT TeH30p HanpsiKkeHuit 6('1) M BEKTOP MEPEMEIICHUH U () [IPECTABISAEM B BULE

CYMMBI JIBYX COCTaBJIAIOIIHNX:

A A AF . . .

6" =520 L &M ) _ o) GF () (29)
O6YCJ'IOBJ'IGHHI)IX COOTBETCTBECHHO [)KOYJICBBIM TCIJIOM H HOHZ[CpOMOTOpHOﬁ CHJIOMN.

0 (n)

Cocrapisirone G n 72 onpenensieM u3 ypasHenmii (20)-(21) mpu F™ =0, a

~AF - v
cocTaBisiomue G ™) g 570 _ b3 o e ypaBHenuii ipu T ) —9.

ITpu U3BECTHBIX CYMMApHBIX BEKTOpax MePeMENICHUH (n) TEH30pax HamnpsHKeHUi

a(n)

G ', ¢ yu€étom Qopmynsl (28) ans HaANIEHHBIX TEpeMENIeHUH ﬁ(”), omnpenessaeM Io
thopmyne (1) MHTEHCHBHOCTH HAPsDKEHUH B 71 -oM cocTaBHOM ciioe BMT u Ha ocHOBaHUH
ycnowii (2) u (3) uccaemyeM HeCyIIyo ClIOCOOHOCTh M COXPAHEHUE CBOWMCTB KOHTAKTHOTO
COE/IMHEHUSI.

4. Yncnennsiii anamm3. C HUCIOIb30BaHHEM PACCMOTPEHHOW BBIIE MaTeMaTH-
yeckoil mMonenu tepMoMexaHukun BMT mpoBeneHBI YMCIOBBIE MCCIIEAOBAHUS MHTCHCHUB-
HOCTH HAIpsDKCHUH, Hecymed CIIOCOOHOCTH W CBOMCTB KOHTAKTHOTO COEIMHEHHMS
OMMETAIDTMYECKOTO CIIOsI, M3roToBIeHHOro M3 cramu X18HI9T u menu mpu Bo3ieiicTBUU
AIEKTPOMArHUTHOTO UMIyibca (OMU), KOTOphI MaTeMaTHIeCKH OMHICHIBaeTCS (hyHKIHEH
H, (t) B BUJIE

H,(t)=kH, (e —e™). (30)

3nech k, — HOPMUPOBOUHBI MHOKHTENb, [3; M [3, — mapamerpsl, XapakTepusyolye

COOTBETCTBEHHO, BpeMeHa ()POHTOB HapacTaHHA u yOwBaHusA f,,;, OMU

iner

MPOAOJIZKUTCIIBHOCTH ti’ HO — MAKCHMAaJIbHOC 3HA4YCHHC HaHpSDKéHHOCTI/I MAarsmMuTHOI'O
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MOJIA B UMITYJIbCEC. TOJ'IIIII/IHI)I COCTaBHBIX CJIOEB OJIMHAKOBBI U PaBHbI 1 mm.

)

o n
HUsmeHeHne BO BPEMEHN MHTCHCUBHOCTH CYMMApPHBIX HAIIPSKCHUN Gz( Ha criac

OMMeTaIIMYecKoro CIosl MOKa3aHo Ha puc. l,a, a UX pacnpenesieHHe 10 TOJIIUHE CIIOS B
MOMEHTHI BpeMeHH ¢ = 10mxc ; 25mxc ; S0mxc (muanu 1-3) — Ha puc. 1,6.

10

L e S * IS R O N s R I o' B Y

(n)

o n
Puc. 1. M3mMeHenne BO BpeMEHM MHTEHCHBHOCTH HANPsDKeHUA O, ' Ha criae () U 110 TONIIMHE

OuMeTauIn4ecKoro cios (0) B pa3Hble MOMEHTHI BpEMEHHI

I[J'ISI paccMaTpuBacMoro CJ10s1 3aBUCUMOCTH MaKCHMAaJIbHBIX 3HAYCHHUI

o o n
WHTEHCUBHOCTEN HANPSIKCHUU GE n)lax Ha cma€ OT MJIIMNTCIBbHOCTH t[ OMMU noxkaszaHbl Ha

puc. 2.

(n)

i max

Puc. 2. 3aBUCHMOCTh HHTEHCUBHOCTH HANPSDKEHUH O Ha cIlae OT IPOJIOJKUTENBHOCTH f;

nericteust OMU
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ITomydeHo, 4TO ¢ BO3pacTaHUEM [UIUTENBHOCTH ¢; AeicTBus DOMU MHTEHCHBHOCTH

(n)

HANPSDKEHUA G, JIMHEHHO yOBIBAIOT.

Ha pwuc. 3 npuBemeHBI 3aBHCHMOCTH MaKCHMAJBHBIX 3HAYCHUIH HHTEHCHBHOCTEH

o n o _
HalnpspKeHUH GS nzax Ha Crae OT BEeIM4YMHBI M 11 JnuTenbHOcTed ¢; =10 e 1070
4-107c.

() | M,
o Mila

L e B B B ARCLEEEih,
200

100

2
O_(J

#4 ] t=10%

0 - __é T T t
0,0 0,2 0,4 0.6 0.8 HOJO"", A

Puc. 3. 3aBUCHMMOCTb MaKCHUMAaJIbHBIX 3HAYCHUH HMHTCHCUBHOCTEH

= )
HaIlpsKCHUU Gi max Ha CIta€ OT BEJIMYUHBI HO

IIPU pa3HbIX JJIUTEIbHOCTIX OMU

[Tomyueno, yto npu nefictBun OMU mpenen NpoYHOCTH KOHTAKTHOTO COETUHEHUS
G, AOCTHraercsa mpu t; <5- 107¢, a HecyIas CIocoOOHOCTh TepaeTcs mpu ¢; < 7- 107%¢.

BeiBoabl. Pa3zBuTta Matematnueckas Mojens onpenenenus mapamerpo THC BMT
npu Bo3aeicTeur UOMII ¢ yuéroM ycnoBuil uaeambHBIX JIEKTPOMArHUTHOTO, TEIJIOBOTO
U MEXaHHMUYECKOTO KOHTAKTOB Ha IIOBEPXHOCTH COEIMHEHHS COCTaBISIIOIIMX CIOEB U
c(OpMYIHPOBaHBI UCXOIHBIE COOTHOLICHUS TEPMOMEXAaHUKH TAKUX TeJl MPH MOCTaHOBKE
3aJa4yM B IlepeMelIeHIsIX 1 B HanpspkeHnsix. C ucnoip3oBanneM kpurepus [ 'yoepa-Mmzeca
NpeaoKeHa METO/AMKa OIEHKHM Hecylled CIIOCOOHOCTH W CBOMCTB KOHTaKTHOT'O
coequHeHuss BMT npu MMIyIbCHBIX 3JIEKTPOMArHUTHBIX BO3AECHCTBHUSX. Y CTAHOBIEHBI
KPUTHUYECKHE 3HAYEHHS MapaMeTPOB MMITYJIbCHBIX 3IEKTPOMArHUTHBIX BO3IECHCTBHH, NPH
KOTOPBIX paccMaTpUBaeMbIil OMMETAIUTMYECKUH CIOW TepsieT HEeCYIIyI0 CIIOCOOHOCTh U
CBOMCTBA KOHTAKTHOTO COCJMHEHHSI.
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HANPSAKEHHOE COCTOSIHUE KYCO‘IHO-OI[HOPOI[HOﬁ PABHOMEPHO
CJIOUCTOM INIOCKOCTH C JABOSIKOINEPUOANYECKNMHA
BHYTPEHHMMMHU BKJIIOUEHUSIMHU
Axonsin B.H., AMupaxansn A.A.

Keywords: doubly-periodic problem, piecewise uniform plane, inner inclusions.
KnioueBble cjioBa: 3amada JBOSKONMEPHOMUUYECKAs, KyCOYHO-OJHOPOAHAS IUIOCKOCTD,
JnehopMHpyeMoe BKITFOUCHHE.

Hakobyan V.N., Amirjanyan A.A.
The stress state of an piecewise uniform homogeneous layered plane with doubly periodic inner inclusions

Abstract. The plane stress state of piecewise homogeneous plane, formed by alternately junction of two
heterogeneous stripes with same heights, made from different materials, with doubly periodic system of elastic
inclusions on middle lines is considered. The system of governing singular integral equations of first kind with
respect to shear contact stresses, acting on sides of inclusions is obtained. The ways for solutions of system are
indicated. In special case, when only one of the repeating heterogeneous stripes is strengthened by doubly periodic
system of elastic inclusions, the solution of problem is built by the method of mechanical quadratures.

AnHoTanusi: B pabore paccMOTpeHO IIOCKO-Ae()OPMHPOBAHHOE COCTOSIHUE KyCOYHO-OJHOPOAHOH ILIOCKOCTH,
MOTy4YeHHOH IyTéM MOOYEpEIHOro COSTUHEHHsS IBYX Pa3sHOPOIHBIX IIOJOC PABHBIX BBHICOT, H3TOTOBIEHHBIX U3
Pa3IMYHBIX MAaTEpHaJioB, HA CPEJMHHBIX JUHUSIX KOTOPHIX MMEIOTCS BOSKONEPHOANYECKUE CHCTEMBI YHPYTUX
BKmoueHHd. [lodydeHa cHcTeMa ONpeAE/SIOIINX CHHTYJSIPHBIX HMHTErpo-IudQepeHHaIbHbIX ypaBHEHUI
OTHOCHUTEIBHO KacaTeNbHBIX KOHTAKTHBIX HANPSDKEHHH, NefiCTBYIOIIX HA CTOPOHAX BKIIOUCHUH H yKa3aHBI IIyTH
eé¢ pemreHns. B uwacTHOM ciywae, KOTrJa TOJBKO OJHA W3 IIOBTOPSIOIIMXCS PAa3HOPOJHBIX IIOJNOC YCHIIEHA
JBOSIKOTIEPHOMIECKON CHCTEMOH YNPYTHX BKIIOUEHHH, MOCTPOSHO pPEIIeHHe 3aJaud METOJOM MEXaHHYECKUX
KBaJIpaTyp.

Beenenune. lccnenoBaHuio HanpshKEHHO-IE(QOPMHPOBAHHOTO COCTOSIHUSL OJHOPOJIHBIX
MacCHUBHBIX TeJl, YCHWIEHHBIX YIPYTMMH HaKJIaJKaMH WM BKIIOYEHHSMH ITOCBSIIEHO
OTpoMHOE KoJIm4ecTBO pabor. U3 HuX otMeTnM MoHOTpadwuto [1], Te npuBeaeHB MHOTHE
pe3yIbTaThl, TONyYeHHBIE B 3TOM HampasieHHH. B moHorpadusax [2,3] MOIBITOKEHBI
pe3ynbTaThl MCCIECIOBAaHUH HaNpsLKEHHO-Ie()OPMUPOBAHHOTO COCTOSHHS OJHOPOHBIX
MAaCCHBHBIX TeJ ¢ IEPUOANYECKUMH U [BOSKONEpHOANYeCKHMH Aedexramu. B paborax
[4-6] paccMOTpeHbl TIEpUOAUYECKUE W ABOSIKOTIEPUOIUYECKUE 3aJaud ISl paBHOMEPHO
KyCOYHO-OJHOPOJHBIX, CIOHUCTBIX Tel C MexX(pa3sHbBIMH JedeKTaMH, THIIA TPEIIUH H
a0COJIOTHO KECTKMX BKIIIOUEHHMH, KOTOpBIE, M0 HAlIeMy MHEHUIO, aKTyaJbHbl C TOYKU
3pEHHUsI CIIOMCTBHIX KOMIO3UTOB. UTO e KacaeTcs HCCIIeJ0BaHUs HarpsnKEHHO-Ie(hOpMu-
POBAHHOI'O COCTOSIHUS PAaBHOMEPHO KyCOUYHO-OJHOPOIHBIX, CIIOMCTBIX T€J C BHYTPEHHEH
CHCTEMOH JBOSKOIEPUOJMYECKAX YIPYIMX KOHEYHBIX BKJIIOYEHHH, Kak HaM H3BECTHO,
3]IeCh pacCMaTpPUBAETCS BIIEPBBIE.

1. TlocTtaHoBKa 3aJa4M M BBIBOJ ONpPEAEISIONINX YPaBHEHMIA

IlycTh KyCOUHO-OHOPOAHAsSI YIIpYras INIOCKOCTh, OTHECEHHAS K IE€KapTOBOW CHCTEME
KOOpAUHAT Oxy , W3TOTOBJIEHHAsl NP IOMOIIM IOOYEPETHOTO COEAMHEHMs MOJI0C

TOJIIIMHBI 2h us Pa3sHOPOIHBIX MaTepUANIOB ¢ KO3(HUIHMEeHTaMH yIIPYTOCTH E . E2 "

koo durmentamn Ilyaccona V| u V, Ha CPEAMHHBIX JIMHUAX PasHOPOJHBIX IOJOC
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y= (4n + 1) uy= (4n - 1) h (n S Z) COOTBETCTBEHHO o JIHUHUSAM
L, =(-b, +2ml;-a; + 2ml) U (& +2ml,b; +2ml) (i=L2meZz),
CUMMETPHYHO PACIONIOKEHHBIX OTHOCHTENBHO JHHUH X = 2nl (n € Z) , ycuieHa

EPUOJUYECKON CUCTEMOM, ¢ IEPUOJOM 2 , YIPYTUMH TOHKMMH BKIIFOYEHHUSAMH TOJIIIMHEI
h : i EY (i=12). B

j " HpI/IBCZ[eHHI)IMI/I MO,HyJIS[MI/I HC(l)OpMaIII/II/I S J =1, . yHCM cyuTarb, 4TO
IUIOCKOCTh  eOPMUPYETCST 1O/ BO3ACHCTBUEM OJMHAKOBBIX U MPOTHUBOIOJIOXKHO

HalpaBJICHHBIX COCPEAOTOYCHHBIX Harpy30K PO(J) , IPUJIOKCHHBIX B KOHCYHBIX TOYKaAX

BKIIOUCHHH X = 1§, +2nl . Ouepunno, uto B 3TOM ciydae nouauM X = nl u

y= (2n + 1) h (n € Z) SBJIAIOTCSA JIMHUSAMH CHMMETpHH. BcrenctBue 3TOro,

IIOCTaBJICHHYIO 33/1a4y MOXKHO C(OpPMYJIHpOBAaTh KaK 3aady IJIs KyCOYHO-OJHOPOJHOTO
npsMOyrojibHUKa  (0a30BOM  siueiiku), 3aHMMaromied Ha  IUIOCKOCTH  00JacTh

Q{O <X< |,‘ y‘ <h }, na rpamnnax 1 Y = +N koroporo sre Brmouenns sanans

ycioBusA CHUMMETPpUH, a Ha HWHTEpBaIax (aj ,b]) (J = 1,2)* YCJIOBHSA KOHTaKTa

BKJIFOUCHHH C OCHOBaHHMEM. [Ipu 3TOM, HakllaJKu, Kak OObIYHO, OyJeM TpakTOBaTh Kak
OJHOMEPHBbIE KOHTHHYYMBI, KOTOpbleé IOJ BO3JCHCTBHEM INPHIOKEHHBIX K HUM
COCPEIOTOUEHHBIX HArpy30K M TAaHTE€HIMAJIbHBIX KOHTAKTHBIX HANPSDKEHUM HAXOIATCS B
OTHOOCHOM HampsDKEHHOM cocTossHuU. OmHAKOo, Kak U B [7], u3ruOHBIM 3¢ (deKkToM HakIa-
JIOK 371eCh He Oyznem ImpeHeOperaTh U OyAeM CUHTaTh, YTO BCJICACTBHE MAJIOCTH TOJIIHHBI
HaKJIaJIOK 1 CHMMETPUH 3aJadll OTHOCUTEIBHO OCeH HaKJIaIOK, BEPTHKAIbHBIE CMEICHUS
TOYEK HAKJIQJIOK PaBHBI HYJIO.

TpeOyercst mOCTpOWTH  pEIIEHWA  IOCTABIEHHOM 3aadd M ONPEICIHUTh
3aKOHOMEPHOCTH HW3MEHEHMs KOHTAKTHBIX HANpSDKEHHH, JCHCTBYIOIIMX HA CTOPOHAX
BKJIIOYEHUN B 3aBUCUMOCTH OT YIPYIHX XapaKTEPUCTUK BKIIIOYEHUS U Pa3HOPOIHBIX
TOJIOC.

BcenenctBue crenaHHbIX IPEANOIOKEeHUM, B 30HaX KOHTAKTa BKIIOYEHUHN ¢ MaTpULEH
UMEIOT MECTO CIEAYIOIINE YCIOBUS KOHTAKTA:

av, (x(-1)""h) du;(xx(-1)"h)

=0 =¢ (X) (xelL;j=12 (1.1)
dx ’ dx () (xelys 2)

rae VJ- (X, y) u Uj (X, y) — COOTBETCTBEHHO BEPTUKAIBHBIE M TI'OPU30HTAJIBHBIE
cMemieHus Touek G6asoBoil sueliku, a € (X,t) (k = 1,2) — oceBble jedopMalrn
BKIIIOYECHU.

[Ipexxae 4YeM mepedTH K PEIICHUIO IOCTaBJICHHOW 3amadd, 0003HAuMM dYepes
T (X) (j = 1,2)KacaTeJIbele KOHTAaKTHBIC HAIPSDKEHHS, NEHCTBYIOMME HAa TMHHBIE

CTOPOHBI BKIIIOYCHUH U ONpEACINM TOPU3OHTAJIBHBIE CMEOICHHUA TOYEK CTOPOH
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(y: +h; 0 < x< |) 0a30BOil suekky 1pu momoind 3Tux (QyHKiuA. C 3TOH LEIbIO

PacCMOTPHUM CIIEAYIONIYIO0 BCIIOMOTATEIbHYIO TPAHUYHYIO 3a/1a9y:
o)) (%,0) = o’ (x,0); 1y (x0) =1 (x0); (0<x<I)

U, (x,0)=U,(x,0); V,(x,0)=V,(x,0); (0<x<I)

Ty (H,y) =U, (2, y) = 0; (0<y<h)
(1.2)
T (H,y)=U,(l,y) = 0; (-h<y<0)
W06 (-) =0; (0<x<l)
dx ’
W (x(-1)"h)=0; (X%(aj,bj ))
T%(X,(—I)HI h)=—rj(x); (Xe(aj,bJ ))
3nech G(yj)(X, y) wu ‘C(xi)(X, y)(] =1,2) — KOMIIOHEHTBl HOPMAIbHBIX U

KacaTeJIbHbIX HalPsHKEHUH, ISHCTBYIOMINX B COOTBETCTBYIOIIHMX MPSIMOYTOJIbHUKAX.

Pemenne BcriomorarensHON rpaHn4Hol 3amaun (1.2) OyaeM CTpPOWTH NMPH ITOMOIIA
OurapmoHnueckod (yHKIMM HanpspkeHHH (QyHKums Opu), KOTOpbe IS KaXXIOro W3
Pa3HOPOHBIX MPSIMOYTOJILHUKOB IPEJCTaBUM B BUJE PSJIOB!

F, (. y):i[ﬁé”chaky+ B! sha, y + _
= (i=12) (1.3)

+ o y(Céi)chOLk y+ Dé")sh(xk y)} cosa, X

rae (OLKZTEk“; 0<x<lI; OSySh) mpu =1 u (—hSySO) pu

j =2, a mocrosHHbIE AEJ); Blgj) ; Dlgj) ; Clgj) — HEU3BECTHBIE KO PUITHEHTHI, OIe-

XallmMe ompeneneHUIo. Y4YWThIBas COOTHOLIEGHHUS, CBS3BIBAIOLIME OWIapMOHUYECKUE
(YHKIMM C HaNpsDKEHHUSMH U CMCHIGHI/IHMI/I [1] yI[OBJ'IeTBOpI/IM ycnoBusim (1.2) m

OIpesieIMM HEeU3BECTHBIE Koaq)(buunembl A< Bk D i) Céj)qep% K03 PULNEHTBI

®Dypbe KOHTAKTHBIX HAMPSHKEHNH ‘L' ( | =1 2) . Tonyaunm:

49



m_r0_ | B Tlm, n@)
A=A = (sh(ZBk)JFZJ(Dk + D, )

_; _ Bktth (1)_ _ Bktth (2).
aish2BkH1 2(1—v1)JTk (1 2(1—v2)j}k’

DY ) (1-2v, B, thB,)

9

B =— A'thp,

ch’B,  ojchB,
2

B = A”thB, + B.D 7 (1-2v, —BthB, ).

ch’B, achB,

C) = -thp, D" - 4 ; CF) =tgn, D - ik :
“ T 2(1-v,)agehp, T " T 2(1-v, )ogchB,
01 g, — 5 B.chp, |+9,7"

OCiAS)Sth{ k { 2 2(1—\/1) k k 2 Yk ’
(__ 1 gl — 0] g 4+ 2279 g g
aiA<k2>sth{ P (=) TR
rac
2(9,-9 2(9,-9
(1)= ( 2 I)Bk‘i‘Al;Af): ( 2 1)Bk_A2; A1=92+91&1;
sh(2By) sh(2By)
nk _ 1+Vi

A, =(9,+9,2,); B =—h 9, = =3-4v,;

]
o0 :EJTJ, (x)sin (o X)dx (j =1,2; k=1,2,...): (1.4)

[oncrasnsist monyueHHble BbpakeHus kodpduuuentoB B (1.3) u yuuteBas (1.4),
MOXEM BBIPa3UTh (DYHKLUMIO HanpsHDKEHWH, CJIEeJOBaTeIbHO, W BCE  BEIUYUHBI,
XapaKkTepU3yle HarpsKEHHO-I1eOPMUPOBAHHOE COCTOSHHE B KYCOYHO-OJHOPOJHOM
NPSMOYTOJIBHUKE IPY NMOMOIIM HEM3BECTHBIX KacaTelIbHBIX KOHTAKTHBIX HampshKeHHid. B
YacTHOCTH, ISl TPOM3BOAHBIX TOPU30OHTAIBHBIX CMEIICHNI B 30HaX KOHTAKTOB MOIYyYUM

BbIpAXKCHUA:
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ey

"t (s)ds
S—X

o

X

a |

—
A

b,
- [Ki (807, (9ds— [ K}, (s, (9)ds
& ) (1.5)

(aj <x<b; j :1,2).

31ech BBeIEHB 0003HAYEHHUS

Kij (Sa X) = iA((i,j) Sin(akS)COS(akX)+8ijqi {Ctg n(szl— X) +ctg 7T(S2‘|F X) _
k=1

—_n(sm—x)_} {Q, 2281-_&\],'); 5, ={:) iiz'j; (] =1,2)]; (j=12)

A =202 (&I_Bﬁihﬁk_ﬁkahﬁk){%— %9 Bktth}—(z)l ~
Ay ’sh2B, 2(1_V1) A 'sh2B,

X191 2ﬂk e 1 1— ﬂkthﬂk 4_&1(thﬂk_1)+ ﬂk :
sh23, sh2p 0 2(1-v))  2(1-v)  2(1-v)ch?s,

AELZ) __ 29, |9, (&1 — By thp, _BkCtth) N 1 - B, thP, N
| AY'sh2p, sh2Bl " 2(1-v,)

1 2Bk 82 _81 .
! Af)sh2ﬁk (ShZBk +1j{81 " 2( —vz)Bktth}}’

(21 _ 282 91 (Bktth + BkCtth ""ez) 1 . Bktth _
A= + 1
| Af(z)shZBk sh2B, 2(1-v,)

_ 1 ZBk . 82 — 91 .
AVsh2p, (sh2ﬁk ' IJ[SZ 2(1-v,) Picthfy }}
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A = T {(Bkthﬁk +BkCtth_ae2){9l L 59
v,

! ADsh2B, 2(1-v,)

_82 (2Bk +Sh2l3k) + 1 1— Bktth +&2 (tth _1) + Bk .
ADsh?2p, sh2Bl - 2(1-v,))  2(1-v,)  2(1-v,)ch’By |’

TenepL Hepeﬁ[{éM K PpCHICHUIO MMOCTABJICHHOM 3aa4u. I[J'IH 9TOro, HUCIIOJIb3ysl COOTHO-

mwenus (1.5), ynopnersopumM Bropomy u3 ypaBHeHui (1.1). B pesyibrare, yunThIBas, 4To
oceBble ieopManny BKIIOUSHHH onpenessitoTes popmynamu [1]:

Bktth } -

1 i ’ .
Sj(x)zm R)(J)—2Jrj(5)ds (i=1L2) (1.6)
i s a

JUIsl OIIPE/IETICHUS KacaTeIbHbIX KOHTAKTHBIX HAMPSXKCHUN MOTYYUM CIEAYIOUIYI0 CUCTEMY
CHHTYJISIPHBIX HHTETrpoan(depeHINaIbHBIX YPaBHEHHH TIEPBOTO poa:

by b X
g tT(s)ds 3 _ 1 (i)
;;[?'F 2 ;!: Kji (87 X)Ti (S)dS— —W R)J _2;[1:]- (S)dS an

(aj <x<b; j:1,2).

Cucremy (1.7) HyKHO pacCMaTPHBaTh IIPH YCIOBHSX PABHOBECHS BKIIIOYCHHUI:
b;
_pli) /n. i .
J'rj(s)ds—P0 /2 (j=1,2). (1.8)
g

YroObl mocTpouTh pemieHus cucteMbl (1.7) mpu ycnoBusx (1.8), mpu moMomu 3aMeHbI

HIepEMEHHBIX {S,X} =P {S,X}-I—kj , e P Z(bj —aj)/2, kj z(bj +aj)/2 ,

chopMyIHpyeM 3TH YpaBHEHUS Ha MHTEpBAJe (—l, 1) . O003HaYMB TIPHA 3TOM

PP (= P (ko k)

?; (t)

R q
2(1-v;) pE,
" hEVS &
] s I

NpUAEM K CIENYIOUIEN ONpeesoed CUCTEME HUHTErPaIbHbIX YPaBHEHUIA:
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2 1

([) ’E d‘t * t
_.[ J +ZJKJI(T t)(P|(T)dT_ i 1_2J@j(f)dt
e - (1.9)

(-l<x<1; j=12),

IIPU  YCIIOBUSX
I(pj s)ds=1/2; (j=1,2). (1.10)

3amerum, uro cucremy (1.9) mpu ycmopusax (1.10) MOXXHO pemIuTh Kak HMpU ITOMOIIH
anmapaTa OpTOrOHAIbHBIX MHOTrOWIeHOB YeObliieBa, MPUBE/Is K KBa3UBIOJHE PEryJsipHON
cucreMe OECKOHEUHBIX anre0pandeckux ypaBHEHHH [1], a TakkKe METOZOM MEXaHHYECKHUX
kBagpatyp [8].

2. Kyco4HO-0OqHOpPOAHAs IUIOCKOCTH €  JIBOSIKONIEPHOIUYECKOH  CHCTeMO¥i
BHYTPEHHHMX BKJIIOUEHHIl, PACIOJIOKEHHBIX B OJHOI M3 MOBTOPSIIOIIUXCS M0JI0C

He ocranaBnmBasicy Ha pemieHnu cuctemsl (1.9), paccMOTpUM OMH Ba)KHBIN YaCTHBIN
Cllydall MOCTaBJIEHHON 3aJa4d, KOTrJa TOJNBKO B OJHOM U3 Pa3sHOPOAHBIX IOJIOC MMEKTCS
MEepHOANYECKH TMOBTOPSIONINECS BKJIIOUCHHUS, 3aHMMAIOIIME Ha Kpaio 0a30BOH srueWKH

y=h wunrepsan (a1,b1), Ha JIEBOM KOHIIE KOTOPOTO JAEHCTBYET COCPEIOTOYEHHAs

1
Harpy3ka BEJIMYUHBI F(’)(). B srom uactHOM cimyuyae wu3 cucrtemsl (1.9) mnomyuum

cyieiyroniee OJJHO MHTETpoauddepeHanbHOe ypaBHEHHUE:

1} a ¢+ . * t
LR [k (w0 (ot =9 | 1-2] 0 (e .
-1

ne, Tt !

IIpH YCJIOBUHU

1
Irl(r)drzl/2 (2.2)

-1

OTMCTI/IM, 4YTO B paccMaTpuBacMOM YaCTHOM CJIydac 6e3pa3MepHLIe HOPpMaJIbHBIC
HalpsyKECHUs, I[CﬁCTByIOHIHe Ha JJIMHHBIX CTOPOHAax BKJ'IIO‘ICHI/Iﬁ, MOXXHO BBIYHCIIMTH I10

hopmyme:

(1) 1 1
* plgy (p1t+k1) 1—2V1 (O} (T)d'lf
t)= = - | R(r,t d

-1

rae
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R(t,t) = i R, sin(nkh, (t+ . ))cos(mka, (t+1.))-
k=1

7»1(1—2\/1) Ctgnkl(r—t)+Ctgnkl(r+t+2k*) 2 '
2(1-v,) 2 mh, (t-t) |

R _ 1% (1+B, thB, +Bkcthﬁk)[1_ (Hvz)“(HVz)Bktth}

AVsh2p, 2(1-v/7 )

Y 2B ot [ BethBy ) By _
APsh2p, \ sh2p, sh2B( 2(1-v,)) 2(1-v,)ch’B, |
(n=E/E;x =p /).

[epeiiném k pemenuto MHTErpanbHoro ypasHenus (2.1) mpm ycnosum (2.2). He
TPYOHO YCTaHOBUTH, YTO HCKOMas (YHKIMS B KOHIEBBIX TOYKaX HWHTEpBaja
MHTETPUPOBAHUS MMEET KOPHEBYIO OcoOeHHOCTh. Mcxonms M3 9TOro, mpeiacraBuM e€ B
153701 (K

o (t) =0 (t)/V1-t? (23)

%
rae ¢ (t) — HempepbIBHAs raaKas GYHKIHS, OrpaHUYEHHAs! BIUIOTh 10 KOHILIOB HHTEpBaa

HUHTETpUPOBAHNA, KOTOPYIO 6yz[eM AIMMPOKCUMHPOBATH UHTCPIOJSIIUOHHBIM MHOTOYJICHOM

Jlarpara, OCTPOCHHBIM 110 KOpHsIM &, (i =1, n) mHorowiena Yebbuuesa I, (X):

c 2 3 GETO )
Ut My Tara Rt -

rae U (1) — muorownen YeGbiiesa BTOporo poza.

IoacTapnss 3HaueHus QyHKmd @, (t)m (2.3) B (2.1), (2.2), ncnonp3ysi COOTHOLIEHUE
24)mn KBa/:[paTypHLIe d)opMynLI:
Icp(r)dr 0, wo' (& ){1_ Uny (1) }

Tt i 1 EJi —t Un—l(éi)

iw)dr:q(t)i@(r)dr—ﬁgwcp*<a) )

1

_[Kll (P(T)dT—ZW(P Kll(&l’ )

rae

54



n 1

Mg () )T (0509
_ s Tm( i)Um—l(X). 1 F(m+0.5) ?
- B, et

a BX (OL, B) " F(OL, B) COOTBETCTBEHHO HETIONHAs OeTTa- U raMMa-(yHKIUH Dilnepa u

BHIOMpAst KOPHH 77k(k :l,n—l) mHorowtena YeGbiuesa sroporo poxa U, (1) B

KAueCcTBE TOYEK KOJUIOKALUH, IOJIY4YMM CICAYIOLIYI0 3aMKHYTYIO CHUCTEMY JIMHEHHBIX

aJIre6paI/IquKI/IX ypaBHeHI/Iﬁ OTHOCUTCJIBbHO BCIIMYNH (P* (gl ) .
11 . . .
Z _—+K11(§i’t)+28j l—nkzh(m) W ¢ (ii)=
=-9;(1-a(n)) @5)

ZW(P*(%)Z%

MOCJIE ONpPENENIeHNs] KOTOPBIX HETPYAHO Npu mnomoiuu Gopmynsl (2.4) BOCCTaHOBHUTH
*
¢byHkuuro Q@ (t) (—l <t <l) W ONpEeNeNuTh BCE HEOOXOJWMBIC BEIWYHHBI,

XapaKTepu3yIomye HanpsHKEHHO-Ie(POPMUPOBAHHOE COCTOSHHE B JIBYXKOMIIOHEHTHOMN
sTYCHKeE.

3. UucieHHnble pacyéTsbl U BHIBOIBI.

[IpoBenén uncieHHbId pacu€T NOCTABICHHOI 3ajauk B cily4yae, Korna Kod(QuiueHTs!
ITyaccoHa pa3HOpPOJHBIX IOJOC M IFEOMETPUUYECKUE XAPAKTEPUCTHKU HMEIOT CIIEIYIOIIUE

smavenns: v, = 0,3, v, =0.35 A, =a/l=02,A,=h/1=05 u p,/h =10.

I/I3y‘l€HI)I 3aKOHOMEPHOCTU H3MCHCHUA 663p33M€pHLIX KacaTCJIbHbIX W HOPMaJIbHBIX
HaHpH)KeHHfI, ,Hef[CTBonmHX Ha JJIMHHBIC CTOPOHBI BKIIFOUCHHA B 3aBHCHMOCTH OT

cOOTHOWEHNs: Momyieii IOnra mepsoii momocsl u Bkmouennit W, = E /E, upu

TOCTOSIHHOM 3Ha4eHNH COOTHOLIEHNIT Mofyeit FOura passoponnbix monoc U= E, / E;.
Ha puc. 1 u 2 nOpuBeneHbl COOTBETCTBEHHO TIpadMKU NPUBEASHHBIX KACATEIBHBIX

*
KOHTAKTHBIX HAIPKCHUH (P (t) ¥ HOPMAIIbHBIX HATPSDKCHHH O (t) B 3aBHCHUMOCTH OT

napamerpa W, korna p=0.5.
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H1

-1.0 -0.5 0.0 0.5

Puc.1. Kacarenbupie nanpsokenus L, = 0.01, 0.05, 0. 1, 0.2

=02

it =0.01

-04lL

Puc.2. HopmanbHble Hanpsokerus L, = 0.01,0.05,0. 1, 0.2

W3 >tX rpadMKOB BUIHO, YTO IPH BO3PACTAaHMH IapaMeTpa Ll; B CPEIHEH YacTH

KOHTaKTHOM 30HBI KacaTeJIbHbIE HANPSDKEHHS YBEINYHNBAIOTCS, @ HOPMAJIbHBIE HAIPSDKCHUS
YMEHBIIAIOTCS. YHCIIEHHbIE pacyeThl MOKa3bIBAIOT TAK)KE, YTO MPH BBEIOPAHHBIX 3HAUCHMAX
TeOMETPUYECKHX MapaMeTPOB PACHpeieNieHHe KOHTAKTHBIX HANPSHKEHUH MPaKTHYECKH He
3aBUCHUT OT U3MEHEHHs apaMeTpa |l .

3akarouenue. BriepBble mosyueHa ONpeAeNsiomias CUCTeMa CHHIYJISPHBIX HMHTETPO-
muddepeHIMaNBHBIX ypaBHEHUH IUIOCKOW TEOPHH YNPYTOCTH Ul PAaBHOMEPHO KyCOYHO-
OIHOPOJHOM IMJIOCKOCTHU U3 JBYX, MEPHOAUYECKH MOBTOPSIOLIMXCS Pa3HOPOJHBIX IOJOC,
YCUJICHHBIX  JBOSIKOIEPHOAMYECKONM CHCTEMOW BHYTPEHHHUX YINPYIHX BKIIOUEHUH U
yKa3aHbl MyTH €€ pemieHni. B dacTHOM ciryyae, Korja TOJBKO OJHA M3 PAa3HOPOIHBIX
MI0JIOC YCHJIEHA TIEPHOINYECKH MTOBTOPSIIOIIMMUCS BKJIIOYEHHSIMH, ITOCTPOCHO YHCICHHO-
aHAJIMTUYECKOE pellleHHe 3TUX ypaBHeHUil. IlokazaHo, 4TO ueM kécTue BKIIIOYEHHS, TEM
Gosibllle HOpMaIbHbIE KOHTAKTHBIE HANpPsDKCHUS MPHONIMKAIOTCA K HYJIIO, YeM U emé pa3
000CHOBBIBACTCS rUNoTe3a MeinaHa.
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O BJIABJIUBAHUHU NEPUOJIUYECKOI CUCTEMBbI BAJIOK
B YIIPYT'YIO TOJYIIJIOCKOCTBD
Amupoéexsn A.H., Mxurapsun C.M., lllexsn JL.A.

KitroueBble cJ10Ba: ynpyrocTs, IOJIyIUIOCKOCTb, IEPUOJMYECKAst CUCTEMA OalloOK, H3rH0, KOHTAKTHOE JaBJICHHUE.
Key words: elasticity, half-plane, periodic system of beams, bending, contact pressure.

Amirbekyan A.N., Mkhitaryan S.M., Shekyan L.A.
On the indentation of the periodic system of beams in elastic half-plane

Abstract. The contact problem of the bending of the periodic system of beams on elastic foundation in the form of
a half-plane under the plane strain conditions is investigated. The problem is considered by the generalized model
of the bend in the framework of S.P.Timoshenko, where in addition to transverse forces axial compressive or
tensile longitudinal forces also affect the deflection of the beams.

AnHoTanus: PaccmarpuBaercs KOHTaKTHas 3ajada 00 M3rHOe NEepHOIMYECKON CHCTEMBI OaJIOK Ha YHPYroM
OCHOBaHMH B BUJIE MOJIYIUIOCKOCTH, HAXOJILICHCS B YCIOBHAX IUIOCKOM AehopManus, no 0600ImEHHON MOIETH
n3ruba B pamkax teopun C.I1.TuUMoOlIEHKO, IZie MOMHMO MHONEPEYHBIX CHJ, MPOJOJIbHBIE CKHMAIOIIHE WIIH
PACTATUBAIOLINE CHIIBI TAKOKE BIMSIOT HA MIPOTHOBI GaJIoK.

Beenenue. Peuienne 3a1aun 06 n3rude oguHAPHON OAJIKK HA yIIPYToW MOJYILIOCKOCTH, MO
KJIaCCHYECKOil Teopuu u3ruda 0anok, METOI0M HHTErPaJibHBIX YPaBHEHUH H3JI0KeHO B [1].
B pabore [2] aTa e 3amaya Oblla pacCMOTPEHA IO TEOPUHU M3TH0a OAJIKH, YYUTHIBAIOIICH
BJIMSTHUE CIIBUTAIOIIUX CHJI, ISHCTBYIOIINX HAa CPEAMHHOM JIMHUM Oaiku, Ha e€ u3rud [3,4].

1. MocranoBka 3amaum. Ilycte ynpyras mnomymiockocts Y < 0, uHaxomamascs B

YCIOBHSIX IUIOCKOH aedopmanmu, ¢ momyinem ympyroctd £, n ¢ xoapuumentom
I[Tyaccona V OTHeCEHa K IPaBol NpAMOYronbHOM cucteme koopaunar Oxy . [lycts nanee
HOJ| AEHCTBHEM BEPTUKAIBHBIX PACHpEAeiEHHBIX CUI HHTEHCUBHOCTU q(x) Hnepuoau-
yeckas ¢ nepuonom 2/ cucrtema Ganok, ¢ Moxyaamu ynpyroctu E u Beicot /1, Broms
CHCTEMBI yJacTKOB

O [~a+2k,a+2k];y =0} (a <)

=—0

L={x¢€e
k

rpasuupl nodymiockoctd ) = 0 BaaBiauBaercs B ynpyryro monyriockocts (¢dur.l). s
m3ruba O6anox npumem Teoprto C.I1. THMOIIEHKO, YYUTHIBAIOLIYIO BIMSHUE KacaTeIbHBIX
caBuraromux cun 1, efCTBYIONMX Ha CPEAMHHBIX JIMHASX Ganok, Ha ux u3rub. Korma
capuraromue cunbl 1 cxuMmaromue (Kak mnokasanel B ¢ur.l), auddepeHunansHoe
ypaBHeHHe mporuda V(X) Oanky, 3aHMMAIOIIEH Y4YacTOK X € (— a, a) TPaHMIIBI
noJryriockoctu, umeeT Bun ([3], ctp. 422)
4 2
DZ:/+T2V—p(x)—q(x), (~a<x<a); D=ER/12 (1)
X X

=
rae D — xécrkocts Ganku Ha u3rub, a p(x)— HEM3BECTHOE KOHTAKTHOE JaBleHUe OalKu

Ha ymnpyroe ocHoBaHue. Jlanee, BBUIY IEPUOANYECKOrO XapakTepa 3afaud OrpaHHIUMCS
TOJIBKO IIEHTPAILHOM OaIKOH [— a, a].

Tak kak usrubaromme MomeHtsl M (x) B CEUCHUH X Oanku [— a,a] BBIPAyKArOTCS

hopmymoit
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d*v
M((x)=D
(x) 0
To muddepeHnnanpHoe ypaBHeHHE (1) MOXKHO 3amucaTh TaKKe B BHIE
2
M
ddxz +k*M = p(x)—q(x), (~a<x<a); k=+T/D. )

. q(x) ,
|y lWJ

(—a<x<a),

I T
| E
I E ,V |
| E :
I l
|
M |
ST
Qur. 1
Pemenne ypaBHeHUs (2) IpU TPaHUIHBIX YCIOBHIX
M) _ =0, M(x)|_ =0 3)

wnpn 0 < k <rt/2a npencrasnsercst hopmysoii [2]
M(x) '[ [cos2 (ka)sin(kx)sin (ks ) — sin * (ka ) cos(kx ) cos(ks)]x
a “4)

X [p(s) - qs)]ds + i j. sin(k|x — s|)[p(s) - q(s)]a’s, (—a<x<a)

1
"~ ksin(2ka)

—a

a ypasaenus (1) mis dV(X )/ dx npu x € [— a, a] pu Tex ke ycnosusx (3) — Gopmyioit

dv 1 ]ﬁ<{lcos|:k(xs)1}sign(xs)+ >g(s)ds+C

dx 2" 2\ + ctg (ka)[1 - cos (kv) ]sin (ks) — tg (ka) sin () cos (s)
(5)
rac
g0 =[p(x)—g)/D.
ITonepeunsle cubl Q(x) B CEUEHNH X Oanku X € [— a,a ] OyxyT umeTs BHT [2]
Q(x) = % J. {tg(ka)sin(/oc)cos(ks) + ctg(ka)cos(kx)sin(ks) +
ta (6)

+cos[k(x—S)]sign(x—s)}[p(s) —q(s)]ds (—a<x<a).
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B ciyuae oceBbIX pacTaruBaroiux cun 1, nuddepeHumnansHoe ypaBHeHUe poruba
V(X) 0aJKy, 3aHUMAIOLIEH y4acTOK X € (— a ,a) TPaHHUIBI TTOJTYTUIOCKOCTH, TPUHIMAET

BUJ
d*v d*v
DW_dez =p(x)—q(x), (Fa<x<a). 7

Torma, B Qopmynax (4)-(6) cieayeT OT TPUTOHOMETPUYECKHX (QYHKIUH MepedtH K
COOTBETCTBYIOIIUM THIEpOOInUYecKUM HYHKIHIM. B uTore moaydum:

M(x)= mi(chz (ka)sh (kx)sh (ks) - sh* (ka)ch(kx)ch (ks))[ p(s) - gs)]ds +

+%_[Sh(k|x_s|)[P(S)—Q(S)]dS, (—a<x<a) (8)

—-a

a1 ]’.<{l—ch[k(x—s)]}sign(x—s)+

dx 2k +cth (ka)[ 1-ch (kx) |sh(ks)~th(ka)sh(kx)ch (ks)

—a

>g(s)ds+C , (9)

0(x) :%j {th (ka)sh () ch (ks) + oth (ka)ch (kx)sh (ks) +

+ch [k(x — S):I sign(x — s)} [p(s) - q(s)] ds (-a<x<a).

2. Pemenme 3amaum. BeiBeneM oOmnpenensioniee CHHTYISPHOE HWHTETpaibHOE
ypaBuenune (CHUY) paccmarpuBaeMoil 3a7a4u, OTKyJa OyAeT ONpeNelsiThCsi KOHTAKTHOE
JIaBJIEHHE p(x), a 3ateM 1o ¢opmyinam (4) u (6) wm (8) u (10) OymyT ompenensTscs

(10)

usrubaromme Momentsl M (x) U TIONEpPEYHBbIC INepepe3aronIie CHIIBI Q(x) B JIOOBIX

CEUCHMAX OAIOK.
C »3To#l menpl0 BOCIIONB3yeMCs HM3BECTHOW (opMmyinoit [5] mis BepTUKaIbHBIX

nepeMeIeHnH Vl(x) IPaHUYHBIX TOYEK HIKHEH yIPYyrod MOJYIUIOCKOCTH OT

MEPUOAUYECKHA C TICPHUOAOM 2l paCHpCZ[eJIéHHLIX BEPTUKAJIBHBIX CHJI MHTCHCHBHOCTH

p(x):

2(1-v?) 4 1
v, (x)=- Z '[aln‘sin[n(x—s)/ZZ]‘p(s)dS+ConSt (ra<x<a). (A1)

Tenepb Bocronb3yeMest ycroBreM kontakra dv, /dx =dv/dx (—a<x<a). B

ClIydae OCEBBIX CKUMAFOIINX CHJI, Ha ocHOoBaHWU (5) 1 (11) mpuaémM OTHOCHTETBFHO p(x) K
Ccny:

1—? jzctg{ﬂ(s—x)}p(s)dbw 1 j‘{[l-cosk(x—s)} sign (x—s )+ctg(ak) x 12)

El 21 2k*D
><[l-cos(/cx)}sin(ks)—tg(ak)sin(kx)cos(ks)}[p(s)—q (S):|dS+C (-a<x<a).

—a
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B ciyuae abcomoTHO KECTKUX Oanok (6eckoHeuHo Gonbmmx 3HaueHusx F ) CUY
(12) coBmagaer ¢ WHTETPaATBHBIM YPaBHEHHEM IDIOCKON KOHTAKTHOM 3amavd IS YIIPyToit
MOJYTUIOCKOCTH C IEPUOTUIECKON CUCTEMON MITaMIoB [5].

B ciygae ke oceBbIX pacTsaruBaromux cui, Ha ocHoBaHuH (9) u (11) CY nmpuHnMaet
BUJL

%]ﬁctg{ﬂ(szgx)} ()a’s+2k12 j{[l chk(x-s) Js1gn (x —s)+cth(ak)x

—a

x[ 1-ch(kx)|sh(ks)-th(ak)sh(kx)ch(ks)}[ p(s)—q(s)]ds+C (-a<x<a). (13)
B ypaBrenmsx(12) u (13) BBeném 6e3pa3MepHbIC BETHYNHEI

E=nx/l; n=mns/l; y=ak; 7y, =k/m; k=6E1(Z/h)3/Tc2x2(1—v2)E;
a=mnafl; §(&)=p(l&/n)/E; h(E)=q(le/n)/E; v, =C/2n(1-v*). (19)

B »tux o603Havenusx ompenenstonie CUY 3amaun (12) u (13) nprHEMAIOT €IWHBIH
BUJI

E 1 ot s emton=2 5,
(—a<E<a),

rIe

K(&m)= {1 —cos[)(1 (i—n)]} sign(§—n)+

(16)
+ctgx[1—cos(xli)]sin(xln)—tgxsin(xli)cos(xln)
B Cﬂy‘{ae OCCBbIX CXKMMAKOIIHUX CUJl, U
K (&m)={1-ch[x, (§-n)]}sign(-n)+
(17)
+cthx[1 - ch(xlé):l sh(y,m)— thysh(x,&)ch(x,n)
B CHy‘Iae OCEBBIX paCTHI‘I/IBaIOH_[I/IX CHII, a
= IK(&,n)h(n)dn (—a<&n<a). (18)

3anuireM Takke YCIOBUS paBHOBECHS OaJIKH [—a a] :

Ip x)dx=P; P= jq )b ; pr( Yix =M ; M = qu
B KOTOPBIX TaKke mepeinéM Kk Oe3pa3MepHBIM BEITHUHMHAM (14) Onn mpeobpa3yrorcs B

CIIEYIOIIHe:
o

[i(e)ae=pR; ng g)de=M,: (B, =nP/IE;; M,=m’M/IE,). (19

—o
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Urak, pemenne CUY (15) nomwkHo ymosierBopsaTh ycnoBusM (19). Ormernm, 4to

Bxozsmast B (15) ¢pyHkmums (p(&) XapaKTepU3yeT KOHTAKTHOE [NaBICHHUE, arlapaMerp Y, -
yroj nosopota ceuenus 6anku X = 0, koTopoe TaKke HOIEKUT ONPEETEHHUIO.

3. Uto6s1 k CUY (15), (19) mpuMeHUTh U3BECTHBIA YHUCIICHHO-aHATUTHICCKAN METO]
pemennst CY [5,6], ocHOBaHHBIN Ha KBaIpaTypHBIX Gopmynax ['aycca mist OOBIYHBIX U

CHHTYJSIPHBIX MHTErpasioB ¢ siupom Komm, B Hux ot sapa ['mibsbepra Ctg [(1’] - ?;) / 2:'
nepeitném k saapy Komwm 1/ (n - &) U OT HHTepBana(—(x;Ot) nepenéM Ha MHTEpBal

(— 1;1). C sroii uensio B (15), (19), a taxxke B (14), oT nepemeHHbIX & U 1| NepeiaéM K
NepeMeHHbIM { U U , oJyiarast

t=tg(&/2)/tg(/2); u=tg(n/2)/tg(e/2); (-1<tu<l). (20)

Otcrona

&= ZarCtg(f : tg%j m= 2arctg(u : tg%j; dn =2tg’ (j)du/(l +u’tg’ ;j .

IIpeob6pazyem siapo ['minbepra:

Ctg(n_gj _ 1+1tg(&/2)tg(n/2) _ 1+ut-tg* (a/2) _ 1+7°tg* (a/2) irig

2 tg(n/2)-tg(&/2)  (u—-1)tg(a/2) (u—1)tg(a/2) 2
C yuérom nocnennero, CUY (15) npeobOpasyercst kK Buay

ll 1 l+z-tg’ (a)2) rg(o/2) B

T ;[[u PR ’tg? (0/2) ’ 1+£°tg’ (oc/Z)L(u’t) @0 (1) du = on

_x votg(e/2)
= &)+ 1+°tg® (a/2)

TO€ NIPUHATHI 0003HaYECHUS

@, (t)= %Q(2arctg[t . tg(%jﬂ; g (1) = f(zarctg[t . tg(%)j};

L(t,u)= K(Zarctg(t : tg(oc/2)),2arctg(u : tg(oc/Z))) (-l<tu<l). (22
Bxomsmue B (22) GyHKIMH (p(é) , f(&) u siapa K(&,T]) npusezicHsl B (14), (16)-(18).

ITpu nepexone k nepemennoit ¢ ycnopus (19) mpeoOpasyroTcst B yCaoBUs

1 o
I(po (t)dt=PF,; 2J‘ arctg(t-arctg%j(po (t)dt=M,. (23)
-1 —o

(-1<t<l),

Taxkum 00pa3oM, pemeHne MOoCTaBICHHON 3aJaull OKOHYATEIbHO CBEJIOCHh K PEIICHUIO
CHY (21) npu ycnoBusax (23).

ITo nemouke dopmyn (14) u (20) mpeoOpasyeM TakkKe BBIPAKCHHS H3THOAFONIUX
momentos M (x) U TIONEPEYHBIX CHJI Q(x), BhIpakarouuxcs ¢opmynamu (4) u (6) B
Clly4yae OCEBBIX CKUMAIOIINX CHIL:
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1
1 a a
M (t)= cos? ysin| 2y, arctg| ¢-tg— | |sin| 2y, arctg| u-tg— | |-
(1) _jl{xlsmx{ & ("' g( gzD ("‘ g[ gz))
—sin’y cos(2xlarctg£t -tg %D cos(learctg [u -tg %)H + 24)
|
+2—sm 2y,

arctg (f : tg%} —arctg (u . tg%jD} [(po (u)—h, (u)] du;
0, (t) Z%I{tgxsin[ZXIarctg[t . tg%j]005(2xlarctg(u . tg%]] 4

-1

+ctgy cos [2xlarctg (t ‘tg %D sin (2xlarctg (u -tg %D + (25)

+sign (1 - u)cos{learctg(t : tg%j ~ arctg(u : tg%) }[(po (u)—h, (u)} du,

a taxke (8) u (10) — B cirydae OCeBBIX PACTATHBAIOIINX CHII

1
1 a o
M, (t)= J{Xl 2y [ch2 Xsh(2x1arctg(t . tgzj sh(2xlarctg[u : tgzn -

-1

—sh® ych (2x1arctg (t -tg %D ch (2x1arctg (u -tg %jﬂ +
1
+—sh(2xl

o arctg(t -tg %j - arctg(u -tg %]D}[(PO (u) —h, (u)] du;
L g2 g
0,(1)= 5 J‘{thxsh[learctg(t tg 5 Dch(%@larctg(u tg 5 D +

-1

+cthy ch (ZXIarctg (l -tg %)] sh (2xlarctg (u . tg%D +

+sign (¢ —u)ch {2xlarctg (t ‘tg %) — arctg (u ‘tg %ﬂ} |:(p0 (u)—h, (u)] du.
31eck BBEAEHBI HOBBIE 0003HAYEHUS

M, (t)=n"M (I1&/n)/PE,, &= arctg(t : tg(a/2));

0, (1) =m0 (12 )1, Iy (r):%h@amg[z.@%n
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[ocne pemennss CUY (21) npu ycnoBusix (23) ocHOBHasI XapaKTEpUCTHKA 3afadd —
KOHTaKTHOE JaBJICHUE p(x) (—a <x< a)— ompezenurcs 1o nenouke dpopmyn (14) u
(22).

Jsa pemenns CY (21) npu ycnoBusx (23) BeIeyKa3aHHBIM METOIOM [6,7] ICKOMOe
pelieHue npeacTaBuM Gopmysioit

0o (1) =, (1)/N1-7 (~1<z<1), (26)

rae Q) (t )— renbIepoBCKast QYHKIMS Ha OTPE3Ke [— 1;1]. Torna no u3BecTHOI! npouenype

[5,6] aTo CUY cBeaéres K clieayrolieil CUCTeMe JTMHEHHBIX alreOpandecKux ypaBHECHUI:

SoT 0 e

M|u,—t 1+t°tg*(a/2) 1+¢7tg’ (/2
A notg(e/2)
—_— t —_— N

o(t)+ 1+2°tg” (0/2)

M M 2
Z%Qo (Um ) B PO; Zﬁnarctg(umtg%}()o (um) = MO'

m=1

(r=12,...M-1); 27)

m=1 m=1

2m—1
3nech U, = COS ULy (m = I,Ml . =cos s (r =1LM - 1)— M3BECTHBIC
2M M

4eOBINIEBCKUE Y3IIbL, T.€. KOPHU, COOTBETCTBEHHO, MHOTOUWIEHOB YeObiieBa nepBoro poja
T, (u) u Broporo poma U,, , (t) Ormerum, uto cuctema (27) cocrour w3 M +1
YPABHCHUHU CO CTOJIbKO K€ HCU3BECCTHBIMU (QO (ul ), Qo (uz ) yeon Qo (uM ) uy, ).

YroObl cucTeMy IHHEHHBIX ypaBHeHHH (27) 3ammcath B KaHOHHYECKOi Qopme,
TOJIOKHM

11 1,tg(a/2) Mg(a/2) e —
Ml:um—tr+1+t,‘2tg2(a/2)+1+t,,2tg2(a/2) (tr,um) ’ (m—l, » =1, _1)’
Kk, -] __ 82 _ . & o
@ (a2 (m M+1, r=LM 1), M,(m M+1, r=M);
0, (m=M+1, r=M,M+1); %arctg(umtg%j (mzl,_, r:M+1);

(A/m)g,(t,) , (r=12..M-1);
ar = 1)0’ (r:M)a

M,, (r:M+1),
¥ - Qo(um), (mzl,Z,...,M);
Tl v (m=M+1).
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B pesyunbrare, cucrema (27) 3anuiiercst B KaHOHHIECKOH Gopme:

M+1
> K,X,=a, (r =1,M + 1) (28)
"l’"ne;nepb BBEJEM CIIEIYIONINE MaTPHUIIBI-CTOJIOIBI:

(M/m)g, (1) o o 1

: o o
ar(l) = (/m) gy (11| ar(Z) =107 -1 ar(3) =

1| M o|M
0 ol M +1 1M +1

(1)

. 1
Pewenne cucremsl (28) npu npaBoii yactu @, 0603HaunM uepes X m( ), peleHue

2 3
IIpY [paBoil 4acTH ar(z)— Xm( ), a pelleHne TIPH TIPaBoii YacTu ar(3)— Xm( ). Torna

pemenue (28) Beipasutcs hopmymoi
X, =x,"+px,? M x,”  (r=1Mm+1) 29)

Iocne pemenust cucteMsl (28), pacuérHas QpyHKmMA (26) B y3max U, BEMUCISETCS

1o popmyie

u)=X,[J1-u? (r=1M+1)

a GespasmepHble n3rubaromme mMomentsl M (t) W TIONIEPEYHBIC CHIIBI Qo (t) B JIIO00H

TOYKe !, B 9aCTHOCTH, JUIA CITydasl OCEBBIX CKMMAIOLINX CHI, coraacHo (24) u (25) OynyT
BBIYHCIIATHCSI, COOTBETCTBEHHO, 110 (hOpMYyJIam:

| 1 . o)) . o
M,(t)= ) —————| cos” ysin| 2y arctg| ¢-tg— | |sin| 2y arctg| u,  -tg— ||—
(1) ;M{xlsinzx{ X ( a g( gZD ( % g( : g2D

. 2 a a 1
—sin” y cos| 2y,arctg| ¢ -tg— | |cos| 2y arctg| u,, -tg— | | |+—X
2 2 2y,
arctg(rtg%)—arctg(un jD}[ (um)} (-1<r<1)

Mo o o
t)= tgy sin| 2y, arctg| ¢ -t cos| 2y,arct “tg— | |+
0, (1) ZZM{gx [ 1 g gZD [ 1 g gzj]

m=1

o
+ctgxcos(2xlarctg(t-tgznsm(learctg[u D+81gn(t u )

xcos[ZXlarctg(t tg— 5 ] - arctg }H 1—u,’h, (u, )J, (-1<zr<1)

rae X, naérest opmysoit (29).

><sin(2)(1
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3akiroyenue. YnciaeHHbIH aHAU3 PACCMOTPEHHOHM 3/€Ch 3aJaud MOXKHO IMPOBECTH IO
cxeme, YykazaHHo B [2]. Ilpu »3TOM, 3aKOHOMEPHOCTH M3MEHEHUS OCHOBHBIX
XapaKTEPUCTHUK 3aJa4l — KOHTAKTHBIX HAINPSDKEHUH, N3THOAIONIMX MOMEHTOB U TOTEpeY-
HBIX TIepepe3aroIInX CHII BIIOJHE aHAIOTHYHBI U3JI0KEHHBIM B [2] pe3yibraTaMm.
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BBICOKOTEMIIEPATYPHASA HOJI3YUECTD U JUVIMTEJIBHASA
MNPOYHOCTb METAJVIMMECKUX MATEPHUAJIOB
ApyTionsin P.A.

KiioueBble €10Ba: BBICOKOTEMIEPAaTypHAs IOI3ydecTb, TEIUIOBas XPYIKOCTb, KOHIIEMIMS MOBPEKIEHHOCTH,
IUIOTHOCTb, TAPAMET] CIUIOMIHOCTH (MOBPEKIAEHHOCTH), CKMMAEMOCTb, KPHTEPHI XPYIIKOTO Pa3pyLICHHS.

Key words: high temperature creep, thermal brittleness, the concept of damage, the density parameter integrity
(damage), the compressibility, the criterion of brittle fracture.

Arutyunyan R.A.
High temperature creep and long-time strength of metallic materials

Abstract. The results of theoretical and experimental studies on the problem of high-temperature creep and
long-term strength of metallic materials are presented. Special attention is paid to the effect of thermal embrittlement.
Based on the damage concept of Kachanov and Rabotnov, in the paper as a damage parameter an irreversible change
in the density (loosening) of the material is considered. Taking into account the mass conservation law interrelated
equations for creep strain and damage parameter are proposed. The approximate and exact solutions for creep strain
and the parameter of continuity are received and long-term strength criteria is formulated. The corresponding
theoretical curves are plotted. It is shown that the theoretical equations for the damage parameter describe well the
experimental results for the change in the density during the high-temperature creep of different metallic materials.

AnnoTanus. [IpencTaBieHs! pe3ynbTaThl TEOPETHUECKHX H SKCIICPHUMEHTAIBHBIX HCCIISIOBAHHH MO Ipodieme
BBEICOKOTEMIICPATYPHOH IOJI3YYECTH H JINTENBHON NMPOYHOCTH MeTaJUIMYecKuX MaTtepuanoB. Ocoboe BHHMaHHE
ynensercst b dexTy TemioBoil xpynkoctd. OCHOBBIBasCh Ha KOHLENINK NoBpexaéHHocTH KavaHoBa n PaGoTHoBa,
B paboTe B KadyecTBe MapaMeTpa MOBPEKAEHHOCTH PAacCMaTPHBACTCS HEOOPATHMOE HM3MEHCHHE ILIOTHOCTH
(paspeIxnenne) Matepuana. Ha ocHoBe 3TOro mapamerpa M ¢ y4€TOM 3aKOHA COXPAaHEHHs MacChl MPETOKEHBI
B3aUMOCBSI3aHHBIC YpaBHEHHMs I JeopMaly MOJ3Yy4eCTH M IapameTpa HOBpexIEHHOCTH. IlomydeHs
pHOTIKEHHBIE U TOYHBIC PEIICHHM s AehOpPMAIUHK MOI3yYeCTH U apamMeTpa CIUIOIIHOCTH U ChOPMyIHPOBAHEI
KPHUTEPUH [UIUTENBHOH IpovHOCTH. ITOCTpOSHBI COOTBETCTBYIOIIME TEOpeTHYecKkhe Kpusble. llokaszaHo, 4TO
TEOPETHYECKHE COOTHOIICHUS I IapameTpa IMOBPEXAEHHOCTH OMMCBHIBAIOT XOPOIIO 3KCIEPHMEHTAIbHBIC
pe3yJbTaThl 10 M3MEHEHHIO IUIOTHOCTU B IPOLECCE BBICOKOTEMIIEPATYPHON MOJIBYYECTH pas3IMYHBIX METall-
JIMYIECKUX MaTepHAJIOB.

1. OcHoOBHBIC 3JTanmbl HCCACJOBAHHI MOJA3Yy4eCTH M JUIMTEJIbHOH IPOYHOCTH
MeTANIMYeCKUX MATePHAJIOB.

Konen neBaTHaAIIaTOr0 ¥ HayaJlo ABAIATOTO BEKOB XapaKTEPU3YIOTCSI HHTEHCUBHOM
3KcnnyaTauHe171 Pa3JIMYHBIX MMapOCUJIOBBIX MAlIMH W YCTAaHOBOK. }1.]'151 YBEJIMUCHUA
K03((UIMEeHTa TTOJIE3HOTO JEWCTBHS NMOCTOSHHO MOBBINIAIOTCS pabodne TeMIepaTyphl ¢
BBIXOZIOM B 00IacTb TeMmIeparyp, MpH KOTOPHIX BO3MOXKHO TIposiBieHHE d¢dexra
MOI3y4YECTH.

[epBrie uccnenoBaHMs SBICHUS TOJI3YYecTH ObUTH BEITOTHEHB! KocTa ne Anapane [1],
pe3yIbTaThl KOTOPBIX 000OIIEHH B cTaThe, omybiaukoBanHOW B 1910 r. B 3T0it pabote, B
YaCTHOCTHU, M3YYEHBI BCE YYaCTKH KPHBOM ION3YYECTH M MPEAJIOKEHA COOTBETCTBYIOMIAS
TEPMHUHOJIOTHS, KOTOPasi BIIOCIEICTBUH CTajla OOIENPU3HAHHOM.

Crnenyromuil 3HAYUTENBHBIN BKJIA B TEOPHIO MOJI3y4ecTH Obl1 BHeceH HopToHOM B
1929 r. M3y4as KpuBbIe NOJI3YYECTH JUIS PA3IMYHbIX YPOBHEH HaNpsHKEHHUH, OH chopMyIIu-
poOBaJ 3aKOH, IO KOTOPOMY CKOPOCTh YCTaHOBHBIIEHCS TON3YYECTH € B 3aBHCHMOCTH OT

HATPSDKEHHUS BBIpaxkaeTcst cootnomennem € = Bc”, e =Inl /1, (I,, | —coorserctBenHo,

HavalbHAas M TEKyIIas JUTHHA PACTATHBAaeMoro obpasua), B, m — IMOCTOSHHBIE.
B umxeHepHOH IpakTUKE CEpPhE3HOE BHUMAHUE Ha SIBICHHME IIOJI3YYECTH CTaJIU
o0paiaTh B CBS3M C aBapUHHBIMH Pa3pyIICHUSIMH KOTJOB, TAPOBBIX M Ta30BBIX TypOUH U
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T.JI., padOTAIOMIMX B YCIOBHAX 3aMETHOW MOJI3yuecTH. B COPOKOBBIX — MATHIECATH Tofax
MPOLUIOrO CTOJNETHS OBUIM Ha4yaThl JUIMTENbHBIE MCOBITAHUS Ha pa3pylleHHEe IIpu
MOJI3YYECTH B PA3IMYHBIX CTpaHaX. B HEKOTOPBIX CTpaHax 3TH PabOThI MPOAODKAIOTCS U B
HACTOSAIIEE BPEMS.

Ha npakTuke 4acTo HCTONIB3YIOTCS SMIMPUIECKUE KPUTEPUH JTUTEILHOM TPOYHOCTH B
BUJI€ CTETIEHHOM MIIM HKCIIOHEHLIINAIBHOIN 3aBUCHMOCTH MEXIy BPEMEHEM A0 Pa3pyIICHHs

[, ¥ HalpsOKEHUEM C

_ pb
t, = Bo ™, (1.1)
t, = Cexp(—fo), (1.2)

rie B, b, C, B —nocrosiHHble.

OTH KPUTEPUU ONKCHIBAIOT OTPAHWYECHHBIH YYaCTOK JKCIIEPUMEHTAJIBHBIX KPHBBIX
JUTATEIIEHON MTPOYHOCTH, KOTOPBIE OOBITHO MPEICTABIITIOTCS MPSMBIMA JTHHUSMH B JIOTapH}-
MHYECKHX WU MOJTYJI0rapupMHUIECKUX KOOPAMHATAX.

VYyacTku BS3KOTO M XPYIKOIO pa3pylli€HUs Ha KPUBOW [UIMTEIBHOW IPOYHOCTH
OTIPENIEIISIIOT [1Ba MPEACIIBHBIX COCTOSHUS METAJUIMIECKUX MaTepHajIoB, epBoe, OIM3Koe K
BSI3KOMY T€UEHHIO, PEATU3yeTCsl PU BO3JICHCTBUU OTHOCUTENLHO OONBIINX HANPSHKEHUH U
BBICOKUX TemmepaTyp. [lpyroil mnpenenpHeld ciaydail peanusyeTcss NpH AJUTEIHHOM
BO3JICHCTBUM MaJIbIX HANpPsDKEHUH M BBICOKMX TeMmieparyp. B atux ycnoBusx meTtan-
nuyeckne matepuansl oxpymuuBaroTcs (3ddexT TemroBoil xpymkoctu). B pesynbrare,
HalpuMep, HEKOTOPBIC KAPOIMPOUYHLIC MaT€pUaIbl paspylmIarOTCsa NP JJIUTCIbHBIX HCIIbI-
TaHHUX C YAJTMHEHHUEM OKOJIO OJJHOTO POLIEHTa

B cBsi3M ¢ MpakTHYECKUMH MPUIOKEHUSMH, NpoOJieMa IMOJI3Y4YeCTH U JIUTEIbHON
NPOYHOCTH CTajla NpPEJAMETOM MHOTOYMCIEHHBIX MCCIIeIOBaHUH MeTodaMu (DU3UKH,
MaTepualioBeAeHHs, MEXaHUKH. Jlaiee OCHOBHOE BHUMaHHE Oy/ET y/IeJICHO PEICHNIO 3TOH
npoOyIeMbl METOAaMH MEXaHUKH MarepuaioB. C IMOMOILIBI0 3THX METOJOB ObUTH chopMy-
JUPOBAHBI KPUTEPHUH JUTUTENFHON TPOYHOCTH B paborax Kawanosa u PaboTHOBa.

2. [lapameTpsI CIUVIONIHOCTH U MOBPEKAEHHOCTH ¥ KPUTEPHii XPYNKOI0 pa3pylieHus.
Kputepuii xpynkoro paspymeHus BrepBsie 0bu1 chopmyuposas JI.M. KauaHOBEIM B

1958 1. [2]. AHanmorn4HbIA KpuTepuii ObU1 paccMoTpeH PabotHoBEIM B 1959 1. [3, 4].

Bogunuce napamerpst cruiomHoctd \y (JLM. KauanoB) u mapamerp NoBpexIEHHOCTH

o=1-—y (YO.H. PaboTtHOB). Cuntaercs, uro 1>y >0 (coorBercTBeHHO 0 < ® < 1) M
yto B MOMeHT paspymenus Y =0 (w=1). [lapamerp MOBpeXIEHHOCTH 3amaeTcs

MOMOIIBIO CIACAYIOMICTO KUHECTUYECKOTIO0 YPaBHCHUA
n

do_ (o n:A o | (£ 2.1)
dt l-® - F )’

rne A, n — nocrosHEE, G = o, F, / F' — ucrtunHoe HanpsikeHne, O, — HOMHHAIBHOE

Hanpsokenue, F, — HauanbHas, ' — Tekylas IUIoma/b MonepedHoro cedeHns oopasia.

B pabore KawanoBa [2] mapameTp CIUIOINIHOCTH BBOAWTCS 0€3 MPHIOAHUS €My
¢usngeckoro comepxkanusi. B paborax PaGorHOBa [3-4] mapameTp MOBPEXAEHHOCTH
3a/1a€TCs COOTHOWICHUEM o = F, / F, (Tae [} — II0wmazs nop  TPELyH, Pacrosaraiomuxcst

K MOMCHTY BPEMCHH ¢ B MOIICPESUHOM CEUCHUH PACTITHBAEMOro oopasia. M3 cooTHOIIeHMsI
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F=F —F, cnepyer F=F, (1-w) (F - Texymias mmomame MOmepeYHOro CeueHMs
oOpasa).

Cuwnraercs, 4TO B 001aCTH XPYIKUX pa3pyLICHHI 1eOpMaIUU MaJIbl, T03TOMY MOXHO
cantats [’ ~ F, Torpa pewenne ypasuenns (2.1) npu HauansHoM ycnosuu £ =0, o =0

HUMECT BU/
1/n+1
o=1-[1-A(n+1) o} t] 2.2)

Onnaxo, u3 ycnosust [~ F) cnenyer © =0 wmm =1, T.e. TepsieT cMbICa camo
IOHSTHE CIUIOIIHOCTH WM [OBPEXKASHHOCTH, a W3 3aKOHAa COXPAHEHHs MAacChl
Fy, [ F=(111)(p/p,) (l,, p, — navambHbie, [, P — Tekymme ANMHA W MUIOTHOCTH
obOpasma) cuemyer, 4To nedopManus IION3YYECTH HE paBHA HYNIO, a OIPEIEeNIeTC

Po

BEJIMYMHOIN OTHOCUTEIILHOTO N3MEHEHHS INIOTHOCTH M paBHa € = In L = In— . Kak Gyzer
ly p
MOKa3aHo Jajiee, 3TO CIEJICTBUE MOXKET ObITh OCHOBHBIM IPH (DU3MUYECKOM ONpEIEICHUN
napaMeTpa MoBPEKAEHHOCTH U GOPMYIIMPOBKE KPUTEPHS XPYIIKOTO Pa3pyIICHHS.
Bpewmst uncro xpynkoro paspyuieHus cieayer u3 (2.2) mpu ycioBuu o = 1

. 1
b= (n+1)-A08 @3

3. Teopusi FO.H. PaGoTHoBA.
Hust y4éTa B3aMMOCBS3aHHBIX MPOIECCOB MOBPEXKIEHHOCTH © JedopManuu
non3ydectr FO.H. PaGoTHOB mpeanokuil CleayIoNIyo CUCTEMY YpaBHEHU [4]:

E=bc"(1-w) ", (3.1
o=cc"(l-w)", (3.2)
rne b, c, m, n, q,r —HNOCTOSHHBIE.

B ciydae 4HCTO XPYyNKOro paspylieHHs W MajbiX jaedopMarii CUMUTaeTcsi, 4TO
F= E,, 6 =0, =Const u u3 pemenns cucrems! ypasHenui (3.1) u (3.2) cmemyror

KPUTEPUHM YHUCTO BS3KOTO M XPYMNKOTO Pa3pyIICHHs M COOTHOILICHHE Ui AehopManuu
MOJNI3y4decTH (CoraIacHo 0003HaueHMsIM B ypaBHeHMsIX (3.1) u (3.2).

tv _ 1 tb _ 1
" e+’ " bmoy
P 1k
t
g=——|1-|1-— (3.3)
mt) r ’
p p
THe { =1, —BPeMs BA3KOTO PaspyIIeHNs, = _r+l
r+l—-g

Ipu paccmoTpeHun ciydas Oonblmiux —AeopManuii MPUHUMACTCS — YCIOBHE
HEC)KUMAEMOCTH, TOT/Ia HAMIPSDKEHHUE BRIPAXKACTCS CICIYOMICH hopMyoi: G = G 0 exp(s),
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a cucrema ypasHernuit (3.1) u (3.2) umerot Bup [4]:
€ =bo, (1-m) ‘exp(me), (3.4
o = co, (1 - )" exp(ne) (3.5)

CoortHolenue yis AedopMaryu moia3ydecTd COrIacHO PelIeHUI0 ypaBaeHuit (3.4)-(3.5)
HUMECT BUA:

1 .
8=—1n[1—v+v(l—m)’*g”], m#n, (3.6)
m—n
m-—n b m-n
rmev=———-—0
r—-g+1 ¢

OTH pemeHns1, HOITyYeHHBIE TPH NMPEIIOIOKEHNH O HEC)KUMAEMOCTH CPEbI, IIPOTHBO-
peyar caMoi KOHLENINH MOBPEXIEHHOCTH, KOTOPOE MPEIoaracT Hajuumdue Ae(heKTHOTo
COCTOSIHHS M €T0 3BOJIOLUS B IIPOLIECCE BEICOKOTEMIIEPATYPHOM MOJI3yYECTH.

4. Teopuss moa3yyecTd M JJUTEJLHOH INPOYHOCTH, OCHOBAHHASI HA KOHLENIHUH
pa3pbIXJaeHus.

boun MMPEAIOKCHBI Pa3JINIHBIC BapUaHTLI MaTtepuan3ann napamMeTpa
MOBPEXIAEMOCTH HEMOCPEICTBEHHO B (u3nveckux omnbiTax. Haubornee pacnpocTpa-
HEHHbIMU MOXHO CYHTATh OIBITHI, B KOTOPBIX M3YYaeTCs YMCIIO, pa3Mep U pacipeneicHue
nop B mpouecce momsydectd. CornlacHO 3THM HCCIEIOBaHMAM B KayecTBE IMapameTpa
MOBPEKICHHOCTH PacCMaTpUBaIach OTHOCUTENbHAS BETMUNHA MTOP — YUCIIO TIOP OTHECEHHOE
K TUIOLIaqy MOINEPeYyHOro cedeHus oOpasua. Jlpyrue aBTOpbI CUMTAIOT HeoOpaTHMoe
n3MeHeHne 00bEMa (paspeixicHue mo Tepmunooruu B.B.HoBoxwunosa [5]) wid mioTHOCTH
[6, 7] Hambomnee MpeaCTaBUTENFHON XapaKTEPHCTUKOW MOBPEKIEHHOCTH M B ONBITaX Ha
JIOJITCOBPEMEHHYIO MPOYHOCTD U MOJ3YUYECTh U3YHAIOTCs] U3MEHEHHUSI 9TUX XapaKTEPUCTHK.

[anee cuurtaem, 4TO HOPUCTOCTH SIBJISIETCS OCHOBHOM XapaKTEPUCTHKOM MOBpEX-
JNEHHOCTH, a B Ka4eCTBE HHTETPAlbHOW MEpHI IMOPUCTOCTH IPHHAMACTCS W3MEHEHHE
IUIOTHOCTH, pa3pBIXJICHHEe MaTephaia. B COOTBETCTBHM C OSTHUMH MPEICTAaBICHHUSIMH,
napameTp MOBPEKAEHHOCTH OINPENENAETCS COOTHOUIEHHEM y =p/p,, O=1—-y. B

HAYaJbHOM COCTOSAHMH P =, ® =0, B MoMeHT paspymenus p — 0 o=1. [danee

copMyIupyeM B3aUMOCBS3aHHBIE YPAaBHEHHUS U1 Ae(OpMalii [ONI3YyYeCTH U IapaMeTpa
HOBPEKACHHOCTH |/ .

OTMeueHHBIC TPOTUBOPEUns B KoHIemu KauanoBa-PaboTHOBa MOXKHO MPEOI0IIETh,
€CJIM CYUTATh MaTepHuall C)KUMaeMbIM. PaccMOTpuM CIIEyIONIyI0 CUCTEMY YpaBHEHUM st
CKOPOCTH IOJI3Y4Y€ECTH U [TapaMeTpa CILIOUIHOCTH (MOBPEXAEHHOCTH) y = p / p,

wﬁ%:ch, 4.1
hs C;—\t" =—-Ao", 4.2)

roe B, a, B — mocCTOsIHHBIC, G = o, F, /F. B navsaneHoM cocrosnumun P =pP,, o =0,

y =1, B MOMEHT paspymerus p=0, y=0, o =1.
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VuutsiBas 3aKOH COXpaHCHUA MaccChl u HUCTHUHHOC Halpsi’KEHUE
o=0,F/F=c,(l/L)(p/p,)=0,(p/p,)e’ =o,ye’, ypasuenus (4.1)-(4.2) moxHO

3alMcaTtb B BUAC

de ‘

— =Bojy" P, 4.3
" oV (4.3)
dy _

— =—Aoyy" %™ 4.4
i oV (4.4)

Cucrema ypasuenuii (4.3)-(4.4) npu o = =0 paccMarpuBaiack B padote [7].

Amnanutudeckoe perieHne cucrtemsl (4.3)-(4.4) B oOumieM Bujae He NPEICTABISIETCS
BO3MOXXHBIM. BHauane paccMOTpUM HEKOTOpble IpUOMMKEHHBIE peuieHus. Ecnum
OTPaHMYMTECS CITydaeM MajbiX jgedopmanmii, Torna MoxkHo cumtath € - ~1, " =1, un
u3 penieHus cucteMsl (4.3)-(4.4) npu HavyaNbHBIX YCIIOBUSIX, COOTBETCTBEHHO, [ =0, ¢ =0 U
t=0, y=1, cIeAylOT COOTHOIIEHHA s JedopMalM¥ MNON3YY4eCTH M HapameTpa

HOBpe)KZ[éHHOCTI/I
m—n _r
€ Z&;—OY 1—[1—(a—n+1)Ath]°‘—"+1 , (4.5)
1
w(O) =[1-(a—n+1) Aot Jor, (4.6)

e y=m-B+o—-n+l1.

Ha ¢wur.1 npeacraBineHbl KpUBblE U3MEHEHHs MapamMeTpa CIUIOUIHOCTH COTJIACHO
tdopmyne (4.6) mpu pa3MTUYHBIX 3HaYCHUSIX Kodhduimenta o (o =6 — kpuBast 1, g =4 —
KpuBasi 2 U o =2 — kpuBas 3). [Ipu pacuyérax ObUIM NPUHSATHI CIEIYIOUIME 3HAYCHHS

kos(pduumentos: n=2, A=10" [MIa]”, o,=100Mlla.

W
1

075

0.5

025

0
0 25.10* 5-10* 7510 110’ b ¥

@ur. 1. Kpusble n3MeHeH s TapaMeTpa CILUIOHIHOCTH COriacHo Gopmyie (4.6)
[IPH PA3IMYHBIX 3HAYCHHSIX KO3 DHUIIMCHTA OL.

71



IIpunumass ycinoBue paspyuieHus f=_¢ o y=0, u3 (4.6) nmomydnMm KpuTepHii

JUTUTENBHOM MPOYHOCTH
(0 = v “.7)
(w—n+1)- Aoy
ITpu o = 2n xputepuii (4.7) coBnanaer ¢ kpurepueM Kauanosa-PaborHoBa (2.3).
Ha ¢wur. 2 B 1BOWHBIX JIOTapU(MUYECKUX KOOPANHATAX MMOKA3aHbI KPHBBIC JUTUTEIBHOMH
NPOYHOCTH coriacHo Qopmyse (4.7) s pasHbIX 3HaYeHUH KodhHUIMEHTa o o =6 —
KpuBast 1, o =4 —KpuBas 2 1 o =2 — KpuBas 3. [Ipu pacuérax ObUM IPUHATHI CIEAYIOIINE

3HaueHus kod3pouimentos: n=2, A=10"° [MHa]_Z.

Iga,, Mlla
3

—

25

! 3 4 5 6 fgt,,u

Puc. 2. Kpuble JyTeNbHON TPOYHOCTH COTIacHO Gopmysie (4.7) s pa3sHbIX
3HaYeHUH KO3 PUIMEeHTa O.

5. lIpubam:kénnoe M TOYHOE pemIeHust s GYHKIMH NOBPe:KAEHHOCTH Y(g).

B cnyuae manbix gedopmarmii ipu € = 1, " ~ 1 u3 cuctems ypasuenuit (4.3)-(4.4)
cleyer:

d A —m n—o—m
GV _Z gy (5.1)
de B
Pemenue ypapHeHus (5.1) Mpy HaYaIbHBIX YCIOBUAX y =1, £ =0 MMEET BUJ:
1

Aoy (1-n+o+m—pB) |[-ramb
€
B

B obmem ciydae u3 cuctemsl ypaBHeHUH (4.3)-(4.4) MOXHO MOJIYYHTH TOYHOE
pemenue st GyHKOUHA HoBpexaéHAOCTH Y(g) . C 3Toit nenspto pasgenus ypasHeHue (3.5)

(5.2)

y(e)=|1-

Ha (3.4), momydum

d A
_\V __ g—mwn—a—nﬁ—ﬁe(n—m)a (53)
de B
Penienue ypapnenus (5.3) Ipy Ha4albHBIX YCIOBUAX \y =1, ¢ =0 MMEET BU]
1

_ AGO_ (1 —n+a+m-— B) (1 . e—(m—n)S) I=ntockm—p (54)
B(m—n)

v(e) = [l
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Ha ¢ur.3 nokasaHbl kpussle (g) cornacHo cooTHommeHusM (5.2) u (5.4) st pa3nnd-
HBIX 3HaUeHMUH mapamerpa o (oo =6 —KkpuBas 1, 1’, o =4 — kpuBast 2,2’ u o =2 — KpuBas
3, 3°) u xoopduuuenros: 4=10" [MIla]”, B=5-10" [MHa]J, c, =100 Mila ,
n=2,m=4,p=1.

Kak BuzmHO 113 prc.3, XapakTep H3MEHEHHs KPUBBIX MMOBPEXKIEHHOCTH 110 hopMyam (5.2)
" (5.4) HOCHTHYHBI.

W

1

0%

06

04

020 003 006 0o 012 015 g

®ur. 3. KpuBbie mOBpeXIEHHOCTH COTIIACHO cOOTHOIIEeHUM (5.2) u (5.4) s
pa3IMYHBIX 3HAYEHUH MapaMeTpa o.

L
1 5 °
[o}
0992
[¢]
S Q
XK
099 o
o}
X
0994 %
0992
099
0938 %
0% g 002 0.04 006 008 0.1 €

®ur. 4. TeopeTudeckre KPUBbIE H3MEHEHHSI IUIOTHOCTH COTIACHO penieHuto (5.4)
U 9KCIICPUMEHTAJIbHBIC TOUKH JJIs1 00Pa3IOB U3 MEJIH.

JUIs  9KCIIepUMEHTaIbHOTO OOOCHOBAHMS MPEIJIOKECHHOTO B paboTe mapamerpa
MOBPEKXAEHHOCTH \y OBLIM HCIOJIB30BaHEl MMEIOIINECS B MHPOBOH HaydHOH JUTEpaType
[8-14] pe3ynpTaThl OMBITOB IO M3MEHEHHWIO IUIOTHOCTH B IPOIECCE IMOJ3YYECTH, IIOITY-
YEHHbIE I Pa3IMYHbIX METAJUIOB U CILJIABOB: MeJ/b, aJlFlOMUHHN, HUKENb, CIUIaB Magnox
ALS80, cnmaB Hukenb — 0.1% mnammagws, pa3iauyHble XKapompodHble cruiaB. ONBITH
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BBITIOJTHSUTMCH TIPH PA3JIMYHBIX TEMIEPATYPaxX M YPOBHSIX PACTATMBAIOIIMX HanpshkeHud. Ha
¢ur. 4, 5 nmokazaHbl TEOPETUYECCKUE KPUBBIC M3MEHEHUS IIOTHOCTH COTJIACHO PELICHHUSIM
(5.4), (4.6).

Ha ¢ur. 4 npencrasieHbl pe3ysibTaThl ONBITOB 10 K3MEHEHHUIO TIOTHOCTH B TIpoILecce
MOJI3Y4eCTH [yist 00pa3loB U3 ME/IH, UCTIBITAHHBIX TP TeMieparypax S00°C (kpyxoukn) [9]
(mpu pacuérax HCIONB30BANUChH CHeAylomue KodppuuueHtl: n=2, m=4, p=1,
B=7-10"[Mla]", A4=35-10"" [MIla]”, o,=35Mla, a=6) u 250°C
(kpectuku) [12] (mpu pacuérax HKCHOIB30BAIKMCH Cieayronme KodhGUIMESHTE: 1 =2,
m=4,p=1, B=7-10"[Mlla]". a=6. 6,=73 Mlla, A=4,5-10" [MIla]~).

W
IM
[9)

099 %

098

7
0e 0 100 200 300 400 son LY

@ur. 5. TeopeTnueckne KpUBble N3MEHEHHMSI ITIOTHOCTH COTIIACHO pemeHuto (4.6)
Y OKCIIEPUMEHTAIIbHBIE TOYKH JIs1 00Pa3loB U3 aJIOMUHHS U CILIaBa HUKEJIS.

Ha ¢wur. 5 npeacraBneHsl pe3yIbTaThl aHAJIOTUYHBIX OIBITOB JIIS 00pa3L0B U3 AIIFOMH-
HUS, WCIBITAaHHBIX npu Ttemneparype 250°C  (kpyxouku) [11] (upm pacuérax
UCIIONIB30BAINCH  clefyrolue  Kodpduuuents: n=2, a=6, o , =138 Mlla ,

A=4-107"" [MIla ]’2 ) W culaBa HUKeNs, HWCIBITAaHHBIX mpu Temmeparype 503°C
(xpectuxm) [12] (mpm pacuérax HCHONB30BAIHCH ciexyroume KodhGUIHeHTs: n =2,
a=6, 6, =20 MIa, A=1,3-10" [MIla]). BpeMena BbIICPXKKH NOX HATPy3KOif 10
paspylueHusi BappupoBaiuck B npeneiax 30-500 vacos. Ha sTomM BpeMeHHOM HMHTEpBalie
(YHKIMS TTOBPEKAEHHOCTH BBIPAXKACTCS B BHJIC NPSMON JIMHWH, a SKCIICPUMEHTAJIbHBIC
TOYKH COTJIACYIOTCS C TEOPETHUECKUMH KpUBBIMH. [Ipn 3TOM OHM MMEIOT OOIIHiA XapakTep
HE3aBHCHMO OT Marepuajla M TeMIEepaTypHO-CHJIOBBIX BO3/ACHCTBHI, YTO yKa3bIBaeT Ha

CYIIECTBOBaHHUE €IMHON 3aKOHOMEPHOCTH MPOIIECCOB MOBPEXAEHHOCTH M IMOITBEPKAACT
KOCBEHHO MPAaBUIILHOCTH BBIOOPA PU3UUIECKOro mapamerpa NOBPEXAEHHOCTU.

6. 3aka0uenue.

B pa60Te y‘II/ITLIBaeTC}I CKUMAEMOCTb METAJUIMYCCKUX MATCpHUAIOB W B KAa4CCTBEC
napameTpa CIUTOITHOCTH PacCMaTPUBAETCs HEOOpAaTUMOE U3MEHEHHUE TIOTHOCTH. Ha ocHOBE
3TOr0 MapaMeTpa U ¢ y4€TOM 3aKOHA COXPAHEHMS] MacChl IIPEAIOKEHbl B3aUMOCBSI3aHHbIE
ypaBHeHHsT i aedopMaldy  MOJI3YYeCTH W IMapaMerpa CIUIONIHOCTH. [loyrydeHsl
AHAJIUTUICCKUC BBIPDAKCHUA JIA z[e(bopMaum/I MOJIBy4YECTH U MapaMeTpa CIUIOIHOCTU U
Cq)OpMyj'II/IpOBaHLI KpUTCpun I[JII/ITGHLHOﬁ MMPOYHOCTH. HOCTpOGHI)I COOTBETCTBYIOLIIUEC
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TeopeTHyeckre KpuBbie. [loka3aHo, YTO TEOPETUYCCKHE KPUBBIC JUIS MMapaMeTpa MOBPEK-
JEHHOCTH OMHUCHIBAIOT XOPOIIO IKCIIEPUMEHTAIBHBIC PE3YJIbTATHI [0 H3MEHEHHIO INIOTHOCTH
B IPOILECCE BBICOKOTEMITEPATYPHOI MOJI3YYECTH PA3IMIHBIX METAITMYECKAX MATEPUAIIOB.

Pabora BhimonHeHa npu GpuHAHCOBOI noaepxkke Poccuiickoro Gonga GpyHmameHTa b-
HbIX uccienoBanuii (rpant Ne 15-01-03159).
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13.
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Ob OITUMAJIBHOM I'PAHUYHOM YIIPABJIEHUU KOJIEBAHUSMU
CTEPKHs C 3AJAHHBIMU COCTOAHUAMMU B TIPOMEXYTOYHBIE
MOMEHTBI BPEMEHU
Bapcersin B.P.

KirroueBble cJi0Ba: ypaBHEHHE KOJICOAHHMS CTEPHKHS, ONTHMAIbHOE TIPAHWYHOE YIPABICHHE, YIPABIHEHHE
KONIEOAHUsIMH, YIIPABICHUE C TIPOMEKYTOYHBIMU COCTOSTHHUSIMH.

Keywords: the equation of bar vibration, optimal boundary control, vibration control, control of intermediate
state.

Barseghyan V.R.
On a Problem of Boundary Control of the Bar Vibration with Given States at the Intermediate Moments of
Time

Abstract. The problem of boundary control for the equations of transverse vibrations of a bar with given
states at the intermediate moments of time is studied, in particular, at certain moments of time only either the value
of deflection or velocity, or both values for the points of the bar might be given. The problem is reduced to the
problem with zero boundary conditions and by the method of separation of variables, for an arbitrary number of
first harmonics the control action is built. As an application of the proposed approach, the control action is built
for the control of vibrations of the bar with given deflection of points at some intermediate moment of time.

AnHoTtanus Vccnenyercs 3ajaya ONTHUMAJbHOIO TPAaHUYHOTO YINPABIECHMS JUIsl YPAaBHEHHs IIONEPEUHBIX
KoneOaHuil CTep)KHA C 3aJaHHBIMH COCTOSIHHSIMH B HPOMEXYTOUHbIE MOMEHTHl BPEMEHH, B YacTHOCTH, B
HEKOTOpble MOMEHTHI BPEMEHH MOTYT OBITh 3aJaHHBI TOJIBKO YJIM 3HAa4YeHHs NPOruba MM CKOPOCTH HIIU
OJIHOBpPEMEHO 00a 3HAUEHHs TOUEK CTEPKHs. 3a7aua CBOJMTCA K 3a/1ade C HyJIEBHIMH MPAHHMYHBIMU YCIIOBHSAMHU U
METOIOM pa3jeleHHs] IePEeMEeHHBIX Ul NPOU3BONBHBIX YHCEN HEPBBIX T'OPMOHHK HOCTPOEHO ONTHMAIIbHOE
YIIpaBIIOIIee BO3ICHCTBHE.

BBenenme. Ha mnpakTHke 4YacTO BO3HHMKAIOT 3a/laud TPAaHUYHOTO YIIPaBJICHHS
KOJICOAHUSIMU CTEpIKHS, KOTJIa HY)KHO CreHEepHUpoBaTh jkeslaeMmyro (opMmy KosebaHusl,
O6eCHe‘ll/ITI) BBIITIOJIHCHUE 3aJJaHHBbIX COCTOSIHUH B IMPOMEIKYTOYHBIE MOMEHTBI BPEMCHH,
CTaOMIM3MPOBaTh KOJIEOAHUsT WIIM TOJHOCTBIO YCIOKOMTH KoyieOaHus. MHOTrOuYHCIIeHbIe
3aJjaull YNpaBJICHHs KoJIeOaTEeNIbHBIX IPOLECCOB, KaK BHEUIHUMHM, TaK M TPAHUYHBIMU
YIPaBISIIONIMMU  BO3JICUCTBUSAMH, paccMOTpeHbl B pabortax [1-9] u mpemiokeHsl
pa3nUyYHBIE METOIBI PEUICHUs 3aaad ynpaBieHHus. B 3Tux paborax nccienoBaHBI 3aadu
yTpaBiIeHUs] YIPYTUMHU KOJIEOaHNUSIMH, C TOMOIIBIO BHENIHMX W TPAHUYHBIX yNPaBICHUH
IPY Pa3iINYHBIX TUIAX TPAaHUYHBIX ycloBHH. B [4] paccMaTpuBaroTCs 33134y yHIpaBICHUSA
YOPYTHMH KOJICOQaHHSMH, OIUCHIBAEMBIE OJHOMEPHBIM BOJIHOBBIM YPaBHEHHEM, W
MPUBENICHBI CIIOCOOBI TIOCTPOCHHUS IPAaHUYHBIX yrpaBieHuid. Padora [S] (u apyrue paboTs
S9THUX AaBTOPOB) TIOCBSIIEHa MpoOJeMe TPaHMYHOTO YIpaBieHHs (ONTUMAIBLHOTO
yIpaBJieHUs]) BOJIHOBBIMHU IIpOLIECCAMU B Kilacce OOOOIIEHHBIX DPEIIEHHH W TIOJy4YEHBI
rpaHuyHble yrpaBieHus. B paborax [6, 7] paccMoTpeHbl 3agadd 00 ONTUMAaJIbHOM
yIpaBieHHH KoJeOaHHUSMH CTPYHbI M MEMOpaHbl C 33JlaHHBIMU IPOMEXYTOUHBIMH
COCTOSIHUSIMU C TOMOINBI0 BHENIHWX CWJI, NEHCTBYIOIIMX Ha cHcTeMbl. B paGote [8]
MetooM Dyphe pemreHsl 3a1a4d ONTHMAIBHOTO TPAHUYHOTO YIPABJIEHUs KOJeOaHUIMU
VOPYTUX CHUCTEM, OIHCHIBAEMBIX BOJBHOBBIM ypaBHeHHeM. B pabote [9] mccmemyercs
3ajada TPAHUYHOTO YINPABICHUS Al YPABHEHMS IONEPEYHBIX KOJECOAHWH CTEpXHSA C
3aJaHHBIMH COCTOSIHASIMH B IIPOMEXKYTOYHBIE MOMEHTHI BpeMeHH. B pabotax [11, 12]
paccMarpuBaeTCsl T'paHWYHAs 3ajada ATl ypaBHEHHs KoJeOaHUsl CTPYHBI C 3aJaHHOM
CKOPOCTBIO B HEKOTOPbIH MOMEHT BPEMEHH KOJEOAaHUs CTPYHbl M CTPOUTCS DEIICHHE
3aJaui.
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B HacTtosmieli paboTe paccMaTpuWBaeTCS 3agada  ONTHMAJIbHOTO T'PAHUYHOTO
VIOpaBJICHUS ISl YpaBHEHHS MOMEPEYHBIX KOJICOAHUI CTEPKHS ¢ 3aJaHHBIMU 3HAYCHUSIMU
(yHKIMU TIporuba M CKOPOCTH TOYEK CTEPIKHS B IPOMEKYTOYHBIE MOMEHTHI BPEMEHH, B
YaCTHOCTH, MOTYT OBITh 3a/aHbl TOJIKO WM 3HAU€HHs MPOTnda, WM CKOPOCTH TOYEK
CTepKHA. 3a7aya CBOAWTCS K 3a/ade ¢ HyJICBBIMH IPAaHUYHBIMH YCIOBHSMH, U HCIIONB3YS
METOZ pa3/eleHUsI TEePEeMEHHBIX Ui MPOW3BOJBHBIX YHCENI TIEPBBIX TOPMOHUK,
HpesIaraeTcst Crocod NOCTPOSHHUSI ONTUMAIILHOTO YIIPABJIAIONIEro BO3AEHCTBUSI.

1. IocranoBka 3amauyu. PaccMOTpHM OIHOPOIHBIN, YIPYTUH CTEP)KEHb IMHBI I,

KOTOPBIH 3aHMMAeT B PABHOBECHOM rOpH30oHTambHOM nonoxenun otpe3ok [0, ] mo ocu
cumerpun OX . O6o3naunm uepes P u E nuneiinyio miotHocTs u Momyns ynpyroctu

MaTepuasa CTepKHs, depe3 S U J — MIomajb MoNepeyHoro Ce4eH!s i MOMEHT HHEPLUH
CEYECHMsI CTEpKHS OTHOCHTEJIBHO CBOEM Tropu3oHTaibHOM ocu. IlycTe cocrosiHue
KoJIe0aTeNpHON CHCTEMBI (Majible TOTepeyHbIe KOJeOaHusI CTEP)KHA), T.€. OTKIOHEHHS OT
IMOJIOKEHUSL PABHOBCCUA TOYKU X ocu CTCPKHA B MOMECHT BPCMCHH t, OITUCBIBACTCA

dyskmmeit Q(X,t), 0< X<, 0<t<T, koropas momunusiercs npu 0 < X<| wu
0<t<T ypasnenuro

’Q . »0'Q

> ta ——
ot OX

C HAYaJIbHbBIMHA yCHOBl/IﬂMH

Q

=0 (1.1)

Q0 =0, (), == =y, (), 0<x<I (12)
t=0
U rpaHUYHbIMHA yCJIOBUSIMUA
QO,t)=u(t), QU,t)=0, 0<t<T (1.3)
2 2
a? :a? =0, 0<t<T, (1.4)
X |, OX |

rae ¢pyukuus U(L) — rpannunoe ynpasienue, KOTOpoe JBakIbl HEMPEPHIBHO TUphepeH-
IpyeMa M yIOBJIETBOPSIET HEKOTOPHIM YCIIOBHSIM COIVIACOBAaHMS (KOTOPHIE NPHUBEICHBI B

B
pS

CosokynHocts Beex ¢ynkmmit  Q(X,t), ynosnersopsrommux ypasmenmio (1.1)

pa3zene 2). B ypasuenuu (1.1) npuasto o603HaUeHNE a’ =

nsaxpl HenpepbiBHo guddeperuupyembiM o t (0 <t < T ) u yerwipex bl HenpepbIBHO
muddepentmpyeMbiM 1o X BILIOTH 0 rpanums obmactu (0 < X< ).

[TycTb B HEKOTOpBIE IPOMEKYTOUHBIE MOMEHTBI BPEMEHH
O=t, <t <..<t <t =T
3aJjaHbl 3HaYeHMsl (YHKIHMH NPOruda W CKOPOCTH TOYKH cTep)kHS. MoxeT ObITh, YTO B
HEKOTOPBIf MOMEHT BpeMEHH 3a/aHa QyHKIHs nporuda, a B CIISNYIOINA MOMEHT BpEMEHH

TOJIBKO CKOPOCTbH NMPOTH0a, a B TPETHH MOMEHT BPEMEHH 33aHbl OJTHOBPEMEHHO 3HAYCHHSA
nporuda ¥ CKOPOCTH TOYEK CTEPKHS. B 4acTHOCTH, ITPEANOI0KNM, YTO B IIPOMEKYTOIHBIE
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moments Bpemenn t, (1 =1,...,M) 3nauenns npornGa n cKOPOCTH TOUEK CTEPHKHS MOTYT

OBITH 3aJaHbl B CJICAYIOIIEM BUAC!:

QXt)=9,(x), 0<x<I, i=1,..,m (1.5)
88_? =y, (X), 0<x<l,i=1,...,m (1.6)
t=t;

33[[3‘1& OINTUMAJIBHOT'O TPAHUYHOTO YIIPABJICHUS KOJIEOaHHUSIMU CTCPIKHA C 3aJaHHBIMU
3HAYCHUAMHU B IPOMEKYTOYHBIE MOMEHTBI BDEMEHUN CTAaBUTCA CJIETYIOIIUM 06p2130MZ cpean

Bosmoskubix ynpasiennii U(t), 0 <t <T tpebyercs maiitn onrumanshoe ynpasnenue,

nepeBojsiiee koiaebanus crepxHs (1.1) u3 3amanHoro HavanbHOTO coctostams (1.2) yepes
npoMexytounble coctosiuust  (1.5), (1.6) (WM B HEKOTOpble MOMEHTHI BpEMEHHU

ti (I =1,..., m) MOJKET OBITH 331aHO TOJIFKO OJIHO U3 HUX WM OJHOBPEMEHO 00a YCIIOBUS)

B KOHCYHOC COCTOAHUC

Q

QX T) = @1 (X) = ¢y, (X), e (X) =Wy (X), 0<x<I (1.7)
t=T

¥ MUHMMU3MpYIoliee GpyHKInoHa

!

fu@oat (1.8)

0

IpeamnoxknM, uro sagannsle Qynkuun @, (X), W, (X) (1 =0,1,...,m m+1)

HUMEIOT 710 4-0T0 MOpsIKAa HEMPEPhIBHBIE TPOU3BOIHBIE.

OTMCTI/IM, 4YTO TIIOCTaBJICHHAd 3adadya B TEX ClydadX, Korga B OTACIIbHBLIC
IPOME)XXYTOYHbIE MOMEHTHI BPEMEHH, CUMTACTCS 33aHHBIM TOJILKO OJHO M3 ycioBuii (1.5)
win (1.6), wm Korga OAHOBPEMEHHO 3adaHbl 00a 3t ycinosus (1.5), (1.6), pasmudarorcs
(pU3MUECKMMHU MHTEPIIPETALMSIMH, CIIeJI0BAaTEIbHO, UX MOKHO PacCMaTpUBaTh KaK pa3HbIC
3aa4H.

Hcnonp30BaTh MOAXOJ  IMOJTAIHOTO  pEIICHHS Ui PACCMOTPEHHOW — 3aja4u
ONTHUMAIBHOTO YIPABICHUS HEIENeco00pa3Ho, T.K. €ro HEBO3MOXHO MPUMEHUTh, B
YaCTHOCTH, B TEX CIy4asxX, KOrJa B OTJENIbHbIE IPOMEKYTOYHbIE MOMEHThI BpPEMEHH
3a/1aHbl TOJNBKO WM 3HadeHus mnporuda (1.5), mmm ckopoctu (1.6) TOUEK CTEpXKHS.
ITosTomy, B pabore mpemiaraeTcsi TaKOW MOIXOMA: PEIIeHHs pPAacCMOTPEHHOW 3amadn
yIpaBieHUsl, B KOTOPOM MOXKHO YYHMTBIBATh CHEUU(PHUKY BO3MOXKHBIX IMPOMENKYTOUHBIX
YCJIOBUH.

He wnapymast oOmHocTH, B paboTe pelieHHe 3afadyd CTPOUTCS, CYMTasi, 4YTO B
IPOME)XXYTOYHbIE MOMEHTHI BpeMeHHU 3ajaHbl 06a yciosus (1.5) u (1.6). B Tex cimyyasx,
KOrJa B HEKOTOpHIE MOMEHTHI BPEMEHHM OJHO M3 3THX YCJIOBMHM HE Oy/AeT 3aJaHHBIM,
COOTBETCTBYIOIIIE COOTHOMICHUS MPOCTO HEe OYAYT YIaCTBOBATH (MIIH UCKIFOUNM).

2. CgeleHne 3aa4d K 3ajJiaye ¢ HYJeBbIMU TPAHMYHBIMH YCJIOBHsIMH. Tak Kak
rpanugHble cMmemeHns (1.3) HEOTHOPOIHBI, peIIeHne PACCMOTPEHHOH 3aJadd CBOIUM K
3a/1a4e C HyJIEBBIMU TPAHUYIHBIMH ycIoBUsIME [9, 13].

Pemenne ypaBuenus (1.1) mem B Buie CyMMBI

Q(x,t) =V (X, t)+W(xt), 2.1
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rae V(X,t) — nenssectnas Qpyukuus, ynosnersopsiomas ypasaenuo (1.1) ¢ o1HOpOaHbI-
MH IPAaHHYHBIMHA YCIOBUAMH:

2
V(,t)=V(,t)=0, az\f =a\2/ =0, (2.2)
X |, OX |
a W(X,t) - pemenue ypasnenus (1.1) ¢ HEOHOPOIHBIMY IPAHUYHBIMH YCIOBUSAMU
2 2
W(0,t) = u(t), W(l,t)=0, avzv| _av2\/| =0. 2.3)
oxX |, OX |
B stom ciyuae gpynkims W (X, 1) umeer Bu:
W(x,t) = (1 —If)u(t) . (2.4)
Ioncrasus (2.1) B (1.1) u yunuteiBas (2.4), momydum:
oV, 0V
+a =F(x1t), 2.5
ot? ox* (xt) @)
rne
X ”n
F(x,1) :(I——l)u ). (2.6)

B cuiry HadanbHBIX, IPOMEKYTOYHBIX U KOHEYHBIX YCIOBUH COOTBETCTBEHHO (1.2),
(1.5)- (1.7) pynxmms V (X, 1) nomkna y10BIeTBOPATH HAYAIBHBIM YCIOBUAM

V(%,0) =0, + (= Du(O), % — v, (09 + (= DU0) @)

t=0
TMPOMEKYTOYHBIM yCJIIOBUIM

Vo) = (0+ G- nue), S

—y, (x)+(|—x—1)u'(ti ) i=1,...m @.8)
t=t;
1 KOHCYHBIM yCJIOBUSIM
X oV X ,
V(XT)= <|>T(X)+(|——1)U(T), rie wT(X)+(|——1)u (M. (2.9)
t=T
U3 ycnosus (2.2) cnenyer

V(O,t)=V(,t)=0, i=0,1,.., mm+l,
VO, av(l.b)|

ot |t:t, ot |t:t,
vV, (0,t)=V, (,t)=0, i=0,1,..,m m+1.

U3 ycnosuit (2.7), (2.8) u (2.9) ¢ yu€rom (2.10) momydnm CleAyIOIMIHE yCIOBUSA
COTJIaCOBaHUSI:

u(0) = @, (0), u'(0) =y, (0), 2.11)
u(ti ) = (pi (0)9 u’(ti ) = Wi (0) I = 17"'9 m’ (2‘12)
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u(T) = @7 (0), U'(T) =y (0). 2.13)

Takum oOpazom, ¢ yuérom ycnoBuid (2.11)-(2.13), ycnosus (2.7)-(2.9) 3anumryres
CIIEIYIOIIIM 00pa3oM, COOTBETCTBEHHO:

V(%,0) = 0,09 + (-~ 1), (0) aa—t —, 09+ (5= Dy (0), @.14)
V)0, 09+G = 16, 0), at —wi<x)+(|5—1>wi<0),i=1,...,m @15
6V

V(x,T)= (PT(X)+( - Do (0), —

Takum o6pa30M, 3aJa4a ONTUMAJIbHOTO TPAaHUYHOTO YIPaBICHUS KOJCOAHUIMU
CTep)KEHsI INpHBENCHA K 3amade ympapieHus (2.5) ¢ rpaHUYHBIMH yciaoBusMH (2.2) u
MuHHUMU3Hpyronwmii GyHkipoHan (1.8), koropas (GpopMynHpyeTcs CICIyOIUM 00pa3oM:

—y, () + (lf “ Dy, (0). 2.16)

. 0
TpeGyeTcs Haiitu ontumanbHoe rpanuunoe ynpasinenue U (1), 0 <t <T, nepeousuiee

JBIDKeHue (2.5) ¢ rpaHUYHBIMU YCIOBHAMH (2.2) M3 3aJaHHOTO HAYaJIbHOTO COCTOSHHS
(2.14) uepe3 mnpomexyTtounble cocTosHus (2.15) B koHeuHoe coctosiHue (2.16) u
MHUHUMH3HpYIOIUi ¢pyHkironat (1.8).

3. CBenenne penieHus 3aia4u K nmpodjeme MoMeHTOB. Pemenne ypasaenus (2.5)
UILEM B BUJIE

V(xt) = ZV (t)sm—kx e V, (1) = jV(x t)sml—kxdx (3.1
k=1
Hpencrasum pynximn F (X, 1), O (X), v, (X) (I =0,1,....m+1) B Buge psnos

®ypbe U N0/ICTaBUB UX 3HaueHus BMecTe ¢ 3HadenneM V (X, 1) u3 (3.1) B ypaBuenus (2.5),
(2.6) n B ycnosus (2.14)-(2.16), momyuum:

Vi) + AV, () =F (), A;=a (nlkj : (3.2)
2a ; 2a
V, (0) = 9" EWhL (0), V, (0) = y!” _H\VO( ). (3:3)
k
@y 2a 0 _2a ,
U®) =4’ =5 0.0, V() =y - I\yi(O) i=1,...m, (3.4)
m _2a m _2a
V(M=o o —¢:(0), V. (M =y! n — v+ (0), (3.5)
rae
F () =220t (3.6)
A
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3nech uepes (pg), WS) (i=0,1,...mm+1) o6oznauens kod(pdumuentsr Dypese,

cootsetctBenHo, Gynkumam @; (X), ¥, (X)(i =0,1,....mm+1), . e.

L2 . mk L2 . mk .

ol = TI(pi (X) s1n|— xdx, yi’ = I_'[Wi (X) s1n|—XdX, (i=0,1,..mm+1).
0 0

Obmiee pemerne ypaBHeHus (3.2) ¢ Ha4aIbHBIMHU YCIOBUAMH (3.3) MIMeeT BHT

t
V. (1) =V, (0)cosh,t+ %Vk (0)sinA, t + %J F.(t)sinA, (t —1)dT. (3.7
k k 0

Teneps yumutbiBas mpomexyrtounsle (3.4) um xoneunsle (3.5) ycioBus, u3 (3.7)
nonyaum, urto ¢ymkumu F (T) ROWKHBI ynOBIETBOPATH CleayOIIel GeCKOHEUHOI

CHUCTEME PAaBCHCTB!

5
I F (Dsini, (t; —odt =1V, (t;) -1V, (0)cosA,t, —\/k (0)sinA,t;,
0

4
j F (D) cosh, (t, —)dt =V, (t,) + LV, (0)sink,t; =V, (0)cos A, t,
0

j=1L...,mm+l1.

Ot PpaBCHCTBA H6H6C006p33H0 npeACTaBUTh B BUAC

3 t
jFk(r)sinxkrdr:élk(tj),ij(r)cosxkrdr =C,(t), i =L..omm+1, 38
0 0

Tae
Ci (1) = LV (0) = AV, (t, ) cos kb, + Vi (t))sind,t;,
Coc (1)) =V (0) +V, (t,)cos A, t, + AV, (1 )sind,t; . (3.9)

Hoxcrasnss oipaxenne Gpynkuun F (1) u3 (3.6) B (3.8) n unrerpupys no uactsim
¢ yu€érom ycnouii (2.11)-(2.13), momyqaum:

& t;
Ju®sin,tdt=C, (1), [u®)ycosi,tdt=Cy(t), i=1,..mm+1,  G.10)
0 0

rae
~ (0 (0 0
Clk(ti)zl—clk(ti)+w'§ )sinkkti _ 9l )cosxkti +(p0( )
2ah, A Ay A -
Co(t) :l—czk(ti)+ \Vlz( )COSKkti + @ ( )SiIl}\akti _WOZ( )
ZaKk A K Kk A )
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s toro, 4rtoOpl neByro dacTh cucrteMsl (3.10) @ Kaxkmoro k=12,...

paccMaTpuBaTh Kak JiMHeliHyro omeparmio, nopoxaéunyro ¢ynkuueit U(t) Ha orpeske

BpEMEHU [O,T] , 11e716CO00PA3HO BBECTH CIEAYIONINE (BYHKIUY:

hO () sinA,t, mpu  0<t<t 310
o, npu t<t<T ~ G-12)
. CosA,t, 0<t<t
(D) = “ P . : (3.13)
0, mpu 4 <t<T (I=1..,m+1)

Coorromerust (3.10) mpu momouwm  QyHKIMH hl(li()(t) 3.12) n (ik)(t) (3.13)
3aMUIIyTCS TaK:
T T
0

[ @udt =C, (4, [hY Ou)dt = Cyp (t) i =1,..,m+1; k=1,2,... 3.14)

Takum o0pa3om, pelIeHHEe MOCTAaBICHHON 3aJaudl ONTUMAJIBHOTO YIIPABICHHA
cBoauTcs K Haxoxaenuto Takoro ynpasnenus U(t) O <t <T, koropoe ymosnersopser

HHTErpalbHbIM COOTHOIICHUSIM (3.14) U mocraBisier MmunumyM ¢ynknuonany (1.8). Tak
kak ¢ynkouonan (1.8) sBiseTrcss KBagpaToM HOPMBI JIMHEWHOTO HOPMHPOBAHHOTO
MPOCTPAHCTBA, TO 3a/1a4y OIpPEeSICHHs ONTUMAIBHOTO YIPAaBIECHUSI MOXKHO pacCMaTpUBaTh
Kak mpobimeMy MoMmeHTOB [1, 14], crnemoBarenbHO, W pEUIEHHE MOXKHO IIOCTPOHUTH
COOTBETCTBYIOIIIUM 00pa3oM.

Ha mpakTtrike OOBIYHO BBIOMPAIOTCA HECKONBKO TIIEPBHIX  TapMOHUK YIIPYTHX
KOJICOaHUH U pemaeTcs 3aada, HCIOIb3ysl METOABI TEOPUH YIIPABICHUS KOHETHOMEPHBIMHU
CHCTEMaMH.

4. Pemenne 3agauu B caydae M=1. {1 IpocTOThl U3N0KEHHUS PELICHUE 3a1a4U
(3.14), (1.8) mpenImoN0oXnuM, 9TO COCTOSIHAE U CKOPOCTh TOYEK CTEPKHS 33aHBI B OJHOM

npomexkyrouHoM momente Bpemenn, T.e. 0 <t <t, =T (wm M=1). Toraa, u3 (3.14)

HNMEEM CIIEAYIOINE MHTETPAIbHBIE COOTHOILIICHUS
T T

[hP@umdt=Cy (t).  [h? Oudt=C(t,),
j hi (Hu(t)dt =C,, (t,), j P Outydt =C, (t,) k=12,... (4.1)

UroObl peuTh NOTy4eHHYI0 OECKOHEYHOMEPHYIO BapHAIIMOHHYIO 3a/1ady YCIOBHOTO
akctpemyma (4.1), (1.8), cnemys [1], 1OCTaTOYHO MOCTPOUTH pEIICHHWE ITOH 3amayd JUIsd

npoussonsHoro N=1,2, ..., xak koHedHOMepHas mpobrema MoMeHToB [1, 14].
Jlns pemenns koneunomeproit (mpu K =1,2,...,N) npo61eMsl MOMEHTOB, HYkKHO
Haiity Benuuubbl Py, G, Pors Ooys k= 1,...,N, cBA3aHHBIE C yCIOBHEM
n 2
ZZ[ pikCIk(ti)+qikC2k(ti)] =1, (4.2)
k=1 i=1
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JJI1 KOTOPBIX

(pr)” =min [ (e, @3)
rae
h,(t) = Z[ P +6,h ", 0 ]. (44)

k=1 i=l

0 0 0 0
Hns onpenenenns BeamduHbl P, O Pows 9 ok k:1,...,n MUHVUMU3U-

pyromme (4.3), IPUMEHHM METOX HEOmpeleNEHHbIX MHOoxwuTeneld Jlarpamka. Bremém
(hyHKIIHIO

f(p,g)= IL Z

1

{ n z plkCIk(ti)+qikczk(ti))—1:|

rae p:{pna Pa1s <o Prno pzn}a q:{qlp Giseees Gins qzn}a B — HeonpezencH-

Hblll MHOXuTenb Jlarpanka. Ha ocHoBe 3TOro Meroja, BBIYMCIHSS IMPOU3BOJIHBIE 10

3
[

2
p|kh(i)1k (1) +q,h",, (t))} dt +

>

P> s Pors Gk k :1,...,n GhyHKIMN f(p, q), U, IIPUPaBHUBASA K HYJIO, IOJY-
YaeM CIIEAYIOIYI0 CUCTEMY YPaBHEHUI:

Z(atg) Pk +blg)q1k +al(<;) Pk + (l)qZk) BCls(t )

k=1

Z(Cﬁ? P, + dg)qlk + Cl(el) P + dl(é)%k) = 5 C2S(t ),

k=1

Z(atgs) P + qg)qlk + al((? Py + qg)qzk) = BCls(t ) 5)

k=1

Z(C&) P + dlg)qlk + Cg) Py + dlgsz)q%) - _%Czs(tz)’ $=1...N

k=1
rze ¢ yuérom obo3Hadenuit (3.12) u (3.13), npuHATH cienyromye 0003HaYeHHs:

a?=[ Y (Oh? (Hdt= hY (O (t)dt= j h (tHh® (t)dt= j sin A, tsin A tot,

b,g):] <L>(t)n<;>(t)dt=j @ (tH)h (t)dt= j D (tH)h® (t)dt= j cos A, tsin A tdt,
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T T

T f

ce =[ h (O Odt=[hE O Hdt=] i O (t)dt=[sin %, tcos At

0 0

0 0
tl

T T T
dQ:j D (t) “S)(t)dt:j @ ¢) “g(t)dt:j D (t) (?(t)dt:j cos A, tcos_tdl,
0 0 0

0

T t
a® = J.hl(kz) (Hh? (tdt = Isin A tsinAtdt,
0 0

T t
b2 = _[hﬁﬁ) (O (H)dt = _[cos A tsinA tdt,
0 0

=g

!
(2) _
dm_j

0

b

O (t)dt = Isin A tcosA tdt,
0
t2

@ Oh (t)dt = J.cos A tcosA tdt.

Borunciisisg npuBeAEHHbBIE HHTErPabl, IIOIYYUM:

&
al) = Isin A tsinAtdt =

0

§
= Icos A tsinA tdt =

0

&
¢ = Isin A tcosh tdt =

0
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%[KS sin At cosAgt — A, sin At cos Ayt |
A k -\ s

mpu A, #A (K#9)

t sin2A.t,

LR " Ay =4, (k=5

7 47Lk npu k s ( )

ﬁ[kk sinA, t sinAt, + A cosA,t cosAt — 7‘5]
k s

mpu A, #A (K#S)

sin’ A, t
2kkk mpu Ay =4 (K=S9)

)2 —1 2 [Ay —Agsindt sindt; — A, cos At cosAt, |
k s

pu A, # A (K#9)

sin’ A, t
o, =k (k=)



ﬁ[%k sin At cos At —AgsinA gt cosA,t; |
t k s
dl = Icos?»kt cosA.tdt =<mpu A, # A, (K#9)
‘ t  sin2At
L Smend o, =, (k=s
7 47Lk opu Ay S ( )

e K,s=1,...,n;, i=12.
[Ipucoenuusis x ypaBHeHIsIM (4.5) ycioBue (4.2), TOXydnM 3aMKHYTYIO CHCTEMY

anreOpaMyecKuX ypaBHEHUH OTHOCHTENBHO Hem3BeCTHBIX BemmuuH [, O> Pors> ks
k=1..,nuf.

OGo3HAYMM TIIaBHBII ONpEIeIHTENb CHCTeMSBI (4.5) depe3 A ¥ IPEIIONoKNM, 4To
A, #0, a gepes A (Py), A, (Oy)s A (Py)s A,(Q,) omnpenennrenn, xotopsie

noJydeHsl u3 A, 3aMeHsisi COOTBETCTBYIOLIHIT CTONOEL] B PaBOil 4acTh cHCTeMbl (4.5).

Torna peuienue cucremsl (4.5) MOXKHO IPEACTaBUTH B BUJIE:
A A A
ph, = 2P g~ Balhe) py  SalPa),
A, A, A,
A
qgk:%,B:—Z—”, k=1,..,n. (4.6)

31ech NPUHATHI CEAyoNIre 0003HAYCHHS:

A = i[An( P Cie (6) + An (G )Coe (1) + A (P2 ) Cipe (1) + A, (A )Coi (1)]

A (P =—§Zn<plk), A (G = —%Zn(qlu,

An(pzu=—%Zn<p2k),An(qzk)=—§Zn(q2k),

[oncrasnsist u3 (4.6) 3HAUEHUS IS plok, ql" Ko pgk, qgk B (4.4), monmyunm
"0
®
hy(t) = i , (4.7)
A,
rae

F\? (1) = Zi:[An (P )h(l)lk O+ A, (G )h(Z)zk (O + A, (P )h(Z)lk () + A, (O )h(2)2k (t)]

U3 (4.3) c yaérom (4.7) Oynem umeThb
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(py)’ = %, e B, = T([(ﬁ,?(t))zdt.

Takum 00pa3oM, HCKOMOE ONITUMAJILHOE YIIPABJICHUE ONPEICIIseTCS BhIpakeHueM [ 14]:

1 A -
0 0 0
U () =55 )=~ ©). (4.8)
(Pn) B,

VYunteBas (3.12) u (3.13), onTuMansHoe yrpasisioniee Bo3xeiicteue (4.8) mmeer
CJEeAYIOUINMI BUIL:

%ﬁ?_(t) npu 0 <t <t
U =1 : (4.9)
%ﬁ? (t) mpu t, <t <t,
roe

Y (0 = LA P+ 8, (Pa )i A + (A, (6 + A, (G o8],

he' (1) = > [A, (P ) sin Ayt + A, (0 ) cos A, t]. (4.10)
k=1

Takum oOpa3om, uMes QYHKIHIO ONTHMANBHOTO yrpasieHus (4.9) uz gpopmyisr (3.6),
(3.7) moxHo Haiitn ¢pynxumio V| (1), cnenosarensho, n pynkumio npornba cTepxKHs.

3akaoueHue. 33[[3‘13. OINITUMAJIBHOTO TPAaHUYHOTO YIIPABJICHUA [JId YpPaBHCHUSA
KoJIeOaHuUs CTEPKHA C 3aJaHHBIMHU COCTOSHUIMHU B IIPOMEXKYTOYHBIE MOMEHTBI BPEMEHU
CBOOMTCA K 3agadye€ C HYJIEBBIMHU T'pPaHUYHBIMA YCJIOBUAMH, W METOAOM pas3ACICHUA
NMEPEMEHHBIX Ui IIPOU3BOJIBHBIX YHCEJ TEPBBIX TApPMOHHUK IIPEIIOKEH croco6
IMOCTPOCHUS ONITUMAJIBHOI'O TPAHUYIHOI'O YIIPABJIAIOLIETO BOSHeﬁCTBHH, HCTIOJIB3YS METObI
TE€OpUU yNPpaBJICHHUA KOHCYHOMEPHBIMU CHCTEMAaMH. Taxoi oAXO0/ MO3BOJISICT ITOCTPOUTH
peumeHus 3aga4d ONTHMAJIIBHOIO TPAHWYHOI'O YHPABJIICHUSA W UL TE€X ClIydasX, KOoraa B
OTACIBHBIC MPOMEKYTOUYHBIC MOMCHTBI BPEMCHHU, 3aJaHHbI TOJIbKO HUJIXM 3HAYCHUA npom6a
NI CKOPOCTHU TOUYCK CTEPIKHA NI OAHOBPEMECHHO oba yCJ10BuUs.
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KOHIEHTPAIIUS HAIIPSI)KEHUM B YIJIOBOM TOUYKE COCTABHOM
CBOBO/JHO ONEPTOM MJIACTUHKHA
Beayb6exsn B.M., Tepzsan C.A.

KiroueBble cji0Ba: ceKTOpUalbHas IUIACTUHA, W3TH0, KOHIIEHTPALMS HAPSHKEHUH.
Key words: sectorial plate, bending, stress concentration

Belubekyan V.M., Terzyan S.A.

Stress concentration at angular point of compound simply supported plate

Abstract. The problem of the bending of a sectorial plate consisting of two sectorial parts with different properties
is considered. It is assumed that the radial boundaries, both external and at the junction of the parts, are freely
supported. The stress-strain state in the vicinity of the point of intersection of the three supported sides is studied.
AnnoTtanus. PaccmarpuBaeTcs 3ajada H3rnda CeKTOPHANBHON IIIACTHHKY, COCTOSIIEH M3 JBYX CEKTOPHAIbHBIX
4acTeil ¢ pa3nuHbIMU cBoiicTBaMH. IIpearonaraercs, 4To paauaibHble IPaHUIB], KaK BHENIHHUE, TaK U Ha CTHIKE
yacteld, cBoOoaHO onépthl. Vccieayercss HanpspKEHHO—Ie()OPMUPOBAHHOE COCTOSIHUE B OKPECTHOCTH TOYKH
nepecedeHus TpEX onépThIX CTOPOH. IIpUBeeHbI YHCTIEHHBIE PE3YIBTATHI 10 YCTAHOBICHUIO YCIOBHUI, OSBICHHS
KOHIIGHTPAllUM HAINpsDKEHHH B 3aBUCHMOCTH OT YIJIOB CEKTOPOB, M3IHOHBIX XECTKOCcTeH M Kod(duuuenta
Ilyaccona matepuanoB IJIacTHH.

Bgenenue. Vmeercst oOmupHas JuTeparypa 1o UCCISJOBAHUIO HAIPHKEHHO-IE(op-
MaTHBHOTO COCTOSHHSI B OKPECTHOCTH BEpLIMHBI COCTaBHOTO KJIMHA, Kak A 3a4ad
AHTHUILIOCKON (KpY4eHHUs), TaK M JUIs 331a4 IUI0cKoi nedopmaruu [1-5].

Oco0eHHOCTH HANpsDKEHUH B YTIJIOBOM TOYKE OJHOPOAHOW IUIACTUHKM NPU H3TrHOe
HCCIIeTOBANCH B [6—8].

B HacTosmelt paboTe MPUBOIUTCS PEUICHHUE 3aaddl M3rnda KyCOYHO-HEOIHOPOTHON
TOHKOW MJIACTHHKU B OKPECTHOCTH TOUYKHU IMEPECEUEHUs TPEX CBOOOAHO ONEPTHIX CTOPOH B
OJIHOH YIJIOBOM TOUKE.

1. CexropuanpHas IUIACTHHKA, COCTOAIIEE M3 JBYX YacTed, B LIMIMHAPUYECKOU

CHCTEME KOOPIHMHAT (r, 0, Z) sanumaer obnacts 0 <r <o, 0<0<a.,, - h<z<h

Yactp mractunky ¢ naaekcom (1) mmeer yron 0 <0< Ol,,9aCTh IJIACTHHKH C HHIEKCOM

(2)—yron o, <O < a, (dur.1)

Dur. 1
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YpaBHeHust U3ruda yrpyroi INIACTUHKY JUTS KaXKI0H YacTH, B OTCYTCTBHH MOIIEPEUHON

Harpy3kH, UIMEIOT BU:

Aw =0, =12, (1.1)
rae oneparop J'Iarmaca B HOJ‘ISIpHOﬁ CUCTEME (I’, 9) HN3BECTCH

_o 10 15
ot ror r?oe

HpennonaraeTCﬂ, YTO IUIACTUHKA IO BHEIIHHUM paanyCcaM MU II0 paguyCy COCOUHCHUSA

(1.2)

cB0OOHO omépTa

W=0 M{"=0mpu6=0 (1.3)
OW  OW.

W =W, =0, 8_9128_92 MY =MP mpr 0=q, (1.4)

w=0, M’ =0 mpu 0=01,. (1.5)

2. Pemenwns ypaBHenuit (1.1) mpencraBnsiercs cieayommm oopazom [8.9]:
A
W (r,0)=r"f (0). @.1)

IMoncranoska (2.1) B (1.1) mpuBOAUT K peIICHNUIO OOBIKHOBEHHOTO TU(depeHHanb-

HOTO ypaBHEHHS
'Y +[7& +(x—2)2} fr+A* (L -2) f =0, 2.2)
oflee pelreHre KOTOPOro IOIy4aeTcs B BUIE
f.(0)=AsinA0+ B cosA0+F sin(A—2)6+ B cos(A—2)6. 2.3)
[Tocne ynosmeTBOopenus: rpanndHbIM yciaoBusaM (1.3) u (1.5), unciao mpon3BOIBHBIX

IMOCTOAHHBIX YMCHBIIACTCH, a JJId q)yHKHHI:I fi (e) IOJIy4aeTCs:

f,(8)=AsinA0+F sin(L—2)6

f,(8) = A (sin A6 — tghot, cosAB) + (2.4)
+F, [sin(A-2)0—tg(A—2)o, cos(L—2)0 ]

Ha rpanurie coennHeHNS TUTaCTHH (9 =qQ, ) MOTYT OBITh 3a/IaHBI Pa3IHYHBIC BapHUaH-

ThbI YETBIPEX I'PAHUYHBIX YCIOBUM, KaK YCIOBUE JUIsl ONPEACIEHUS YETHIPEX TPOU3BOJIBHBIX
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MMOCTOSHHBIX A, Fl , A&, Fz- 3/1ecs paccMaTpUBAETCsl CPAaBHUTEIBHO MPOCTOW BapHaHT
cBoOomHOTO ommpanus. I'pannunsie ycmoBus (1.4) momcraHoBkoit (2.1) mpuBomsaTCS K

YCIOBUSIM OTHOCHTENBHO (DYHKIIHI fi (9) :
_ _ " g "_ " _
fl—O, fz—O, f1_f2a lel—D2 f2 npu 9—0(1 (2.5)
rue D1 R D2 — M3TUOHBIE KECTKOCTH IIACTHH.
IMocne ymOBIETBOPEHUS TEPBBIM JIBYM YCIOBHSIM W3 TPaHHUYHBIX yciaoBuit (2.5),
TIOJTyYafOTCsl HOBBIC BBIPAXEHHS TS (DyHKIHI fi (9) :

sinAq,

f(0)=|sinA)————
1() - sin(?»—Z)oc1

sin(A—2)0 | A

1

f(0)=- o
sin(A—2)(o, —6)

sin(A—-2)(o, —a,)

| sinA (o, —0)—sinA (o, —a, ) A
(2.6)
TpeboBanue, uTo05BI penierns (2.6) yAOBIETBOPSIIN TPETHEMY H YUETBEPTOMY YCIOBUSIM

u3 (2.5), IPUBOJUT K CHUCTEME OJHOPOIHBIX ANreOpanyecKHX YpPaBHEHUIH OTHOCHTEIBHO
MIPOU3BOJIBHBIX IIOCTOSHHBIX A, Aﬁ:

sinAa,

cosha, XcosZal—(k—2)W
sin(A—2)a,

cos(A—2)a, [A+

cos(h—2)(a, —o,)
sin(A—2)(a, —a,)
YA sinla, cosha, + A sinAd (o, —a,)=0, y=D,/D,.

+| —hcosi(a, —o,)+(A—2)sin(a, —a,) A =027

PaBeHCTBO HymIO AeTepMuHaHTa CHUCTeMBI (2.7) maér ypaBHEHHE, OIpeaeisIoniee
mapaMeTp A, XapaKTepU3yIollee HaJUYKMe MM OTCYTCTBUE OCOOEHHOCTH B YIIIOBOM TOUKE

IIJIACTUHBI.
R(A,a,,0,,7)cosha, =0, (2.8)

rac
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R(A,a,0,,7) = Actgha, —(A—2)ctg(A—2)a, +
+y[ hetgh (o, —a, )= (A —2)ctg (A —2)(a, —o,) |

2.9)
Vpasuenue (2.8) uMeeT st A JIBE TPYIIIBI PELIEHMUIA:
cosho, =0, R(Aa,a,,7)=0 2.10)
W3 nepBoro ypaBHeHMs HOJIy4aeTCst
Kn:(Zn—l)Tc/(2OL]), Q.11

OTKyJa CIEAYET, YTO KOHUEHTPALKs IOABIAETCSA Ipy O, > Tc/ 2 (k < 1) .

Yactuble pemenns ypaaenns R =0 (mamp., O, = 2OL1 wm Y =0, wm y=0),a
TaKXKe YMCICHHBIE pe3yJbTaThl MOKa3bIBAIOT, YTO JUIS 3TOTO YPaBHEHUS HET pEIeHHH,

YJIOBJIETBOPSIIONIMX YCIOBUIO MOSBIIENNS KOHIEHTpauun A < 1.
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YCJOBUS NOABJEHUSA JTOKAJTU30BAHHBIX U3I'MBHbBIX
KOJIEBAHUM PACTSIHYTOM IIVIACTUHKHA
Bbeayb6exksan M.B.

KnroueBble cj10Ba: IpsMOYyroibHas IIIACTUHKA, M3TUOHBIE KOJIeOaHNUs, TOKAIN3AIH
Keywords: rectangular plate, bending vibrations, localization

Belubekyan M.V.
Localized bending vibrations appearance conditions of the plate under tension
Abstract. The rectangular plate vibration problem with the two opposite freely supported edges, one free edge and
fourth edge in the cases of different boundary conditions is considered. The conditions of the localized vibrations
existence in the vicinity of the free edge are established.

AHHoTanus: PaccmarpuBaercs 3ajaya KojeOaHMH NPSAMOYTOJbHOW IUIACTMHKH € JABYMS HPOTHBOIIOJOXHBIMH
cBOOOJHO ONEPTHIMH KPAsIMHU C OJHUM CBOOO/IHBIM M 4ETBEPTHIM KpaeM IPH Pa3INYHBIX BApPHAHTAX 3aKPEILICHUSL.
YCTaHOBIICHB! YCIIOBHS IIOSIBIICHUSI JIOKAJIN30BAHHBIX M3TUOHBIX KOJEOAaHHWIl B OKPECTHOCTH CBOOOIHOTO Kpas
[UIACTHHKH B 3aBHCHMOCTH OT OTHOCHTEIBHOTO pa3Mepa M (PH3MYEeCKUX CBOWCTB MaTepuaa IIIaCTHHKH.

Beenenne. B 1960 rony KonenkoBsiM [1] Obl1a moKazaHa BO3MOXKHOCTh CYIIECTBOBAHHSI
M3rHOHBIX KoyeOaHUW I MOJTyOECKOHEUHBIX IUIACTHH C YacTOTAMU MEHBIIMX YacTOT
KosiebaHui 1o (opmMe UUIMHAPHYECKOH MOBEPXHOCTH. AMIUIMTYABI STHX KoJieOaHUH
9KCIOHEHIMAIGHO YMEHBIIAIOTCS NPH YAAIEHHH 10 HOPMajiM OT CBOOOJHOTO Kpas,
AHAJOTUYHO MTOBEPXHOCTHBIM BosHaM Pasest. B nanbHeiem, 10KaqTu30BaHHBIM H3THOHBIM
KoJIeOaHHsIM OBUTH MOCBSILEHBI MHOTO paboT, 0030p KOTOPHIX NPUBOANUTCS B MOHOTpaduu
[2] u cTaThsax [3-5].

B mHacrosmeii cTatbe cTaBUTCA BOIPOC, KOTAA M IUIACTHHBI KOHEYHBIX pPa3MEpoB
TOSIBIISTFOTCS. 9aCTOTHI, KOTOPBIE MEHBINIE YacTOT KOJeOaHUH 1o (GopMe MIIHHIPUIECKOM
MTOBEPXHOCTH, KOpPOUe, KOT/Ia TOSABJISAIOTCA JIOKann30BaHHbIe Koebanus (JIK).

1.IToctanoBka 3anauu. [InacTuHKa B MPAMOYTOIBHONW KOOPIMHATHON CHCTeMe(X, Y, Z)
3arnmaer o6macts 0 < X<a, —h<z<h

IImacTiHKa pPaBHOMEPHO pacTAHyTa [0 HANpPaBICHUIO KOOpAMHATH Y . YpaBHEHUE

KoJieOaHuH TUIACTUHKY UMEET BUJ [6]
o’w o’'w
~+2ph pre

rneW — ¢ynkuus nporuba, P — pacrarusaromas Harpyska, NpHIOkKEHHas K Kpasm

DA*w—P

=0 (1.1)

y=0, y=b, p —morsocts, D — usru6uas sxéctxocts

2ER’
D=——_ (12)
3(1-v? )
[Momaraercst, 9T0 IBE MPOTHBOIIOIOXKHBIE Kpast TTACTHHKHA CBOOOIHO OTEPTHI M OIMH Kpaii
cBOOOIEH
o*w
w=0, =0 mpu y=0,b (1.3)
oy

=
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2 2 3 3

a\;v+va\;v=0, a\iv+(2—v) 8W2=0 mpu X=0 (1.4)
OX oy oX oXoy

Jlis ycrnoBmii 3aKpeIuIeHus] Kpasi INIACTHHKYA X = &, B JanbHeiImeM, OyayT pacCMOTPEHBI
Ppas3IMuYHbIC BApUAHTBI.

Pemenus ypaBnenus (1.1), ynoenerBopsmoniee rpaHuuHbIM ycioBusMm (1.3), mpencras-
JIAKOTCA B BUC

w= ethi f,(X)sinA.y, A, =nn/b (1.5)
n=1

Ioncranoska (1.5) B (1.1) mpuBOOUT K TOCIENOBAaTEIFHBIM OOBIKHOBEHHBIM Aupdepen-

OHUAJIBHBIM YPaBHEHUSIM OTHOCHUTEIIBHO fn (X)

f =200 8+ (1+al —B;) f, =0 (1.6)
rac
) P , 2pho’

_ B2 = 1.7
=D p DA’ (1.7)
Oomee pemenne ypaBHenus (1.7) ectsb
f, (X) = A;shAnp x+ D chA, px+ Ashi, p,X+ B chi, p,x (1.8)

B (1.8) P;, P, ecTb KOpHM XapaKTEPHUCTUIECKOrO YPaBHEHUS

P, = [1 +B:—a T/z (1.9)

I[HSI CyHI€CTBOBAaHUA JIOKAJIM30BAHHBIX KoJieOaHui HCO6XOHI/IMO, YTOOBI BBITOJIHSIIOCH

yenosue P, >0 nm

2 2
0<B, <l+a, (1.10)
B gactHOM ciydae OTCYTCTBHSA Harpy31<1/1(ocr21 = 0) , ycaosue (1.10) ects ycrmoBue 3amaun

Konenkoga [1].
Tpebys, utoOb1 pemenue (1.5), ¢ yuérom (1.9) ymoBIEeTBOPSIIO TPaHUYHBIM YCIOBUSIM

cBoOoxHoro kpast (1.4), maér mus fn (X) HOBOE€ BBIPQXEHHE C IABYMs IPOU3BOJIBHBIMHU

nocrostuabivu A, B

B pz(p§ _2+V)

f,(x)= : shA_p,x+shk, p,X|A, +
pl(pl _2+V) (1.11)
2 —
o =2 Yo, px+chn, pzx} B,
p -V

2. YerBépTas CTOPOHA IUIACTUKH KECTKO 3aKkpenuiena. [Ipexie Bcero paccMaTpuBaeTcs
BapHaHT, KOTa OCTABIIAsCS YeTBEPTAsi CTOPOHA IJIACTHKH KECTKO 3aKperieHa
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W=0,—=0 mpu x=0 2.1
OX

Ioncranoska pemenust (1.1), ¢ yuérom (1.11) B rpanuunsie ycnoBus (2.1) mpuBOANT K

CHCTEeME OJHOPOJHBIX aireOpanvyecKhuxX YpaBHEHHWH OTHOCHTENBHO IPOM3BOJIBHBIX

nocrosuubix A, B, . 13 ycnosust paBenctsa Hymo IeTepMUHAHTA IOTYYCHHOH CHCTEMBI

CJIETyeT TUCTIEPCHOHHOE ypaBHEHHE:!

p,(P3-2+v) p(pi-v) PI-2+V  pi-v
e R e el .
(7 =v)(p5 —2+v)
+1=0
(P -v)(p'-2+v)
rac
G =A,ap 2.3)

Orcroma B mpenene G, —> 9, G, —> 90 MOCJI€ HEKOTOPBIX IpeoOpaszoBaHumii [7] moiy-

qacTca ypaBHCHI/IC 3agauyu KOHGHKOBa JJI HOHy6eCKOHe‘IHOI>i I10JIOCHI
2 2 2
prp; +2(1-v)pp, -V =0 (2.4)
Jlokanu3oBaHHBIE KOJNCOAHUS CYIIECCTBYIOT, €CIH ypaBHEHHE (2.2) MMeEeT pelleHue (Bn),

ynoBieTBopsitomiee yeinosuio (1.10).
I'pannma pasmeneHuss  JIOKaJM30BAHHBIX — KOJEOAaHMH OT MEPUOAHMYECKHX  €CTb

[3?] =1+ 0(31 ( p,= 0). TpeOys, uro6sr P, =0  ynosrersopsiio ypasHenuto (2.2), npu-

BOJNT K yPAaBHEHHIO OTHOCHTENBHO A&

J2v (2-v) +V? B
ﬂknash(\ﬂkna)—Wch(,ﬂkna)— 0 2.5)

Ecnu 0603HaunTh KOpeHb ypaBHEHHUS (2.5) depes (kna)

. » TO OUEBHIHO, YTO pEIIEHHE,

yaoBieTBopsitoniee yciaosuio (1.10), OymeT uMeTh MECTo pu

Aqa>(Aa), (2.6)

Wmes B BUY, 4TO ypaBHeHUE (2.5) UMeeT KOPEeHb (kna)* JIOCTaTOYHO OOJIBILION, MOXKHO

W3 YPaBHEHUS MOIYYNUTH MPOCTYIO GOPMYITY
2 2

(2-v) +v

J2v

3. YerBéprasg CcTOPOHA IIACTHKHM IIAPHUPHO 3akpemyeHa. Ilycte Ha ueTBEpTON
TPAHULIE IUTACTUHKHY 3a/1aHbl YCJIIOBUS LIAPHUPHOIO 3aKPEILICHUS

ha> @.7)

95



2
W:O,a—\?/:0 npu X=a (3.1
OX

TpeOys, urobsl pemenune (1.1), ¢ yaérom (1.11) ymosnerBopsimo ycmosusam (3.1), kak U B
HpelbIAyleM cilydae, IPUBOJAMIO K CUCTEME YPaBHEHHH OTHOCHTEIILHO NPOM3BOJBHBIX

ITOCTOSIHHBIX A] , Bn. VYcaoBue paBeHCTBA HYJIIO I€TEPMUHAHTA YKa3aHHOM CUCTEMBI JaéT
2
P, ( P, — 2+ V)
2 2
p (P —2+V) P -

U3 (3.2), Tak xe, Kak ¥ U3 (2.2), B IPEACIBHOM CIydae G, —> 00, G, —> 00 IIOJIy4aeTcs

2 f—
the, — P Xthg2 =0 (3.2)

ypaBHeHHe 3an1aqu Konenkosa (2.4).

Tpebys1, 4To0b1 BZ =1+ Oer1 6buT0 OBl KOpHEM ypaBHeHHs (3.2), IPUBOANT K yPaBHEHUIO

n

A&, omnpenensioueMy rPaHHLLy MOSBICHNS JOKAIM30BAHHBIX KONCOaHMH

Tth(\/_k ) ——ha=0 (3.3)
2v

Cumnras, uyto ypaBHeHue (3.3) ompenenser MTOCTAaTOYHO OOJBIIOE 7\,na, B TPUOIMKCHUU

th (\/Ekna) ~1 nomyuum:

(2-v)
J2v

VYcnosue (3.4) BmepBele ObuT0 TONy4eHO ToBcTHKOM [8] IS aHAJOTMYHOW 3amadu
JIOKQJIM30BAHHON HEYCTOMUYMBOCTH IJIACTUHKH.
B 1a6n. | mpuBouTCsA CpaBHEHHE YCIOBHH MOSBICHUS JOKAIW30BAHHBIX KOJIEOAHWN IS
CIIydaeB 3aKpeIIeHNsI M CBOOOTHOTO OMMPAHUS YeTBEPTONU CTOPOHBI INTACTUHKH.
Tabauna 1
\Y 0,1 0,2 03 ] 04 | 05
;Lna no (2.7) 25,60 | 11,60 | 7,02 | 4,81 | 3,54

A,ano (3.4) 25,53 | 11,46 | 6,81 | 4,53 | 3,18

A,a> (3.4)

3aBHCHMOCTH OTHOIICHHUSI CTOPOH IUTACTHHKH OT KodddunueHTa [lyaccoHa, mpu KOTOPHIX
nosiersieTcst JIK

4. Ha 4eTBépPTOii CTOPOHE IJIACTMKH HMMeeM CKOJSIIIMI KOHTAKT. B 3akimoueHun
npuBenEM pelIeHre 3a1a41 KojeOaHuil IpsIMOyrojbHOM TIIACTUHKH JJIsl YETBEPTOTO Kpasi C
IFPaHUYHBIMHA YCJIOBUAMU CKOJIB3AIIETO KOHTAaKTa

ow_ o'w
ox X
TpeOys, arobsr pemernne (1.5), ¢ yaérom (1.11) ymoBieTBOpsIIO TPAaHUYHBIM YCIOBUSIM
(4.1), mIpUBOONT KaK W B MPEBIAYIIHX CIyYasX, K CHCTEME alreOpandecKuX ypaBHEHHUI

=0 mpu X=a 4.1)

96



OTHOCHTENBHO — Npou3BoIbHbIX — noctosHubix A, B . Ycnosus pasencrsa  mymo
JETepMUHAHTA 3TOW CHCTEMBI TAaET UICKOMOE JMCIIEPCHOHHOE YPaBHEHHUE
2 2 2
p; —2+V p, -V
2 2
, 2" the, — p, ~2——thc, =0 42)
2_24v ‘pi-v
Pr—2+ o)
3amerumM, uTO ypaBHeHHE (4.2) ormmuaercs OT ypaBHeHms (3.2) mns ciydas CBOOOIHO

onéproro kpas X=a, mepemeHHoi Mecramm Mmuoxurencii mpu th ¢ u thg, . Us

ypaBHeHHs (4.2) B TpemenbHOM Cilydae G, —> 00, G, —> ® TaKXKe IMOydaeTcs

ypaBHeHue 3amaun KonenkoBa (2.4). Opnako, ypaBHeHHe (4.2) uMeeT pelleHue,
YIOBJICTBOPSIIOLIEE YCIOBHIO CYLICCTBOBAHHUS JIOKAIW30BAaHHBIX KOJNEOAHMH NPH JIHOOBIX

sHauennmsix A @ u V#0 . B 5ToM HeTpyaHO yOeanThes, eciau pacecMOTPETh ypaBHEHHE

(4.2) B mpubmmkeHnH

(ra) <<1 (4.3)
[Tpu nonymenun (4.3) ypaBHenue (4.2) 3aMeHs€TCs ypaBHEHUEM

2( 2 2 2( 2 2
pz(pl —V)(p2—2+v)—p1(p2—v)(p1 _2+V):0 (4.4)
KOTOpOE, MocTie HEKOTOPBIX IMPe00pa3oBaHUNA IPUBOIUTCS K BUILY

2 2 2.2 2

(P2 -p)(p P} -Vv*)=0 45)
s (4.5), T.x. P, # P,, CIEAYET HCKOMOE PELIEHUE

2 2 \p2
B,=1+a,-V (4.6)

B ciyuae, korna kpaii niaacTuHbl X = 0, Kak Kkpait X = 0, rake cBoGoxeH, 3amaya BBUIY
CUMMETPHH, Pa3IENIeTCs Ha JIBE 33[a4d. CHMMETPHYHBIC M aHTUCHMMETPHYHBIC KolieOa-
HHUs oTHOcuTeNbHO ockoctd X = 0,5. T.e. yacToThl KoeOanuii Takoi MJIACTUHKN Oy Ty T
00BbeIMHEHNEM YacTOT KOJeOaHWH PacCMOTPEHHBIX 3a7ad CO CBOOOJHBIM ONMHMpPaHUEM H
CKOJIB3SIIIMM KOHTaKToM mpu X =a 3amenoi @ ma 0,5a.

3akmouenue. [IpuBeneHo pelieHuWe 3agadul KOJCOAHUI TPSAMOYTONBEHOW IUTACTUHKH C
OIHUM CBOOONHBIM KpaeM. [lodydeHBl YCIOBHS CYIIECTBOBAHHUS JIOKAJIM30BAHHBIX
KOJICOaHUH TIPU PA3INYHBIX TPAHUYHBIX YCIOBHAX Ha Kpae IUIACTHHKH, TPOTHBOIOIOKHOM

CcBOOOTHOMY.
JIMTEPATYPA

1. KonenkoB I0.K. OO0 wu3ru6OHoii BoiHe paneeBckoro Tuma./ Axyct. Xypuan. 1960,
T.6.Nel, ¢.124-126 Konenkov Ju.K. On a bending wave of Rayleigh type// Acoust-
journal. 1960, v.6, .Nel, p.124-126

2. Bumpge M.B., KamrynoB 1O./l., Koccoema JLIO. Kpaerie u wuHTEpdeiicHBIE
pe30HaHCHbIE sIBIICHUSI B ynpyrux Tenax. M.: @usmariur, 2010, 280 c¢. Wilde M.V,
Kaplunov J.D., Kossovich L.Yu. Boundary and interface resonance phenomena in
elastic bodies. M.: Fizmatlit, 2010. 280p.

3. Lawrie J.B., Kaplunov J. Edge waves and resonance on elastic structures: an overview//
Mathematics ans Mechanics of Solids. 2012, Vol.17, Nel, p.4-16.

97



Belubekyan M., Ghazaryan K.,Marzocca P. Localised Flexural Vibrations of Membrane
Cylindrical shells// the Journal of the Acoustical Society of America 2017, 141 (3)
p-1947-1952

. Belubekyan M.V. On the condition of planar localized vibration appearance in the

vicinity of the free edge of a thin rectangular plate// Proc. of the Yerevan State Univ
(Phys and Meth. scien) 2017, 51 (1) p.42-45

Ambapuymsss C.A. Teopus anuzoTpomHbix mactuH. M: Hayka, 1987. 360 c.
Ambartsumian S.A. Theory of Anisotropic Plates. M:.Nauka, 1987. 360 p.
Ambapiymsin C.A., benybexksa M.B. K Bompocy 00 wu3rnOHBIX BOJHaX,
JIOKaJIM30BaHHBIX BJIOJb KPOMKH TutacTuHku// [lpuknannas mexannka, HAH Ykpauna,
1994, 1.30, N2, ¢.61-68 Ambartsumian S.A., Belubekyan M.V. On the problem of
bending waves localized along the edge of a plate// Applied mechanics, NAS Ukraine,
1994, v.30, Ne2, p.61-68.

Toecruk ILE. YcToliumBOCTE TOHKHX 000J0YEK (ACHMITOTHYECKHE METOIBI) M.
Hayka, ¢pusmarmut. 1995, 320 c. Tovstik P.E. The stability of thin shells. Asymptotic
methods) M.: Nauka, Fizmathlit, 1995. 320 p.

CaejieHusi 00 aBTOpE:

Beaybexsin Menc BarapmakoBuu — k. ¢.- H., mpodeccop, 1. Hayd. cotp. MHcTuTyTa
mexanuku HAH Apmenun, EpeBan, Apmenus

Tea.: (+374 10) 52 15 03, (+374 10) 58 00 96.

E-mail: mbelubekyan@yahoo.com

98




MOIAEJNPOBAHUE MEXAHOTEPMO/N®®Y3NOHHBIX
MNPOHECCOB B MHOI'OKOMIIOHEHTHBIX YACTUYHO
MPO3PAYHBIX TEJAX ITPU BO3JEMCTBUU
IJIEKTPOMAT'HUTHOI'O U3JIYYEHUSA

I'aukeBuu A.P., Kazapsu K.b., Tepaeuxnii P.®.

KaroueBbie cjioBa: MexaHOTepMOAU()(GY3UOHHBIE IPOIECCH, MHOTOKOMIIOHEHTHBIE YaCTUYHO
MpO3payHbIe TENA, HIEKTPOMATHUTHOE U3IIy4YEeHHE CBETOBOTO JHUANa30Ha YacToT.

Key words: coupled mechanical, thermal, and diffusive processes; multicomponent semitransparent
solid, electromagnetic radiation in visible range.

Hachkevych O.R., Ghazaryan K.B., Terletskii R.F.
Modelling of mechanothermodiffusion in multicomponent semitransparent solids subjected to radiation

Abstract. A mathematical model to describe coupled mechanical, thermal and diffusive processes in
multicomponent semitransparent solids (solid solutions) subjected to electromagnetic radiation in visible ranges
(thermal or laser) is developed.

AHHOTALMA. Hpe)mmera MaTeMaTHYCCKasd MOJCIIb OIMUCAHUSA CBA3AHHBIX MCXaHUYCCKHUX, TCIIJIOBBIX U I[I/I(b(by-
3HOHHBIX MPOLECCOB B YaCTUYHO-IIPO3PAYHBIX TBépI[LIX TEIax (TBépI[LIX paCTBOan) npu BO3JICHCTBUN SJIEKTPO-
MarHiuTHOTO U3JTYYCHHS CBETOBOI'O AUalla3oHa 4acToT (TeHHOBOFO Ui na3epHor0).

1. BBegenme. lcTopmuecku MOCTpOEHUE KOHKPETHBIX MOJENIed MEXaHUKH B3anMO-
CBSI3aHHBIX IOJIEH 00yCIOBIICHO pa3pabOTKOM TeOpHii:

— MbE30IEKTPUUECKUX (ITbE30MATHUTHBIX, IHE30II0IYIPOBOJHUKOBBIX) TEI, B CBSI3H C IIH-
POKHM HCHOJIB30BaHUEM HIICKTPOMEXaHNIECKUX IpeoOpa3oBarteneii 3Hepruu (B YaCTHOCTH,
JUTSL KOHTPOJIS KOJIeOaHMH 31IEMEHTOB KOHCTPYKIIMH);

— MarHUTOYIPYT'OCTH JJIsl UCCIIEOBAHHSI MEXaHUYECKOTO ITOBEJCHUS (B YaCTHOCTH, YCTOM-
YHBOCTH) AJICKTPONPOBOIHBIX (TOKOHECYIIHUX) TE B MArHUTHOM T10JIE;

— pacrpocTpaHeHus BOJIH B Ie()OPMHUPYEMBIX (B YACTHOCTH, NPEIBAPUTEIHHO 1e(POPMHUPO-
BaHbIX WJIM C Ha4YaJIbHbIMU HaHp}I)KeHI/IHMI/I) Te€J1ax C y‘iéTOM CBA3aHOCTHU MCXAaHUYCCKUX U
JJIEKTPOMArHUTHBIX TOJIeH KacaTesJbHO Npo0sieM reo(U3UKH, CEHCMOJIOTHH, a TaKKe
CO3JJaHUS] METO/IOB HEPA3PYILIAIOLIETO KOHTPOJISI HANIPSDKEHUH B TeTax;

— TepMOOOpabOTOK TeJl, OCHOBAHHBIX HA HCIIOJIb30BAHMH BHEIIHETO 3JICKTPOMAarHUTHOTO
U3JTy4eHus (PagrovacTOTHOTO AWAMa30Ha — BBICOKOYACTOTHOTO M CBEPXBBICOKOYACTOTHO-
TO, a TaK)KE CBETIIOBOTO — TEIIOBOTO WM Jla3epHOoro). [logpoOHBIit 0030p McciuenoBaHui
10 JTAHHBIM HAITpaBJICHUSIM H3JIOXkKeH B [1, 2].

B wactHOCTH, B pa3zBuTHE OOIIEH TEOPUH MAarHUTOYNPYTOCTH CYIIECTBEHHBIH BKIAJ
BHECIM YYEHBIE apMSHCKOM IKOJBI MEXaHHKH, BO3IJIABISIEMOW  aKaJeMHUKOM
C.A. AMbGaprymsiHoM. [TocTpoeHbI 001IMe aCHMIITOTHYECKHE PELIEHHUsI TPEXMEPHBIX ypaB-
HEHHI MarHUTOYNPYTOCTH I 000JI0YEK U IJIACTHH, CHOPMYJTUPOBAHA THIIOTE3a MATHUTO-
YOpYyrocTd TOHKUX Ten [7 u ap.]. C UCTIONb30BaHUEM ITHX HOJIXOMO0B PEUIEH Psii KOHKPET-
HBIX 32/1a4 MarHUTOYTIPYTHX KoJeOaHMi M MarHUTOYIPYTro# ycroiunBocTH [92-94 u mp.].
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B nocnennee Bpems BCE MHTEHCHBHO Pa3BHUBAIOTCS MCCIEJOBAHUS IEKTPOMArHUT-
HBIX, TEIUIOBBIX, MEXAHHYECKHUX IIPOLECCOB BO B3aUMOCBA3H C IEPEHOCOM MAaCChl B
nedopMupyeMbIX TBEPIBIX TeslaX. DTO BBHI3BAHO MOTPEOHOCTSIMU JIEKTPOHHON TEXHHKH, B
YaCTHOCTH, CBA3aHHBIMU C CO3JaHUCM HOBBIX 3JICKTPOTCXHUYCCKUX MATEPHUATIOB ([ll/ISJ'leKT-
PHUECKUX, JIEKTPOIPOBOAHBIX, TOJYNIPOBOJAHUKOBBIX ), a TAK)KE IPOTHO3UPOBAHUEM BIIEKT-
PUYECKUX, MArHUTHBIX, TCIUIOBBIX U MCXaHHYCCKUX CBOICTB MaTepuaioB, COACPKAIINUX
WHOPOJHBIE IPIMECH, H HX TEPMOMEXAaHIMUECKOTO MTOBEICHHS ITPH KOMIUIEKCHBIX HAarpysKe-
HUSX (MEXaHHYECKHX, TEIUIOBBIX, UM (PY3MOHHBIX U 3JIEKTPOMArHUTHBIX ). COOTBETCTBYIO-
e MOJETH MeXaHOTepMoau((Qy3ul YIOMSHYTHIX THUIIOB TeJl CTPOMJIMCH Ha OCHOBE Tep-
MOMEXaHUKHA cMecer [7-9] mmu Teopuii medopMupyeMbix TBEPABIX pacTBopoB [10, 11] ¢
WCTIONF30BaHUEM H3BECTHBIX TEOPUH DJIEKTPOMEXaHMYEeCKOTO B3amMmozercTBus [12].
DJIeKTPOMAarHUTHBIE MPOLECCHl YUYUTHIBAIMCH JHILb Ipu Bo3aeictBuu DMMU pamuouac-
TOTHOTO JUana3oHa JUINH BOJH.

Hwxe paccmatpuBaercst MaTeMaTHYeCcKasi MOJIENb KOJIMUECTBEHHOTO ONHMCaHUsl 00yc-
JIOBJIGHHBIX BO3/ICHCTBUEM BHEIIHETO 3JIeKTpoMarHuTHoro usnydenus (OMU) ceeroBoro
Jyana3oHa 4acToT (TEIUIOBOIO MM JIa3epHOT0) B3aHMMOCBSI3aHHBIX IIPOLIECCOB IMEpeHoca
W3ITY4YEHHUs, TEIUIa, MacChl M Ae(QOPMHUPOBAHHUS B YACTUYHO IMPO3PAYHBIX UL M3ITYUCHUS
MHOTOKOMIIOHEHTHBIX TBEPIBIX Tenax (TBEpPABIX pacTBopax). OHa OCHOBaHAa Ha KOHTHU-
HyaJbHOH MoIenu TBEPAOH CMeCH AOMHHAHTHONH KOMITOHEHTHI (Kapkaca) W IpuMeced u
(heHOMEHOJIOTHYECKON TEOPHH PAaCHpPOCTPAHEHUS M3IYUCHUS, a TakKe Ha y4&Te HEOIHO-
POIHOCTH SHEPTETHIECKOTO COCTOSIHHS KOMIIOHEHT B (PH3MUYECKH MaJBIX JIEMEHTAX Tela.

2. O0mme COOTHOIIEHNS MEXaHMKH M TEPMOJAMHAMUKHM IJIsI MHOTOKOMOHEHTHBIX
neopMupyeMbIX TBEPABIX Tea (TBEPABIX cMecell) B3aMMOJAEHCTBYIOIIMX C
3J1eKTPOMATHUTHBIM H3Jay4YeHueM. [lpu ¢dopmynupoBaHun OajlaHCOBBIX COOTHOLICHHIA
MCXaHUKU W BTOPOTO 3aKOHAa TEPMOAHMHAMUKH [1JIdI MHOTOKOMITIOHCHTHBIX TBép[l])lX TCJ1
(romoreHHBIX TBEPABIX cMecedl N XHMHYECKH HE peardpylolIHX KOMIIOHEHT), C YIETOM
00BEMHOTO Xapakrepa BBeleHUS dSHepruu OMI B Takue Tena, UCIOIB30BAHBI MOIXOJIBI
MEXaHUKU MHOTOCKOPOCTHBIX KOHTUHYYMOB [8, 9, 13, 14 u ap.]. CornacHo UX Kax1oil u3
KOMIIOHEHT T€Jjla CTaBUTCA B COOTBECTCTBUEC OTLleHI)HbIﬁ MaTepHaHI)Hblﬁ KOHTUHYYM, a MO-
JIeNIb TeNa CTPOUTCS KaK COBOKYITHOCTh TaKMX B3aMMOIPOHUKAIOUINX KOHTHHYYMOB (KOTO-
pble B3aUMOZECHCTBYIOT MEXAy COOOH IyTéM 0OMEHa UMITYJIbCOM U 3HEeprueii). MHOrokom-
MOHEHTHOE TBEPIOE TEJI0 PACCMATPHBAETCS KaK IMPOCTPAHCTBEHHO HEOIHOPOAHAS HEpaB-
HOBECHAs! OTKPBITasi TEPMOJUHAMUYECKAs CHCTEMa, KOTOPas MO>KeT 0OMEHHMBATHCS Maccoit
(MaccoobMeH) u aHEpruei (TermiooOMeH, aeiicTBre BHeNHero M) ¢ BHEIIHEH cpeIoi.

dakTopamMu Bo3aeHCTBHA BHemmHero OMI Ha KOMIIOHEHTHI Tela IMPHHUMAIOTCS
00BEMHBIC CHIIBI, a TaK)KE MPUTOKH SHEPTHH K KOMIIOHCHTAM BCJIEICTBHE IMOTIIOIICHUS
sHeprun OMMU  (ompenernsiemMble OOBEMHBIMHM TEIUIOBBIIEJICHUAMH B Tene). DakTopsl
Bo3zaelcTBuss EMIU, paccunTaHHble Ha €AMHUIy MacChl OTJEJIBHBIX KOMIIOHEHT, MOTYT
CYIIECTBEHHO OTJIMYAThCs. DTO BBI3BIBAET Bo3pacTaHue AU Py3UOHHBIX IOTOKOB (SBICHHE
crumyiupoBanHod OMUW  nmuddysun). Ilpu stom Be3BaHHass DM HeEOJHOPOIHOCTH
OHEPIreTUYCCKOTO0 COCTOAHUSA KOMIIOHCHT COIIPOBOXKAACTCS (l'lpl/l YCTaHOBJICHHUU TCIIJIOBOT'O
paBHOBECH:) HEPABHOBECHBIMH IIPOLIECCAMH OOMEHa YHEPTUEH U UMITyJIECOM B (PU3UIECKU
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MaJIbIX 2JICMCHTAX TECJia.
I[BI/I)KCHI/IC MHOTOKOMIIOHCHTHOT'O T€JIa ONPECACIACTCA 3aKOHAMU JABUKCHUA MATCpU-

( o

AIIbHBIX TOYEK KOMIIOHEHT X = X I()(X((xk), t) co ckopoctsamu )"(i(k) = at[Xi(k)(X&k), 0]

(i,a=1, 3). 3mecp X, X((lk) — JI€KapTOBBl IPOCTPAHCTBEHHBIE U MaTepHUAaIbHbIE KOOPAH-

HaThl TOYeK K- KOMIIOHEHTBHI, KOTOPHIC OMPECISIOT COOTBETCTBCHHO €€ aKTyalbHYIO

F{(k) U HCXOIHYIO (OTCUETH (k) P -
y yi0) Ry’ konpurypanuu. PaccMaTpuBaeTcs TEno ¢ JOMH
HAaHTHOW KOMITOHEHTOH (KapKacoM WM OCHOBHOW Matpwuiei) [14], ¢ KOTOpoit CBS3HI-

BalOTCsS KOH(UTypalnMoHHbIE W AedOpMalMOHHBIE XapakTepucTHku Tema (U=X-X -
BEKTOp TmepeMenieHus, X = X(L), naaekc L7 3mece W gamee  OTHOCHTCS K

XapaKTEepUCTHKAM TOYEK KapKaca), a CKOPOCTh x5 touek s1oif KOMIIOHEHTBI BEIOMpaeTcs
B KaudecTBe xapakrepuctmyeckond [8]. Bce npyrne KOMIOHEHTHI Telna CYHTAIOTCS
NPUMECSIMH, a UX JBIKCHHUE OTHOCHUTENILHO KapKaca paccMarpuBaercs kak quddys3nonHoe
(\Tv(k) =30 _xL _ nuddy3noHHAsT CKOPOCTD).

MexaHrKa MHOTOKOMITIOHEHTHOTO TBEPAOTO Tena NpHu AeicTBur DMMU cTpouTcs Ha
OCHOBE (PM3MYECKHUX 3aKOHOB COXPAaHEHHSI MacChl, KOJIMIECTBA IBIKCHHUS, MOMEHTA KOJIH-
YecTBa JBIKCHUS W DHEPTUH, KOTOPHIE B MHTETPANBFHON (OpMe MPH MPOCTPAaHCTBEHHOM
ornucaHuu (GOPMYIHPYIOTCS IS KOKIOH KOMIOHEHTHI oTnenbHo [8, 13, 14]. Ilpu sToMm, B

Ka4eCTBC XapaKTCPUCTHUK KOMIIOHCHT MNPUHUMAIOTCS IapUUaJIbHbIC BEJIMYHHBL: Py, Uk —

(k)

TIOTHOCTH Macchl M BHYTPEHHEH JHEpruy; [ — COCTaBIIMIONINE TCH30PA HANPSKCHHUIT

Komm, xoTopble COOTBETCTBYIOT B MHOIOKOMIIOHEHTHOM TEJIE COCTABIISAIOIINM Prgk) BEK-
TOpa IMOBEPXHOCTHBIX yCWJIMI (OIPEAENsIOT Iepenady yCHIIMA KOMIIOHEHTaMH); q(") -

— *
BeKTOpI)I TCIIJIOBBIX ITIOTOKOB, a4 TaAKXC KOJIUYCCTBO JABHXCHUSA g(k) nu SHCpFI/lI/l Uk , KOTO-
pBIE eIUHUIEI MACCHI KOMITOHEHT IMONYYaroT MPH B3aUMOJCHCTBUU C APYTUMH KOMIIOHECH-
tamu. Bo3zzeiictBue BHemrHero MU Ha KOMIOHEHTHl YYATHIBAETCS IDIOTHOCTSIMH O0BEM-
upix cun 10 n npuToKaMu dHepruil Yy . C ucrnonab3oBaHueM 0000IIEHHON TeOpEMBI I1e-

peHoca PeiiHoibIca, TIPUHIIMITOB JOKATBHOCTH W CYNEPIIO3HUIIMU CBOWCTB CMECH MOJTYYCHA
cucreMa OallaHCOBBIX YPABHCHHUH MEXaHUKHU IS MHOTOKOMIIOHEHTHOTO TBEPIOTO Teja C
JIOMUHAHTHOW KOMIIOHCHTOM B JIOKaIbHOH (nuddepenimansHoi) Gopme

d('—)
L2418 20, Ip| (X =poL (o) (1)
RIPR L)
dP (Y e) %] N A1 (0
k=1 —t. f ali to=t. 2
PL dt =Lj,jteL b _I(Z:ET’ ij = Li» 2)

101



(L)
PdetU =1 Xi(,Lj)—qJ',j (m)+2(f i +PLCk\I/k)—
N d('—) (L)
A9 Z' R CD ILFC P At il 1 3
k=1 k=1

a TarKke (MoIenupys q)nanecxylo MOBEPXHOCTh Tela (KapKaca) CHHTYJSIPHOHM IOBepX-
HOCTBIO B 00JIaCTSIX KOH(Urypauuii NPUMECHBIX KOMIIOHEHT) YCJIOBUS B CKauKax (OTIelb-
Hbl€ TPAaHUYHBIE YCJIOBHS), B YaCTHOCTH, YCJIOBUS, COOTBETCTBYIOIINE MacCOOOMEHY IpH-
MeCHBIMU KoMIoHeHTaMu. B ypaBHenusax (1) — (3): C¢ =py/p_ — KOHLEHTpauuH, a

| (k) =Pk V\'/(k) — IIOTOKH MAacCChl IIPUMECHBIX KOMIIOHCHT, P — IJIOTHOCTb KapkKaca B HUC-

0% ): d(L) _ 5 +2(|_)_
0%

xomHON KoHGuryparum, J =det (—— — cyOCTaHIIMOHAJBHAS

0 Xg dt ot
NPOM3BOJHAS 110 BPEMEHH Ul oOmacTd Kapkaca; &ji — Tensop Jlen-Unsura; 3amsiras

nepes WHAEKCOM o3HadaeT auddepeHnupoBaHne. XapaKTEPHCTUKU TSI MHOTOKOMIIO-
HEHTHOTO TBEPJOrO Tejla — IJIOTHOCTh BHYTpeHHeW sHepruu U , TeH30p HampspKeHUit

m o
Komm t” , IIOTOK TCIlJIa qi 1 IIOTOK SHEPruun ql( ) , BBI3BAHHbIM IEPCHOCOM MAaCChI — OIIpC-

nemsttores B (1) — (3) cnemyromnim oOpazom:

N
=3 040 i Wl ) (
k=1

N

U= U +ww®/2), Z¢M, o™ - Z(m @
k=1

rac

w9 = (X Dl W) 420,08 12— pit ) - ) )

— TCH30PHBIC XUMHWYCCKUEC MMOTCHIIMAIBI KOMIIOHCHT, 6” — CHUMBOJI KpOHeKepa. Benuunner

IUIOTHOCTEH 0OBEMHBIX CHI | H NpUTOKa 3Hepruu Y K teny [12, 14, 15] (pakrops! Bius-

Hust OMU Ha MHOTOKOMIIOHEHTHOE TE€JI0) CBSI3aHbI C COOTBETCTBYIONIMMHU (DaKTOpaMH BIIH-
ssuust DM Ha oTNienbHbIE KOMIIOHEHTHI COOTHOIIEHUSIMU:

N N
=0 9, v=>cow. (6)
k=1 k=1

IpustoM ¢y =Q, rnme Q — MIOTHOCTH TETUIOBBIICICHHUH.
B cinydae manbIx KOHLEHTpalMid NMPUMECHBIX KOMIOHEHT (C, <<1) MHOroxkomro-

HEHTHOE TBEPIIOE TEII0 PACCMOTPEHO B MPHOIMIKeHNH ciraboro TBEpaoro pacteopa (CTP)
N

[8, 14]. banancoBrle ypaBHEHHS B 3TOM cirydae momydatorcs u3 (1) — (3) npu ch ~1,
k=1
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N

z M ~0 . Jns CTP, mpu 10CTaTOYHO MAIBIX KOHIEHTPALIUSIX MPUMECHBIX KOMITOHEHT,
k=1
MaTepuabHbIe YaCTUIIbI (MAaTepHANbHBIC TOUYKH) JAaHHOH KOMIOHEHTHI CUUTAIOTCSI HEB3aH-

MOJICHCTBYIOIINMH KaK MEXIy co0o0it (ti(jk) ~0, qi(k) ~ (), TaK ¥ C YaCTUIIaMH UHBIX KOM-

IIOHEHT (Uf(k ~ U(kL) , g’(k) ~ g("L)). Torna, BeIpaxkeHue 11l IOTOKA SHEPTHU qi(m) npen-

N
CTaBJISIETCS B BUJIC qi(m) = z [ Ii(k) (roe u(k) =U, + vv§1k) vv$1k) /2 — CKaJSIpHBIA XUMH-

k=1
YEeCKHUH MOTEeHIHaN). Y paBHEHUS OanaHca SHEPTHA MPUMECHBIX KOMIIOHEHT OyIyT
du, (L) (kL
TR CRACUTRE )

IIpu 3TOM, 3HEpreTHUecKoe cocTosiHMe nMpuMecHor komnoHeHTsl B CTP npu Bo3aelicTBun
OMM onpezensercs IPUTOKOM SHEPIUU Yy K €IMHMIE MACChl KOMIIOHEHTHI U €€ XapaKTe-

PpUCTUKAMU U(kL) . g(kL) oOmena SHCpFHeﬁ 1 KOJIMYCCTBOM JIBUXKCHUS C KapKaCOM.

Juis onrcaHus JOKaJIbHO-HEPABHOBECHBIX COCTOSIHUH B (PH3MUYECKHI MAaJIbIX AIEMEHTaX
CTP (mpu BeI3BaHHOH Bo3zaeiicTBHeM DM HEOTHOPOIHOCTH YHEPTETUIECKOTO COCTOSHUS
KOMIIOHEHT) WCIIOJIB30BaHbl MOAXOIBl HEPAaBHOBECHOW (palMOHATIBHOM) TEPMOIMHAMHUKHI
koHTHHYyMa [14, 15, 17]. BTtopo#i 3akoH TepMomuHaMuku chopMymupoBaH B (opme
HepaBeHCcTBa Knaysuyca-/[rorema

(1)

d - -
pLog o +(@T )i -pLQT 20, ®)

3mece M, T — mioTHOCTH 3HTpormu H Temreparypa B CTP. IlomydeHo nuccumaThBHOE
HEpaBEeHCTBO, B KOTOPOM YUYTEHO paccenBaHue SHeprur MU (TemsoBbIIeIeHuUs).

Cucrema 6ajlaHCOBBIX COOTHOILCHUH MEXaHHKH U BTOPOH 3aKOH TEPMOAWHAMUKH JUIS
CTP cdopmynanpoBaHbl B MaTepUaJbHOM ONMCAHUN Ha 00JIACTH UCXOAHOW KOH(UTYpalyun
Kapkaca (KOH(Urypauu MHOTOKOMIIOHEHTHOTO TBEPJIOTO TEJa).

2. MoaeaupoBaHue INpolecca pacnpocTPaHeHHs] M3Jy4YeHHs] B YACTHYHO MPO3-
PavHBIX TBEPABIX cMecaX. PaKTOPbI BIANSTHUS TEMJIOBOTO M3JIy4YeHHsI HA CMeCh.

ITycTh MHOTOKOMIOHEHTHOE YAaCTHYHO IIPO3PAvYHOE TEIO HAXOIUTCS MOJ BO3JICH-
ctBueM DMMU cBeTOBOro JMana3oHa 4yacToT (BKIOYaeT HHppaKpacHoe u3nyueHue (3 - 10!
+ 3.0 T 1), BUIUMBIN CBET (3.1014 + 3.108 I'n) u ynbrpaduoneToBoe H3Iy4deHHe

15 . 1 . . N
(3-10 5+ 3.107 I'm), xoTopoe 3amaéTcs BO BHEIIHEH cpesie CIEeKTPalbHOW MHTEHCHB-

HOCTBIO |£e)(xi(e)at,g0) , TAe A — JUIMHA BOJIHBI, Xi(e>

— KOOp/IMHATHI TOUEK BHEIIHEH cpe-
Ibl, §Jy — OpT B HampaBJIEHUHU PAcHPOCTPAHEHUA Jyda. J{jisd TEIUIOBOrO U3JIy4eHHs HHTEH-

CHBHOCTb IPOIIOPLHOHAIbHA CIIEKTPaJbHONH MHTEHCHMBHOCTH H3JIy4eHHs aOCONIOTHO 4ép-
Horo tena |, (A, Ty) npu Temneparype T, peallbHOro MCTOYHMKA U3IIy4EeHHs (HArpeToro
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TeNa) T. €.
Ls(4..80) = k. (4. G lap (1T, - ©
3nech kk()(i(e),go) — KO3 QUIMEHT NPONOPLUUOHATIBHOCTH — 3aJaHHas (QyHKLIUS, BUA

KOTOPOW yCTaHABIHMBACTCS B 3aBUCHMOCTH OT JHEPTETHUYECKUX M CIIEKTPATBHBIX XapakTe-
PHUCTHK PEasbHOTO MCTOYHHKA M3IYYCHHUS M €ro pa3MElICHHs OTHOCHTENBHO Tena. IIpuHn-
MaeM, 4TO MaTepuall UCCIEyEeMOTO TeJla He paccerBaeT M3ydeHHe (JUIsl paccMaTpHUBaeMO-
TO THIIa cMecell (TBEPIBIX pacTBOPOB) XapaKTEPHO MOJIEKYJISIPHOE PacceMBaHHE, KOTOPBHIM
MOXHO mpeHeOpeus) [18]. CuuraeM, UTO I HEr0O MOXKHO TMpPEeHEOpedh Takke Mbe30- U
INEKTPOONTHUECKIMH ddekramu. Torna pacnpocTpaHeHHE TEIUIOBOTO U3ITyYEHUs B Teje
OT BCEX pEAIbHBIX MCTOYHUKOB HMMITYJbCHOTO WIIM HempepbiBHOrO THma [19], KoTopble
UCIIONB3YIOTCS Uil HarpeBa (oOpa®oTku) Tenm (B [auana3oHe HM3MEHEHHs TeMIepaTyp
300K < 700K, xapakTepHOrO Ui PEXHMOB TEPMOOOPAOOTOK YACTHYHO IPO3PAUYHBIX

MaTepuanoB) MOXKHO ONHWCAaTh KBAa3UCTAllMOHAPHBIM  ypaBHEHHWEM IIlepeHoca B
NpUOJIMKEHUH Heu3iy4atoliero Marepuana [20, 21]

ol A (XI >t g()) o .
a—+ax(x,ck)lx(xi,t,go)]=0, (10)
rae 1y (%,t,0y) — chekTpanbHas MHTEHCUBHOCTb U3IIydeHHs B Telle, KOTOpas SBILIETCS
(hyHKIIMEH KOOpIUHAT, BPEMEHH U HATpaBJIeHUs ( J — pacCTOSIHHUE BIOJb JIyda), OIpees-
romierocst opToM Jg; & (% ,Cx) — ClEeKTpanbHbIi KO3Q(UUUEHT NOITOLEH S, 3aBUCAILUHA

B JAHHOW TOYKE TeNa OT KOHLEHTPAUil MIPUMECHBIX KOMIOHEHT. OTMETHM, 4TO B CIIPAaBOU-
HOHW JuTepaType OOBIYHO MPUBOAAT 3HAYEHHs ATOTO KOA(PPHIMEHTa Al OECHPUMECHBIX
marepuasioB. YpaBHeHue (10) OOMONHSEM TIpaHUYHBIMH YCIOBUSIMH, YYHTBHIBAIOIIUMU
CBSI3b Ha IOBEPXHOCTH TeJa CIIEKTPaIbHOI HHTEHCUBHOCTU |; H3Iy4eHUs B HEM C U3BECT-

o o e
HOU CIICKTPAJIbHOU MHTCHCUBHOCTBIO |7(L ) nagaromero Ha TeJI0 U3JIy4YCHUA (co3z[aBaeM0ro

peabHBIM UCTOYHHUKOM) TIPH OTPEACTIEHHBIX YKCIIEPIMEHTAIFHO KO PHUIIMEHTaX OTpaXe-
HUS ¥ IPETIOMIICHUS.

Ecmu BHelIHee U3ITyYeHue ABISIETCS HETEIUIOBBIM U3JIyUYeHUEM ONTUYECKUX KBAaHTOBBIX
rerepatopoB (OKI') (J1a3epHBIM), TO OHO pacHpenesieHO B OTIENbHBIX YaCTOTHBIX Y3KHX

e e —
CTHEKTpalbHBIX Auana3zoHax — mojocax [22]. Ero MHTeHCHBHOCTB I£ )(Xi( ),t,go) MOKET
JOCTUraTh OONBIINX 3HAa4YeHUH (HampuMmep, MpH (POKyCHPOBaHHUH, KOTAA CPEAHSSI MHTEHCHB-
T 19 3
HOCTH B maparomeM mydke |, ~10"” Br/m” -cp). st OmucaHust pacpoCTPAHEHHs MOHO-

XPOMaTUYECKOr0 My4YKa U3TyUEeHUs] TAKUX HHTEHCUBHOCTEHN HCIOB3YIOT ypaBHeHue [19]
ol a |
e () (11)
0 g 1+ (3YY] | N
o T (= \2
rae Oy — Kod(duument Hemuueiioctn, a Bemmamaa W, =(1-Rj )x xoyy I (M,)" -

KpI/ITGpI/Iﬁ BaBI/IJ'IOBa, KOTOpI)IfI CIIYKUT IJIA OLCHKW OTKIIOHCHUS PCHICHHSA 3TOTO0 ypaBHC-
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HUS OT 3akoHa byrepa [21]. Ypasuenue (10) MOXKHO UCTIONTE30BATH JUTS OMACAHUS PACIIPOCT-
paHEeHUs] YMEPEHHOTO JIa3epHOTO M3iIydeHus, korna W, <<1.
OCHOBBIBasiCb Ha ypaBHEHHAX OajlaHca SHEPTHMH W MOMEHTA WMITYJIbCa HM3ITydCHHS

[21] ompenmeneHBI Kak IIIOTHOCTH OOBEMHBIX CHIJI BO3ICHCTBHSA W3IYUYCHHS HA YACTHIHO
MIPO3PavHOE TENO

- 1% =

fox.0=—fa.(c)| | 1a(Xtgo) Todlg, |dn, (12)
% 0 I'=4n

TaK U IIJIOTHOCTH TCHJ'IOBI)I}Ie.HeHI/Iﬁ B HEM

Q4.0 = [a (G| [ 15(%t.go) dlg, |di. (13)
0 I'=4n

3necy I', I’y — TenecHblif yron M €IMHUYHBIM BEKTOpP 2JI€MEHTAPHOIO TEJIECHOTO yrjia B
HanpasieHuu g, Cy — 2JIEKTpoAMHAMMYEcKas IOCTOsHHas. B ucnomezyemoil monenu

TBEPJON CMECH BEIMYMHBI OOBEMHBIX CHJI M TETUIOBBIACIECHUI B Telle CBA3AHBI C CHIIAMHU,
JNEHCTBYIOIIMMH Ha €IUHHUIBI MacChl KOMIIOHEHT ¥ TPUTOKaMH OJHEPTUH K HUM
cooTHoIeHUsMH (6).

B ciydae Bo3meiicTBUS Ta3epHOTO U3ITydeHHUS TUIOTHOCTH TeIUToBbIneneHui (13) B Teme
MOYXHO TIPEACTaBHUTH B BUJIE

M o©
Q0= [a (@) [ 1, (XtGy) dlg, |, (14)
n=10 I'=4n

rre M — kommdecTBo monoc m3nmydeHust nasepa, a AL, — HX COOTBETCTBYIOLIAs IIMPHHA;

&, 1y, — KOdpHIHMEHT MOITOMEHHs U HHTCHCHBHOCTD M3JIYYCHHS B TENC Ha JUTMHE
BOJIHBI A, LeHTpa N-To# crekTpaisHoi momocst OKT'.

INomyyeHHble SKCHEPUMEHTANBHO  CHEKTPalIbHbIE 3aBUCUMOCTH  KodduimeHnTa
MOTJIONIEHHS YaCTHYHO MPO3PAYHbIX Te NPH HAIMYUH NPUMECH UMEIOT XapaKTEPHBIC 30HBI
TIPUMECHOTO TIOTJIOMIEHHS (TI0 CPaBHEHHIO ¢ Oe3MPHMECHBIMHA TellaMH). B kadecTBe mpumepa
MO)KHO TPHBECTH ILEHTPHl OKpAIIMBaHWS B HOHHBIX WM KOBAICHTHBIX KpHCTaJUIax,
OOYCIIOBJICHHBIE HAJIMYMEM MEXIYy3elbHbIX HOHOB; XapaKTepHbIE II0JOCHI W JIMHHUH
HOIJIOMIEHUsT U1 “Ta30BbIX~ IpUMeEcEH, KOTOpble NPUCYTCTBYIOT B IOJUMEPHBIX WU
CTeKJ1000pa3HbIx MaTtepuainax [22]. [Ipu Hanmu4Iuu «ra30BbIX» IpUMecer (IpUMeCH, BEIIECTBO
KOTOPBIX B €CTECTBECHHOM COCTOSHHH SABJIACTCA Fa3OM) XapaKTCPHBIC II0JIOCBI W JIMHUU
MMPaKTUYECKU COBMAAArOT C TaKMMHU IJid COOTBETCBYIOUIECTO Iasa, a OTJIUYUA MOTYT 6I)ITb
YYTeHBl B paMKax COOTBETCTBYIOIIMX Mojeiel crekTpockomuu [24]. OCHOBBIBasCh Ha
U3IOKEHHOM ¥ (usuueckoM  cojepxaHud  KodQ(ULMEHTa  IOIVIOLIEHUI &,

(xapakTepu3yrolieM OcIabieHHe H3Iy4eHHs B Tele, KOTOPOE OMPEAeNSIeTCs] KOIUYECTBOM
MOTJIOMIAOIINX [IEHTPOB), B PACCMATPUBAEMOM MHOTOKOMITOHEHTHOM YAaCTHYHO MPO3PAYHOM
TeJle ToJIy4aeM MPeCTaBICHHE
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N
&, (%.6) =ar(5)+ > a (g, (15)
k=2

rie a;';(xi ), a)(»k) (Cx) — xod(duuueHTs! NoriouieHns Kapkaca 1 npumeceil B cmecu. Ilpu

TaKOM TIPE/ICTaBICHUH, UCTIONB3ys Bupaxenus (12) u (13) mis 00beMHBIX CHIT BO3ACHCTBUSA
M3JIy4eHNUs Ha YaCTUYHO MPO3padyHOE TENO M TEIUIOBBLACICHWH B HEM, a Takxke
cooTHomeHus (6), HaXOAWUM BBIPAKEHUS UIA CHJ JACHCTBYIOIIMX Ha EAMHHILy MAacChl
MpUMECEN U NPUTOKOB SHEPTUM K HUM.

Kak mpaBwmio, 30HBI HPHUMECHOTO IIOTJIOLIEHWS B CIEKTPE MOTJIOMIEHUS YaCTHYHO
NPO3paYyHBIX TeJ MMEIOT BHJ Y3KHX YYacTKOB — IIOJIOC IOTJIOIICHHWs, a CaM XapakrTep
TIOIJIOLIECHHS B ITOJIOCE CIIOXEH U 3aBUCUT OT CTPOCHUSI KapKaca M YacTHII ITpUMeceH, criocoda
MX B3aMMOJICHCTBHS, HAJIMYMS BHEIIHUX (haKTOPOB (BO3JIEHUCTBUS 3JEKTPOMArHUTHOTO TIOJIS,
MEXaHMYEeCKOT0 HarpyXeHus, HarpeBa M T.n.). [loaTomy, Uil OnMcaHMs KaXAOH TaKou
MOJIOCHL  paccMaTpuBaloT A(P(EKTUBHBIE XaPaKTEPUCTUKH: WHTErPAIBHBIA KO PHUIHEHT

TOTTIOMICHHs! (MHTEHCHBHOCTD 10I0CHI) J ¥ 3((GEKTHBHYIO CIEKTPATIbHYIO MIHPHHY A ,
KOTOpbIE OIpENENSI0T B 3aBHCHMOCTH OT OTMEUEHHBIX BbIIe (akTopoB. DdexTHBHas
IIMPUHA TOJOCHl IS YINOMSIHYTBIX “Ta30BBIX” NpPUMECE M IEHTPOB OKpAIIUBAHUS
cocrapmsier 0,01 — 1 mxm. KommuectBo mosioc, MOPOXKAAEMBIX ITAaHHOW MPUMECHOM
KOMIIOHEHTOH, KOHEYHO W JJIsl “Ta30BOH‘ MpPHUMECH OMpENeNsieTcs KOJIMYECTBOM aTOMOB,
oOpazyronmx e Moiekyidy. IIpy M3BECTHBIX M3 SKCHEPUMEHTa MM pacuéra XapaKTepHc-

THKaxX MoJIoC, 3({eKxTuBHbI KO3((GUIUEHT NOIrIOLIEeHUS B JaHHOU I CHEKTpalbHOM
nosioce K -if mpuMecH onpeessieTcs CISIyOIUM 00pa3oM:

T ef
ay ' = ank /A;unk , (16)

n
e A, — LEHTP Ny -if TOTOCH, J)  — €& MHTCHCHBHOCTH, a ALY — a¢dexTrBHas MIHU-
pi| Nk I P Nk s )””k > Ny

puna. OnpenenéHHpId 1yt npuMecu 3@ eKTHBHBIH KOI(Q(UIMEHT MOIIomeHns B IoJoce,
3aBUCHT, KDOME Ha3BaHHBIX BBILIE (PAKTOPOB, TAKAKE OT KOHIEHTPALlUK Cy IPUMECH B TEIE.

Jnst pacuéra QeKTUBHBIX XapaKTEePUCTUK IOJIOC B PEANIbHBIX Ta3ax WIIM CMECSX W3-
BECTHBI HECKOJIBKO MOJeNel, B YaCTHOCTH, SKCIIOHEHIMAJIbHAs MOJENIb IIHPOKOH ITOJIOCHI
[24]. Ona mno3BoNsieT paccuMTaTh T XAPAKTEPUCTUKH M COOTBETCTBEHHO KOd(QUIMeHT
HOIJIOIIEHNS B II0JIoce (C YYETOM CTOJIKOBEHHI MOJIEKYJ rasa, BHI3BIBAIOIIMX PACIIMPEHHUE
TI0JIOC) TIPH PA3NIMYHBIX 3HAYCHHAX NaBJeHU B rase. [Ipu aToM, 3aBHCHMOCTD KO3 hHIHeHTA
NOTNOMECHNA &, B MOIOCE OT JAABICHU B HEM (WM eTo IUIOTHOCTH) SIBJISIETCS] JIMHEWHOM

(4TO MOTBepHKIAETCS HKCIEPUMEHTANBHO). B paMkax Takodl MozaenH, OmuchIBas “CTOJIKHO-
BEHHs” Ta30BBIX MOJICKYJI C KAPKACOM B YACTUYHO MPO3PAYHOM C1abOM TBEPIOM PacTBOPE,
KaK B3aUMOJICUCTBUE C KBa3UyacTHI[aMi ()OHOHaMH (TIpU COOTBETCTBYIOLIEM (DOHOHHOM JIaB-
JICHUH), MOJKHO PAaCCUUTATh KOAPPUITEHTHI TOTIOIICHHS axnk “razoBoif” MpUMeECH B TIOJIO-

cax B 3aBHCHMOCTHU OT €€ KOHLeHTparuu [25, 26]. 3ameTnM, 4To 3HaueHMS KOA(PPHUIHEHTA
TOTJIOIICHHS YISl pealbHOro rasa (o6pa3oBaHOro Molekyidamu K -ii mpuMecH) MpH TakoM
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JTABIICHUN W KO3(D(HUIMEHTa TOTTIOMICHHS «ra30BOi» MPUMECH B pacTBope (IIPU COOTBETCT-
BYIOIMX ¢¢ KOHIICHTPALMSIX) MPAKTUYECKH COBMAAAIOT. [103TOMYy, y4MTHIBasl JHHCHHYIO
3aBACHIMOCTH K03(h(hUIMEHTa MMOTJIONICHUS PEATbHOTO T'a3a B TI0JIOCE OT €r0 IIOTHOCTH, JUIS
kod(durmenta mornomeHust K - «ra3oBo» MpUMECH B MHOTOKOMITOHEHTHOM Telle TOJY-
YeHO BhIpakeHue [3]

Ny

A Te0=Y &, o), &, Ta)=g, Mo, (17)

Nk =1

*
rae Nig — KONMYECTBO IOJIOC MOIIOLIEHUS K -it HpUMECH, a’»nk :aﬁ]r:('l' ) pL/pﬁtm;

a;lm = jflm(T )/ A?»ii aIm(T); pﬁtm — IJIOTHOCTH peabHOTO K -ro rasa mpu arMochepHoM
Nk Nk

ef atm

M (T) BeIUMCHA-

JaBlIeHUU, T — TeMIeparypa B Teije. 3HaYeHUS BENUYHUH jf‘tm(T) , AA
Nk

FOTCS IJIs1 pACCMATPHUBAEMON IIPUMECH T10 3KCIIOHEHIMAILHOW MOJIENIN IIHUPOKOH MOJIOCH! IPU
Pk = pﬁtm. B nepBoM npHONMKEHHN 5TH XapaKTEPUCTHKUA MOTYT OBITh NMPUHSTHI PaBHBIMH

XapaKTEePHCTUKaM PEallbHOTO Ta3a MPH aTMOCHEpPHOM IaBICHHM (3HAYECHHS KOTOPBIX IS
OOJBIIMHCTBA T'a30B MPOTA0YIMPOBAHBI).

Ucnone3yst npencrasienus (17), moiaydaeM COOTBETCTBYIOIIME BBIPAKEHHUS Uil CHII,
JIEWCTBYIOIIMX HA €TUHUIY MAcChI IIPUMeECEi U IPUTOKOB SHEPT .

Takum 006pa3oM, KOHKPETU3UPOBAHBI (JaKTOPHI BIHMSHHS TEIIOBOTO W3JIy4YEHHs Ha Yac-
THYHO NPO3PayHyI0 TBEPAYIO CMECh, BXOIIINE B c(hOPMYIHPOBAHHbIE PaHEE COOTHOIIECHUS
MEXaHUKH M TePMOJMHAMUKH JUII MHOTOKOMIIOHEHTHBIX Ie()OPMHUPYEMBIX TBEPIBIX Tel
(TBEpABIX cMecel), B3aMMOACHCTBYIOIIMX C AIIEKTPOMArHUTHBIM H3TydeHHeM. OHH BBIpa-
JKEHBI Yepe3 XapaKTePHCTUKH IMOJI U3IyYeHHs] B CMECH M IOTJIOIIATeNbHBIC XapaKTepHc-
THKH COCTaBILIFOIIMX €€ KOMIIOHEHT M SIBIISIOTCS HCXOIHBIMH BO MHOTHX HPEIUIOKEHHBIX
KOHKPETHBIX MOJIENISIX MeXaHoTepMoauddy3un YacTHYHO NPO3pavyHbIX MHOTOKOMIIO-
HEHTHBIX TeJ IIPH TEIJIOBOM H JIa3epHOM o0mydenun [27-30].
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BOJIHBI ®JIOKE B HEOJHOPOJIHOM INEPUOJUYECKOM
CTEPKHE

Kazapsau K.Bb., Kazapsu P.A., Ilansan A.A.

KaroueBble ¢jioBa: crepikenb, Boubl DioKe, EPHOIUYECKAS CTPYKTYpa.
Keywords: Rod, Floquet waves, periodic structure.

Ghazaryan K.B., Ghazaryan R.A., Papyan A.A.

Floquet waves in an inhomogeneous periodic rod
Abstract. The problems of propagation of longitudinal waves are considered in an elastic rod of a periodic structure
consisting of alternating two exponentially functionally graded piecewise inhomogeneous elastic materials. It is
shown that the inhomogeneity leads to a significant expansion of the forbidden bands and opens up new forbidden
frequency bands.

AnHoTanus. PaccMoTpeHBl BOIPOCH! PaCIPOCTPAHEHHs IPOJIOJIBHBIX BOJIH B YIPYTOM CTEp)KHE MEPHOINYECKON
CTPYKTYpHl H3 albTCPHATUBHO UEPEAYIOIUXCS JABYX OKCIIOHCHIMAIBHO (YHKIMOHATEHO-TPaTyHPOBAHHEIX
KYCOYHO-HEOJHOPOIHBIX YIPYTUX MAaTEPHAIOB. Y CTAHOBJICHO, YTO HEOJHOPOJHOCTb IIPHBOAUT KaK K CYIIECTBEH-
HOMY PacIIMPEHUIO 3alPETHHIX 30H, TaK M OTKPHIBAET HOBBIE 3alIPETHEIE 30HBI YaCTOT.

BBenenne. BmnepBeie HamuuWe 30H 3aldpaHds  4acTOT B MEPUOJUYECKOMN
OJTHOHAMPABJICHHOW yNPYTroil CTpyKType Obio oTMedeHo B pabore [1]. bonee neramsHO
BOIIPOCHI PACIPOCTPAHEHMS YNPYTHX BOJH B IEPUOJUUYECKHX CTPYKTypax H3y4eHBI B
paborax [2-9]. [Ipumenenunto Teopun Droke K 3a1auaM pacrpoCTpaHEHUs YIPYTHX BOJH B
NEepHOANYECKUX CTPYKTypax NOCBsIeHbl padboThl [2,3]. B paborax [6,7] uccienoBaH criekTp
BojH ®Dioke — biioxa B ynpyrux nepuoJnvecKux BOJTHOBOJIAX C MaTreMaTHUYECKON TOUKH
3pennsi. CrekTpajbHasi TEOpus MOIEPEeUHbIX KOJIeOaHUH MEepHOIUUECKUX YNPYrux Oaok
n3noxena B [8-9]. B pabore [10] npuBoauTcs 0030p MO pacnpOCTPAaHEHUIO YIPYTHX U
3JIEKTPOMArHUTHBIX BOJIH B IEPHOINYECKON CTPYKTYpE M IPUBEAEH aHAIM3 POJIM UMITEJaHCa
Ha CYILECTBOBaHME 30H 3amupaHus 4yacToT. B pamkax ynpowénnoit monenu Koccepa B
pabore [11] paccMOTpeH BOIPOC paCHPOCTPAaHEHHsS] OJHOMEPHOH CIBUTOBOW BOJHBI
HNEPHEHANKYISIPHO K TPAaHULAM [BYX Pa3IMYHBIX NMEPUOAMUECKU YEPEAYIOUINXCSA YIPYTHX
OJHOPOJHBIX CpeA. YCTaHOBJICHO, YTO B AWANa30HE BBICOKUX YACTOT y4ET MOMEHTHBIX
HAIPSDKEHUH CYIIECTBEHHO M3MEHSET CTPYKTYPY 3alpPETHBIX 30H 4acTOT, 00YCIIOBIEHHBIX
MEPUONYHOCTBIO cpejibl. Bosabl @noke — bioxa B Mbe303JIEKTPUUECKON MEPUOIUIECKOM
cpele u3ydeHsl B padote [12].

1. ITocranoBka 3agaun. PaccMOTpuM 3a7ady pacnpoCTpaHEHHs NMPOJOJIbHBIX BOJH B
ynpyrom crepkHe. CTepeHb MpeJCTaBIsieT CO00H NEepHOANYECKYI0 CTPYKTYpY,
COCTOSIIYI0 M3 aJIbTEPHATUBHO YEPEAYIOIIMXCS ABYX (DYyHKIHMOHAIBHO-TPaIyHPOBAHHBIX
KyCOYHO-HEOJHOPOJHBIX YNPYrHX MarepuanoB. CTepkKeHb C NMEpUOJMYECKH ITOBTOPSIO-

ummest ¢ nepuojom 0 snemenTapHOl suEiKol —d1 <X<d2 XapaKTepU3yeTcss ILIOT-

HOCTBIO MaTepuaja u MOJlyJIeM YIPYTrOCTH CIIeyIOLINM 00pa3oMm:

Pio (X) =Py fi (X)’ E(X)=Ef, (X)a fi (X) =expla(x—(n-1d],
(n-1)d—-d, < x<(n-1)d (1)
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pzo( ) Pop f ( ) E,X)=E,f ( ) fz(X)zexp[b(X—(n—l)d]
(n—1)d < x<nd-d, )

rae A u b ects napamerpsl, XxapakTepusyrolKe HEOJHOPOAHOCTH MaTepHaa.
Cornacuo teopun Dioke, paccMaTprBaeMas 3aqada TpeOyeT pacCMOTPEHHUs! ypaBHEHUS

JBIDKCHHMS CTEPIKHS B MUHTEPBAJIe —d1 <X <d2, (n = 1) .

2
U= (xt), 0 =E )‘Z‘i %ixzp%” _d <x<d, 3
2

u, =u,(xt), o, =E,( )%L:( , 8;)(2=p2%,0<x<d2, (4)
COBMECTHO C YCJIIOBUSIMHU YIIPYTOTO KOHTAKTa Ha JIMHUHW pa3aciia MaT€pruajloB
u(0,t)=u,(0,t),  o,(0,t)=0,(0,t) (%)
u ycnosusimu dioke

U (—d,,t)=2u, (d,,t), o,(-d,t)=%o,(d,,t) (6)

3necy A = exp(ikd) , k- BonHOBOE umCITO ®r1OKE.

2. Pemrenne 3agauu. [Ipencrassis pemenus ypasaenuii (3) u (4) B Bune

U (%t) =u, (X)exp(iot), u,(xt)=u,(x)exp(iot), (7

MOJIYYUM CJICAYIOMNE PCHICHUA!

Uy, (X) = exp(—%)(a sin( px) + B, cos( px))

S (x)=—%E10 exp(%j((aBz ~2B, p)cos( px)+(aB,+2B, p)sin( px))

®)
bx .
Uy, (X) = exp(—TJ(Cl sin (gx) + C, cos(gx))
Oy (X)=—= E20 exp(b ]((bC ~2C,q)cos (gx)+(bC, +2C,q)sin(ax))
rae P = plo —————— B,,B,, C,,C, — nocTosiHHbIE HHTEIPHPO-
BaHUs.

Y noBnerBopsis pemeHne (8) ycIoBUsAM YIPYroro KOHTaKTa Ha JIMHUM pa3Jiesia MaTepuaioB
u ycnoBusM DIioke, MOIyduM OJHOPOAHYH CHUCTEMY YpaBHEHHH OTHOCHUTENBHO YETBIPEX

nocrosuubix By, B,, C,,C,. U3 ycnosus papenctsa ny:to onpenenutens 3Toi cucTeMbI

HNMEEM CIIEAYIOIIEE NUCITIEPCUOHHOC YPAaBHEHUE!

cos(kd)=F(n) ©)
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~ (1+Sz)cos( P, )cos()
F(m) = >S -

K (l—Sz)cos(q))sin( p) e (I—Sz)cos( p, )sin(a})
2p,S 29,S

you +4yp; — oy, (1+Sz)y+)1((oc§ +4q02)82y2 sin( p, )sin(qp )

8Py Sy

JHucnepcuonHsle ypaBHeHus (9) OIpelelsroT BONHOBOE 4MCIO K B 3aBUCUMOCTH OT
yactotel T). Eciu umerorcs o6sacTu 3HadeHuii 1), 1y KOTOPBIX |F(T|)| >1, 10 B 7100
00IacTH YacTOT paclpOCTPaHEHHE MPOAOILHOH BOJHBI HE MMEET MecTa (B 9TOM Cllydae
BOJIHOBOE uKcio K He siBNseTcs neiicTBUTEBHBIM).

IIpoBeném cpaBHUTEIBHBIN YUCICHHBIN aHAIN3 YPaBHEHUS, UCCIIELYsl POJIb TapaMeTpa
HEO/IHOPOJHOCTH Ha (OpMHpOBaHHME 3alPETHBIX 30H 4acToT. Ha mpumepe KOHKpETHOrO

marepnana 0 =3, y =2, y=2, o, =, = 0. Ha ur.1 npusenén rpadux 3aBucumoc-

TH OTHOCUTEJIBHOM LIMPUHBI IIEPBOM 3alPETHON 30HBI AO)/ AO)O , TIe AO)O — IIMpUHA

NIepBOH 3aIllpeTHOI 30HBI KyCOYHO-OMHOpoxHOro crepxkHs (OL=0). Kak cienyer u3 Buzaa
rpaduka 3aBHCUMOCTH, HEOJHOPOJHOCTb CYIIECTBEHHO YBEJIMYMBAET LIMPHHA IEPBOU
3alpeTHOM 30HBI. AHAJOrMYHBIA 3(GPEKT pacHIMpeHUs: UMEET MECTO M Ul OCTaIbHBIX
3aIpeTHHIX 30H.
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@ur.1. 3aBUCUMOCTh OTHOCUTENILHOH IIMPHUHBI IEPBOH 3aIPETHON 30HBI
YacTOTHI OT ApAMETPa HEOAHOPOIHOCTH

3. PaccmoTpuM 4yacTHbIE ciiyyau ypaBHeHus (9):
1. Kyco4HO-0THOPOIHBII CTEPKEHB:

B stom ciyuae wis F (1) nomyuum ussectayro gynxuuto [2]:

B, 1

P =cos(pyJeos(d)=| 5+
0

sin( p, )sin(a}) (10)

2. ImnenaHchl MaTepyaioB PaBHBI Eloplo = Ezopzo , @ K03((DUIHCHTHI, XapaKTepH-

3YIOLIME HEOJHOPOJAHOCTh MaTepuana, paBuel O =0, = 0.
B stoM ciyuae umeem: F (n) = COS( P+ 00) . 11

W3 (11) cnexyert, 4To B 3TOM ciiydae OTCYTCTBYIOT 30HBI 3alIUPaHUS 4aCTOT.

3. Mmenanchl MaTepraioB paBHBL, a KOA(GOUIMEHTH, XapaKTePH3YIOIIHe HEOTHOPOI-
HOCTb MaTepuaja, paBHbI IPYT APYTy ¢ OTPHLATEILHEIM 3HAKOM

EoPio = ExPao> a, =a, a,=-0. (12)

Torna, ypaBaeHue (9) Oyaer UMeTh CICIYIOIINN BHI;
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s +“T (13)

B o2y
\/inz_ 4X o —

Hamnuue 30H 3alpaHuss  4aCToT IIpU OHpeHeﬂéHHHX 3HAUYCHUAX  [MapaMETpOB

o, = 1.7, X = 1.2, Y= 0.25, XapakTepU3yIOIINe MEXaHUYCCKUEe U reoMeTpuyec-

K€ TapaMeTpsl MEpPHOAMYECKOT0 CTEPIKHS, MPOMILTIOCTPHPOBAHBI Ha (BHT.2 B MHTEpBasIE
niepsoii 30mbI Bpromena 0 < kd < 7.

5 \

w

:2\
//
l\

0.0 0.5 1.0 1.5 2.0 2.5 3.0
kd

@ur.2. JlucriepcHOHHbBIE KPUBBIE, TOIy4YeHHbIE Ha ocHOBe (13)

4. Ilepuoauyeckasi cucTemMa COCTOUT U3 MaTepualioB, Koraa KoddQuimeHTsl, xapaxkre-
pH3YIOIME HEOJHOPOJHOCTh Marepualla, paBHBI JIPYr APYrY C OTPULATEIBHBIM 3HAKOM

(¢pwur.3):
Eo=Eys P =Py, d=0d,, o, =0, o, =-0 (14)
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I —_———————
F=---

@ur.3. T'padux pyHKIMN (HENPEPHIBHBIA IPOQHIIE), XapaKTepU3YIOIUH HEOJHOPOAHOCTh
maTepuana, X =(n—1)d -d, x =(n—1)d, X, =(n—l)d +d,

B stom ciydae Gyukius F 3anumercs B Buje:

o’ —4n’ cos(\/n2 — 40’ )

o’ —4n’

F(no)= (15)

®ynxws F (1,00) ans onpenenéhmbix snavennii mapaverpa OL mveer F (T], a)<-1.
HaumMeHbllee 3HaueHWe O, TpH KoTopom F (n,oc) =-1, pasio o, =0.18. Ipu

O > Ol OTKpBIBAETCS TIEPBas 3aPETHAsA 30Ha YaCTOT.

5. Ilepronnueckas cucteMa COCTOUT U3 MaTepPUaJIOB, KOTAa KO3 QUIIMEHTBI, XapaKTepu-
3YIOIIUE HEOJAHOPOAHOCTD, PAaBHHI ((Ur.4):

Eo=Ew Pp=py: 0=0,; oy=0, a,=a (16)

e e e
L]
1
1
L]
L]
!
1
L)

P
b
M lems
Ed

®ur.4. I'paduk QyHKIMHA (TPEPHIBHBII TPOQHIB), XapaKTePH3YIOMNI HEOJHOPOIHOCTh MaTeprana

B arom ciydae st pyHkuun F umeem:
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ocsin(\/4n2 o )sinh(oc)
’41,]2 _(XZ

Haumenbiree 3Hagenne OL, IpH KOTOPOM ‘Fz (n, OL)‘ =1, pasno o, =0.093

(17)

F(noa)= COS(\/4n2 —o’ )cosh(a) -

Fap
3

2+

@ur.5. I'padukn pyHKIMIT F1 , F2 HETIPEPBIBHOTO (CILUTONIHAS KPHUBAsT)

U IIPEPBIBHOTO (TIpephIBUCTas KpHUBast) poduieit

Ha puc.5 npusenenst rpaduxu dysxumit F (T], Oc) ,F (T], oc) npu o, = 1. IlpepsiBucrast

KpuBasi cooTBeTCTBYeT QyHKumn F, (1’], OL) , a cIuowHast kpusas — GyHkuun (T], Oc) .

AHaJIN3 3THX KPUBBIX MOKA3bIBAET, YTO B CIy4yae MPEPBHIBHOTO MPOQHIS HEOIHOPOI-
HOCTH IIMPHUHA 3alIPETHBIX 30H YBEIUYUBACTCS U OTKPBIBAIOTCS] HOBBIE 30HBI B OTJIMYUE OT
ciiydasi HempephIBHOTO npodwiss HeogHopoaHocTH. C yBeTUYeHHEM/YMECHBIIICHUEM Tapa-
MeTpa HeOJHOPOAHOCTH Ol MIMpWHA ATHUX 30H YBEJINYHBACTCS/YMEHBIIACTCS.

Takum 00pa3oM, MOXKHO KOHCTATHPOBAaTh, YTO IKCIIOHEHIMAJIbHASL HEOAHOPOIHOCTh
[IPUBOJUT KAK K CYLIECTBEHHOMY PaCUIMPEHUIO 3aIPETHBIX 30H, TAK U OTKPBIBAECT HOBBIE
3aIPETHBIE 30HbI YaCTOT.
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O CPABHEHUHY MOJYJIEA YIIPYTOCTH KOHCTPYKIIMOHHBIX
BETOHOB IIPU PACTAKEHUU U C)KATHUUN
Kapanersan K.A.

KiloueBble cj10Ba: OCTOH, pacTsDKEHME, CXKaTHe, MOAYJb YIPYTOCTH, DPa3sHOMOIYJIBHOCTb, ONTHMAJbHOE
POEKTHPOBAHHE.

Keywords: concrete, stretching, compession, elastic modulus, multimodulus, optimal design.

Putiwh punkp’ plnnt, Agmud, ubnunud, wpwdquljwintpyub, dngnt), nwpudngnynipgnil, oupuhilug
twhiwgdnid:

Karapetyan K.A.
On the comparison of elasticity modules of constructive concretes under extension and compression

Abstract. On the base of the experimentally proved corresponding data, represented in the well-known papers,
their comparative analysis from the point of view of the concretes heterogeneity has been conducted.

It is shown, that light concretes in the natural porous fillers can be absolutely suitable for their application with the
purpose of the experimental test of the theoretically obtained results in the field of linear elasticity theory of
heterogeneous materials.

It is also shown that taking into account the true module values of the concrete elasticity under extension and
compression may essentially promote to optimal projecting of the bendable eccentrically compressed and
eccentrically stretched reinforced concrete structural elements.

AnnoTtanus. Ha ocHOBe dKCIIEpUMEHTAIbHO MOATBEPKAEHHBIX COOTBETCTBYIOIIUX JAaHHBIX, IIPEACTAaBICHHEIX B
M3BECTHBIX paboTax, ObUI IPOBEIEH X CPABHUTEINIBHBII aHAIH3 C TOUKH 3PSHUSI PA3HOMOYIEHOCTH OETOHOB.
IToka3aHo, 4To JNErkHe GETOHBI HA MPUPOAHBIX MOPUCTHIX 3AIOJHUTEIISX MOTYT OBITH BIIOJIHE HNPHIOJHBIMM JUIs
HCIOJIb30BaHMSA UX C LEIbI0 IKCIIEPUMEHTAIbHOI NPOBEPKU TEOPETUUECKHU IOMYUYEHHBIX Pe3ylbTaTOB B 00JaCTH
JIMHEHHON TEOPHH YIPYTOCTU Pa3ZHOMOYJIbHBIX MaTEpHAJIOB.

Taxoke mOKa3aHO, YTO y4ET UCTUHHBIX BEJIMYUH MOAYNEH ynpyroctH 6eTOHA IPH PACTSHKEHUH U CKATHU B dTare
NIPOEKTUPOBAHHUSA MOXKET CYIIECTBEHHBIM 00pa3oM CIIOCOOCTBOBATh  ONTUMAIBHOMY IIPOEKTUPOBAHHIO
n3rubaeMblX, BHEIEHTPEHHO CXAThIX M BHEIEHTPEHHO PACTSHYTBHIX JKeJIe300€TOHHBIX KOHCTPYKIMOHHBIX
9JICMEHTOB.

BBengenne. 13BecTHO, YTO KaK B CTPOUTENbHBIX HOpMax [1], Tak U B HaclieCTBEHHON
TEOpUU TOJIBYYECTH [2] HE CTABUTCS pa3HULIA MEXKIY 3HAUECHUSIMU MOAYJEH YIMpyroctu
OeroHa (HavalbHBI MOAYNb ynpyroctd [l]) mpu oceBoM pacTshkeHMH W ckartuu. [lpu
9TOM, COTJIACHO CTPOWTENBHBIM HOpMaM, 3HAYCHHE HAYaIbHOTO MOAYNS YIPYTOCTH Kak
TIPH COKATHH, TaK U MPH PACTSHKEHUH 3aBHCHUT TOJBKO OT Kiacca OETOHA IO MPOYHOCTH Ha
cokatne B. Mexnay TeM cpaBHEHHE BeCbMa HEMHOTOUYMCIICHHBIX SKCIEPUMEHTATBHBIX
JAHHBIX TIOKA3bIBA€T, YTO BEJIMYMHBI MOAYJIEH YIPYroCTH OJHOTO M TOTO XK€ COCTaBa
OeToHa NpH PaCTSHKEHUH M CKATUHM B HEKOTOPBIX CIIy4YasX MOTYT CYIIECTBEHHBIM 00pa3oM
pa3nugaTbes APYT OT Apyra (pa3sHOMOILYIBHOCTH) [3].

Henbo HacTosimeid padoThHl sIBJsIETCS TMPHUBJICYbL BHUMAaHUE CIEIUAINCTOB Ha
3aKOHOMEPHOCTH W3MEHCHHS MOJYJICH yIPyrocTH OETOHOB MPH PACTSKCHUU M CXKATHH, a
TAaKXKE HMX OTHOINCHHS B 3aBHCUMOCTH OT psina (akTopoB M OIpeacsicHHe 00JacTu
MPUMEHEHHUS JTUX 3aKOHOMEPHOCTEH TMpU PEIIEHUH COOTBETCTBYIOUIMX HAY4YHO-
TEXHUYECKHX 3ajiay.
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1.PaccMOTpUM HeKOTOpBIE pPe3yJiIbTATHI MCCJIEN0BAHU, MOJTyYeHHbIE AaBTOPOM, C
NMO3UIHH PAa3HOMOAYJIbHOCTH OeToHa. OTMETHUM, YTO MOJOOHBIN BOIPOC Ul PA3IUYHBIX
BUIOB OETOHOB IMOAPOOHO paccMOTpeH B pabote [4]. 3meck NPUBOIATCA OTIEIBHBIC
pe3ynbTaTel U3 [4], KOTOpBIE 3HAYMMBI B PaMKax paccMaTpUBAaeMBIX B JaHHOH pabote
3a7a4.

B pabote [5] oOcyxmaercst BOIPOC BIMSHUS Tpolecca AeCOpOLNU XUMHYECKH He
CBSI3aHHOW BJIATM HA COMPOTUBIBIEMOCTh Pa3pYLICHUIO U NeHOPMHUPOBAHUIO TPU OCCBOM
PaCTSHKCHHUU U C)KaTHU OCTOHA, XPAHMBIIETOCS IMOce pacOpPMOBKU B TeueHHe 63 mec. B
THAPOU30JIMPOBAHHOM COCTOSIHUM. YYHTBHIBAICS W (PakTOp OpPHEHTALMH CIOEB YKIAAKH
0CTOHA MO OTHONICHHUIO HANpaBJICHUS IEHCTBYIONICH Ha 0Opasel Harpy3Kd. Bbul MCIob-
30BaH JUTOUANIEM300eTOH cocTaBa o macce 1:1,51:2,37; B/11=0,88.

HccnenoBanus OCYIIECTBISUTUCH Cpa3y IOCIE OCBOOOMKICHHS OIMBITHBIX 0Opa3lioB OT
THPOU30JISIIHHY, & TAKXKE MEPHOIUYECKH, MTOCIe XPAHEHUsI X B TedeHue 7 cyT., 1 mec., 3
Mec., 6 mec. 1 63 Mec. B cpefie ¢ HeBBICOKOM BIaKHOCTBIO (W<75%; [1]).

C 1enbio 00CyKICHUS pacCMaTpUBAEMOTO 37IECh BOIPOCA HA OCHOBE COOTBETCTBYIOIINX
JIAHHBIX Pa0OTHI [S] ObLIM ONpeesIeHbI BEIUUUHBI MOYJIS YIIPYTOCTH JTUTOUANIEM300€eTOHA
KaK B Cllydyae OCEBOI0 DACTSIKCHUsI, TaK M MpPU CXKATUU COIVIACHO HIKENPUBEIEHHOU
dhopmye [6]:

E=3Ac/ZA¢,, .

rae 2Ao - CyMMa IpHpalleHNH HAMPsKeHUH Ha KaXKOW cTyneHu HarpyxeHus ot 0,05

no 0,3 P, (P, — Benmuuuna paspymaromeil HarpysKHu), 2AE  — cymma npupamennii

ym
YIIPYrO-MIHOBEHHBIX Jle(OpMaIiii Ha KaKA0H CTYIIEHH Harpys>KeHusl.

Pe3ynbraThl pacyéToB 11e71ec000pa3HO NPEICTABUTH B BUJIE IPAPHUKOB, H300paKEHHBIX
Ha ¢wur.1.

W3 naHHBIX 3TO# (QUryphl 3aMedaeM, 4TO, C MOMEHTa Hadaja Ipolecca JecopOuuu
BJIarM 3HA4YEHUs] MOAYJIS YNPYTrOoCTH TMAPOU30JIMPOBAHHOIO Cpaszy Hociie pachOpMOBKH
auTouAneM306eToHa Kak mpu oceBoM pactsbkenun( Ee'), Tak u npu cxaruu (Es) ymeHb-
IIAFOTCS C 3aTyXaromel ckopocThio (¢ur. 1.a).

CpaBHeHME [JaHHBIX, NPUBEAEHHBIX Ha (ur.l.a mOKasbpIBaecT, 4YTO CHax MOIYJA
YIPYroCTH JUTOMAIIEM300€TOHA TIPH CXKATHM Kak I 00pas3loB, HCIBITAaHHBIX
MEPIICHANKYJIBIPHO 10 OTHOIICHHUIO K CJI0sAM yKianku 6erona (o6pasms! IIEC, xpuBas 1),
Tak W 00pa3IOB, MCIBITAHHBIX MApauIeIbHO ciiosM OetoHa (oOpasier ITAC, kpusas 2)
MpEeKpaIaeTcs: MPakTHYECKU OJHOBPEMEHHO C YCTaHOBJIEHHEM BIAKHOCTHOTO PAaBHOBECHS
(¢ur.1.B), B To BpeMsi KaK MOAYJIb YIPYTOCTH NPU PACTSHKEHHU €IlE JT0CTAaTOYHOE BpeMs
MpoaoJKAeT yObIBaTh, MpuuéM, B OouibIiel Mepe it 00pasuos [1EC (kpusas 1, ¢ur.1.a).

HaGmronaemoe sBjIeHHE MOXHO OOBSACHUTH OOpa30BaHMEM MHUKPOTPELIMH B 30HAX
KOHTaKTa 3aTBEPJEBILETO IIEMEHTHOIO KaMHS C KPYIHBIM 3allOJIHUTENIEM BCIIEACTBHE
HEO/IMHAKOBOWH HX CONPOTHBISIEMOCTH ycanke. OueBHIHO, 4TO 0OpasyeMble MHKPOTpe-
IIMHBI CYIIECTBCHHOE BIMSHHE HA Ae(OPMATHBHOCTH MOTYT MMETh TOJBKO IPH PaCTsIKe-
HUM, Tpu dToM, pasHuma misd obpasnoB [TAC u IIEC oObpacHsAeTCS HampaBIIEHHOCTHIO
MHUKPOTPEIINH, TIaBHBIM 00pa30M, B0k CTIOEB yKIaaku OeToHa [7].

+ -
HpOCJ’Ie}II/IM 3a HU3MCHCHHCM OTHOILICHHA E5 /E , Ha3bIBacMOI'0 B JUTEpATypEC

k03¢ dunnenromM pasHomonynbHocTH [3]. Pacu€rHple 3HavyeHus 3toro koddduipeHTa
nokasaHsl Ha ¢wur.1.0 B Buae kpyxoukoB it 00pasios [IEC u kBaxpaTHKOB i1t 00pa3ioB
ITAC.
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®ur. 1. KpuBble H3MEHEHUsI BIXKHOCTH JIMTOMIIIEM300€TOHA (B), MOIYJICH
YOPYTOCTH IPH CKATHUH U PACTLKEHUS (a) M BETMYMHBI UX OTHOILICHUN
(6) B 3aBHCHMOCTH OT IPOJOIDKUTENBHOCTH IIPOLIECCa ASCOPOLIMH BIIArH.
(1-06pasus! [IEC, 2-06pasust [TAC)

YuuteiBas, 9T0 B 000HX CIy4asiX UCIBITAHUH W3MeHeHHe K03 uitnenTa pasHOMOAYIIb-
HOCTH HOCUT HE MOHOTOHHBIN XapakTep U OIPaHUYMBAETCS Y3KOH MOJ0COM OTHOCUTEIIBHO
3HaueHus 1,3, yka3aHHOro Ha Qurype CIUIOIIHON JIMHKUEH, MOXXHO MpPHUHSTH, 4YTO
KO3 QHUINEHT Pa3sHOMOIYIHHOCTH CTApPOTr0 JUTOUAIIEM300eTOHA MPAKTHYECKH HE 3aBHCUT
OT MEPBI €ro BJIAKHOCTH U paBeH 3Ha4yeHuto 1,3.

B pa6orax [8,9] paccmaTpuBaroTCs 3aKOHOMEPHOCTH H3MEHCHHS B TedyeHue 18 eT
MIPOYHOCTH M CIOcOOHOCTH OeToHa K JeopMHPOBAaHHIO B HAapyXHBIX (neprQepHitHbIX)
ciosx (TommmuuHOM 8-10cM OT GOKOBOI MOBEPXHOCTH) M B BHYTpPEHHEH (SApPOBOH) YacTH
TIOTIEPEYHOr0 CceueHus1 (PparMeHTOB OETOHHOHM KOJOHHBI JuaMeTpa S57cM, Haxoasmiencs
TIOCTIe M3TOTOBIICHHUS B Cpelie C HEBBICOKOW BIaXHOCTBIO (W<75%, [1]). Kononna Opuia
M3rOoTOBJICHA M3 JIMTOMIIIEM300eTOHa cocTaBa 1o Macce 1:1, 43:2,50; B/11=0,86.

Ha ocHOBe »SKcnepuMEHTAIbHUX MHAaHHBIX, MPEICTABICHHBIX B BBINICYKa3aHHBIX
paborax, Mo mNpUBEAEHHOH BbIMe (QOpMYyJIe ObUIM ONpPEAEICHbl BEITUYUHBI MOIYJIs
YIPYrOCTH JIMTOMANIEM300€TOHA B Pa3JIMUHBIX 30HAX MOMNEPEYHOro ceyeHus: (hparMeHTOB
koJsoHHbI. [TosyueHHbIe pe3ybTaThl B BUie rpadMKOB IpeCcTaBiIeHbl Ha (ur.2.

CornacHo 3TUM TpaduKam, U3MEHEHHE B TeUeHHe 18 jieT 3HaueHHus MOILYJIsl YIPYTrOCTH

o +
JIUTOUAIIEM300€TOHA B AAPOBON YaCTHU CCUYCHHSA KOJIOHHBI KaK ITIPU PACTHKECHUN E , TaK 1

npu cxatid Eg MMeeT ofMH M TOT K€ XapakKTep: ¢ yBEIMYCHHEM BO3DACTa MaTepuaia

Ha0II0JaeTCss MOHOTOHHOE €T0 YBEIHUeHHE ¢ YOBIBAIOIIEH CKOPOCTHIO (cM. ¢ur. 2.a u 2.6).
BenmunHa yKa3aHHOTO POCTa MOJYJISL YHOPYTOCTH IO CPaBHEHHIO C €ro HCXOIHBIM
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3Ha4YeHHEM (B Bo3pacTe 28 CyT.) B Cllydyae OCEBOTO PACTSDKEHHSI COCTaBISIET Ooiee deM
15%, a B citydae cxxarus — npuMepHo, 44%.
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®ur.2. KpuBble n3MeHeus BO BpeMEHH MOyJIeH YIIPyTrOCTH IIPU PaCTsHKEHUH (a), IpH
cxaruu (0) u orHoteHus Es'/ Es (B) B pa3iIM4HBIX 30HaX MOMEPEYHOTO
CEUYCHUS] MACCHBHOH JTUTONIIEM300€TOHHON KOJIOHHEL.

B Hapy>XHBIX, BBICBIXAIOIINX CJIOSIX CEYCHHS KOJIOHHBI C yBEIMYEHHEM Bo3pacTa 10 18
JIeT TpU PacCTsDKEHHHM MMEET MECTO yMEHBIIEHHE ¢ YOBIBAIOIIEH CKOPOCTHIO (IPHUMEPHO,
35% 1o CpaBHEHHMIO C UCXOJHBIM 3HAUYEHHEM), a IPU CXKATUM — Ha4YaJbHBIA POCT (OKOJIO
16% B BO3pacTe 3 Mec.) U JanbHeiee ymMmeHbineHue (24% 10 CPaBHEHUIO ¢ BEIMYUHOW B
BO3pacTte 3Mec.) MO/yJIsl YIPYroCTH JuTouanemM3ooerona (¢ur. 2.a u 2.0).

W3 npuBenéHHpIX Ha Qur.2.B KPUBBIX 3aMeUacM, YTO C POCTOM BO3pacTa HaOIrOaaeTCs

CYIIECTBEHHOE YMEHBILEHHE 3HA4YCHUS KOIPPUIMEHTa PA3HOMOIYIBHOCTH( Eg /Es_ )

JTUTOUANIEM300€TOHA KaK B HAPY)KHBIX CIIOSX, TaK M B SApE TOMEPEYHOTO CEUCHUS
MAaCCHBHOHM IHTOMANEM300€TOHHONH KOJMOHHBL. B Bo3pacte 28 CyT. 3HAaYeHHE 3TOTO
K03 dunreHTa B HapyXHBIX CJIOSX KOJOHHBI COCTaBIIIeT mpuMepHo 1,6., a B e€ sape —
6omnee uem 1,5. T.e., HECMOTPS Ha CYHIECTBEHHYIO PAa3HUILy MEXIy BEIHYMHAMHU MOAYIEH
yOpyroctd OeTOHA MPH PACTSHKCHUH M CKATHH B HAPYXKHBIX CIOSX U B AAPE KOJJIOHBI
(¢ur. 2.a u 2.0) B 3TOM BO3pacre, ¢ TOUYKU 3peHHs KOI(PPHULIMEHTa Pa3HOMOAYJIHHOCTH,
KOJIOHHA MO CEYEHHUIO TPAKTUYeCKH oaHOpojaHa. B 18-metHem ke Bo3pacre 3HaueHHE
k03¢ dunreHTa pa3sHOMOIYJIbHOCTH JHMTOWANIEM300€TOHA B HapyKHBIX CIOSX U B slpe
CEeUEHHUs KOJIOHHBI COCTaBJIsIe€T, COOTBETCTBeHHO, 1,16 m 1,23. Dro o03Hauaer, 4TOo B
YKa3aHHOM NPOMEXYTKE BPEMEHHU CIaj BEJIMYMHBI Kod(duIMeHTa pa3sHOMOIYIHHOCTH
Marepualia B Hapy)XHBIX CJIOSX JHTOWANIEM300E€TOHHOM KOJIOHHBI COCTaBisieT Oojee ueMm
27%, a B €€ smpe — oxomo 18%.
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2. Ha ocHoBaHum pe3yjbTaToB padotr [7;10] mMoxkHO caenaTs omnpeaenéHHbIE
BBIBOJIBI 0 PA3HOMOAYJILHOCTH 0€TOHA.

B paGore [7] mpuBomsaTCS M OOCYXKTAIOTCA DPE3YNbTAaThl HCCIEJOBAHUS BIUSHUS
MmacitabHoro ¢akropa Ha MPOYHOCTh U JAedOpPMAaTHBHBbIE CBOICTBAa OETOHA B YCIIOBHSX
OCEBOTI0 CXKATHSI U PACTSHKEHHS. DKCHEPUMEHThI ObUIM TOCTaBJICHbI Ha JETKOM OETOoHe,
NPUTOTOBJICHHOM Ha Tecke M meOHe u3 JMTouaHOM nem3bl. CoctaB OeToHa MO Macce
1:1,85:3,00; B/11=1,00.

DKcneprMEeHTabHbIE JaHHBIE 3TOW pabOThl OTHOCHTENIBEHO CIIOCOOHOCTH JINTOUIIIEM30-
OeToHa K NIe(OPMHUPOBAHUIO MIPH KPATKOBPEMEHHBIX HATPYXKEHUSIX W PACCYUTAHHBIC HA HX

+ —
OCHOBC OTHOIICHHA E5 /EB , KOTOPBIE€ NPU MaJbIX YPOBHAX HANPSIKCHUSA MOXHO

MIPHUHATH B KadecTBe K0d(pPHIlneHTa pa3sHOMOAYIBHOCTH, IIPEICTABAM B BUIE TaOI. 1.

CornacHo naHHBIM Ta0I. 1, BenmumHa MOIyJs AedopMari JTUTOMANEM300€TOHA TIPH
OCEBOM CXKaTHH MaJlo 3aBHUCHT OT pa3MEepOB IOMNEPEYHOr0 CEUYCHHS OMBITHBIX 00Pa3IoB
(MakcuManbHas pasHUIa cocTtaBisieT ~ 12%). B cmyuae ke pacTsKeHHS yKa3aHHas
3aBHCHMOCTh BEChbMa CYIIECTBEHHA: YBEIHUYCHHE pPa3MEPOB IMOMEPEYHOTO CEUCHHUS
OMBITHBIX 00pa3oB OT 7x7cM 1m0 15x15 - 20x20cM MPHUBOIWT K YBEIUYCHHIO MOIYJIS
Jnedopmanuu TuTouanemM3o0eToHa Ha 36-28%.

MacmitaOHbIil (hakTOp WIpaeT CyIIECTBEHHYIO POJIb U B HM3MEHEHHH Kod(duireHTa
pasaomoayinsHocTH ( E6'/Eg) nurtouamemsoberona. 3HaueHne 3TOro Kod(QQuIeHTa s
o0pasioB ceueHnem 7x7cM coctasisier 1,04, B To BpeMsi Kak Uit 00OpasloB CeYEHHEM
15x15 - 20x20cm oHO coctaBisieT 1,33-1,26: T.e. pocT 3HaYCHUS KOA(PPUIIHESHTA PA3HOMO-
IyIBHOCTH cocTaBiseT 28-21% (tabm.1).

Tabmuma 1

3HaueHUA MOIyJel AedopMariil TUTONANEM300€TOHA MTPH PACTSHKEHUH U COKATHH,
npeacTaBieHHbIe B paboTe [7], © UX OTHOIIEHHUS.

3HayeHne MOAysA AeGopMalun
Pasmepst aurouanemsoberona x 102g MIla npu Koadpunmenr
MONEPEYHOT 0 YPOBHE OTHOCUTEIILHOTO HAMPSHKCHUS Pa3HOMOYJIb-
CeCHIA o/ R =0.25 npu HOCTH
OIIBITHBIX E / E-
00pasLoB, cM pactsoxennn, E ckaruu, F- 81778
7x7 120 115 1,04
10x10 138 130 1,06
15x15 163 123 1,33
20x20 154 122 1,26

PeSyJIbTaTLI OKCIIEPUMEHTAJIBHOTO HCCJIENOBAHUSA BJIMSAHHWS HAIIPABJICHUS HArpy3Ku 110
OTHOLICHHUIO K CJIOSAM YKIIAAKH 0eToHa Ha KacaTeJIbHBIN MOAYJIb ,Z[e(bOpMaLII/II/I IIpu C)KaTHUU
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U pacTshDKeHHHM ¢ Y4€TOM BO3pacTa Marepuayia npejcrasieHsl B pabore [10]. B atux
UCCIIECIOBAaHUAX B KadyeCTBE OMNBITHBIX OOpa3loB OBUIM HCIOJNB30BaHBl MPU3MBI H
BOCBMEPKH ¢ pa3Mepamu morepedHoro cedeHus 10x10cM, HM3roToBIeHHBIE KaK MpH
BeptukaabHOM (00pasis! [TEC), Tak u nmpu ropusonTansHoM (00pasibl ITAC) momoKeHHIX
MeTaJuIM4eckKux (GopM. bBpu1 HCIonb30BaH JIMTOMINEM300ETOH COCTaBa IO Macce:
1:1,86:3,03; B/I1=1,07. IlpuBenéunsie B pabote [10] sxcnepuMeHTa bHBIE JaHHBIC 37€Ch
1e51eco00pa3Ho MPEACTaBUTh B BUE Ta0.2.

CpaBHeHHE JTaHHBIX Ta0JI.2 MOKa3bIBaET, YTO KaK IPU OCEBOM PACTSDKEHUU, TaK W MPH
C)KaTHU BEJIMYMHBI KacaTelIbHOIO MOJYJIsl AeOopManuy JIUTOUINEM300eToHa B Bo3pacTe |
rojia OKa3aJIMChb MEHBIIMMH, 4eM B Bo3pacTe 29 aHEH He3aBUCHMO OT HalpaBJIEeHHS
Harpy3Kd IO OTHOIICHHIO K CIIOSIM YKJIaJIKM OeToHa W yKasaHHas pasHHUIa Oojee
CYIIECTBEHHA B CIIy4ae OCEBOT'0 PACTSKEHHUS.

Oto sBieHHWE aBTOpoM padoTel [10] oOBsAcHAETCS 00pa30BaHMEM MHUKPOTpEIIWH B
OTIBITHBIX 00pa3Iax B pe3ysbTaTe HaXOXKICHHUS UX B TeueHue 11 MecsIeB B cpene ¢ HU3KOH
BIaKHOCTBIO. [l0 3TOr0 00pa3imsl mocie pacOpMOBKY B T€UeHHE 27 CYTOK XPaHUIUCH BO
BIakHOH Kamepe [10].

+
CornacHo JaHHBIM Tall.2, 3HaueHne koopuuuenta passomoxpynsHoctn Fy /Ey B

BO3pacTe 29 maHEH oka3anoch Oojbliie emuHHIbl U it o0pasuoB ITEC u mis ob6pasion
ITAC, B TO BpeMs Kak IpHu Bo3pacTe MaTepuana B 1 roja, 3To 3Ha4eHHE OKa3aJ0Ch MEHbIIE
enuHMLB! (Tabn.2). BimsHne ke opueHTanny HalpaBleHUs! Harpy3KH IPU MCHBITAHUH 1O
OTHOIIGHHIO K CJIOSM YKJIagK{d OeTOHa Ha BENWYMHBI YHOMSHYTOro kKoddduimeHra B
Bo3pacte 29 nHel 0Ka3aJoch HE3HAUMTEIbHBIM, B TO BpeMs Kak B Bo3pacTe | roga oHo
CYIIIECTBEHHO.

Tabmuma 2

3HaueHUA MOIyJeH AedopMariil TUTONANEM300€TOHA ITPH PACTSHKEHUH U COKATHH,
npeacraBieHHbe B padote [10], 1 uX OTHOIIEHMS.

Mogayie nedopmariuu
H OeToHa 1Mo KacaTeIbHOU
alpaBJICHHC x10?s MIla npu ypoBHe
HArpy3KH [pu
e l'rlfl}ll"aﬂl/ll/lrl)'lo OTHOCHTEJIBHOTO Kosbdument
BO3paCT OTHOIIEHHIO K HanpsHKEHUsA O / R= O Pa3HOMOIYJIBHOCTU
Ocrona CIIOSIM YKJIAJIKU fpu E; | E;
OeToHa
pacTsHKEHHH, CHKATHH,
E" E
MEC 152 138 1,10
29 nueit
IMAC 156 150 1,04
MEC 72 101 0,71
1 rox
ITAC 109 128 0,85
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3akarouenue. Kak M3BECTHO, OJHUM W3 OCHOBHBIX IPEAIOJIO0KEHHH, MOJI0XKEHHBIX B
OCHOBY HAaCJIEZICTBEHHON TEOPHUH IOJI3yYECTH YIPYTO-TIOJI3ydero Tena [2], a Takke TEOpHH
TUHEHHO AepopMUpYyeMBIX Pa3HOMOAYJIBHBIX MarepuanoB [11,12], sBisroTcs ogHOPOA-
HOCTb U M30TPOITHOCTh MaTepuaioB. IIpu 3ToM, B yKa3aHHBIX TEOPHAX B KaUECTBE MpUMepa
Mmarepuana, o0JIaaloIero TAKUMHU CBOWCTBAMH, B YaCTHOCTH, yKa3bIBaeTCid M Ha OETOH.
BerlmenpusenéHHbIe K€ TaHHBIE, OUEBHIHBIM 00pa30M IOKa3bIBAIOT, YTO OCTOH, B 00IIEM
cily4ae, sIBIISIETCS] CyTry00 HEOJHOPOHBIM U HEM30TPOITHBIM.

C npyroii CTOpOHBI, Hamuuhe HH(OPMALMH O MPOYHOCTHBIX U JePOPMAIMOHHBIX
CBOHCTBaX OETOHA HECKOJBKMX pa3IMYHBIX (AKTOPOB MOXET IO3BOJHUTH MOJIYyYUTh
OTHOCHTEJIEHO OJHOPOAHBINH M U30TPOIHBIN OETOH.

JleicTBUTENBHO, CPaBHEHHE NMPOYHOCTHBIX XapaKTEPUCTHK OETOHOB, MPUBEIEHHBIX B
HOpMax HPOEKTHPOBaHMs OETOHHBIX M HKeIe300€TOHHBIX KOHCTpYKIMH [1], mokasbiBaer,
YTO HE3aBHCHUMO OT MAapK{ HCIIOJIb30BAHHOTO IIEMEHTA IIPOYHOCTH JIETKMX OCTOHOB Ha
NPUPOJTHBIX IOPHUCTHIX 3allOJHMTENSIX KaK Ha C)XKaTHe, TaK M Ha OCEBOE PAaCTSHKEHHE
HEBO3MOXHO TIOAHATH BBIIIE HEKOTOPOTO YPOBHA. JTOT YPOBEHb, INIaBHBIM 00pazoM,
OIIPEEIISIETCS IPOYHOCTHIO CAMOTO 3aMOJTHUTES.

Kak crmemyer W3 COOTBETCTBYIOMIMX AAHHBIX yKa3aHHBIX BbIme HOpM [1] Hambompmas
HOpPMATHBHAs CONMPOTHUBISIEMOCTH pa3pymeHuro Jierkoro 6erona (Rp,=29 Mlla mpu cxatuu
u Ryw=2,1MIla mpu pacTskeHMH) HE HaMHOTO IPEBHIMACT MPOYHOCTh CaMOTO JIETKOTO
3anosHuTeNs Ha cxatue (19,4 - 25,4 Mlla qig mupoKonpuMEeHsSIEeMBIX B COCTaBaX JIETKUX
6eroHoB Ty¢oB u 18,9 - 20 MIla - mis nmurounHo# nemssi [13]).

OueBUIHO, YTO 1MOJOOPOM MAPKH LIEMEHTa M COOTBETCTBYIOIIETO 3aIIOJHUTENS, 8 TAKXKE
BapbUpPOBaHHEM (AKTOPOB, BIMSIONIMX Ha IPOYHOCTHBIE M Ae(OpMATHUBHBIE CBOMCTBA,
MOXHO TIOJIyYHTh JETKHH OCTOH ONTHMAalIbHOM NMPOYHOCTH, B KOTOPOM NPH HArpyXEHUH
Oymer wMeTh MeCTO, ONHM3KOe K OIHOPOJHOMY HAIpPsKEHHO-Ie(hOPMUPOBAHHOMY
COCTOSIHHIO.

To xe camoe Henb3sd CKa3aTb O TSDKEIBIX OETOHAaX, MMOCKOJIBbKY YBEIWYEHHEM MapKH
MPOMU3BOIMMOTO B HACTOSIIEE BPeMs LIEMEHTa HEBO3MOXHO JOCTHYb IPOYHOCTH CAMOTO
3anoaHUTENS (TIPOYHOCTH Oa3abTa Ha ckaThe cocTaBiseT nmpumeprno 102,2 Mlla [13], B To
BpeMsi Kak HauOoibllee HOPMATUBHOE CONPOTHBIICHHE TSDKEIOro OETOHa, COrJlacHO
BBIIICYIIOMSHYTBIM HOpMaM, cocTasisieT 43,0 MlIla [1]).

CornacHO BBIINIEYTIOMSHYTBIM CTPOMTENBbHBIM HopMmaMm [1], pacdér psjga 3JI€MEHTOB
OETOHHBIX U KEIe300€TOHHBIX KOHCTPYKLMI MO NpeNeNIbHBIM COCTOSIHUM II€PBOW TPYIIITBI
OCYIIECTBIISICTCS. C yYETOM CONPOTHUBIIIEMOCTH K J1e(pOPMHPOBAHHIO OETOHA PACTSIHYTOH
30HBI. [Ipy 3TOM, IPUHMMAETCS, YTO AOCTMIKEHHE IPEAEIBHOIO COCTOSHHMS XapaKTepH-
3yeTcsl pa3pylueHneM OeTOHA pacTIHYTOH 30HHI (TIOSBICHUEM TPEIIUH).

OTHUMH XK€ HOPMaMH OTOBOPEHO, YTO pacuéT H3rnbaeMbIX, PACTSHYTHIX U BHe-
HEHTPEHHO CXaThIX JKENIC300CTOHHBIX JJIEMEHTOB HEOOXOAMMO OCYMIECTBIATH IO
IpPEENbHBIM COCTOSIHUSIM BTOPOM TPyNIBl 1O OOpa30BaHMUIO TPEIIMH, HOPMAlbHBIX K
MPOI0JIBHOM OCH.

Cpenu mpeAnochUIoK, HEOOXOIUMBIX JUIS OCYIIECTBICHHS BBILICYIOMSIHYTBIX PacYETOB,
CTPOUTCIIbHBIMU TTPOCKTHBIMM HOPpMaMU Ha HepBbIﬁ IJIaH BbIJIBHUT'aCTCA O6ﬂ3aTeﬂbHoe
TpeOOBaHWE [0 OrPaHUYCHUIO OTHOCHTEIIBHOTO YIUIMHEHUS KpailHero pacTsHyTOTo
BOJIOKHa OETOHAa KOHCTPYKIHOHHBIX 3JIEMEHTOB, BBIpakaeMoe (OpMyJIOH, B KOTOpOH
¢urypupyer MoIyIb ynpyroctu 0eToHa.

Kpome 3toro, onpeneneHue MoaHONW BEIMYHHBI KPUBU3HBI H3THOAEMBIX, BHEIIEHTPEHHO
CKaThIX M BHEIEHTPEHHO DPACTSIHYTBIX JKEI€300€TOHHBIX KOHCTPYKIMOHHBIX 3JIEMEHTOB
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Kak Ha y4yacTKax 0e3 TpeuluH, TaK M Ha y4JacTKax C TPEHIMHAMH B UX PacTAHYTOH 30HE,
CTPOUTEIbHBIE HOPMBI PEKOMEHIYIOT OCYIECTBIATH (JOPMYITaMH, B KOTOPBIX TaK XK€, KaK U
B IIPEIBIAYIINX CIyqasix, GUIYPUPYET MOIYJIb YIIPYTOCTH OETOHA.

Kak yxke oTMedanoch, B CTPOHTENBHBIX HOPMax IPOCKTUPOBAHUS OCTOHHBIX H
JKeJIe300€TOHHBIX KOHCTPYKIMHA CTABUTCS PAaBEHCTBO MEXIY BEIMYHMHAMH MOAYJIEH ympy-
TOCTH TIPH PACTSDKEHHWH U CXKATHH OJHOTO M TOro )K€ Kjacca OeTOHa IO MPOYHOCTH Ha
cxarue [1]. OnHako, U3BECTHBIE U3 JIETEPaTyPhl JaHHBIE MPSIMBIX U3MEPEHUHN YyTBEPKAALOT,
YTO B 3aBUCHMOCTH OT psijia (pakTopoB (BUI OETOHA, BO3/1yLIHO-BIAXKHOCTHBIE YCIOBUS €T0O
BBI3PEBAHUA U OKCIUIyaTallUH, pPa3MeEpPbl IIONEPEUYHOrO0 CEUYEHHs] KOHCTPYKIUOHHBIX
3JIEMEHTOB, HalPaBJIEHUE 3KCIUTyaTallMOHHBIX HAIPY30K MO OTHOLICHUIO K CIOSM YKJIaIK!
OeToHa, KOOpIMHAT IONEPEYHOTO CEUYEHHsI 3JIEMEHTOB) OTHOIIEHWE 3HAUYCHWH MOIYJIs
YIPYrOCTH P PACTSHKEHHM M CXKATHM OJHOTO M TOTO K€ COCTaBa OETOHA MOXKET M3Me-
HATHCS B JJOBOJIFHO MIMPOKKX Tpenenax — ot 0,71 xo 1,82 (cm. Bhime, a Takxke padoty [3]).

Ha ocHOBEe BBIIIEH3IOKEHHOTO MOXKHO KOHCTaTHPOBATh, HYTO ONTHMAIBHOMY
MPOEKTUPOBAHUIO M3THOAEMBIX, BHELEHTPEHHO CXAaThIX W BHELEHTPEHHO PpaCTAHYTHIX
JKENIE300€TOHHBIX KOHCTPYKIIMOHHBIX 3JEMEHTOB B CYIIECTBEHHOH Mepe MOXeT
CIOCOOCTBOBAaTh YUET HCTHUHHBIX BEJIMYHH MOIYJIEH yIpyrocTu O6€TOHA NPH PACTSIKEHUH U
ckatuu. B pesympTare, MOXHO B 3HAYUTENBHOH MeEpe YMEHBIIUTH KOJIMYECTBO
K03((ULKEHTOB YCIIOBUI paboThl OeTOHA, NPUBEIEHHBIX B CTPOUTENBHBIX HOpMax [1] u
YUUTBHIBAIOUIMX OCOOCHHOCTH MEXaHMYECKUX CBOMCTB OETOHA, YCIIOBUSI M CTAIHI0 PabOTHI
KOHCprKL{Hﬁ, crocod ux H3roTOBJICHUSA, pasMEPbl CCUCHUA U T.II., @ TAKKC YTOYHUTH HUX
3HauyeHHsd. [IpakTHdeckoe OCYyIIECTBIEHHE BBIIIECKa3aHHOTO TpedyeT THIaTeNIbHOM
CHCTEeMaTH3alli COOTBETCTBYIOIIMX M3BECTHBIX pE3yJbTAaTOB, a TaKXXe BBIIOJIHEHHE
HOBBIX, I[eJICHATIPABJICHHBIX NCCIICIOBAaHHH.

Cpenu [OMyHIEHWH NP HNOCTPOSHWH TEOPHH JIMHEHHO IeQOPMHUPYEMBIX Pa3HOMO-
IyIapHBIX MaTtepuanoB [11,12], Tarke mpenmomaraercs, 4YTO paccMaTpUBaeMOE TEJo
o0yiafiaeT CBOMCTBAMU OJHOPOJHOCTH M H30TPONHOCTH, KOTOPBIE BBIPAXKAIOTCS OCOOBIM
obpa3zom. A UMeHHO, MaTepHuall, 000NN BO BCEX TOUYKaX OJMHAKOBBIMUA CBOWCTBaMHU,
OJTHOBPEMEHHO TIPOSIBIIAET PA3IMYHbIC MPOYHOCTHBIC U YIPYTHE CBOMCTBA B 3aBUCUMOCTH
OT 3HaKa HaNpPSHKEHUM B JAHHOU TOUKE.

Bhime ObUIO BBICKa3aHO MHEHHE, YTO COOTBETCTBYIOUIMM HOAOOPOM CBS3YILETO H
MMPUPOAHBIX BYJIKAHUYCCKUX HAIOJIHUTEICH MOKHO IMOJIYYUTh IEMCHTHBIC JICTKUEC 6eTOH])I,
KOTOpBIE OYIyT OUeHb OJIM3KH K OJHOPOIHOMY MaTepualry.

[TpesncTaBneHHbBIE )K€ B HACTOSIEH CTaThe JaHHBIC TIOKA3bIBAIOT, YTO B 3aBUCHMOCTH OT
psina GaxkTopoB, 3HaUEHHE OTHOIICHHWS MOAYJIEH YIPYrocTH NPU PacTSHKEHHH M COKATHU
OHOTO M TOTO € COCTaBa JITKOr0 OETOHa Ha MPHUPOAHBIX MOPHUCTHIX 3aAIOJHHUTEINX
MOXET M3MEHATHCSA B JOBOJBHO INUPOKHX mpenenax — ot 0,7 mo 1,6. IlpuBenensr taxxe
3aKOHOMEPHOCTH M3MEHEHUS! YKa3aHHBIX 3aBUCHMOCTEH, KOTOpBIE MOTYT IO3BOJISATH
BapbHPOBAHUEM YIOMSIHYTBHIMH BbIIIE (HaKTOPAMH IIOJIyYHTh OETOHBI C 3apaHee 3aJaHHBIMH
3HAYEHUSMHU OTHOILICHUS MOJYJIEH yIPYrOCTH MPH PACTSKEHHH U CKATHU.

Ha ocHOBe BBIIIEH3TI0KEHHOTO MOXKHO YTBEPKIATh, YTO JIETKUI OETOH HA NMPHUPOAHBIX
MOPUCTBIX 3ANOJHUTCIIAX BIIOJHE IMPUIOJACH U1 MCIOJIB30BaHUA €ro € NCJIbIO 3KCIEPH-
MEHTAJIHOI MPOBEPKU TEOPETHUUECKH MOJYYEHHBIX PE3YyJIbTaTOB B 00JACTH JIMHEHHOU
TEOPUH YIPYTOCTH Pa3HOMO/YJIbHBIX MaTEPHaIOB.
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K YCTOMUYUBOCTU AHU3OTPOITHBIX CJIOUCTBHIX
INJIACTUH 1 IWJINHAPUYECKHUX OBOJIOYEK
Moscucan JI.A.

KiaroueBble cjioBa: aHU30TPONHsS, CIIOMCTOCTh, HEOJHOPOMHOCTh HAYalbHO HAIPABIICH-
HOTO COCTOSTHUSI, KPUTHUYCCKHE MapaMETPBI.

Key words: anisotropy, lamination, initial stressed state nonhomogeneouty, critical
parameters.

Movsisyan L.A.
About stability of anisotropic laminated plates and cylindrical shells

Abstract. For the problem of stability of a plate under homogeneous compression there is a pair of boundary
conditions under which the same critical values are obtained. However, under uneven compression, a completely
different picture is obtained. The same picture occurs also for a cylindrical shell at normal pressure.

AnHoTtanus: J{1s1 3agaud yCTONYMBOCTU IUIACTHHKU IIPH ORXHOPOIHOM CXKATHH HMEETCS Mapa IPaHHYHBIX
YCIIOBUH, IIPU KOTOPHIX MOJY4al0TCA OJMHAKOBBIE KpUTHUECKHE 3HauUeHUs. OHAKO, IPU HEPABHOMEPHOM CHKAaTHU
MOJTy9aeTCcsl COBEPLICHHO Apyras KapTHHA. Takas ke KapTHHA MMeeT MECTO U Ul HMIHHAPUYECKOH 000I0YKH
IIPY HOPMAJILHOM JJaBJICHUH.

BBenenme. B knaccuyeckoll IOCTaHOBKE YpaBHEHHE YCTOMYMBOCTH OalKH IpH
Ppas3IMYHbIX TPAHUYHBIX YCJIIOBHUAX OOITYCKACT OAWHAKOBBLIC 3HAYCHUA JId KPUTUYCCKUX
CHJI, XOTS 110 pa3yIniHbIM (popMaM MOTEpH YCTOHUUBOCTH.

Takass xaptuHa OyneT W Ui 3a7add yCTOWYMBOCTH IUIACTUHKH. B o0omx ciydasx
TaKoW pe3yibTaT MOJYyYaeTcsi NPH OJHOPOJHOM HAYAIFHOM HANPSHKEHHOM COCTOSHHU.
OnHako, yXe NpU HEOJHOPOJHOM HAa4daJbHOM COCTOSIHUM KapTHHA OYyJET COBEPIICHHO
pasmuunoii. B [1] Takas 3amaua paccMoTpeHa Ayt OaiKw.

[Ipr TpOM3BOIBHOM COCTABICHHM MHOTOCIOHCTBIX AHM3OTPOIHBIX IUIACTHH U
0001109eK Jaxe U3 OPTOTPOIHBIX CIOEB, MOIYIECHHbBIE CUCTEMbl YPABHEHUI HE JOMYCKAIOT
METOAa pa3leneHus nepeMeHHslx. B [2] mis mmockoi 3amaum, a B [3] mns ycTtodumBoit
IUIACTUHKK CTABUTCSl BOIPOC PACIIOJIOKECHUS CIOEB TaKUM 00pa3oM, 4TOOBI MOIy4EHHBIE
YpaBHEHHsI JIONyCKalW pa3lielieHne MEepeMEHHbIX, a 3a0[HO0, CTaBHJICS BOIPOC O TaKOM
pacrojoKeHHH, TPH KOTOPOM TMOJYYalOTCS OSKCTpEMalbHble 3HAYEHUS] KPUTHYECKUX
napameTpoB [3]. Hmwke i TakuxX IUIACTHH M IWJIHMHIPUYSCKUX 000JIOYEK paccMaTphBa-
I0TCS  3a/audl  yCTOHYMBOCTH C HEOJHOPOJHBIMHM  HAYAIBHBIMH  HalpsOKEHHBIMU
coctosiHusAMH.  CJOM  CHMMETPUYHO  PAcIOJOKEHBl  OTHOCHTENIBHO  CpPEIUHHOU
KOOPJMHATHON IJIOCKOCTH.

1.ITocTaHoBKa 3aga4un. YpaBHEHHE YCTOMYMBOCTH CIOUCTOH IDIACTUHKH (C YIETOM,

YTO CJIOW PACIIOJIOKEHBI TaK, YTO D16 = D26 = 0) cxaroii B oHOM HarpaBieHuu [4]
o'w o'w o'w 0 ow
Dy~ +2(Dy, +2D ) =z + Doy | T’ —
OX ox oy oy’ oOXx oX
Juist mpsMOYroJjibHOW IIACTHHKK OyJeM wu3ydaTh JBa THIA TPAHUYHBIX YCIOBUH —
CBOOO/IHOE OMMPAHHUE 10 BCEMY KOHTYPY

=0 (1.1)
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o*w o°w

w

=—-=0 mpu x=0,8 w=—>=0 npu y=0,b
OX oy
(1.2)
. . mr nr
W:Z f,sinA Xsinpy, A, =—, U, =—
oy b b
M TaK Ha3bIBa€Mas «IlIaBaromias 3aaCJIKa» [5] Ha IBYX IPOTHUBOIIOJIOKHBIX CTOPOHAX:
ow _ o’'w :
—=—7=0 mpu y=0,b, Wszmsmkacosuny (1.3)
8>/ a>/ m,n
Yro KacaeTcs Ha4aJIbHOTO COCTOSAAHUS, TAKUX TAKXKE Ba CiIrydas:
T’ =>"a cosi,X (14)
k=0
0 o0
T => b cosp,y (15)
k=0

penmonaraercs, utokpas Y =0 u Y=Db cpoGomsre — T20 = Tlg =0

B cootBercTBUM € 3THM, JUI onpeaeneHust kpurudeckux ycunuit u3 (1.1)—(1.5) nomyunm
CUCTEMBI, COOTBETCTBEHHO:

[ DA +2(Dyy + 2D ) A 17+ Dy i | o + L (g ) =0 (1=1.2) (1.6)

Ll(fpn)=x;(ao i%) f %xm{mz%(am_p :

p=i

(1.7)
iamp) Fon + p_zm‘i]kp(apm iamp) fpn}
L (o) =22 (boi%j fm+%{nl(bnq¢bmq)fm+
- (1.8)

S <bqn¢bmq>fm}

g=n+l

KpuTtrueckue 3Ha4YCHUs HArPy3KH IMOJY4YaTCs U3 YCJOBUS Pa3pEIIMMOCTH CHUCTEMBI
(1.6). U3 (1.4)-(1.6) BumHO, YTO TIPU OJHOPOTHOM HAYAIHLHOM COCTOSHHU KPUTHUCCKUC
3HAYCHHS MMapaMETPOB Il 00OUX CITyYacB TPAHUYHBIX YCIOBHI oanHaKoBbie. B (1.7) 3Hak
wiroc otHocuTces K (1.2), a munyc — k (1.3), a B (1.8) — HaoO6OpoOT.

Uro kacaercsi MPOAOJILHOTO YCHJIMS, JJIsl HEr0 TAK)Ke PaCCMATPUBAIOTCS J1BA CIydast
kak (1.4) u (1.5)

Ecnu BHelIHee COCPEIOTOUEHHOE HAIIPsKEHHe JieficTByeT Ha paccTosHun X=X, OT

OJHOI'O M3 KOHIIOB INTIAaCTUHKH, T.C.
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X
-P, 0<x<x, aO:—PI—l

T = ) (1.9)
0, X <x<1, a =-P—sinA. X
km
Bropoii cinydaii Takoil.
Ha croponax X =0 u X = @ npononbHoe ycuiue

T = F{Hs%(b— y)}

1 6 (_l)I’Hl
2 YT o
T n

HpI/I PABHOMCPHOM C)KAaTHUU MUHHUMAJIbBHOC KPUTHYICCKOC 3HAYCHUC ITOJyHaCTCA [4]

)
B, :?(m+ D, +2Dy ) (1.11)

Dll

a
KOTOPOC OOCTUTACTCA B TOUYKAX — = [M4[—— .

D22

Tak kak CJIOMCTYIO IUIACTUHKY MOKHO IIOJYYUTb, pacnojarad cCJIOUu 10 TOJIIUHE
IMMPOU3BOJIbHBIM 06pa30M (HOBOpOTOM IJIaBHBIX  OCeH yYOopyroctu  OTHOCHUTCIIBHO
KOOpHI/IHaTHOfI CI/ICTGMI)I), TO, €CTCCTBCHHO, BO3HUKACT BOIPOC O HAWJIy4dIIEM
PACIIOJIOKCHUU C TOYKH 3PCHUA IMOJYUCHUSA KCIATCIIbHBIX 3HAYCHUI JAJIL KPUTHYICCKUX

(1.10)
o :1+§6, b, =

IapamMeTpoB — TUIMYHAs 3a/1a49a ycI0BHOro skerpemyma (yenosus (D, = 0)
B o0liiem ciiyuae aHM30TPOIHH HEBO3MOKHO AHATHTHUECKH OJTyUHTh BbIpakenns P .

I[JIH YaCTHOI'O Cirydyasi aHu30TPOIINH Al = AZZ 3KCTPEMAIIbHBIC 3HAYCHU

n’r’h’ nr’h’
p:WAla P@:W(Al""b\z"'zpké) (1.12)

B 3aBrcUMOCTH OT BEIMYHH Aj MaKCUMYMbl U MUHUMYMbI 1I0JIy4aTCs IIpU (Pk = 0 n

R
O = n/4. Bor HEKOTOpbI€ JaHHBIE OTHOCHUTEJIbHBIX KPUTHUYECKUX 3HAYCHUU
P/ R, (Rpmol.11) sazaum (1.9):

10,64; 7642 (8 =a)
2.44; 422 (4x =a) (1.13)

[epBerit cronber; otHOcUTCA K (1.2), a BTOpOit — k (1.3).
Takwe sxe manable A1 3agaun (1.10).
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S 05 1 1.5

+b, 0.811 0.683 0.589
iy 0.697 0.535 0.507

le/IBeZléHHble JaHHBIC IIOKa3bIBAKOT, YTO YCM 60J'lbLl_Ie HeOZlHOpOZ[HOCTb Ha4YaJIbHOT' O
HaHpH}KéHHOFO COCTO)IHI/IH, TEM 60.]'[])].[16 OTJIMYAKOTCA COOTBeTCTByIOH_ll/Ie KpI/lTl/I'-IeCKI/le
napaMeTpsl, B TO e BpeMsl KpUTHYeCKHe napaMeTps! aist ciydas (1.3) Gonbiie, uem uist
(1.2).
2. HpI/I CACJIaHHBIX HpeﬂHOHO)KeHI/IﬂX OTHOCUTECJIBHO paCHOHO)KeHI/Iﬂ CJ'IOéB, CUCTCMa
YpaBHEHHH yCTOHYMBOCTH LIMIIMHAPHYECKOH 000IOUKH UMEIOT BUL:
o’u R RY 1 ow

C,—+C4—+(C,+C)—+C,=—=0

OX oy oxoy R ox
o°u o°v o°v 1 ow
(CIZ +C66)—+C2 _2+C66_2+C22 D Ay

oxoy oy OX R oy

o'w o*w o'w 1 ou
n—+2(D,, +2D66)—2 ~+D,, —+—|C,—+
OX ox-oy oy R OX

+C22(@+V_V] _ﬁ('noa_wj_i['rzoa_wjzo
oy RJ)| oxU"' ox) oyl * oy

PaccMOTpeHbl Ba TUIA FPaHU4HbIX yesoBuid. Jlns nepsoro [, =M, =v=w=0:

0

@.1)
D

W = cos unyz f. sinA X, U=cos pnyz ¢, COSA X
m=1 m=0
2.2)
: S . mr n
V= smunyZ“\ym sinA X, A, = TR
m=1

u sropoii tur— T, = N,,=W =u=0:

0 00 00
W=cosp, Y f cosk, X u=cosp,yY @, sink X v=sinp y> y, cosi x (2.3)
m=0 m=1 m=0
HepBLIe — OOBIYHBIE yciioBus CBO60HHOF0 OlMpaHud, a BTOPbLIC — TaK Ha3bIBacMas
«TaBaromas 3ajaenka» [5].

0 0
Ecnu HaganpHBIE ycuius -I-l n T2 TaKXK€ NPEACTAaBUThL B BUJC PATOB:

o0 0

T, =Z:ak cosA, X, T’ =Z:Iq< COSA, X, 24

k=0 k=0
To ¢ yu€tom ycnosuil (2.2) u (2.3), u3 (2.9) nist onpeneneHus fm, P4 Y, HOIyYuTCs
OeCKOHEYHas OJIHOPO/IHAs CUCTEMA, OTKY/Ia U OIPEIENSIOTCS KDHTHYECKUE HATPY3KHU.
HauanbHble ycumus Tl0 u T20 B 00ILIEM CiIydae OIpeesAoTCs U3 CUCTEMbI OJIHOMEp-

HBIX YpaBHEHUM:
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2
c, Lt c LW _,
dx R dx
d'w, 1 du W, 2
D, dX40 +E(Clz d_)z+ Cy on =Z (X)
g rparnyHBIX yenoBuit Trmna (2.3) pemienue (2.5) uieM B BUIe
u, :Z(pm sinA X, W:Z:Wm cosA X, Z :Zamcoskmx (2.6)
n=1 n=0 n=0
Tornma

T10 = _% Ra,, T20 =-Ra, + RZ%COSKmX @7
11 m=1

rIe
X = D11R2 k;tn’ C= C11C22 _ C122 (2.8)
C C,

OTCIo/1a BUIHO, UTO eci Z. He CHIIbHO MeHsfoTes 1o X 1 060JI0UKa J0CTATOUHO TOHKA,
TO HapaMeTPUUYECKUE WICHBI B CHCTEME YPAaBHECHHUI YCTOWYMBOCTH MOXXHO Oparh u3
petieHus: 6e3MOMEHTHOI 3a/1a4u.
C 0
T'=-—2Ra,, T, =—R)> a,cosi X (2.9)
Ci m=0
Taxkas ke KapTHHA UMEET MECTO U IS yCIIOBHH (2.2).
HpI/l IMOCTOAHHOM JABJICHUHN €TI0 KPUTUYECKOC 3HAYCHUE U YHCJIO BOJIH B MOINCPECHHOM
HaIlpaBJIECHUHU

_ 1 C
qkp :SSIE4 DSZ?

- (2.10)
n’ :5.44%4 RC

22
Pa,Z[H TOJIBKO KPAaTKOCTH 3aIIUCH, €CJIN HPEAIIOJIOXKNUTh, YTO 000J10YKa OYEHb TOHKas,
ynpyrue Ko3QQUIHMEHTbl HE OYEHb OTIIMYAIOTCA APYr OT Apyra U AEHCTBYIOIIEE BHEIIHEE
JIaBJICHHE TAKKE HE OUEHb MEHSETCS IO JJIMHE, TO ONpEeeIeHUE 3HAUYECHUS KPUTHUECKOTO
JAaBJICHHUSI CBOOUTCSA K Cﬂeﬂylolﬂ,eﬁ CHUCTEME!
A2 C
Dzzur21 +E?F fm _(bo i%j fm -
n

(2.11)

k=m+1

_%|:ka_11 fk (bm—ni m+n)+ i fk (h(—mih<+m)j|:0

0
3nech —bm = Ram U B CIEIaHHBIX MPEANOJN0KEHUAX BIUSHUE YJIEHA OT T1 npeHeope-

JKUMO MaJjio, 3HaK MHHYC OTHOCUTCS K (2.2), a tuttoc — Kk (2.3). Kcraru, u u3 (2.11) BumHO,
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YTO NpH PAaBHOMEPHOH Harpyske o0a ciydass TpaHHYHBIX YCJIOBHH JAlOT OJMHAKOBEIE
3HAYEHUS ISl KPUTHUECKOTO IABIICHUS.
B kavecTBe nprMepa paccMOTPUM 3aJady, aHAJIOTHYHYTO ITPUBEAEHHON B IIEPBOM ITyHKTE

Z :_q[1+8|iz(lx—x2 )} , T =Rz (2.12)

Hwuxe npuBoasTCS HEKOTOPBIE JaHHBIE AJI1 OTHOIIEHUI qkp / ﬁkp (C_]kp — 1o (2. 10)).

) 0,25 0,5 0.75 1 0
- 0.821 0.798 0.653 0.535 1
+ 0.896 812 0.742 0.683 1

EctrecTtBeHHO, TmpuOaBICHHE HEOJHOPOAHOCTA  HArPy3KH  yMEHBIIACT  3HAYCHUC
OTHOCHTEJIbHOTO KPUTUYECKOI'O TaBJICHUS, B TO e BpeMs [yis (2.2) CpaBHUTEILHO OOJIbIIIE,
gem (2.3).

3akaouenne. EcTe mapa rpaHUYHBIX YCIOBUI, KOrja 3ajadya yCTOMYMBOCTH JUIs
TUIACTUHKH, IPY PABHOMEPHOM CXKATHH B €€ INIOCKOCTH U IUIMHAPHYECKOH 000JI0UKH ITpr
BHEITHEM HOPMAJIbHOM JIaBJICHWH, MJAIOT OJWHAKOBBIE 3HAUCHMS JUII KPUTHYECKUX
napaMeTpoB. IIpM HEOZHOPOAHOM HAYaJbHOM HANpPSDKEHHOM COCTOSIHUH COBEPIIEHHO
Pa3ITUYHBIMY HOJIyJar0TCsl HICKOMBIE TapameTpbl. [IpuBeeHbl peIneHns TakuxX 3aaad.
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O BOJIHAX B TOJYITPOCTPAHCTBE CO CMEIIAHHBIMH
I'PAHUYHBIMHU YCJIOBUSAMU
Capkucan C.B.
Key words: elastic half-space, surface wave, elastically restrained boundary
KaioueBble cj10Ba: ymnpyroe IMOIyNPOCTPAHCTBO, IOBEPXHOCTHAS BOJIHA, YIPYro-
CTECHEHHAsI rpaHuLa
Sarkisyan S.V.

On waves in a half-space with mixed boundary conditions
Abstract. In this paper we obtained the dispersion equations of the three-dimensional wave propagation problem
in a half-space with mixed boundary conditions. Three-dimensional surface wave exists only for two kinds of
boundary conditions - when the surface of half-space is free from the stresses and the free surface is restrained.In
the second case, three-dimensional wave has the dispersion property and the wave propagation angle affects the
phase velocity.

AnHoTamusi. B Hacrosmed paboTe IONyYeHBI MAWCHEPCHOHHBIE YpaBHEHHs TPEXMEPHOH 3amgadud o
pacIpOCTpaHEHHH BOJH B IIOIYNPOCTPAHCTBE CO CIEAYIONIMMH TPAaHUYHBIMH YCJIOBHSMHM: TPaHULA IOIY-
MPOCTPAHCTBA CBOOOIHA OT HAIPSDKEHHUH, HA TPAHMIIE TIOTYPOCTPAHCTBA 3alIPElIeHO MEPeMEIIEHHE B OHOM H3
KacaTeJIbHBIX HANpaBlIeHUH M Ha TpaHHIE IOJYNPOCTPAHCTBA  3alpeIleHO IIepeMelieHHe B OJHOM U3
KacaTeJbHbIX HAIpaBJICHUH M B HOPMAJIbHOM HampasieHud. TpéxmepHas mnoBepxHocTHass BosiHa (3DSW)
CYILECTBYET, KOI/la IOBEPXHOCTh IOJIYNpPOCTPAHCTBA CBOOOJHA OT HANpsDKEHMH M KOr[a Ha IpaHulle HOIIy-
MPOCTPAHCTBA 3alPEIICHO MepeMEIeHNe B OJHOM M3 KacaTeJIbHbIX HampapieHuil. Bo Bropom ciysae 3DSW
obnanaeT cBOHCTBOM JHCIEPCHH U YrOJl PaCPOCTPAHEHUs BOJTHBI OKa3bIBACT BIHAHNE Ha (ha30BYI0 CKOPOCTb.

Beenenne. BriepBoie 0 cyniecTBOBaHHMH ITOBEPXHOCTHBIX BOJIH OBIIO yKa3zaHo Paneem
[1], rme paccmoTpeHa 3agada TUIOCKOH AedopMaIiie Il TOIyIPOCTPAHCTBA CO CBOOOTHON
OT HampsDKCHUH TpaHuiei. Pemenue tpéxmepHoi 3amaum, obobmaromas 3amady Poaes,
nonyderna Hoymcom [2]. Otm pesynbratel npuBeaeHsl B MoHorpaduum [3]. dpyroit
BapuaHT IPOCTPAHCTBEHHOW 3amadn wuccienoBaH B [4]. B pabore [5] umccrmemoBaHb
TPEXMEpHBIE 3aJayd PACIPOCTPAHCHUS YNPYTHX IOBEPXHOCTHBIX BOJH B HM30TPOITHOM
MOJYTNPOCTPAHCTBE C JABYMsI BapHaHTaMH YCIOBHH Ha TPaHUIE MOIYIPOCTPAHCTBA:
cBOOOAHAs TpaHHIA W KOIJAa Ha TPaHUNE MOJIYNPOCTPAHCTBA OJHO KacaTeIbHOE
HepeMEIIeHNEe, OJUH W3 KacaTelbHBIX HAINPSIKEHHH M HOPMAJIbHOE HANpPSDKCHHE PABHBI
Hymo. B MoHorpaduu [6] npuBenén 0030p 1Mo MpoCTPaHCTBEHHBIM 3a7ia4aM pacipocTpa-
HCHHUS YIPYrux BOJIH. I/ICCHC}IOBaHI/Ie TpéXMeprIX MOBEPXHOCTHBIX BOJIH IJISA pa3IMYHBbIX
TUIIOB CMEIIAHHBIX I'PAHUYHBIX yCJ'IOBl/Iﬁ Ha NOBEPXHOCTHU MNOJJIYIIPOCTpAaHCTBA MPOBEACHO B
pabore [7]. Iloka3zaHo, 4TO JUCIIEPCHOHHOE ypaBHEHHE MMEET KOPEHb Ul JIByX THUIIOB
TPaHUYHBIX YCIJIOBHUI: CBOOOIHAS TOBEPXHOCTh U TIOBEPXHOCTD, TJI€ 3alpEIIeHbI epeMellie-
HUS B OJTHOM M3 KacaTeJbHBIX HarpasieHuid. B paborax [8-10] mpemioxkeH acuMnToTH-
YECKHH METOH, MO3BOJLSIIONIMHA IIOCTPOUTH ACHMIITOTHYECKOE IPHOIIKEHNE pEIIeHUs,
OTMCHIBAIONIETO IWIMHAPHUYECKYIO IIOBEPXHOCTHYIO BOJIHY B Cllydyae CMELIaHHBIX
TPaHUYHBIX YCIOBHH Ha MOBEPXHOCTH MOIYIPOCTPAHCTBA.

B otimume ot ximaccudeckoi 3agaun Pases, BMECTO TpaHUYHBIX YCIIOBHH CBOOOJHOM
MOBEPXHOCTH Uil YIPYroro HM30TPONHOro mousyrnpoctpaHctea M.B.benybOeksnom [11]
paccMOTPEHBI [[Ba BapHaHTa YCIOXHEHHBIX TpaHUUYHBIX ycioBuil. Ilpenmomaraercs, 4ro
1100 HOPMaJIbHOE HANpsDKEHHE CTECHEHHO B HAINPABJICHUH TEPIEHIMKYIISIPHOM K MOBEpX-
HOCTH HOpPMaJIH, a KacaTelbHOE PaBHO HYIIIO, JIMOO HOPMaJIbHOE HAIIPSHKEHUE PaBHO HYJIIO,
a KacarellbHOe CTECHEHHO. YCTAaHABIMBAIOTCS YCIIOBHS, IPH KOTOPHIX HMOBEPXHOCTHAsS
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BOJIHA HE MOXKET CYIIECTBOBATh. I[IpOCTpaHCTBEHHbBIE 3ajayll IUHAMHYECKOH TeopHuu
YOPYTroCTH B pe3yibTaTe MPUMEHEHHS HHTETpPalbHOTO Mpeodpa3oBanus Pamona [12]
CBOIIATCS K IUTOCKOW 3a/lade OTHOCHTENBFHO 00pa3oB mpeobOpasoBanus Pagona. B pabore
[13] wuccnemoBan BONpOC BBEICHUS JAUHAMHYECKUX TIOTEHIIMAIOB JJIsS PEIICHUs
TPEXMEPHBIX 3a/1a4 JUHAMHIECKOH TEOPHUHU YIIPYTrOCTH, B KOTOPHIX HE HCIONb3YETCSl aHTH-
IUIOCKOE JBIDKEHUE (HAIpHUMEp, B 3a[ade MPUIOBEPXHOCTHON NTUHAMMKH YIPYroro IHOIy-
MPOCTPAHCTBA, KOT/Ia BKJIAJ MOBEPXHOCTHOW BOJIHBI JOMHUHHpYeT). [IpuMeHuB mpeobpa-
3oBanue Pajnona, pemieHne TpEXMEpHOW 3a/1a4M TEOPHU YIPYTOCTH CBOAMTCS K PELICHHIO
COOTBETCTBYIOIIEH IUIOCKOM 3aj1aud. PazBuTHE acMMIITOTHYECKUX MOJETEeH ITOBEPXHOCT-
HOHW BosHBI Panest, nnTepdeiicupix BosiH Croynnu u Hlonbre-I'oronanse uccienoBaHo B
pabore [14]. B pabote [15] nccnenoBaHa 3amada pacHpOCTPaHEHHs BOJIHBI B YIPYTOM
MOJIYIPOCTPAHCTBE, KOTAAa HA TPaHUIIE MOJYHNPOCTPAHCTBA 3a/laHbl YCIOBHS CTECHEHHOIO
cBoOomHOTO Kpas. Vcnonb3ys uHTErpaigbHOE MpeodpazoBanue PaoHa, oydeHo Ancmep-
CHOHHOE ypaBHEHHE /IS OTIPEIEICHUS] CKOPOCTH PacpOCTPaHEHHUs TOBEPXHOCTHON BOJIHBI
W TIPOBEIEH YMCIIEHHBIM AKCIIEPUMEHT U Pa3HBIX (DPM3MKO-MEXAaHHYECKHX MapaMeTpoB,
XapaKTEPU3YIOLIUX CPEy.

B nacrosimeit pabote moirydeHsl TUCTIEPCHOHHBIE YPaBHEHUS TPEXMEPHOW 3aJadd O
pacnpocTpaHEHUH BOJIH B MOJIYIIPOCTPAHCTBE CO CIEAYIOUIMMHU IPAaHUYHBIMU YCIOBHAMHU:
a) TpaHuIa MOIYIPOCTPAHCTBA CBOOOIHA OT HANPSHKEHHH,

0) Ha rpaHMIE MOJYNPOCTPAHCTBA 3alpelIeHO NepeMelleHHe B OJHOM W3 KacaTelbHBIX
HaIpaBJICHUH,
B) Ha TpaHUIIe IOJIyIIPOCTPAHCTBA 3alpPENIeHO NEepeMEIleHHEe B OJHOM M3 KacaTesIbHBIX
HAarpasJeHUH U B HOPMAJILHOM HalpaBJICHUH.
HccnenoBanue 3a1aul yrpomaceTcsl BBEACHHEM MOTCHIUATIBHBIX (YHKIMH 10 aHAIOTY C
3amayaMu 1iockoil gedopmarmm [S5]. Tpéxmepras mnoBepxHOocTHas BomHa (3DSW)
CYIIECTBYET, KOT/Ia TOBEPXHOCTH TOJIyIPOCTPAHCTBA CBOOOIHA OT HANPSDKEHUI U KOT/Ia Ha
TPaHMIE IIOJMYIPOCTPAHCTBA 3alPEIICHO IEPEMEIICHHE B OJHOM M3 KacaTElbHBIX
HampaBieHuii. Bo Bropom cmywae 3DSW oOmagaer CBOHCTBOM IUCIEPCHH W yTOJI
PacIpoCTpaHEeHHs BOJIHBI OKa3bIBaeT BIMAHUE Ha (Ha30BYIO CKOPOCTb.

1. locTtanoBka 3amaun. PaccMOTpHM HM30TPOIHOE YIPYroe IOJyIPOCTPAHCTBO,

KOTOpPO€ B MPSIMOYTOJIBHOM JE€KapTOBOM CHCTEME KOOpIAUHAT (Oxyz) 3aHUMAaeT 00JIaCTh:

Q{—oo <X<00,0<y<o0,—0<Z< OO} . Jlnst ypaBHEHUs paclpOCTPAHEHHs YIIPYTHX

BOJIH B M30TPOIHOI cpene (ypaBuenue Jlame)

(L + p) graddiv U + pAd = pu (1.1)

BBEJIEM CIIE/YIONIEE IPE0OPA30BAHNE:

o v dpow
oX 0z 0z 0OX

—

rae U- Bexrop nepememenus, A, |1 — napametpsi Jlams, P — 06bEMHAS IIIOTHOCTB.

u (1.2)

OTo mpeobpa3oBaHUE TAaKOE K€, YTO W JUI 3aJla4d IUIOCKOW aedopMaliii B TUIOCKOCTH
(Oxy) [1]. TIpeoGpazoBanue (1.2) ObuTO mpuMeHeHO B [2] A TpEXMEpHOH 3amadu

CTaTUKH IIb€30aKTHBHOI cpenpl, B [5] mpu HcclaeIoBaHUHM 3aha4ydl PacHpOCTPAHEHUS
YOPYTUX MOBEPXHOCTHBIX BOJIH B HU30TPOIHOM MONYIPOCTPAHCTBE C JBYMs BapHaHTAMU
yCIIOBUI Ha TrpaHuie nomynpocrpancTta. [loncrasmsas (1.2) B ypasHenume (1.1), mus
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MOTEHIMATIBHBIX  (QYHKIWH 0] ( XY, Z t) n\y (X, Y., Z, t) MOJIyYUM  CIEIYIOIIue

YpaBHEHUS:

o’y
ZA — ,
G Ay pe

, , (1.3)
- Sfets)

ITpu nomommu (1.2) u (1.3) nepememerns U, U, W u noreHuuaneasie Gynkuun @, c

yuétom ycnosuii saryxanus limU = 0,lim@ =0,limy =0 onpenensrorcs B BUIE
[5]:
Ak cosye™™ +

u(x,y,zt)=-i
(xy.21) +(Bkcosy + Cksiny)e™"

expi (O)t—xkcosy— Zksiny),

v(xy,zt)= —k[A\)le_”'ky + Buflze_‘)zky]expi (ot — xkcosy — Zksiny),
Aksinye Y +

W(X,Y,zt)=-I
(xy.21) +(Bksiny — Ckcosy)e ™"

expli (mt—xkcosy— stiny),

(X y,zt)= [Aef‘)lky + Be’“zky]expi (ot —xkcosy — Zksiny),

v (% y,zt)=Ce™" expi(wt — xkcosy — zksiny), (1.4)
2 2

rae K- Bommosoe uncio, v, =41-0n, v, =4l-7m, 9:Ct_2<1’n= kCZO r<l-
G G

Oe3pazmepHas (pa3oBast CKOPOCTb TPEXMEPHOU IOBEPXHOCTHOM BOJHBI, Y — OCTPBIA yroiu
pacnpoctpatenus Bontsl B mwiockoct O XZ ; A, BuC- MIPOU3BOJILHBIC TIOCTOSHHBIE.
ITycTs Ha rpanuie nomynpocrpanctea Y = () 3a1aHbl crierylonie TpaHAYHBIE YCIIOBHUSL.
1. T'pannna nomynpoctpanctea Y = 0 cBoGoaHa OT HANPSKEHMIA:
c,=0,0,=0,06,=0 (1.5)
2. Ha rpanuue nonynpoctpanctsa Y = () 3anperieHo nepemenieHue B 0JHOM U3 Kaca-

TECIBHBIX HaHpaBHCHHﬁ:
o, =0,Gyz=0,U=0 (1.6)

3. Ha rpanune nomynpocrparcrsa Y = 0 sanpemeno nepememeHne B OfHOM U3
KacCaTCJIbHBIX HaHpaBJ’IeHI/Iﬁ 1 B HOpMaJIbHOM HaIIpaBJICHUN
v=0, u=0, GyZZO (1.7)

C ucnonp3oBanueM 3akoHa ['yka u npeobpazosanus (1.2) rpanmunsie yenosus (1.5)-(1.7)
MPUBOJISITCS K BUAY:
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2 2 2 2
6(p_6\|/+8_0_0 80+8(p+8\|1

~ — VY, _— :Oa
oxoy oyoz ox 0z 020y OYyoX (150
2 2 ’
(% +2u )Z‘; x(g‘f#;‘fj:o
X z
do_dv_o o, Po dy
ox 0z 0z o0zy oyox
. e o (1.6a)
(h+20) 24| 2422 |-
oy ox- 0z
2 2
v=o, B_N_, D o v _, (1.72)
oX o0z az 626y O0yox

2. JlucnepcHOHHBbIC YPaBHEHHsI M YHCJICHHbIE pPe3yJbTaThbl. Y IOBIECTBOPSA
peuienue (1.4) rpannunbiM ycinoBusM (1.5a),(1.6a) u (1.7a), u3 ycinoBusl CyleCTBOBaHUs
HETPUBUAIILHOTO PEIEHHs] CUCTEMBI OJIHOPOJIHBIX aIreOpandecKux ypaBHEHHH OTHOCH-

TEJIBHO MMPOU3BOJIBHBIX ITOCTOAHHBIX A, BI/I C IoJIfydaceM CJIIEAYIOIMUE JUCIIEPCHOH-

HbIC YPAaBHCHHUA:
(1+tg2y)((2—n)2 _4 (l—n)(l—nﬁ)) -0 @.1)
(2—1])2—4 (l—n)(l—nﬁ)—n(l—n)ctgzy:O 2.2)

N1 —0m +ctg’y./1 - (1— n)(1- On)) 0 (2.3)

B cmywae, korma MOBEPXHOCTh MOJYMPOCTPAHCTBA CBOOOJHA OT HANPSHKCHUH,
MOJTy4aeTcsi u3BeCTHOe ypaBHeHHe Panes (2.1). Ecim ke, Ha TpaHHIle TOTYIPOCTPAHCTBA
3aIpelIeHo epeMellieHre B OHOM U3 KacaTelIbHbIX HallpaBiieHui (crecHEHHAs! CBOOOIHAS
MMOBEPXHOCTh) TUCIICPCHOHHOE YPABHEHHUS CBOJUTCS K ypaBHeHUIO (2.2). B nanHOM cityuae

3TO ypaBHEHHUE MMEET €/IMHCTBEHHbI KopeHb T < | u TpéxmepHas noBepXHOCTHAs BOJIHA
(3DSW) obGmanaer cBoiictBoM muctiepcud. Ha ¢ur. 1 mpencrasiena 3aBUCHMOCTE (a30Boit
ckopoctu 3DSW ot yria pacnpoctpanenus Y npu 0 =0.33. Koryia Ha rpanuie nosynpo-

CTpPaHCTBA 3aIPEIICHO MEePEMEIICHHE B OJHOM M3 KacaTeJIbHBIX HAIIPABICHUN U B HOPMAJIb-
HOM HaNpaBJCHUH, IUCICPCHOHHOE YypaBHeHHE (2.3) OTHOCHUTENBHO Oe3pa3MepHOi

dazoBoii ckopoctn 3DSW He uMeeT KOpeHb, yloBJeTBOpstomuii ycnouio 1 < 1. Kak
BUIHO U3 (ur.l, ecm Ha TpaHMLE MOIYIPOCTPAHCTBA 3aMPEIICHO IIEPEMEIICHNE B OJHOM
U3 KacaTelbHbIX HAIpaBIe€HUH, TO C YOBbIBAHMEM YIJa PacIpOCTPaHEHUS BOJHBL Y
3Hauenne $asosoii ckopoctn 1 3DSW Bospacraer. Ilpu Y = T/ 2 3Hauenue (azosoii

ckopoct 3DSW B TOUHOCTH COBMazaeT co 3HaueHHEM (ha30BOM CKOPOCTH IMTOBEPXHOCTHOU
BOJIHBI Pasnes.

[IpoBeneHbI YnCIIEHHBIE UCCIIENOBAaHNA TUCTIEPCHOHHBIX ypaBHeHwmi (2.1) u (2.2) mpu
Pa3sHBIX 3HAYEHHUAX yI7a pacrnpocTpaHeHus BonHbl Y . Ha dur. 2-6 npencraBnensl pesyib-

TaThl pacu€ra (GOpMbI TPEXMEPHOH MMOBEPXHOCTHOW BOJIHBI (9 =0.33). I'padukn nokazbi-
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BAalOT, YTO B CIydYae, KOI/la Ha IpaHMLE MOIYIPOCTPAHCTBA 3alpelieHO MepeMELICHUE B
OJTHOM M3 KacaTeJIbHBIX HalpaBJICHUH, YTOJI paclipOCTPaHEHHUs] BOJHbBI OKA3bIBAET BIHSHHE
Ha CKOPOCTb 3aTyXaHHs HaNpsDKEHHO-Ie()OPMHPOBAHHOTO COCTOSIHHS NPH YIAJICHHUH OT
nosepxHoctd. Ilpu Y =7 /2 3DSW B TOYHOCTH MEPEXOJUT B MOBEPXHOCTHYIO BOJHY

Panest.

3akmouenne. TpéxmepHas nosepxHocTHas BosHa (3DSW) cymectByer nuib s
JIBYX BHUJIOB TPaHUYHBIX YCIIOBHH, KOTJa IIOBEPXHOCTH ITOJIyIIPOCTPAHCTBA CBOOOJHA OT
HAaIpsDKEHUH W KOTZla Ha TpaHHIE TOJIyIIPOCTPAHCTBA 3aMPELICHO NepeMellieHHe B OJHOM
M3 KacaTeJbHBIX HampaBieHWH (cTecHEHHas CBOOOAHAs NOBEpXHOCTh). B ciyuae
cTecHEHHON cBOOOmHON moBepxHOCTH 3DSW oOmamaer CBOHCTBOM HIHUCHEPCHH. YTOI
pactpocTpaHeHHsT BOJIHBI OKa3bIBaeT BIHUSHHE Ha (PAa30BYI0 CKOPOCTh TPEXMEpPHOU
moBepxHOCTHOU BonHBL C yOBIBaHMEM STOTO yriia 3Ha4eHus ¢a3oBoil ckopoctu 3DSW
BO3PACTAIOT, CTPEMSICh K 3HAYCHHUIO (Pa30BOM CKOPOCTH IIOBEPXHOCTHOM BOJIHBI Pastest.

10
n

05

02 04 y/ w Y

-05

-10

@ur.1 I'padux 3aBucumocTn 6e3pasmepHoii Bhazosoii ckopoctu | 3DSW ot yrzna pacnpocTpaHeHHs

Y.

03

02

01

®ur.2. T'padpuk 3aBucumoctn mepememennit U, V,W or yrma pacmpoctpanenns Y = TU /6 B

cirydae CBOOOJHO I'paHHMIIBL.
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02t

0.1

—01} Yy

-02 1

u

®ur.3. T'paduk 3aBucumocty mepememennii U, V,W or yrma pacmpocrpanenus Y = TU /4 B

cllydae, KOT/la Ha TPaHMIlE MOTyNPOCTPAHCTBA 3alPEIIeHO NEePEeMEIICHNEe B OJHOM H3 KacaTeNIbHBIX
HaIpaBJICHUH.

094 n

092
090

088

.86
0 ' v

01 02 03 04 05

@ur.4. I'padux 3aBucuMocTy (pazoBoil CKOPOCTH OT yIJa pacrnpocTpaHeHus Y = TU / 4, n/3 npu
pa3nu4HBIX 3HaYeHHsX Kodddunmenra Ilyaccona B ciydae, KOria Ha IpaHULE MONYNPOCTPAHCTBA
3aIpEILEeHO TIePEMEIIEHNE B OJJHOM U3 KacaTeJIbHbIX HalPaBJICHUIL.
04
03

02

N1

-0.1

-02

-03

Our.5. Popma MOBEPXHOCTHOW BOJHBI B Cllyyae CBOOOJHOI IpaHHLBI MPU yTJE PACIPOCTPAHEHUS

y=mn/3.
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02 9)
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®ur.6. Popma MOBEPXHOCTHOW BOJIHBI B Cllydae, KOrJla Ha IpaHUIIEe MOJYNPOCTPAHCTBA 3alpeIieHO

NEPEMENICHUE B OTHOM U3 KaCaTCIbHbBIX HaHpaBJ’IeHI/Iﬁ IIpH yrji€ pacupoCTpaHCHUS y =T / 4 .
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O NAPAJIOKCE B ITIOBEJAEHWMU ITEPEPE3BIBAIOIIINX
CWJI B IPSIMOYT'OJIBHOM IJIACTUHE B OKPECTHOCTH TOYKH
NPUJIOKEHUS COCPEJOTOYEHHOM CAJIbI
Ceiipansu C.II.

KiroueBble cJ10Ba: NpsIMOYroibHasi, INIACTHHA, COCPEOTOUCHHAs, CHIIa, TIepPEepPe3bIBAIOIIIE, TTaPaTOKC.
Key words: rectangular, plate, concentrated, force, cutting, paradox.

Uljpuiyub UM
Mnnuilmi jrinpniwgyws nidny phnhunpyws uugh phettunnpdub
ljnh opgulymypmul uipnn mdkph wwpunnpuuyght Jupph Wwuhb

Thunwpyynud E nippuilynit hnpujuwnpbt hhdudws b jEinpntwgduws nidny phntwdnpyws
Yhphuhndh vwyp: Zknwgnungnud £ vwynud wpwewgnny Yuipnn M, Ny, ndbph vwhdwbughtt Juppp
JEunpniwgyws nidh Yhpwndw (& n) Ytwh oppwluyynud, tpp juunwpynd £ (&, 1)  Yhwhu
Ununbgnudp wwppkp Ynnkpny: Quigk] Eu Yonnkp, npnugny dnnbgnudp phpnud b Jbkpowynp fud
witpe vwhdwbwghtt ddnipjniuutph: ‘Loqus quppp Ny Ny Phghjuljuts dkdnipniuutph hqnuipny
uwnid sh yupnibwljud $hqhjuljut pugunpnipni b tipjuyugund E npuybu wwpwnnpu:

Seyranyan S.P.
On the paradox in the behavior of the cutting forces in a rectangular plate in
the neighborhood of a point of application of a concentrated force

The Kirchhoff simply supported rectangular plate under concentrated force is considered. The limiting
behavior of the cutting forces Ny Ny in the plate near the point (&, n) of application of concentrated force is studied
when we approach to the point (&, n) along the differrent curves. Different curves are found, the movement on
which leads to different finite or infinit limits. The observed behavior of the physical quantities Nx, Ny in an
isotropic plate does not contain physical explanation and is a paradox.

PaccmarpuBaercst npsiMoyroibHasi miacTuia Kupxroda, mapHUpHO onépTast o TOpLaM, HarpyKEHHasT
MONIepeYHoi  cocpeloToueHHoM cuioi. Mccnenyercs npeeibHOE MOBEJEHHE NepepesbiBalomux cunl Ny Ny B
IUIACTHHE B OKPECTHOCTU TOYKH (&, 1) NPHIOKEHHS COCPEJOTOYCHHON CHIIBI NMpU HpHOMmKeHHH K (&, 1) Ho
HEKOTOPHIM KpuBBIM. HaiiieHsl pa3nnyHbie KPUBBIE, MPUOIIDKEHHE MO KOTOPHIM HPHBOAUT K Pa3IHYHBIM Kak
KOHEYHBIM, TaK U OCCKOHEUHBIM IIpENeNbHBIM 3HaueHHsM. OTMEUYCHHOE MOBe/leHHEe (DU3MUYECKUX BEIMYMH B
H30TPOIHOM IUTACTHHE HE COAEPIKUT (PU3HIECKOTO OOBSICHEHHS U MPEICTABIIAETCS ITapaOKCOM.

W3BecTHO, 4TO B KpaeBhIX 33JadaX MEXaHHWKH BCTPEYAIOTCS MAPATOKCHI, KOTOPBIE CBSI-
3aHBl C HapylIeHHeM (pU3UYecKr 00YCIOBICHHON HENPEPhIBHOW 3aBUCHMOCTH PELICHHUA OT
nmapaMeTpoB 3aJaur. B kadecTBe TaKOBBIX BBICTYNAIOT, HAIpUMeEp, apagokc Llurnepa [1]
napagokc baObymxku — CanonmxksaHa [2]. [loaTomMy pemnieHne TOH MM HHOM 3a1a4d, HOTy-
YeHHOe, WIH XKe, TeM Oosee, ChOpMYIMPOBAaHHOE M3 OTPaHMYECHHBIX (PH3MYECKUX COOOpa-
JKSHHUH ¢ TIPUMEHEHUEM MPEIEIbHOTO nepexo/a (Hampumep, 0000mEHHbIe pemmeHust [3 — 5]
U Jp.), TpeOyeT NalbHEWIIero ero aHajiu3a Ha HENpOTUBOPEeYHBOCTh. K TakoBBIM pelie-
HUSIM NIPUHAUISKUT U perneHre HaBbe 11 mporn6a cBoOOIHO onEPTON MPSMOYTOJIbHON
IUTaCTHHBI NIPH COCPeNOTOUYeHHOU Harpyske [6]. Haspannoe pemenue Hasbe ompenenun
IpE/ICIBbHBIM TIEPEX00M B UM K€ TIOJIyYeHHOM PEIISHHH JJIsl TPOrnda JaHHOM, HO Harpy-
JKEHHON paBHOMEPHBIM JaBJICHHEM IUIACTHHBI IO MPSIMOYTOJIBHUKY TOH K€ OPHCHTAIIHH,
YTO W IPSMOYTOJGHBIN IJIaH TUIACTHHBL, TIPH YCTPEMIICHHH CTOPOH MPSMOYTOJIFHUKA TIPH-
JIOXKEHUSI HArPy3KH K HYITIO, KOT/Ia pe3yIbTUPYIIas cuia moctosiHHa. [lpu atom, HU HaBbe,
HU €ro MOoCJeI0BaTeNH, 0 aBTopa HacTosmel padotsl [7] — [9] Bompoc O cymiecTBOBaHUHI
npeaeabHbIX 3HaueHnH pounx BennunH HJIC muacTuHbl He paccMaTpyBaiy.

[Ipexne aBropom Hacrtosimieil paGoTel B [7] MOJydeH CIENYIOLINHA pe3ysbTaT: BTOpas
CMEIIIaHHAs YacTHAs MPOU3BOHAS OT MPOruda MIAPHUPHO OMEPTOM MPSIMOYTOJIBHOM IIac-
THHBI [IPU COCPENOTOYCHHOW HArpys3Ke TEPsieT HENPEPBIBHOCTb B TOUKE €€ IPUIIOKEHUS
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(& M), KaK (YHKIUS NBYX MEPEMEHHBIX: HAWJICHBI Pa3IMYHbIC KPUBBIC, MPHOIMKCHUE IO
KOTOPBIM K TOYKE (& M) C MPENeNbHBIM MEePeX0J0M NMPUBOIUT K Pa3IMIHBIM KOHECYHBIM
npeaensHeIM 3HaueHHsAM. COmep KUTCS BBIBOJ, YTO OTMEUYEHHOE TOBEICHUE BEIMYUHEI,
MPOTIOPIMOHATBHON KPYTSMIEMY MOMEHTY — paclpeneiI€HHON (pU3nYecKol BelNWYnHE — B
M30TPOITHON TUTACTHHE MPEACTaBIIETCS MapaOKCOM.

[Hainee, B pabote [10] mpenensHBIM IEPEXOAOM OT JIOKAJIHHO HATPYXEHHOM IO MPSIMO-
YTOJIbHUKY pPaBHOMCPHBIM JaBJICHUCM HArpys3Ku K COCpeHOTOquHOﬁ B BBIPpAKCHUAX JIA
nepepe3bIBalOIINX CUIT N, Ny IPU COXPAaHEHUHU LEHTpaA (&, n) NPHUIOXKECHUS HABJIICHUS U pe-
3yﬂbTprIOLLleﬁ Harpy3kvu HCU3MCHHBIMHU TMOJYUYCHBI KOHCUHBIC IMPEACIIbHBIC 3HAYCHUS BE-
uauH N, N,. COIepKUTCS BBIBOJI, YTO KOHEUHBIE MPEICITBI BETUYUH N, N,— TIapaIoKC.

B npencrasiieHHON paboTe — 3aKIFOUMTENFHON YacTu Aokiana [11] — mpuBoguTcs aHa-
JIU3 TIOBEJICHUS IMEPEepe3bIBAIONINX CHJI B MPSIMOYTOJBHOW MIAPHUPHO ONEPTON IUIACTHHE
TIPU COCPENOTOUYEHHON HArpy3Ke B OKPECTHOCTH TOYKH €€ MPHIOKEHUS C OOHApYKEHHEM
nmapajokca.

1. O napajokce B noBeJeHUN Mepepe3bIBAIOIIMX CHJI B MPSAMOYT0JbLHOM MJIACTHHE
B OKPECTHOCTHU TOUYKH NPHUJI0KEHHUSI COCPETIOTOYECHHOI CHJIbI.

Pemenne HaBbe U1 IapHUPHO ONEPTOM NPSIMOYTOJIBHOM IIJIACTUHBI IPU COCPENOTO-
YEHHOH Harpy3ke B (hopMe OpIAUHAPHOTO TPUTOHOMETPHUIECKOTo pana [6] mpeodpa3syercs K
BULY

w(x,3)=P/(Da)y [1+},bcth A, b-), (b—y) cth X, (b—y)—A,ncth A, n]x
m=1

xsh &, sh &, (b—y) sink,, E sink, x /(A sh 4, )= P/ (Da) " {sh A, msh &, x

m=1

x(b—y)+A, blch A, bsh A, (b—y)/shA, b—ch A, (b—y)]sh A n+A, yshd nx
xch A, (b—y)—A 1 chd nsh A, (b—y)} sink, &sind, x /(A shi, b)=

=P/(Da)>_ [sha,nsh A, (b3)—bh,shAm shh, y/shi, bd, yshh, nch A, (b—y)—
m=l
—k,mchd, nshi, (b—y)lsink, Esind, x/ (A, shd,b) mpn 0<x<am<y<b (1.1)
w())=P/(Da)) [shi, yshd, (b-n)—bk,shh,y shk,n/shd, b+, nsh, yx
m=l

xch A, (b-m)—A,ych A, yshA (b-n)] sind, & sink x/(X sh b) mpu 0<x<a, 0<y<n
31ech HWKHSS 4acTh (HOPMYJIbI MEPBOHAYAIBHO MOJYyYCHA M3 BEPXHEH YacTH MMEepPEeCTaHOB-
KOH B HEW BEJIMYMH ) U 1, YTO BEPHO U B [6]. BenuuuHsl a, b — [UIMHBI CTOPOH MPSIMOYTOJIb-
HUKA IUIaHa TUIACTHHBL, D 1 P — u3rubHas sxECTKOCTh TUIACTHHBI M COCPEAOTOYCHHAS CHUIIA,
& ¥ 1| — KOOPIUHATHI TOYKHU MPHUIIOKEHHUST COCPEIOTOYCHHOM CHITBI, A, =mm/a.

Brrumcisisi yacTHBIE POU3BOAHEBIC JIO TPETHETO MOPSAKA MOWICHHBIM TU(hepeHIIMpPOBa-
Huem pspgoB (1.1) mo x w y Ha MHOXkectBe Gm =[0, a]x[0, b\{y= n }, IMOIy4aeMm

Ow(x,y)/0x’ ==P/(Da)y [sh A, nshh, (b—)—A,bsh A, nsh A,y /shd b+
m=1
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+A,ysh A nchi (b—y)—A,m chA nshA, (b—y)]sink & cosA x/shA b
mpu 0<x<a,n<y<b (1.2)
Owx,y)/ 0x’ =—P/(Da) Z[sh A,yshi (b—m)—A,bshA yshi n/shi b+

m=1
1, nsh A yeh & (b—m) —A ych 2, yshh (b—1)]sin A, & cos A x /shi b
mpu 0<x<a, 0<y<n

ow(x, )/ 0x°0y=—P/ (Da)Z[ —bsh A, nch A, y/shi b—yshA nshi, (b—y)+
m=1
+nch A, nchi, (b—-y)] &, sinA EsinA, x/shh b npu 0<x<a,nm<y<b (1.3)

O w(x,)/ 0x’0y=—P/(Da)y [ —bsh A, nch &,y/shA b+nchh, ychh, (b—m)—

m=1

—ysh A yshA (b—m)] A, sinA EsinA x/shA b mpu 0<x<a,0<y<n
oWx,y)/ 0x0y* =P/ (Da)z [-bshA nshA y/shA b—shi nshA, (b -y)/A,+
m=l

+yshA nchi (b—y)-nchA nshi (b—y)] A, sinA Ecos A x/shA b
mpu 0<x<a,n<y<b (1.4)

Fwx,y)/ 0x0y* =P/(Da)y_ [-bsh 2, ysha,m /shd,b+nshd,ychi, b —1)-

m=]

—sh, yshd, (b—m)/A, —ychd, yshd (b—m)] A, sind, £ cos A, x /shh, b

m

mpu 0<x<a, 0<y<n

FW(x,y)/ 8y’ =P/ (Da)> 4\, [~bsh A,mch &,y /shA, b—ysh &, 1 sha, (b—y)+

m=1
+nchi nchi, (b —y)]+2sh A, nchi (b—y)} sink EsinA, x/shA b
mpu 0<x<a,n<y<b (1.5)

Ow(x,y)/ 0y’ =P/(Da)y {},[-bch A, ysh &, n/shi, b+nchd,p chh (b—m)-
m=1

—yshi, yshi, (b —m)]-2ch &,y shd, (b—n)} sink, & sind, x /shi, b

mpu 0<x<a,0<y<n
Toraa, moacrasnsis (1.2) — (1.5) B BeIpaskeHUs 1)1 Iepepe3bIBAIOLINX ChI [2], uMeeM:

N, = —D( w(x,y)/ ox’ +63w(x,y)/8x8y2) = 2P/a2sh A,M x
m=1
xshA, (b—y)/shh bsinh Ecosh x mpu 0<x<a,m<y<b (1.6)
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N, = —D( o’w(x,y)/ ox’ +83w(x,y)/8x8y2) = 2P/aZsh A,y X

m=l1

xshA, (b—m)/shA, bsinA, g cosh, x mpu 0<x<a,0<y<n
N, ==D(0'w(x,y)/ &’ +&w(x,y)/ &x’dy ) =—=2P/ay sh &, x
m=1
xchA, (b—y)/shk bsink EsinA x npu 0<x<a,m<y<b (1.7)

N, ==D(&w(x,y)/ &’ +&w(x,y)/&x’dy )=2P/ay ch },y
m=1

xshA, (b—m)/shi, bsink Esink, x npu 0<x<a,0<y<n
I[anee 3aMCTHUM, 4YTO
shashB/shy =[ch(a+B)—ch(a—B)]/(2shy) = {(*P +e@P)/
/[2(e" —e )] - /2y + P /2 —ch(a—B)/(2shy) =[e P +
+e*P? —2ch(a— )]/ (4shy)+e*P7 /2 =[e" ch(y—a—PB)—ch(a-B)]/

/ (2shy)+e*P7 /2 (1.8)
shachf/shy=0[shashB/shy]/0B =[sh(aa—pB)—e "sh(y—a—Pp)]/
/(2shy)+e**7 /2 (1.9)

[TosTomy, ¢ ucronszoBanueM (1.8) u (1.9), mpeoOpaszyem oburue dieHs B psaasax (1.6) u
(1.7). Tlepexons manmee OT CYMMHPOBAHHUS CIIaTaeMBIX OOIIETO WICHAa K CyMMHPOBAHHIO
Ka)KIOTO CJIaraeMoro, 4To JOIMyCTUMO, TaK KaK IPUBOJHUT C CXOAAIIMMCS PAAaM, IOIy4aeM

N, =P/a{ > le™"chh, (y—n)—chi,(b—y-mn)]/shi, bsink,Ex

m=1

xcosh, x +1/21 (e P E+x)+1/21 (P A (E-x) }
mpu (x,y) € G, =[0,a]x([0,n) v (n,b]), (1.10)

N, =P/a{z [e”™"shA, (y—m)+shr, (b—y—n)]/shA bsin) & x

m=1

xsind, x+1/ 2 [L (e, &, (x+E)—1/21 (e "™, &, (x=E))] sgn (—1) }

npu (x,y) € G,. (1.11)
3mecs [12] (1.11 ,ctp. 430, 431)
I1.(r,0)= Z r" sinm®=rsin® /[(1-r)* +4rsin’ 0/2] (1.12)

m=1
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1.(r, 0)=>_r" cosm®={(1-r*) /[(1-r)’ +4rsin’ 6/2]-1}/2 (1.13)
m=1

rne 0<r<l,

sgn (t) — curaym ¢ynkous [12] (1.1, c.115).

Uccnenyem nanee psasl B (1.10), (1.11) Ha paBHOMEPHYIO CXOAUMOCTb. 3aMETHUM, YTO B
HUX IIpU OOJIBIINX 3HAYECHUSIX M a0COTIOTHBIE BETMYNHEBI CJlIara€MbIX, U3 KOTOPBIX COCTOAT
K03()(DULMEHTHI TIPH TPUTOHOMETPUUECKHUX (DYHKLUSX, IPUOIMIKAIOTCS BEIPAKEHUSMH, LIS
KOTOPLIX CHIpaBC€AJIMBbI HCPABECHCTBA

e chi, (y—m)/shi, b el g e <o pr < y<b
shi, (v—m)|/shh, b| € [ <™ mpu0< y<n
ch, (b—y—-m)/shi,b N oule=rnl . e mpuy+n<bh (1.15)
|shi, (b—y-m)|/shi,b b2

e

s (1.14)
e

e ecnm y+m>b

M e Torma pamst (1.10), (1.11) Makopupyrotes

-2
[ycte Tenepy ¢ = max(e
OeCKOHEUHO! reoMEeTpUYEeCKON Mporpeccuei co 3HameHateneM ¢ . JlefiCTBUTENBHO, C UC-

nosib3oBanueM (1.14), (1.15) ansa ob6mmx uneHoB psgos (1.10), (1.11) HemocpencTBEHHO
noJydaem

‘[e*“f" chi, (y—m)—chi, (b—y—-m)]/shi, bsink, & cosh, x
<e’"chA, (y-m)/shi,b+chh, (b—y—m)/shr b<E q"
‘ [e”"shA, (y—m)+shA (b—y-m)]/sh) bsink Esin) x ‘S

<

<|e? s, (y—m)/shi,b|+|shi, (b—y—m)/shh,b|<E, q"
3nece E, E, — CyLIECTBYIOLIME [0 TEOPUU IMPEICIOB IOIOKUTEIbHBIC KOHCTaHTHI [12]
(c. 61).
3naunt, psnsl B (1.10), (1.11) cxonsiTcss paBHOMEPHO OTHOCHUTENILHO TIEPEMEHHBIX X H
B Gn [12] (r.II, c.463) . Ho ux oOuiue wieHbl UMEIOT ABOMHON MpEes MPU CTPEMIICHUU

(x, y) k Touke crymenus (§, n) MHoxecTBa G . JIeHCTBUTENIBHO, JAHHBIC YWICHBI COCTOST U3

CYIICPIIO3UIIMIA KOHEYHOTO YHCJIA 3JCMEHTAPHBIX HEMPEPHIBHBIX (YHKIUH X W )y, W3HAa-
YaIlbHO OIPECNIEHHBIX Ha BCEH TUIOCKOCTH XXY, CBA3aHHBIX alreOpanvecKuMH OTepallv-
SIMA YMHO>KCHUSI, CIIOKCHUS W JICIICHUS Ha TOJOXHUTEIbHYIO (PYHKIUIO-KOHCTaHTY. Torma
JTaHHBIE OOIIHe WICHBI €CTh PYHKIIUH HenpepbIiBHBIE. OTCIoAa, B iy Teopemsr 4 [12] (111,
c.471) B psnax B (1.10), (1.11) mormycTuM NOYWICHHBIH TBOWHOM MpeNeNbHBINA MEPEeX0 PH
(x,y) = (&,1m) c KOHEUHOIA, B pe3yJbTaTe, MPeIeIbHON cyMMoit. [Tomyuaem
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> [e™" chi, (y—n)—chh, (b—y—m)]/shd, bsin}, & cosh,x =

m=l1

lim
x—&
yon

NgE

lirrél[e*k""’ chA, (y—=m)—chh, (b—y—m)]/shA bsinA E cosh, x =

1 y—=n

m

Il
NgE

[e"" —ch), (b—2n)]/sh), bsin) & cosh, &< oo (1.16)

3
N

1ing2[e-*m" shA, (y—m)+shir, (b—y-m)]/shi, bsink Esink x=

yon m=1

= Zlingl[e*'“b shi, (y—m)+shA, (b—y—-m)]/shA bsind EsinA x=
=135

=Zsh%m(b—2n)] /shA, bsink & sinA E< o (1.17)

m=l

Uccnenyem nanee GhyHKIMN

L™ n @) =e M sink, (£ x) /[(1—e P2 + e

xsin” A, (§ £ x) /2] (1.18)
L @) = {(1—e P /[ - pae M sin 4 (E£x) /2] (1.19)
~1}/2

Ha HEMPEPBIBHOCTH B TOUKe (&, 1)).

PaccmoTpuM npeskae cirydai, Korja npu x CTOMT 3HaK Iuntoc. Ilepexons k 1BoiiHOMY mpe-
nery B (3.18), (3.19) mpu (x, y) = (&,m) , HaxomUM

lim?, (e A (E+x) =1.(1, 21,E) =sin2), & /(4sin® A,&) =

X—>

y—m

=ctgh§ /2<0 (1.20)
lim 7,7 &y ) =1, 20, 8)=-112 (121)
An—o

3zmech MBI yunn, uto 0 < & < a, otkyma 0 < A & < TU ¥ ABOMHEIE IPEIENBI CYIECTBYIOT U

KOHEYHBI.
ITycts Teneps B (1.18), (1.19) npu x crout 3Hak mMuHyc. [lokaxkem, 4To B 3TOM ciydae
JIBOMHBIE Npeienbl He cymecTBYIOT. C 3TOH HeNbio CBsDKEM NEepeMEHHBIE X U ) B OKPECT-

HOCTH TOuKH (&,1)) IapaMeTpPHYECKUMH 3aBUCUMOCTAMH 0T O

e—xl\y*n\ =r(0)=1-0%, A, (E-x)=0, (1.22)
e 0<O<La>0, y>n wm y<n
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3amerum, yto xorma 6 — 0, Benmmumaa # —> 1 -0, a Touka (x,y) = (§—-0,m). Torna,

noxacrtasisis (1.22) B (1.18), (1.19) u ocTaBmsis UMb WIEHBI TIEPBOTO MPUOIMKESHHS B dJie-
MEHTapHBIX (QYHKIHMAX, a 3areM ycrpemisisi 0 —0 u mepexoas K Mpeaety, HoiTydaem

lim 7, ((6), 6) = lim{r(0)sin0 / [(1-r(6))’ +4r(0)sin’ 0/ 2]} =

compu 1/2<a <o

(1.23)
= %in(}{(l—e“)e/[ezc‘ +(1—9a)92} =<l,eemoa=1/2
0,xorma O<a<1/2
lim/_ (r(0), 0) = %ing{(l - 7(9)2)/ [(1- }’(9))2 +47r(0) sin 0/2]— 1}/2=
00 -

:19in01{[9°‘(2—9°‘)/[92a +(1-0")0*]-1}/2=31/2, ecn 0. =2
—1/2,korma 2 < oL < o0

Paccmorpum manee, koraa B (1.18), (1.19) npu x mo-npekHEMY CTOUT 3HAK MUHYC,
ClIy4ail IpeAenpHOro nNepexoaa B HUX 1o NpsMon

x=§ (1.25)
mpu crpemiieHnd K Touke (&,m) . [Toncramsas x = € B (1.18), (1.19) u mepexons x mpene-
1y, OJTy4aeM

lim7, (e 0y=0 (1.26)

limZ, (™™, 0)=lim {(1-¢ ") /(1= Py 1}/ 2=lim{(1+¢ ™" ™)/
o y-n

y—on

A=y 13 /2= (1.27)

Takum 00pa3oM, BBIpaKeHHE IS mepepesbiBatomieid cmimsl Nx Ny (1.10) ((1.11))
pa3maraercs Ha TPH CllaraeMbix, aABa u3 kotopwix: pam B (1.10) ((1.11)) m cmaraemoe,
conepxaree (1.18) ((1.19)) ¢ x co 3HaKOM IUTIOC, — HETIPEPHIBHEIE B TOUKE (&, 1) GYHKINH.
Tpetse xe cnaraemoe, comepxkamee (1.18) ((1.19)) ¢ x co 3HaKOM MUHYC, — TEpSET HENpe-
pBIBHOCTE B Touke (&, 1) ciemyromuM obpa3oM: HaiieHs! Kpusble (1.22) co 3HaYCHUAMU
o B (1.23), ((1.24)) u npsmas (1.25) — npenenbHbIA epexo, M0 KOTOPHIM IIPHBOAUT K
KOHEYHBIM WM OECKOHEYHBIM TpeenaM. B gactHocTH, B ciaydae mpsamoit (1.25) mpemen
(1.26),((1.27)), B TpeTheM cmaraeMoM B Nx(/Vy) KoHeueH (OecKoHEeUeH).

CrnenoBaTenbHO, Iepepe3bIBatodne Cilbl Ny, Ny B TOUKE NMPHUIOKEHHUS COCPEAOTOUCH-
HOM cuiibl (&, M) TepsIIOT HENpPEephIBHOCThH CIIEAYIOIMM 00pa30M: HaiJeHbl pa3iIndHbIC
KpHUBBIE, MPHOIIMKEHNE 10 KOTOPBIM K Touke (&, 1) ¢ mpemenbHBIM mepexomoM B Nx, Ny
MIPUBOANT K KOHEYHBIM WJIM OECKOHEYHBIM MpesaenaM. B gacTHOCTH, B cirydae mpsMoit x=§
npenen Nx(Ny) KoHeueH (OeCKOHEUEH).

OTMeTnM, 4TO TOJXYYEeHHBIH HAMH PE3yJIbTaT MPOTUBOPEUUT APYTroMy, HO (DHU3WIECKH
000CHOBAaHHOMY pe3yJIbTaTy 00 acCHMITOTHYECKOM MOBEICHHH DPaHaIbHON Iepepesbl-
BalolLei cHitbl N; B CBOOOIHO ONEPTOM MPSIMOYTOJILHOM IIACTHHE, KOTOPBIA HUMEET BT

N, =—-P/(2nr) (1.28)
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3neck r—panuyc KpPYroBOH OKPECTHOCTH C IIEHTPOM B TOYKe MpwiokeHus (&, m)
cocpenoroueHHoi cuiel P. ®@opmyna (1.28) momydeHa w3 ypaBHEHHS paBHOBECHS
KPYTOBOH OKPECTHOCTH B IPEIINOJIOKEHUH, 4TO N: — IOCTOSHHAs B IIEPBOM IPHOIH-
JKeHUHH BeTMYMHA Ha OKPY>KHOCTH panuyca r. JlefictBuTensHo, Ha ipsamoii (1.25)

N.&»)=N,|_ ~-P/[2n|y-n]]

orcrona
imN (&, y) = -
y-n

49TO U TPeOOBAIOCH JI0KA3AaTh.
2. O0 yA0B/IeTBOPEHNH NepPepe3bIBAIIINMHI CUJIAMH YPABHEHUSI PABHOBECHSI.
[Ipennonoxum, 4To psAbl i mepepesbiBaromux cuia Ny, Ny B (1.6) u (1.7) yactHO
nowieHHo auddepenuupyrores no x u y. Toraa, MoACTaBIAsl JaHHbIE PALBL B ypaBHEHHE
paBHOBecus B [1], nonyqaeM'

ON, s N, _2p
ox 0y a

Zsh A,nshi (b—y)/shi bsini & cos A, x —

axm 1

m=1

—aiZSh A,mnchh, (b—y)/shi bsink g sin me}: Zsh A,Mm X
Y m=

o0 h _
s, (b ) s, b sin, & SOt S g g SRR O
X

m=1 ay
/shA,bsinA &sin A, x= —ZXm sh A, n shA, (b—y)/shA, bsini, Ex

m=1

xsini, x +z7nm sh A, n shA, (b—y)/shA bsink Esink x=0

m=l1

mpu 0<x<a,n<y<h, (2.1
ON. ON, _2r

L 4 shA,yshA, (b—m)/shA bsink Ecosh, x +
oty " a {ax; oy sh, (b—n) &

+8—2ch A,y shd (b-m)/shi, b sin} & sin me}zzm Ay X
ym 1

m=1

xshA, bsink & sin A x= —ka sh A,y shA (b—n)/shi bsink, Ex

m=1

» hay
xshxm(b—n)/shxmbsinxmaacoz—x Zshx (b n)ac /
oy

xsinA, x +z7nm shA, y shiA (b—m)/shA bsinA EsinA x=0

m=1
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mpu 0<x<a,0<y<n.

Takum o00pa3oMm, ypaBHEHHE paBHOBECHS B Gn oOpaiaercss B TOXJIECTBO, €CIH
Ha3BaHHBIC MOWICHHBIE MU(QepeHINPOBaHU IOMyCTUMBL. HO B 3TOM Ilerko yOeanuThes
npu (x,y) € G =[0,a]x[0,n=8) U(+38,b], tne 0<8<min[n,b—n] — moboe,

JIOCTA-TOYHO MaJioe, 4ucio, a. JlefcTBurenbHo, npoauddepeHInpoBaHHbIE YacTHO IO X
(mmu y) obmue wieHs! paaoB B (1.6) (v B (1.7)) yIOBIETBOPSIIOT HEPaBEHCTBAM

| +A,sh A nshA (b—y)/shi bsink EsinA x | <A,shi nshi (b—y)/
/shh, b< E ) """ = E ) " <EA e upn (x, y)e[0,a]x

| A, sh A yshh (b—m)/shi,bsink Esink x|<A, shA yshA (b—m)/
/shA, b<E\ "™ =E ) ™ <EN e npn (x, y)e[0,a]x
[0,n-8]

3neck E3 E4— HEeKOTOpble KOHCTaHTHL. Torna, ¢opmanbHO NO4IeHHO npoauddepeHnnpo-
BaHHBIe cxoxsmuecs psabl B (1.6) u B (1.7) o x W, COOTBETCTBEHHO, ¥ Ma)KOPHPYIOTCS
YHCJIOBBIMHM CXOJSIIMMHUCS psinamu. IloaToMy, maHHBIE PSIBI CXOISTCS PaBHOMEPHO B
BBeIEHHBIX 001acTsax B (2.2) ux ompenenenus [12] (1.11, c.465). OTcrona, B cHity TEOPEMBI
7 [12] (1.1L, c.476), narrsie psaasl B (1.6) (wmm (1.7)) mowrneHHO mudepeHIPYIOTCs 1Mo X
(wu y) B oTMeueHHBIX 00nacTsax. Ho & >0 — moboe, MT0CTaTOYHO Majioe, YMCIIO. 3HAYUT,
nowieHHoe nuddepenimpoanue psa-moB B (1.6) ((1.7)) mo x (y) BepHO, B 4eM JIETKO
yoemutbes, u B oonactsax B (1.6) ((1.7)). Uto u TpeboBaiIoch 1oKa3aTh.

Takum oOpa3oM, nepepessiBatolue cwibl Nxu Ny [IEHCTBUTENBHO YIOBIETBOPSIOT
ypaBHEHHIO paBHOBecHs B Gn.

3ameuanmne . Pemmennie HaBre 11 mpormba TaHHOHN ITACTHHBI TIOJ COCPEIOTOYCHHOM
Harpy3koil B (hopMe MOBTOPHOTO TPUTOHOMETPHUYECKOTO psima [6] momycKaeT M3MEHEHUE
TOpsiIKA CYMMHPOBAHMUS, KOTOpoe (hOpMaIbHO TOCTUTAETCS IEPECTAHOBKOW B HEM X H ), &
u M, a u b. IlosToMy, 1 B MOOBIX MTPEe0OPa30BAHUAX JAHHOTO PEIICHHS C BEIBOIAMHU AOIYC-
TUMBI Ha3BaHHBIE [1EPECTAHOBKU.

B cmty mosrydeHHBIX pe3yNnbTaTOB C YIETOM BBIIIETIPUBEIEHHOTO 3aMeUaHHs TPUXOIIM

npexze B obnactu (x,y) € G, = [0,6]x([0,6)U(E, a]), a sarem n ipui (x,y) € G, =G, VG, =

=[0, a]x[0,b]\ (§1), K cieayoleMy 3aKIIOYEHHIO.

3akJ0ueHue

1. PaccmarpuBatorest pemiennst HaBbe qu1st mporuta B opme M.JIeBu nmpsiMoyroiabHON
cBOOOJTHO OMEPTON IIACTUHBI, HATPYKEHHOW IMOTEPEYHON coCpeoToYeHHON crioii. [lo-
Jy4eHb! BBIPQKEHHS IUIS TepepesbiBatomuX cuil Ny, Ny B IPSMOYTOJNBHUKE IUIaHa ILIac-
TUHB G ¢ UCKITFOYEHHON TOUKOH (&, 1)) IPHIIOKEHHUST COCPEIOTOUYCHHOM CHIIBI, JOCTYITHBIE
JUTS aHANIA3a WX TIPEICTHbHOTO TIOBEACHUS B OKpeCTHOCTH ToukH (&, 1). JlokazaHo, 4To Te-
pepe3bIBAIOIINE CHITBI TEPSIOT HEMPEPHIBHOCH Kak (DYHKIMH ABYX IIEPEMEHHBIX X U ) B TOU-
ke (&, ) ciemyromuM oO0pa3oM: HaAWJEHBI Pa3INYHbIe KPUBBIE, IPUOIIKEHHE 110 KOTOPBIM
K Touke (&, 1) ¢ IpeAeTbHBIM MEPEX0AOM MPHUBOANT K PA3IMIHBIM WIIM KOHEYHBIM, HIIN
0GeCKOHEUHBIM IpeebHBIM 3HAUCHHSIM Nepepes3bIBaloMX cuil. B wacTHOCTH, yCTaHOBIIE-
HO, YTO JIBMDKEHHE 10 NpsMor x=& (y= 1) K Touke (&, 1) C MpeAeIbHBIM MepexoaoM B Ny
(Ny) npUBOJUT K UX KOHEUHOMY TpelieabHOMY 3HaueHut0. Coep KUTCs BBIBOJ, YTO OTMeE-
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YEeHHOE TI0BeJIe/ICHNE pactpeeaEHHbIX (u3nueckux BendnH Ny (Ny) B M30TPOIHOI Iuiac-
THHE NIPEJICTABIISETCS APaTOKCOM.

2. Pemenne (0606ménHoe pemenne mo C.JI. CoGoneBy) HaBbe mis mpormba ymoBieT-
Bopsiet B G\(&, 1) ypaBHEHHIO PAaBHOBECHSI.
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ON JUSTIFICATION OF AMBARTSUMIAN'S PLATE THEORY VIA T'-
CONVERGENCE

Avetisyan A.S., Khurshudyan As.Zh.

Keywords: local minimizers, existence, direct method, calculus of variations, von Karman plate
theory

KiroueBble ci0Ba: JOKaJIbHBIE MHHHMYM, CYIISCTBOBaHHE, IPSIMOH METOJ, BapHAl[MOHHOE
ucuucieHue, Teopus mwactud Gon Kapmana

Abstract. Ambartsumian’s plate theory, formulated by S. A. Ambartsumian in 1950s based on improved
hypotheses, is justified using the concept of I'-convergence. Limiting energies of known plane models are
summarized. It is shown, that Ambartsumian's theory is of fourth order, equivalent to the linearized von Karman
theory. Moreover, up to a constant multiplier, the limiting energy in Ambartsumian's and linearized von Karman
theories coincide.

AnHortauusi. Teopuss miacTuH AmbapuymsHa, mocTpoeHHas AmOaprymsHoM B 1950-x romax Ha OCHOBe
YTOUHEHHBIX THIIOTE3, 000CHOBBIBaeTCs MoHATHeM I'-cxomumocTu. [IpuBosTCs Mpe/ieNbHbIe SHEPIUH H3BECTHBIX
wiockux moneneil. Ilokazano, uto Teopuss AmOapiymsiHa, Kak M JIMHeapusupoBaHHas Teopust pon Kapmana,
HMeeT 4eTBEPTHIN MopsioK. boiee Toro, ¢ TOYHOCTHIO 10 MOCTOSIHHOTO MHOYKUTEIIS, PECIIbHASL SHEPTHs TCOPUH
AmOapiyMsiHa U TMHEapu3upoBaHHOi Teopun GoH KapmaHa coBmaiaror.

1. Introduction
Many applied problems are formulated as variational problems of minimization

(maximization) of some specific functional J:JF — RU{OO}, where F is some

function space. It is required to find such f € JF, that forall ¢ € F, J ( f ) <J ((p)

In such cases, the Euler-Lagrange equations provide necessary conditions for minimizers of
J. However, before solving the Euler-Lagrange equations, the existence of a solution must
be established. One of the general methods of the calculus of variations for proving the
existence of a minimizer for a given functional is the so-called direct method [1]. One of
the advantages of the direct method is that besides proving the existence, it provides a tool
for computing the minimizer to desired accuracy.

The algorithm of the direct method goes as follows:

a) Choose a minimizing sequence fn € F for J.
b) Show, that there is a convergent subsequence { fo } € { fn} with f, — f, in F.

¢) Prove, that J is sequentially lower semi-continuous in J .

Recall, that fn is a minimizing sequence for J, if

lim J(f,)=inf J(f).

n—oo

J is called sequentially lower semi-continuous if
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liminf J (f.)>3(f,)

for any convergent sequence fn — fo- The existence follows from the inequality
inf 3(1)=lim ()= Jim 31, ) 3(1,)

and the trivial bound

3(f,)=inf 3(1).

In various applied problems the corresponding functional is not sequentially lower semi-
continuous, and thus the existence of a minimizer is impossible to prove using the direct
method. See [1] for many such examples. To overcome this difficulty lower semi-
continuous envelopes of functionals with lack of that property are considered. Even though
there are different approaches on explicit construction of lower semi-continuous envelopes
for various types of functionals (see, for instance, [1-4] and references therein), it is
actually very complicated to apply in a particular problem.

Another way for derivation a lower semi-continuous functionals in a particular problem is
to compute the I'-limit of the model functional, reducing, for instance, the problem
dimension [5-7]. Recently, dimension reduction via I'-convergence is applied in elasticity
theory to derive energy functionals of various theories of beams, plates and shells (see, for
instance, [8—18]). A hierarchy of plate models, including membrane, Kirchhoff, von
Kérman, Reissner—-Mindlin, and of higher order, are justified via I'-convergence. The aim
of the paper is to find out the order of Ambartsumian's plate theory in the hierarchy of other
theories. It is motivated by wide applicability of Ambartsumian's theory, considering pure
bending and transverse shear of thick plates, being a linear theory. It could be interesting,
for instance, from biomechanics point of view: soft tissues are subjected to in-plane
compressive stresses, leading to bending of the tissue in space and compression (in
transverse direction) in its plane [19].

The paper is organized as follows. In Section 2 the known I'-limits of the three-dimensional
nonlinear elasticity energy functional are summarized by the order. In Section 3
Ambartsumian's plate theory is shown to be the I'-limit of the three-dimensional functional
of fourth order, equivalent to the linearized von Karman theory with linearized isometry
constraint.

2. I'-limits of the three-dimensional nonlinear elasticity theory

Known TI'-limits of the three-dimensional nonlinear elasticity are summarized in this
section. For more details and further developments see [14]. Denote the three-dimensional
energy of elastic plate of constant thickness N, which occupies the domain

—_—,—

0, :{(x, v.2), xe[0,a], ye[o,], ze

j» in Cartesian system, by
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E,[r]= [W(Vr)dx
o,
Here I, : ), — R? is the three-dimensional deformation of the plate, W is the energy

density function (for particular energy density functions see, for instance, [21]). Rescaling
the energy by h, allows to consider the energy per unit volume

Ih[r]:%Eh[r]:fW(Vhr)dx, Q=0Q,x —l,l],

22
where Qo is the middle plane of the plate,
or o 0
V. r=|Vr,—=|, V=—,—|, 1, :<I’1,I‘2)is the deformation of (2. Then,
0%, %~ 0%,

a hierarchy of plate models can be justified using the notion of I'-convergence. Here the
known T'-limits are shortly described, for full derivation see [12—14]. In what follows it is
assumed, that

1. W(Q F) :W(F) for all spatial rotations Q € SO (3) and deformation gradients

F € R¥? (rotationally invariance),

2. W=0on SO (3) (isotropy),
3. W(F)>c dist’ (F,SO(3)) for ¢>0,

4. W is C? in the neighborhood of SO (3)

Here we summarize known I'-limits of fully two-dimensional models. For one-dimensional
models (string, rod, beam) see [8].

2.1. Membrane energy
The simplest two-dimensional model corresponds to the case of stretched/compressed

membrane. In the limit when h — 0, the membrane energy looks like [LDR]

1 - fV\/q (Vr)dx, 1, eA,

Emm[ro]:}glglh[r]:lhglgﬁEh[r]— Q
00, dse
Here W, (F) = miI}W (F +a® e3) is the quasiconvex envelope of W,
ack
Lp 3\ O, . . )
A, =11, €Wy (Q;R ), v O is the set of admissible membrane deformations.
X
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Therefore, the membrane theory is of first order in h. This expression is derived using the
notion of I'-convergence in [12] (see also other articles of those authors). Note, that the
same expression is obtained earlier by Pipkin in a number of papers (see, for instance, [20])
using simpler considerations of tension field theory. Pipkin's procedure for deriving
quasiconvex energy functional is much simpler and in some sense more intuitive, than that
from [12].

Actually, V\/q depends on the deformation through the first fundamental form of the
membrane. Since the principal stretches of the membrane are the square roots of its first

fundamental form, V\/q is expressed in term of those stretches: W, ZV% (7\,1 Ay )

2.2. Plate energy

Various plate theories for describing as bending regimes, as well as bending and
stretching/compression regimes, exist. The simplest theory lies on Kirchhoff's hypotheses
and is often referred to as Kirchhoff (Kirchhoff-Love) plate theory. The theory lies on the

assumptions, that the in-plane displacements of the plate depend on X; linearly, and the
normal displacement is independent of X;,. In other words, it is assumed, that

r (%)= 1, (') + xn(x').
In [13, 14] it is established, that

1
1 1 — | Q)X reA,
Ey [ro]:Lﬂplh[r]:HﬂgFEh[r]: 24?[ i
0, dse
Here Q (G):glgﬂig}(%((;—i—a@e} +€ ®a), and
o'W W
Q. (F)= F.F)= —_— F.F, is twice the linearised energy,
3( ) an Fld( ) i,j,kz,ll aFijaFkl F_1d " " g
o,

II=

-N is the second fundamental form, and N is the unit normal to the mid-

- oxdx,
surface of the plate, .Ap = {I’O EV\/OI’p (Q;R3), (V’rO)T V’ro = Id} is the set of

admissible plate deformations, consisting of isometric immersions, i.e. the mid-surface of
the plate is not stretched or compressed. Therefore, Kirchhoff's theory is of third order in

h.
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Since the limiting energy density function depends on the second fundamental form, the
eigenvalues of which are the principal curvatures, then it can be represented as a function of

those: Q, = Qz (Iﬁll,l‘iz )

Particularly, for isotropic materials [13, 14]
2

)

Q,(G)=2nCC | 1ara,

Q (F)=2M|F+FT 20
’ | 2 | 2p+a

The next order plate theory is von Karman plate theory. The former relies on Kirchhoff's
hypotheses, but uses nonlinear strain-displacement relations [22]. It is established in [14],

that von Karman theory is of fifth order in N, moreover, the limiting energy reads as

E, [ro]:limélh[r]zlimiEh[r]:

h—0 h—0 h5

1 1
S

Here U and W are the averaged in-plane and out of plane displacements [14]

[ -t

X

dx’.

Viu+ (V’u)T +V'we V’w” -|—%Q2 ((V’>2 w)

h h
im- [ i, v—lim-- [rd
U=I1lmm-— V=Ilm-— r .
h—-0 h3f r % h—0 h2f 38
_hi\72 _h
2 2
On the other hand, linearized von Karman plate theory is of fourth order. The limiting
energy is

1 ) ,
.1 o1 — [ Q, (V') w|dx’, det(V') w=0,
E“nVK[rO]ZIhIE(}Flh[r]:}E}gFEh[r]: 24'!‘ 2(( ) ) < >
0

, dse

3. Ambartsumian’s theory of plates as I'-limit of three dimensional nonlinear elasticity
theory

Ambartsumian's theory of anisotropic plates was developed in 1950s by prominent scientist
Sergey A. Ambartsumian and his colleagues. It is mainly based on the following
assumptions [23]:

a) the displacement W normal to the mid-surface of the plate does not depend on  X;,
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b) the shear stresses T,; and T,; (or corresponding strains &, and €,;) have a given

distribution over the thickness of the plate:
Ty =Lt+ T (Z)o(Xy), 1, =Lt+f,(2)y(xy),

where 1.t. denotes the loading terms, fl, f2 denote the given distribution, satisfying
h - : .
f iE =0,1=1L2,, @, y are the behavior of the stresses over the mid-surface of the

plate. The choice of characteristic functions fl, f2 defines the order in h of the

corresponding  theory. In [23] and in what follows it is taken
1(

fl(Z): fz(Z)ZE[T—ZZ . In this case I’(X): ro(x’>+ f (xs)n(x’). Using

the procedure, applied in [24], it is shown, that Ambartsumian’s plate theory is of fourth

2
the limiting energy is derived

order in h. Moreover for W(Vr): %‘(Vr)T Vr—-1d

in the form of Wilmore functional (the derivation simply repeats the procedure described in
[14, 24], that is why is not brought here)

o 1 ﬁf|ll|2dx’, €A,
EAmb[rO]:lhlir(}ﬁlh[r]zlhglgﬁEh[r]: 51+

00, ese

Thus, in this case the deformation of the plate mid-surface is isometric as well.
Note, that up to a constant multiplier, Ambartsumian's limiting energy coincides
with the Kirchhoff limiting energy for the same energy density, being of higher order.

.1
There exists also the non-zero limit E Armb [ro] = lhlngﬁ Eh [I’], the physical meaning of

which is under current study and will be reported elsewhere.

4.Conclusion

Ambartsumian's plate theory is of fourth order in the thickness of the plate. The limiting
energy is the known Wilmore functional, coinciding with the limiting energy within the
linearized von Karman plate theory.
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PARAMETER OPTIMIZATION FOR LAMINATED MULTIFERROIC
COMPOSITES

Galichyan T.A., Khurshudyan As.Zh.

Keywords: magnetoelectric effect, magnetostriction, piezoelectricity, thin films,
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KiroueBble ¢j10Ba: MarHUTOAJNEKTpUUIECKUN 3((HEKT, MAarHUTOCTPHUKIIUS, MbE30AJICKTPH-
YECTBO, TOHKUE CJIOM, ONTUMH3ALIHSL.

Taanusn T.A., Xypmyasaa AJK.
OnTumMu3anms NapaMeTpoB CJIOMCTHIX KOMIIO3UIMOHHBIX MYJIbTH(EPPONKOB

AnHoTanus: PaccmarpuBaeTcs MaKCHMH3allUs MarHHTOJIEKTPUYECKOTO KO3((HIMEHTa O HANPSDKEHHIO B
CJIONCTOM MAarHUTOCTPUKIHOHHO-IIE303JICKTPHIECKOM KOMIIO3UTE ITyTEM ONTHUMHU3ALMU (U3MYECKHX Mapa-
METPOB MAarHUTOCTPUKIMOHHOrO Matepuana. IlonyyeHo, 4YTO B JAMana3oHE [apaMeTPOB HCIOJIb3YEMBIX
MarHUTOCTPUKIIMOHHBIX MaTEpHaIOB HMEEeTCs KOMOWHAIMSA 3HA4eHHH, KOTOpas HPHUAAET MAarHUTOAJIEKTPH-
yeckoMy Ko3((UIHeHTy Gojiee BHICOKOE 3HaYCHHE, YeM OT/IeNIbHbIE MaTepuaisl. B pacuérax ObUIM paccCMOTPEHBI
HpHMEHsIEMbIE Ha NPAKTHKE U3BECTHBIE MAaTHUTOCTPHKI[MOHHbIE MaTEPHAIBL.

Abstract: Maximization of voltage coefficient of a multiferroic laminated composite is considered via
optimization of physical parameters of magnetostrictive material. It is obtained, that in the range of parameters of
magnestrictive materials in use there is a combination of values, which gives to the voltage coefficient a higher
value than separate materials. Practically well-known magnetostrictive materials were considered in the
calculations.

Introduction

Multiferroic magnetoelectric (ME) structures, at the same time exhibiting ferromagnetism
and ferroelectricity, have recently motivated increasing number of research activities for
their scientific interest and drawn significant interests due to their potential applications in
many multifunctional devices, such as transducers, passive magnetic field sensors, electric-
write magnetic-read memory devices, microwave filters, energy harvest devices, actuators,
etc. [1,3]. Natural multiferroic single-phase compounds are rare, and their ME responses
are either relatively weak or occurs at temperatures too low for practical applications. In
contrast, multiferroic composites, which incorporate both ferroelectric and ferri-
ferromagnetic phases, typically yield giant ME coupling response above room temperature,
which makes them ready for technical applications.

The historical perspective of the multiferroic ME composite materials appeared in 1972. In
such composites the ME effect is generated as a product property of a magnetostrictive and
a piezoelectric material. Multiferroic materials [4, 6] with coexistence of at least two ferroic
orders (ferroelectric, ferromagnetic, or ferroelastic) have drawn growing interest due to
their potential for applications as multifunctional devices. In multiferroic materials, the
coupling interaction between the different order parameters could produce new effects,
such as ME effect [7,10]. Magnetoelectricity has been observed as an intrinsic effect in
some natural material systems at low temperature, which have been under intensive study
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recently [11,18], motivated by potential applications in information storage, spintronics,
and multiple-state memories. Research progress in single-phase multiferroic ME materials
have been summarized and reviewed in a series of conference proceedings on ME
interaction phenomena in crystals [7,10] and especially in recent review articles [5,8,17,].
The magnetoelectric response is the appearance of an electric polarization P upon applying
a magnetic field H (i.e., the direct ME effect, designated as MEy effect: P = (H) and/or the
appearance of a magnetization M upon applying an electric field E (i.e., the converse ME
effect, or MEE: M = (E). An electric polarization is induced by a weak ac magnetic field
oscillating in the presence of a dc bias field, and/or a magnetization polarization appears
upon applying an electric field.

Of interest, motivated by on-chip integration in microelectronic devices, nanostructured
composites of ferroelectric and magnetic oxides have recently been deposited in a film-on
substrate geometry. The coupling interaction between nanosized ferroelectric and magnetic
oxides is also responsible for the ME effect in the nanostructures as was the case in those
bulk composite materials.

The elastic coupling interaction between the magnetostrictive phase and piezoelectric phase
leads to giant ME response of these ME composite materials. For example, a Metglas/lead
zirconate titanate fiber laminate has been found to exhibit the highest ME coefficient, and
in the vicinity of resonance, its ME voltage coefficient as high as 102 V/cm Oe orders has
been achieved, which exceeds the ME response of single-phase compounds by many orders
of magnitude. Alternatively and with greater design flexibility, multiferroic ME composites
[19] made by combining piezoelectric and magnetic substances together have drawn
significant interest in recent years due to their multifunctionality, in which the coupling
interaction between piezoelectric and magnetic substances could produce a large ME
response [20] (e.g., several orders of magnitude higher than that in those single phase ME
materials so far available) at room temperature. The ME effect in composite materials is
known as a product tensor property [19,21], which results from the cross interaction
between different orderings of the two phases in the composite. Neither the piezoelectric
nor magnetic phase has the ME effect, but composites of these two phases have remarkable
ME effect. Thus the ME effect is a result of the product of the magnetostrictive effect
(magnetic/mechanical effect) in the magnetic phase and the piezoelectric effect
(mechanical/electrical effect) in the piezoelectric one.

Magnetostrictive-piezoelectric bilayer structures offer certain advantages over bulk
composites [22], because they can be polarized much easier and exhibit practically no
leakage currents as the magnetostrictive phase is insulated by the high-resistivity
piezoelectric layer. Thereby the value of ME effect in such samples is greater than in bulk
composites and they are of great interest in promising novel devices based on ME
interaction. The theory of the ME effect in bulk composites based on the effective
parameters method at the low frequency region was presented in works [23,27] and in the
region of electromechanical resonance first was developed in works [28,31]. But the
method of effective parameters can be used when the characteristic size of the structure
units of the composite is much smaller than the acoustic wavelength. In this case, the

160



composite can be regarded as a homogeneous medium. Consideration of the ME effect in
layered structures based on the simultaneous solution of the equations of motion and
constitutive relations for the magnetostrictive and piezoelectric phases were previously
presented in [32,39]. Therein, an expression for the ME voltage coefficient was derived,
taking into account the boundary conditions on the interface. Thus, the consideration of the
interlayer bonding material was taken into account formally by an interface coupling
coefficient [32, 35] or by an assumption of perfect interfacial bonding and equal oscillation
amplitude over the thickness of both magnetostrictive and piezoelectric phases [36]. The
ME effect in bilayer magnetostrictive-piezoelectric structure taking into account the
changes of the amplitude in oscillations over the thickness of the sample was presented in
[37,38]. But in these works also the model of the perfect bonding between magnetostrictive
and piezoelectric layers was used. Recently, the ME effect was investigated in laminated
composite structure coupled by a bonding material and the ME voltage coefficient was
derived considering the interlayer bonding material in work [39]. But in this work, the
amplitude change of the oscillations over the thickness of the sample (in direction
perpendicular to the interface) was not assumed.

Material parameters play a very important role in problems of coupled fields: electro-
magneto-elasticity, thermo-elasticity, etc. The independent fields (for instance, electric,
magnetic and elastic) are interacting through coupling constants, which characterize the
strength of interaction. Higher the coupling coefficient, more significant is the interaction
between fields. The coupling coefficient depends only on the material of continuum and
differs for different materials. Nevertheless, due to significant progress in material
processing, it is possible to create materials with desired (practically arbitrary) coupling
coefficient. It is a challenging feature, allowing to process materials according to needs of a
particular process, in which they are involved in. For material optimization in thermo-
elasticity we refer to [40,41], in magneto-electro-clasticity we refer to [42,43] and
references therein. For general and instance considerations see [44,46].

The aim of the paper is twofold: optimize the voltage coefficient over a given set of
parameters and by varying the independent material parameters. In the first case, physical
parameters of several known materials form the mentioned set, while in the second case,
variation is given to independent parameters and parameters for phenomenological
materials are derived.

2. Optimization procedure

In the low-frequency region, the magnetoelectric voltage coefficient is nearly independent
of frequency. The low-frequency value of the coefficient can be written in the following
form [37]:

low pY pdxx,z qux,z mY mt pt
<og >= . . 1)
oo (1o Y™ ™Y+ PY P Mt Pt
# PLMY M+ PY Rt
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where upper-case index “m” is for magnetostrictive phase and “p” for piezoelectric; ™Y, PY
are the Young’s moduli of the magnetostrictive and piezoelectric phases; ™, Pt are the

thicknesses of the phases; °d and "q,, are the piezoelectric and piezomagnetic

. . <l ge s 2 pY( pdxx 1)2
coefficients; Pe,, is the tensor component of permittivity and Kp = p—’ the
SZZ
squared coefficient of electromechanical coupling.
The voltage coefficient o can be represented in a more convenient form:
m. quX z pY mYpA
ag="" T 2 (1 mea) 2)
1-K,?(1-""A)
where
1 P,
— M™PC —1 p
mop 1 _mep = P\ ’m,pC:"‘Y”‘tJr prt’m,p _ d,,"t ’
1+™PB I_Em,pc o™t + Pp Pt ”gzz(mt+pt)

v is the longitudinal wave speed,

Since the aim is to optimize o with respect to material (physical) parameters of the

magnetic, the variation of oo with respect to material parameters with left superscript ™ is

evaluated:
PY MPAS( M, )+ Mg, "PAS(TY)
1-K,? (1-""A -
dae = ™PD- ) p:’(((l < 2)) . 3)
1 O 2 - m, m, m
S mep2 1—Kp2(1—"‘sp,pA)|: "E3("Y)+ "PES( p)]
Here
I
m’pElz m ~ W pC—lz. mpprt
2(m ’
() (o] YT
moE, - Py ™Ry 1 Y PpRt™PC

+ .
2 m PP
pp(l—mlz m’pC)("‘P”‘H Ppt) (1—1 m"’c) prL+ TPt
V mv2
Variation (3) allows to consider partial variations of oz with respect to parameters "q,,,

™Y and "p.
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2.1 Optimization over set of values
In this subsection, the variation (3) is evaluated at certain sets of values of "q,,, "Y and
"p. The aim is to maximize a by choosing "q,,,, ™Y and "p among materials which

are usually used in such structures. Such materials are gathered in Table 1.
Table 1. Parameters of materials used in structures under consideration

Material "0 , [M/A] ™Y [N/m?] "o [kg/m’]
Permendur 1062- 10712 1.81-10" 8100
Nickel 1156- 10712 2.04-10" 8900
NFO 12510712 1.53-10" 5200
Metglas 7514-10°"2 1.86- 10" 8200
CFO 5561012 1.54-10" 4600
Manganite -120- 102 0.6-10" 4400
Terfenol-D 6108- 10712 0.55- 10" 9300

The absolute values of o in the case of chosen materials are presented in Table 2. As
piezoelectric material the standard PZT is chosen with Pg, =1.55-10",
Pd,, =—175-10"" m/V, PY =0.65-10" N/m?, Pp=7600kg/m’. Geometric characteristics
are chosen to be Pt=0.4mm, "t=0.29mm.

2.2 Optimization over interval

A better result can be obtained by maximizing o over the interval between the lowest and
highest values of "q,, ,, "Y and "p, respectively. Choosing the restrictions

120 10-12120-107 < "q, , < 7514107, 0.6-10" < ™Y <2.04-10", 4400 < "p <8900,

it is derived |a.|=2.44 for "q,,=7514-10"" m/A (Permendur), "Y =2.04-10" N/m’
(Nickel), "p =9208.9 kg/m’>.

Table 2. Magnetoelectric voltage coefficients for materials used in structures under

consideration
Material |0°E |
Permendur 0.331
Nickel 0.375
NFO 0.036
Metglas 2.2
CFO 0.162
Manganite 0.021
Terfenol-D 1

On the other hand, removing the restriction from above on ™Y and "p, a better result is

obtained: |ac|=3.67
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for "q,, , =7514-10"" m/A (Permendur), ™Y =3.05-10" N/m?, "p = 4403.5 kg/m’.
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THE PROPAGATION OF HIGH-FREQUENCY ELECTROELASTIC (SH)
WAVE SIGNAL IN HOMOGENEOUS PIEZOELECTRIC LAYER
WAVEGUIDE WITH MECHANICALLY RIGIDLY CLAMPED AND
ELECTRICALLY OPEN (OR ELECTRICALLY CLOSED) WEAKLY
INHOMOGENEOUS SURFACES

Kamalyan A.A., Hunanyan A.A.

Keywords: composite waveguide; rough surfaces; normal wave signal; MELS hypotheses; wave
modes; frequency zone; dispersion dependencies; shear electro-elastic waves.

KiiroueBble c10Ba: KOMIO3UTHBIM BOJIHOBO; HE IJajikas IMOBEPXHOCTb; HOPMAaJIbHBIH BOJHOBOM
currar; rurnote3sl MELS; BOJTHOBBIE MOIbI; YaCTOTHAS 30HA; AUCIIEPCHOHHASI 3aBUCHUMOCTD; 3JIEKTPO-
YIIPyTHE CIIBUTOBBIC BOJIHBIL

Kamansn A.A., YHaHsH A.A.
PacnpocTpanenne BICOKOYACTOTHOrO dJ1eKTpoynpyroro (SH) BoTHOBOro CHTHAJIa B OAHOPOAHOM
Nbe303JIEKTPUYECKOM CJI0e-BOJTHOBO/IE ¢ MEXAHUYECKH KECTKO 3a1eMIEHHBIMH M YJIEKTPHYECKH
OTKPBITHIMH (MJIM 3JIEKTPHYECKH 3aKPBITHIMHU) CJ1200 HEOAHOPOIHBIMHU NMOBEPXHOCTSIMH

Aunoranusi: Vccnemyercs pacnpoCTpaHEHHE BBICOKOYACTOTHOIO OJICKTPOYNPYTOro BOJHOBOTO CHTHala B
KOMIIO3UTHOM BOJIHOBOZE. BOIHOBOX cOCTOMT U3 0a30BOro Ibe303JIEKTPHYECKOTO CIOSI C IIePOXOBATHIMU
MOBEPXHOCTSIMH, KOTOPBIC 3aJUThl COOTBETCTBEHHO HJCAIbHBIM IIPOBOJHUKOM M HACAIBHBIM [H3JICKTPHKOM.
Pemenre mpoBOAUTCS HCIIOIG30BAaHUEM BHPTYalbHBIX cpe3oB U BBopoM rumore3 MELS (hypothesis of Magneto
Elastic Layered Systems). OOCyXIalTCs Kak BO3JCHCTBHE ILEPOXOBATOCTH IMOBEPXHOCTEH, Tak M 3D(deKT
MOBEPXHOCTHOTO CIJIKMBAHMS Pa3sHbIMH MaTepuaiamMu (3(GdeKT pasHbIX (DH3UKO-MEXaHHYECKHMX TIPAHUYHBIX
YCIJIOBHIT) Ha MPOLIECC PACIPOCTPAHEHHUSI BBICOKOYACTOTHOTO SJIEKTPOYHPYroro HOpMaabHOTO CUTHATIA.

UHCIIeHHO HCCIIeOBaHbl aMIUINTYJHOE paclpeleleHns] M YacTOTHAs XapaKTepUCTHKa BOJHOBOTO IOJS B
KOMITO3UTHOM BOJIHOBOJIE TIPH PACIIPOCTPAHEHUH HOPMAJIBHOTO BOJIHOBOTO cHrHaia. OKa3bIBaeTCs, 4TO B Cllydae
PAacCIPOCTPAaHEHHS MEICHHBIX BOJH BO3HUKACT 30HA YaCTOTHOTO YMOTYAHUS /ISt BOJIH ONPEACHEHHBIX JUTHH.

Abstract. Propagation of high-frequency electro-elastic normal wave signal in a composite waveguide is
investigated. The composite waveguide consists of a base piezoelectric layer with rough surfaces, which
respectively are filled with an ideal conductor and ideal dielectric. The problem is solved by the method of virtual
cross sections and input of Magneto Elastic Layered Systems (MELS) hypotheses. The influence of surfaces
roughness, as well as and the influence of surface smoothness (the effects of different physical and mechanical
boundary conditions) on the process of propagation of high frequency electro-elastic normal wave signal is
discussed. The behaviors of wave amplitude and frequency characteristics in the composite waveguide are
numerically investigated at the propagation of normal wave signal It is shown that on the propagation of slow
waves, occurs frequency zone of silence at certain wave lengths.

Introduction. The localization of wave energy near body surfaces is ordinary at the
propagation of wave signals in mediums with geometric constraints. It is known that the
reason of localization near boundary sections of medium is the interruption of homogeneity
of physico-mechanical characteristics of fields, which leads to loads on surface sections of
medium. Often, based on the technical requirements, this phenomenon, as unnecessary,
may be eliminated by proper selection of geometry of structural elements or by material
characteristics of medium. But, often it is possible to take the advantage of the presence of
such phenomenon and select the structural elements in different devices with appropriate
geometrical and physical characteristics.
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Different types of localization of the wave energy are found in the sources about
elastic surface waves [1-4]. More details about the conditions of wave energy localization
near the boundary sections of medium, their varieties depending on the nature of the surface
compounds and their applications in various devices can be found in [5-9], etc.

The reason of distortion of the propagating normal wave signal or localization of wave
energy, together with the effective physico-mechanical characteristics of the material can
also be geometric surface heterogeneities, such as roughness and waviness of the surfaces
of the waveguide [10-15].

Surface roughness and waviness of the waveguide formally form peculiarly efficient,
geometrically thin heterogeneous layers in the near-border areas of the waveguide [16-21].

In the proposed work we consider the problem of possible localization of wave energy
near to rough surfaces of homogeneous piezoelectric waveguide at different electro-
mechanical boundary conditions. The electro-mechanical boundary conditions, different by
nature, are obtained due to filling of surface heterogeneities with dielectric or conductive
materials.

Problem Statement. Let us assume, that in Cartesian coordinate system {X; Y; Z}

we have a piezoelectric layer () = {|X| <oo; h (X) <y<h, (X);

Z| < OO} with non-
smooth surfaces Y = h, (X) el,.
Suppose, that the smooth surfaces y = h, (X) of the waveguide are mechanically rigidly

clamped, forming mechanically closed borders. The non-smooth surface Y =h (X) is
clamped with a rigid dielectric layer forming electrically closed surface, and the other non-
smooth surface y = h, (X) is clamped with a soft dielectric layer (€, <K €,; ) forming an

electrically open surface.

During technological processing of the basic piezoelectric layer, in addition to the
surface roughness, inhomogeneity of the material appears in the near-surface zones. These
near-surface zones are especially important in studies of shortwave signal propagation in
composite waveguides. To account for these inhomogeneities in the near-surface zones, we

first introduce virtual slices Y = h, (l -7, ) and y=-h, (l - yf) . Then, with the basic

waveguide, we will already consider three-layer piezoelectric waveguide, consisting of

basic homogeneous layer of constant thickness 2H, = 2h, (1 -, -7 ) :

Q, 2 {|X<o0; - (1-y_)<y<h/(l1-v,);

and two inhomogeneous over the thickness near-surface thin layers of variable thicknesses
& (x)=h (1+7,)-h,(x) and if(x)é‘ho(l+yf)+h7(x)
(see Fig. 1)

Q 2{|x|<o0; h (x)<y<-h (1-7_);
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Z| < oo}, (2)



2 <o) 3)

A
Q, £{|x|<o0; hy(1-7,)<y<h (x);
Let us assume, that high-frequency (short-wave) elastic shear (SH) wave signal propagates
in the composite waveguide, the length of which is much smaller than the base layer

thickness 7\.0 < 2H0 —2h0 . Additionally assume, that the material of the basic
piezoelectric layer Qo belongs to the tetragonal class 4MM symmetry or hexagonal class

6MmM symmetry, for which, when the axis OX, is parallel to the axis of piezo-crystal

symmetry P, of fourth (or sixth) order, the electro-active shear deformations

{0; 0; W(X, Y,t); o(X, y,t)} are separated from non-electro-active plane deformations

{u(x y,1); v(x, y,1); 0; 0}.

w=0 Dn=0
hg(1-y+)=0

-ho(1-7-)=0

w=0 ¢=0

Fig. 1. Homogeneous piezoelectric waveguide with weakly inhomogeneous, mechanically
rigidly clamped and electrically open (closed) surfaces

As in the previous paragraph, the quasi-static equations of electroelasticity for these crystals
in the basic layer of composite waveguide will have the following form:

VAW, (X, Y, 1) = Gy W (X, Y, 1), “@
VZ(PO(Xa y,t) = (815/811)'V2W0(Xa y,t). (%)
Here Cgt = G/ p is the speed of the shear body electroelastic wave in the homogeneous
piezoelectric, G is the shear modulus, P is the density, € is the piezoelectric modulus

and €, is the dielectric coefficient of the medium.
The equations of electroelasticity of laterally inhomogeneous piezoelectric layer will
be solved in virtually selected layers Qf as well, (3.1.7) and (3.1.8) of previous paragraph.

These equations will be solved taking into account the material relations for the component
of mechanical strain and induction of electric field of homogeneous material (3.1.9) or
laterally inhomogeneous material (3.1.10).
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Electromechanical boundary conditions are satisfied on the outer, mechanically rigidly

clamped, electrically closed surface y=h (X) of inhomogeneous, over the thickness
near-surface thin layer with variable thickness a_ (X) e ‘—ho (1 -v_ ) -h (X)‘

w_ (X, h (x),t)=0; (6)
¢_(xh.(x),)=0. Q)

Electromechanical boundary conditions are satisfied on outer, mechanically rigidly

clamped, electrically open surface Y = h, (X) of inhomogeneous over the thickness near-

h+(X) - h()(l _Y+) .
W, (%, h, (X),t) =0; )
h. (X)Dy (x,h,(X),t) + D (x,h,(X),t) = 0. Q)

As in the previous problem, full continuity conditions of electromechanical fields for
homogeneous and inhomogeneous piezoelectric layers are satisfied on virtually selected

slices Y=—h,(1-y_) and y=h,(1-7,):

surface thin layer with variable thickness &, (X) =

W (%, —hy(1=y),t) =w (X, —h,(1-7.),1), (10)
0,(%—h 1=y ), )= (%-h,1-7).1), (11)
o\, (X~ (1-7.), ) =o,(x,~h (1-y.),1), (12)
Dy (x,—h,(1-v.),t) = D, (x,~h,(1-v.),1), (13)
W (%, (1=7,),t) =w, (X, h,(1-7,),1), (14)
(% (1=7),0) =0, (X h(1-7,),1), (15)
oy, (6170 =0,(%hdA-7,),1), (16)
Dy (x,hy(1-v,),t) = D; (x,hy(1-v,).1). (17

It is seen from the given boundary conditions, that in addition to the commonly used
material relations, due to the presence of non-smooth surfaces in the multilayer waveguide,

the tangential component of the induction of the electric field of €2, is involved in the
boundary condition (9):
ow, (%, ¥, 1) 09, (% ¥,H)
D, (% y:t) =&, () ——————e.(y)————.
OX OX

The boundary conditions (6)-(9) do not include the values of potential and normal
component of the electric field induction of the vacuum half-spaces, because the surface

(18)

170



y=h (X) is isolated by perfect conductor (c.f. (7)), and the surface Y= h+(X) is

isolated by soft dielectric (c.f. (9)).

Thus, the homogeneous piezoelectric layer-waveguide with surface inhomogeneities
is modelled as a three-layer waveguide of different materials. The problem of wave process
investigation (localization of shear elastic wave in forming near-surface inhomogeneous

thin layers 2_ and Q +» delay of normal waves of certain frequencies, occurrence of

dynamic surface loads, etc.) during the propagation of electroelastic normal shear wave
signal, mathematically is formulated as a boundary value problem with quasi-static
equations of electroelasticity in the respective layers, with coupled electromechanical
boundary conditions on the slices of materials separation (6)-(17).

From mathematical point of view the obtained boundary-value problem is complicated

by the fact that in both virtually selected layers €)_ and (), the equations of

+
electroelasticity of the laterally inhomogeneous piezoelectric with variable coefficients
should be solved. Due to non-smoothness of the surface Y = h+(X) , variable coefficients

will also be available in the boundary condition (12).

Problem Solution. To avoid mathematical difficulties, for solving the wave
propagation problem, taking into account the material weak inhomogeneity and surface
geometry in near-surface zones, a hypothetical approach is applied. For propagation of
normal wave signal in the composite waveguide, the wave solution of the system of

equations (4) and (5) in the basic homogeneous piezoelectric layer QO will be written in

the form of normal wave:

WO(X’ y’t) — I:A)eotoky + Boe*aoky:le'(kxfmot), (19)

_ 0 —q, kx—m,
@y (X, yat):{coeky+Doe ky+(e15/811)'[pbe ¥+ Be Oky]}el( ", (20)
Here 0, =4/1— T]é is the formation coefficient of elastic waves through the thickness of

~ 12
the base layer, and 1, 2 (OJO / k) . ( o / Go) is the pha velocity of the normal wave in

the base layer Qo , which in general are functions of variable wave number k(X) .

Considering the thinness of the other two boundary layers and the complexity of the
analytical solution of the electroelasticity equations in virtually selected heterogeneous

layers €2 and €2, , over the thickness of each layer we introduce hypotheses MELS for
distributions of elastic shear and potential of electric field. The elastic shear and potential of
the electric field in the virtually selected heterogeneous piezoelectric layer €2 , are

introduced as follows:

w, (%, y,t) =[ 1= f,_(y;khy;h, () /1) - w, (X h(1=7,).t) Q1)
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(p+(X9 yﬂt) = (po (X’ r]D(l_Y+)9t)+
+f (y;khysh. 00/hy)-[ @, (6 h. (0, =@, (X (1=, ), ) |.

Here
f, (y;khysh (x)/hy) 2 shfo k(y—h,(1-y,))]/sh[a.k(h () -h,(1=7,)] is
the distribution function (or formation) of electromechanical field in the inhomogeneous

piezoelectric layer. Moreover, the condition (8), (14) and (15) are satisfied automatically
with the choice of distribution function in (21) and (22). The surface value

0] +(X, h+(X),t) is obtained from the condition (9), and therefore the expressions (21) and

(22)

(22) are represented by arbitrary constant amplitudes { A; B;;Cy;D,} of electroelastic
wave signal:

sh[o k(y—h(1-7,))]
sha, k(h, () —h (1-v,))]
sh[o k(y-h,(1-v,))]

o

+

W, (X, y,t):{l— }-Wo(x,ho(l—%),t), (23)

(P+(X, y) = . {COeHb(l—Y+) _ Doe—k}"b(l—“h)}_'_

Coekfb(lfv+)+D0e*kfb(lfv+)+ (24)

+i'{A)ea0krb(l“/+) + :|

okt (1=, )
+B,e ™

J{l N shla k(y—h(1-v,))] }
sh[o.k(h, (00—, (1-7.))]

0

Note, that the formation function f, (y;kh,;h, (X) / h,) of unknown characteristics of the
. . . A 2 /1,2 /2
wave field is represented by the formation coefficient o, (K) = [( p,o, / k*G, ) —1}

and by the variable thickness &, (X) £ h, (l +7, ) —h (X) of the layer.

+

Similarly, the elastic shear and the potential of the electric field in virtually selected
inhomogeneous piezoelectric layer (2

relations (21) and (22)

are represented in the following forms using the

w_ (% Y, t) = {1=f_(y;khy;h (0 /hy ) pw, (% =Ry (1=v.),t), (25)
e_(x, y,t) = {1 f_(y;kh;;h.()/hy)} @, (X, =, (1=7.),t). (26)
where the formation function

f_(y;khysh ()/hy) £ sha_k(y+h 1=y )]/sh[a_k(h.(x)+h(1-y.))] in

the inhomogeneous piezoelectric layer is represented by the new formation coefficient
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a (k)= [(p,mﬁ / k’G. ) - 1}1/2 and variable thickness

& (X) 2 ‘ho (1 +7_ ) +h (X)‘ , characterizing the layer.

The conditions (6), (7), (10) and (11) are satisfied automatically with the choice of
distribution function in (25) and (26). Therefore, the expressions of the distributions (25)

and (26) are expressed by arbitrary constant amplitudes {A), B,;Cy: DO} of electroelastic
wave signal:

shl o k(y+h(1-7)))]
sh| a_k(h.(x)+h,(1-7))

V\/_(X, y) ={1- :I . { A)e*%kfb(lﬂt) + Boe%wb(lf“lf)} , 27)
Coe_khb(l—}’,) + Doekh)(l_y’) +
sh a_k(y+h(1-v))]

_ . ok (1-r) ) (28)
hlak(h (0+h (1 & | A€
sl o k(h (9+hy(1-7)] +8“ 1B, r)

0_(%y)=11

Here &_(X,K)=sh [OL_k ( h (x)+ ho -y _)):' characterizes the function of near-

surface distributions in the formed heterogeneous layer €2_ .

The introduced distributions of characteristics of the wave field (19), (20), as well as
(25)-(28) describe the picture of distribution over the thickness of the composite

waveguide. In order to evaluate the wave number k(hi(x) /hysy i;Q)O) , which is
determined from dispersion equation, we obtain a system of four homogeneous algebraic
equations with respect to the amplitude constant {A), B,;C,; DO} , satisfying the

boundary conditions (12), (13), (16) and (17).
The dispersion equation of the formed wave field is obtained from the condition of
existence of nontrivial solutions in the following form:

detHgij (Ge:pi:8:8:h, (X); 00K (X, 0,)) =0 (29)
where
[” [ k(h?i)/ Tha ))]]+
shjoa_K(n (X)+ -Y_
9, =Gka, ~eXp[—OL0kh)(2—y_ _V+)] ,

5 ( a /o, ]
ol 1-
sh[o_k(h. (x)+h,(1-v.))]
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2 a_/a,

o[ 1= -
x ( sh[ak(h(x)+ho(1_Y))]J

9., = G,ka, -exp[akhy (2-y_~v,)]>

[ /oy J
- 1+
sh[o_k(h () +h,(1-7.))]

O = q)k(l - ]
sh[ak(h () +hy(1—y.))]

Q4 _Q)k(

1+ & J
sh[(x_k(h_(X)Jrfb(l—y_))] ’

0, =26 -exp[ ok, (2—v_~7,)],

G5, =28 -exp[a k2 -y —7,)].

sh[a k(h () + hoa—v_»]}

a

0, =0y =& [1_

- [1_sh[a_k(h_(x)+r’b(1_y_))]j

o

g, = {(hL(x))2 —8—*-3hi(x)+1}e+a+k-cth[oc+k(h+(x)— ho(l—\(+))]—i ,
€

€ € 0

gy, = {(h;(x))2 S h;(x)+1}e+oc+k~cth[oc+k(h+(x)— ho(l—y+))]—i,
€

€y + 0
—e, KN (%) [1+ N ()] ch[ e, k(h, ()~ (1=7,))] -
0 =1 shfa,k(h)-h(1-7,))] exp[ky 2=y, ~,)].

a

&KL (%)-[1+ ()] -ch[a k(h, ()~ 1-v,)]+
Osy = N S|‘][Oc+k(h+(X) - h)(l _Y+))]

o

+

-exp[-kh,(2-v_-7v,)]:

9412942=(G0/e‘0)'(1+%3)= 9422(60/%)'(1+X3)n 944:0, 943:0-

Formally, the dispersion equation is obtained in complex form. Obviously this is due

to the presence of expression hi(X)-D, (X,h (X),t) in the boundary condition (9).
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However, for fi(y;kh);hi(x)/ ho), the imaginary part of the dispersion equation is

satisfied automatically.

It is easy to see from the coefficient relations of distributions of physic-mechanical
fields (19), (20), (23), (24), (25) and (26), that and amplitude distribution and frequency of
the wave field through the waveguide depend on the physico-mechanical constants of
boundary materials, as well as characteristic linear dimensions of the surface non-
smoothness of composite waveguide.

Numerical Analysis. It is shown in [12], that during propagation of long-wave
signals, the interaction of propagating normal wave and weak surface non-smoothness
practically does not occur. Although in this case wave forms, damped over the depth of the

base layer, i.e. eXp[—OLi (030; k(X))- y] , can be neglected, reducing to two uncoupled

problems of piezoelectric half-spaces with different electromechanical surface conditions,
but in this case we generally lose the ability to accurately calculate the influence of the
surface non-smoothness for forming waves in the base layer of the waveguide. Therefore,
in the calculations remain quantitatively small, but qualitatively important components.

First, present the characteristic frequency description of the problem of plane
electroelastic shear wave signal propagation in piezoelectric homogeneous waveguide with
mechanically rigidly clamped, weakly inhomogeneous surfaces, when one surface of the
waveguide-layer is electrically open and the other is electrically closed.

Fig.2 shows the dependence of the wave number for fast normal waves for harmonic

mode of oscillations sh [ot,k(y—h,(X))].
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Fig.2. Dependence of the wave number K(X) on X coordinate at fixed source frequency

®, = 200000 1
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It follows from Fig. 2, that for each source frequency 0, =const, fast wave signals are

converted into a wave process with a given wave number kO(X) , with corresponding

period cycle of the wave formation.

1105 F T B
BODO0D |- -
SO0000 |- -
I H F f
[ (o [
400000 |- ; ¥ { H e
¢ { ]
§ 1 i
I f / ]
[ f / -
200000 |- i Y T
: _ ‘_._F‘_/__.J' ‘ik‘xﬁ __.__’_.‘_.A’; ﬁ.‘_m 1
ok ) . i
o 20 P S0 OO 1000 1200

Fig. 3. Frequency dependence ®(X) of fast wave signals on X coordinate for fixed wave

length k, =50 m'!

The period (in the calculations it is T =2007) is formed by the relationship of linear
dimensions of the base layer and surface roughness. Fig. 2 and Fig. 3 show that there are

certain periodic zones {[XO; X1]+ 200n} , where the wave number K(X) and frequency
®(X) are not defined. It is also seen from the figures that at high frequency (shortwave)
signal of order A ~m/25m, the frequency can raise from ®=85-10°Hz to
®w~5-10° Hz Note, that the wave number decreases in the areas of definition and the
frequency increases synchronously and their ratio remains constant, moreover ultrashort
wave solutions do not exist, for example, when K >250 mr'.

For slow waves when the phase speed is less than the values of shear body waves in
the piezoelectric, the distortion of wave functions and frequencies occur similarly, but in
different directions. In contrast to the case of fast waves, in this case, the wave number and
the frequency are changing in other intervals and by opposite signs of monotony (see Figs.
4 and 5).

It is necessary to pay attention to the fact, that in this case the same periodic zones

{[XO; x |+ 2007[} appear, where the given wave number K(X) and frequency @(X) are

not defined. It is also seen from Fig. 4 and 5, that for high-frequency (short-wave) signal of
order A ~ 7 / 80 m, the frequency can decrease from @ =~ 285- 10°Hz to @ ~ 0 Hz.
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Fig. 4 Dependence of the wave number k(X) on X coordinate at fixed source frequency
@, =100000 Hz

Note that the wave number increase in the areas of definition and the frequency
decreases synchronously and their ratio remains constant, moreover, ultrashort wave

solutions do not exist, for example, when kn >165 m.
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Fig. 5 Frequency dependence w(x) of fast wave signals on X coordiante for fixed wave
length k, =160 m'!

Figs. 6 and 7 show the dispersion dependence of fast and slow waves, respectively.
Obviously with the help of obtained relations, the distribution of electroelastic wave
through all thickness of piezoelectric waveguide is built taking into account the virtually

selected geometrically and physically inhomogeneous near-surface layers, respectively
(Fig. 8 and Fig. 9):
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w, (% y;h, (x)); in - ye[h(1-7.); h.(x)]

w(x,y)=1w, (X Y); in ye[-h(1-r); h(1-7,)] (30)
W (%, y,h (x)); in ye[h (x);-h(1-7.)]
2. (% yh (x)): in ye[h(1-7,) JL(X)]

o(%Y)=12 (% Y); in ye[-h(1-r); h(1-7,)] (31)
pluxn()l i ye[n(-n0-r]

100 150 200

Fig. 6 Frequency dependence w(k) of fast
wave signals on the wave number Kk for
fixed x coordinate X =200

Fig. 7 Frequency dependence w(k) of fast

wave signals on the wave number K for
fixed x coordinate X =200

Fig. 8 Distribution of the elastic shear over the thickness of the waveguide

h (x)<y<h (x)

Fig. 9 Distribution of the electric field potential over the thickness of the

waveguide h (x)<y<h, (x)
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Conclusion. A mathematical modeling of the problem on propagation of electro-elastic
wave signal shear in a homogeneous piezoelectric waveguide with filled surface roughness
is suggested. Using MELS hypotheses (hypothesis of Magneto Elastic Layered Systems),
analytical distribution of the elastic shear and the electric potential in the base layer, as well
as in each formed layer of the composite waveguide are built by inputting hypothesis of
MELS.

Numerically investigated the amplitude distribution and frequency characteristics of the
wave field in the composite waveguide at the propagation of normal wave signal.
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A BOUNDARY VALUE PROBLEM IN NONLOCAL ELASTICITY FOR A THIN
LAYER
Kaplunov J., Chebakov R.

KioueBble c/10Ba: HEIOKaJbHOCTh, YNPYTroCTh, aCUMITOTHYECKUH, MMOTPAaHUYHBIA CIIOH, TOHKUH
CIIOM.
Keywords: nonlocal, elasticity, asymptotic, boundary layer, thin layer.

Kanuysnos F0./1., Yebakos P.A.
OO0 ogHoli KpaeBoii 3aa4e HeJIOKAJbHOI TEOPUH YNPYTOCTH AJIsi TOHKOIO CJI0sI

AnHotauus: ToHKHH cl0# CO CBOOOJHOM BepXHEW JIMIIEBOM MOBEPXHOCTHIO U 33JJaHHBIMU TEPEMEUICHUSIMH Ha
HIDKHEH JIMIEBOM IOBEPXHOCTH H3Y4aeTcsi B paMKaxX HEIOKaJbHOW TEOpPHM YNpYrocTH. PaccMmartpuBaroTcs
UHTETPaJIbHbIE YPABHEHUS COCTOSHMS C HEJIOKAIbHBIM 3KCIOHEHIHAIBHBIM SAPOM. ACHMITOTHYECKUH aHaIn3
MIOKA3bIBAET CYLIECTBOBAHKE IMOTPAHUYHOIO CJIOS, JIOKAJIM30BAHHOTO OKOJIO CBOOOIHOM JIMIEBOH MOBEPXHOCTH, a
TAK)KE TO3BOJIIET ONPEAEIUTh HEJOKAIBHYIO IOINPABKY MEPBOrO MOPsIKa K KIACCHYECKUM IMOJIMHOMHAIbHBIM
3aKOHaM PACIpeIeTICHUs HaPsHKEHUHU 110 TONIMHE CIIOS.

Abstract. A thin layer with a traction-free upper face, subject to prescribed displacements along a lower face, is
treated within the framework of nonlocal elasticity. Integral constitutive relations specified for a nonlocal
exponential kernel are considered. Asymptotic analysis reveals a boundary layer adjacent to the upper face as well
as a first-order nonlocal correction to the classical polynomial stress variation across the thickness.

1. Introduction

Modern challenges of advanced technology inspire numerous developments in
micromechanics of solids, e.g. see books by Ambartsumyan [2] and Eringen [8]. In particular,
nonlocal models in elasticity find important technical applications, e.g. see Kiani [11], [12],
and Arash et al. [3]. It is remarkable that the vast majority of research in this area start not
from original integral nonlocal constitutive relations, but from their simplified differential
form oriented to analysis of long-wave phenomena with a typical lengthscale much greater
than an internal size. The recent insight in Chebakov et al. [5] demonstrates that this
assumption is not valid near the boundaries of non-locally elastic solids; see also comments
in an earlier publication by Bazant et al. [4].

In this paper we consider a thin layer starting from integral relations in nonlocal elasticity.
The upper face of the layer is assumed to be traction-free while a long-wave displacement
field is prescribed along the lower face. For the sake of simplicity, the nonlocal exponential
kernel is assumed to be dependent only on the vertical co-ordinate. The effect of nonlocal
phenomena is investigated using the asymptotic approach originated from Goldenveizer et
al. [9], [10], and Aghalovyan [1], see also references therein. The localised components of
nonlocal stresses are calculated. A first-order nonlocal correction to the classical ’local’
stresses, arising due to the effect of the boundary layer, is determined.

2. Governing relations
Consider an elastic layer of thickness h within the framework of nonlocal elasticity, e.g.

see Eringen [7]. The equations of motion in Cartesian co-ordinates ( X, X, , X; ) are given by
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o’u
atZ

with S,,,MN=1,2,3 nonlocal stresses, U, displacement vector, p volume density,

-, )

Smm =P

and 1 time. The nonlocal stresses are expressed as

1% '—X,)
sm(x)=aﬁlexp{—%}(xe.(m,msm+2uem<x1,x2,x;>)dx3', @

where @ in an internal characteristic length, 5rm the Kronecker’s delta, and A and Ll

are the Lamé constants, and linear elastic strains are given by
1{ou, ou

g =L1[ O, O | 3)
2{ 0X, OX,

The boundary conditions along the free face X; = 0 and the kinematically excited face

X, = h take the form

S,, =0 4)
and
u,=u,, 5)

where U (X, X,,1) are given displacements.

3. Small parameters and scaling

Let us assume that the thickness of the layer N is much smaller than a typical wavelength
{ along the tangential direction (h/¢ << 1) and at the same time is much greater than the
internal size @ (@/h << 1), see Figure 1. In what follows, we restrict ourselves to a single
small parameter defined by

a h
0=—=,|—<<1. 6
h \/; ©)

\%

& /

U n

Figure 1: An elastic layer treated in the framework of nonlocal elasticity.
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We adapt the asymptotic approach, developed earlier in [9], [10] and [1], beginning with
scaling of the original variables by

l

% =1&, xx,=hf,=al, and t=C—r, (7)
2

using for the first time two dimensionless transverse variables, Cp and Cq normalised by

the thickness and microscale, respectively. We also specify dimensionless quantities of order
unity, including displacements

u =/, (8)
strains
€ =¢&i,.6 T¢&;,6; =&y, ©)

and nonlocal stresses
§ =P +6), S =M(pij +qij) )
S = ezu( Py +600;) S; = ezu( Py + ezq33) .

In the above, the P, (C p) components of nonlocal stresses are similar to those in classical

(10)

linear elasticity, whereas (], (Cq) components correspond to the boundary layers

characteristic of nonlocal elasticity only. In what follows, we also need one more

dimensionless quantity of order unity, 5i3 , defined by

ov,
0’5, = —-, (11)
oG
p
4. Asymptotic expansions
Let us expand all the dimensionless quantities into asymptotic series as
(0) (1)
Vn Vn Vn
©) ()
Y
m | | Pm | gl Pm i (12)
q ©) M
mn mn mn
0) M
8”“ 'gmn 'Srm

Substitution of these expansions into the relations in the previous sections results, at leading

and first orders (K = 0, 1), in the following equations
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i - 0 ) - O 9
8Cp ag,
(k)
(k) — v(k) aV (k) — av(k)
BT

P + g = fj exp[—(G, = o) JedC,

P + g = fj exp[~(Cq = §o) 1(401 =g +2(1- 21" ) dg,
Py g __ap+q) ap +af) o
ac, GCq 0¢, o€ ov’
ap(o) 82\/;0)

ag, or’
ap(l) aq(o)

=0

Gy 5§p (13)
along with the boundary conditions at Cp =

0 -0.pf -

sy +Q§?) =0, p“’ =
andat G

b

(14)

0) _
Vio =W, ,

M —
v, =0,

where W, =U_/{.

15

On integrating of (13) in Qp and also in Cq for (},,, stress components and satisfying the

boundary conditions (14) and (15), we have

vO =w |
SI(JO)_ oW, +5W1 ’85;)):%’

2| e, e 3¢, (16)
V=0

M — M —
g =0,g° =0,
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ow,
= 2

iy
%, %

oW ow,
p =4(1-x*)—+2(1-2k")—
( K)§+( K)g

i j

O*W o’'w,  *w o'w
0 _— _ _ _ J L i
Py =—Cp {4(1 K ) 2, +(3 )&ii&ij + & o }
o _ 62V\/3 (17)
p33 Cp 8’52 b
P’ =0,
pi’ =0,
0= gy TN gy O, W
P \/_{4(1 k) % -+ (3-4«k )5§i5§,— + 62‘3? },
Py =0,
and
o _ L[ ow oW
o (53:: + % }erfc(@ ),
q” = (2(1 K )6\év +(1-2x )G\év JerfC(C ), (18)
o_1 o'w oW, AL
i 2{4(1 )8&, +(3-4k )ag % o }Q(Cq),
where erfc(C,) = %Jje“z dt and
Q(G,) = Cqerfe(Cy) — \/—GXP[ ol (19)

This function characterising the bounndary layer component of the stresses S;; is plotted in

Figure 2 for 6 = 0.2, 0.1 ,and 0.05, where as before 6 = a/h.
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Figure 2: The boundary layer component of the nonlocal stresses S;, i=1,2.

The formulae (16)-(18) describe the variation of displacements, strains and stresses across
the thickness of the layer. In particular, for the nonlocal stresses S;; and S;; we obtain in

the original variables

o°U, ) o°U, o o°U,
Sy = PX o +pC | 4(1-*)—+ ox -+ (3 -4k )axa + o
al 1
X +—=| =+ ,
{ ; z(ﬁ Qﬂ
azu
S, pxg (20)

At a=0 these expressions coincide with those in classical elasticity, e.g. see Dai et al. [6].
At 0<a<< X, , the boundary layer term Q in the first formula above is exponentially

small. In this case we have

XX, OX:

I

U U, ’U; o, a
o= -+pC, | 4(1- +(3-4x + =X+ ——= |,
S TP% 5 PG (1-x*)—+ ox ( N X N

62U

Si3 sz €2y

Nevertheless, the last formula for S;; still involves a uniform in X; first-order nonlocal

correction. As it is shown in [5], one can formulate, within the framework of classical
elsticity, refined boundary conditions along a free surface resulting in formulae (21) outside
a narrow near-surface zone. The aforementioned refined boundary conditions are also
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implemented in [5] for calculation of a first-order nonlocal correction for the Rayleigh wave
speed. It is worth mentioning that the differential form of nonlocal equations allows only a
second-order correction to the Rayleigh wave speed, e.g. see [7].

5. Conclusion

The studied effect of nonlocal phenomena results in a boundary layer adjustment to the
traction-free face. The interaction of the boundary layer and the conventional stress field with
a polynomial variation across the thickness leads to a first-order nonlocal correction to the
classical, i.e. ’local’, solution.
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